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Abstract

In the seventies, L. Simon showed that the main curvatures of two-dimensional hyper-
surfaces obeying a general equation of mean curvature type are a priori bounded by the
Holder norm of the coefficients of the surface differential operator. This was an essentially
interior estimate. In this paper, we provide a complement to the theory, proving a global
curvature estimate for open surfaces that satisfy natural contact conditions at the intersec-
tion with a given boundary.

1 Introduction

In this paper, we consider a two-dimensional hypersurface S C Q0 C R? of class C? obeying
the geometric equation

divg oy(z, v) + 04(x, v) - v = @(x, v) on S. (1)

The domain 2 C R3 is assumed bounded and has a boundary of class C2. The functions o
and ® map from Q x R?into R, (z, q) — o(z, q), ®(z, q). The function ¢ — o(x, q) is
moreover assumed positively homogeneous of degree one and convex. Throughout the paper,
v denotes a unit normal to S. In the case that ¢ does not depend on v, the equation (1) is often
originating in the first variation of a parametric convex functional.

The paper is dealing with surfaces satisfying contact conditions at their boundary. It is here
assumed that the (relative) boundary of the given surface S is a closed simple curve contained
in 0f2, and that

o4(x, v) -n(r) = k(z) on IS (2)

where n denotes the outward unit normal to 02 and « is a given function on 9S2. Our main
result is an a priori estimate up to the boundary for the main curvatures of the surface S (note
S! = unit sphere):

oV |zoe(s) < ¢ (1Pl poo 51, co@y) T 10zllcragsr, co@y) + [[Elleraan)) - ®)

An interior version (for S’ C S not intersecting 0.5) of the a priori estimate (3) was first proved in
the work of L. Simon and N. Trudinger ([Sim77a, Sim77b] and [GT01], Chapter 16). The validity
of their approach based on elementary surface differential calculus is essentially restricted to
two-dimensional hypersurfaces. However, it is not outdated, even in the light of newer theorems
of geometric measure theory, for at least two reasons: The starting point is a surface differential
equation instead of a geometric minimisation property and, moreover, most general operators
of mean curvature type can be treated with the method.



In this paper we prove a complement of the theory exposed in the Chapter 16 of [GT01]: We
formulate sufficient conditions on o, x and € that allow to prove the validity of (3) up to 05
under the condition (2).

In the context of the mean curvature equation with contact boundary conditions, it is usual to
assume that the functions o, x and the domain {2 satisfy a compatibility condition

0< = inf {ole, n(@) = ()]} @

This condition in connexion to (2) ensures that the surfaces .S and 02 do not meet tangentially
(cf. [Ura73, Ger79, SS76, Lie83, Drui12] among others). In particular the angle of contact «
between the two surfaces is such that

Isina(z)] == /1 — (@) n(@))2 > —— forallz € dS. (5)
o]l 2o (xr3)

For our boundary estimates, we shall need instead of (4) the assumption

) 1
0<y:= xl.er}afs {W — |/-i(x)\} . (6)

where ¢ — o*(x, q) is the dual convex function to ¢ — o(z, q) (Appendix, Section A or
among others [Roc70] Section 15, [Kra11] Section 2.2 for detailed discussions on ¢*). The
definition of the dual convex function o* directly implies that o*(z, n(z)) o(x, n(z)) > 1.
Therefore o < 71 and the condition (6) turns out slightly stronger than (4). A second assump-
tion is a compatibility condition between the domain €2 and the topology of S. As in the theory
by L. Simon, we require that S possesses a representation as a graph, but it must in addition
be possible to choose the Z —axis of the coordinate system in which this graph-representation
is valid tangent to 0€2. We assume that there is a unit vector g such that

v(z)-g>0forallz € Sandn(z)-g=0foralz € dS. (7)

The assumption (7) implies that the surface boundary 0.S can oscillate only vertically with re-
spect to some local coordinates. The assumption is satisfied in the setting of the mean-curvature
equation : the domain € is a cylinder Gx| — L, L[, with G C R? and L > 0, and the surface
S C Qis agraph in the standard coordinates. Thus 3 > Oon Sandnz = 0on dGx|—L, L],

and (7) is valid with the constant unit vector § = 3.

We then show that the constant c in the estimate (3) will only depend on the coefficients of the
differential operator (1) and the boundary operator (2), and on ~,. The structure of the paper
is as follows. The Section 2 is devoted to formulating and interpreting more exhaustively the
assumptions on the data needed for the proof of (3). The main idea used in the Section 3 is
that under the condition (2), the mapping ¢ () := o,(z, v(x)), z € S, solves a system of
nonlinear equation

o*(z, p(x)) =1, @) n(z) =kr(z) foralz € 0S . (8)

This fact allows under the assumption (6) to express the vector field p(z), x € 05 as a smooth
function of only one of its components. The next sections are devoted to prove the estimate (3)
using [GTO1], Chapter 16 as a road map: With the boundary reduction of Section 3 at hand, we
can apply a variant of the theory of surfaces with K’ — K’ quasi-conformal Gaussian map to .



2 Notations and statement of the main result

We assume that 2 C R? is a bounded domain of class C2. Throughout the paper, the function
o is assumed to satisfy

o € Ch(Q; V(R {0})) N CH(Q; C**(R*\ {0})) a >0. (9)

We assume that o = o(z, ¢) is convex and positively one-homogeneous in the g—variable.
In particular, there are positive constants \; (j = 0,1) and y; (¢ = 0, ..., 2) such that for all
(z, ¢) € @ xR*\ {0}

Molgl <oz, ¢) < polql (10a)
AL . H1 g2 3
P <3 on (0 66 < LIEP oral §E RS g =0 (10b)
ij=1
3
Zoqi,qj(x, q)q; =0 fori=1,...,3 (10c)
j=1
0g.2(, q)] < pa. (10d)

The relations (10) are well-known consequences of the smoothness, the convexity and of the
positive one-homogeneity of o (cf. [LU70] for a proof). Note moreover the consequences of (10)

oy, q) - qg=0(x, q), log(x, Q)| <po, |oa(z, )l < pa2lgl. (11)
For the right-hand side ® of (1), we assume that there is & > 0 such that

z— ®(z, q) € C(Q) forallg € R?,
q— ®(z, q) € C™'(R*) forallx € Q,
and moreover that
||(I>||L°°(R3;Ca(§)) = Sup ||(I)('aQ)||Ca(§) <00,
qER3
||®||LOO(Q; CO1(R3)) = SUB HCI)(JZ, ')”Co,l(RS) < Q.
ISy
For the right-hand side « of (2), we assume the regularity

K€ CH0Q) a>0. (14)

Theorem 2.1. Assume that S C () satisfies (1) and (2). Assume that o satisfies (9) and is
convex and positively one-homogeneous in the variable q. Assume that ® satisfies (12) and
(13) and that r satisfies (14). If the compatibility conditions (6) and (7) are valid, there is a
constant ¢ > (0 that depends only on (), on the constants appearing in the conditions (10), on
|&llcr a9y, on || P Loe(o; co.1(s1y) and on the number ~y, such that (3) holds true.



3 The preliminary boundary reduction

Throughout the section, we assume that S € C? satisfies (2). It is not necessary that .S be
a graph-surface. For x € S, define p(z) := o,(z, v(x)). Then ¢ € C*(S; R3). For z €
[' := 08, the point ¢(x) belongs to the solution manifold for the system (8) of two algebraic
equations. For x € I  treated as parameter, we accordingly consider the following system of
nonlinear equations for the variable ¢ € R3:

B Fi(z, q) = q-n(x) — K(z)
F(x,q)=0  where {E(L = otz q)— 1 . (15)

Lemma 3.1. Forx € T, denote K(z) := {q € R3 : F(x,q) = 0}. Under the as-
sumptions of Theorem 2.1, K (x) is a nonempty closed planar curve of class C? enclosing
a convex domain. The point qo(x) := r(x)n(x) belongs to the interior of this domain and

dist(qo(x), K(x)) > 72 2

Proof. Atfirst, we compute F'(, q) = (07 (x, q), n(z)). Forallz € T, the range of F'(z, q)
is equal to 2 on solutions to (15). Otherwise, there would exist a A = A(z, ¢) # 0 such that
os(z, ) = An(z). Thus, using the properties of dual convex functions

py = sign(\) o,(z, n(z)) = k(x) = q-n(x) = £o(z, n(x)),

which contradicts (4). Thus, we see that if ¢ is a solution to F(z, ¢) = 0, there is a neighbour-

hood B,(gq) in R? such that the range of F'(z) is equal to 2 therein, and the solution manifold
for (15) has to be a curve.

