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Abstract

We consider a diffuse interface model for incompressible isothermal mixtures of two im-
miscible fluids with matched constant densities. This model consists of the Navier-Stokes
system coupled with a convective nonlocal Cahn-Hilliard equation with non-constant mo-
bility. We first prove the existence of a global weak solution in the case of non-degenerate
mobilities and regular potentials of polynomial growth. Then we extend the result to de-
generate mobilities and singular (e.g. logarithmic) potentials. In the latter case we also
establish the existence of the global attractor in dimension two. Using a similar technique,
we show that there is a global attractor for the convective nonlocal Cahn-Hilliard equation
with degenerate mobility and singular potential in dimension three.

1 Introduction

Model H is a diffuse interface model for incompressible isothermal two-phase flows which con-
sists of the Navier-Stokes equations for the (averaged) velocity w nonlinearly coupled with a
convective Cahn-Hilliard equation for the (relative) concentration difference ¢ (cf., for instance,
[7, 31, 32, 33, 34, 35, 39]). The resulting evolution system has been studied by several authors
(see, e.9.,[1,2,12, 13, 22, 23, 24, 41, 49, 51, 52] and references therein, cf. also [5, 11, 36, 30]
for models with shear dependent viscosity). In the case of matched densities, setting the con-
stant density equal to one, the system can be written as follows

u —vAu+ (u-Viu+Vr=puVe+h inQx(0,7T) (1.1)
div(u) =0  inQx (0,7) (1.2)
o +u- Vo =dvim(e)Vu) inQ2x(0,7) (1.3)
p=—clAp+ %F’(gp) inQ x (0,7), (1.4)

where Q C R? d = 2, 3, is a bounded domain. Here v > 0 is the viscosity (supposed to be
constant for simplicity), 7 is the pressure, h is a given (non-gradient) external force, m is the
so-called mobility and o > 0 is related to the (diffuse) interface thickness.

A more realistic version of the Cahn-Hilliard equation is characterized by a (spatially) nonlo-
cal free energy. The physical relevance of nonlocal interactions was already pointed out in the
pioneering paper [46] (see also [17, 4.2] and references therein). Though isothermal and non-
isothermal models containing nonlocal terms have only recently been studied from the analytical
viewpoint (cf., e.g., [10, 15, 26, 27, 28, 29, 38] and their references). The difference between
local and nonlocal models consists in the choice of the interaction potential. The nonlocal con-
tribution to the free energy has typically the form [, J(x, ) |¢(z) — ¢(y)|* dy with a given



symmetric kernel J defined on {2 x (2; its local Ginzburg-Landau counterpart has the form
(0/2)|V(x)|* with a positive parameter o. The latter can be obtained as a formal limit as
¢ — oo from the nonlocal one with the choice J(z,y) = (2J(|¢(x — y)|?), where J is a
nonnegative function with support in [0, 1]. This follows from the formula formally deduced in
[37]

w(x+§>—<p(w) 2

|6t = P ota) - o)y = [ e { dz
Q Qe(z ¢
== [ TP (Telw), 2)" dz = Vel

for a sufficiently regular ¢, where o = 2/d [, J(|z|*)|z|* dz and Q¢(z) = ((Q — z). Here
we have used the identity [, J(|2]?) (e, 2)* dz = 1/d [ J(|2|?)|2|? d= for every unit vec-
tor e € R? As a consequence, the Cahn-Hilliard equation (1.3)-(1.4) can be viewed as an
approximation of the nonlocal one.

Nonlocal interactions have been taken into account in a series of recent papers (see [14, 18,
19, 20, 21]) where a modification of the model H with matched densities has been considered
and analyzed . More precisely, a system of the following form has been considered (cf. [14])

or+u- Ve =divim(p)Vu) inQx(0,7T) (1.5)
p=ap—Jxp+F(p) inQx(0,7T) (1.6)
u —vAu+ (u-VYu+Vr=uVe+h inQx(0,7) (1.7)
diviu) =0 inQx (0,7) (1.8)
%:O, u=0 ondQ x (0,7T) (1.9)
on

uw(0) =up, ©(0)=¢o inQ, (1.10)

where n stands for the outward normal to OS2, while uy and g are given initial conditions. Here

the interaction kernel J : R? — R is an even function and a(x) = / J(x —y)dy.
0

Nonlocal system (1.5)-(1.8) is more challenging with respect to (1.1)-(1.4), even in dimension
two. One of the reasons is that ¢ has a poorer regularity and this influences the treatment of
the Navier-Stokes system through the so-called Korteweg force 11V . For instance, unique-
ness in dimension two is an open issue under sufficiently general conditions which ensures the
existence of a weak solution (see [14, Remark 8], cf. also [18]). Due to this difficulty, only the
constant mobility case has been considered so far (though viscosity depending on ¢ has been
handled). Let us briefly recall the main existing results for system (1.5)—(1.8) with m constant.

In [14] the authors proved the existence of global dissipative weak solutions in 2D and 3D,
and study some regularity properties, for the case of regular potentials of arbitrary polynomial
growth. For such potentials the longterm behavior of weak solutions was analyzed in [19]. More
precisely, the existence of the global attractor in 2D and of the trajectory attractor in 3D were
established. In [20] the previous results of [14, 19] were extended to the case of singular po-
tentials. The existence of (unique) strong solutions in 2D for regular potentials with arbitrary



polynomial growth were obtained in [21]. There, in addition, the regularity of the global attractor
and the convergence of weak solutions to single equilibria were shown.

Uniqueness of weak solutions in 2D has been demonstrated only recently for both regular and
singular potentials (see [18]) . In the same paper, further results have been proven. For instance,
the existence of strong solutions and the weak-strong uniqueness for the case of nonconstant
(i.e., p—dependent) viscosity and regular potentials, the existence of exponential attractors
(regular potentials), and the connectedness of the global attractor in the case of constant vis-
cosity.

On the other hand, despite the variety of results with m constant, in the rigorous derivation of
the nonlocal Cahn-Hilliard equation done in [27] the mobility depends on ¢ and degenerates at
the pure phases, while the potential is of logarithmic type. This motivates the main goal of this
contribution, namely, the analysis of the so-called nonlocal Cahn-Hilliard-Navier-Stokes system
in the case of degenerate mobility and singular potential.

The local Cahn-Hilliard equation with degenerate mobility (i.e., system (1.5—-1.10) with u = 0)
was considered in the seminal paper [16], where the authors established the existence of a
weak solution (cf. also [40, 45] and references therein, for nondegenerate mobility see [9, 47]).
This result was then extended to the standard (local) Cahn-Hilliard-Navier-Stokes system in
[12]. The nonlocal Cahn-Hilliard equation with degenerate mobility and logarithmic potential
was rigorously justified and analyzed in [27] (see also [29] and references therein). In particular,
in the case of periodic boundary conditions, an existence and uniqueness result was proven in
[28]. Then a more general case was considered in [26]. The convergence to single equilibria
was recently studied in [42, 43] (cf. also [25] for further results).

Inspired by the strategy devised in [16], we first analyze the nonlocal system by taking a non-
degenerate mobility m and a regular potential F' with polynomial growth. We prove the exis-
tence of a global weak solution which satisfies an energy inequality (equality if d = 2). This
result extends [19] and allows us to construct a rigorous approximation of the case where m is
degenerate and I’ is singular (e.g. logarithmic). Therefore we can pass to the limit and obtain
a similar result for the latter case. In addition, since the energy identity holds in two dimen-
sions, we can construct a generalized semiflow which possesses a global attractor by using
Ball's method (see [8]). In the above mentioned recent contribution [18], uniqueness of weak
solutions to system (1.5)-(1.8) with degenerate mobility and singular potential in 2D has also
been proven (constant viscosity). Hence, we can say that our semiflow is indeed a semigroup
and the global attractor is connected. Regarding the 3D case, the validity of a suitable energy
inequality (cf. (3.45)) allows to generalize the results on the trajectory attractors (cf. [19, 20]) to
system (1.5)-(1.8) with degenerate mobility and singular potential. By means of Ball’s approach,
we can also show that the convective nonlocal Cahn-Hilliard equation with degenerate mobility
and singular potential possesses a (connected) global attractor. In this case uniqueness can
be proven even in dimension three. Note that this result entails, in particular, that the nonlo-
cal Cahn-Hilliard equation which has been obtained as hydrodynamic limit in [27] has indeed a
global attractor.

We point out that uniqueness of solutions is still an open issue for the local Cahn-Hilliard equa-
tion analyzed in [16]. This is one of the main advantages of the nonlocal versus the local. We
remind that uniqueness of weak solutions and continuous dependence estimates are funda-



mental starting points, for example, in view of the study of related optimal control problems. This
issue will be the subject of forthcoming contributions.

Let us notice here that the main difficulty encountered while dealing with the degenerate mobility
case is that the gradient of the chemical potential jz in (1.6) can no longer be controlled in any L?
space. Hence, in order to get an existence result a suitable notion of weak solution needs to be
introduced (cf. [16] for the local Cahn-Hilliard equation). More precisely, in this new formulation
the gradient of 11 does not appear anymore (cf. Definition 2 in Section 4). It worth observing that,
in the present case, our main Thm. 2 does not require the (conserved) mean value of the order
parameter ¢ to be strictly in between —1 and 1, but | fQ wo| < |9 suffices. Thus the model
allows pure phase solutions for all ¢ > 0. This is not possible in the case of constant or strongly
degenerate mobility (cf. Remarks 7 and 8 for further comments on this topic).

We conclude by observing that it would be particularly interesting (albeit nontrivial) to extend the
present and previous results on nonlocal Cahn-Hilliard-Navier-Stokes systems to a model with
unmatched densities (for the local case see [3, 4] and references therein) or to the compressible
case (cf. [6] for the local Cahn-Hilliard equation).

The plan of the paper goes as follows. In Section 2 we introduce the notation and the functional
setting. Section 3 is devoted to prove the existence of a global weak solution satisfying a suitable
energy inequality (equality in the 2D case) when the mobility is non-degenerate and F'is regular.
In Section 4, using a convenient approximation scheme, we extend the proven result to the case
of degenerate mobility and a singular F' (e.g. of logarithmic type). Some regularity issues for
@ and p are also discussed. Section 5 is devoted to the existence of global attractor in the
two dimensional case. Finally, in Section 6, we consider the convective nonlocal Cahn-Hilliard
equation with degenerate mobility. We deduce the existence of a global weak solution from
the previous result for the coupled system. Then, even in dimension three, we establish the
unigueness of weak solutions as well as the existence of a (connected) global attractor under
rather general assumptions on F', J and m.

2 Notation and functional setting

We set H := L*(Q2) and V := H'(£2), where ) is supposed to have a sufficiently smooth
boundary (say, e.g., of class C''!). If X is a (real) Banach space, X’ will denote its dual. For
every f € V' we denote by f the average of f over , i.e., f := |Q|7'(f, 1). Here Q] is
the Lebesgue measure of €. Let us introduce also the spaces Vj := {v € V : 7 = 0},
Vy:={fe€V':f=0}andtheoperator A: V — V', A€ L(V, V') defined by

(Au,v) ::/Vu-Vv Yu,v e V.
Q

We recall that A maps V' onto V] and the restriction of A to 1, maps V{ onto V{j isomorphically.
Let us denote by NV : Vi — W the inverse map defined by

ANf=f, VfeVy ad NAu=u, Yuel.



