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Abstract

In this paper we establish second-order sufficient optimality conditions for a boundary control
problem that has been introduced and studied by three of the authors in the preprint
arXiv:1407.3916. This control problem regards the viscous Cahn—Hilliard equation with possibly
singular potentials and dynamic boundary conditions.

1 Introduction

This paper deals with second-order optimality conditions of a special boundary control problem for the
viscous Cahn—Hlilliard equation with dynamic boundary conditions. It continues the work [2] by three
of the present authors in which the first-order necessary conditions of optimality were derived. For the
work of other authors concerning the optimal control of Cahn—Hilliard systems, we refer the reader to
the references given in [2].

Crucial contributions in [2] were the derivation of the adjoint problem, whose form turned out to be
nonstandard, and an existence result for its solutions. As is well known, first-order conditions are in
the case of nonlinear equations usually not sufficient for optimality. Also, second-order sufficient op-
timality conditions for nonlinear optimal control problems are essential both in the numerical analysis
and for the construction of reliable optimization algorithms. For instance, the strong convergence of
optimal controls and states for numerical discretizations of the problem rests heavily on the availability
of second-order sufficient optimality conditions; furthermore, one can show that numerical algorithms
such as SQP methods are locally convergent if second-order sufficient optimality conditions hold true.
For a general discussion of second-order sufficient conditions for elliptic and parabolic control prob-
lems we refer to [6] and references therein; for the case of control problems involving phase field
models we refer to, e.g., [3, 5].

In this paper, we aim to establish second-order sufficient optimality conditions for the boundary control
problem studied in [2]. To this end, we assume that an open, bounded and connected set 2 C R3,
with smooth boundary I" and unit outward normal n, and some final time 7" > 0 are given, and we set
Q:=0x(0,7)and ¥ :=T x (0,T). Moreover, we denote by Ar, Vr, 0y, the Laplace—Beltrami
operator, the surface gradient, and the outward normal derivative on I, in this order. We make the
following general assumptions:

(A1)  There are given nonnegative constants bg, bs,, bq, br, by, which do not all vanish, functions
29 € L*(Q), zs € L*(X), zq € L*(Q), 2r € L*(T"), as well as a constant M, > 0 and functions
UP min € L®(X) and up max € L>®(X) with ur min < Ur max a. €. in 2.

(A2) There are given constants —oo < r_ < 0 < ry < 400 and two functions f, fr :
(r—,r4+) — [0,400) such that the following holds:

f’fFEC4(T—aT+)7 f(()):fF(O):O, (11)
f" and f{ are bounded from below, (1.2)
lim f'(r) = lim fi(r) = —o0c and lim f'(r) = lim f{.(r) = +oo, (1.3)
N NI T T

I/ (M| <nlff(r)]+C forsomen, C > 0andeveryr € (r_,r.). (1.4)



In fact, (1.1) is fully used only in the last part of the paper and many of our results hold under a weaker
assumption. We also note that the conditions (1.1)—(1.4) allow for the possibility of splitting f’ in (1.3)
in the form f’ = [ + m, where /3 is a monotone function that diverges at 7. and 7 is a perturbation
with a bounded derivative. Since the same is true for fr, the general assumptions of [1] are satisfied.
Typical and important examples for f and fr are the classical regular potential f,c, and the logarithmic
double-well potential fio, given by

Jreg(T) = i(rz —-1)?%, reR (1.5)
foa(r) = (L) (1 +7)+ (1 =r)In(l 7)) —er?, e (=1,1), (1.6)

where in the latter case we assume that ¢ > 0 is so large that f., is nonconvex.

With the above assumptions, we consider the following tracking type optimal boundary control prob-
lem:

(CP) Minimize

bg by bo
Iy, yr ur) =y - 201 F2q) + - llyr = 25|22 + < () = zall72 (0
br bo
Y lyr(T') — ZFH%%F) Ty ”UFHzﬁ(z) (1.7)

subject to the control constraint

ur € Ugq := {or € H'(0,T; L*(T)) N L®(2) :
Urmin < U < Upmax a.€.0n X, [|Qor|r < Mo} (1.8)

and to the Cahn—Hilliard equation with nonlinear dynamic boundary conditions as the state system,

Oy —Aw =0 in Q, (1.9)
w=0oy—Ay+ f'(y) inQ, (1.10)

Oqw =0 on X, (1.11)

yr =y on X, (1.12)

dyr + Ony — Aryr + fr(yr) = ur on X, (1.13)
y(,0) =yo in Q, yr(-,0) =yo. onT. (1.14)

Here, and throughout this paper, we generally assume that the admissible set U,,; is nonempty. More-
over, we postulate:

(A3) o € H*(Q), yo. = yor € H*(I'), and it holds (notice that yo € C°(€2))

r_ <y <ry inf (1.15)

We remark at this place that in [1] the additional assumption 0,79 = 0 was made; this postulate is
however unnecessary for the results of [1] to hold, since it is nowhere used in the proofs.

The system (1.9)—(1.14) is an initial-boundary value problem with nonlinear dynamic boundary con-
dition for a Cahn—Hilliard equation. In this connection, the unknown % usually stands for the order
parameter of an isothermal phase transition, and w denotes the chemical potential of the system.



Our paper is organized as follows: in Section 2, we provide and collect some results proved in [2, 1]
concerning the state system, and we study a certain linear counterpart thereof that will be employed
repeatedly in the later analysis. In Section 3, the existence of the second-order Fréchet derivative of
the control-to-state mapping will be shown. Section 4 then brings the derivation of the second-order
sufficient condition of optimality.