To proceed, we introduce unit tangent vectors 77, j = 1,2 at 0f) such that the system
{n(z), 7*(x), 7%(x)} is orthonormal for all x € 9. The set K (x) can alternatively be de-
scribed as

K(z):={qeR’: ¢=x( +Zp] z),p e R o*(x, q) =1}.  (16)

We compute the second partial derivatives

Oy, p, 0" (@, K(2) n(2) + p; 7 (1)) = 044(x, £(z) n(2) + p; 7 (2)) 7" (2) - 7/ () ,
and using (10b), we easily show that if /(x) is not empty, it is a convex curve in the plane
P(z) :={q : q-n(x) = k(x)}. The assumption (6) yields o*(z, n(x)) |x(z)| < 1, and it
implies that the point go(2) := x(z) n(x) belongs to the interior of the unit ball W1, » Of the
function o* () (Appendix, Section A). As an obvious by-product K (x) cannot be empty

Calling G(x) the planar convex domain enclosed by K (z), we see that go(z) is an interior
point G (). Moreover, writing 0 (z, qo(x)) = 1 — d, and using also (10a) it follows that

5= 1= |n(@)| 0" (z, n(2)) = 720" (z, n(x)) > 2. (17)

Ho
For arbitrary ¢ € OW L. «(a)» It Tollows that 6 < o™ (z, q) — *(m q0) < Agtlg — qo|. This
shows that dist(qo(z), K (z)) > dist(qo(z), OWL @) = g 22 s O

4



Next, we construct a parametrisation of the manifold K ().
Lemma 3.2. Thereisy € C1(T'; ([0, 2x])) N C(T'; C?([0, 27])) such that
Kx)={qeR®: ¢g=1(z,0), 6¢c]|0,2n][}.
Moreover, there is ¢ depending on §2, on the constants in the conditions (10) and on 5 such
that
[ller; orqo,2n)) + 1Pl c2qo.20)) < clllollcr@ czesry) + I5lloran)) -
The function 6 +— 1)(x, 0) is invertible with inequality

Ao Y2

|6 — 6s] <
Ho

|U(z, 61) —(x, O)| forallz € T and by, 65 € [0,27].  (18)

Proof. In Lemma 3.1, we proved that the curve K (x) is closed and contained in the plane
P(z) = {q : q-n(x) = x(x)} where it encloses a convex domain. Due to Lemma 3.1, the
point go(x) = k(z)n(z) € P(x) must belong to the interior of this domain. It follows that for
each z € I'and 0 € [0, 27|, the equation

1= f(z,0,r):=0"(z, go(x) +r cosO 7' (x) + 1 sin O 7°(x)) (19)

possesses a solution r €]0, +oo[. The inequality dist(qo, K) > 2 Ao/ 1o even implies that
every solution to (19) satisfies

A
ro= 2y < dist(go(z), K(x)) <r <7 :=sup diam(W(}*(w)). (20)
Mo zel
The solution to (19) is also unique. To see this, we abbreviate ¢ = e(z, §) = cosf 71(x) +
sin 6 7%(z), and we compute

f?"(xv 97 7“):0';(93', QQ—I—TE)'@, (21)

. (10b) A
frp(@, 0, 1) =0y (T, 0 +T€)e-e > (1+r2)32°

We note that lim, .4 f.(z, 0, r) = £0*(x, €) (cp. (11)). Due to (22), there thus exists for
x and 0 fixed a unique 19 € R such that f,.(z, 6, o) = 0, and the function f(x, 6, r) attains
its global minimum at 7. In particular, o*(z, qo) = f(0) > f(rg). If  is a solution to (19), it
follows that (cp. (17))

(22)

r—7To

210", q) < flx, 0, 7) — f(x, 0, m0) <
Ho Ao

Thus, on a solution to (19), we also obtain for some ¢ € [0, 1] that

fr(z, 0, 7)) = fi(z, 0, 10) + frr(z, 0, trg+ (L —1)7) (r — o)

> A1 Ao Y2
T (I (tro+ (1 —=1)7)2)32 o (23)
A1 Ao V2

>
CRARET



This shows that (19) possesses a unique solution, and the implicit function theorem allows
to introduce a function r : I' x [0, 2n] — |[r, 7] such that f(z, 0, r(x, 8)) = 0 for all
(x, ) € I' x [0, 27]. Using the equation (19) and the regularity of the function r implied by the
implicit function theorem, we obtain the identities (subscript s means tangent derivative along
L)

fr(z, 0, 7)0sr + fs(x, 0, r) =0, f.(x,0,7r)0r + fo(x,0,r)=0
fr(x, 6, 1) 8?797" + fro(z, 0, r)0sr + fso(z, 0, r) =0,
folz, 6, 1) 8327“ + fro(x, 0, 1) Opr + foo(x, 0, 7)=0.

From the two latter relations and owing to (23), we can easily obtain the announced bounds for
the derivatives of . We define

Y(z, 0) = k(x)n(z) +r(z, 0) cosd 7 (z) +r(z, 0) sind7(z). (24)

Using (20), we compute |Jpt0| = (r2 4+ r2)}/2 > r, which shows that the function ()
possesses a Lipschitz continuous inverse. O

Next, we observe that ¢(z) € K(x) forall z € T (cf. (8)). Thus, the Lemma 3.2 implies that
there is a unique #(x) € [0, 27] such that

o(x) =(z, O(x)) forz € . (25)
The differentiability of ¢/ just proved yields the identity
dsp(x) = ts(x, O(x)) + to(z, 0(x)) 0s0(x), =€l (26)
Lemma 3.3. For a mapping | € C*(I' x R3; R3), (z, q) — f(x, q), we introduce

F(z, 0) ::/0 flz, (x, 2)) gz, 2)dz, ze€l,0ecl0,2n].

Forx € T, denote 0(x) := v (x) " (p(x)), with 1) according to Lemma 3.2. Then, there is a
function a € L>°(T") such that for all x € T

(o, ol@) - Buple) = - F(z, 6(2) + a(x)
lall oo (ry < 27 9]l et oxor o, 2y 1 llor (oxms; sy
Proof. Due to (26), we obtain that
o @) - uple) = o, Y, ) - (Gl 0(2) + Yol 0()) D,0())

d 0(x)
= Fla, e, 0) e, 0(2) + / f (o, bz, 2)) - Yole, =) dz
0(x)
- / (Ul 9z, 2) + fola, d(a, 2) - (e, 2)] - ol 2)

+ flz, ¥(z, 2)) - Ysp(z, 2)}dz.



We introduce the abbreviation

0(x)
a(z) =f(z, ¥(z, 0(x))) - s(z, 6(x)) —/O {[fs(z, ¥(z, 2))
+ fo(x, Y(z, 2)) - Ys(z, 2)] - Yo(z, 2) + f(z, Y(x, 2)) - Ysp(z, 2)} dz.

The inequality for a follows from Lemma 3.2. O

4 A Morrey-type estimate for 0 v

Forz € Sand p > 0 denote S,(x) := S N B,(x) where B,(z) is the three-dimensional ball
of radius p centred at . We also introduce a decomposition of 9.5, according to

0S,(x) =T,(z) UX,(z), T',(x):=0SNB,(z), X,(x):=0B,(x)NS. (27)

For y+ > 0 we introduce the notation [u],, s := sup,cz Y fsp(m) |u| dS. Throughout the
section, we denote ¢y = ¢o(.S) > 0 the smallest constant such that

meas(S,(z)) < cyp®, Vz €S, p>0. (28)

If S satisfies (7), it is locally a graph subject to (1) and (2), and there are well known estimates for
the constant cy (Appendix, Lemma A.6). The following theorem states a Morrey-type estimate for
d v. The original interior version (for S, (z) not intersecting 0.5) was proved in [GTO1, Sim77b].