As is well known, for every f € V{, N f is the unique solution with zero mean value of the
Neumann problem

—Au = f, in 2
g—z =0, on 0f2.

Furthermore, the following relations hold
(Au, Nf) = (f,u), YueV, VfeVy,
(N = (g Nf) = [ YWD VW), VFge i

Recall that A can be also viewed as an unbounded operator A : D(A) C H — H from the
domain D(A) = {¢ € H?(Q) : 0¢/On = 0 on 90} onto H and that N can also be viewed
as a self-adjoint compact operator ' = A~! : H — H in H. Hence, the fractional powers A"
and N¢, for 7, s > 0, can be defined through classical spectral theory.

We shall repeatedly need the standard Hilbert spaces for the Navier-Stokes equations with
no-slip boundary condition (see, e.g., [50])

2 d
Gan = {u € C2 ()7 divia) =0} ", Vi i= fu € HI(Q): div(u) = 0}.

We denote by || - || and (-, -) the norm and the scalar product on both H and G y;,,, respectively.
Instead, V;, is endowed with the scalar product

(u7 U)Vdiv = (VU, V?})7 VU,U € V;iiiw

In the proof of Theorem 1 we shall introduce the family of the eigenfunctions of the Stokes
operator S with no-slip boundary condition. We recall that S : D(S) C Gy, — Gaiv is
defined as S := — PA with domain D(S) = H%*(Q)¢ N Vg, where P : L*(Q)4 — Gy, is
the Leray projector. Notice that we have

(Su,v) = (u,v)y,, = (Vu,Vv),  Yue D(S), Yve& Vi,

and S7' : Ggn, — Guaiv is a self-adjoint compact operator in Gg;,. Thus, according with
classical results, S possesses a sequence of eigenvalues {\;} with 0 < A; < Ay < --- and
A;j — 00, and a family {w;} C D(S) of eigenfunctions which is orthonormal in G'y;,,. Let us
also recall the Poincaré inequality

Mllul* < IVaul®,  Vu € Vo

The trilinear form b which appears in the weak formulation of the Navier-Stokes equations is
defined as follows

b(u,v,w) = /(u -V)v - w, Yu,v,w € V.
Q

We recall that we have

b(u,w,v) = —b(u,v,w), Yu, v, w € V.



For the basic estimates satisfied by the trilinear form b the reader is referred to, e.g., [50].

Finally, if X is a (real) Banach space and 7 € R, we shall denote by L}, (1, 00; X),1 < p <
00, the space of functions f € LI ([r,c0); X) that are translation bounded in L‘foc([T, >0); X),
i.e. such that

t+1
1 ey =530 [ (5 < o0, @)
2T Jt

3 Non-degenerate mobility

Let us first consider the case where the mobility m does not degenerate, i.e. m satisfies the
following assumption

(H1) m € Cloo’cl (R) and there exist my, mo > 0 such that

my < m(s) < meo, Vs € R.

The other assumptions we need are the ones on the kernel .J, on the potential F' and the forcing
term h which are the same as in [14]

(H2) J(- —z) € WH(Q) for almost any x € ) and satisfies

J(x)=J(-z), a(z):= /QJ(x —y)dy >0, ae x€

—sup/|J:17— )|dy < oo, b= sup/|VJ(m—y)|dy<oo.
Q

z€Q e

(H3) F € C>!(R) and there exists ¢y > 0 such that

F"(s)+a(x) > ¢, VseR, ae xel

(H4) There exist ¢; > (a* — a,)/2, where

Ay 1= inf/ J(z —y)dy,
Q

z€Q

and ¢; € R such that
F(s) > c18°—cy, VseR.

(H5) There exist c; > 0, ¢4 > 0and r € (1, 2] such that

[F' ()" < es|F(s)[ +ca,  Vs€R.

(He) h e L*(0,T;V).,) foralT > 0.



Some further regularity properties of the weak solution can be established by using the following
assumption
(H7) F € C1:}(R) and there exist c; > 0, ¢ > 0 and p > 2 such that

F"(s) +a(x) > cs|s|P? —cs, Vs€ER, aexcl

Remark 1. A well known example of potential /" and kernel .J which satisfy the above conditions
is givenby F'(s) = (s?—1)?and J(z) = j3|z|},ifd = 3,and J(z) = —ja log |z|, if d = 2,
where j5 and j3 are positive constants.

Before stating the main result of this section, let us recall the definition of weak solution to
system (1.5)—(1.10).

Definition 1. Let ug € G, 0o € H such that F(py) € LY(2), and 0 < T < oo be given.
Then, a couple [u, ] is a weak solution to (1.5)—(1.10) on [0, T if

we L0, T; Ga) N L20, T3 Vi), o € L¥(0,T; H) N L2(0, T3 V),
u € LY730, T,V ), @€ LY30,T;V"),  ifd=3,
w € L*77(0,T; V5, @ € L2700, T;V)  ~,6€(0,1), ifd=2,
po=ap—Jxp+ F'(p) € L*(0,T;V),
and the following variational formulation is satisfied for almost any t € (0,T')
(6, ) + (m(@) Vi, Vib) = (up, Vip), vV €V, (3.5)
(u, v) + v(Vu, Vo) + b(u,u,v) = —(pVu,v) + (h,v),  Yv € Vg, (3.6)
together with the initial conditions (1.10).

Remark 2. It is easy to see that u € Cy([0,T7; Gai) and ¢ € C,([0,T]; H). Hence, the
initial conditions (1.10) make sense.

Theorem 1. Letug € Gz, o € H such that F(py) € L'(2), and suppose that (H1)-(H6)
are satisfied. Then, for every given'I' > 0, there exists a weak solution [u, <p] to (1.5)—(1.10) in
the sense of Definition 1 satisfying the energy inequality

Gt o)+ | (VP + 1Vl Vil dr < Eunin) + [ (1), w)dr, @)

for everyt > 0, where we have set

E(ut).plt) = 51O+ [ [ T =)ete.t) = oo )dedy+ [ Fle(o)
(3.8)

Furthermore, assume that assumption (H4) is replaced by (H7). Then, for every T’ > 0 there
exists a weak solution [u, | to (1.5)<1.10) on [0, T'] corresponding to [ug, @0 (in the sense of
Definition 1) satisfying (3.1), (3.2) and also

@ € L>(0,T; LP(Q2)), (3.9)
¢r € L*(0,T;V"), if d=2 or (d=3andp>3), (3.10)
uy € L* 0,7;Vy,), if d=2.

Finally, assume that d = 2 and (H4) is replaced by (H7). Then,



1 any weak solution satisfies the energy identity

d

7€) + V[ Vul® + [[Vm(o)Val® = (a(t),w),  t>0. (3.12)
In particular we have u € C([0,00); Gai), ¢ € C([0,00); H) and [, F(p) €
C([0,00)).
2 If in addition h € L% (0, 00; V. ), then any weak solution satisfies also the dissipative
estimate
E(ult), (1)) < E(ug, po)e™ + F(mo)|Q| + K, V>0, (3.13)

where mo = (o, 1) and k, K are two positive constants which are independent of the
initial data, with K depending on 2, v, J, I and ||| 12 (0,00:v7 )-

Proof. The argument follows the lines of [14, Proof of Theorem 1] and is based on a Faedo-
Galerkin approximation scheme. For the reader’s convenience, we give a sketch of it. Let us first
assume that o € D(DB), where the operator B is given by B = —A + I with homogeneous
Neumann boundary condition. We introduce the family {w,},>1 of the eigenfunctions of the
Stokes operator S as a Galerkin base in Vy;,, and the family {1;};>1 of the eigenfunctions of
B as a Galerkin base in V. We define the n—dimensional subspaces W,, := (wy, - , wy,)
and W,, := (41, -+ ,1,) and consider the orthogonal projectors on these subspaces in G 4;,

and H, respectively, i.e., P, := Py, and P, := Py, . We then look for three functions of the
form

un(t) =Y o (Dwe, u(t) =D B On, ) =D 9" ()

which solve the following approximating problem

(SO;U 77/}) + (m(QDN)v//Jm V%U) = (UnSDm VQ/J) (3.14)
(ul), v) + v(Vtn, V) + b(tn, tn, v) = —(0n Vi, v) + (hy, v) (3.15)
tin = Py (ap, — J % oo + F'(¢,)) (3.16)
Spn(o) = ©on, un<o) = Upn, (317)
for every ¢ € U,, and every v € W,,, where py, = P,pq and ug, = ]Bnuo (primes denote

derivatives with respect to time). In (3.15) {&,} is a sequence in C°([0, T]; G 4;,) such that
h, — hin L*(0,T; V. ). It is easy to see that this approximating problem is equivalent to
solve a Cauchy problem for a system of ODEs in the 2n unknowns ozz(»”), ﬂi(”) (7(”) can be
deduced from (3.16)). Since F”" and m are locally Lipschitz on IR, the Cauchy-Lipschitz theorem
ensures that there exists 7)F € (0, +00] such that system (3.14)-(3.17) has a unique maximal
solution a® = (™, .-+ ), 6™ = (B ... 85 on [0,T) with a™, b™ €
([0, T;); R™).



By taking v = u, and v = wu, in (3.14) and (3.15), respectively, and adding the resulting
identities together, we get

d
€, 00) + V[ Vu* + [[Vmlon) Vinl* = (Fons un),

where £ is defined as in (3.8). Integrating this identity between 0 and ¢

Eu0n®) + [ (AIT0lP + I il )7 = Eaneion) + [ (halr), o)
(3.18)

Observe now that

t v t ) 1 t )
/O(hn(f),un>d7§ 5/0 IV d¢+5/0 2, dr.

On the other hand, taking (H2) and (H4) into account, we get

1 1 1
E s 0n) = ~ltnll? + SIVaL I = S (pns T 0n) + / Flen)
2 2 2 o
1 2 1 2 1 2
> —lun|l"+ 5 [ ags — <llenlllld * enll + [ (1], — c2)
2 2 Jo 2 o
1
> luall + gl ~ &,

where ¢| = (a. — a*)/2 4 ¢; > 0 and ¢, = ¢2|€2|. Using also the convergence assumption
for {uon }, {hn}, the fact that g, — @ in H2(S2) (since ¢y € D(B)) and the lower bound
my > 0 for the mobility m (cf. (H1)), we first deduce that 7, = +oo for every n > 1 (notice that
|a™ (t)] = [Ju,(t)]| and |b™ (2)] = ||¢n(t)]]) and furthermore we get the following estimates
which hold for any given 0 < T" < 400

Hun”LOC(O,T;de)ﬂLQ(O,T;de) <, (3.19)
| enllLoe 0,y < C, (3.20)
1 (en) || oo, () < C, (3.21)
IV || 20,050y < C, (3.22)

with C' independent of n. Henceforth we shall denote by C' a positive constant which depends
at most on [|uoll, [|oll, fo F'(%0), [1hll20/rv ) and on J, F, v, my, €, but they are inde-
pendent of n. Instead, ¢ will stand for a generic positive constant depending on the parameters
of the problem only, i.e. on .J, F’, v, m; and €2, but it is independent of n. The values of both C'
and c may possibly vary even within the same line.