In order to simplify notation, we will in the following write yr for the trace y|r of a function y € Hl(Q)
on I', and we introduce the abbreviations

Vi:=HYQ), H:=L*Q), Vy:=HT), Hr:=L*T), H:=H x Hr,
Vi={(v,or) €V x Vr:vpr=vp}, §:=H*(Q) x H*T),
X :=H"0,T; H) N L>®(X), Y:=H'(0,T;H)NL>0,T;V), (1.16)

and endow these spaces with their natural norms. Moreover, for the generic Banach space X we
denote by X* its dual space and by || - || x its norm. Furthermore, the symbol (-, -) stands for the
duality pairing between the spaces VV* and V', where it is understood that H is embedded in V'* in
the usual way, i. e., such that we have (u,v) = (u,v) forevery u € H and v € V' with the standard
inner product (-, -) of H. Finally, for u € V*and v € L'(0,T;V*) we define their generalized
mean values ©‘* € R and v € L'(0,T), respectively, by setting

uf :=,ﬁl|<u,1> and v%(1) = (u(1)" fora.e. t € (0.7), (117)

where |Q2| stands for the Lebesgue measure of 2.

During the course of our analysis, we will make repeated use of the elementary Young’s inequality

1
ab§5a2—|—562 for every a,b > 0 and 6§ > 0, (1.18)
of Hélder’s inequality, and of Poincaré’s inequality
o] < C([Vo]% + [v%?) foreveryv € V, (1.19)

where 6 > () depends only on 2.

Next, we recall a tool that is commonly used in the context of problems related to the Cahn—Hilliard
equations. We define

domN :={v, € V*: v =0} and N:domN — {v eV : v =0} (1.20)
by setting, for v, € dom N,
Nv, €V, (Nu,)®=0, and / VNv, - Vzdr = (v,,z) foreveryz € V. (1.21)
Q
That is, Nv, is the unique solution v to the generalized Neumann problem for —A with datum v,, that
satisfies v! = 0. Indeed, if v, € H, then the above variational equation means that —ANv, = v, in
Q and 9,Nv, = 0 on I'. Moreover, we have
(Usy, Nvy) = (v, Nuy) = /(VNu*) - (VNv,) dx forall u,,v, € domN, (1.22)
Q
whence also

2(0yv.(t), N, (1)) = %/Q|VNU*(t)|2d$ = % |v.(t)|)? foraa.te (0,T) (1.23)

for every v, € H(0,T; V*) satisfying (v.)® = 0 a.e.in (0,7T).



2 The state equation

At first, we specify our notion of solution to the state system (1.9)—(1.14).

Definition 2.1. Suppose that the general assumptions (A1)—«A3) are fulfilled, and let ur € X be given.
By a solution to (1.9)—(1.14) we mean a triple (y, yr, w) that satisfies

y € W0, T; H) N H*(0,T; V) N L>®(0,T; H*(Q2)), (2.1)

yr € W17OO<O> T7 HF) N H1(07 TJ VF) N LOO<07 T7 H2(F>>7 (22)

yr(t) = y(t), fora.a t € (0,T), (2.3)

ro < ianessy <supessy <714, T_< infzess yr < supessyr < 14, (2.4)
Q )

w e L>(0,T; H*()), (2.5)

as well as, for almost every ¢ € (O, T), the variational equations

/ Oy(t)vdx + / Vuw(t) - Vudr =0, (2.6)
Q Q
/w(t)vdx:/8ty(t)vdx+/8typ(t) deT+/Vy(t)-Vvda:

Q Q r Q

+ / Vryr(t) - Vrop dI' + / fy@)vdx + /(ff(yr(t)) — ur(t)) vr dr,
r Q r
for every v € V and every (v, vr) € V, respectively, and the Cauchy condition
y(0) =yo, yr(0) =yo - (2.7)
Remark 2.2. It is worth noting that (recall the notation (1.17))

(Oy(t)* =0 fora.a. te (0,7) and y(t)* =my forevery t € [0,T],

where mo = (1) is the mean value of 1, (2.8)

as usual for the Cahn-Hilliard equation.

Now recall that U, is a convex, closed, and bounded subset of the Banach space X and thus con-
tained in some bounded open ball in X. For convenience, we fix such a ball once and for all, noting
that any other such ball could be used instead. The next assumption is thus rather a denotation:

(A4) The set U is some open ball in X that contains U,y and satisfies

urllzrorc2@y) + llurllie) < R YVur €U, (2.9)
where R > 0 is a fixed given constant.
Concerning the well-posedness of the state sytem, we have the following result.

Theorem 2.3. Suppose that the general hypotheses (A1)—(A4) are fulfilled. Then the state system
(1.9)—(1.14) has for any ur € U a unique solution (y, yr, w) in the sense of Definition 2.1. Moreover,
there are constants K > 0, K5 > 0, and7_,7 € (r_, ry), which only depend on (2, T', the shape
of the nonlinearities f and fr, the initial datum vy, and the constant R, such that the following holds:
(i) Whenever (y,yr,w) is the solution to (1.9)—(1.14) associated with some ur € U then

(> yr) [lwree 0,900 H 0, 79)nL(0.138) + W] Lo (0, m2(0)) < KT, (2.10)

r_-<y<ry a.e in Q, r_<yr <7y a.e on X (2.11)



(i) Whenever (y;,y;r,w;), i = 1,2, are the solutions to (1.9)—(1.14) associated with u;r € U,
1=1,2, then

(1, v1,0) = (Y2, yo,0)l| 0179000 0,mv) < K5 |Jurr — uar||2(s) - (2.12)

Proof. We may apply Theorems 2.2, 2.3, 2.4, 2.6 and Corollary 2.7 of [1] (where V has a slightly
different meaning with respect to the present paper) to deduce that (i) holds true. Moreover, assertion
(i) is a consequence of [2, Lemma 4.1]. O

Remark 2.4. It follows from Theorem 2.3 that the control-to-state operator
S: u_>WLOO(OaT;:H:)mHl(()?T;V)mLOO(OvT; 9)) ur — (y>yF)7 (2.13)

is well defined and Lipschitz continuous from U, viewed as a subset of L?(X), into Y. Moreover, in
view of (2.10) and (2.11) we may assume (by possibly choosing a larger K7) that for any ur € U
the corresponding state (y, yr) = S(ur) satisfies

max (1/9W)l=@ + 1 W) =) < K @2.14)