Theorem 4.1. Assumptions of the theorem 2.1. Then, there are numbersc > 0 and1 > (3 > 0
depending only on the constants in the conditions (6), (10), on the constant of (28), on (2, on
||| oo (sx51) @and on || k|1 (aq) such that [6 V)45 < c.

To prove the Theorem 4.1, we use on the one hand a variation of the theory of surfaces with
K — K'quasi-conformal Gaussian map (see [GT01], Ch. 16). On the other hand we rely on the
boundary estimates proved independently in the Section 3. For 7, j = 1, 2, 3, we compute

0i 5 (1) = 04;.5,(x, V() + 04, (2, v(2)) - div(2) . (29)

Here and in the following, us, 1= u - (ei — 1; V). According to the Appendix Lemma A.1 and
Remark A.2, we can choose a vector field w € C(£2 x R3; R?) satisfying

curl, w(z, ¢(x)) - v(z) =1foralz € 5. (30)

Lemma 4.2. Assume that S is a graph solution to (1). Fori, j = 1,2,3, denote (M,,); j(x) :=
04;.4(x, v(x)) - 6; v (). Then, zero is an eigenvalue of the matrix M (x), associated with the
eigenvector v(x). Denoting m;(z), i = 1, 2 the two remaining eigenvalues of M,

my(x) ma(x) = v(x) - (0wi(z, ¢(x)) X § ¢s(x)) + a(x), (31)

with a function a € L*(S) such that |a(z)| < c|dp(x)
constants in the conditions (10).

, where c depends only on the



Proof. Since (10b) implies that M, v(z) = 0 = M;;Fy(x), zero is an eigenvalue of M.,
By assumption, the surface S is globally a graph. To avoid technicalities, we assume that S
is already a graph in the standard coordinates: There is G € R? a bounded domain, and
Y € C*(G) such that S = graph(z; G).

—Vi(z),1

Fstop DU
to this representation, the unit normal possesses a natural extension in the whole of G x R.
This can be used to simplify the computations, since D3 = 0 (We denote D;, 1 = 1,2, 3 the
derivative according to the standard coordinates). Exploiting the symmetry of ¢  and (10b), we
see that (M) ; = 04,4 6 V; = 04, 4 - Dv;. We use that there is a zero eigenvalue, so that
the product m m is the sum of the three co-factors associated with the diagonal of M,,. From
direct computation, we obtain that

Every = € S can be represented = = (Z, ¢(Z)) withz € G and v(z) =

ma Mo =(0g,.q5 Og.05 = Tga,02 Oargs) (D1v2 Davy — Dovs Divs)
+ (Uqwh Oq1.a3 — 9q1,q O—Q27Q3) (D2V1 Divs — Dy D2V3)
+ (041,01 Ograr = Og1.020a0.01) (D1v1 Davia — Dy Dovr)
where 04, o = 0g,.q,(z, v(2)). Recall that det(D?*¥)(z)/(1 + |Vi(z)[*)* = Kg(z) =
Gaussian curvature of .S at x. Direct computations further show that
D1vo Dyvz — Davy Dyvs = =y, Kg, Davy Divs — Dy Davg = —1),, Ka,
D1V1 DQVQ — D11/2 D2V1 = KG . (32)

The latter relations yield

mymy =Kg [_(O-QLQQ O4og5 — Oa.a2 Oar.gs) Yy

- (O-(I27(11 Oq1,93 — Oq1,q1 0%#13) 2/}332 + Oq1,q1 Oq2,q2 — UII1,Q2O-Q27Q1]

-1 _(C 3
=Kgus Uéq)(l’, Vv -e’,

with a(g,cq) = co-factor matrix of o, , and e = third standard basis vector. Further, the property

(10c) ensures that there is an orthonormal system {7!(z), 72(x)} of unit tangent eigenvectors
for the matrix o, ,(x, v(x)). Thus, we can use the formula

oy (@) = oy (rH(2) x 7%(2)) = 0447 (2) X 0447 (2)

q,9 »q (33)
=M (2) Aa(2) 7F x 72 = A (2) Mo(2) v(2)
where \;(x), i = 1, 2 are the (positive) eigenvalues of o, ,(z, v(x)) (cp. (10b)). Thus
mi(z) ma(z) = Ka(z) M(2) Ae(z) . (34)

To prove the validity of (31), we now reexpress v () - (d w;(x, ¢(x)) X § ¢;(x)). Owing to the
chain rule

v-(0wi(z, ¢) X ;) = wig, (T, @) v- (S X 0;) + v (wis(x, d) X ;)

= wi,xk(xv 925) Ogr,aq1 Oqinq; V ° (5 v X 5”]') +uv- (wiﬁ(w: (b) X 5‘251)
+ Wiy, (1"7 ¢) v- [(057Qk X 5¢l) + (5 ¢k’ X 0_57111‘)] :



We define
a:=v-(wWis(r, ¢) X 6 i) + Wiz, (T, @)V - (05,4, X i) + (0 P X 05.4,) -

The estimate |a| < c¢|d¢| with ¢ = ¢(o,w) follows directly. By construction, the norm
|wll 1 @xrs, rs) depends only on the dual convex function o, and therefore this quantity is
also estimated by the constants in the conditions (10).

Abbreviating also for j,1 = 1,2,3 that (j; = Wi, (7, @) 0g,q Tg:.q,» and using the graph
representation of S, we see that

V- (5%(37; ¢) X 5¢z’) —a=1vs [(Clz - <2,1> <D1V1 Dyvy — Dyvy D2V1)

+ (G371 — C1.3) (Davy Dyvs — Dy Dovs)

+ (C2,3 — G32) (D1va, Dovs — Dovy Dyvs)].
Using the identities (32) again

ve(0wi x6¢;) —a=Kag[(Ca— (1) vs+ (C31 — C13) va + (23 — G32) 1] -
It remains to observe that (cf. (33))
(G2 — Cu) s+ (G1 — C3) v + (Co3 — (32) 1] = aéi) curl,w(z, ¢) - v
= aég)y ‘v curlyw(z, @) v =M A curlyw(z, @) - v .

Therefore, we finally obtain that

v-(Owi(z, ¢) X §¢;) —a =X\ I\ K¢ curl,w(z, oy(x, v)) -v.

Due to lemma A.1 and to the choice of w, one sees that curl, w(z, o,(z, v)) - v = 1, and the
claim follows comparing to (34). O

Corollary 4.3. Assumptions of Lemma 4.2. Then there is a number ¢ > () depending only on
the constants in the conditions (10) such that

|0 p]* < c(—v-curl(wi(x, p) d ;) + |P(z, v)|* +1) onS.
Proof. We can perform the differentiation in the equation (1) to see that
Ogiag; (T, V) 615 = @2, v) — 04(z, V) - v — 05, 4,(2, V) . (35)

Define ®(x, v) the right-hand of (35). This is thus equivalent to my (z) + ma(z) = ®(, v),
where m; are the eigenvalues of the matrix M/, of Lemma 4.2. We square this identity to obtain

that m? + m3 = 2 — 2m, my. We estimate the 2—norm of the matrix M, from above with
its spectral norm, and obtain that

1 c ~
SIMP < £ (4 md) = (8 —a— v (Sl 9) X 51)).
Recall that 6 ¢ = M, + 05 (cf. (29)). It follows that
1 -
5 10¢1° < —cv- (dwilz, @) x 31) + ¢ (2 + ©* + |a])

< —cv- (wilz, p) x i) +c (2 + O + 5 ¢]).



We now have to introduce another variation to the proof in [GT01]. Again this is owing to the
presence of a surface boundary in the case here under study. Observe at first that since we
assume S being of class C?, the sets S,(z) = S N B,(z) consists of finitely many connected,
relatively open surfaces S, (z),..., Sy (), m = m(p,z) € N. For each of these surfaces
and almost all p > 0, the Theorem of Sard implies that the boundary 85;(@ is a closed
simple curve (cp. [GT01], formula (16.78)) such that | 7| > 0 on 0SS/ (). However, the curves
¥i(x) == 0S)(x) N Sand I',(z) := 3S;(x) N IS need not being themselves connected.
This fact counteracts our proof idea based on Section 3, and we have to introduce a modification
of the sets Sp(x). In the following Lemma, we want to construct for each ¢ = 1,...,m a set
K (x) as the smallest sup-set of S’ () such that the boundary 9K, () N JS is connected.