Let us now recall the estimate
2
C
IV | |* > Z‘)HV%H2 — cllenll?, (3.23)

which can be deduced as in [14, Proof of Theorem 1] by multiplying 1, by —A,, in L? and
integrating by parts. By means of (3.23), from (3.20) and (3.22) we get

lenll20,mv) < C. (3.24)



Due to (H5), which in particular implies that |F”(s)| < ¢|F(s)| 4 ¢, we have

fl=| [ Fien

and therefore, thanks to (3.21), (3.22) and to the Poincaré-Wirtinger inequality, we deduce

el 220,y < C. (3.25)

< c||[F(en) i +¢ < C,

In addition, (H5) and (3.21) yield the following control
”F,(‘:OR)HLOO(O,T;LT(Q)) <C. (3.26)

Let us now derive the estimates for the sequences of time derivatives {u/, } and {¢/, }. By taking
Y1 = Py, for € V arbitrary, as test function in (3.14) we obtain

(0n:¥0) = (s Ur) = =(mlpn) Vitn, V1) + (unn, Vibr).
Assume first d = 3. We have
[{0n )] < ma|| Vi [V 1] + [t Lopsll@nll s [V i |
< (I Vall + [Vanlllonl 2l enll 150 1 V0
< C(IViall + 1 Vuallleal V) IVEI, VeV (3:27)

where in the last estimate we have used (3.20). Then, by (3.19), (3.22) and (3.24) from (3.27)
we get

||90;L||L4/3(0,T;v') <C. (3.28)
For d = 2, by arguing as above it is not difficult to infer the following bound
||<10;1HL2*5(0,T;V’) <C. (3.29)

As far as the sequence {u!,} is concerned, by arguing exactly as in [14, Proof of Theorem 1]
we can deduce the bounds

[l ooy, y < €, it d=3, (3.30)
lupllze—omvy y < C, if d=2. (3.31)

From (3.19)—(8.20), (3.24)—(3.26) and (3.28)—(3.31), using compactness results, we obtain for a
not relabeled subsequence

U, —u weakly* in L=(0,T; Gg,), weaklyin L*(0,T; Vi), (3.32)
u, — u stronglyin L*(0, T; Gyi,), a.e.in Qr, (3.33)
ul, — uy  weakly in L¥3(0,T:Vy. ), d=3, (3.34)
ul, — u; weaklyin L*77(0,T; Vy,.), d=2, (3.35)
©n — @ weakly* in L>(0,T; H), weaklyin L*(0,T;V), (3.36)
©n — @ stronglyin L*(0,T; H), a.e.in Qr, (3.37)
@ — p weaklyin L*7°(0,T; V"), (3.38)
F'(pn) = F* weakly* in L>(0,T; L"(2)), (3.39)
e — pi weakly in L*(0,T;V). (3.40)
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where Q7 := Q x (0,T). The pointwise convergence (3.37), the weak * convergence (3.39)
and the continuity of F” yield F* = F”(). By means of (3.32)—(3.40) we can now pass to the
limit in the approximate problem (3.14) —(3.17) as done in [14, Proof of Theorem 1] and obtain
the variational formulation of system (1.5)—(1.10) for functions u, ¢ and p. In particular notice
that, fixing n arbitrarily, for every x € C§°(0,7") and every 1) € ¥,, we have

T T
| i vorar = [ i)V Vondr, s k=,
as a consequence of the weak convergence (3.40) and of the convergence
m(er) — m(p)  stronglyin L"(Qr), forall r € [1,00), (3.41)
ensured by (3.37) and by Lebesgue’s theorem.
As far as the energy inequality is concerned, let us observe that (3.40) and (3.41) imply that

V() Vi, = /m(p)Vu  weaklyin L*(Qr), forall s € [1,2). (3.42)

But (3.18) yields

(RY m(@ﬂ)vUn|‘L2(QT) <C,

and hence (3.42) holds also for s = 2. Therefore

t t
[ IVmRGAT P < timint [
0 0

This fact and the above convergences allow us to pass to the inferior limit in (3.18) and deduce
(3.7).

Let us now suppose that assumption (H4) is replaced by (H7). Then, the energy of the approxi-
mate solution can be controlled from below by

Etun, on) > c(|unll* + lenlf o) — ¢

From (3.18) we can then improve (3.20), that is

lonllzoe om0 @) < C, (3.43)

which yields (3.9). The regularity properties (3.10) and (3.11) follow by a comparison argument
exactly as in [14, Proof of Corollary 1] with reference to the weak formulation (3.5), (3.6) and
taking the improved regularity for ¢ and (H1) into account.

Furthermore, if d = 2 and (H4) is replaced by (H7), we can take 1 and u as test functions in the
variational formulation (3.5), (3.6) and argue as in [14, Proof of Corollary 2] in order to deduce
the energy identity (3.12). As far as the the dissipative estimate (3.13) is concerned, this can
be deduced without difficulties by adapting the argument of [14, Proof of Corollary 2] and taking
(H1) into account.

Finally, if oo € H with F'(¢g) € L*(€2), we can approximate g with ©o,,, € D(B) given by
Yom = (I+B/m)~p,. This sequence satisfies ©,, — ¢ in H and by exploiting assumption
(H3) and the argument of [14, Proof of Theorem 1] we can easily recover the existence of a
weak solution, the energy inequality (3.7) and, for d = 2, the energy identity (3.12) as well as
the dissipative estimate (3.13). O
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It may be interesting to observe that another energy identity for d = 2 (inequality for d = 3) is
satisfied by the weak solution of Theorem 1. This energy identity will turn to be useful especially
in the degenerate case in order to establish the existence of the global attractor in 2D.

Corollary 1. Let the assumptions of Theorem 1 be satisfied with (H4) replaced by (H7). Then,
if d = 2 the weak solution z = [u, ¢| constructed in Theorem 1 satisfies the following energy
identity

1d

335 P+ 10l) + [ m(@) " (@)Tel + [ am(@) Vol + v Vul?
Q Q
= / m(p)(VJ xp —pVa) - Vo + /(cup —Jx@)u-Vo+ (hu), (3.44)
Q Q

for almost anyt > 0. Furthermore, ifd = 3 and if (H7) is satisfied withp > 3, the weak solution
z satisfies the following energy inequality

()P + e )]? / [me e + / [amtiesr

1
v [ 190 < S0l + el + [ [ m) (90— o¥a) - T
0
t
+/ /(ago—J*cp)u~V<p+/ (h,u)dr, vt > 0. (3.45)
0 JQ 0

Proof. If d = 2, we can take 1) = ¢ and v = u as test functions in the weak formulation (3.5)
and (3.6), respectively. This is allowed due to the regularity properties (3.10) and (3.11). Then,
we add the resulting identities and we observe that, since by an Alikakos’ iteration technique as
in [10, Theorem 2.1] it can be shown that p € L°°(f2) and since F' € C%(R), we can write
VF'(¢) = F"(¢)Vp. Then, on account of this identity and of (3.4), the second term on the
left hand side of (3.5) can be rewritten and (3.44) immediately follows.

Let d = 3 and assume that (H7) holds with p > 3. Then, due to the second of (3.10) we can
take 1 = ( as test function in (3 5) and get

2 _
20lt||s0|| (m(p)Vp, V) = 0.

By integrating this identity between 0 and ¢ and by rewriting the term (m(¢)Vu, V) as done
above in the case d = 2 we obtain

Sl + / / m() F" ()| Vol + / / )Vl
+/ /Qmw)(soVa—VJw) ~V90=§Hsoo\l2- (3.46)
0

On the other hand we take v = wu,, in the second equation (3.15) of the Faedo-Galerkin approx-
imating problem and integrate the resulting identity to get
t

1 ! 1 !
Sn®I v [ IVulPir = Sl = [ (nVaaun)ar + [ (hu,)ar
0 0

0

1 t t
= §Hu[)n|!2 +/ / (apn — J * @)V - uy +/ (h,u,)dr. (3.47)
0 Q 0
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We can now pass to the limit in (3.47) and use the second weak convergence (3.32) and (3.33).
In particular, observe that

t
1
/0 /Q (CLSOn —J* SOn)VSOn *Up = _/Q (ﬁina — Pn (VJ * @n)) * Uy

t
— — (lchVa—go(VJ*gon-u://(agp—J*gp)Vgp-u,
Qt 2 0 JQ

where this last convergence is a consequence of the fact that, due to (3.32), (3.33), (3.36),
(3.37) and interpolation, we have ,, — ¢ strongly in L3(Q;) and u,, — u strongly in L3(Q;)?
(recall that Va € L°). Hence we get

1 t 1 t t
@+ v [ 19ul < Sl + [ [ (ap = 7w 0)u Vot [ (ujar
2 0 2 0 Q 0

(3.48)

Summing (3.46) and (3.48) we deduce (3.45). O

Remark 3. The theorems proven in this section still hold when the viscosity smoothly depends
on @ (see [19]). Moreover, they allow us to generalize to the variable (non-degenerate) mobility
the results obtained in [19] on the longtime behavior. More precisely, the existence of the global
attractor and the existence of a trajectory attractor in the cases d = 2 and d = 3, respectively.

4 Degenerate mobility

In this section we consider a mobility m which degenerates at -1 and we assume that the
double-well potential /" is singular (e.g. logarithmic like) and defined in (—1, 1). More precisely,
we assume that m € C*([—1,1]), m > 0 and that m(s) = Oifand only if s = —1 or s = 1.
Furthermore, we suppose that m and F’ fulfill the condition
(A1) F € C*(—1,1) and

mF" e C([-1,1]).
We point out that (A1) is a typical condition which arises in the Cahn-Hilliard equation with
degenerate mobility (see [16, 27, 28, 26]).
As far as F'is concerned we assume that it can be written in the following form

F:F1+F27

where the singular component F; and the regular component F, € C?([—1,1]) satisfy the
following assumptions.

(A2) There exist ay > 4(a* — a, — by), where by := min_ 3 £y, and ¢y > 0 such that

11

Fi(s)>ay, Vse(=1,—-1+¢]U[l—e,1).
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(A3) There exists €y > 0 such that F{' is non-decreasing in [1 — €, 1) and non-increasing in
(—1, —1 —|— EQ].

(A4) There exists ¢y > 0 such that

F"(s) + a(z) > co, Vs e (—1,1), aa.x €. (4.1)

The constants a* and a, are given in (H2) and (H4), respectively, and the assumption on the
external force h is still (H6).

Remark 4. It is easy to see that (A1)—(A4) are satisfied in the physically relevant case where
the mobility and the double-well potential are given by

m(s) = k(1= ), F(s) =~ 4 2((1+ 5)log(1+5) + (1 — ) log(1 — 8)),

2 2
(4.2)

where 0 < § < 6. Indeed, setting F} (s) := (6/2)((1+ s)log(1+s) + (1 — s) log(1 — s))
and Fy(s) = —(0./2)s?, then we have mF| = k10 > 0 and so (A1) is fulfilled. Moreover I}
satisfies also (A2) and (A3), while (A4) holds if and only if info a > 6. — 0. Another example is
given by taking

m(s) = k(s)(1 — s*)™, F(s) = —kys® + Fi(s)

where k € C'([—1,1]) such that 0 < k3 < k(s) < kyforall s € [—1,1], and F} is a
C?(—1, 1) convex function such that

F{(s)=1(s)(1—s")"",  V¥se(-11),
where m > 1andl € C*([-1,1]).