1<i<4

Next, in order to ensure the solvability of a number of linearized systems later in this paper, we intro-
duce the linear initial-boundary value problem

IX—Apu=0 inQ, (2.15)

= X —AX+AX+g inQ, (2.16)

Onpt =0 on X, (2.17)

Xr =X on X, (2.18)

OXT + OnX — ArXr + Ar Xr =gr on %, (2.19)
X(0) =Xy in €, Xp(0) = Xo. :=Xor on T, (2.20)

and its variational counterpart, namely, for almost every t € (0,7,

/ O X(t) vdx + / Vu(t) - Voder =0 forevery v €V, (2.21)
Q 0

/Q,u(t)v dr = /Q@X(t) vdr + /F O Xr(t) vp dI’ + /Q VX(t) - Vvdz

+ /F VrXr(t) - Vrop dl + /Q()\(t) X(t) + g(t)) vdx + /F(Ap(t) Xr(t) = gr(t)) vrdl
for every (v,ur) € V, (2.22)

together with the Cauchy condition

X(0) = Xo, Xr(0) = Xop. (2.23)

We have the following result.



Lemma 25. Suppose that (g,gr) € HY0,T;H) N (L>(Q) x L>=(¥)) and (\ \r)
€ WHe(0,T;3H) N (L>(Q) x L>=(X)) are given, and let Xo € H*()) be such that X, =
Xor € H?(T'). Then the problem (2.15)~(2.20) has a unique solution in the sense that there is a
unique triple (X, Xr, 1) that fulfills (2.21)—(2.23) and whose components satisfy the analogue of the
regularity requirements (2.1), (2.2), and (2.5), respectively. Moreover, there exists a constant K5 > 0,
Al Ls (@), @and || Ar| Lo (s, such that the following holds: whenever

Xo = 0 then
| (X Xo) || 0,79000 01wy < K3 |[(9, 9r) || 20,190 - (2.24)

Proof. In the following, we denote by C;, 7 € N, positive constants that only depend on the quantities
mentioned in the assertion. First, we observe that the results concerning existence, uniqueness, and
regularity follow from a direct application of [1, Cor. 2.5]. Now assume that X, = 0. Then we have
X%(t) = 0 for almost every t € (0,7). We thus may choose in (2.21) v = N(X(t)), and in
(2.22) v = —X(t). Adding the resulting equalities, then adding two additional terms on both sides for
convenience, and integrating with respect to time, we arrive at the identity

t t
(GO + KO + Pa@l,) + [ [ 9 deds + [ [ vex?aras
0JQ 0JT

t t
://(Q—AX)XdIdS+//(gr—/\po)Xdeds
0JQ 0oJr

forall ¢t € [0, 7. Estimating the right-hand side with the help of Young's and Poincaré’s inequalities,
and applying Gronwall’s lemma, we have that

N

(O X)) oo (o,m30nL2 0,00y < Crl[(9, 90) || 200,7590)- (2.25)

Moreover, we may insert v = N(9;X(t)) in (2.21) and v = —0;X(t) in (2.22). Adding the resulting
equations, integrating with respect to time, and using (1.21), we obtain the identity

t t t
/ 10,X(5)||2 ds + // |0,X|? dx ds + // |0,Xp|? dT ds
0 0J0 0JT

5 (XN + 1V (Ol,)

// g — )\X (9{/)( drds + // agr — )\1‘ Xr &XF dl'ds. (2.26)
Invoking Young’s inequality, we can easily infer from (2.25) and (2.26) the estimate

1O Xo) || a1 0,0500L0,mv) < Co ||(g5 90) [ 22(0,1:90) (2.27)
whence the assertion follows. O

3 Differentiability properties of the control-to-state mapping
The main objective in this section is to prove that the control-to-state mapping is twice continuously
differentiable. We begin our analysis with the following result.

Theorem 3.1. Suppose that (A1)—A4) are fulfilled. Then the following holds true:
(i) The control-to-state mapping S is Fréchet differentiable in U as a mapping fromU C X to Y.



(i) Foreveryur € U, the Fréchet derivative DS(ur) € L(X,Y) is given as follows: for any hy € X
it holds D8 (ur)hr = (&, &r), where (€, &r, C) with

EcWhe(0,T; H)yn HY(0,T; V) N L>(0,T; H*()), (3.1)
&p € WH(0,T; Hr) N H'(0,T; Vo) N L(0, T; H(T)), (3.2)
¢ € L®(0,T; H*(Q)), (3.3)

is the unique solution to the linearized system

DE—NANC=0 inQ, (3.4)
(=0-AL+ ["(y)€ inQ, (3.5)
OnC=0 onX, (3.6)

&r=§, on3, (3.7)

iér + Onér — Arér + fi(yr) &r = hr on %, (3.8)
£(0)=0 inQ, &(0)=0 onT. (3.9)

(iii) The mapping DS : U — L(X,Y), ur — D8(ur), is Lipschitz continuous on U in the following
sense: there is a constant K 1 > 0, which only depends on the data and the constant R, such that for
alluy r,usr € Wandall hy € X it holds

[(D8(urr) — DS(ugr))hrlly < K [Juir — uarl| 2y [|hrllc2 ) (3.10)

Proof. At first, observe that the system (3.4)—(3.9) is of form (2.15)—(2.20), where with (X, Xp, i) :=
(&,ér,¢), g = 0, gr := hr, and (\,Ar) == (f"(y), f{'(yr)), the assumptions of Lemma 2.5
are fulfilled. Consequently, for every hr € X, there is a unique triple (§,&r, () that satisfies the
corresponding variational system (2.21)—(2.23) and whose components have the regularity properties
in (3.1), (3.2) and (3.3). We may therefore apply [2, Thm. 4.2] to conclude the validity of the assertions
(i) and (ii).