Lemma 4.4. Let S C ) be of class C? with boundary I' C 9S) a simple curve. Forz € S and
p > 0, define S,(x) = S N B,(x). Then, there exists a set S,(x) C K,(x) C S with the
following properties:

1 Forallz € S and almost all p > 0, the boundary OK ,(x) consists of finitely many
Lipschitz closed simple curves OK (), i = 1,...,m withm = m(p, ) € N;

2 Foreachi € {1,...,m}, the curve OK(x) N S and the curve K/ (x) N JS are
connected;

3 The set 0K ,(x) N S is a subset of the set ¥ ,(x) := 0S,(z) N S;

There is ¢ > 0 depending only on the constants of the conditions (10) such that
meas(0K,(z) NT) < vyt (meas(E,(z)) + (14 |||z axst)) meas(K,(z))) (36)

Assume that S moreover satisfies (7). Then, there is a Ry = Ro(€2) > 0 and a constantc > 0
(see Lemma A.5 below for details) such that

meas(K,(z)) <cp, forallx €S,0<p<Ry. (37)

Proof. As we already observed, the surface S, () consists of finitely many connected, relatively
open surfaces S)(z), ..., Sy (x), m = m(p,x) € N. For each i, the boundary d.5(x) is a
closed simple curve such that | | > 0 therein.

Consider arbitrary 7 € {1,...,m}. If the intersection 95’ (x) N OS has vanishing arclength
measure, we define K (z) := S} (x).

Otherwise, the simple curve 85};(95) possesses an intersection with .S of positive arclength
measure. We define i, = z(z,p) € 05 and 2} = 2/ (z,p) € OS as the first and the
last (according to some fixed orientation of 85},(1‘)) intersection point between the two curves
08! (x) and I'. We call T'(zf,, «) the connected segment of I joining x{, and }. By definition,
x( and '} belong to the intersection of X2} () = d.5%(x) N .S and I'; Moreover, there is a con-
nected segment Y (zj, 1) of X, () joining these two points. The curve (g, 1)Ul (xg, o7)
is a Lipschitz continuous closed and simple curve. We define K;(:c) as the piece of the surface
S enclosed by this curve. Finally, we define /() := |J;~; K!(x).
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In order to prove the inequality (36), we start from the following identity valid for all k=1,2,3,
all surfaces S’ C .S bounded by a simple curve, and all v € C*(S):

/(aéf—aqjl/k) 5jv:/(q)yk—axk)v—l—/ (06F — 04, vi) Vivds, (38)
! ’ as/

where 6;“ is the Kronecker symbol ((38) is a direct consequence of the Gauss integral theorem
and (1)). We apply this identity to S’ = K;(x), and we choose v = n;. Observe that on
OK'(x) NT, the unit co-normal is given by v/ = |sina|~! (n — v - n.v), which implies that

(005 — 0g, i) vymi = |sina| ™' (0 — K (v-n)) 2 m/|sinal = 7. (39)

Therefore, as the unit co-normal on X(xf, %) C X,(z) is given by § /| o 7|

1 meas(T(xh, 1)) e (meas(S(xh, 21)) + (1 + @] g axst)) meas(Ki(x))).,
where ¢ depends only on the constants of the conditions (10). Summing up these inequalities
fore. =1,...,m, (36) follows.

We now prove (37). For simplicity, we assume that .S is globally the graph of a function in
the standard coordinates, and that the vector § := e is tangent on 92 at OS. Thus, S =
{(z, ¥(z)) : T € G C R?} where G = 7(9) is the projection of S onto R? x {0}. Since
n-e3 = 0on S, the unit normal n(z) for € AG is nothing else but n(z, ¥(7)), and we see
that the curvature of OG depends only on 2. Thus, there is a certain Ry > 0 depending only
on €2, such that forall z € G and 0 < p < R,, the intersection of the ball B,(Z) with G is a
connected curve.

Fori = 1,...,mand p < Ry, consider the set K (x) as above. The boundary 0K’ (x)
consists of two simple curves Y(z)), x%) and T'(z}), =). Denote T}, T} € OG the projections
of the extremal points ), . The projection of the connected curve segment 7(T'(x}, z}))
can be nothing else but the entire piece of curve G(Z, T'). Since x), x} belong to X ,(x),
their projections ), T € G satisfy |z} — Z| < pfor k = 0,1 with Z := 7(x). Owing to the
choice of p, the intersection B,(Z) N OG is connected, so that the entire 7(T'(z, z%)) must
be contained in B,,(). Thus, K (x) is contained in the cylinder Z,(x) := B,(Z) x R. Using
Lemma A.5, we obtain the inequality meas(/,(x)) < meas(Z,(x)) < cp. O

Corollary 4.5. Assume that S is a graph solution to (1). Then there is a constant c that depends
only on o such that

/ |0 p|*dS <c / (1+ ®*(z, v))dS — ¢ / wi(x, ) - Osp; ds.
Kﬂ(x) Kp(l")

OI, (x)

Proof. We integrate the inequality of the Corollary 4.3 over K, and use the structure of the
boundary 0K » to apply the Stokes integral theorem. O

The most consequent step in the proof of the theorem 4.1 is the following statement.
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Proposition 4.6. Assume that S is a graph solution to (1), (2). Let x € Sand0 < p < Ry
with Ry = Ry(€)) according to Lemma 4.4. Then there is a constant ¢ > ( depending on all
the quantities mentioned in the statement of Theorem 2.1 such that

2
/ wi(z, ¢) Osp;ds| < ¢ | p+ meas(X,(x)) + (/ 05| ds)
GKp(:c) Ep(x)

Proof. Forallz € Sand 0 < p < Ry, define faKp(:n) w(zx, ¢) - dspds =: Ig. For arbitrary
constant vectors wg, . . . , w" the identity

(W(z, @) — wh) - Dupds = / el ) ) Drods

is a consequence of the definition of s and the fact that the curves 8K;(a:) are closed. For
i =1,...,m, we can choose points zf, z} € ¥ (x) such that 0K’ () N DS is the connected
segment I'(xf, z}) of the curve T, and such that JK’(z) N S is the connected segment
Y(xf, x}) of the curve 3,(x) (Lemma 4.4). We then choose

why = w(zh, p(x})). (40)

The identity Is =: It + Iy is valid, where Iy, := faKp(x)ms(w(m7 ) — wp) - s ds, and
= faKp(x)mas(w(a:, ©) —wp) - Ospds. Fory € X(xf, %), we can use the smoothness of
w and the fact that X(z§, 2}) € X} (z) to show that

w(y, e(y)) — wol < cw (Jy — x| + l(y) — (xh)]) < (p+/2i()|35@0|d8> :

implying that max,es o 1) [w (Y, ©(¥)) —wol < c(p+ fz% Ostp| ds). Thus

|fz\<2 / Bl ds ( max |w(y, o(y)) — wo)

7 7
(z,xi) yE(zp, 23

<c<p—|—/ |3S<P\ds>/ |0s| ds .
s, s,

In order to estimate Ir, we apply the Lemma 3.3 with f = w — wy. We obtain that (w(x, ) —
wo) - Osp = £ F(x, 6(x))+a(x), with a € L>(T') satisfying the estimate of Lemma 3.3. The
function F'is given on I" x [0, 2 7] by the expression

F(z, 0) = /0 (w—wo)(z, Y(z, 2)) - Ye(x, 2)dz.
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In particular, recall that the functions ) and 6 are such that ¢)(z, 6(z)) = ¢(x) forall z € T
(Lemma 3.2). We obtain that

d
[ oo —aapds= [ faw)+ LF o) | ast)
F(x0711) F(xo,:pl)
= [ ale)dsa) + PG, 0000) — PG, 060
0, 2
< llallzeery meas(U[zg, 1)) + [F(2), 0(x})) — F(zg, 0(xp))] -
The choice (40) of the constant wg implies that

F@(Ié, 9(1’6)) = (w - WO)(J‘%? ¢(I6, 6<‘T6))) ) ¢9($6, 9(%))
= (w — wo) (5, p(xp ‘

\_j
~—
<
5)
—~
8
o'
)
—~
8
o=
~—
~—
I
S

Thus, owing also to (18), and Lemma 3.2
|F (21, 0(21)) — F(xg, 0(xp))]
< |F(ay, 0(2)) — Fap, 0(x1))] + |F(xg, 0(x1)) — F(a, 0(x))]
< sup [[Fu(0)leqry meas(Twh, #1]) + sup || Fy(2)lcqo2m 10(21) — 0(7)
0€[0,27] zel
< ¢ (meas(T[zg, 21]) + [o(21) — @(2")[)

2
< m%dﬂ%uﬁb+(/ r&wo
Slxt, xt]

We now estimate with the help of Lemma 4.4

m

Z meas(I[z}, 71]) < ¢ (meas(K,) + meas(%,)) < ¢ (p + meas(X,)).

i=1
The claim follows. 0
For the proof of Theorem 4.1, we need a few more elementary inequalities.