Remark 5. Note that (A4), which is equivalent to the condition infoa > —inf_; ) F", is
more general than [20, (A6)]. More precisely, [20, (A6)] implies (A4), while (A4) implies [20,
(A6)] provided we have inf(_q 1) (F) + Fy) = inf_y1) F{' 4+ minj_4 5 F5. For example,
consider the following double-well potential
6. ) 0
F(s) = —532 — 1—;5‘4 + 5((1 + s)log(1 4 s) + (1 — s)log(1 — s)),

where 0 < 6 < f.and 0 < 0 < 6,. Then, it easy to see that [20, (A6)] is satisfied iff
infg a > 6. + 05 — 6, while (A4) requires the weaker condition infq a > 60, + 65 — 2+/00,.

If the mobility degenerates we are no longer able to control the gradient of the chemical potential
1 in some LP space. For this reason, and also in order to pass to the limit in the approximate
problem considered in the proof of the existence result, we shall have to suitably reformulate the
definition of weak solution in such a way that « does not appear anymore (cf. [16]).

Definition 2. Letuy € G, 0o € H with F(po) € LY(Q2) and0 < T < +oo be given. A
couple [u, ¢| is a weak solution to (1.5)-(1.10) on [0, T'| corresponding to [y, o) if
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B u, ¢ satisfy

u e L2(0,T; Giw) N L*(0,T; Vi), (4.3)
u € LY3(0,T;Vy,), if d=3, (4.4)
u, € L*(0,T; V),  if d=2, (4.5)
0 € L0, T, H)NL*0,T;V), (4.6)
¢, € L*(0,T; V"), (4.7)

and

w e L>®(Qr), lo(z, )| <1 ae (z,t) € Qr:=Q x (0,T); (4.8)

W foreveryy € V, everyv € Vy;, and for almost anyt € (0,T) we have
o)+ [ m@F (Ve Vot [ m(g)ave- vy
Q Q

+ [ mle)eVa =V g)- V6 = up, V) (49
(ug, v) + v(Vu, Vo) + b(u, u,v) = ((ap — J * )V, v) + (h,v); (4.10)

W the initial conditions u(0) = ug, ©(0) = @o hold (cf. Remark 2).

We now state the existence result for the degenerate mobility case. To this aim we need to
introduce the entropy function M € C?(—1, 1) defined by

m(s)M"(s) =1,  M(0) = M'(0) = 0.

Theorem 2. Assume that (A1)-(A4) and (H2), (H6) are satisfied. Let uy € G g;y, o € L>(2)
such that F(pg) € L'(Q) and M (po) € LY(SY). Then, for every T > 0 there exists a weak
solution z := [u, | to (1.5)-(1.10) on [0, T'] corresponding to [u, @0 in the sense of Definition
2 such that p(t) = o forallt € [0,T] and

p € L*=(0,T; LP(2)), (4.11)

wherep < 6 ford = 3 and2 < p < oo ford = 2. In addition, if d = 2, the weak solution
z = |u, @| satisfies the energy equation (3.44), and, if d = 3, z satisfies the energy inequality
(3.45).

Remark 6. The potential F' and the entropy M are not independent. Indeed, assumption (A1)
implies that there exists a constant vy > 0 such that |m(s)F"(s)| < v, forall s € [—1,1].
Combining this estimate with the definition of M we get |F"(s)] < ~oM"(s), for all s €
(—1,1). Thus we get

[E(s)| < [F(O)[ + [E'(0)]s] +70M(s), Vs e (=1,1). (4.12)

Therefore, in the statement of Theorem 2, condition F'(g) € L'(Q) is actually a consequence
of the entropy assumption M (¢g) € L*(Q).

15



Proof. Let us consider the approximate problem P.: find a weak solution [u., ¢] to

90; + Ue - V‘Pe = diV(mE((P€>V/L€), (4-13)
u. — vAue + (ue - V)ue + Ve = uVo. + h, (4.14)
fre = ape — J * o+ F(pc), (4.15)
div(ue) =0, (4.16)
One =0, u.=0, ond, (4.17)
on

ue(0) = ug, @c(0) = g, in (4.18)

Problem F, is obtained from (1.5)-(1.10) by replacing the singular potential F' with a smooth
potential F. and the degenerate mobility m with a non-degenerate one m.. In particular, F, is
represented by

Fe = Fle + F267
where Fi. and F5, are defined by

Fl(l—¢), s>1—¢

Fi(s)={ F/(s), |s|<1—c¢ (4.19)
F(=14¢), s<-—-14c¢
F,(1—e), s>1—c¢

Fy(s)={ FJ(s), |s] <1—¢ (4.20)
Fy(=14¢), s<—14e,

with F1(0) = F3(0), F1.(0) = F{(0

~—

, F5e(0) = F5(0), F5.(0) = F3(0).
The approximate non-degenerate mobility is given by

m(1l —e), s>1—¢€
me(s) =< m(s), |s] <1—¢ (4.21)
m(—1+¢), s<—-1+e

Assumption (A3) implies that
Fi(s) < Fi(s), Vse(-1,1), Vee (0,¢). (4.22)

On the other hand, from the definition of F5, we have, for s > 1 — ¢,

F(s)=F(1—e+ F(1—e(s—(1—¢)+ %FQ”(l —e)(s—(1- e))Q, (4.23)

(a similar expression holds for s < —1 + €) and Fy(s) = Fy(s) for |s|] < 1 — €. Since
Fy, € C*(]—1,1]), then we deduce that there exist two positive constants L, Lo, which are
independent of €, such that

|Foc(s)| < L1s* + Ly, Vs €R. (4.24)

Therefore, by using the assumption on the initial datum g and (4.22), (4.24) we have

/ Fe(SOU) S / F1<(,00) + L1Hg00H2 + L2 < o0, Ve c (0, 60}. (425)
Q Q
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Furthermore, we can see that by assumption (A2) there is a 0y € R such that
F.(s) > ds* — 0y, Vs € R, Ve € (0, €], (4.26)

where 0 < § < ay/8 + by /2. Indeed, (A2) implies that there exist aj", a; , agp € R such that
F{(s) > af foralls € [1 — ¢, 1), F{(s) < aj foralls € (—1,—1+ €], and Fi(s) > ag for
all s € (—1,1). Hence, by using definition (4.19), for s > 1 — € we get

1

Fi(s)=F(1-—e)+F(1—-e(s—(1—¢)+ §F1”(1 —e)(s—(1— e))Q
2@6—1—%(3—(1—6))22 %324—@6—%, (4.27)

provided that € € (0, ¢g]. For |s| < 1 — € we have Fi.(s) = Fi(s) > ag > (ay/8)s* —

as/8 + ag. For s < —1 + € we can argue as in (4.27). On the other hand, from (4.23) we have
a

Fa(s) > (6 — §2> s2 — 6y, Vs € R, Ve € (0,1), (4.28)

where 0 is taken as above and d; is a nonnegative constant (depending on by := min[_y qj F3,

by := min_; ;) I and by). Combining (4.27) with (4.28) we deduce (4.26).

Moreover, (A4) immediately implies that, for € € (0, €], there holds
F'(s)+a(x) > ¢, VseR, ae xel (4.29)

Indeed, recall that for s = +£1 F € we have Fi'.(s) = F|'(£1 F¢), Fi.(s) = FJ(£]l Fe),
and for |s| < 1 — e we have F\'(s) = F'(s), Fi.(s) = FJ(s).

We can now check that assumptions (H1)—(H6) of Theorem 1 for Problem P, (with a fixed
e € (0, ¢]) are satisfied. In particular, due to (A2), we can choose § such that (a* — a,)/2 <
d < as/8 + by /2 and so (H4) is ensured by (4.26), while (H5) is satisfied with = 2. Theorem
1 therefore entails that Problem P, admits a weak solution z. = [u,, ] satisfying (3.1)—(3.3)
and the energy inequality

t t
() + [ (AITul Ve Vad?)dr < E.o+ [ (), ulr)ydr, (430
0 0
for every t > 0, where
1 5 1 5 1
Ec(2e) = 5”“6” + 5”\/5906H - 5(‘:067 Jxo)+ [ Fe(pe).
Q

Now, using (4.25) and (4.26), from (4.30) we immediately obtain the following uniform (with
respect to € € (0, ¢]) estimates

HUCHLOO(07T§Gdiv)nL2(0:T§Vdiv) < O’ (4.31)
el oo,y < C, (4.32)
v me(@e)vﬂeHm(o,T;H) <, (4.33)
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where the positive constant C' can possibly change from line to line but is always independent
of €. Now, test (4.13) by v» = M/(¢.), where M, is a C*? function such that m.(s) M/ (s) = 1
and M.(0) = M!(0) = 0. We get

d
E/ ME(§06> + / mE(‘pe)vNe : Me”(‘pe)VSOe = / UePe - Mé/(%f)e)v@e =0, (4.34)
Q

where the last identity is due to (4.16). Therefore (4.34) yields

/M ©e) /V,ue V. = 0.

/ M 906 / ((a + Fe/,<306))|v906|2 +eVa- Voo —VJ .- che) = 0.
(4.35)

On account of (4.15), we obtain

By using (4.29) and (4.32), from (4.35) we hence infer

d c
_/ M(pe) + I Veel® < cslled* < C,
dt Jo 2

where ¢ is a positive constant depending on J only. Therefore, on account of the fact that for €
small enough we have M.(s) < M(s) forall s € (—1,1), and recalling that [, M () < o<,
we deduce the bounds (see also (4.32))

@ell 20,y < C, (4.36)
||Me(906)||L°°(o,T;L1(Q)) <C. (4.37)

Let us now establish the estimates for . and .. Let us first consider the case d = 3 and start
from .. From the variational formulation of (4.13) we get

{0l DN < lIme(e) Vie [V + lluell ol @ell 2oy I V2l

< el /m(0) Va1V ]| + el Vel llecl el ooy IV

< C(IVmele)Vael + [Vullled)IVell, eV, (4.38)
where we have used (4.32). Then, on account of (4.31), (4.33) and (4.36), from (4.38) we obtain

el zarso. vy < C. (4.39)
In order to deduce a bound for u”, observe first that we have
(1eVipe, v) = ((ape = T * @)V, v), Vv € Vi

Thus, by (4.32), we have that

{1V e, V)] < llape = T * el L@ Vel [[0] Lo
1/2
< cslleclsa@leclviivlva, < eslledlled g ledvlvlv,

3/2
< Clleell¥21v]lv, (4.40)
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Hence, (4.36) entails the estimate for the Korteweg force in (4.14)

|14V @l arso vy, ) < C-

The estimates for the other terms in the variational formulation of (4.14) can be deduced by
standard arguments for the 3D Navier-Stokes and finally we obtain

el aso.rvy ) < C- (4.41)