It remains to show (iii). To this end, let urr € U be arbitrary and let kr € X be such that ur + kr € U.
We denote (y*,y~) = S(ur + kr) and (y,yr) = 8(ur), and we assume that any hy € X with
|hr|lx = 1 is given. It then suffices to show that there is some L > 0, independent of Ar, ur and
kr, such that

16", &) = (& &0)lly < Llkrllzzes (3.11)
where (&%, &8) = D8(ur + kr)hr and (€, &r) = D8 (ur)hr. For this purpose, in the following we
denote by C;, i € N, positive constants that neither depend on /’lff‘/,\k’{/‘{ nor on the special choice of
hr € X with ||Ar||x = 1. To begin with, observe that the triple (£, &r, €) := (€%, &8, CF) — (€, &, €)
is the unique solution to the variational analogue of the initial-boundary value problem

OHE—AC=0 inQ, (3.12)

(=08 — AL+ f" () E+ E(f" (") — f'(v) in Q, (3.13)
0.C=0 on ¥, (3.14)

fr=§. on3, (3.15)

e + On€ — Arér + fil(yr) & = —EE(FEWE) — fi(yr)) on 3, (3.16)

5(0) =0 in Q, g}(o) =0 onT. (3.17)



~ o~ o~

Moreover, the components of (£, &r, () enjoy the regularity properties indicated in (2.1), (2.2), and
(2.5), respectively.

Now observe that it follows from Theorem 2.3, from part (i) of this proof, and from (2.14), that (g, gr) :=

(" WE) = (), =& (f"(yr) — " (yr))) belongs to H(0, 75 H) N (L>(Q) x L*(X)), while
(A Ar) == (f"(y), fL(yr)) belongs to W122(0, T; H) N (L>®(Q) x L>=(X)). Moreover, (2.14) also
implies that for every ur € U we have for (y, yr) = 8(ur) the estimate

17 W@ + I1fr)lleem) < K7

Hence, it follows from estimate (2.24) in Lemma 2.5 that
IE&lly < O (I8 ("M = ")z + 16 R = ) ls) - 3.18)

Now, by the mean value theorem and (2.14), there exists a positive constant C5 such that almost
everywhere in () (on %, respectively)

W) = ") < Coly® —yl and [fE(yf) — ()] < Calyf — yr|. (3.19)

At this point, we recall that U is a bounded subset of X. Since ur + kr € U and ||Ar|x = 1,
we thus can infer from (2.14) and from the estimate (2.24) in Lemma 2.5 that (£*, £F) is bounded
in Y independently of kr, ur, and the choice of hr € X with ||hr|lx = 1. Using the embedding
V' C L*(2) and the stability estimate proved in Theorem 2.3, we therefore have

ko(gme kY g1 2 g k2, k_ .2
1€ (F" ") = [ W))T2g) < Co (1€ 1y* = yI?) dxdt
0 Ja

T
< o [ (€W 1940~ y(Ols)

< Cs 1%, u8) = (woun)ll§ < Callkrllags) - (3.20)

Since an analogous estimate holds for the second summand in the bracket on the right-hand side of
(3.18), the assertion follows. O

With the Lipschitz estimate (3.10) we are now in the position to show the existence of the second-order
Fréchet derivative. We have the following result.

Theorem 3.2. Assume that (A1)—(A4) are fulfilled. Then the following holds true:
(i) The control-to-state operator S is twice Fréchet differentiable in U as a mapping from U C X to
Y.

(ii) For every ur € U the second Fréchet derivative D*8(ur) € L(X,L(X,Y)) is defined as
follows: if hr, kr € X are arbitrary then D*S(ur)|hr, kr] =: (n,nr) is the unique solution to the
initial-boundary value problem

on—A9=0 in@Q, (8.21)

0= dm—An+ f"(y)n+ fOy) e inQ, (3.22)

O =0 on 3, (3.23)

ne=mnp onx, (3.24)

e + Oun — Arne + f(yr) e = —f1 (yr) pr e on 3, (3.25)

n(0)=0 inQ, nr(0)=0 onT, (3.26)



where we have put
(y,yr) = 8(ur), (p,¢r)= D8(ur)hr, (¥,¢r)= DS(ur)kr. (3.27)

(iii) The mapping D28 : U — L(X, £L(X,Y)), ur — D?S(ur), is Lipschitz continuous on U in the
following sense: there exists a constant KK; > 0, which only depends on the data and on the constant
R, such that for every u; v, usr € U and all hy, kr € X it holds

1(D?8(ur,r) — D*8(ugr))[hr, krllly < K5 [lurr — uzrllzm) I hellzs) kel (328)

Proof. At first, it is easily verified that the pair (g, gr) := () (y) o, —fé?’) (yr) ¢r ¢r) belongs
to H(0,T;H) N (L>®(Q) x L>=(X)). We thus can argue as in the proof of Theorem 3.1 to deduce
from Lemma 2.5 that the system (3.21)—(3.26) is uniquely solvable in the sense that its variational
counterpart has a unique solution (7, 7r, ) whose components enjoy the regularity indicated in (2.1),
(2.2), and (2.5), respectively. Moreover, by (2.24) we have the estimate

) : (3.29)
L2(%)

Here, and in the remainder of the proof of parts (i), (ii), we denote by C;, i € N, positive constants
that do not depend on the quantities hr, kr, and ur. Using (2.14), and invoking the embedding V' C
L*(©), we find that

)l < Gy (1796 ¥l gy + |70 o 0

9 T T
150 o6l < Co [ [ 1o l0Pdrds < Co [ 16Ol 160 o

< Gsllelzeorv) 11 Eeorwy < CallhrlLags) lkrlliz) - (3.30)

where the validity of the last inequality can be seen as follows: by definition (recall (3.27)), (¢, ¢r) is
the unique solution to the linear problem (3.4)-(3.9). We can therefore infer from (2.24) that
(o, ¢r)|ly < Cs|lhr||L2(s)- By the same token, we conclude that (v, ¢r)|ly < Cs ||kr|| 2.
The asserted inequality therefore follows from the definition of the norm of the space Y, and we obtain
from similar reasoning that also

(3)
|4y e, ., < Crlitrliae iz

Hence, we get
1 no)lly < Cs llhrllzcs) [kl - (3.31)

In particular, it follows that the bilinear mapping X x X — Y, [kr, hr] — (1, nr), is continuous.

