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Abstract

We investigate the convergence of an implicit Voronoi finite volume method for reaction- diffusion
problems including nonlinear diffusion in two space dimensions. The model allows to handle hetero-
geneous materials and uses the chemical potentials of the involved species as primary variables.
The numerical scheme uses boundary conforming Delaunay meshes and preserves positivity and
the dissipative property of the continuous system. Starting from a result on the global stability of the
scheme (uniform, mesh-independent global upper and lower bounds), we prove strong convergence
of the chemical activities and their gradients to a weak solution of the continuous problem. In order to
illustrate the preservation of qualitative properties by the numerical scheme, we present a long-term
simulation of the Michaelis-Menten-Henri system. Especially, we investigate the decay properties of
the relative free energy and the evolution of the dissipation rate over several magnitudes of time,
and obtain experimental orders of convergence for these quantities.

1 Introduction and model equations

In a bounded domain Ω ⊂ R2 we considerm species Xν with initial densitiesUν which underly diffusion
processes and undergo chemical reactions. The relation between the densities uν of the species Xν and
the corresponding chemical potentials vν is assumed to be given by Boltzmann statistics, i.e.,

uν = uν evν , ν = 1, . . . ,m. (1.1)

The reference densities uν may depend on the spatial position and express the possible heterogeneity
of the system under consideration. For the mass fluxes jν we make the ansatz

jν = −Dν(·, ev1 , . . . , evm)uν∇vν ,= −Dν ūν evν ∇vν , ν = 1, . . . ,m, (1.2)

with diffusion coefficients Dν : Ω×Rm → R+ which are allowed to depend on the space variable and
the state variable. To describe chemical reactions we introduce a finite subset R ⊂ Zm+ × Zm+ . Each

pair (~α, ~β) ∈ R represents the vectors of stoichiometric coefficients of a reversible reaction, written in
the form

α1X1 + · · ·+ αmXm 
 β1X1 + · · ·+ βmXm.

According to the mass action law, the net rate of such a pair of reactions is of the form k
(~α,~β)

(a~α − a~β),

where k
(~α,~β)

is a reaction coefficient, aν := exp(vν) corresponds to the chemical activity of Xν , and
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aα :=
∏m

ν=1 a
αν
ν � �F OFU QSPEVDUJPO SBUF PG TQFDJFT 9ν DPSSFTQPOEJOH UP BMM BDDSVJOH SFBDUJPOT JT

Rν(·, Fv1 , . . . , Fvm) :=
∑

(α,β)∈R
k(α,β)(a

α − aβ)(βν − αν). 	���


�F TUPJDIJPNFUSJD TVCTQBDF S JT EF�OFE CZ

S = TQBO{α− β : (α,β) ∈ R}

BOE JUT PSUIPHPOBM DPNQMFNFOU JT EFOPUFE CZ S⊥� 0VS SFBDUJPO�EJ�VTJPO TZTUFN DPOTJTUT PGm DPOUJOVJUZ

FRVBUJPOT� $POTJEFSJOH OP �VY CPVOEBSZ DPOEJUJPOT POΓ = ∂ΩXF PCUBJO UIF GPMMPXJOH TZTUFN PG QBSUJBM

EJ�FSFOUJBM FRVBUJPOT�

∂uν

∂t
+∇ · jν −Rν = 0 JO R+ × Ω, O · jν = 0 PO R+ × Γ,

uν(0) = Uν JO Ω, ν = 1, . . . ,m.
	���


�F BJN PG UIF QBQFS DPOTJTUT JO B TUVEZ PG B EJTDSFUJ[BUJPO TDIFNF (&VMFS CBDLXBSE JO UJNF BOE 7PSPOPJ

�OJUF WPMVNF NFTIFT JO TQBDF) PG 1SPCMFN 	���
� *U JT TUSPOHMZ EFTJSFE UP SFUBJO UIF BOBMZUJD QSPQFSUJFT PG

UIF DPOUJOVPVT QSPCMFN BMTP JO UIF EJTDSFUJ[BUJPO TDIFNF�

'PS UIF JOUSPEVDFE OPOMJOFBS SFBDUJPO�EJ�VTJPO TZTUFN XF QSPWF UIF DPOWFSHFODF PG UIF EJTDSFUJ[FE

TPMVUJPOT UP B XFBL TPMVUJPO PG UIF DPOUJOVPVT QSPCMFN GPS BSCJUSBSZ FWFO BOJTPUSPQJD CPVOEBSZ DPO�

GPSNJOH %FMBVOBZ�7PSPOPJ �OJUF WPMVNF NFTIFT� #BTJD JOHSFEJFOUT BSF FOFSHZ FTUJNBUFT BOE VOJGPSN

TUSJDUMZ QPTJUJWF MPXFS BOE VQQFS CPVOET GPS UIF EJTDSFUJ[FE EFOTJUJFT BT QSPWFO JO <�>�

$POWFSHFODF TUVEJFT PG EJTDSFUJ[BUJPO TDIFNFT GPS OPOMJOFBS 1%&T BSF BO POHPJOH SFTFBSDI UPQJD� *O <�>

UIF DPOWFSHFODF PG B SFBDUJPO�EJ�VTJPO TZTUFN JODMVEJOH UIF GBTU SFBDUJPO MJNJU JT TUVEJFE� �F XPSL PG <�>

QSPWFT DPOWFSHFODF PG B OPOMJOFBS EFHFOFSBUF DIFNPUBYJT NPEFM� 'VSUIFSNPSF JO <�> UIF DPOWFSHFODF PG

B HSBEJFOU TDIFNF GPS OPOMJOFBS QBSBCPMJD FRVBUJPOT JT EFNPOTUSBUFE�

*O 4FDUJPO � XF DPMMFDU UIF HFOFSBM BTTVNQUJPOT DPODFSOJOH UIF EBUB PG UIF DPOUJOVPVT QSPCMFN BOE HJWF

B TVNNBSZ PO SFTVMUT PCUBJOFE TP GBS GPS UIF DPOUJOVPVT QSPCMFN� 4FDUJPO � TUBSUT XJUI UIF EFTDSJQUJPO

PG UIF EJTDSFUJ[BUJPO JOUSPEVDFT UIF QSPMPOHBUFE RVBOUJUJFT TVNNBSJ[FT SFTVMUT PCUBJOFE TP GBS GPS UIF

EJTDSFUF TDIFNF BOE HJWFT TPNF VOJRVFOFTT SFTVMU GPS UIF EJTDSFUF QSPCMFN� 0VS NBJO SFTVMUT DPODFSOJOH

UIF DPOWFSHFODF PG UIF TDIFNF BSF QSPWFE JO 4FDUJPO �� 8F TUBSU XJUI B�QSJPSJ FTUJNBUFT JO 4VCTFDUJPO

��� GSPN XIJDI XF EFSJWF JO 4VCTFDUJPO ��� UIF FYJTUFODF PG B DPOWFSHJOH TVCTFRVFODF BOE QSPWF UIBU

UIF MJNJU JT B XFBL TPMVUJPO PG UIF DPOUJOVPVT QSPCMFN� 'JOBMMZ XF EFSJWF TUSPOH DPOWFSHFODF SFTVMUT�

�F QBQFS JT DMPTFE CZ B OVNFSJDBM FYBNQMF JOWPMWJOH UIF .JDIBFMJT�.FOUFO�)FOSJ LJOFUJDT� #FTJEFT UIF

DPODFOUSBUJPOT PG UIF EJ�FSFOU TQFDJFT XF JOWFTUJHBUF UIF EFDBZ QSPQFSUJFT PG UIF SFMBUJWF GSFF FOFSHZ BOE

UIF FWPMVUJPO PG UIF EJTTJQBUJPO SBUF BOE PCUBJO FYQFSJNFOUBM PSEFST PG DPOWFSHFODF GPS UIFTF RVBOUJUJFT�

*O "QQFOEJY " XF DPMMFDU TPNF SFTVMUT OFFEFE JO 4FDUJPO ��

�� 5IF DPOUJOVPVT QSPCMFN

���� (FOFSBM BTTVNQUJPOT PO UIF EBUB

8F GPSNVMBUF CBTJD BTTVNQUJPOT XJUI SFTQFDU UP UIF EBUB PG UIF QSPCMFN DG� <�� ��>�

%F�OJUJPO ��� 	3FBDUJPO PSEFS DG� <��>
� " TPVSDF UFSN PG B SFBDUJPO JT PG PSEFSn J� UIFSF FYJTUT B TNBMMFTU

OVNCFS n ∈ N TVDI UIBU UIFSF FYJTUT B DPOTUBOU c > 0 XJUI

NBY
ν=1,...,m

{
(βν − αν)

(
aα − aβ

)}
≤ c

(
1 +

m∑

ν=1

anν

)

∀a ∈ R
m
+ , ∀(α,β) ∈ R.

	���


8F TUVEZ UIF QSPCMFN VOEFS UIF GPMMPXJOH BTTVNQUJPOT�

�



	"�
 Ω ⊂ R
2 JT B CPVOEFE QPMZHPOBM EPNBJO Γ := ∂Ω�

-FU m ∈ N CF HJWFO BOE R B �OJUF TVCTFU PG Zm
+ × Z

m
+ � 'PS BMM (α,β) ∈ R UIF SFBDUJPO SBUFT

k(α,β) : Ω × R
m → R+ TBUJTGZ UIF $BSBUIÏPEPSZ DPOEJUJPO BOE UIFSF FYJTU SFBM DPOTUBOUT 0 < ck

ck < ∞ TVDI UIBU ck ≤ k(α,β)(x,y) ≤ ck G�B�B� x ∈ Ω ∀y ∈ R
m� 4PVSDF UFSNT PG SFBDUJPOT BSF

BU NPTU RVBESBUJD�

�F EJ�VTJPO DPF�DJFOUT Dν : Ω × R
m → R+ TBUJTGZ UIF $BSBUIÏPEPSZ DPOEJUJPO BOE UIFSF FYJTU

DPOTUBOUT 0 < cD cD < ∞ TVDI UIBU cD ≤ Dν(x,y) ≤ cD G�B�B� x ∈ Ω ∀y ∈ R
m BOE

ν = 1, . . . ,m� 'JOBMMZ uν  Uν ∈ L∞(Ω) BOE UIFSF FYJTU DPOTUBOUT 0 < cu cu < ∞ BOE 0 < cU 

cU <∞ TVDI UIBU cu ≤ uν(x) ≤ cu BOE cU ≤ Uν(x) ≤ cU  SFTQ� G�B�B� x ∈ Ω BOE ν = 1, . . . ,m�

3FNBSL ���� �FTF UFDIOJDBM BTTVNQUJPOT ("1) BMMPX VT UP IBOEMF B HFOFSBM DMBTT PG SFBDUJPO�EJ�VTJPO

TZTUFNT JODMVEJOH IFUFSPHFOFPVT NBUFSJBMT BOE OPOMJOFBS EJ�VTJPO QSPDFTTFT� )FUFSPHFOFPVT NBUFSJBMT

DBO CF GPVOE RVJUF P�FO JO UIFNPEFMJOH PG CJPMPHJDBM PS DIFNJDBM QSPDFTTFT JOWPMWJOH EJ�FSFOU QIBTFT 	TFF

<�>
� �FSFGPSF XF BTTVNF UIF EFQFOEFODF PG UIF EJ�VTJPO DPF�DJFOUT BOE UIF SFBDUJPO SBUF DPF�DJFOUT

PO UIF TQBUJBM WBSJBCMF� 'PS FYBNQMF B EJ�FSFOU TUBUF PG NBUUFS PS B EJ�FSFOU CBDLHSPVOE NBUFSJBM MFBET UP

DPF�DJFOUT XIJDI BSF TQBUJBMMZ EFQFOEFOU JO B NBZCF OPO TNPPUI XBZ�

�F EFQFOEFODF PG UIF EJ�VTJPO DPF�DJFOUT PO UIF TUBUF WBSJBCMF JT NPUJWBUFE CZ QSPCMFNT MJLF UIPTF

DPOTJEFSFE JO <�� �>� 'PS FYBNQMF SFDPNCJOBUJPO SFBDUJPOT PG 4IPDLMFZ�3FBE�)BMM "VHFS UZQF BOENPMF

GSBDUJPOT TFF <�� �� �� ��> DPOUBJO SFBDUJPO SBUF DPF�DJFOUT EFQFOEJOH PO UIF TUBUF WBSJBCMF� 4PNFUJNFT

FO[ZNFT IBWFNPSF UIBO POF CJOEJOH TJEFXIFSF UIF SFBDUJWJUZ PG B EPDLJOH QMBDF JT JO�VFODFE CZ UIF OVN�

CFS PG GSFF CJOEJOHT 	JO CJPDIFNJTUSZ UIF CFIBWJPS JT DBMMFE BMMPTUFSJD SFHVMBUJPO
� 'SPN UIFNPEFMJOH QPJOU

PG WJFX UIJT MFBET UP SFBDUJPO DPF�DJFOUT XIJDI EFQFOE PO UIF DPODFOUSBUJPO PG BO SFHVMBUJOH NPMFDVMF

TFF <��>�

�F BTTVNQUJPOT PO UIF TQBDF EJNFOTJPO BOE PO UIF SFBDUJPO PSEFS BSF UFDIOJDBM UP PCUBJO FYJTUFODF

BOE CPVOEFEOFTT SFTVMUT JO B HFOFSBM DMBTT PG QSPCMFNT BT JO <��> GPS UIF DPOUJOVPVT QSPCMFN� /PUF UIBU

POMZ UIF TPVSDF UFSNT PG UIF SFBDUJPO UFSNT BSF SFTUSJDUFE UIF TJOL UFSNT NBZ CF MBSHF�

���� 4VNNBSZ PG SFTVMUT GPS UIF DPOUJOVPVT QSPCMFN

-FU u := (u1, . . . , um) v := (v1, . . . , vm) BOE a := (a1, . . . , am) EFOPUF UIF WFDUPS PG EFOTJUJFT DIFNJDBM

QPUFOUJBMT BOE BDUJWJUJFT PG BMM TQFDJFT� -FU VT JOUSPEVDF UIF (FMGBOE USJQMFX b Y ∼= Y ∗
b X∗ XIFSF

X := H1(Ω,Rm), Y := L2(Ω,Rm), W := X ∩ L∞(Ω,Rm).

.PSFPWFS XF EF�OF UIF PQFSBUPST A :W → X∗ E : X → X∗ CZ

〈Av, v̄〉 :=
∫

Ω

(
m∑

ν=1

Dνuν F
vν ∇vν · ∇vν −Rν(F

v)vν

)
dx,

〈Ev, v〉 :=
m∑

ν=1

∫

Ω
(uν F

vν v) dx ∀v ∈ X.

	���


*O UIF TFUUJOH PG ("1) B XFBL GPSNVMBUJPO PG 	���
 DBO CF TUBUFE BT GPMMPXT� 'JOE (u, v) TVDI UIBU�

u′(t) +Av(t) = 0, u(t) = Ev(t) G�B�B� t ∈ R+, u(0) = U,

u ∈ H1
MPD(R+, X

∗), v ∈ L2
MPD(R+, X) ∩ L∞(R+, L

∞(Ω,Rm)).