Lemma 4.7. Assume that S is a surface of class C? that satisfies (1), (2). Then, there are
constantsc; > 0 (1 = 1,...,5) such that the following inequalities are valid:

(1) meas(DS) < c1 meas(S);
) [.150[2dS < e meas(s).
3) [4|0v]?dS < c3 meas(S).
(4) Forallp >0,z € S, meas(T,(x)) < cyp.

(5) Forallp >0,z €8S, pr(x) | 67| ds < c5p, wherer(y) = r(y; z) = |y — z|.
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The constants ¢; depend forit = 1,2, 3 only on €}, on the constants in the conditions (10) and
(4) and on ||®|| L= (sxs1). The constants cy, c5 additionally depend on meas(S) and on the
constant of (28).

Proof. To prove (1), we choose v = ny, in formula (38) for S’ = .S. Due to (39), it follows that
71 meas(0S) < [o{co [0 n] +|P| + |0,]} dS < ¢ meas(S).

In order to prove (2), we first apply the inequality of lemma 4.5 and integrate over S, to obtain
that

/|5g0|2d5§c/(1+|61>|2)d5+c / o, ) - 0, ‘ (1)
S S oS

Due to the Lemma 3.3 with f = w, w(z, ¢)- 0,0 = L F(x, 6(x)) +a(x). Since I is a closed
curve, it follows that | [, w(x, @) - dsp ds| < ||al|~ meas(D.S). Using also point (1) in this
Lemma, the claim (2) follows.

The point (3) is a direct corollary. The properties of the dual convex function ¢* (Appendix, (66))

imply that v = ;zgi;' Also |0 (z, ¢)| = J(LZ‘V) > g Thus,
o (T, ©) g (, ) oy (x, ¢)
(51‘ = A T T2 61 Op1 — 2k <L . 42
v; oz, V) ©1 (Ony oz, V)2 ) (42)
Thus, |dv| < ¢]|d ¢| and (2) proves (3).

We prove (4) in the same fashion as (1). Consider z € .S and p > 0 arbitrary. Let ¢ € C°(R?)
satisfy ( = 1 on B,(z),0 < ¢ < 1inR3, supp(¢) C Bs,(x) and V(| < p~!. We choose
v = ( ny in the formula (38), and it follows that

v meas(T')) < ¢, / |6 ¢ldS + /{cﬂ&n! +|®| + |o,|} CdS
s s
<c(p™' + 1) meas(Sy,) .

Thus using the definition (28), the estimate (4) follows.

We at last prove (5). Since X, = 0B,(x) N S, the co-normal unit vector n’ on X, is given
by /|0 r|. We denote v/ = co-normal on 0S. Using the Gauss theorem fzp |or|ds =

fzp drn'ds = fs,, Ngr dS—pr dr-v/ ds.Since Agr = r~! (1+(v-Vr)?)—divv (v-Vr),
the estimate |Agr| =< 27~ 4 | § v| is valid. We also observe that

o
/ rtdS = / t72 meas(S;) dt < cop,
Sp 0

/ 150]dS < |3 v]luegs) meas(S,)"? < |6 v]luees) v/ -

Sp

Thus, due also to the estimate (3) in this Lemma, fs |Agr|dS < c¢p. On the other hand,
P

|6r-1'| <1onT,, and the estimate (4) yields | pr dr-v' ds| < ¢4 p, achieving to prove the
claim. 0
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We are now able to give the final argument and finish the proof of Theorem 4.1. We denote c a
generic constant that depends on the constants of the conditions (10), (6), (28) and moreover
on ||&llc1aq)s | P Lo (sxs1), on meas(.S) and on the domain (2.

Forz € S, define f(p) == [ (@) | 6 ¢|? dS. Due to the statements 4.5 and 4.6, we obtain the
P
inequality

2
fp) <c p+mea8(2p(x))+(/E()I(W!dS) : (43)

The Sard Theorem implies that for x € .S and almost all p > 0, | 0 | vanishes at no point of
0S,(x) (see also the proof of Corollary 4.5). Thus, we can follow the ideas of Theorem 16.4 in
[GTO1] to estimate

2 2
S ¢l
doldS | = / 5r1/2‘ ds
(/zpm' d > (z,,(@' o
2
< / |6r|ds / [9¢] ds | .
%, (2) S, 107]

The Lemma A.4 below shows that fzp(:p) % ds = f'(p). Moreover, meas(X,(z)) < ¢'(p),

where g(p) := meas(S,(z)). Exploiting moreover the inequality of Lemma 4.7, (5), it follows
that (fy; () |90l ds)? < c5p f'(p)-
Using this latter inequality in (43) yields the differential inequality

flp) <clp+g(p)+pf(p). (44)

For 3 := 1/c, and h(p) := p= @ f(p), it follows that 0 < p=° + ¢'(p) p~1=" + K (p), and
therefore, after intergation on the interval (R, Ry)

1-8 Ro

h(R) < h(Ro) + fo_ﬁ /. g(p)p " dp.

Using integration by parts

Ry R R Ry
/R gp)p~ 7" = iél—&-OB) - ]g%(HZ —(1+8) /R glp) p~> P dp.
0

Owing to the definition of g, the condition (28) implies that ¢ < ¢, p?, and therefore | flfo g (p)p 7P <
¢ RY. It follows that

F(R) < (R%)ﬁ (/S\5¢|2+C(Ro)) 0<R<R,.

Using finally that | d | < c|d ¢| (cf. (42)) yields st(x) |6v|2dS < ¢(R/Ry)*. Thus, by
Holder’s inequality

1/2
/ 50| dS < meas/2(Sg) (/ ]6y|2dS> < @R,
SR Sr

and the claim of Theorem 4.1 follows.
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5 The Holder estimate and the curvature estimates

The inequality of Theorem 4.1 in principle implies a H6lder estimate for the vector v, because the
Campanato space LS%LB(S) is continuously embedded in C*(S). But the challenge is to prove
that the embedding constant can be controlled by the the coefficients of the operators in (1), (2).
The interior Holder estimate was shown in [GTO01], Theorem 16.15. But the Holder estimate on
a curved manifold with contact boundary conditions must now be worked out. Unfortunately, we
find no way to directly apply representation theorems on on the surface S like in the interior
case: We obtain in the first subsection 5.1 a result at once more technical and weaker, though
it is still sufficient for our purposes. In the second subsection 5.2 we finish the proof of the main
result, the curvatures estimate.

The results of both sections are based on local transformations of the surface that allows to
pass to a flat configuration. This flattening happens to be more concisely handled if we consider
a piece of surface Sy C S near a portion of 00 itself assumed to be planar. By this we mean
that Sy C S N U, with an open smooth bounded domain U C R? suchthat U N Q) C {z €
R3 : z; < 0}, and U N 9N is contained in the plane {z € R3 : z; = 0} (so that n(x) = ¢;
forall x € UNOSY). There is not enough room here to describe the technical step how to locally
flatten the boundary of €2, but we claim it to be a standard procedure that does not affect the
generality of the result.

In the next lemma, we want to show how to locally flatten S. At first we need a notation.

Notation 5.1. Fori = 1,2,3, we denote 7' := Z?:L#ix - €/ the projection of x on the

plane {x; = 0}. Here, ¢’ (j = 1,2, 3) are the standard basis vectors in R3. Fori = 1,2, 3 we
employ the reordering (a’ci, x;) := x of the coordinates.