Now we prove the assertions concerning existence and form of the second Fréchet derivative. Since
U is open, there is some A > 0 such that ur + kr € U whenever ||kr|lx < A. In the following, we
only consider such perturbations kr € X. We observe that for (y, yr) = 8(ur) and for (y*, y~) =
S(ur + kr) the global estimates (2.10)—(2.12) and (2.14) are satisfied.

After these preparations, we notice that it suffices to show that

| DS (ur + kr) — DS(ur) — D2S(“F)kFHL(x,y)

= | SlHlp H (DS(UF —+ kF) — DS(UF) — DzS(uF)kp) hFHy
hr‘ xil
< Cllkrll72s (3.32)

with a constant C' independent of kr.
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To this end, let hr € X be arbitrary with || hr||x = 1. We put (p, pr) = D8(ur + kr)hr, define the
pairs (i, ¢r), (¥, ¥r) as in (3.27), and define

(v,vr) = (p, pr) — (¢, r) — (1, 7r).

Observe that the components of (v, vr) have the regularity properties indicated in (2.1) and (2.2),
respectively. Moreover, in view of (3.32), we need to show that

1w, ve)lly < CllkrlLas, - (3.33)

Now, invoking the explicit expressions for the quantities defined above, it is easily seen that the triple
(v, vr, ) (where 7 is defined below) is the unique solution to the variational counterpart of the linear
initial-boundary value problem

v —Ar=0 in Q, (3.34)

T=0w—Av+ f'(y)v+o inQ, (3.35)

Onm =0 on X, (3.36)

vr =1, and Owr + Onv — Arvr + fll(yr) vr = or on 3, (8.37)
v(0)=0 in €, vr(0)=0 onT, (3.38)

where we have put
o:=p (") = ") — ) e,
or == —pr (fr) = fi(ur)) + £ (ur) e vor. (3.39)

In view of (2.14), and since it is easily checked that (o, or) belongs to the space H'(0,T;H)
N (L*(Q)) x L*(X)), we may again invoke the estimate (2.24) in Lemma 2.5 to conclude that
(3.33) is satisfied if only

I, o0)llz20.m30 < C llkrlZas) - (3.40)

Applying Taylor's theorem to f”, and recalling (3.27), we readily see that there is a function wy €
L>(Q) such that

=)= G-y =) + fOY Y + wp (v —y)® aein@. (341
Hence, we have that
o =pfOY " —y—v) + O (p—p) + pwsyF—y)?. (3.42)

Now observe that from the proof of Fréchet differentiability (see inequality (4.5) in the proof of [2, Thm.
4.2]) and from (3.10) we can conclude the estimates

H(yk7y1]2) - (yvyr) - (%%)Hy S C’9 ||kFH%2(2) )

[(p, pr) = (. 0r)lly < Cuollkr|r2s) - (3.43)
Moreover, we can infer from inequality (2.12) in Theorem 2.3 that

(", vE) — (woyr)lly < K3 |lkrl 2 (3.44)
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and it follows from Lemma 2.5 that (p, pr) is bounded in Y by a positive constant that is independent
of kr,hp € X with ”k?r”x < A and ||hp||x = 1.

Finally, we conclude from Lemma 2.5 (ii) that with a suitable constant C;; > 0 it holds

(s r)lly < Cu[lkrllrzs) - (3.45)

After these preparations, and invoking Holder's inequality and the continuity of the embeddings V' C
LY(2) and V C L5(£2), we can estimate as follows:

T
lollZ20g) < 012/ /Q(|p|2 W —y =P + WP p— o + o ly" —yl*) dedt
0
T
< 012/ <\|P(t)||%4(ﬂ)||(yk —y =)l a) + 10O 7@y llo(t) — 90(?5)\@4(9)) dt
0

T
+ G [ (100 140 = w(Olse)

< (i Sup, (eI 1" =y = )OI + L@ o) — @)

+ eI ly" (1) = y(@®)lIy)

< Cua |lkrl|72(s) - (3.46)

By the same reasoning, a similar estimate can be derived for ||or || z2(x), which concludes the proof
of the assertions (i) and (ii).

Next, we prove the assertion (iii). To this end, suppose that ur € U and that hr and kr are arbitrarily
chosen in X, and let or € X be arbitrary with ur + dr € U. In the following, we will denote by Cj;,
1 € N, positive constants that do not depend on any of these quantities. We put

(ya yF) = S(“F)v (y(sa yl(z) = S(U’F + 5F)7

(()07 ()OF) = DS(UF>hF7 (9067(1061“) = DS(UF—i_dF)hFa

(1, ¢r) = DS(ur)kr, (¢57 wii) = D8(ur + dr)kr,

(n,1r) = D*8(ur)[hr, kr],  (n°,np) = D?*8(ur + 6r)[hr, kr] .