In the case d = 2, by arguing as in (4.38) and (4.40) and again using (4.31)—(4.33) and (4.36),
it not difficult to see that the following estimates hold
||U’/5||L27“/(0,T;V/ ) < 07 ||90/e||L2_‘5(0,T;V’) < O? V’}/, S (Oa 1) (4.42)

div

From the estimates above and using standard compactness results we deduce that there exist
u € L>®(0,T; Ga) N L*(0,T; Vg,) and p € L=(0,T; H) N L*(0,T; V) such that, up to
a (not relabeled) subsequence we have

uc —u  weakly* in L°(0,T; Ggi,), weaklyin L*(0,T; Vi), (4.43)
uc — u strongly in L?(0, T; Gy, a.e.in Qr, (4.44)
ul — u, weakly in LY3(0,T; V), it d=3, (4.45)
ul —u;  weaklyin L*7(0,T;Vy,), ~v€(0,1), ifd=2, (4.46)
e — ¢ weakly*in L=(0,T; H),  weaklyin L*(0,T;V), (4.47)
we — @ strongly in L*(0,T; H), a.e.in Qr, (4.48)
¢ — ¢, weaklyin L3(0,T; V"), it d=3, (4.49)
o — @ weaklyin L*7°(0,T; V"), 46¢€(0,1), ifd=2. (4.50)

Let us now show that || < 1 almost everywhere in Q7. In order to do that we can argue as in
[16, Proof of Theorem 1] (see also [12, Proof of Theorem 2.3]). More precisely, in [16, Proof of
Theorem 1] the following estimates are established

> (s—1) 1
il 2m(1_€)<8 )7 VS> 9

>~ (s+1)?% Vs<-—L
Z omcigo UL v

Therefore

2
(‘906‘ - 1) = (906 - 1)2 + (905 + 1)2
+
Q {pe>1} {pe<—1}

<2m(1 — e)/{ . M (pe) +2m(—1+ e)/{ M(p)

SOE<*1}

§Qmax(m(l—e),m(—l—i—e))/ﬂMe(goe).
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Now, by using (4.37), the fact that m(+1 F €) — 0 as ¢ — 0 and the generalized Lebesgue
theorem, we obtain

2
/Q(\QOI—l)Jr:O fora.a. t € (0,7),
so that

lo(x, )] <1, a.e.in aa. te(0,7). (4.51)

We now have to pass to the limit in the variational formulation of the approximate problem
(4.13)—(4.18) in order to show that [u, (] is a weak solution to (1.5)—(1.10) according to Defini-
tion 2. It is easy that the variational formulation of (4.13)—(4.18) gives

<()027 ¢> + / m6<(pE)F6//<SOE)VSO€ : V¢ + / me(@e)avwe ' Vi/’
Q Q
+ /Qme(@e)(gpﬁva =V x @) Vi = (ucpe, Vi), (4.52)

(ul, vy + v(Vue, V) + b(ue, te, v) = ((a(pE — J*x )V, v) + (h,v), (4.53)

for every ¢ € V, every v € Vy;,, and for aimost any t € (0,7").

On account of (A1) we have |m(s)F"(s)| < a for every s € [—1, 1] and for some positive
constant a. This immediately implies that

Ime(s)E'(s)| <a, VseR, Vee(0,1). (4.54)

Furthermore, by using the continuity of mF” on [—1, 1] (cf. (A1) and (4.48), it is not difficult to
see that

mE(@E)FeH(Soe) - m(gp)F”(gp), a.e.in Qr.
Therefore, we obtain
me(p) F' () = m()F"(p),  stronglyin L'(Qr),  Vre[2,00).  (4.55)

Notice also that (4.47), the continuous embedding L>(0,7T; L*(Q)) N L*(0,T; L5(2)) —
L'93(Qr) and (4.48) imply that, for d = 3, we have

we — @ strongly in L*(Qr), forall 2 <s<10/3. (4.56)

For d = 2, by the Gagliardo-Nirenberg inequality the continuous embedding L>(0, T'; L*(2))N
L*(0,T;V) < L*(Qr) holds, thus we get

we — @ strongly in L°(Qr), forall 2<s<4. (4.57)
Furthermore, by Lebesgue’s theorem we also deduce

me(pe) — m(yp) strongly in  L*(Qr), forall 2 < s < oo. (4.58)
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We can now multipy (4.52), (4.53) by x,w € 080(0, T), respectively, and integrate the resulting
identities with respect to time from 0 and 1". The convergences (4.43)—(4.50) and (4.55)—(4.58)
are enough to pass to the limit and to deduce that © and ¢ satisfy the variational formulation
(4.9) and (4.10). Observe that in passing to the limit we can initially take 1 in C*(2) and then
prove by density that (4.9) holds also for all ¢ in V.

In order to prove that z := [u, | is a weak solution according to Definition 2, we are only left to
show that (4.5) and (4.7) hold. To this aim let us first see that © satisfies (4.11). Indeed, this is a
consequence of (4.51) and of the fact that, since ¢ € LQ(O, T; V), ¢ is measurable with values
in L5(Q2) when d = 3, and measurable with values in LF(Q2), for all p € [2, 00), when d = 2.
Recalling the improved regularity (4.11), and also on account of (4.51), it is now immediate to
get (4.5) and (4.7) by a comparison argument in the weak formulation (4.9), (4.10). In particular,
notice that the contribution from the convective term in (4.9) can now be estimated as follows

|(up, V)| < lull s llell o @IVl < ClIVullIVell, VeV

Finally, if d = 2, the energy identity (3.44) can be obtained by taking ¥ = p and v = u
(see (4.7) and (4.5)) as test functions in the weak formulation (4.9) and (4.10), respectively, and
adding the resulting identities. In the case d = 3, we choose first 1) = ¢ as test function in (4.9)
(cf. (4.7)) and integrate the resulting identity to get (3.46). Then we observe that, due to the last
part of the proof of Corollary 1, the approximate solution z, := [u,, ] satisfies

1
@ +v [ 170l < Sl + [ [ age == eue Voot [

Passing to the limit as ¢ — 0 in this last inequality and arguing as at the end of the proof of
Corollary 1, taking advantage of (4.43), (4.44), (4.47) and (4.48), we get (3.48). The energy
inequality (3.45) is then obtained by adding together (3.46) and (3.48). O

It is worth noting that if the mobility degenerates slightly stronger, then the weak solution of
Theorem 2 satisfies a physically more relevant energy inequality with respect to the energy
identity (3.44). This is proven in the following

Corollary 2. Let all assumptions of Theorem 2 be satisfied and d = 2, 3. In addition, assume
that m(+1) = O with order > 2. Then the weak solution z = |u, ¢| given by Theorem 2 also
fulfills the following integral inequality

t

E(=(1)) + /Ot (1/||Vu||2 + H \/_H )dT < E(20) /0 (h,u)dr, (4.59)

for allt > 0, where the mass flux [J given by

J = —m()V(ap — J x ) —m(p)F"(¢)Ve

is such that

J € L*(Qr),
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Proof. Setting fe = —v/Me(pe) Ve, from (4.33) we have ||j€||L2(QT) < ( and therefore
there exists 7 € L?(Q7) such that

J.—~J weaklyin L*(Qr). (4.60)

On the other hand, setting J, := —m(¢e) Ve = \/me((pe)i! we have also || || z2(,) <
C. Thus there exists J € L*(Qr) such that

J.—J  weaklyin L*(Qr). (4.61)

Since m(p.) — m(p) strongly in L"(Qr) for every r € [1,00), from (4.60) we have
Vme(p) T — /m(p)J weakly in L*~7(Q7) for every v € (0, 1] and therefore by com-

parison with (4.61) we get
J = /m(p)J.

Let us observe now that inequality (4.30) can be rewritten in the form

t

Ee(ze(t))—k/ot (VuvueuuH\/%HQ)WSS(ZOH/O (h,u)dr, Vi >0,

(4.62)
where 7 is defined in terms of ¢, that is,
Je = =me(p)Vie = —me(pe)V (ape = J * pc) = me(0) F (pe) Vepe.
Using (4.47), (4.55) and (4.58) it is easy to see that
J. — —m(@)V(cup —Jx c,p) —m()F"(p)Ve  weaklyin L*"(Qr), Vn € (0,1).
On account of (4.61), we therefore see that 7 is given by
T = —m(p)V(ap — J x ¢) —m(p)F"(¢)Ve, (4.63)

and that the last convergence is also in L?(Q7). Hence, taking the inferior limit of the third term
on the left hand side of (4.62), we have

t T 9 t , t , t
dr—/ 17|27 gnmmf/ 171 dT—liminf/
/0 A /m(¢) H 0 e—0 0 e—0 0
On the other hand, the strong degeneracy condition m(41) = 0 with order > 2 implies (see
Remark 8 here below) that the set {z € ) : |p(x,t)| = 1} has zero measure for almost any

t € (0,T). Hence we have F.(p.) — F(y) almost everywhere in ()7, and Fatou’s lemma
yields

L HQdT.
Vme(ee)

(4.64)

/ F(p) <lim inf/ F (). (4.65)
Q e Q

Finally, (4.59) follows immediately from (4.62) on account of (4.64), (4.65), (4.63) and the second
weak convergence in (4.43). O
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Remark 7. In comparison with the analogous result for the case of constant mobility (see [20,
Theorem 1]), Theorem 2 does not require the condition |7,| < 1 (the assumptions on g imply
only that [@,| < 1). This is essentially due to the fact that here we are dealing with a different
weak formulation. Therefore, if [ is bounded (e.g. F'is given by (4.2)) and at t = 0 the fluid is
in a pure phase, e.g., o = 1 almost everywhere in €, and furthermore uq = «(0) is given in
G giv, then we can immediately check that the couple [u, ] given by

u=u(-1), o =op(,t)=1, ae.inQ), aa.t>0,

where w is solution of the Navier-Stokes equations with non-slip boundary condition, initial ve-
locity field ug and external force h, explicitly satisfies the weak formulation (4.9), (4.10). Hence,
the nonlocal Cahn-Hilliard-Navier-Stokes model with degenerate mobility and bounded double-
well potentials allows pure phases at any time ¢ > 0. This possibility is excluded in the model
with constant mobility since in such model the chemical potential 1« (and hence F”((p)) appears
explicitly.

Remark 8. If m(31) = 0 with order strictly less than 2, then, as a consequence of (A1) and of
the definition of the function M, both F' and M are bounded in [—1, 1]. This can be seen, for
instance, by writing M as follows

fs—1
M(s) :/0 Wdt’ Vs e (—1,1).

In this case, the conditions F'(¢g) € L'(Q) and M (o) € L'(2) of Theorem 2 are satisfied
by every initial datum g such that |po| < 1 in €. Therefore the existence of pure phases is
allowed. A relevant example for this case is given by (4.2). On the other hand, if m(£1) = 0
with order greater than or equal 2 (in this case we say that m is strongly degenerate), then it can
be proved (cf. [16, Corollary] and also [12, Theorem 2.3]) that the conditions F'(yq) € Ll(Q)
and M (pg) € L'(Q) imply that the sets {z € Q : @o(z) = 1} and {z € Q : o(z) = —1}
have both measure zero. Hence, in this case we have obviously [p,| < 1 and furthermore it
can be seen that also the sets {x € Q : p(z,t) = 1} and {x € Q : p(x,t) = —1} have both
measure zero for almost any ¢ > 0. Therefore, in the case of strongly degenerating mobility the
presence of pure phases is not allowed (even on subsets of {2 of positive measure), and so,
from this point of view the situation is more similar to the case of constant mobility. Summing
up, as far as the possibility of existence of pure phases is concerned, the difference between
the cases of constant and degenerate mobility is more relevant when the mobility is degenerate,
but not strongly degenerate (on this issue see also [48]).