}
	1


4VDI QSPCMFNT IBWF CFFO JOWFTUJHBUFE F�H� JO <�� ��>� UIF QBQFST <�� �� �� �� ��> EFBM XJUI FMFDUSJDBMMZ

DIBSHFE TQFDJFT� �F QBQFST <�� �� �� ��> DPOTJEFS NPSF HFOFSBM TUBUF FRVBUJPOT UIBO 	���
� 8F TIPSUMZ

TVNNBSJ[F SFTVMUT GPS 	1
 PCUBJOFE JO UXP TQBDF EJNFOTJPOT�

*G (u, v) JT B TPMVUJPO UP 	1
 UIFO

u(t)− U ∈ U :=
{
w ∈ X∗ :

(
〈wν ,1〉

)
ν=1,...,m

∈ S
}

∀t > 0. 	���


�



�FSFGPSF JG u∗ := MJN
t→∞

u(t) FYJTUT UIFO OFDFTTBSJMZ u∗ ∈ U + U . "DDPSEJOH UP <�� ��> UIFSF FYJTUT

B VOJRVF TUBUJPOBSZ TPMVUJPO (u∗, v∗) UP 	1
 BEEJUJPOBMMZ GVM�MMJOH u∗ ∈ U + U � �JT (u∗, v∗) JT B UIFS�
NPEZOBNJD FRVJMJCSJVN PG UIF TZTUFN� �F GSFF FOFSHZ BMPOH TPMVUJPOT UP 	1
 EFDBZT NPOPUPOPVTMZ BOE

FYQPOFOUJBMMZ UP JUT FRVJMJCSJVN WBMVF <�� ��>�

*G UIF TPVSDF UFSNT PG BMM SFBDUJPOT BSF PG NBYJNBM PSEFS � UIFO BMM TPMVUJPOT (u, v) UP 	1
 BSF HMPCBMMZ

CPVOEFE FTQFDJBMMZ UIF QBSUJDMF EFOTJUJFT BSF QPTJUJWFMZ CPVOEFE BXBZ GSPN [FSP 	TFF F�H� <��>
�

$POTJEFSJOH SFHVMBSJ[FE QSPCMFNT �OEJOH B QSJPSJ FTUJNBUFT XIJDI EP OPU EFQFOE PO UIF SFHVMBSJ[BUJPO

MFWFM BOE TPMWJOH UIF SFHVMBSJ[FE QSPCMFNT UIF FYJTUFODF PG TPMVUJPOT UP 	1
 JT TIPXO JO <�� ��>� 6OJRVF�

OFTT SFTVMUT GPS 	1
 DBO CF PCUBJOFE CZ TUBOEBSE BSHVNFOUT JG UIF EJ�VTJPO DPF�DJFOUT EP OPU EFQFOE PO

UIF TUBUF WBSJBCMFT� 'PS DBTFT XJUI EJ�VTJPO DPF�DJFOUT EFQFOEJOH PO UIF TUBUF WBSJBCMF XF SFGFS UP <��>�

*O UISFF TQBDF EJNFOTJPOT UIFSF BSF TJNJMBS CVU XFBLFS SFTVMUT BWBJMBCMF TFF <�� ��>�

�� %JTDSFUJ[FE SFBDUJPO�EJòVTJPO TZTUFNT

���� 7PSPOPJ öOJUF WPMVNF EJTDSFUJ[BUJPO

�F TPMVUJPOT PG SFBDUJPO�EJ�VTJPO TZTUFNT QSFTFSWF TPNF RVBOUJUJFT MJLF NBTT 	JOWBSJBOUT DG� 	���

 BOE

QPTJUJWJUZ� �FSFGPSF UIF BJN JT UP SFTQFDU UIF DPOTFSWBUJPO PG UIFTF RVBOUJUJFT CZ UIF BQQSPYJNBUFE TPMV�

UJPO� �F �OJUF WPMVNF NFUIPE IBT CFFO EFWFMPQFE CZ FOHJOFFST UP TUVEZ TZTUFNT PG DPOTFSWBUJPO MBXT�

*O UIF GPMMPXJOH XF XPSL XJUI 7PSPOPJ NFTIFT XIJDI SFQSFTFOU B DMBTT PG BENJTTJCMF �OJUF WPMVNF

NFTIFT <�>� *O UIF GPMMPXJOH XF XJMM BTTVNF UIBU UIF 7PSPOPJ NFTIFT M BSF EFSJWFE BT EVBM HSJET PG

CPVOEBSZ DPOGPSNJOH %FMBVOBZ USJBOHVMBUJPOT T � �F %FMBVOBZ HSJET XJMM CF VTFE GPS QJFDFXJTF B�OF

JOUFSQPMBUJPO CZ P1 �OJUF FMFNFOU GVODUJPOT�

0VS OPUBUJPO JT CBTJDBMMZ UBLFO GSPN <��> BOE WJTVBMJ[FE JO 'JHVSF ��

K

LxK

xL

xM

d�

m�

'JHVSF �� /PUBUJPO PG 7PSPOPJ NFTIFTM = (P,V, E)

-FUΩ CF BO PQFO CPVOEFE QPMZHPOBM TVCTFU PGR2� " 7PSPOPJNFTI JT EF�OFE BT USJQMFM = (P ,V, E)�
)FSF P EFOPUFT B GBNJMZ PG HSJE QPJOUT JO Ω̄ V EFOPUFT B GBNJMZ PG 7PSPOPJ DPOUSPM WPMVNFT BOE E EFOPUFT

B GBNJMZ PG GBDFT JO R� �F OVNCFS PG HSJE QPJOUT JT EFOPUFE CZM = �P �

�F DPSSFTQPOEJOH DPOUSPM WPMVNFK PG FBDI HSJE QPJOU xK ∈ P JT EF�OFE CZ

K = {x ∈ Ω : |x− xK | < |x− xL| ∀xL ∈ P , xL 6= xK} .
�F TFU PG BMM OFJHICPSJOH DPOUSPM WPMVNFT PG K JT EFOPUFE CZ NV(K)� �F -FCFTHVF NFBTVSF PG FBDI

DPOUSPM WPMVNFK JT EFOPUFE CZ |K| BOE UIF NFTI TJ[F PGM CZ

TJ[F(M) = TVQ
K∈V

EJBN(K).

'PS UXP EJ�FSFOUK, L ∈ V UIF POF�EJNFOTJPOBM -FCFTHVF NFBTVSF PGK ∩L JT FJUIFS [FSP PSK ∩L = σ

GPS POF σ ∈ E � )FSF UIF TZNCPM σ = K|L EFOPUFT UIF POF�EJNFOTJPOBM GBDF CFUXFFO UIF DPOUSPM WPMVNFT

K BOE L BOEmσ JT JUT -FCFTHVF NFBTVSF�

�



8F JOUSPEVDF UIF TVCTFU Eint ⊂ E DPOUBJOJOH BMM JOUFSJPS GBDFT� 'VSUIFS XF JOUSPEVDF GPS BMMK ∈ V UIF

TVCTFU EK ⊂ Eint TVDI UIBU ∀σ ∈ EK ∃L ∈ NV(K) : σ = L ∩K �

�F &VDMJEJBO EJTUBODF CFUXFFO UXP OFJHICPSJOH HSJE QPJOUT xK  xL ∈ P PWFS UIF GBDF σ = K|L ∈ Eint
JT EFOPUFE CZ dσ �

3FNBSL ��� 	TFF <��>
� -FUM = (P,V, E) B 7PSPOPJ NFTI� �F EVBM (P, T ) PG B 7PSPOPJ NFTI DPOTJTUT

PG B GBNJMZ P PG HSJE QPJOUT JO Ω̄ BOE B GBNJMZ T PG USJBOHMFT BOE JT DBMMFE %FMBVOBZ USJBOHVMBUJPO JG BOZ

DJSDVNDJSDMF PG B USJBOHMF T = (xK , xL, xM ) ∈ P3 EPFT OPU DPOUBJO BOZ WFSUFY xJ ∈ P XJUI xJ 6∈ T � "

%FMBVOBZ USJBOHVMBUJPO JT DBMMFE CPVOEBSZ DPOGPSNJOH J� UIF DJSDVNDJSDMFT PG BMM USJBOHMFT XJUIT∩∂Ω 6= ∅
EP OPU DPOUBJO BOZ HSJE QPJOU xJ ∈ P  xJ 6∈ T �

" 7PSPOPJ NFTI JT EFSJWFE GSPN B %FMBVOBZ USJBOHVMBUJPO CZ UIF JOUFSTFDUJPO PG IBMG TQBDFT BOE IFODF

DPOWFY� *G UIF EPNBJO DPOTJTUT PG NPSF UIFO POF NBUFSJBM BOE UIF JOUFSGBDFT BSF BMJHOFE UP UIF USJBOHMF

FEHFT PG UIF %FMBVOBZ NFTI UIFO BMM TVCEPNBJO USJBOHVMBUJPOT IBWF UP CF CPVOEBSZ DPOGPSNJOH�

%F�OJUJPO ��� 	TFF <��>
� -FU Ω CF BO PQFO CPVOEFE QPMZHPOBM TVCTFU PG R2 BOE M = (P,V, E) B
7PSPOPJ NFTI�

• �F TZNCPM XV(M) EFOPUFT UIF TFU PG BMM QJFDFXJTF DPOTUBOU GVODUJPOT GSPN Ω UP R XIJDI BSF

DPOTUBOU PO FWFSZ 7PSPOPJ DPOUSPM WPMVNF K ∈ V � �F DPOTUBOU WBMVF PG wh ∈ XV(M) PO UIF

DPOUSPM WPMVNFK ∈ V JT EFOPUFE CZ wK �

• -FU p ≥ 1� �F EJTDSFUF Lp− OPSN PG wh ∈ XV(M) JT EF�OFE CZ

‖wh‖Lp =

(
∑

K∈V
|K||wK |p

)1/p

.

• �F EJTDSFUFH1 TFNJ�OPSN PG wh ∈ XV(M) JT EF�OFE CZ

|wh|2H1,M =
∑

σ=K|L∈Eint

Tσ|wK − wL|2, Tσ :=
mσ

dσ
.

)FSFwK BOEwL BSF UIF DPOTUBOU WBMVFT PGwh JO UIF DPOUSPM WPMVNFTK BOE L� �F UFSN Tσ JT UIF

TP DBMMFE USBOTNJTTJCJMJUZ BDSPTT UIF FEHF σ = K|L TFF <�>� �F GVMM EJTDSFUFH1− OPSN JT HJWFO CZ

‖wh‖2H1,M = |wh|2H1,M + ‖wh‖2L2 .

8F QSFTDSJCF UIF BQQSPYJNBUJPO PG B GVODUJPO f : Ω× R
m → R CZ

fK(·) := 1

|K|

∫

K

f(x, ·) dx,

XIFSFK ∈ V � *O UIJT DPOUFYUXF JOUSPEVDF UIF BQQSPYJNBUJPO PG UIF EJ�VTJPO DPF�DJFOUT BOE UIF SFBDUJPO

UFSNT PO B 7PSPOPJ DFMMK ∈ V CZ

DνK(·) = 1

|K|

∫

K

Dν(x, ·) dx, RνK(·) = 1

|K|

∫

K

Rν(x, ·) dx, 	���


BOE BOBMPHPVTMZ UIF BQQSPYJNBUJPO PG k(α,β)K �

�F DPSSFTQPOEJOH QJFDFXJTF DPOTUBOU GVODUJPO DBO CF FTUJNBUFE GSPN BCPWF BOE CFMPX CZ UIF VQQFS

BOE MPXFS CPVOE PG UIF DPOUJOVPVT GVODUJPO� 'PSK ∈ V XF EFOPUF CZ

u(K)
ν =

∫

K

uν(x) dx = |K|uνK = uνK FvνK |K|, uνK =
1

|K|

∫

K

uν(x) dx

�



UIF NBTT PG UIF ν−UI TQFDJFT JO K BOE CZ uνK UIF DPOTUBOU EFOTJUZ PO K � 'PS FWFSZ TQFDJFT 9ν  ν =
1, . . . ,m XF JOUSPEVDF UIF EJTDSFUF JOJUJBM WBMVFT CZ

U (K)
ν :=

∫

K

Uν(x) dx, K ∈ V .

�F TQBDF�EJTDSFUF WFSTJPO PG UIF DPOUJOVPVT QSPCMFN 	1
 JT PCUBJOFE CZ UFTUJOH XJUI UIF DIBSBDUFSJTUJD

GVODUJPO PGK � 6TJOH (BVTT UIFPSFN XF EFSJWF UIF BQQSPYJNBUFE �VY UFSN
∫

K

∇ · jν dx =

∫

∂K

jν · nKdΓ ≈
∑

σ=K|L∈EK
−TσY σ

ν Z(vνL, vνK)(vνL − vνK),

XIFSF

Z(x, y) =

{
Fx − Fy

x−y
, GPS x 6= y,

Fx, GPS x = y
, x, y ∈ R, 	���


SFQSFTFOUT UIF MPHBSJUINJDNFBO WBMVF PG Fx JO UIF JOUFSWBM [x, y]� *O UIF GPMMPXJOHXFXSJUFZσ
ν = Z(vνL, vνK)

GPS σ = K|L ∈ Eint BOEDνK = DνK(Fv1K , . . . , FvmK )� 8JUI UIJT EF�OJUJPO PGZσ
ν JU JT QPTTJCMF UP TXJUDI

CFUXFFO B HSBEJFOU JO QPUFOUJBMT BOE BDUJWJUJFT J�F� UIF EJTDSFUF WFSTJPO PG∇aν = aν∇vν IPMET� �F TZN�

CPM Y σ
ν EF�OFT BO BWFSBHJOH PG Dνuν PWFS UIF FEHF σ = K|L XIJDI JT TZNNFUSJD JO K BOE L BOE JT

HJWFO CZ

Y σ
ν =

DνK +DνL

2

uνK + uνL

2
, σ = K|L.

#ZDνK XF NFBODνK = DνK(Fv1K , . . . , FvmK )� 'PMMPXJOH <��> XF VTF UIF OPUBUJPO

uν = (u(K)
ν )K∈V , u = (u1, . . . ,um), uK = (uνK)mν=1,

vν = (vνK)K∈V , v = (v1, . . . ,vm), vK = (vνK)mν=1,

U ν = (U (K)
ν )K∈V , U = (U1, . . . ,Um),

aK = (FvνK )mν=1, aν = (FvνK )K∈V , ν = 1, . . . ,m.

'VSUIFSNPSF XF EF�OF UIF TDBMBS QSPEVDUT

〈uν ,vν〉RM =
∑

K∈V
|K|uνKvνK , 〈u,v〉

RMm =
m∑

ν=1

〈uν ,vν〉RM .

%F�OJUJPO ��� 	5JNF EJTDSFUJ[BUJPO
� -FU S = [0, T ] ⊂ R+ CF B �OJUF UJNF JOUFSWBM� " UJNF EJTDSFUJ[BUJPO

PG S JT EF�OFE BT B TUSJDUMZ JODSFBTJOH TFRVFODF PG SFBM OVNCFST (tn)
N
n=1 XJUI t0 = 0 BOE tN = T � �F

UJNF TUFQ JT EF�OFE CZ

t
(n)
δ = tn − tn−1 <∞ GPS n = 1, . . . , N

BOE UIF MBSHFTU QPTTJCMF UJNF TUFQ JT EFOPUFE CZ tδN = TVQ
n=1,...,N

t
(n)
δ �

" EJTDSFUJ[BUJPO PG UIF XIPMF EPNBJOQ = S×Ω JT EF�OFE CZ UIF UVQMFD = (M, (tn)
N
n=1) BOE UIF TJ[F

PG UIF EJTDSFUJ[BUJPO JT EFOPUFE CZ TJ[F(D) = NBY{TJ[F(M), tδN}� *O UIF DPOWFSHFODF QSPPG XF DPOTJEFS

TJ[F(D) → 0� 8F JOUSPEVDF UIF PQFSBUPS Ê : RMm → R
Mm CZ

Êv =
(
(ūνK FvνK |K|)ν=1,...,m

)
K∈V

,

XIJDI NBQT JO FWFSZ DPOUSPM WPMVNF UIF DIFNJDBM QPUFOUJBM PG FWFSZ TQFDJFT UP JUT NBTT� 'VSUIFSNPSF XF

EF�OF Â : RMm → R
Mm CZ

Âv =


 ∑

σ=K|L∈EK
−TσY σ

ν Z
σ
ν (vνL − vνK)− |K|RνK(FvK )




K∈V,
ν=1,...,m

. 	����


�



6TJOH UIFTF EF�OJUJPOT XF TUBUF UIF EJTDSFUF WFSTJPO PG 	1
 CZ� 'JOE B UVQMF (u,v) TVDI UIBU

u(tn)−u(tn−1)

t
(n)
δ

+ Âv(tn) = 0, u(tn) = Êv(tn), n = 1, . . . , N

u(0) = U .

}
	PD


�F EJTDSFUF XFBL GPSN PG Â JT HJWFO CZ

〈
Âv,w

〉
RMm

=

m∑

ν=1

∑

σ=K|L∈Eint

TσY
σ
ν Z

σ
ν (vνL − vνK)(wνL − wνK)

−
m∑

ν=1

∑

K∈V
|K|RνK(FvK )wνK ∀v, w ∈ R

Mm.