From the previous results, in particular, (2.12) and (3.10), we can infer that there is a constant C; > 0
such that

1, or)lly + 1 )y < Cullr]l s

1, wor)lly + 1%, )y < Cllkrllzas),

1, ne)lly + 0%, nplly < Cullhrllza) kellzas),
(

(

(

2y0) = (wyr)lly < C1llor] e

Il (y
¢, 00 = (e, or)lly < Crllorllzze) hrll 2

V) — (W, r)|ly < Crllorllzees) 1kl e - (3.47)

Now observe that (77, 7ir) = (7°, %) — (,7r) and ¥ = 99 — ¥ (where ¥° and ¥ have their obvious
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meaning corresponding to (3.22)) satisfy the linear initial-boundary value problem

o —AY =0 inQ, (3.48)

0 =0 —Afj+ f"(y)i+o inQ, (3.49)

O =0 on X, (3.50)

fir =7y and 9yfir + O] — Ariir + f{(yr) fir = or on X, (3.51)
7(0) =0 inQ, 7r(0)=0 onT, (3.52)

where we have put
o=n"(f"(y") — F' W) + (fP") " v — fO ) o),
or = =R (FWh) — fiur) — PR b vl — P () erir) . (353)

The system (3.48)—(3.52) is again of the form (2.15)—(2.20), and since it is readily verified that (o, or)
belongs to the space H' (0, T; H) N (L>=(Q) x L*°(X)), we may employ Lemma 2.5 once more to
conclude that

1@, 70) ly < C2|[(0,01) 220,736 - (3.54)

so that it remains to show an estimate of the form

(o, o0)l|20,r:930) < Cs||orlle2m) [|hrll 2y 1rrllzz ) - (3.55)

Since

FO@) 9 — fO(y) o
=" (fO) = fO) + D) @ =)+ FO ) v (¢ — ), (3.56)

we can infer from (2.14) that, almost everywhere in (),
o] < Ca(n’l1y” =yl + 1110l y° =yl + [&°] [W° =9l + [¢]1¢° —¢l).  (357)

Using (3.47), Hélder’s inequality, and the continuity of the embedding V' C L*(2), we find

// 12y — y|*) da dt </ (HU‘S(t)”%‘l(Q) H(yé_y)(t)”%‘*(m) "

< Cs 0 o) 1Y = Yl iy < Co llorl| 72wy 1B 172 Ik ll2es)
(3.58)

Similar reasoning yields
19° (¢ — )72y + 1(0° —0)7200) < CrllorlFaey Ihrliowy lhrllies) - (3.59)

Moreover once again invoking (3.47), Holder’s inequality, and the continuity of the embedding V' C
, we conclude that

T
/ / (PPl ) dodt < [ (16 = 0O 16O s [6OFe) d
0
< Co @ eioirny 1o 19 — 1l
> OB [P [lLee(o,1;v) Lee(0,7;v) 1Y Y1l Leo(0,1;v)
< Gy ||5F||2L2(2) ||hFH%2(z) HkF“%Q(z) : (3.60)

Finally, we can estimate ||or||2(x), deriving estimates similar to (3.57)—(3.60), which entails the
validity of the required estimate (3.55). With this, the assertion is completely proved. O
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4 Optimality conditions

Now that the second-order Fréchet-derivative of the control-to-state operator for problem (CP) is ob-
tained, we can address the matter of deriving second-order sufficient optimality conditions. As a prepa-
ration of the corresponding theorem, we provide the adjoint system and the first-order necessary op-
timality conditions. Since these were already established in [2], we only present the results without
proofs.

At first, it is easily shown (cf. [2, Thm. 2.2]) that (CP) has a solution. For the remainder of this paper,
let us assume that ur € U,q is any such minimizer and that (y, yr, w), where (g, yr) = S(ur), is
the associated solution to the state system. Recall that (¥, yr, w) has the regularity properties (2.1),
(2.2), and (2.5), respectively, and that (2.14) is satisfied for (y, yr) = (¥, yr)-

The adjoint system to the problem (CP) is formally given by

¢+Ap=0 inQ, (4.1)

—O(p+a) — Aqg+ () 4 =0g(y — 2q) in Q, (4.2)

Oap =0 on X, (4.3)

gr = qp and —dqr + 0nq — Argr + fi(yr) qr = bz(yr — 2s) on X, (4.4)
P+ a)(T) =ba(y(T) — 20) in &, (4.5)

qr(T) = br(gr(T) — zr) on T, (4.6)

and was derived in [2] under the additional compatibility assumption
bo = br = 0. (4.7)

In order to keep the technicalities at a reasonable level, we will from now on always assume that (4.7) is
fulfilled; we remark that in [2, Remark 5.6] it has been pointed out that this assumption is dispensable
at the expense of less regularity of the adjoint state variables.

The following result was proved in [2, Thm. 2.4].

Theorem 4.1. Let (A1)—«(A4) and (4.7) be fulfilled. Then the adjoint system (4.1)—(4.6) has a unique
solution in the following sense: there is a unique triple (p, q, qr) with the regularity properties

p € HY0,T; H*(Q)) N L*(0,T; H*(Q)), (4.8)
q € HY(0,T; H)N L*(0,T; H*(?)), (4.9)
qr € H'(0,T; Hy) N L*(0,T; H*(T)), (4.10)
qr(t) = q(t), foraa.t e (0,T), (4.11)

that solves for a.a. t € (0,T") the variational equations
/Qq(t)vdx = /QVp(t) -Vudr YvelV, (4.12)
— /Q A (p(t) + q(t)) vdx + /Q Vq(t) - Vodr + /Q f"(G(#) q(t) vdx
- [Bar@uar+ [ Gear(t)- Veoedr+ [ ) acle) o ar

— /QbQ(y(t) — 2o(t))vdz + /sz (g0 (t) — 22(t))vr dU

forall (v,vr) €V, (4.13)
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and the final condition

/<p+q)(T)vd:c+/qr(T)vde:o Y(v,or) € V. (4.14)
Q r

Now, let us introduce the “reduced cost functional” 5: U — R by

3(U’F) = 8(y>yF7uF)a where (?J,yr) - S<UF) (415)

Since ur is an optimal control with associated optimal state (7, yr) = S(ur ), the necessary condition
for optimality is _
DJ(ur)(vr —ur) >0, forevery vr € Uyg, (4.16)

or, written explicitly (recall that by = br = 0),

T T T
bQ/ /(Q—ZQ)gdl’dt + bg/ /(yp—zg)fdedt + bo/ /ﬂp(Up—ar)dth 2 0
0 JQ 0 JI 0 JI

for every vr € Uyg, (4.17)

where, for any given vr € U,q, the functions &, &1 are the first two components of the solution triple
(&,&r, €) to the linearized problem (3.4)—(3.9) associated with hr = vr — . Moreover, since the
adjoint variables have been constructed in such a way that

bQ// Y —2qQ §d$dt+bz// [‘—ZE §dedt—//qF F_ul" dth (418)

we can rewrite (4.17) in the form (see also [2, Thm. 2.5])

T
/ /(qF + bour)(vr —ap)dlU dt > 0 forevery vr € Uyg. (4.19)
0o Jr

In particular, if by > 0, ur is the orthogonal projection of —gr /by onto U, with respect to the standard
scalar product in L?(32).