If, in addition to the assumptions of Theorem 2, we suppose that the initial chemical potential
1(0) =: o belongs to H, then we can improve the regularity of 4. In particular, we obtain p €
L*(0,T;V). This is shown in the next theorem, which also requires some further reasonable
conditions on the singular part F of the potential F' (the potential (4.2) is however included) and
whose proof is based on a suitable choice of the test function (see [26]). We point out that, while
in [26] the improved regularity for the chemical potential is justified only by formal computations,
the argument in the proof of Theorem 3 is rigorous.
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Theorem 3. Let all assumptions of Theorem 2 be satisfied. In addition, assume that F| &€
C3(—1,1) and that there exist some constants ap, 3y > 0 and p € [0,1) such that the
following conditions are fulfilled

pF! (s) + Fy(s) +a(z) >0, Vs e (—1,1), ae in€, (4.66)
m(s)F(s) > ag, Vse[-1,1], (4.67)
|m?(s)F"(s)] < By, Vs €[-1,1], (4.68)
Fl(s)F{"(s) >0, Vse(-1,1). (4.69)

Let g be such that
F'(po) € H. (4.70)
Then, the weak solution z = [u, | given by Theorem 2 fulfills
pe L®0,T;H), VupecL*0,T;H). (4.71)

As a consequence, z = [u, p| also satisfies the weak formulation (3.5) and (3.6), the energy
inequality (3.7) and, for d = 2, the energy identity (3.12).

Remark 9. Note that in Theorem 3 assumptions (A2) and (A4) can be omitted. Indeed, (A2)
follows from (4.67) and (A1), while (A4) follows from (4.66) and (4.67). Observe moreover that
the standard potential F' and the mobility m in (4.2) comply with the assumptions of Theorem
3.

Remark 10. Assumption (4.67) together with (A1) imply that the two conditions F'(py) € L'(Q)
and M (pg) € L'(£2) are equivalent. Indeed, by combining (4.67) with the definition of function
M we get ayM"(s) < F{'(s), forall s € (—1,1). Integrating this inequality we obtain

aoM(s) < Fi(s) — F1(0) — F{(0)s, Vse (—1,1),

and, on account of (4.12), we get the above equivalence.

Proof. Let us write the weak formulation of (4.13) as
(0l ) + (me(0) Viie, V) + (me() V(ape + Fo (90)), V) = (uepe, Vi), (4.72)
for all ¢y € V, where we have set
fle = we + FI(@c),  wei=—Jx e,

and where F} is defined as in (4.19). Take ¢ = F] () F/. () as test function in (4.72) and
notice that ¢» € V. Indeed, F} (¢.) € V and, since by (4.19) F}. is globally Lipschitz on R,
we have also F|.(p.) € V. On the other hand, by applying an Alikakos’ iteration argument
as in [10, Theorem 2.1], we can prove that the family of approximate solutions ¢, is uniformly
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bounded in L>(1). To see this, let us take 1) = | [P~ 'y, as test function in (4.72), where
p > 1. Then we get the following differential identity

1 _ _
1 %H@J 12—541-1(9) +p/ me(goe)F{'e(goe)\VgoJQ\goqp 1 —I—p/ me(@e)vwe : V@e‘SOelp !
D+ Q Q

—|—p/ me(pe)V (ape + F3. () - VoelpeP~ = 0. (4.73)
Q

Actually, the above choice of test function would not be generally admissible. Nevertheless, the
argument can be made rigorous by means of a density procedure, e.g., by first truncating the
test function \goe|p_1g06 and then passing to the limit with respect to the truncation parameter.

By using (4.66) we obtain
p [ mledFLledVePlod ™+ [ mdedV(ag.+ Fuled) - Voded™
= [ mle e Ve Plod ™ +p [ med(a+ Filed) Volled
+p/ﬂme(<pe)<peVa Vet > (1 - p)p/ me(@e) Fl.(0c) Vo locP
+p/9me(soe)sﬁeVa-Vsoe!sDe!”‘l > M/ ‘V\soe =

(p+1)?
+p/me(soe)90eVa-Vsoe!soe!“. (4.74)
Q

Therefore, by combining (4.73) with (4.74), we deduce

404
p+1 daop(1 — p) ’V pHl / W, -V o1
+ ].dtH HLP-H p+ 1 / Spe +p me ()OE We - ()06’()06|
+p/ me(p)pVa- Vo p [~ <0. (4.75)
Q

Starting from (4.75) and using the fact that m.(¢.) is uniformly bounded with respect to €, we
can argue exactly as in [10, Proof of Theorem 2.1] in order to conclude that

el < C, (4.76)

where the positive constant C' depends on ||| () and on F', J, €2, but is independent of €.

Hence, since ¢, € L>({2), then F| (¢.) and F.(¢) are in V N L>®(Q2). This yields ¢ =
Fl (@) Fi(pe) € V N L>(2). Using this test function we first see that the contribution of the
convective term vanishes. Indeed, by the incompressibility condition (1.8) we deduce

ue-v<%) —0.

[ Verere) - [ 2

Q

Furthermore, we can see that we have

(0o Fie(pe) Fie(wd)) = 5 / [Fre(po)l™ (4.77)
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Indeed, setting G.(s) := F{*(s)/2, wefind G = F|_F}" + F{? > 0 almost everywhere in R,
due to (4.69), i.e., GG, is convex on R. Hence, (4.77) follows as an easy application of the chain
rule result proved in [15, Proposition 4.2].

We are therefore led to the following identity
1d -
S IFLe P+ [ me) P Vi - TR0
Q
" / me(0) Fl (00) F (0 ) Ve - Ve + / me(peVa - V(FL(g) Fll(e)

+ /Qme(we)(a + F5.(0e)) Ve - V(Fl(pe) Fl.(e)) =0, (4.78)

which can be rewritten as

1 d U ~ 1 ~
3l = w4 [ DRIV =) + [ mdedFe) T V(i = w)

T / Ml ) ([T — w)F (9 Vi, - Vepe + / mp e Pl (o) Va - VFL(¢0)

* /Qme(soe)soeFl’e(sOe)F{’!(sae)Va Ve + / me(e) (a+ Fo(p)) Fi2(00) |V ?
Q

+ [ mded (ot Fuled) FleDRL@I Dol =0 (479
Condition (4.66) implies that

pFl.(s)+ Fy.(s)+a(x) >0, VseR, aaxe, Vee(0,1). (4.80)
Then we get

/ng(ws)F{'e(wg)IV(ﬁe —wo)|* + /Q me(e) (a + Fae(0o)) Fi (0o Ve

> (1-p) / me(i00) FiL(100) [V (e — w)|2. 4.81)

On the other hand, condition (4.69) implies that, for all e € (0, 1), F|_F}” > 0 onR. Thus using
again (4.80), we have

/ me ‘Pe wg)F{Z(tpe)V,ue Ve + /Qme(QDE) (a + Féé(@ﬁ))Flle(@E)Fll/e/(SOE)lv@&F
> /Qme(SDE)Flle(Soe)Fllg(Spe)vﬁe Ve — p/g;mE(‘Pe)Fllle(SDE)Flle(Spe)Flﬂe/(Spe)IVS‘%P
= [ MG PR IFLIT e + [ medFL(eOF (00 Vue- Ve,

) / (0 Fl (0 FI' (00 FiL (00| Ve

—(1-p) / () Pl FI (0 )V (. — we) - Vip. + / () Flu(0) Y (0 Vi, - Vo,

= (1=p) | mle)Fle) Fed Vi Voot o [ mdedFlled Flle) V. Ve
(4.82)
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Furthermore, observe that

2 F”I(QD)
m, EF//CI . EImE(SOe) 1e \Pe F/6 ) = (o F/6 D, (4.83)
(pe) Fie(pe) Vo me(%)ﬂ,,ﬁ(%)v Te(Pe) = Ye(p) V()
where
m(s) 1 (s)
= € € R
O N

Therefore the following identity holds

/ me(QDE)QDEF{E(QOE)F{;/(QDE)VCL ’ VQDE = /Q%(QDE)(:JE - we)gpeva ’ v(/:Lve - we)'
Q

(4.84)
By plugging (4.81), (4.82) and (4.84) into (4.79) and using (4.83) once more, we get

3~ w4 (1= ) [ mp) P19 = o)
+ [ mde)Prle) Ve V(@ = w) + (=) [ (= wdlV (7~ v
+ /976(905)076 —we)V(jte — we) - Vwe + /glmE(SOe)F{L((PJSOeva - V(fte —we)

+ / Ye(pe) (fte — we)peVa - V(jie — we) < 0. (4.85)
Q

Notice that the fourth term on the left hand side is nonnegative since there holds
mf(sﬂe)Fﬁ'(@e) /

Ye(pe) (fe — we) = (e F’e(gpe) = Fi(¢e) > 0.
(el m i =) = o R
On the other hand, condition (4.67) implies that
me(s)Fi(s) > ap, VseR, Vee (0,1), (4.86)

and, using (H2), we have
[ e = 0V = w) - T = (1= ) IV~ w)
R R LA 487)
[ e = w0 Ta D = w) = =1 = ) LT~ )
-G /ﬂ Ve (p)pe Vall i — wel?, (4.88)

" ~ (0 —
/ mE(SOG)Fls(SOE)SOeva V(e — we) > —(1- P)gOHV(Me - ws)”z - OZHSOGHQv
Q
(4.89)

" ~ (6] —
/Qme(QOE)Fle((,DE)ng V(e —we) > —(1 - P)§O||V(Me - w6)||2 - CS||Vw6||2~
(4.90)
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In (4.89) and (4.90) we have used the fact that (4.54) holds as a consequence of the bounded-
ness of mF" on [—1, 1].

Recallthat v.(s) = Oforall |s| > 1—¢,and y.(s) = m?(s)F}"(s)/m(s)F} (s) for|s| < 1—e.
Hence, on account of (4.67) and (4.68), we have

17e(8)] < 70, Vs € R, Ve € (0,1), (4.91)

with vy := (y/ap. Thus the second term on the right hand side of (4.88) can be estimated as
follows

[ eV - < Vel - el s
{lpel<1—e}
By means of (4.76) and (4.86)—(4.92), we deduce from (4.85) the inequality

d . ~ ~
%H,Ue - w6”2 + a0<1 - p)HV(UE - wE)Hz <Cy+ OSHIUE - w6H2' (4.93)

It is easy to see that
|F{ ()| < |F{(s)], Vs € (—1,1), Ve € (0, €], (4.94)
with ¢y > 0 small enough. Therefore, condition (4.70) entails
1£2(0) — we(O)[| = [ FYc (o) | < 1 F7 (o),

and by applying Gronwall’s lemma to (4.93) and using the fact that w, is bounded independently
of ein L>°(0,T'; H) as well as its gradient (cf. (H2) and (4.6)), we immediately get

neL>0,T;H), VpaelL*0,T;H), (4.95)

where i1 := w + F{(¢) and w := —.J * . Furthermore, due to (4.20), we have (see also
(4.24))

|Foc(s)| < Lsls| + Ly, [Fy(s)| < Ls,  Vs€R,

for some nonnegative constants L3, L4, L5 which are independent of €. By using these esti-
mates, (4.32) and (4.36) we also obtain

Fy(p) € L=(0,T; H),  VE(p) € L*(0,T; H). (4.96)
From (4.95) and (4.96) we immediately get (4.71).