Lemma 5.2. Let F C S be a relatively open two-dimensional hypersurface such that |v;| >
co > 0 onF. Then there are: An open neighbourhood B C R? of F and a Lipschitz continuous
diffeomorphism T in B with Lipschitz constant equal 1, such that the set G := T'(F) is con-
tained in the plane {x € R® : x; = 0} and such that supc |(T7) (y)| < ¢y '. Moreover, if
OF NI is contained in a flat portion of OS2, the curve y := T(OF NT") is contained in the line
{Il = 0, €T, = O}

Proof. Observe that the surface S is the zero level-set of d(z) = dist(z, S), andthat 0,,d(z) =
+y(x) forxz € S,7 = 1,2,3. For x € F arbitrary, the implicit function theorem implies that
there are an open neighbourhood B of the point Z' in R? (cf. the Notation 5.1), and a function
Y € C*(B) such that

d(y, ¥(y)) = Oforg € B(z'), ¢(z') = ;.

Since |0y, d| > co on F, italso follows that 1y, (§) = —0z,d/vi(y, ¥ (¥)). Thus, supgep [¢y] <
cy'. The latest bound being uniform for z € F, the construction can be extended to the entire
F. =
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5.1 The Holder estimate

Throughout this section, Sy C S is a connected surface such that the curve I'y := 0S5y N 95
is connected and such that

SoC{reR®: 5, <0}, Toc{reR®: z,=0}. (45)
Since n = e! on Iy, the inequality (5) implies that
(V2(z) + v2(2))Y? = | sina(z)| > n_. Y, x €Tly. (46)
Ho

We define a function f,, : [0,1] — [0, 1] via

fort > /2

(t—2) fort € [v/4, /2] .
otherwise

ft) =

Ogm —

For x € S, we introduce functions
G(z) = [y ([s(@)]),  G(z) = fro([ra(@)]) (1 — G(z))
Gi(7) :==1—G(r) — G(x).

Lemma 5.3. Fori = 1,2,3, let(; € C%1(S) be given by (47). Then 0 < (;(z) < 1, and
Z?:1 Gi(x) = 1forallz € S. Moreover

(47)

6¢(0)) < —|6u(x)| z€F.
Y0

Denote supp((;) == {x € S : ¢; > 0}. Then, |v;| > 70/4 onsupp((;) fori = 1,2,3. Let
Iy be defined by (45). Then dist(supp((y), o) > 0.

Proof. Looking at the definition of ¢; it immediately follows that Zf’zl Gi(z) =1on S. Moreover

G=1=C—=(1=G)frlral) = (1 = fro(lrs]) (1= Fro(lval)) -

Thus, 0 < (; < 1. For x € supp((3), the choice of f ensures that |v5(z)| > vo/4, and for

x € supp((a), it implies that |vo(z)| > 70/4. If © € supp((y), then v3(x), va(x) < /2,
and since we can assume vy < 1,

i (7)] > /1 —=2(7/2)* > /4.

Finally, due to the property (46), sup{|vs(z)|, [ta(z)|} > 70/V?2 for x € Ty. Therefore,
dist(supp(¢1), I'g) > 0. O

Forx € Sandi € {1,2,3}, either (;(xz) = 0, or we can introduce the largest relatively
open connected surface F>* C supp((;) such that x € F"*. This definition implies that
OF > C {¢; =0} UIS.Fori = 1and z € S such that (;(x) > 0, the Lemma 5.3 implies
that dist(F1*, 9S) > 0. Thus OF* C {(; = 0}.

We now prove a kind of mean value inequality in the spirit of [GT01], (16.27) and (16.29). As
already mentioned, it is weaker but allows to consider points x € .S arbitrary near to 9S.
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Lemma 5.4. Let S satisfy (45). Letu € C*(S) be nonnegative and satisfy
u(z) =0forallz € S\ Sp. (48)

Then there is ¢ = ¢(7y) > 0 such that for all v € S

{[du(y)| + lu)|[dv(y)|}
/ iz — o] dS(y) + gé%g(u(y) forallz € S (49)
/ {outy) Txhi(y)” [0 v(w)l) dS(y) forallz € 0S. (50)

Proof. Fori = 1,2,3, set u;(z) := (;(z)u(z) forz € 5. Then 3> u; = uon S (Lemma
5.3). Leti € {1,2,3}.1f (;(z) = 0, then

u;(z) =0. (51)

Otherwise, (;(z) > 0, and we consider the set & = F%%. Owing to Lemma 5.2, there is
an open neighbourhood B C R? of F* and a Lipschitz continuous diffeomorphism 7" in B,
such that the set G := T'(F) is contained in the plane {z € R® : x; = 0} and such that
sup,eq [(T71)' ()| < 4/7. Moreover, for i = 2,3, the set G is contained in the half plane
{z; =0, x; < 0} and the curve vy := T'(OF“*NT) is contained in the line {z; = 0, z; = 0}.
We identify G with a domain in R? and denote 4 € G its elements. For J € G, we furthermore
define u; () := w; (T (y)).

Let Z := T'(z) € G. For ¢ > 0, the vector field

VTl — Z| > €
Ve(y) == o -2z fory € G
5 otherwise

is Lipschitz continuous in G, and it satisfies div V¢ = 2 ¢ 2 XB.(z)- Thus

trenie ~ o\ - 2 g
/ (divV) (@) wi(y) dy = — ui(y) dy - (52)
G € JB.(z)nG
Since OF C 0S U {¢; = 0}, it follows that u; = 0 on G \ 7. Moreover, - is either empty
(¢ = 1), or it is contained in a straight line and the outward normal relatively to GG satisfies
n, = e' (i = 2, 3). Thus, integration by parts in (52) yields

1

2
T € JB.(2)NG @

1 - 1
ﬂi d)\g = —g / ve. Vuz d>\2 + 2— /VE 6 UZ d)\l (53)
G v

Note that = € F being an interior point, z € ( is also an interior point. For € sufficiently small,
the ball B.(Z) is entirely contained in GG. Moreover V¢ is bounded on ~. Since the singularity of
V¢ is integrable over GG, we can let € tend to zero in the latest relation to obtain that

1 —T1 -
Ui(7) = 27r/|y—x|2 Vi s + 5- |yy1_—|12 Uy d), . (54)
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Denote ® the double-layer potential of the density u; associated with the curve -, that is

71 ; fﬁ jlg u;d\; = —®(Z). Consider ° € ~ arbitrary. Since ~ is contained in a line,
it is well known that lim;_zo ®(z) = —u;(z°). For a proof of this fundamental fact, the reader

may consult for instance [Hac95], Section 8.2. It is also well known that the double-layer poten-
tial ® is an harmonic function in the half plane {z; < 0}, and for this reason it must attain its
extrema on ~. Thus, the relation (54) also implies for = € G that

~ 1 Y 1
i(r) < —— ———— - Vu; d\ w; (1Y), 55
W@ < 27T/G\y—a:\ s dda + 5 maxi(y) (59)
For 7 = 1, the curve 7y being empty, we obtain that
< _— / 5 Vu1 d)\g (56)
v — wl

Forj=1,2,y € G, we compute 0;0;(y) = o, u; (T (y ))T- (7). Thus

< 4 |5uiET*1(?))| < 4 <1+ (i)2>1/2 |T|6W(T1(y3)|

‘E’ivm
i

Yo |y — Z| 7 Yo “Ny)—-T-

Using the transformation formula

VUZ d)\g

_ .CL'|2

gi<1+( )) /ya: y| 7' du|dS.  (57)
Yo

The relations (55), (56) and (57) altogether imply that

1
ui<x>s"(%)/ r— g SuldS+ 1 max w(y), fori=2,3
™ i 2 yedFiznas
ul(x)gC(ZO)/ 2 — |~ | S| dS.
1,z

We sum up these inequalities. Observe that if F** is empty, then the case (51) applies. Thus,
considering Lemma 5.3, we obtain that

3
_1 T
— ou;ld
i 2| wldS(y) + max u(y) UP
It remains to observe that
4
|5ui]SQMUH—|5C¢|u§(i|5u|+7\6y|u, (58)
0

and the inequality (49) follows. For x € 9.5, we choose a sequence {z*} C S such that
¥ — z.If x € F then due to the fact that F>* is open, also ¥ € F*? for k sufficiently

large. Thus, we can choose for i = 2 or i = 3 a fixed transformation 7" of the set F***. We
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obtain the relation (54) with z = z*. For k — oo, z*

double-layer potential, to obtain that

u; (T 1 y— T ~

w@_ L | A=t v, (59
2 21 Jo |y — )2
Forxz € 0S5 and i = 2, 3, the relations (59) and (57) yield

ui(ac)gc(%>/ oyt S| dS.
]:i,z

7

— I, we use the properties of the

It follows that u(z) < C(ZO) Joo |z = y|7t 320, | 8 u;| dS(y), and the claim follows from (58).
O
Forx € S fixed, denote r,.(y) := |z —yl|, y € R®. For R > 0 fixed, let ¢ be the cutoff function

12/ P2
¢(t>::{1 2/R?* for0<t<R 60

0 fort > R.