After these preparations, we now derive sufficient conditions for optimality. But, since the control-
to-state operator § is not Fréchet differentiable on L?(X) but only on U C X, we are faced with
the so-called “two-norm discrepancy”, which makes it impossible to establish second-order sufficient
optimality conditions by means of the same simple arguments as in the finite-dimensional case or,
e.g., in the proof of [6, Thm. 4.23, p. 231]. It will thus be necessary to tailor the conditions in such a
way as to overcome the two-norm discrepancy. At the same time, for practical purposes the conditions
should not be overly restrictive. For such an approach, we follow the lines of Chapter 5 in [6], here.
Since many of the arguments developed here are rather similar to those employed in [6], we can afford
to be sketchy and refer the reader to [6] for full details.

To begin with, the quadratic cost functional J, viewed as a map from C°([0, T; H) x WU into R, is
obviously twice continuously Fréchet differentiable on C°([0, T]; H) x U and thus, in particular, at
((y, yr), ur). Moreover, since bg = br = 0, we have for any ((y,yr),ur) € C°([0,T];H) x U
and any ((v,vr), hr), ((w,wr), kr) € C°([0, T]; H) x X that

D*3((y,yr), ur)[((v, vr), hr), (W, wr), kr)]

—bQ/ /vwdmdt + bg/ /vardf‘dt + bo/ /hpkpdf‘dt. (4.20)
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It then follows from Theorem 3.2 and from the chain rule that the reduced cost functional 5 is also
twice continuously Fréchet differentiable on U. Now let Ar, kr € X be arbitrary. In accordance with
our previous notation, we put

(¢,¢r) = DS(ur)hr, (¥,4r) = DS(ur)kr, (n,nr) = D*8(ur)[hr, kr].

Then a straightforward calculation resembling that carried out on page 241 in [6], using the chain rule
as main tool, yields the equality

D2g(aF)[hF;kf] = D(y,yr)g((?>gr)>ﬂr)(naﬁr)
+D*3((g, gr), ur)[((p, er), hr), (¥, %r), kr)] . (4.21)

For the first summand on the right-hand side of (4.21) we have

T T
D yyeyd((9,yr), ar)(n, nr) = bQ/ /(y—zQ)nddebz/ /(yr—zz)nr dr' dt, (4.22)
0 Q 0 T

where (7, nr) solves the system (3.21)—(3.26). We now claim that

bQ// —ZQ ’f]dl’dt + bz// [‘—ZE ndedt
//f SDTquxdt—//fr yr) or Yrqrdl dt. (4.23)

To prove this claim, we test (3.21) by p, insert v = ¥ in (4.12), and add the resulting equations to
obtain

T
0 ://(3tnp+q19)dxdt. (4.24)
0 JQ

Next, we test (3.22) by ¢. Since g = qr, we find the identity

T T T T
//qq?dxdt = / /8quxdt + / /Vn-quxdt +/ /8mqudth
//Vpnp qude‘dt—l—//f” nqudt—l—//f y) e qdxdt

//fr gr) nr gr dl' dt +/ /fp yr) er Yrqrdl dt. (4.25)

Now observe that the initial condition 7(0) = nr(0) = 0 and the final condition (4.14) imply, using
integration by parts with respect to time, that

//8,577 p—{—q)dxdt—l—/ /ﬁtnpquf‘dt
//8tp+q ndxdt — //nrathdth

Hence, by adding (4.24) and (4.25) to each other, we obtain the identity

//th—irq ndx dt —/ /npﬁthdth—l—/ /Vn Vqdzdt
-l-//VF??F'VFC]Fdth +//f”(y)nqudt+//f(g)(y)mquxdt

/ / (gr) nr gr dl' dt +/ /fr3) yr) er Yrqrdl dt. (4.26)
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Inserting (v, vr) = (1, nr) in (4.13), we finally obtain
T
0= [ [ (et ze)n + 1@ evg) de
0o Ja

- /OT/F (bE@F —zs)nr + fr(g)@r) or Yr qF> dr dt,

by comparison. From this the claim (4.23) follows.

Now we can recall (4.20)—(4.23) in order to find the representation formula

T
D?3(ar)r. hr] =bo By + / / (bo — 0 @) ol de dt
0 Q

T
+//@ywﬁ9w0m#ﬂﬁ. (4.27)
0 JI

Equality (4.27) gives rise to hope that, under appropriate conditions, D23(TLF) might be a positive
definite operator on a suitable subset of the space L?(32). To formulate such a condition, we introduce
for fixed 7 > 0 the set of strongly active constraints for ur by

A (ar) = {(z,t) € X: |qr(z,t) + by ur(z,t)| > 7}, (4.28)

and we define the T—critical cone C,(ur) to be the set of all hr € Xy, := {hr € X
|0thr|lL2(sy < Mo} such that

—0 if (z,t) € A, (ir)
hF(CE, t) Z 0 if ﬂp(l’, t) = UT,min and (I, t) g AT(ﬂr) . (429)
S 0 if ﬂF(CI}, t) = UT,max and (ZE, t) ¢ AT(’[LF)

After these preparations, we can formulate the second-order sufficient optimality condition (SSC) as
follows:

there exist constants 6 > 0 and 7 > 0 such that
D*3(ur) [hr, hr] = 6||hrlj2) YV hr € Cr(ur)

where D?J(ir) [hr, hr| is given by (4.27) with (7, 7r) = 8(ar),
(¢, r) = DS(ur)hr and the associated adjoint state (p, g, gr) . (4.30)

The following result resembles Theorem 5.17 in [6].