	����


8F BTTPDJBUF UIF EJTDSFUF 	WFDUPSJBM
 TPMVUJPOT (u, v) UP 	PD
 QJFDFXJTF DPOTUBOU GVODUJPOT (uh, vh) BOE
DBMM UIFN TPMVUJPOT UP 	PD
 UPP�

3FNBSL ���� *O BMM QSPPGT SFBM DPOTUBOUT C > 0 XJUI EJ�FSFOU NFBOJOH BSF OVNCFSFE DPOTFDVUJWFMZ�

�F DPOTUBOUT POMZ EFQFOE PO UIF EBUB 	MPXFS CPVOET PG UIF EJ�VTJPO DPF�DJFOUT VQQFS CPVOET PG UIF

SFBDUJPO SBUF DPOTUBOUT MPXFS BOE VQQFS CPVOET PG UIF SFGFSFODF EFOTJUJFT BOE JOJUJBM WBMVFT
 TFF ("1)
BOE OPU PO UIF EJTDSFUJ[BUJPO VOMFTT PUIFSXJTF TUBUFE�

$PODFSOJOH WFDUPST w ∈ R
k k ∈ N XF VTF� #Z XSJUJOH w ≥ 0 XF NFBO wi ≥ 0 SFTQ� wi > 0 GPS

i = 1, . . . , k� #Z MOw XF EFOPUF (MOwi)
k
i=1 BOE CZ Fw UIF WFDUPS (Fwi)ki=1 JT EFOPUFE�

.PSFPWFS UIF TZNCPMT S1 S2 BOE S3 IBWF B MPDBM NFBOJOH BOE EJ�FS GSPN UJNF UP UJNF� (FOFSBMMZ

UIFTF UFSNT BSJTF GSPN UFTUJOH UIF QSPCMFN 	PD
 CZ UFTU GVODUJPOT BOE EJTDVTTJOH UIF FYQSFTTJPOT GPS UIF

UJNF�EFSJWBUJWF 	S1
 EJ�VTJPO UFSN 	S2
 BOE SFBDUJPO UFSN (S3) TFQBSBUFMZ�

���� 1SPMPOHBUFE RVBOUJUJFT

8F JOUSPEVDF QJFDFXJTF DPOTUBOU JO UJNF BOE QJFDFXJTF DPOTUBOU JO TQBDF JOUFSQPMBUJPO PG aν EFOPUFE CZ

aν,h(t, x) GVM�MMJOH aν,h(t, x) = aνK(tn) GPS t ∈ (tn−1, tn] BOE x ∈ K  K ∈ V � #Z aν,l(t, x) XF EFOPUF
UIF QJFDFXJTF DPOTUBOU JO UJNF BOE QJFDFXJTF MJOFBS JO TQBDF JOUFSQPMBUJPO PG aν GVM�MMJOH aν,l(t, xK) =
aνK(tn) GPS t ∈ (tn−1, tn] BOE K ∈ V � 8SJUJOH al XF NFBO al = (aν,l)

m
ν=1 BOE CZ ah XF NFBO ah =

(aν,h)
m
ν=1� �F TBNF OPUBUJPO IPMET GPS UIF DIFNJDBM QPUFOUJBMT vν � 'VSUIFS XF JOUSPEVDF BO PQFSBUPSKD

NBQQJOH UIF TQBDF�UJNF�EJTDSFUF DPODFOUSBUJPOT JOUP UIF TQBDF C(S,X∗) CZ

(KDuh)(t) :=
1

t
(n)
δ

(
(t− tn−1)uh(tn) + (tn − t)uh(tn−1)

)
GPS t ∈ (tn−1, tn].

8F SFNBSL UIBU UIF DPODFOUSBUJPOT uh BSF QJFDFXJTF DPOTUBOU PO UIF DPOUSPM WPMVNFTK ∈ V � 0CWJPVTMZ JU

IPMET (KDuh)′ = 1

t
(n)
δ

(
uh(tn)−uh(tn−1)

)
GPS BMM t ∈ (tn−1, tn]� 8JUI Fvl XF EFOPUF UIF WFDUPS (Fvν,l)mν=1�

8F JOUSPEVDF B SFDPOTUSVDUJPO PG UIF SFGFSFODF EFOTJUJFT POUP UIF HSJE CZ P̂Duνh� 'PS UIJT XF XPSL XJUI
UIF IBMG�EJBNPOET

TσK = {txK + (1− t)y : t ∈ (0, 1), y ∈ σ} ,
TσL = {txL + (1− t)y : t ∈ (0, 1), y ∈ σ} ,

XIFSF σ = K|L ∈ E EFOPUFT UIF 7PSPOPJ TVSGBDF PG UXP OFJHICPSJOH 7PSPOPJ DFMMT K  L XJUI DPSSFT�

QPOEJOH OPEFT xK  xL ∈ P  TFF 'JHVSF �� �F UXP IBMG�EJBNPOET TσK BOE TσL GPSN UIF TP�DBMMFE LJUF

Dσ = TσK ∪ TσL PG UIF FEHF σ = K|L ∈ Eint UIF VOJPO PG BMM UIFTF LJUFT DPWFST UIF EPNBJO Ω� �FO

UIF SFDPOTUSVDUJPO PQFSBUPS JT EF�OFE CZ

P̂Duνh(x) =

{
uνK , JG x ∈ TσK ,

uνL, JG x ∈ TσL
∀σ = K|L ∈ E . 	����


�



K

LxK

xL

�
T�K

T�L

'JHVSF �� ,JUFDσ = TσK ∪ TσL PG UIF FEHF σ = K|L�

8F VTF UIF QJFDFXJTF DPOTUBOU JO TQBDF JOUFSQPMBUJPO PG UIF EJTDSFUJ[FE SFBDUJPO UFSN RνK BOE UIF EJT�

DSFUJ[FE EJ�VTJPO DPF�DJFOUDνK JOUSPEVDFE CZ Rν,h(x, ah(x)) = Rν,K(aK) BOE CZDν,h(x, ah(x)) =
Dν,K(aK) GPS BMM x ∈ K  K ∈ V  TFF 	���
� *O UIF TBNF NBOOFS BT JO 	����
 XF EFOPUF UIF SFDPOTUSVD�

UJPO PQFSBUPS PG UIF EJ�VTJPO DPF�DJFOU CZ (P̂DDν,h(ah))(x)� /PUF UIBU UIF TBNF L∞�CPVOET GPS UIF

EJ�VTJPO DPF�DJFOU BOE UIF SFGFSFODF EFOTJUJFT HJWFO JO ("1) BMTP IPME GPS JUT SFDPOTUSVDUJPO P̂Duνh BOE
P̂DDν,h(ah)� 4JODF

P̂Duνh(x) = uνK = uνh(x), x ∈ TK|LK , L ∈ NV(K), K ∈ V

XF DBO XSJUF TIPSUMZ uνh JOTUFBE PG P̂Duνh� �F TBNF IPMET GPS (P̂DDν,h(ah))(x) BOE UIFSFGPSF XF XSJUF

Dν,h(ah)�

���� 4VNNBSZ PG SFTVMUT GPS UIF EJTDSFUJ[FE QSPCMFN

8F DPMMFDU TPNF SFTVMUT GPS UIF EJTDSFUF QSPCMFN� 'PS NPSF EFUBJMT XF SFGFS UP PVS QSFWJPVT QBQFST <�� �>�

*O <�> JU XBT QSPWFE UIBU UIF EJTDSFUF QSPCMFN 	PD
 IBT B MPDBM TPMVUJPO JG XF BTTVNF GPS UIF SFBDUJPO UFSNT

UIBU UIF GPMMPXJOH TFOTJCMF DPOEJUJPOT

Rν(·, (a1, . . . , aν−1, 0, aν+1, . . . , am)) ≥ 0 ∀ν = 1, . . . ,m, a ∈ R
m
+ , 	����


BOE

∃ s⊥ ∈ S⊥ : s⊥ > 0 	����


IPME TFF <� 	����
> BOE <� 	����
>� $POEJUJPO 	����
 JT LOPXO BT RVBTJ QPTJUJWJUZ TFF <� ��>� �F TFDPOE

DPOEJUJPO 	����
 JNQPTFT DPOTFSWBUJPO PG BUPN OVNCFS TFF <�� 4FD� �����>� "T TUBUFE JO <� ��> UIF TPMV�

UJPOT uh PG UIF EJTDSFUF QSPCMFN 	PD
 MJF JO BO B�OF TVCTQBDF U + Û BOE UIFSF FYJTUT B VOJRVF TUBUJPOBSZ

TPMVUJPO UP 	PD
�
8F XPSL XJUI CPVOEBSZ DPOGPSNJOH %FMBVOBZ�7PSPOPJ NFTIFT BOE JNQPTF UIF BEEJUJPOBM BTTVNQUJPO

PO UIF SFGFSFODF EFOTJUJFT�

	"�
 -FUI CF B�OJUF JOEFY TFU� -FUΩ ⊂ R
2 CF B QPMZHPOBM EPNBJO BOE MFUΩ = ∪I∈IΩI CF B�OJUF EJTKPJOU

VOJPO PG TVCEPNBJOT TVDI UIBU UIF EJTDPOUJOVJUJFT PG uν  ν = 1, . . . ,m DPJODJEF XJUI TVCEPNBJO

CPVOEBSJFT� -FU UIF PWFS BMM POF EJNFOTJPOBM NFBTVSF PG BMM JOUFSOBM TVCEPNBJO CPVOEBSJFT CF

CPVOEFE CZ θ� �FSF FYJTUT TPNF γ ∈ (0, 1] TVDI UIBU uν ∈ C0,γ(ΩI) :=
{
w|ΩI

, w ∈ C0,γ(R2)
}


ν = 1, . . . ,m I ∈ I  TFF <�� 	"�
>�
'PS BMM R > 0 FYJTUT B DPOTUBOU γR ∈ (0, 1] TVDI UIBU k(α,β)|ΩI

∈ C0,γR(ΩI × BRm(0, R)) GPS BMM
(α,β) ∈ R BOE Dν |ΩI

∈ C0,γR(ΩI × BRm(0, R)) ν = 1 . . . ,m GPS BMM I ∈ I � )FSF BRm(0, R)
EFOPUFT UIF CBMM JO R

m DFOUFSFE BU 0 XJUI SBEJVTR�

.PSFPWFS UIFSF FYJTUT B DPOTUBOUP ∈ N TVDI UIBU GPS BMM DPOTJEFSFE EJTDSFUJ[BUJPOTD = (M, (tn)
N
n=1)

PG Ω× S UIF QSPQFSUZ TVQM=(P,V,E)NBYK∈V DBSE EK ≤ P IPMET�

�



"MPOH BMM TPMVUJPOT (u,v) UP 	PD
 UIF GSFF FOFSHZ

F̂ (u) =
m∑

ν=1

∑

K∈V
|K|
(
uνK

(
MO
uνK

ūνK
− 1
)
+ ūνK

)

EFDBZTNPOPUPOPVTMZ BOE FYQPOFOUJBMMZ UP JUT FRVJMJCSJVNWBMVF TFF <��>� 'PS BMMv ∈ R
Mm UIF EJTTJQBUJPO

SBUF PG UIF TZTUFN JT HJWFO CZD(v) :=
〈
Âv,v

〉
RMm

BOE OPOOFHBUJWF TFF <��>�

�F OFYU SFTVMU TVQQMJFT UIF NBJO JOHSFEJFOU GPS PVS OFX SFTVMUT�

�FPSFN ��� 	6OJGPSN VQQFS BOE MPXFS CPVOET TFF <� �FPSFN 3 4>
� -FU ("1) CF GVM�MMFE BOE D =
(M, (tn)

N
n=1) CF B EJTDSFUJ[BUJPO GVM�MMJOH ("2)� �FO UIFSF FYJTU DPOTUBOUT 0 < c1, c2 <∞ POMZ EFQFOEJOH

PO UIF EBUB BOE OPU PO UIF NFTI TJ[F PGM TVDI UIBU GPS FWFSZ TPMVUJPO (uh, vh) UP 	PD


FTT JOG
x∈Ω

uν,h(tn) ≥ c1 ∀n ≥ 1, ν = 1, . . . ,m 	����B


FTT TVQ
x∈Ω

uν,h(tn) ≤ c2 ∀n ≥ 1, ν = 1, . . . ,m 	����C


IPMET VOJGPSNMZ GPS BMM EJTDSFUJ[BUJPOT�

'SPN�FPSFN ��� XF DPODMVEF GPS ν = 1, . . . ,m

0 < JOG
D

FTT JOG
x∈Ω

aν,h(t), TVQ
D

FTT TVQ
x∈Ω

aν,h(t) <∞ ∀t ∈ S. 	����


���� 6OJRVFOFTT SFTVMU

*O UIJT TVCTFDUJPO XF QSPWF UIF VOJRVFOFTT PG UIF EJTDSFUF TPMVUJPO� 0OMZ GPS UIJT SFTVMU XF BEEJUJPOBMMZ

BTTVNF UIBU UIF EJ�VTJPO DPF�DJFOUT POMZ EFQFOE PO UIF TQBDF WBSJBCMF BOE OPU PO UIF TUBUF WBSJBCMF� �F

SFTVMUT JO UIF PUIFS TFDUJPOT BSF JOEFQFOEFOU PG UIJT BTTVNQUJPO�

�FPSFN ���� -FU ("1) CF GVM�MMFE BOE D = (M, (tn)
N
n=1) B EJTDSFUJ[BUJPO GVM�MMJOH ("2)� "TTVNJOH UIBU

UIF EJ�VTJPO DPF�DJFOUT POMZ EFQFOE PO UIF TQBDF WBSJBCMF BOE OPU PO UIF TUBUF WBSJBCMF BOE TVQQPTF UIBU UIF

UJNF TUFQ SFTUSJDUJPO

t
(n)
δ <

cu
2C2

∀n = 1, . . . , N 	����


IPMET XIFSF C2 EFQFOET PO UIF -JQTDIJU[ DPOTUBOU PG UIF SFBDUJPOT� �FO UIFSF FYJTUT BU NPTU POF TPMVUJPO UP

UIF EJTDSFUF QSPCMFN 	PD
�

1SPPG� *U TV�DFT UP QSPWF VOJRVFOFTT PO B UJNF TUFQ tn−1 UP tn� "TTVNJOH UIBU 	PD
 IBT UXP TPMVUJPOT

(u(tn),v(tn)) BOE (û(tn), v̂(tn)) GPS UIF TBNF JOJUJBM WBMVF (u(tn−1),v(tn−1))� 8F UFTU 	PD
 CZ UIF

EJ�FSFODF PG UIF UXP TPMVUJPOT ã = Fv − Fv̂ � 'SPN 	����
 XF EFEVDF S1 + S2 = S3 XJUI

S1 :=

〈
u(tn)− u(tn−1)

t
(n)
δ

, ã(tn)

〉

RMm

−
〈
û(tn)− û(tn−1)

t
(n)
δ

, ã(tn)

〉

RMm

=

〈
ũ(tn)− ũ(tn−1)

t
(n)
δ

, ã(tn)

〉

RMm

BOE

S2 :=
m∑

ν=1

∑

σ=K|L∈Eint

TσY
σ
ν

(
(aνL − aνK)− (âνL − âνK)

)(
ãνL − ãνK

)

S3 :=

m∑

ν=1

∑

K∈V
|K|
(
RνK(aK)−RνK(âK)

)
ãνK .

�



4JODF UIF EJ�VTJPO DPF�DJFOUT POMZ EFQFOE PO UIF TQBDF WBSJBCMF UIF BWFSBHJOH Y σ
ν JT FRVBM GPS CPUI

TPMVUJPOT� 4JODF (x− y)x ≥ 1
2(x

2 − y2) BOE ‖ãν,h(tn−1)‖2L2 = 0 UIF UFSN S1 DBO CF FTUJNBUFE CZ

S1 ≥
m∑

ν=1

1

t
(n)
δ

{
cu
2
‖ãν,h(tn)‖2L2 −

cu

2
‖ãν,h(tn−1)‖2L2

}
=

cu

2t
(n)
δ

‖ãh(tn)‖2Y .

#Z ("1) UIF �VY UFSN S2 DBO CF FTUJNBUFE XJUI B DPOTUBOU C1 > 0 BT GPMMPXT

S2 =

m∑

ν=1

∑

σ∈Eint

TσY
σ
ν (ãνL − ãνK)2 ≥ cDcu

m∑

ν=1

|ãν,h|2H1,M.

%VF UP�FPSFN ��� BOE UIF MPDBM -JQTDIJU[ DPOUJOVJUZ PG UIF SFBDUJPO UFSNT XF �OE XJUI C2 > 0

|S3| ≤
m∑

ν=1

∑

K∈V
|K||RνK(aK)−RνK(âK)||ã| ≤ C2

m∑

ν=1

‖ãν,h‖2L2 .

�F DPOTUBOU C2 EFQFOET PO UIF -JQTDIJU[ DPOTUBOU PG UIF SFBDUJPO UFSN� 'SPN S1 + S2 = S3 XF �OE

m∑

ν=1

{
cu

(
1

2t
(n)
δ

− C2

cu

)
‖ãν,h‖2L2 + cDccu |ãν,h|

2
H1,M

}
≤ 0.

�F BTTVNQUJPO 	����
 FOTVSFT UIBU UIF UFSN JO GSPOU PG UIF L2�OPSN JT HSFBUFS [FSP� )FODF ãν,h = 0 GPS
BMM n = 1, . . . , N BOE ν = 1, . . . ,m BOE UIF UXP TPMVUJPOT DPJODJEF�

�� $POWFSHFODF

���� " QSJPSJ FTUJNBUFT

*O B �STU TUFQ XF QSPWJEF VOJGPSN CPVOET GPS UIF TPMVUJPOT UP UIF EJTDSFUF QSPCMFN 	PD
 GPS EJ�FSFOU
EJTDSFUJ[BUJPO MFWFMT�

-FNNB ��� 	" QSJPSJ FTUJNBUFT
� -FU ("1) CF GVM�MMFE BOE MFU D = (M, (tnδ )
N
n=1) CF B TFRVFODF PG EJTDSFU�

J[BUJPOT GVM�MMJOH ("2)� 'PS TPMVUJPOT (uh, vh) UP UIF EJTDSFUF 1SPCMFNT 	PD
 UIF SFDPOTUSVDUFE RVBOUJUJFT al
BOEKDuh GVM�MM

TVQ
D

{
‖al‖L2(S,X) + ‖KDuh‖H1(S,X∗) + ‖KDuh‖C(S,Y )

}
< +∞.