In order to see that (3.5) and (3.6) are satisfied, consider the weak formulation (4.52), (4.53) of
the approximate problem P, write F”'(p.)Vo. = VF!(¢.), rearrange the terms on the left
hand side of (4.52), take the definition of 1 into account and pass to the limit as € — 0.

The energy inequality (3.7) can be deduced by passing to the limit in (4.30) and by observing

" /QFE(SDO) S/QFl(SOO)JF/Qer(SOO),

and that [, Foc(o) — [, F2(p0) by Lebesgue’s theorem (see (4.24)).

Finally, the energy identity (3.12) for d = 2 is obtained by choosing ¥ = i as test function in
(3.5). O
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The argument of Theorem 3 can be exploited to prove rigorously the existence of a weak solution
satisfying (4.11) with 6 < p < oo, for d = 3. We point out that the L>°(LP) regularity of
follows only formally from the condition || < 1 proved in Theorem 2. Indeed, in the case
d = 3 itis not known that the ¢ component of the weak solution of Theorem 2 is measurable
with values in L? if p > 6. Instead, a rigorous way to deduce such regularity is by means of an
approximation argument which makes use of an approximating potential with polynomial growth
of order p.

Corollary 3. Let all the assumptions of Theorem 2 and Theorem 3 be satisfied and d = 3. In
particular let p be such that (4.70) holds. In addition, assume that there exists ¢y > 0 such
that the following assumptions are satisfied

F"(s) > 1, Vse[l—ey,l) and  F/'(

> s) < —1, Vse(—1,—1+¢), (4.97)
Fi(s) >0, Vse[l—epl) and  Fi(s) <0,

Vs e (=1, —1+ €. (4.98)

Letp € (6,00) be fixed arbitrarily. Then, for every T' > 0, there exists a weak solution z =
[u, @] to (1.5)<1.10) on [0, T'] in the sense of Definition 2, satisfying the weak formulation (3.5),
(3.6) and such that

o € L0, T; LP()). (4.99)

Proof. We argue as in the proofs of Theorem 2 and Theorem 3, but we employ a different
approximation of the singular part F. of the double-well potential. Namely, here we consider
the approximate problem (4.13)—(4.18) with the following choice for Fi,

Fl-o+F1-e(s—(1—e)+iF(1—e(s—(1—¢)
+is—=(1-¢)", s>1-c¢
Fi(s) =< Fi(s), |s|] <1—¢
Fi(=1+e) 4+ F(-1+6)(s— (—14€) + F/(-1+e)(s — (-1 +¢))°
+is=(-1+¢|, s<-1+e

\

Let us argue as in Theorem 2 to deduce the estimates for ¢ and u, (and their time derivatives).
Instead, the passage to the limit will be performed differently with respect to Theorem 2.

We first check that (4.22) is still true for this new approximate potential. Indeed, for1 —e < s <
1, thanks to (4.97) we have, for some & € (1 — €, s)

Fi(s) = (L= o)+ F(1L = (s — (1~ ) + 3 F/(1 (s — (1= )"
F RO - (- 0)°

> Fi(1— ) + F{(1 - (s — (1= ) + 3F/(1 (s — (1 - )’

o5 —(-0) = Fiuls)

provided that € € (0, €], with €y as in (4.97). For —1 < s < —1 + € we argue similarly.
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It is easy to see that the uniform (with respect to €) coercivity condition (4.26) will now be
replaced by (cf. also (A2))

1
F.(s) > ﬂysv’ —¢p,  VsER, Vee(0,e), (4.100)

where the constant ¢, depends on p but is independent of e. It is also immediate to check
that (4.29) and (H7) hold for the new approximate potential. Therefore, since we have also
F. € C2'(R), assumptions (H1)—~(H6) of Theorem 1, with (H4) replaced by (H7), are satisfied.
Hence, for every fixed € € (0, €y), Problem P, admits a weak solution satisfying (3.1), the first
of (3.2), (3.9), (3.10), and the energy inequality (4.30). By means of (4.25), (4.29) and (4.100),
from the approximate energy inequality we can still recover estimates (4.31), (4.33), (4.36) and

(4.37), while estimate (4.32) will now be substituted with the stronger

el Lo 0.0 (2)) < C. (4.101)

The estimates for u. and . can be improved as well. Indeed, instead of (4.39) and (4.42) we
now find

el 20y <C, d=3, (4.102)
and

||u/5||L2(O,T;Vd'w) S Ca ||@;||L2(0,T;V’) S 07 d= 27 (4103)
respectively, while (4.41) still holds. By compactness results we can still deduce that there exists
a couple z := [u, ] and a subsequence such that (4.43)—(4.50) hold. Instead, in (4.46), (4.49)

and (4.50) we shall have L? in place of L2, L*/3 and L?>9, respectively, and
e — @  weakly*in L°°(0,T; LP(2)), weakly in L*(0,T;V), (4.104)
in place of (4.47).

As far as the passage to the limit is concerned, the situation is now a bit different. Indeed, due
to the polynomial growth of F}., a strong convergence for the term m.(p.) F}.(¢c) in some
L*(Qr) space with s > 2 is no longer available in order to deduce the weak formulation
(4.9) for . Therefore, the idea is to use (4.70), argue as in Theorem 3, get a control for p. in
L?(0,T;V) and pass to the limit to deduce the weak formulation (3.5) for ¢. Of course, we
have to check that the argument of Theorem 3 still applies with this different choice of F.. Now,
it is easy to verify that the test function ¢ = FY () F{.(p.) in the weak formulation of (4.13)
is still in V. Indeed, F7’. is now locally Lipschitz on R and ¢, € V' N L>(£2), which implies that
Fl'(pe) e VAL®(Q). Thusyp € V.

By repeating the calculations in the first part of the proof of Theorem 3 we are then led again to
the differential identity (4.79). It is immediate to check that (4.86) still holds. As far as (4.91) is
concerned, notice that in this case we have for,e.g., s > 1 — ¢

m2(1 — 6)%p(p —1)(p—2) (5 —(1- 6))1)—3
w1 = (F0 =0 + o= (s — (1-0)7)
chmQ(l — 6) (3 _ (1 o 6))]3—3
Cagtem(l—e)(s—(1- 6))1)—27

Ve(s) =
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where (4.67) has been taken into account. Now, if we consider the function

527_13—3

= >
s(T) =i VT >0,

by an elementary calculation we can see that ¢ has its maximum at 7* := ((p — 3)/5)1’712
and that 15(7) < Y5(7*) = ¢, 0@ /=2 < ¢ forall 7 > 0andforall § € (0,1),
where ¢, is a positive constant depending only on p. Hence we deduce that |.(s)| < ¢, for all
|s| > 1 —eandforall e € (0,1). Using also the fact that . (s) = m?2(s)E}"(s)/m(s)F/'(s)
for |s| < 1 — ¢, and taking (4.67) and (4.68) into account, we can therefore conclude that

e ()] <v0p,  VseR,  Vee(0,1), (4.105)
with o, given by 7o, = max(c,,, fo/ap) and independent of e. Hence, (4.91) is still satisfied.
On the other hand, using (A2) and (4.98), it is easy to check that also conditions

F|F">0 on R, Vee(0,1),

and (4.94) still hold. We can therefore conclude that the argument of Theorem 3 applies and
that, due also to (4.70), the following estimates hold (cf. (??))

lptell o osmny < Co I Vitellzzorimy < C, (4.106)
where the constant C' depends on ||11o]| or, equivalently, on || F'(¢o)]]-

Finally, let us consider the weak formulation (3.5) and (3.6) for the approximate problem (4.13)—
(4.18). By passing to the limit as ¢ — 0 and by means of (4.106) and the convergences provided
in the proof of Theorem 2, it is not difficult to show that z = [u, ¢], which in particular satisfies
(4.99) due to the first of (4.104), satisfies the weak formulation (3.5) and (3.6). O

5 The global attractor in 2D

In this section we consider system (1.5)—(1.10) for d = 2 and we suppose that the external
force h is time-independent, namely,

(A5) h € V..

Let us introduce the set G,,, of all weak solutions to (1.5)—(1.10) (in the sense of Definition 2)
corresponding to all initial data zg = [ug, Yo] € Xn,, Where the phase space X, is the metric
space defined by

Xmo = Gdiv X ymo)
with V., given by
Vo = {p € L¥(Q) : |pl <1 ae.inQ, Fli), M(p) € L'(Q), [7] <mo},
(5.1)
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and my € [0, 1] is fixed. The metric on X,,,, is
d(z2, 21) := |luz — ]| + [l2 — ],

for every z1 := [uy, ¢1] and 23 1= [ug, Yo in Xp,-

In the next proposition we shall prove that the set of all weak solution is a generalized semiflow
in the sense of J.M. Ball (cf. [8]).

Proposition 1. Letd = 2 and suppose that the conditions of Theorem 2 are satisfied. Assume
also that (4.66), (4.67) and that (A5) hold. Then G,,,, is a generalized semiflow on X, .

Proof. It is immediate to check that hypotheses (H1), (H2) and (H3) of the definition of gen-
eralized semiflow [8, Definition 2.1] are satisfied. It remains to prove the upper semicontinu-
ity with respect to initial data, i.e., that G,,, satisfies (H4) of [8, Definition 2.1]. Take then
z; = [uj,p;] € Gm, such that z;(0) — zy in A,,,. Our aim is to prove that there exist
z € Gm, With 2(0) = 2o and a subsequence {z;, } such that z;, (t) — z(t) in X, for all
t > 0. Now, each weak solution z; = [u;, @] satisfies the regularity properties (4.3)—(4.8),
(4.11) and the energy equation (3.44) which, on account of (4.66), (4.67) and of the fact that
lp;] < 1, implies

d 1
a(HWHQ + Hsoj||2> + (1= paol VeslI* + v Vusll* < e+ cllus” + IRl -

where the positive constant ¢ depends on .J and on m. By integrating this inequality between 0
and t, using the fact that z;(0) — z in X,,,, and Gronwall’s lemma, from the above differential
inequality we get

|| Lo (0,736 gy L2(0,13V05) < C, 51| Lo 0.1y L2 0,1y < C.

By comparison in the variational formulation (4.9) and (4.10) written for each weak solution
zj = [uy, ;] we also obtain the estimates for the time derivatives u; and ¢

"u;’"LQ(O,T;Véi,U) <, 5] 20,007 < C.

Therefore, by standard compactness results, we deduce that there exist two functions © and ¢
such that, for a not relabeled subsequence, we have

u; — u weakly* in L(0,T; Gyi), weaklyin L*(0,T; V),
u; — u strongly in L*(0,T; Gai), ae.inQr,

wy — u, weakly in L*(0,T; V),

©; — ¢ weakly* in L>(0,T; H), weaklyin L*(0,7;V),

w; — @ stronglyin L*(0,T; H), ae.inQr,

¢ — ¢ weakly in L*(0,T; V).

Passing to the limit in the variational formulation for z; = [u;, ¢;] and using the weak/strong
convergences (5.2)—(5.7) and the fact that |¢;| < 1, we get that z := [u,¢| € G, (the
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argument is similar to the passage to the limit in (4.52) and (4.53) in the proof of Theorem 2).
Furthermore we have z(0) = 2, since, as a consequence of (5.2), (5.4), (5.5) and (5.7), we
have, forallt > 0

ui(t) = u(t)  weaklyin G, (5.8)
w;(t) = ()  weaklyin H.