Theorem 4.2. Suppose that the conditions (A1)—(A4) and (4.7) are fulfilled, and assume ur € U,q,
(g,yr) = 8(ur), and that the triple (p,q,qr) satisfies (4.8)—(4.14). Moreover, assume that the
conditions (4.19) and (4.30) are fulfilled. Then there are constants ¢ > 0 and o > 0 such that

J(ur) > d(ur) + o |lur — tr||3sg) forall upr € Ueg with [lur —arllx < e.  (431)

In particular, ur is locally optimal for (CP) in the sense of X.
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Proof. The proof closely follows that of [6, Thm. 5.17], and therefore we can refer to [6]. We only
indicate one argument that needs additional explanation. To this end, let ur € U,q be arbitrary.
Since { is twice continuously Fréchet differentiable in U, it follows from Taylor’s theorem with integral
remainder (see, e.g., [4, Thm. 8.14.3, p. 186]) that

~ - 1 - -
d(ur) — d(ur) = DJ(ur)vr + 3 D*3(ar)[vr, vr] + R (ur, ar), (4.32)

with vp = upr — ur and the remainder

R (ur, tir) = /01(1 —3) (D@(ﬂp + sup) — ng(ﬂp)> [up, vr| ds. (4.33)

Now, we estimate the integrand (D2J(ir 4 s vr) — D2J(iir))[vr, vr] in (4.33). To this end, we put
(v, yp) = S(ur + svr),  (p,r) = DS(ur)vr, (% ¢p) = D8(ur + svr)or,
(n,1r) = D*8(ar)[vr, o], (0°,m) = D*8(ar + svr)[vr, vr],

and use the representation formulas (4.20)—(4.22). We obtain

Dy ye)d(y*, y1), ar + svr)(0°,n) — Dy ye)d(Y, yr), ur)(n,nr) = I + I,
(4.34)

with the integrals

I = bQ/ / Y= nd:cdt+bg// —yr)nrdldt,
Iy = b@/ /(yS_ZQ) (n° —n)dxdt + bz/ /(yfi —zg) (np —nr)dl'dt.  (4.35)
0 Q 0 I

Moreover,

D2J((v%, yp), ar + svr)[((¢%, 0), vr) 5 (%, 90?) vr)]
— D*J((5,9r), ur)[((¢,er), or) s (0, ¢r),vr)] = Is,  where

I3 —bQ//so —o)(@°+ ) dxdt+bz// —r)(¢r +or)dl'dt.  (4.36)

We now estimate the integrals 1, I», and I3, where we denote by C;, i € N, constants that neither
depend on s € [0, 1] nor on ur € WU,q. At first, using the Cauchy-Schwarz inequality, we obtain

|‘[1| < maX{bQ’ bz} ||(y8’ yli) - (gu gF)HLZ(O,T;fH) ||(77= nF)||L2(O,T;fH)
< max{bg, bs} (v°, yr) — (7. 70)lly 100, 70)lly

< Cysllonlliam, (4.37)
where in the last inequality we have employed the estimates (2.12) and (3.31). Similarly, we have

[Io] < max{bg,bs} ||(v", ) — (20, 22) || 20,790 [|(0°, m) — (0, 10) || 20,7590

< max{bg, bs} [|(v°, y1) — (2@, 2)lr20,750) [|(0°,m2) — (1, m0) |ly
< Cysllorllizs), (4.38)
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where, for the last inequality, we used (A1) and (2.10) to estimate the first norm and (3.28) for the
second one. Finally, we get

[I5] < max{bg,bs} ||(¢°, 1) — (@, 0r)|| L2090 [ (0%, 0r) + (@, or)ll L2090
< max{bg, bx} ||(¢*, 1) — (@, or)lly [[(¢°, 1) + (@, ¢r)lly
< Css HU[‘H%Q(E). (4.39)

For the last inequality we applied (3.10) to estimate the first norm and the triangle inequality and (2.24)
to estimate the second one. Combining the above estimates, we thus have finally shown that

- 1

Wurm)] < € [ (=55l ds < Collorle ol (@40
0

with global constants C; > 0 and C5 > 0 that do not depend on the choice of ur € U,q. But this

means that

‘Rj(ura EF)‘

— — 0 as ||lur —arllx — 0. (4.41)

HUF - UFHLZ(z:)
With this information at hand, we can argue along exactly the same lines as on pages 292—294 in the
proof of Theorem 5.17 in [6] to conclude the validity of the assertion. O

References

[1] P. Colli, G. Gilardi and J. Sprekels, On the Cahn—Hilliard equation with dynamic boundary condi-
tions and a dominating boundary potential, J. Math. Anal. Appl. 419 (2014), pp. 972-994.

[2] P. Colli, G. Gilardi and J. Sprekels, A boundary control problem for the viscous Cahn—Hilliard
equation with dynamic boundary conditions, preprint arXiv:1407.3916 [math.AP] (2014), pp. 1—
27.

[3] P. Colli and J. Sprekels, Optimal control of an Allen—Cahn equation with singular potentials and
dynamic boundary condition, preprint arXiv:1212.2359 [math.AP] (2012), pp. 1—24, to appear in
SIAM J. Control Optim.

[4] J. Dieudonné, Foundations of Modern Analysis, Academic Press, New York, 1960.

[5] M. Heinkenschloss and F. Tréltzsch, Analysis of an SQP method for the control of a phase field
equation, Control Cybernetics 28 (1999), pp. 177-211.

[6] F. Tréltzsch, Optimal Control of Partial Differential Equations: Theory, Methods and Applications,
Graduate Studies in Mathematics Vol. 112, American Mathematical Society, Providence, Rhode
Island, 2010.