1SPPG� 8F UFTU UIF EJTDSFUF 1SPCMFN 	PD
 XJUI a(tn)� #Z VTJOH UIF JOFRVBMJUZ 1/2(x
2 − y2) ≤ (x − y)x

GPS x, y ∈ R+ UIF MPXFS BOE VQQFS CPVOET PO UIF SFGFSFODF EFOTJUJFT TFF ("1) XF PCUBJO UIF GPMMPXJOH

FTUJNBUF

S1 :=
N∑

n=1

t
(n)
δ

〈
u(tn)− u(tn−1)

t
(n)
δ

,a(tn)

〉

RMm

≥
m∑

ν=1

(
cu
2
‖aν,h(tN )‖2

L2 −
cu

2
‖aν,h(0)‖2L2

)
.

0O UIF PUIFS IBOE CZ VTJOH UIF EF�OJUJPO PG Â BOE Zσ
ν BT XFMM BT �FPSFN ��� XF HFU GSPN 	����
 UIF

FTUJNBUF

S1 = −
N∑

n=1

t
(n)
δ

〈
Âv(tn),a(tn)

〉
RMm

≤
m∑

ν=1

N∑

n=1

t
(n)
δ

{
−c1‖aν,h‖2H1,M + c1‖aν,h‖2L2 + c2

}
.

��



)FSF c1 JT B QPTJUJWF DPOTUBOU EFQFOEJOH PO UIF MPXFS CPVOE PG UIF SFGFSFODF EFOTJUJFT BOE UIF EJ�VTJPO

DPF�DJFOUT� �F SFBDUJPO UFSN XBT FTUJNBUFE CZ CZ TPNF DPOTUBOU EVF UP�FPSFN ���� �F EJTDSFUFH1

TFNJ�OPSN XBT DPNQMFUFE UP UIF GVMMH1 OPSN� �FSFGPSF XF EFEVDF VTJOH�FPSFN ��� PODF NPSF XJUI

DPOTUBOUT c3, c4 > 0

TVQ
D

‖al‖2L2(S,X) ≤ TVQ
D

{
N∑

n=1

t
(n)
δ

m∑

ν=1

‖aν,h‖2H1,M

}

≤ TVQ
D

m∑

ν=1

{
c3‖aν,h(0)‖2L2 + c4

N∑

n=1

t
(n)
δ (‖aν,h‖2L2 + 1)

}
<∞.

	����


'SPN�FPSFN ��� XF BMTP DPODMVEF

TVQ
D

TVQ
t∈S

‖uh(t)‖Y = TVQ
D

TVQ
t∈S

‖KDuh(t)‖Y <∞

BOE TVQD ‖KDuh‖L2(S,Y ) <∞� 4JODFKD JT B DPOUJOVPVT JOUFSQPMBOU JO UJNF XF �OEKDuh ∈ C(S, Y )
BOE TVQD ‖KDuh‖C(S,Y ) <∞� 8F QSPWF UIF CPVOEFEOFTT PG

TVQ
D

∥∥(KDuh)
′∥∥2

L2(S,X∗)
= TVQ

D

N∑

n=1

∫ tn

tn−1

∥∥(KDuh)
′∥∥2

X∗ dt. 	����


'JSTUXF FTUJNBUF ‖(KDuh)′(t)‖2X∗ � 'PS UIJTXFVTF BO BSCJUSBSZw ∈ X BOEEFOPUF CZwνK = 1
|K|
∫
K
wν(x) dx

GPS BMMK ∈ V BOE ν = 1, . . . ,m� #Z wh XF EFOPUF UIF DPSSFTQPOEJOH QJFDFXJTF DPOTUBOU GVODUJPO� �FO

XF PCUBJO
∣∣∣∣∣

〈
uh(tn)− uh(tn−1)

t
(n)
δ

, w

〉

X∗

∣∣∣∣∣ =
∣∣∣∣∣

〈
uh(tn)− uh(tn−1),

w

t
(n)
δ

〉

Y

∣∣∣∣∣

=

∣∣∣∣∣

m∑

ν=1

∑

K∈V
|K|uνK(tn)− uνK(tn−1)

t
(n)
δ

wνK

∣∣∣∣∣

=

∣∣∣∣∣

〈
u(tn)− u(tn−1)

t
(n)
δ

,w

〉

RMm

∣∣∣∣∣

=
∣∣∣
〈
Âv(tn),w

〉
RMm

∣∣∣

6TJOH 	����
 	���
 UIF CPVOEFEOFTT PG UIF SFBDUJPO UFSNT EVF UP ("1) CZ �FPSFN ��� BOE )ÚMEFST

JOFRVBMJUZ XF PCUBJO UIF GPMMPXJOH FTUJNBUFT

∣∣∣
〈
Âv,w

〉
RMm

∣∣∣ ≤
m∑

ν=1

{
c5|aν,h|H1,M|wν,h|H1,M + c6‖wν,h‖L2

}
.

6TJOH UIF GPMMPXJOH BSHVNFOUT

• |wν,h|H1,M ≤ C‖wν‖H1(Ω) TFF <� -FNNB ���>�

• ‖wν,h‖L2 ≤ C‖wν‖H1 + ‖wν − wν,h‖L2 �

• CZ B EJTDSFUF 1PJODBSÏ JOFRVBMJUZ 	TFF <� 	"���
>
 SFTVMUT

‖wν − wν,h‖2L2(Ω) =
∑

K∈V
‖wν − wνK‖2L2(K)

≤ C EJBN(Ω)2
∑

K∈V
‖wν‖2H1(K) = C EJBN(Ω)2‖wν‖2H1(Ω),

��



BOE XF HFU

∣∣∣
〈
Âv,w

〉
RMm

∣∣∣ ≤
(
c7

m∑

ν=1

|aν,h|H1,M + c8

)
‖w‖X .

�VT XF �OE
∥∥(KDuh)

′∥∥2
X∗ ≤

(
c7

m∑

ν=1

|aν,h|H1,M + c8

)2

BOE CZ VTJOH ‖al‖L2(S,X) <∞ XF PCUBJO GSPN 	����
 UIF GPMMPXJOH FTUJNBUF

TVQ
D

N∑

n=1

∫ tn

tn−1

∥∥(KDuh)
′∥∥2

X∗ dt ≤ TVQ
D
c9

∫

S

(
m∑

ν=1

|aν,h|2H1,M + 1

)
dt <∞

GPS BMM D� 'JOBMMZ UPHFUIFS XJUI TVQD ‖KDuh‖L2(S,X∗) ≤ c10 TVQD ‖KDuh‖L2(S,Y ) < ∞ XF PCUBJO

TVQD ‖KDuh‖H1(S,X∗) <∞�

���� 8FBL TPMVUJPO

*O UIJT TVCTFDUJPO XF QSPWF UIBU B TVCTFRVFODF PG TPMVUJPOT UP UIF EJTDSFUF QSPCMFNT 	PD
 DPOWFSHFT UP B
XFBL TPMVUJPO PG UIF DPOUJOVPVT QSPCMFN 	1
� *O B�STU TUFQXF TIPX UIFXFBL DPOWFSHFODF PG TVCTFRVFODFT

JO EJ�FSFOU TQBDFT BOE CZ VTJOH B SFTVMU PG <��> XF PCUBJO TUSPOH DPOWFSHFODF PG B TVCTFRVFODF PG UIF

DIFNJDBM BDUJWJUJFT JO L2(S, Y )� *O B TFDPOE TUFQ XF DPODMVEF UIF TUSPOH DPOWFSHFODF PG UIF DIFNJDBM

BDUJWJUJFT JO L2(S,X)�

�FPSFN���� -FU ("1) CF GVM�MMFE BOE MFUD = (M, (tnδ )
N
n=1) CF B TFRVFODF PG EJTDSFUJ[BUJPOT GVM�MMJOH ("2)�

�FO UIFSF FYJTU â ∈ L∞(S, Y ) ∩ L2(S,X) û ∈ H1(S,X∗) ∩ L2(S, Y ) BOE OPO�MBCFMFE TVCTFRVFODFT

ah al uh TVDI UIBU

ah → â JO L2(S, Y ), al → â JO L2(S,X), 	����


uh → û JO L2(S, Y ), KDuh ⇀ û JOH1(S,X∗) 	����


BT TJ[F(D) → 0� "OE (û, v̂) = (û, MO â) JT B XFBL TPMVUJPO PG UIF DPOUJOVPVT QSPCMFN 	1
�

)BWF JO NJOE UIBU UIF TFRVFODF PG SFGFSFODF EFOTJUJFT JT CPVOEFE GSPN BCPWF BOE CFMPX J�F� UIFSF FYJTU

0 < cu ≤ cu <∞ TVDI UIBU

cu ≤ NJO
ν=1...,m

FTT JOG
x∈Ω

uν,h(x) ≤ uν,h ≤ NBY
ν=1,...,m

FTT TVQ
x∈Ω

uν,h(x) ≤ cu,

TFF BMTP ("1)�

1SPPG� *O PSEFS UP TIPX UIF BTTFSUJPOT PG UIF UIFPSFN XF QSPDFFE JO TFWFSBM TUFQT�

8FBL 1SFDPNQBDUOFTT� %VF UP -FNNB ��� BOE 	����
 XF EFEVDF UIF FYJTUFODF PG GVODUJPOT

â ∈ L∞(S, Y ) ∩ L2(S,X), û ∈ H1(S,X∗) ∩ L2(S, Y ),

TVDI UIBU BU MFBTU GPS OPO�MBCFMFE TVCTFRVFODFT

�� uh → u JO Y 

�� al ⇀ â JO L2(S,X) L2(S, Y )

�� KDuh ⇀ û JOH1(S,X∗) L2(S, Y )

��



�� KDuh(t)⇀ û(t) JO Y  BOE BEEJUJPOBMMZ JO Lp(Ω)m GPS p ∈ [1,∞) GPS BMM t ∈ S

BT TJ[F(D) → 0� /PUF UIBU EVF UP�FPSFN ��� XF DBO FYUSBDU B TVCTFRVFODF TVDI UIBUKDuh(t)⇀ û(t)
JO Lp(Ω)m GPS p ∈ [1,∞) BOE GPS BMM t ∈ S� 8F BMTP NFOUJPO UIBU EVF UP -FNNB "�� XF IBWF uh → u

JO Y � .PSFPWFS CZ UIF EF�OJUJPO PG KD BOE -FNNB "�� XF IBWF uh(0) = KDuh(0) → U JO Y GPS

TJ[F(D) → 0 IFODF U = û(0)� 6TJOH %F�OJUJPO ��� XF �OE UIBU

‖uh −KDuh‖2L2(S,X∗) =

N∑

n=1

∫ tn

tn−1

(tn − t)2
∥∥(KDuh)

′∥∥2
X∗ dt

≤ t
2
δ

∥∥(KDuh)
′∥∥2

L2(S,X∗)
→ 0

BOE UIFSFGPSF GPS TVCTFRVFODFT KDuh(t) − uh(t) → 0 JO X∗ BOE uh(t) ⇀ û(t) JO X∗ G�B�B� t ∈ S BT

TJ[F(D) → 0� %VF UP -FNNB ��� BOE�FPSFN ��� XF HFU TVQD ‖al(t)‖Y < ∞ GPS BMM t ∈ S IFODF UIFSF

FYJTUT B OPO�MBCFMFE TVCTFRVFODF TVDI UIBU al(t)⇀ â(t) JO Y G�B�B� t ∈ S�

4USPOH DPOWFSHFODF PG UIF BDUJWJUJFT� /PX XF VTF B SFTVMU PG <��>� -FU (ϕj)j∈N CF BO PSUIPHPOBM

CBTJT PG L2(Ω)� 'PS BMM ε > 0 UIFSF FYJTUT BNε > 0 TVDI UIBU

‖w‖2L2(Ω) ≤
Nε∑

j=1

〈w,ϕj〉2L2(Ω) + ε‖w‖2H1(Ω) ∀w ∈ H1(Ω). 	����


8F BQQMZ UIF SFTVMU GPS EJ�FSFOU EJTDSFUJ[BUJPOT J�F� w = aν,l − aν,l′  ν = 1, . . . ,m BOE PCUBJO B�FS

JOUFHSBUJPO PWFS S

∥∥aν,l − aν,l′
∥∥2
L2(S,L2(Ω))

≤
Nε∑

j=1

∫ T

0

〈
aν,l − aν,l′ , ϕj

〉2
L2(Ω)

dt+ ε
∥∥aν,l − aν,l′

∥∥2
L2(S,H1(Ω))

.

/PUF UIF CPVOEFEOFTT PG TVQD ‖aν,l‖L2(S,H1(Ω))� 4JODF aν,l JT CPVOEFE JO Y GPS BMM t ∈ S CZ UIF EPNJO�

BUFE DPOWFSHFODF UIFPSFN XF DPODMVEF UIBU (aν,l)D JT B $BVDIZ TFRVFODF JO L2(S,L2(Ω)) BOE UIFSFGPSF

aν,l → âν JO L
2(S,L2(Ω)) GPS ν = 1, . . . ,m� 4JODF uh/uh = ah BOE TJODF ah− al → 0 JO L2(S, Y ) 	TFF

	����

 XF PCUBJO

‖uh/uh − â‖L2(S,Y ) ≤ ‖ah − al‖L2(S,Y ) + ‖al − â‖L2(S,Y ) → 0.

0O UIF PUIFS IBOE CZ VTJOH uh(t) ⇀ û(t) JO X∗ G�B�B� t ∈ S BOE TVQD ‖uh(t)‖Y < ∞ GPS BMM t ∈ S

XF PCUBJO GPS B OPO�MBCFMFE TVCTFRVFODF uh(t) ⇀ û(t) JO Y G�B�B� t ∈ S� /PX XF BQQMZ UIF TUSPOH

DPOWFSHFODF PG uh → u JO Y BOE UIF VOJGPSN CPVOEFEOFTT GSPN BCPWF BOE CFMPX PG UIF TFRVFODF (uh)
UP HFU

uh(t)/uh ⇀ û(t)/u JO Y G�B�B� t ∈ S. 	����


'JOBMMZ EVF UP TVQD ‖uh/uh‖L2(S,Y ) <∞XF �OE CZ UIF EPNJOBUFE DPOWFSHFODF UIFPSFNuh/uh ⇀ û/u

JO L2(S, Y ) XIJDI HJWFT VT â = û/u� 4JODF ah JT VOJGPSNMZ CPVOEFE GSPN BCPWF BOE CFMPX 	TFF 	����



UIF CPVOET BMTP IPME GPS UIF MJNJU â BOE UIFSFGPSF â JT QPTJUJWF BOE v̂ := MO â�

'SPN -FNNB "�� UPHFUIFS XJUI ("1) XF DPODMVEF XJUI TPNF c > 0 UIBU

‖Rνh(ah)−Rν(â)‖2L2(S,Y ) ≤ c‖Rνh(ah)−Rν(â)‖L1(S,Y ) → 0,

‖uνhDνh(ah)− uνDν(â)‖2L2(S,Y ) ≤ c‖uνhDνh(ah)− uνDν(â)‖L1(S,Y ) → 0
	����


BT TJ[FD → 0� �JT HJWFT QPJOUXJTF DPOWFSHFODF B�F� GPS TVCTFRVFODFT�

��



8FBL TPMVUJPO� 4JODF C∞
0 (Ω)m JT EFOTF JO X XF VTF UFTU GVODUJPOT ϕ ∈ C∞

0 (Ω)m BOE B QVSF UJNF

GVODUJPO χ ∈ C∞
0 (S)� 4FU ϕ = (ϕν(xK))K∈V,ν=1...,m BOE ϕν,h(x) = ϕν(xK) GPS x ∈ K  K ∈ V �

#Z ϕν,l XF EFOPUF UIF QJFDFXJTF B�OF JOUFSQPMBUJPO PG ϕ� /PUF UIBU ϕν,l ∈ L∞(Ω)� -FU CF χ(tn) =
(χ(tn) + χ(tn−1))/2 GPS n = 1, . . . , N � 8F OPUF UIBU

t
(n)
δ χ(tn) =

(t
(n)
δ )2

2t
(n)
δ

(χ(tn) + χ(tn−1))

=
1

t
(n)
δ

∫ tn

tn−1

χ(tn)(t− tn−1) + χ(tn−1)(tn − t) dt

=

∫ tn

tn−1

(KDχ)(t) dt, n = 1, . . . , N

	����


BOE (KDχ) → χ JOL2(S) 	VTF UIFNFBO�WBMVF GPSNPG UIF5BZMPS TFSJFT SFNBJOEFS
� 8FVTF UFTU GVODUJPOT

ϕχ(tn) t ∈ (tn−1, tn] n = 1, . . . , N GPS 	����
 BOE TVN PWFS n = 1, . . . , N UP PCUBJO S1+S2 = S3 XJUI

S1 :=

N∑

n=1

t
(n)
δ χ(tn)

〈
u(tn)− u(tn−1)

t
(n)
δ

,ϕ

〉

RMm

,

S2 :=
N∑

n=1

t
(n)
δ χ(tn)

m∑

ν=1

∑

σ=T |L∈Eint

TσY
σ
ν (aνL − aνK)(ϕνL − ϕνK),

S3 :=

N∑

n=1

t
(n)
δ χ(tn)

m∑

ν=1

∑

K∈V
|K|RνK(aK)ϕνK

=
m∑

ν=1

∫

Q

(KDχ)(t)Rν,h(ah)ϕν,h dx dt.