Let us now see that z;(t) — z(t) in X, for all t > 0. First observe that the energy equation
(3.44) can be written in the form

GEEO)+ [ me)F @Vel + [ ante)Veil +vITul =0, 610
where
E’(zj(t)) = E(z](t)) —/0 /Qm(goj)(VJ xp; —@;Va) -V,
—/0 /Q(a%' —Jxpj)u; - Vo; —/O (h, uz)dr,
and
E(z(t)) = %(Huj(t)HQ + [l (1)

On the other hand, from (5.3) and (5.6) we have, for almost any ¢ > 0,

u;(t) — u(t)  stronglyin Gy,
p;(t) —

and hence E(z;(t)) — E(z(t)) for almostany ¢ > 0. Moreover, due to the condition |, < 1
for each 7, to the pointwise convergence (5.6) and Lebesgue’s theorem we have

o(t)  stronglyin H,

0; — @, strongly in  L*(Qr), Vs € [2,00).

Therefore, recalling that m(p;) — m(y) strongly in L*(Qr) for all s € [2, 00) and using the
second weak convergence in (5.5), we have, for all ¢ > 0,

/Ot/S]m(soj)(VJ*soj—gojva>.v¢j H/Ot/gm(gp)(ww_(pw).wl

Furthermore, since ay; — J * ¢; — ap — J * @ strongly in L*(Qr) for all s € [2, 00) and,
by (5.2), u; — w strongly in L*(Qr)? for all s € [2,4), then we also have, for all t > 0

t t
//(G%—J*Sﬁj)ug"vs@j*//(CMP—J*SD)U'VSOO
0 Q 0 Q

E(z(t)) — E(2(t)), aa t>0.

Therefore
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Since, due to (5.10), E(z;(-)) is non increasing in [0, co) for every j and E(zj(~)), E(z(-) €
C(]0, 00)), we infer

E(z(t) — E(2(t)), V¥ t>0,

and hence also E(z;(t)) — E(z(t)) forall ¢ > 0. This last convergence together with (5.8)
and (5.9) yield u;(t) — u(t) strongly in G, and @;(t) — (t) strongly in H, and hence
zi(t) — 2(t) in &, forall t > 0. O

Proposition 2. Let d = 2 and suppose that the conditions of Theorem 2 are satisfied. Assume
also that (4.66), (4.67) and (A5) hold. Then G, is point dissipative and eventually bounded.

Proof. Let us estimate the second term on the right hand side of (3.44) as follows
1
‘/(w—J*w)u-Vw) - ‘/ (5902Va—90(VJ*¢)> U‘
Q Q
3 v
< SHQull < 2Vl + Co,

where Cy = 9b%|Q2| /4v\; with the constant b defined as in (H2). Moreover, the first term on
the right hand side of (3.44) can be controlled in the following way

(07
| [ m@) (975 0= 9a) - V| < 2mal Vel < (1= ) PUT? + .

where Cy = 2mZ2[Q|b?/ap, and m, = max,e(_11;m(s). Then, by taking (4.66) and (4.67)
into account, we get the differential inequality

d 1
Ll + 121) + (1~ paal[ Vel + vVl < o+ al
where Cy, = 2(Cyy + C). By using the identity ||¢||> = || — @ol|*> + ||, ||, we obtain

d _ _ 1
el + 1l =2oll”) + (1 = p)aoCrlle = Boll” + v [[ull® < Co + IRl .

where C'p is the constant appearing in the Poincaré-Wirtinger inequality. Therefore we get
d .. -
EE(z(t)) +nE(Z(t) < Cs, (5.11)
where Z = [u, ¢—p,] and the constants 1 and C5 are given by 7 = min((1—p)agCp,vA1)/2,
and C5 = Cy/2 + Hthd,_ /2v, respectively. By Gronwall's lemma from (5.11) we have

- ~ C
E(Z®) < E(Z0)e™+ =2, vt>0.
n
This estimate easily yields
2 2 —nt 2C3 — |2
d™(=(1),0) < d°(2,0)e™" + —= + [ |2, Vt =0,
n

which entails both the point dissipativity and the eventual boundedness of G,,,,,. O
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We can now state the result on the existence of the global attractor.

Proposition 3. Let the assumptions of Proposition 2 hold. Then G,,, possesses a global at-
tractor.

Proof. Thanks to Proposition 2 and by [8, Proposition 3.2] and [8, Theorem 3.3] we only need
to show that G,,, is compact. Let {z;} C G be a sequence with {z;(0)} bounded in &,,,. We
claim that there exists a subsequence {z;, } such that z;, (¢) converges in X,,,, for every ¢ > 0.
Indeed, the energy equation (3.44) entails the existence of a subsequence (not relabeled) such
that (cf. the proof of Proposition 1), for almost all ¢ > 0,

uj(t) — u(t) strongly in Gy, @;(t) — (t) stronglyin H and a.e. in €2,

where z = [u, ¢| is a weak solution. By arguing as in the proof of Proposition 1 we infer that
E(z(t)) — E(z(t)) forall t > 0. Thus z;(t) — 2(t) in X, for ¢ > 0, which yields the
compactness of G,y,,,. O

Remark 11. We point out that the existence of the global attractor has been established without
the restriction || < 1 on the generalized semiflow (compare with Remark 7). In particular, this
result does not require the separation property. It is also worth observing that in dimension three
the trajectory attractor approach used in [19, 20] might be extended to the present case.

Remark 12. As mentioned in the Introduction, uniqueness of weak solutions in two dimensions
has been recently proved in [18]. As a consequence, the generalized semiflow becomes a semi-
group and the global attractor is connected (see [18, Section 5]).

6 The convective nonlocal Cahn-Hilliard equation
with degenerate mobility

By relying on the results of the previous sections we can prove similar results for the convective
nonlocal Cahn-Hilliard equation with degenerate mobility and with a given velocity field, for d =
2, 3. In particular, from Theorem 2 it is straightforward to deduce the following

Theorem 4. Assume that (A1)-(A4) and (H2) hold. Letu € L2 ([0, 00); Vi N L®(Q)9) be

loc

given and let o € L>(Q) be such that F(py) € L*(Q2) and M (py) € L*(2). Then, for
every T > 0, there exists a weak solution ¢ to (1.5), (1.6), (1.9); on [0, T corresponding to
@o fulfilling (4.6)—4.8), the weak formulation (4.9), and such that p(t) = @g for allt € [0,T].
Furthermore, @ satisfies

@ € L>(0,T; LP(9)), (6.1)

where p < 6 ford = 3 and2 < p < oo ford = 2. In addition, for almost any t > 0, the
following energy identity holds

1d 9
sl [ m@F @IV + [ an(@IVel + [ mie)(eVa=VT54) - Vo =0,

(6.2)
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Remark 13. The basic estimates in the proof of Theorem 4 are now obtained from (6.2) (written
for the approximate solution ¢, and integrated between 0 and ?), in place of (4.30). In particular,
(6.2) still yields (4.32), (4.36) and (4.37), so that we can argue as in the proof of Theorem 3.

For the convective nonlocal Cahn-Hilliard equation with degenerate mobility we can also prove
a uniqueness result (see [28] for more restrictive assumptions). We remind that uniqueness
of solutions is an open issue for the local case (see [16]) as well as for the complete system
(1.5)-(1.10) even in dimension two.

Proposition 4. Let all the assumptions of Theorem 4 and (4.66), (4.67) be satisfied. Then, the
weak solution to (1.5), (1.6), (1.9)1, (1.10) is unique.

Proof. Following [28], let us introduce
Aus) = / m(0)F!(0)do,  Als) = / m(0)Fl(o)do,  T(s) := / m(o)do,
0 0 0

forall s € [—1,1]. Due to (A1) and (4.67) we have A; € C*([—1,1])and 0 < ap < A)(s) <
a for some positive constant a. Then, it is easy to see that the weak formulation (4.9) can be
rewritten as follows

(prs0) + (VA(, ), Vip) — (T(p)Va, Vi) + (m(e)(eVa — VJ % ©), Vi) = (up, Vi),
6.3)

for all ) € V, where
Az, s) == Ay (s) + Aa(s) + a(z)I(s).

Consider now (6.3) for two weak solutions (1 and 5 corresponding to the same initial datum.
Let us take the difference between the two identities, set ¢ := ¢ — 9 and choose 1) = N
as test function in the resulting identity (notice that @ = 0). This yields

%%Wl%u? + (Alp2) = Alpr), @) = ((T(2) = T(91))Va, VNp)

+ ((m(p2) — m(e1))(p2Va — VJ % 3) + m(p1)(9Va — VJ x ¢), VN )
= (up, VN). (6.4)

On account of (4.66) and (4.67), we find

(A, @2) = Al 1), 0) > (1= p) /Q m(0os + (1= 0)p1) FY' (602 + (1 — 0)p1)

> (1= p)aollel. (6.5)
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Furthermore, since |¢1], |¢2] < 1, then we have

1
[(T(p2) = T(p1))Va, VN@) | < mabllpll[ VAl < (1= plaollel® + CLI VNI,

(6.6)
|(m(p2) = m(p1))(92Va = VJ % 02), VN )| < 2m..0] 0l VA |

< 3= paollgll? + VA, 67
| (m(1)(¢Va — VI * ¢), VNg) | < 2m.bloll| VA

< 2= paollgl? + G5 VNI, 8
(0, TND) | < Nl el I 2]

< 3= P)aollpl? + Cllusle oy I 2l 69

where b is given as in (H2), m, as in the proof of Proposition 2, m,, := MaXse[-1,1] m’(s) and
the positive constants C1, .., Cy depend on «y, p, m.., M. By plugging (6.5)—(6.9) into (6.4)
we get

d
EHNU%IF + (1= p)aollel® < Cs (1 + [[ullfwqya) IN 0] (6.10)
and Gronwall’s lemma applies. O

As a consequence of Theorem 4 and of Proposition 4 we can define a semiflow S(¢) on V,,,
(cf. (5.1)), mg € [0, 1], endowed with the metric induced by the L?—norm. It is then immediate
to check that the arguments used in the proofs of Proposition 1, Proposition 2 and Proposition
5 can be adapted to the present situation. This gives

Theorem 5. Let (A1)-(A4), (4.66) and (4.67) hold. Suppose that u € LOO(Q)d N Vi is given
and independent of time. Then the dynamical system (ymo, S (t)) possesses a connected
global attractor.

Remark 14. The fact u must be divergence-free is not necessary (see also [19, 20]). In partic-
ular, the convective term can be of the form V - (uy).

Remark 15. In [25, Section 4] the case u = 0 was considered. In particular, the existence of
an exponential attractor was proven and, as a consequence, the existence of a global attractor
of finite fractal dimension. However, contrary to the present case, in [25] pure phases were a
priori excluded from the phase space (cf. also Remark 11).

Acknowledgments. The authors would like to thank Ciprian G. Gal for a useful remark concern-
ing the first part of the proof of Theorem 3. The authors are members of the Gruppo Nazionale
per I'’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale
di Alta Matematica (INdAM).
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