Corollary 5.5. Same assumptions as Lemma 5.4 for the function u. There is ¢ = c(7o) > 0
such that forall R > 0 and x € S, we can find z = z(R, x) € Sg(x) such that

u(m)gci2 ud5’+c/ rto(r.) (|0ul + | dv|u)dS.
LVENE) Sr(2)

Proof. Consider first z € 0S. In Lemma 5.4, we can choose the function u ¢ () instead of w.
Straightforward calculations yield

1
u(z) <c—; udS+c/ rto(ry) (|6ul + | dv|u)dS, (61)
R2 Jsp@) Sr(x)

which proves the claim with z = z. If z € S, we also choose choose the function u ¢ () in
Lemma 5.4 to obtain that

u(x) Sc%/ udS+c/ r () (| Su| + | Sv|u)dS
B2 Jsn@) Sn()

+  max ){u(y) P(ra(y))} -

yedSNBr(a

(62)

Considering (61), and choosing iy € 0.5 N Br(x) such that u(y) = maxysnpy,(z) U, We obtain
that

max {ud(rs)} < uly)

6SQBR(CE
1 . (63)
gcﬁ udS+c/ r, d(ry) ([dul +[dv|u)dS.
Sr(y) Sr(y)
Thus, taking (62), (63) into account
1
u(r) < 2¢— udS—l—c/ r () (| dul + | 6v|u)dS,
B2 Jspz) Sn(z)

where z = x orz = y. O
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For the proof following main result of this section, we can in view of our previous preparations

at last follow the lines of Lemma 16.4 in [GTO1].

Theorem 5.6. Assumptions of Lemma 5.4. Let ¢ = ¢(7o) denote the constant of Lemma 5.5
1/8

and let 3 €]0, 1]. Define Ry := (cm) . Then, there is ¢ = ¢(7y) > 0 such that for

allu € C*(S) satistying (48), and forall x € S and0 < R < Ry

meas(SgR)) e

OSCS;%(JC) u S Eﬁ_l [(5 u]1+5,5 (1 + A R2

Here, S3(x) C Sg(x) denotes the connected part of Sg(x) that contains x.

Proof. Denote u; := SUpg: () U, Uy = infg: () u. Setco = 2c[0uliyps/B. fur —up <
co RP, we are already done. Otherwise, denote NV the largest integer such that N < (u; —
ug)/co RP. The interval [ug, u] can be subdivided into N subintervals Iy, ..., Iy of length
larger than (or equal to) ¢ R For eachj = 1,..., N, letv; be a Lipschitz continuous function
such that Supp(@/)j) Q [j’ 0 S ’(ﬂj S lin Ij, maxfj ¢j = 1, and |¢;| S 1/(200 Rﬂ)

Exploiting that S},(z) is connected, there is foreach j = 1,..., N a z; € Sj(z) such that
Y;(u(x;)) = 1. We apply Corollary the 5.5 with z = x; and u = 1;(u), to find a z; € Sg(z)
such that

1
L= vyute)) oy [ wituyas

o [0 W) |ul + 5v]y(w)ds
Sr(z;)

We now use the formula fSR r=té(r)gdS < foR o2 fsp gdS dp, and the fact that ¢»; < 1
in order to prove that

R
[ wtew)ioviswas < [ 52 [ aviasds
Sr(zj) 0 s,
R
< [5V]1+ﬂ,5/ p P dp =B R[5 v)iips .
0

Thus, choosing R < Ry, we obtain that ¢ fs Yo(r.,) |0 v vj(u)dS < 1/4. Analo-
gously, we estimate

_ 1 [5u]1 S
1 /' < < 19 %1+8,5 '
/SR(Zj)sz o(rz,) V5 (u) [dul dS < oy / / | duldS dp G

(r2,) Wj(u) | 6uldS < 1/4. Torall j =

Thus, by the choice of ¢y we see that ¢ fSR )
1,..., N, (64) now implies that

ZJ

= .
<c— Yi(u)dsS'.
R2 SR(ZJ-) J( )
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Since z; € Sg(x), itfollows that Sg(z;) C Sa2r(x). Thus, since by construction Zjvzl P <1,
we obtain that
N

N c / _
A g Vi(u)dS < ¢ R™* meas(Syp(7)).
2 R? Sar(w) ; ’
Due to the choice of IV, we finally obtain that
S
ul—uog(Nﬁ%DCURﬁgcﬁW5MLWS(L+EE%§%§@D)R@

5.2 Final proof of the curvature estimates

Let us note the following essential consequence of the Theorems 4.1 and 5.6.

Corollary 5.7. Assumptions of the Theorem 4.1. Define 3 €0, 1] as in this Theorem. Then,
there are ¢ > 0 and Ry > 0 such that

0SCg% () V < cRP VreS R<R,.

Here, the number c and R depended on all quantities mentioned in the statement of Theorem
2.1.

With the Corollary 5.7 at hand, the proof of the main Theorem 2.1 is standard. The idea is that for
allz € S, acertain neighbourhood S}%l (x) can be flattened in such a way that the problem (1),
(2) is equivalent to a second order, elliptic boundary value problem in two space dimensions. For
the proof of the following Lemma, we use the same flattening technique as in the Lemma 5.2,
since we can ensure that there is a fixed vector { = v/(x) such that oscg: () [V £ — 1| < ¢ RP.
Thus, up to a rotation S}, () is the graph of a function ¢» € C%(RR?) in the standard coordinates.

Moreover, under the simplifying assumption that OS2 is locally flat, the curve I'};,(z) is contained
in the plane {z; = 0}. Define

G:=A{(z,0) : (z,¥(x) € Sg(x)}, 7:=A{(x,0): (z, (7)) € I'k(x)}.
The problem (1), (2) is then equivalent to

(@ b, V) 4 50 (T 0, V) = B(z, b, Vi) in G

dl’i
—04,(Z, Y, V) ni(Z) = k(Z, ¢) on 0G .

Here, 5(Z, z, p) = o(Z, 2, —p, 1) for p € R?%, and ®(z, 2, p) := ®(z, 2, v(p)) with
v(p) := (—pi, 1) (1 +p?)~ /2. This is a quasilinear elliptic equation with a singularity of mean
curvature type. Moreover, /1 + ]V@/JP = 1/3_1 < c¢in (. Thus, the equation is even uniformly
elliptic. The arguments to obtain the higher order estimates are well-known. First it is possible to
obtain a Holder estimate ||V1)||ce(quy) < ¢ (| P zoo(sxst) + |ozllzoo(sxst) + [|£llceas))-
Due to a bootstrapping argument well known in this context one obtains that ||V¢||C1,Q(GU7) <
c (1@l (s, 0o @) Tllowllora(si; ca@y +IEllcracas))- For details, see the classical literature
[LU70, Ura73, SS76, Ger79, Lie83] and further references therein.
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A Auxiliary results

Let o € CH(Q; C**(R?\ {0})) be a convex, one-homogeneous function satisfying the as-
sumptions (10). Define

o*(z, q) == supq- (65)

pER3 0_('@7 p) '
In can be shown that o* is as smooth as o, convex and one-homogeneous in the g—variable.
It moreover satisfies (10) with constants Af, 1. In particular, 5 = Ag', and Aj = g
Moreover, the identities

o (CE’ Uq(xv q)) ’ O-q(x7 O-q(‘rﬂ Q)) O'(.I’, q) ’ ( )
are valid for all (z, ¢) € Q2 x R?\ {0}.
For all z € €, we can introduce the unit ball/sphere of the function o*(z, -)
W;*(m) = {q S R3 : O'*<l’, Q) < 1}, Sclf*(x) = 8W;*(m), (67)

which is a convex domain of class C? containing the origin. For x € Q, the properties (66) show
that ¢ — o,(z, q) is a mapping from R? onto S;*(x), and in particular from the standard unit

sphere S* onto Si*(m).