8F SFNBSL UIBU UIF JOUFSQSFUBUJPO PG UIF EJTDSFUF TVNT BT BO JOUFHSBM PWFSQ = S × Ω MJLF JO UIF MBTU UXP

MJOFT JT DSVDJBM GPS UIF DPOWFSHFODF QSPPG� *O UIF GPMMPXJOH XF XJMM EP UIJT TFWFSBM UJNFT� 8F EF�OF

Ŝ1 :=

∫

S

〈
û′, ϕ

〉
X
χdt,

Ŝ2 :=

m∑

ν=1

∫

S

χ

∫

Ω
Dν(â)uν∇âν · ∇ϕν dt dx,

Ŝ3 :=

m∑

ν=1

∫

S

χ

∫

Ω
Rν(â)ϕν dx dt.

5JNF EFSJWBUJWF� 6TJOH 	����
 UIF UFSN S1 DBO CF JOUFSQSFUFE BT

S1 =
m∑

ν=1

∫

Q

ϕν,h((KDuν,h)(t))
′(KDχ)(t) dx dt.

#Z QBSUJBM UJNF JOUFHSBUJPO 	BOEKDχ(0) = χ(0) = χ(tN ) = KDχ(tN ) = 0
 XF PCUBJO

S1 = −
m∑

ν=1

∫

Ω

∫

S

ϕν,h(KDuν,h)(t)((KDχ)(t))′ dt dx.

/PX XF VTF ϕh → ϕ JO Y  (KDχ)(t)′ → χ′ JO L2(S)KDuh → û JO L2(S, Y ) BOE û ∈ H1(S,X∗) UP
�OE

MJN
TJ[FD→0

S1 = −
∫

S

〈û, ϕ〉Y χ′ dt = Ŝ1.

��



3FBDUJPOT� 6TJOH 	����
 UIF SFBDUJPO UFSN S3 DBO CF XSJUUFO JO UIF GPSN S3 = S31 + S32

S31 :=

m∑

ν=1

∫

S

(KDχ)(t)
∫

Ω
(Rν,h(ah)−Rν(â))ϕν,h dx dt,

S32 :=

m∑

ν=1

∫

S

(KDχ)(t)
∫

Ω
Rν(â)ϕν,h dx dt.

4JODF ϕh → ϕ JO Y XF �OE S32 → Ŝ3 BOE CZ $BVDIZ�4DIXBS[ JOFRVBMJUZ XF HFU

S31 ≤
m∑

ν=1

‖(KDχ)(t)ϕν,h‖L2(Q)‖Rν,h(ah)−Rν(â)‖L2(Q).

'PS UIF �STU UFSN XF �OE MJNTJ[FD→0 ‖(KDχ)(t)ϕν,h‖L2(Q) = ‖χϕν‖L2(Q) BOE EVF UP 	����
 UIF TFDPOE

UFSN UFOET UP [FSP BOE XF �OE MJNTJ[FD→0 S31 = 0 IFODF MJNTJ[FD→0 S3 = Ŝ3�

%J�VTJPO� 'PS UIF EJ�VTJPO UFSN XF VTF 	����
 BOE UIF OPUBUJPO PG 4VCTFDUJPO ��� UP HFU S2 = S21+S22
XJUI

S21 :=

m∑

ν=1

∫

S

(KDχ)(t)
∫

Ω
(Dν,h(ah)uν,h −Dν(â)uν)∇aν,l · ∇ϕν,l dx dt,

S22 :=

m∑

ν=1

∫

S

(KDχ)(t)
∫

Ω
Dν(â)uν∇aν,l · ∇ϕν,l dx dt.

"QQMZJOH $BVDIZ�4DIXBS[ JOFRVBMJUZ BOE UIF CPVOEFEOFTT PG KDχ∇ϕν,l BOE PG UIF SFGFSFODF EFOTJUJFT

XF �OE XJUI B DPOTUBOU c > 0

S21 ≤
m∑

ν=1

c‖∇aν,l‖L2(S,L2(Ω)2)‖uν,hDν,h(ah)− uνDν(â)‖L2(S,L2),

BOE GSPN 	����
 BOE -FNNB ��� XF PCUBJO S21 → 0 BT TJ[F(D) → 0� 'PS S22 XF VTF XFBL�TUSPOH

DPOWFSHFODF XJUI al ⇀ â JO L2(S,X) BOE (KDχ)ϕl → χϕ JO L2(S,X) UP �OE MJNTJ[FD→0 S22 = Ŝ2
IFODF MJNTJ[FD→0 S2 = Ŝ2� 4JODF S1 + S2 = S3 BOE MJNTJ[FD→0 Si = Ŝi GPS i = 1, 2, 3 XF IBWF TIPXO

UIBU (û, v̂) = (û, MO â) JT B XFBL TPMVUJPO PG UIF DPOUJOVPVT QSPCMFN 	1
 JO UIF TFOTF PG 	���
�

4USPOH DPOWFSHFODF PG UIF HSBEJFOU� /PX XF QSPWF UIF TUSPOH DPOWFSHFODF PG UIF HSBEJFOU� 4JODF

XF LOPX UIBU (û, v̂) = (û, MO â) JT B XFBL TPMVUJPO PG UIF DPOUJOVPVT QSPCMFN 	1
 BOE CZ UFTUJOH 	1
 XJUI

â ∈ L2(S,X) XF �OE Ŝ1 + Ŝ2 = Ŝ3 XJUI

Ŝ1 :=

∫

S

〈
û′, â

〉
X
dt = Ŝ11 − Ŝ12,

Ŝ11 :=

m∑

ν=1

∫

Ω

û2ν(tN )

2uν
dx, Ŝ12 :=

m∑

ν=1

∫

Ω

U2
ν

2uν
dx,

Ŝ2 :=
m∑

ν=1

∫

Q

Dνuν |∇âν |2 dt dx, Ŝ3 :=
m∑

ν=1

∫

Q

Rν(â)âν dt dx.

5FTUJOH UIF EJTDSFUF QSPCMFN 	PD
 XJUI UIF EJTDSFUF WFDUPS a ∈ R
Mm 	EF�OJOH UIF RVBOUJUJFT ah BOE al


XF �OE BOBMPHPVTMZ UP UIF DPOUJOVPVT QSPCMFN S1 + S2 = S3 XJUI

S1 :=

m∑

ν=1

∫

Q

(KDuν,h(t))
′ aν,h(t) dx dt, S2 :=

m∑

ν=1

∫

Q

Dν,h(ah)uν,h|∇aν,l|2 dx dt,

S3 :=

m∑

ν=1

∫

Q

Rν,h(ah)aν,h dx dt.

��



5JNF EFSJWBUJWF� 6TJOH (x− y)x ≥ 1
2(x

2 − y2) ∀x, y ∈ R XF FTUJNBUF

S1 =

m∑

ν=1

N∑

n=1

∫ tn

tn−1

∫

Ω

(
uν,h(tn)− uν,h(tn−1)

tn − tn−1

)
aν,h(tn) dx dt

≥
m∑

ν=1

N∑

n=1

∫ tn

tn−1

∫

Ω

1

2uν,h

(
u2ν,h(tn)− u2ν,h(tn−1)

tn − tn−1

)
dx dt

=
m∑

ν=1

∫

Q

(
KDu2ν,h(t)

)′

2uν,h
dx dt

= S11 − S12,

XIFSF

S11 :=
m∑

ν=1

∫

Ω

u2ν,h(tN )

2uν,h
dx, S12 :=

m∑

ν=1

∫

Ω

u2ν,h(0)

2uν,h
dx.

6TJOH XFBL TUSPOH DPOWFSHFODF GPS uh(0) = (KDuh)(0)⇀ û(0) BOE BMTP GPS uh(tN ) = (KDuh)(tN )⇀
û(tN ) JO L4(Ω)m UPHFUIFS XJUI 1/uh → 1/u JO Y XF HFU S12 → Ŝ12 BOE S11 → Ŝ11 BT TJ[F(D) → 0�

3FBDUJPOT� #Z $BVDIZ�4DIXBS[ JOFRVBMJUZ XF PCUBJO GPS UIF SFBDUJPO UFSN S3 = S31 + S32

S31 :=

m∑

ν=1

∫

Q

aν,h(Rν,h(ah)−Rν(â)) dx dt

≤
m∑

ν=1

‖aν,h‖L2(S,L2)‖Rν,h(ah)−Rν(â)‖L2(S,L2),

S32 :=

m∑

ν=1

∫

Q

Rν(â)aν,h dx dt.

%VF UP 	����
 BOE�FPSFN ��� XF �OE S31 → 0 BOE CZ ah → â JO L2(S, Y ) XF PCUJBO S32 → Ŝ3 IFODF

S3 → Ŝ3 BT TJ[F(D) → 0�

%J�VTJPO� #Z S11 − S12 ≤ S1 = −S2 + S3 MFBEJOH UP S11 + S2 ≤ S3 + S12 XF �OE

Ŝ11 + MJN TVQ
TJ[FD→0

S2 = MJN TVQ
TJ[FD→0

(S11 + S2) ≤ MJN TVQ
TJ[FD→0

(S3 + S12) = Ŝ3 + Ŝ12

BOE CZ Ŝ3 = Ŝ11 − Ŝ12 + Ŝ2 XF PCUBJO

MJN TVQ
TJ[FD→0

S2 ≤ Ŝ2. 	����


&YQMPJUJOH 	����
 BOE VTJOHDν,huν,h → Dνuν GPS B�B� (x, t) ∈ Q BOE UIF CPVOEFEOFTT PG UIF EJ�VTJPO

DPF�DJFOUT BOE UIF SFGFSFODF EFOTJUJFT 	TFF ("1)
 XF �OE
√
Dν,huν,hϕν → √

Dνuνϕν JO L2(Q) GPS BMM
ϕ ∈ L2(S, Y ) BOE

√
Dν,huν,h → √

Dνuν GPS B�B� (x, t) ∈ Q� �FSFGPSF VTJOH∇al ⇀ ∇â JO L2(S, Y 2)
XF PCUBJO

m∑

ν=1

∫

Q

(√
Dν,huν,h∇aν,l −

√
Dνuν∇âν

)
ϕν dx dt

=

m∑

ν=1

∫

Q

√
Dν,huν,h (∇aν,l −∇âν)ϕν dx dt

+

m∑

ν=1

∫

Q

(√
Dν,huν,h −

√
Dνuν

)
∇âνϕν dx dt→ 0

��



GPS BMM ϕ ∈ L2(S, Y ) BT TJ[F(D) → 0� �JT XFBL DPOWFSHFODF HJWFT VT

MJN JOG
TJ[FD→0

S2 = MJN JOG
TJ[FD→0

m∑

ν=1

∥∥∥
√
Dν,huν,h∇aν,l

∥∥∥
2

L2(Q)
≥

m∑

ν=1

∥∥∥
√
Dνuν∇âν

∥∥∥
2

L2(Q)
= Ŝ2.

5PHFUIFS XJUI 	����
 JU GPMMPXT

MJN
TJ[FD→0

S2 = Ŝ2. 	����


/PX XF QSPWF ‖al − â‖L2(S,X) → 0 BT TJ[F(D) → 0� 6TJOH ("1) XF DBMDVMBUF XJUI TPNF DPOTUBOU c > 0

‖∇al −∇â‖2L2(S,Y 2) =

m∑

ν=1

∫

Q

Dν,h(ah)uν,h
Dν,h(ah)uν,h

|∇aν,l −∇âν |2 dx dt

≤ c

m∑

ν=1

∫

Q

Dν,h(ah)uν,h|∇aν,l −∇âν |2 dx dt

= c(S21 − 2S22 + S23)

XJUI

S21 :=
m∑

ν=1

∫

Q

Dν,h(ah)uν,h|∇aν,l|2 dx dt

S22 :=
m∑

ν=1

∫

Q

Dν,h(ah)uν,h∇aν,l · ∇âν dx dt

S23 :=
m∑

ν=1

∫

Q

Dν,h(ah)uν,h|∇âν |2 dx dt.

6TJOH $BVDIZ�4DIXBS[ JOFRVBMJUZ XF �OE S22 = S221 + S222 XJUI

S221 :=

m∑

ν=1

∫

Q

(Dν,h(ah)uν,h −Dν(â)uν)∇aν,l · ∇âν dx dt

≤ ‖al‖L2(S,X)

m∑

ν=1

‖(Dν,h(ah)uν,h −Dν(â)uν)∇âν‖L2(S,L2),

S222 :=

m∑

ν=1

∫

Q

Dν(â)uν∇âν · ∇aν,l dx dt.

#Z 	����
 XF PCUBJO UIF QPJOUXJTF DPOWFSHFODF PG Dν,h(ah)uν,h → Dν(â)uν BOE CZ EPNJOBUFE DPO�

WFSHFODF UIFPSFN XF �OE S221 → 0 BOE S23 → Ŝ2 BT TJ[F(D) → 0� #Z UIF XFBL DPOWFSHFODF PG

al ⇀ â JO L2(S,X) XF HFU S222 → Ŝ2 IFODF S22 → Ŝ2� 'SPN 	����
 XF IBWF S21 → Ŝ2 BOE UIFSFGPSF

S21 − 2S22 + S23 → 0 BT TJ[F(D) → 0�

$PSPMMBSZ ���� -FU ("1) CF GVM�MMFE BOE MFU D = (M, (tnδ )
N
n=1) CF B TFRVFODF PG EJTDSFUJ[BUJPOT GVM�MMJOH

("2)� .PSFPWFS MFU (û, v̂) CF B XFBL TPMVUJPO PG UIF DPOUJOVPVT QSPCMFN 	1
� �FO UIFSF FYJTUT B TVCTFRVFODF

PG TPMVUJPOT (uh, vh) UP 	PD
 XJUI UIF DPOWFSHFODF QSPQFSUJFT TUBUFE JO�FPSFN ��� TVDI UIBU

‖Fh(uh)− F (û)‖L2(S) → 0 BT TJ[F(D) → 0.

.PSFPWFS GPS UIF SFMBUJWF GSFF FOFSHZΨh(uh) := Fh(uh)− Fh(u
∗
h) IPMET

‖Ψh(uh)−Ψ(û)‖L2(S) → 0 BT TJ[F(D) → 0. 	����


��



1SPPG� -FU c CF B QPTJUJWF DPOTUBOU XJUI WBSZJOH NFBOJOH� �BOLT UP�FPSFN ��� XF HFU

‖MO(uh/uh)− MO(û/u)‖L2(S,Y ) = ‖MO ah − MO â‖L2(S,Y )

≤
‖ah − â‖L2(S,Y )

NJOν=1...,m FTT JOGx∈Ω âν(x)
→ 0

BOE UPHFUIFS XJUI -FNNB "�� BOE uh → û JO L2(S, Y ) XF PCUBJO UIF GPMMPXJOH FTUJNBUF

S1 = ‖Fh(uh)− F (û)‖2L2(S)

≤ c‖MO(uh/uh)− MO(û/u)‖2L2(S,Y ) + c‖uh − û‖2L2(S,Y ) + c T‖uh − u‖2Y → 0,

BT TJ[F(D) → 0�
4JODF u∗h = uh

u
u∗ BOE a∗h = a∗ IPMET 	TFF <�� $PSPMMBSZ ���>
 BOE CZ -FNNB "�� XF �OE

‖Fh(u
∗
h)− F (u∗)‖2L2(S) ≤ c T

m∑

ν=1

‖a∗ν(MO a∗ν − 1) + 1‖L∞(Ω)‖uν,h − uν‖2L2(Ω) → 0,

GSPN XIJDI UIF TFDPOE BTTFSUJPO GPMMPXT�

3FNBSL ���� *O UIF DBTF XIFSF UIF EJ�VTJPO DPF�DJFOUT POMZ EFQFOE PO UIF TQBDF WBSJBCMF BOE OPU PO

UIF TUBUF WBSJBCMF XF IBWF VOJRVFOFTT PG UIF XFBL TPMVUJPO (û, v̂) PG UIF DPOUJOVPVT QSPCMFN 	1
 BT QSPWFO

JO <�� �FPSFN ���>� "TTVNF CZ DPOUSBEJDUJPO UIBU UIFSF FYJTU UXP DPOWFSHJOH TVCTFRVFODFT UIFO POF

DBO SFQFBU UIF QSPPG PG�FPSFN ��� BOE 4FDUJPO � BOE VTF <���FPSFN ���> UP DPODMVEF UIBU UIFSF FYJTUT

POMZ POF MJNJU QPJOU� �FSFGPSF OPU POMZ B TVCTFRVFODF DPOWFSHFT CVU TP EPFT UIF XIPMF TFRVFODF�

�� /VNFSJDBM FYBNQMF

8F DMPTF UIF QBQFS CZ B OVNFSJDBM TJNVMBUJPO PG UIF .JDIBFMJT�.FOUFO�)FOSJ NFDIBOJTN (..)) GSPN
BO JOJUJBM WBMVF VOUJM UIFSNPEZOBNJD FRVJMJCSJVN� �JT SFBDUJPO TZTUFN JT XFMM�LOPXO JO CJPMPHZ BOE

DIFNJTUSZ TFF <�� �� ��>� 'PS BO FYBNQMF PDDVSSJOH JO UIF TJNVMBUJPO PG UIF QPTU�FYQPTVSF�CBLF TUFQ JO

PQUJDBM MJUIPHSBQIZ XF SFGFS UP <�� � ��>�

�F ..)�NFDIBOJTN JT UIF SFBDUJPO TZTUFN

91 + 92 
 93 
 92 + 94.

)FSF BO FO[ZNF 91 SFBDUT XJUI UIF TVCTUSBUF 92 UP GPSN B DPNQMFY 93 XIJDI UIFO EFDBZT UP UIF QSPEVDU

94 BOE SFMFBTFT UIF TVCTUSBUF 92� $PSSFTQPOEJOHMZ UIF TFUR DPOTJTUT PG UXP QBJST PG WFDUPST OBNFMZα1 =
(1, 1, 0, 0) BOE β1 = (0, 0, 1, 0) GPS UIF �STU SFBDUJPO BT XFMM BT α2 = (0, 0, 1, 0) BOE β2 = (0, 1, 0, 1) GPS
UIF TFDPOE SFBDUJPO�

%VF UP UIF EF�OJUJPO PG UIF SFBDUJPO UFSN 	���
 UIF OFU QSPEVDUJPO SBUFT PG UIF TQFDJFT BSF HJWFO CZ

R1(a) = −k(α1,β1)
(a1a2 − a3),

R2(a) = −k(α1,β1)
(a1a2 − a3) +k(α2,β2)

(a3 − a2a4),

R3(a) = +k(α1,β1)
(a1a2 − a3) −k(α2,β2)

(a3 − a2a4),

R4(a) = +k(α2,β2)
(a3 − a2a4).

�F TUPJDIJPNFUSJD TVCTQBDF S BOE JUT PSUIPHPOBM DPNQMFNFOU S⊥ BSF TQBOOFE CZ

S = TQBO{(1, 1,−1, 0), (0,−1, 1,−1)}, S⊥ = TQBO{(1, 0, 1, 1), (0, 1, 1, 0)}.

��



&WFSZ FMFNFOU PG S⊥ DSFBUFT POF JOWBSJBOU PG UIF TZTUFN J�F�R1 +R3 +R4 ≡ 0 BOER2 +R3 ≡ 0 IPME
BOE IFODF

∫

Ω
(u1 + u3 + u4)(t) dx =

∫

Ω
(U1 + U3 + U4) dx, 	����


∫

Ω
(u2 + u3)(t) dx =

∫

Ω
(U2 + U3) dx ∀t ≥ 0 	����


BSF DPOTFSWFE EVSJOH UIF UJNF FWPMVUJPO 	VTF UIF IPNPHFOFPVT /FVNBOO CPVOEBSZ DPOEJUJPOT BOE JO�

UFHSBUJPO PWFS UIF FOUJSF EPNBJO
� "U UIFSNPEZOBNJD FRVJMJCSJVN UIF DIFNJDBM BDUJWJUJFT BSF DPOTUBOU

PWFS BMM DPOUSPM WPMVNFTK ∈ V  UIFSFGPSF UIF TPMVUJPO DBO CF PCUBJOFE CZ TPMWJOH

0 = R1(a
∗) = a∗1a

∗
2 − a∗3, 0 = R4(a

∗) = a∗2a
∗
4 − a∗3

UPHFUIFS XJUI 	����
 	����
� *O UIF NPEFM UIBU XF IBWF JO NJOE <�� �> UIF EJ�VTJPO DPF�DJFOU PG 92 JT

HJWFO CZ

D2(a1, a4) = D20 FYQ

(
−ϕ3

ϕ1u1a1 + (1− ϕ1)u4a4
ϕ2u1a1 + (1− ϕ2)u4a4

)
,

XIFSF ϕ1 ϕ2 ϕ3 BSF TP�DBMMFE MVNQFE DPOTUBOUT TFF <��>� "MM PUIFS EJ�VTJPO DPF�DJFOUT BSF BTTVNFE UP

CF QJFDFXJTF DPOTUBOU BOE JOEFQFOEFOU PG UIF DPODFOUSBUJPO�

5JNF JOUFHSBUJPO JT EPOF VTJOH UIF GVMMZ JNQMJDJU &VMFS EJTDSFUJ[BUJPO XIFSF UIF JOJUJBM HVFTT PG UIF /FX�

UPO JUFSBUJPO JT QSFEJDUFE CZ B MJOFBS FYUSBQPMBUJPO JO UJNF PG UIF MBTU UXP QSFWJPVT BDDFQUFE TPMVUJPOT GPS

UIF DIFNJDBM QPUFOUJBMT�

�F UJNF TUFQ PG UIF NFUIPE JT BEBQUFE UP UIF WBSJBUJPO PG UIF GSFF FOFSHZ UIF EJTTJQBUJPO SBUF PG UIF TZT�

UFN BOE UIF OVNCFS PG OFDFTTBSZ JUFSBUJPOT GPS /FXUPO�TNFUIPE� *G QPTTJCMF UIF UJNF TUFQ JT JODSFNFOUFE

CZ B �YFE DPOTUBOU 	JO UIF TJNVMBUJPOT CZ 1.6
�
�F OPOMJOFBS TZTUFNT BSF TPMWFE CZ /FXUPO�T NFUIPE BOE UIF SFTVMUJOH MJOFBS TZTUFNT BSF TPMWFE CZ UIF

TQBSTF EJSFDU TPMWFS 1.?16@< <�� ��>� %VF UP SPVOEP� FSSPST UIF JOWBSJBOUT DBO CF ESJWFO BXBZ EVSJOH

UIF UJNF FWPMVUJPO� �F TBNF CFIBWJPS JT LOPXO JO UIF DPOUFYU PG TPMWJOH OVNFSJDBMMZ 0%&T XJUI MJOFBS

DPOTUSBJOUT TFF <�>� �FSFGPSF XF JOUSPEVDF UXP -BHSBOHF NVMUJQMJFST UP TUBZ PO UIF NBOJGPME TQBOOFE CZ

	����
�	����
� �F /FXUPO JUFSBUJPO TUPQT JG ‖δv‖L∞ ≤ εr XIFSF δv JT UIF /FXUPO VQEBUF PG DIFNJDBM

QPUFOUJBMT BOE εr JT B HJWFO UPMFSBODF <��> BOE JG UIF SFMBUJWF NBTT JOWBSJBOU FSSPS JT MFTT UIBO B HJWFO

UPMFSBODF�

8F BSF JOUFSFTUFE JO UIF CFIBWJPS PG UIF NFUIPE VTJOH EJ�FSFOU EJTDSFUJ[BUJPOT GPS Q = S × Ω J�F�
VTJOH EJ�FSFOU NFTIFT BOE EJ�FSFOU BEBQUJWF UJNF�TUFQQJOHT� 'PS Ω ⊂ R

2 XF DIPPTF B DJSDVMBS EPNBJO

DPOTJTUJOH PG UISFF EJ�FSFOU NBUFSJBMT TFF 'JHVSF �� �F NBUFSJBM CPVOEBSJFT BSF BMJHOFE UP UIF FEHFT PG

UIF USJBOHMFT BOE FWFSZ TVCEPNBJO GVM�MMT UIF CPVOEBSZ DPOGPSNJOH %FMBVOBZ QSPQFSUZ� �F %FMBVOBZ

NFTIFT BSF DSFBUFE CZ 5?6.;492 <��> BOE IBWF B EJ�FSFOU OVNCFS PG OPEFT TFF 5BCMF �� *O UIF GPVSUI

DPMVNO XF DPNQVUF UIF SBUJP PG NFTIMi i = 1 . . . , 4 SFMBUFE UPM5� �F NBUFSJBMT BSF SFQSFTFOUFE CZ

'JHVSF �� .FTIM2� 0OF IBMG PG UIF HSJE JT TIPXO� �F EJ�FSFOU DPMPST SFQSFTFOU EJ�FSFOU NBUFSJBMT

��



.FTI �P �T SBUJP

M1 465 861 0.01
M2 2264 4360 0.05
M3 4454 8687 0.1
M4 22085 43666 0.5
M5 43973 87233 1

5BCMF �� $IBSBDUFSJ[BUJPO PG UIF EJ�FSFOU NFTIFT

SFE SFHJPO HSFFO SFHJPO CMVF SFHJPO

(u1, u2) (10−16, 10) (1, 1) (10−20, 1)
(u3, u4) (10, 1012) (1, 1) (10−11, 1)
(U1, U2) (1, 10−15) (1, 1) (10−20, 10−16)
(U3, U4) (10−15, 10−16) (1, 1) (1, 10−27)
(D1, D20) (10−10, 200) (10−10, 0.02) (10−10, 250)
(D3, D4) (10−10, 10−12) (10−5, 10−12) (10−10, 10−12)
(ϕ3, ϕ1, ϕ2) (3.37, 0.65, 0.95) (10, 0.01, 0.95) (0, 0.65, 0.95)
(k(α1,β1)

, k(α2,β2)
) (10−9, 103) (10+10, 10) (10−21, 0.1)

5BCMF �� .BUFSJBM QBSBNFUFS GPS UIF UISFF EJ�FSFOU SFHJPOT� /PUF UIF MBSHF EJ�FSFODFT JO UIF EJ�VTJPO BOE

SFBDUJPO DPF�DJFOUT

EJ�FSFOU DPMPST JO UIF NFTI BOE UIF VTFE QBSBNFUFST BSF DPMMFDUFE JO 5BCMF �� �F TJNVMBUJPO QBSBNFUFST

JO UIF CMVF SFHJPO BSF DIPTFO JO TVDI B XBZ UIBU UIF DBUBMZTU 92 JT DSFBUFE CZ UIF JOUFSNFEJBUF 93� *O UIF SFE

SFHJPO UIF GPSXBSE EJSFDUJPO PG UIF ..)NFDIBOJTN EPNJOBUFT� 8F FYQFDU UIBU UIF DBUBMZTU 92 GSPN UIF

HSFFO SFHJPO EJ�VTFT BOE DSFBUFT UPHFUIFS XJUI 91 UIF JOUFSNFEJBUF 93 XIJDI RVJDLMZ EFHSBEFT JOUP 94 CZ

SFMFBTJOH 92� 0O UIF TMPX UJNFTDBMFT UIF DSFBUFE TUSVDUVSFT EJTTPMWF CZ EJ�VTJPO BOE UIF UIFSNPEZOBNJD

FRVJMJCSJVN TPMVUJPO JT BUUBJOFE� �F QBSBNFUFST JO UIF HSFFO SFHJPO BSF DIPTFO JO TVDI B XBZ UIBU UIF

SFBDUJPO JT JO TUFBEZ TUBUF� %VF UP DIBOHFT JO UIF CMVF SFHJPO UIF TUFBEZ TUBUF JT WJPMBUFE BOE UIF SFBDUJPO

BOE EJ�VTJPO QSPDFTTFT TUBSU�

"U UIFSNPEZOBNJD FRVJMJCSJVN UIF DIFNJDBM BDUJWJUJFT BSF HJWFO JO 5BCMF �� 4JODF XF BSF JOUFSFTUFE

.FTI a∗1,h a∗2,h a∗3,h a∗4,h
M1 1.626 · 10−11 0.643 1.044 · 10−11 1.626 · 10−11

M2 1.549 · 10−11 0.624 9.670 · 10−12 1.549 · 10−11

M3 1.534 · 10−11 0.620 9.517 · 10−12 1.534 · 10−11

M4 1.515 · 10−11 0.615 9.319 · 10−12 1.515 · 10−11

M5 1.510 · 10−11 0.614 9.273 · 10−12 1.510 · 10−11

5BCMF ���FSNPEZOBNJD FRVJMJCSJVN PG UIF TZTUFN PO EJ�FSFOU NFTIFT� /PUF UIBU UIF FRVJMJCSJVN TPMV�

UJPO JT DPOTUBOU GPS BMMK ∈ V � .PSFPWFS JU EFQFOET TMJHIUMZ PO UIF HFPNFUSJD BQQSPYJNBUJPO PG

UIF DVSWFE CPVOEBSJFT PG UIF EPNBJO CZ UIF USJBOHVMBUJPOT

JO UIF MPOH UJNF CFIBWJPS PG UIF NFUIPE XF SVO UIF TJNVMBUJPO PO B UJNF JOUFSWBM S = [0, 1020]� �F

OVNCFS PG FYFDVUFE 	FYDMVEJOH SFKFDUJPOT
 UJNF TUFQT UIF OVNCFS PG SFKFDUJPOT BOE UIF TRVBSFE SBUJP PG

VTFE UJNF TUFQT SFMBUFE UP EJTDSFUJ[BUJPO D5 BSF UBCVMBUFE JO 5BCMF �� *O BEEJUJPO UIF L2(S)�OPSN PG UIF

SFMBUJWF GSFF FOFSHZ GVODUJPOBM BOE UIF EJTTJQBUJPO SBUF BSF TVNNBSJ[FE� �F SBUJP PG UIF NFTI OPEFT BOE

UIF TRVBSFE SBUJP PG UIF FYFDVUFE UJNF TUFQT BSF DMPTF UPHFUIFS� *O 'JHVSF � XF QMPU UIF JODSFBTF PG UIF

UJNF TUFQ PWFS UIF UJNF� �F UJNF TUFQ HSPXT MJOFBSMZ JO UIF MPH�MPH TDBMF FYDFQU XIFO B OFX UJNF TDBMF

JT SFBDIFE� �F �STU EFWJBUJPO GSPN MJOFBS HSPXUI JO MPH�MPH�TDBMF JT EVF UP UIF GBTU SFBDUJPO JO UIF CMVF

��



%JTDSFU� � UJNFT��SFK SBUJP TR ‖Ψhi
‖L2(S) ‖Dhi

‖L2(S)

D1 834; 4 0.027 1.835 · 108 3.082 · 107
D2 1104; 5 0.047 1.886 · 108 3.294 · 107
D3 1693; 4 0.11 1.890 · 108 3.339 · 107
D4 3513; 3 0.48 1.893 · 108 3.397 · 107
D5 5084; 3 1 1.894 · 108 3.414 · 107

5BCMF �� $IBSBDUFSJ[BUJPO PG UIF UJNF EJTDSFUJ[BUJPOT� 4IPXO BSF UIF UPUBM OVNCFS PG UJNF TUFQT 	XJUIPVU

SFKFDUJPOT
 UIBU BSF OFFEFE CZ UIF QSPHSBN JO PSEFS UP TPMWF UIF QSPCMFN PO S = [0, 1020] UIF
TRVBSFE SBUJP PG UIF OFDFTTBSZ UJNF TUFQT X�S�U� UIF �OFTU EJTDSFUJ[BUJPO D5 BOE UIF L2(S)�OPSN
PG UIF SFMBUJWF GSFF FOFSHZ BOE UIF EJTTJQBUJPO SBUF

SFHJPO� %VSJOH UIF NPWFNFOU PG UIF GSPOU PG 94 UIF UJNF TUFQ JT MJNJUFE CZ UIF OVNCFS PG /FXUPO TUFQT�

�F TFDPOE EFWJBUJPO JT MFTT QSPOPVODFE PO UIF DPBSTF NFTI EVF UP B GBTUFS EJTDSFUF EJ�VTJPO PO DPBSTF

NFTIFT� �F OFYU EFWJBUJPO JT EVF UP UIF HSPXUI PG UIF DPODFOUSBUJPO PO UIF CPVOEBSZ CFUXFFO UIF HSFFO

BOE SFE SFHJPO� �F �OFS NFTI SFTPMWFT NPSF F�FDUT PG UIF TPMVUJPO UIFSFGPSF UIF OFDFTTBSZ UJNF TUFQT GPS

D5 BSF TNBMMFS DPNQBSFE UP UIF UJNF TUFQT PGD1�

'JHVSF �� &WPMVUJPO PG UIF UJNF TUFQ PWFS UIF UJNF GPS UIF EJTDSFUJ[BUJPOTD1 BOE D5� 3FMBUJWF FSSPS PG UIF

DPOTFSWBUJPO PG JOWBSJBOUT 	����
 BOE 	����
 EVSJOH UJNF FWPMVUJPO

4JODF UIF QSPCMFN JT OPOMJOFBS BOE BO BOBMZUJDBM TPMVUJPO JT POMZ BWBJMBCMF BU UIFSNPEZOBNJD FRVJMJC�

SJVN XF TUVEZ UIF DPOWFSHFODF PG UIF NFUIPE CZ FYQMPJUJOH UIF EJ�FSFODF PG UIF SFMBUJWF GSFF FOFSHZ BOE

UIF SFBDUJPO BOE EJ�VTJPO QBSU PG UIF EJTTJQBUJPO SBUF TFF $PSPMMBSZ ���� *O B �STU TUFQ UIF TZTUFN GPSNT 92
JO UIF CMVF SFHJPO� %VF UP UIF TUSPOHMZ TQBUJBMMZ WBSZJOH EJ�VTJWJUZ PG 94 UIF DPODFOUSBUJPO DSFBUFT B XBMM