Consider an arbitrary surface S C € class C2. Then, v(z), z € S maps from S into S,
and () := o,(x, v(x)) maps from S into Sol_*(x). The following proposition states sufficient

conditions for the existence of a C'* —vector field w satisfying the property (30).

Lemma A.1. Let S C () be a surface of class C?. Assume that there is a connected free
surface’ £ C S* of class C! such thatv(z) € € forallx € S.

Then, there exists a vector fields w € C' (€2 x R3; R3) such that

curl,w(z, o,(z, v(z))) - v(z) =1forallz € S. (68)

Moreover, ||wl| o1 @xws, rs) depends on o and £, but not on S.
Proof. Forz € Q,r € R*\ {0} consider the change of coordinates T (z, 1) := |r| o, (z, 7).
The Jacobian (d1'); ; = 0,13, 1, j = 1,2, 3 is given by

7".
(dT(ZEa T))iJ = |7“| 45,95 (xv T) + Og; ($, T) ﬁ
Using (10c), observe that (dT'(z, r))'r = o(x, r) - Therefore (dT'(x, r)tr = i)r,
and we see that

N Irl 3
|(dT(x, r)) " r| = ] > o forallr € R*\ {0}. (69)

1A free surface is a nonclosed, connected surface
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Moreover, we can compute that
dT(z, r))r-r=|rlo(z, r) > X |r?,
(dT(x, r))n-n=|r|og.(x, r)n-n> X\ |77]2 foralln-r=20.

Thus, dT(x, r) is strictly positive definite, and its smallest eigenvalue is larger than min{ Ay, A¢}.
It follows that

det(dT(z, 7)) > A} \o . (70)

Consider now the function u(z, r) := det(dT(z, r)) |(dT(z, r))~'r|. Thanks to the as-
sumptions on o, u € CY(Q; C*(R® \ {0})). Applying Lemma A.3 below, we find & €
CH(Q x R3; R3) such that curl, @(x, r) - r = u(z, r) for all ¥ € £ C S'. Define for
the new coordinates ¢ := T'(x, r)

w(z, q) :==dT(x, r)o(x, r).

Then, w||cl,a(§)xR3) < ¢(o, &), and the transformation formula of the curl operator under
coordinate changes yields

1
curl, w(x = ——dI'(z, r)curl, w(x, r),
q ( 7q) det(dT)(:E, T) ( ? ) T ( ? )
where we also used (70). Note now that the transformation T'(z, -) maps S* into S;*(I). Thus,
taking also (69) into account, the unit normal n(r) = r on S transforms according to the

(dT(xv T))itr ThUS, for q — T(,Z‘7 T) W|th re g

formula n?" ®) (q) = (@@, r)Tr"

[dT(z, r) curl, &(x, )] - [(dT(x,r)) " r]
det(dT)(x, r) [(dT(z, r))~tr|

_ u(z, r) 1
det(dT)(z, r) |(dT(z,r))~tr]

curly w(z, q) -7 (q) =

Since v(z) € &, we can choose ¢ = a,(, v()), and using that n®" @) (q) = v(x) (cf. (66)),
the claim follows. O

Remark A.2. Ifthe surface S is a graph, there is a vector § such that - v(x) > 0 forallz € S.

—

Thus, the assumptions of Lemma A.1 are satisfied with€ := {q € S* : §-q > 0}.

Lemma A3. Let£ C S’ be a connected free surface of class C', and u € C'(Q; C*(S")),
a > 0. Then, there is & € C1(Q; R3; R3) such that

curl&(z, r) - r = u(x, r) forall (v, r) € QA x &, (71)

and the estimate [|w|| c1.0 @xgs.r3) < Ce [[ullor @, cos1) is valid.

Proof. In a first step we show that for arbitrary u € C*(S!), there is @ € C'(R3; R?) such
that curl - n = won &€ and ||| crarsys < ce ||ul|ce(st). First we choose T : C*(St) —
C}@(Sl) (sub-script M means vanishing mean value) a linear extension operator such that

Tl(u) = uon 8, /1 Tl(u) dsS = O, HTl(u)HCa(Sl) < cg HuHCQ(SI) .
S
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Since O is a C1 curve, T'(u) can be constructed by standard techniques. We then find
a solution p € C?%%(S1) to the problem —Agip = T*(u), and we extend p outside of
S so that |[p||czems) < cl[pllcza(st). We then set w(r) := Vp x r. Suppose further
that u depends on the parameter 2 € (2 and that the mapping = +— u(x,-) € C%(S')
is continuously differentiable. Then, the vector field w(z, -) constructed as above belongs to
CHQ; CH(R3; R?)). O

The next property extends the validity of formula (16.77) in [GT01] for S,(zo) = S N B,(xo)
that might intersect 0.5. The proof being completely similar, we shall omit it.

Lemma A.4. There is a set N' C [0, Ry| of measure zero, such that for all p € [0, Ro] \ N

and all zy € S, the quantity | & | is strictly positive on 3,(z). Moreover, for all g € C(S), the
identity fzp(xo) glor|~tds = d% fsp(xo) g dsS is valid.

Lemma A.5. Let .S be a solution to the problem (1) and globally the graph of a function (denote
e3 the Z —axis of the coordinate system in which S is a graph). Assume that the following
conditions are satisfied:

(1) There is a constant i3 such that o, (z, q) - €3 < s |q - €3| forq € R3;

(2) The vector e is tangent to OS) for all x € OS.

Then, there is a constant c depending on the constants in the conditions (10) and on ps, on
| @ Lo (sx5,), 0N 1 and on §, such that for all T € G := 7(S) and p > 0, the intersection of
S with the cylinder Z,, := B,(Z) x R satisfies meas(S N Z,) < cp.

Proof. The formula (38) on the whole of S for kK = 3 implies that
/(J d3v—0, - 0vig) = /((I)Vg —awS)v—l—/ (ovy—o,-V v3)vds.
s s as

Let p > 0, and € R? such that the point z = (Z, ¥(Z)) belongs to S. We fix { €
C(By,()) equal to one on B,(Z) and nonnegative, and satisfying | V(| < p~'. Here, V
means differentiation in the Z coordinates. We choose the test function v(z, z) = ((Z) z. Note
that | 63 (| < p~' vz and that 93 z = 1 — 12 on S. Moreover, the co-normal on the outer bound-
ary satisfies by assumption 14 = |sina|™! (n3 — cosa vz = |sina|™! cosa vs. It follows
that

/SJCSLVs{(0+|0q|)\7CI+(I5Z| jogl + 1] 2] + 0w, 51 ¢}
+ [ wfolcotal +1a} 4l1d]
S
We denote 7 = 7(0.5) the projection of .5 on R?. Owing to the assumption n3 = 0 on 9.5, the

curvature of v depends only on 02. Since |os,| < (s + f0) V3, and since | cot | < pio/71,
we thus obtain the inequality

/SUC <c((p~" + 1) meas(Bs,(7)) + meas(y N By,y(T))) < cp.

The constant ¢ depends on the constants in (10) and 3, on ¥y, ||®|| £ and ||z Loo(s)- O
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Applying similar ideas, we can choose v = (z — Zo)pC with ( like in the proof of Lemma A.5
and (-), the truncation at levels . We obtain the following result, achieving to show that the
constant ¢ of the main estimate (3) is independent of the surface S.

Lemma A.6. Assumptions of Lemma A.5. Then the constant cy of the condition (28) depends
only on the constants in the condition (10) and ji3, on ||®|| Lo (sxs1) and on ;.
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