PO UIF CPVOEBSZ PG UXP NBUFSJBMT� �FO UIF NPWFNFOU PG 94 JOUP UIF SFE SFHJPO TUBSUT� 0O UIF DPBSTFTU

NFTI UIF EJ�VTJPO JT MBSHFS UIFSFGPSF UIF GSPOU NPWFT GBTUFS BOE UIF EJTTJQBUJPO SBUF EJTBQQFBST FBSMJFS

JO UJNF� "�FS UIF TQFDJFT 94 GVMMZ �MMT VQ UIF SFE SFHJPO UIF XBMM PO UIF CPVOEBSZ PG UIF SFE BOE HSFFO

SFHJPO TUBSUT UP HSPXUI� �F HSPXUI JT ESJWFO CZ SFBDUJPO BOE EJ�VTJPO BOE XJMM CFDPNF �BUUFS PO UIF BSFB

XIFSF UIF EJTUBODF PG UIF SFE BOE CMVF SFHJPO JT NJOJNBM� �F TQFDJFT 94 DBO OPU QFOFUSBUF JOUP UIF SFE

��



'JHVSF �� &WPMVUJPO PG UIF SFMBUJWF GSFF FOFSHZ GVODUJPOBMΨhi
GPS EJ�FSFOU EJTDSFUJ[BUJPOTDi i = 1, . . . , 5�

�F GVODUJPO WBMVFT BSF TDBMFE CZ 1720

SFHJPO EVF UP JUT WFSZ TNBMM EJ�VTJWJUZ� "�FS UIF TZTUFN JT FWPMWJOH PO UIF TMPX UJNF TDBMF UIF CBSSJFS

EJTTPMWFT BOE UIF DPODFOUSBUJPO PG TQFDJFT 94 SBJTFT JO UIF SFE SFHJPO BOE UIF TZTUFN BQQSPYJNBUFT UIF

UIFSNPEZOBNJD FRVJMJCSJVN� *O 'JHVSF � XF EFQJDU UIF FWPMVUJPO PG DPODFOUSBUJPO PG UIF GPS TQFDJFT PO

UIF NFTIM1 BOEM5 BU WBSJPVT UJNFT� &WFSZ DPMVNO JO 'JHVSF � DPSSFTQPOET UP B WFSUJDBM TUSBJHIU MJOF

JO UIF SFMBUJWF GSFF FOFSHZ QMPUT JO 'JHVSF ��

�F FWPMVUJPO PG UIF SFMBUJWF GSFF FOFSHZ GVODUJPOBM Ψh JT QMPUUFE JO 'JHVSF �� �F FWPMVUJPO PG UIF

SFMBUJWF GSFF FOFSHZ BOE UIF EJTTJQBUJPO SBUF SF�FDUT UIF EJ�FSFOU UJNFTDBMFT PG UIF TZTUFN� 4JODF UIF JOJUJBM

WBMVF JT EJ�FSFOUMZ SFTPMWFE CZ UIF NFTIFT UIF SFMBUJWF GSFF FOFSHZ WBSJFT PO EJ�FSFOU NFTIFT BU UIF JOJUJBM

UJNF� "�FS UIF �STU GBTU SFBDUJPO UIF DVSWF PG UIF SFMBUJWF GSFF FOFSHZ TUFQT EPXO� 4JODF UIF SFBDUJPO JT

GBTUFS UIBO BMM PUIFS EJ�VTJPO UJNFTDBMFT UIF DVSWFT OFBSMZ DPJODJEF� $PBSTF HSJET BEE OVNFSJD EJ�VTJPO

IFODF UIF GSPOU NPWFNFOU JT TMPXFS PO �OF HSJET BOE UIF FOFSHZ DVSWFT EFDBZ BDDPSEJOHMZ� �FO GVSUIFS

EJ�VTJPO JT CMPDLFE CZ UIF BMSFBEZ EFTDSJCFE XBMM BOE UIJT DBVTFT UIF TZODISPOJ[BUJPO PG BMM GSFF FOFSHZ

DVSWFT� �F �MM VQ PG UIF SFE SFHJPO CZ 94 JT EJ�VTJPO EPNJOBUFE BOE EFQFOET PO UIF SF�OFNFOU PG

UIF NFTI� �FSFGPSF XF TFF B UJNF TIJ� JO UIF GSFF FOFSHZ DVSWFT� 'JOBMMZ UIF TZTUFN BQQSPYJNBUFT UIF

UIFSNPEZOBNJD FRVJMJCSJVN XIJDI EFQFOET PO UIF JOJUJBM TQFDJFT NBTTFT IFODF XFBLMZ PO UIF TQBUJBM

EJTDSFUJ[BUJPO� �JT JT SF�FDUFE JO OFBSMZ DPJODJEJOH FOFSHZ DVSWFT�

*O 'JHVSF � XF QMPU UIF FWPMVUJPO PG UIF BCTPMVUF EJ�FSFODF PG UIF GSFF FOFSHZ DVSWF BTTPDJBUFE UP Di

i = 1, . . . , 4 BOE UIF GSFF FOFSHZ DVSWF CFMPOHJOH UP D5� *O 5BCMF � UIF SFMBUJWF L2(S)�FSSPS PG UIF
SFMBUJWF GSFF FOFSHZ BOE UIF EJTTJQBUJPO SBUF JT QSFTFOUFE� 4JODF UIF DPOUJOVPVT TPMVUJPO PG UIF SFBDUJPO�

EJ�VTJPO TZTUFN JT OPU LOPXO B SFGFSFODF TPMVUJPO GPS UIF �OFTU EJTDSFUJ[BUJPOD5 JT DPNQVUFE BOE FSSPST

BSF NFBTVSFE BHBJOTU UIJT EJTDSFUF TPMVUJPO� 'SPN UIFTF FSSPST DPOWFSHFODF SBUFT BSF FTUJNBUFE CZ �UUJOH�

8F JOWFTUJHBUF POMZ UIF DPOWFSHFODF CFIBWJPS X�S�U� UIF TQBUJBM FSSPS TJODF JO PVS TDIFNF UIF UJNF TUFQ

BEBQUBUJPO JT JOUJNBUFMZ DPVQMFE UP UIF TQBDF EJTDSFUJ[BUJPO� �F FSSPS OPSNT BSF HJWFO CZ

∥∥∥Ψ̃hij

∥∥∥
L2(S)

=
∥∥Ψhi

(uhi
)−Ψhj

(uhj
)
∥∥
L2(S)

∥∥Ψhj
(uhj

)
∥∥−1

L2(S)
,

∥∥∥D̃hij

∥∥∥
L2(S)

=
∥∥Dhi

(uhi
)−Dhj

(uhj
)
∥∥
L2(S)

∥∥Dhj
(uhj

)
∥∥−1

L2(S)
.

��



t : 0.0 1.26 · 10−12 0.071 1.2 · 105 5.05 · 106 1020

u1,h1

u2,h1

u3,h1

u4,h1

u1,h5

u2,h5

u3,h5

u4,h5

'JHVSF �� $PODFOUSBUJPOT PG UIF GPVS TQFDJFT BU EJ�FSFOU UJNFT GPS EJTDSFUJ[BUJPOT D1 BOE D5� /PUF UIF

TJNJMBSJUJFT PG UIF DPBSTF BOE �OF TPMVUJPOT F�H� BU t = 1.26 ·10−12 BOE t = 5.05 ·106� #F BXBSF
UIBU EJ�FSFODFT BSF NBJOMZ DBVTFE CZ GBTUFS EJ�VTJPO PO DPBSTF HSJET

'PS UIF FTUJNBUF PG UIF DPOWFSHFODF PSEFS POMZ UIF SFTVMUT GSPN UIF �STU UISFF EJTDSFUJ[BUJPOTD1D2 BOE

D3 BSF UBLFO JOUP BDDPVOU� �F SFTVMUT GSPN EJTDSFUJ[BUJPOD4 BSF UPP DMPTF UP UIF SFTVMUT PG EJTDSFUJ[BUJPO

��



'JHVSF �� &WPMVUJPO PG UIF EJ�FSFODF PG UIF SFMBUJWF GSFF FOFSHZ GVODUJPOBM Ψhi
PG UIF EJTDSFUJ[BUJPO Di

i = 1, . . . , 4 SFMBUJWF UP UIF SFMBUJWF GSFF FOFSHZ DVSWF PG EJTDSFUJ[BUJPOD5

D5 BOE UIFSFGPSF IJHIFS�PSEFS DPNQPOFOUT PG UIF USVF FSSPS DBO TQPJM UIF FSSPS
∥∥∥Ψ̃hij

∥∥∥
L2(S)

� �JT JT B

UZQJDBM QIFOPNFOPO XIFO BO FSSPS OPSN JT DPNQVUFE BHBJOTU B �OF�HSJE SFGFSFODF TPMVUJPO BOE OPU UIF

USVF SFGFSFODF TPMVUJPO� %F�OJOH h = 1√
�P  POF DBO SFDPHOJ[F GSPN 5BCMF � UIBU UIF L2(S)�FSSPST PG UIF

SFMBUJWF GSFF FOFSHZ BOE UIF EJTTJQBUJPO SBUF EFDBZ BT h2 BOE h1.3� /PUF UIBU UIF VTFE OVNCFS PG UJNF TUFQT

JT QSPQPSUJPOBM UP 1
h
 BT DBO CF TFFO GSPN UIF SBUJPT PG 5BCMF � BOE �� �FSFGPSF XF PCTFSWF UIBU PVS TDIFNF

BMMPXT CZ EPVCMJOH UIF OVNCFS PG UJNF TUFQT BOE RVBESVQMJOH UIF OVNCFS PG NFTI QPJOUT UP EJWJEF UIF

FSSPS PG UIF EJTDSFUF SFMBUJWF GSFF FOFSHZ CZ B GBDUPS PG GPVS�

�P �UJNF TUFQ
∥∥∥Ψ̃hi5

∥∥∥
L2(S)

∥∥∥D̃hi5

∥∥∥
L2(S)

D1 465 834 3.222 · 10−2 9.7169 · 10−2

D2 2264 1104 5.551 · 10−3 3.5055 · 10−2

D3 4454 1693 3.171 · 10−3 2.2047 · 10−2

D4 22085 3513 4.561 · 10−3 4.8920 · 10−3

5BCMF �� L2(S)�OPSN PG UIF SFMBUJWF GSFF FOFSHZ Ψhi
BOE UIF EJTTJQBUJPO SBUF Dhi

PG EJTDSFUJ[BUJPO Di

i = 1, . . . , 4 SFMBUFE UP EJTDSFUJ[BUJPOD5 BOE TDBMFE CZ UIFL
2(S)�OPSN PG UIF SFMBUJWF GSFF FOFSHZ

BOE EJTTJQBUJPO SBUF PGD5

8F FNQIBTJ[F UIBU PVS NFUIPE DBO BQQSPYJNBUF UIF UIFSNPEZOBNJD FRVJMJCSJVN BOE JU TIPXT UIF FY�

QFDUFE EFDBZ PG UIF SFMBUJWF GSFF FOFSHZ BOE UIF FYQFDUFE OPOOFHBUJWJUZ PG UIF EJTTJQBUJPO SBUF PO BMM DPO�

TJEFSFE EJTDSFUJ[BUJPOT� "MM UJNFTDBMFT PG UIF TZTUFN DBO CF SFTPMWFE CZ UIF NFUIPE FWFO JG UIF GSPOU

NPWFNFOU PS UIF TUSPOH HSBEJFOUT JO UIF EJSFDU OFJHICPSIPPE PG JOUFSGBDFT BSF POMZ SPVHIMZ SFTPMWFE �

TUJMM PO UIF WFSZ DPBSTF NFTI M1 UIF EJ�FSFOU FOFSHFUJD TUBUFT PG UIF TZTUFN BSF QSFTFOU PG DPVSTF XJUI

UJNF TIJ�T PG UIFJS CFHJO BOE FOE QPJOUT 	DPNQBSF 'JHVSFT � � �
� *O HFOFSBM EJ�VTJPO JT GBTUFS PO DPBSTF

HSJET EVF UP UIF BEEFE OVNFSJDBM EJ�VTJPO� 8IFOFWFS B RVBTJ TUFBEZ TUBUF BU B UJNF TDBMF JT SFBDIFE PS UIF

TZTUFN JT �XBJUJOH� CFGPSF FWPMWJOH PO UIF OFYU TMPXFS UJNF TDBMF UIF GSFF FOFSHZ DVSWFT BSF TZODISPOJ[FE�

��



"� "QQFOEJY

-FNNB "��� �� -FU CF TVQD ‖al‖L2(S,H1(Ω)) < ∞ BOE UIF BTTVNQUJPOT PG �FPSFN ��� CF GVM�MMFE�

�FO

‖al − ah‖L2(S,L2) → 0 	����


BT TJ[FD → 0�

1SPPG� 8F EFDPNQPTF UIF JOUFHSBM PWFS UIF XIPMF EPNBJO JOUP UIF JOUFSTFDUFE BSFB PG UIF DPOUSPM WPMVNF

K BOE UIF LJUFDσ 	TFF 4VCTFDUJPO ���
 PWFS UIF FEHF σ = K|L

T1 := ‖al − ah‖2L2(S,L2(Ω)) =

∫

S

∫

Ω
(al(x)− ah(x))

2 dx dt

=

∫

S

∑

K∈V

∑

L∈NV (K)

∫

K∩Dσ

(al(x)− aK)2 dx dt.

6TJOH 5BZMPS FYQBOTJPO PG al BSPVOE xK BOE UIF CPVOEFEOFTT PG UIF HSBEJFOU XF HFU

T1 ≤ (TJ[FM)2
∫

S

∑

K∈V

∑

L∈NV (K)

∫

K∩Dσ

|∇al(xK)|2 dx dt

≤ (TJ[FM)2‖al‖L2(S,H1(Ω)) → 0

BT TJ[F(D) → 0�

8F JOUSPEVDF UIF XFBL HSBEJFOU SFDPOTUSVDUJPO PQFSBUPS∇w : XV(M) → L2(Ω)2 CZ

∇wal(x) := 2
aL − aK

dσ
tσ GPS x ∈ Dσ, σ = K|L.

�F WFDUPS nσ EFOPUFT B VOJU OPSNBM WFDUPS PG UIF GBDF σ = K|L ∈ Eint UIF EJSFDUJPO JT BSCJUSBSZ CVU

�YFE� �FO UIF WFDUPS tσ EFOPUFT UIF VOJU UBOHFOU WFDUPS PG UIF TUSBJHIU MJOF xK , xL XIJDI JT B −π/2
SPUBUJPO PG nσ �

-FNNB"��� "TTVNJOH UIBUXF IBWF B TFRVFODF (al)l JOL
2(S,H1(Ω))XJUI BO B�QSJPSJ CPVOE ‖al‖L2(S,H1(Ω)) ≤

C  UIFO XF DBO FYUSBDU B TVCTFRVFODF 	BMTP DBMMFE al
 DPOWFSHJOH UP â ∈ L2(S,H1(Ω)) JO UIF GPMMPXJOH TFOTFT

al ⇀ â JO L2(S,H1(Ω)), ∇wal ⇀ ∇â JO L2(S,L2(Ω)2).

1SPPG� 4JODF ‖al‖L2(S,H1) JT VOJGPSNMZ CPVOEFE UIF XFBL HSBEJFOU SFDPOTUSVDUJPO PG al JT BMTP VOJGPSNMZ

CPVOEFE JO L2(S,L2(Ω)2)� �FSFGPSF UIFSF FYJTU B TVCTFRVFODF BOE B ĝ ∈ L2(S,L2(Ω)2) TVDI UIBU

∇wal ⇀ ĝ JO L2(S,L2(Ω)2)� 8F TIPX UIBU ĝ = ∇â IPMET�
'PS UIJTXFVTF BSCJUSBSZ UFTU GVODUJPOTχ ∈ C∞

0 (S) BOEw ∈ C∞
0 (Ω)2� �F TFU {g : g =

∑n
i=1 χiwi XJUI wi ∈

C∞
0 (Ω)2, χi ∈ C∞

0 (S)} JT EFOTF JO L2(S,L2(Ω)2)� "DDPSEJOH UP UIF )FMNIPMU[ EFDPNQPTJUJPO UIF TFU

{w : w = ∇ϕc + DVSMϕr XJUI ϕc, ϕr ∈ C∞
0 (Ω)} JT EFOTF JO L2(Ω)2�

'PS BMM ψ ∈ C∞
0 (Ω)XF EFOPUF CZψl UIF -BHSBOHF JOUFSQPMBOU PGψ DPOTJTUJOH JO B DPOUJOVPVT QJFDFXJTF

B�OF GVODUJPO TVDI UIBU GPS BMM OPEFT xK JO UIF NFTI POF PCUBJOT ψl(xK) = ψ(xK)� %VF UP SFHVMBSJUZ

PG UIF NFTI POF HFUT GSPN DMBTTJDBM '&. UIFPSZ ψl → ψ JO H1(Ω)� .PSFPWFS XF JOUSPEVDF B TUSPOH

HSBEJFOU JOUFSQPMBUJPO PQFSBUPS CZ

∇sψ(x) :=
ψ(xL)− ψ(xK)

dσ
tσ +

ψ(xTσK
)− ψ(xTσL

)

mσ
nσ GPS x ∈ Dσ, σ = K|L,

XIFSF xTσK
BOE xTσL

EFOPUF UIF DJSDVNDFOUFST PG UIF USJBOHMFT UP UIF MF� BOE UP UIF SJHIU PG xK , xL�

'VSUIFSNPSF UIF DPOUJOVPVT DVSM PQFSBUPS JT EF�OFE CZ B (−π
2 ) SPUBUJPO PG UIF HSBEJFOU J�F� POF IBT

DVSMψ =

(
ψy

−ψx

)
= −

(
ψx

ψy

)⊥
= −(∇ψ)⊥.

��



�FSFGPSF UIF TUSPOH DVSM JOUFSQPMBUPS JT EF�OFE CZ

DVSMs ψ(x) := −ψ(xL)− ψ(xK)

dσ
nσ +

ψ(xTσK
)− ψ(xTσL

)

mσ
tσ GPS x ∈ Dσ, σ = K|L.

6TJOH )FMNIPMU[ EFDPNQPTJUJPO XF PCUBJO

ĝ(t) = ∇gr(t) + DVSM gc(t) gr(t), gc(t) ∈ H1(Ω) G�B�B� t ∈ S.

*SSPUBUJPOBM QBSU� 'JSTU XF TIPX UIBU UIF JSSPUBUJPOBM QBSU PG ĝ JO UIF TFOTF PG )FMNIPMU[ EFDPNQPTJUJPO

FRVBMT∇â� %VF UP UIF PSUIPHPOBMJUZ PG tσ BOE nσ XF IBWF

S =

∫

S

χ

∫

Ω
∇al · ∇ϕr,l dx dt

=

∫

S

χ
∑

σ=K|L∈Eint

mσ

dσ
(aK − aL)(ϕr(xK)− ϕr(xL)) dt

=

∫

S

χ
∑

σ=K|L∈Eint

|Dσ|
(
2
aK − aL

dσ

)(
ϕr(xK)− ϕr(xL)

dσ

)
dt

=

∫

S

χ

∫

Ω
∇wal · ∇sϕr,l dx dt.

#Z XFBL�TUSPOH DPOWFSHFODF XF PCUBJO JO UIF �STU BOE UIF MBTU JOUFHSBM
∫

S

χ

∫

Ω
∇â · ∇ϕr dx dt =

∫

S

χ

∫

Ω
ĝ · ∇ϕr dx dt

BOE UIFSFGPSF∇ĝr(t, x) = ∇â(t, x) G�B�B� (t, x) ∈ Q�

%JWFSHFODF�GSFF QBSU� /PX JU SFNBJOT UP TIPX UIBU UIF EJWFSHFODF�GSFF QBSU PG ĝ WBOJTIFT� *O <��>

JU JT TIPXO UIBU DPWPMVNF EJTDSFUJ[BUJPOT PO %FMBVOBZ�7PSPOPJ HSJET GVM�MM UIF DPOUJOVPVT QSPQFSUZ ∇ ·
DVSMψ ≡ 0 JO B EJTDSFUF TFOTF XIJDI XJMM CF VTFE JO UIF GPMMPXJOH� 'PS UIF TBLF PG DPNQMFUFOFTT XF

QSFTFOU UIF OFDFTTBSZ BSHVNFOUT� 0CWJPVTMZ XF PCUBJO GPS UIF TUSPOH DVSM JOUFSQPMBUPS PO SFHVMBS NFTIFT

DVSMs ψ → DVSMψ JO L2(Ω)2� /PX XF DPNQVUF
∫

Q

χ∇wal · DVSMs ϕc dx dt

=

∫

S

χ
∑

σ=K|L∈Eint

|Dσ|
(
2
aL − aK

dσ

)(
ϕc(xTσK

)− ϕc(xTσL
)

mσ

)
dt

=

∫

S

χ
∑

σ=K|L∈Eint

(aL − aK)
(
ϕc(xTσK

)− ϕc(xTσL
)
)
dt

=

∫

S

χ
∑

L∈V
xL /∈∂Ω

∑

K∈NV (L)

aL
(
ϕc(xTσK

)− ϕc(xTσL
)
)
dt

= 0.

�F MBTU JOUFHSBM JT BMXBZT JEFOUJDBMMZ 0 TJODF XF BEE UIF TBNF UFSN ϕc(xTσK
) POF UJNFT QPTJUJWFMZ BOE

POF UJNFT OFHBUJWFMZ� #Z XFBL�TUSPOH DPOWFSHFODF PG UIF �STU JOUFHSBM XF �OBMMZ PCUBJO
∫

Q

χ ĝ · DVSMϕc dx dt = 0,

J�F� UIF EJWFSHFODF�GSFF QBSU PG ĝ WBOJTIFT BOE XF IBWF JOEFFE ĝ(t, x) = ∇â(t, x) G�B�B� (t, x) ∈ Q BOE

��



-FNNB "��� -FUΩ CF BO PQFO CPVOEFE QPMZIFESBM TVCTFU PGRN � .PSFPWFS MFU {M} CF B TFSJFT PG 7PSPOPJ
�OJUF WPMVNF NFTIFT XJUI TJ[F (M) → 0� -FU CF u ∈ L∞(Ω)� �FO UIF QJFDFXJTF DPOTUBOU GVODUJPOT uh
XJUI uh(x) = uK JG x ∈ K 

uK =
1

|K|

∫

K

u(x) dx ∀K ∈ V ,

DPOWFSHF UP u JO Lp(Ω) GPS BMM p ∈ [1,∞) BT TJ[F (M) → 0�

1SPPG� 8F TIPX UIF SFTVMU GPS p = 1 UIF BTTFSUJPO GPS p ∈ (1,∞) UIFO SFTVMUT GSPN

‖uh − u‖Lp ≤ (2‖u‖L∞)
p−1
p ‖u− uh‖1/pL1 .

-FU CF ε > 0� -V[JO�T UIFPSFN HVBSBOUFFT UIF FYJTUFODF PG B DMPTFE TFUMε ⊂ Ω TVDI UIBU

u|Mε JT DPOUJOVPVT BOE NFT (Ω \Mε) <
ε

8||u||L∞

.

4JODFMε JT DPNQBDU UIFSF FYJTUT B δ > 0 TVDI UIBU

|u(x)− u(y)| < ε

2NFTΩ
∀x, y ∈Mε, |x− y| < δ.

-FU TJ[F (M) < δ XIJDI JNQMJFT |x− y| < δ� *OUSPEVDJOH UIF TFU

K \Mε := {x ∈ R
N : x ∈ K, x /∈Mε}

XF FTUJNBUF UIF JOUFHSBM JO UIF L1�OPSN CZ DPOTJEFSJOH JOUFHSBMT PO TVCTFUT

‖u− uh‖L1 ≤
∑

K∈V

1

|K|

∫

K

∫

K

|u(x)− u(y)| dy dx

=
∑

K∈V

1

|K|

∫

K∩Mε

∫

K\Mε

|u(x)− u(y)| dy dx

+
∑

K∈V

1

|K|

∫

K∩Mε

∫

K\Mε

|u(x)− u(y)| dy dx

+
∑

K∈V

1

|K|

∫

K\Mε

∫

K

|u(x)− u(y)| dy dx

<
ε

2NFTΩ
NFTΩ+ 2‖u‖L∞

ε

8‖u‖L∞

+ 2‖u‖L∞

ε

8‖u‖L∞

= ε

-FNNB"��� 8FBTTVNF ("2) GPSΩ� -FUD = (M, (t
(n)
δ )Nn=1) CF B TFRVFODF PG EJTDSFUJ[BUJPOT PGQ = S×Ω

BOE ah → â JOL2(S, Y ) BT TJ[F(D) → 0XJUI ‖ah‖L∞(S,L∞(Ω,Rm)) ≤ R� .PSFPWFS MFU f : Ω×R
m → R+

TBUJTGZ $BSBUIÏPEPSZ DPOEJUJPO BOE UIFSF FYJTU 0 < c, c < ∞ TVDI UIBU c ≤ f(x, y) ≤ c G�B�B� x ∈ Ω
∀y ∈ R

m� "EEJUJPOBMZ UIFSF FYJTUT B DPOTUBOU γ ∈ (0, 1] TVDI UIBU f |ΩI
∈ C0,γ(ΩI × BRm(0, R)) GPS BMM

I ∈ I  XIFSF BRm(0, R)) EFOPUFT B CBMM JO R
m DFOUFSFE BU 0 XJUI SBEJVT R� �FO

‖fh(ah)− f(â)‖L1(Q) → 0 BT TJ[F(D) → 0.

1SPPG� 'PS BOZ HJWFO EJTDSFUJ[BUJPOD MFU

Ξ := {x ∈ Ω : x ∈ K ∈ V XJUI |K ∩ ΩI | 6= 0 ∧ |K ∩ ΩJ | 6= 0 GPS I 6= J, I, J ∈ I}
XJUI |Ξ| ≤ 2θ TJ[F(M) GPS BMM EJTDSFUJ[BUJPOTD 	TFF BMTP ("2)
� *O PSEFS UP FTUJNBUF

S1 = ‖fh(ah)− f(â)‖L1(Ω) =
∑

K∈V

∫

K

∣∣∣∣
1

K

∫

K

f(y, ah(x)) dy − f(x, â(x))

∣∣∣∣ dx

≤
∑

K∈V

∫

K

S2(x) dx

��



XJUI

S2(x) =
1

|K|

∫

K

|f(y, ah(x))− f(x, â(x))| dy

XF DPOTJEFS UIF DBTFT�

• 0O x ∈ Ω \ Ξ XF PCUBJO

S2(x) ≤
c

|K|

∫

K

|ah(x)− â(x)|γ + |x− y|γ dy ≤ c|ah(x)− â(x)|γ + c TJ[F(M)γ .

• 0O x ∈ Ξ XF �OE CZ VTJOH UIF CPVOE c PG f UIF FTUJNBUF S2(x) ≤ 2c�

�FSFGPSF XF EFEVDF XJUI TPNF DPOTUBOU c1 UIF GPMMPXJOH FTUJNBUF

∫

S

S1 dt ≤
∫

S

(∫

Ω\Ξ
S2 dx+

∫

Ξ
S2 dx

)
dt

≤ c1 TJ[F(M)γ + c1

m∑

ν=1

∫

Q

|aν,h − âν |γ dx dt.

4JODF γ ∈ (0, 1] XF BQQMZ )ÚMEFS�T JOFRVBMJUZ XJUI q = 2/γ BOE p = 2/(2− γ) BOE DPODMVEF

‖fh(ah)− f(â)‖L1(Q) ≤ c1 TJ[F(M)γ + c1(T |Ω|)1−γ/2‖ah − â‖L2(S,Y ) → 0,

BT TJ[F(D) → 0�

"DLOPXMFEHFNFOUT

"� 'JFCBDI XBT QBSUJBMMZ TVQQPSUFE CZ UIF &VSPQFBO $PNNJTTJPO XJUIJO UIF 4FWFOUI 'SBNFXPSL 1SP�

HSBNNF 	'17
.%® i.BUFSJBM %FWFMPQNFOU GPS %PVCMF &YQPTVSF BOE %PVCMF 1BUUFSOJOHw�

"� -JOLF 	QSPKFDU %��
 BOE "� (MJU[LZ 	QSPKFDU %��
 BSF QBSUJBMMZ TVQQPSUFE CZ UIF %'( 3FTFBSDI $FOUFS

..A52<;.BUIFNBUJDT GPS LFZ UFDIOPMPHJFT�

�F BVUIPST XPVME MJLF UP UIBOL ,MBVT (B̈SUOFS BOE +FOT "OESÏ (SJFQFOUSPH GPS UIFJS BTTJTUBODF BOE GPS

WBMVBCMF EJTDVTTJPOT�

3FGFSFODFT

<�> #� "OESFJBOPW .� #FOEBINBOF BOE .� 4BBE� 'JOJUF WPMVNF NFUIPET GPS EFHFOFSBUF DIFNPUBYJT

NPEFM� +� $PNQVU� "QQM� .BUI� ���	��
�����o���� �����

<�> %� #PUIF BOE .� 1JFSSF� 2VBTJ�TUFBEZ�TUBUF BQQSPYJNBUJPO GPS B SFBDUJPO�EJ�VTJPO TZTUFN XJUI GBTU

JOUFSNFEJBUF� +� .BUI� "OBM� "QQM� ���	�
����o��� �����

<�> +�+� $BSCFSSZ� $IFNJDBM BOE$BUBMZUJD 3FBDUJPO &OHJOFFSJOH� %PWFS #PPLT PO$IFNJTUSZ 4FSJFT� %PWFS

�����

<�> 1� %FV�IBSE BOE '� #PSOFNBOO� (FXÚIOMJDIF %J�FSFOUJBMHMFJDIVOHFO� /VNCFS #E� � JO /VNFSJTDIF

.BUIFNBUJL� EF (SVZUFS (FSNBOZ �����

<�> 3� &ZNBSE 5� (BMMPVF̈U BOE 3� )FSCJO��F �OJUF WPMVNFNFUIPE� *O 1IJMJQQF $JBSMFU BOE +FBO�-PVJT

-JPOT FEJUPST )BOECPPL PG /VNFSJDBM "OBMZTJT QBHFT ���o����� /PSUI )PMMBOE �����

<�> 3� &ZNBSE "� )BOEMPWJDPWB 3� )FSCJO ,� .JLVMB BOE 0� 4UB̌TPWB́� "QQMJDBUJPOT PG BQQSPYJNBUF

HSBEJFOU TDIFNFT GPS OPOMJOFBS QBSBCPMJD FRVBUJPOT� 5FDIOJDBM SFQPSU �����

��



<�> 3� &ZNBSE %� )JMIPSTU )� .VSBLBXB BOE .� 0MFDI� /VNFSJDBM BQQSPYJNBUJPO PG B SFBDUJPO�

EJ�VTJPO TZTUFN XJUI GBTU SFWFSTJCMF SFBDUJPO� $IJO� "OO� .BUI� 4FS� # QBHFT �o�� �����

<�> "� 'JFCBDI "� (MJU[LZ BOE "� -JOLF� 6OJGPSN HMPCBM CPVOET GPS TPMVUJPOT PG BO JNQMJDJU 7PSPOPJ

�OJUF WPMVNF NFUIPE GPS SFBDUJPO�EJ�VTJPO QSPCMFNT� 4VCNJUUFE UP /VNFS� .BUI�

<�> +� 'VISNBOO "� 'JFCBDI BOE (� 1� 1BUTJT� .BDSPTDPQJD BOE TUPDIBTUJD NPEFMJOH BQQSPBDIFT UP

QBUUFSO EPVCMJOH CZ BDJE DBUBMZ[FE DSPTT�MJOLJOH� *O 1SPD� PG 41*& WPMVNF ���� QBHF �����*� 41*&

�����

<��> +� 'VISNBOO "� 'JFCBDI .� 6IMF "� &SENBOO $� 3� 4[NBOEB BOE $� 5SVPOH� " NPEFM PG TFMG�

MJNJUJOH SFTJEVBM BDJE EJ�VTJPO GPS QBUUFSO EPVCMJOH� .JDSPFMFDUSPO� &OH� ��	���
����o��� �����

<��> )� (BKFXTLJ BOE ,� (SP̈HFS� 3FBDUJPO�EJ�VTJPO QSPDFTTFT PG FMFDUSJDBMMZ DIBSHFE TQFDJFT� .BUI�

/BDIS� ���	�
����o��� �����

<��> )� (BKFXTLJ BOE *� 7� 4LSZQOJL� &YJTUFODF BOE VOJRVFOFTT SFTVMUT GPS SFBDUJPO�EJ�VTJPO QSPDFTTFT

PG FMFDUSJDBMMZ DIBSHFE TQFDJFT� *O /POMJOFBS &MMJQUJD BOE 1BSBCPMJD 1SPCMFNT 	;VSJDI ����
 WPMVNF

�� PG 1SPHSFTT JO /POMJOFBS %J�FSFOUJBM &RVBUJPOT BOE�FJS "QQMJDBUJPOT QBHFT ���o���� #JSLIB̈VTFS

#BTFM �����

<��> (B̈SUOFS ,� &YJTUFODF PG CPVOEFE EJTDSFUF TUFBEZ�TUBUF TPMVUJPOT PG UIF WBO 3PPTCSPFDL TZTUFN PO

CPVOEBSZ DPOGPSNJOH %FMBVOBZ HSJET� 4*". +� 4DJ� $PNQVU� ��	�
�����o���� �����

<��> 7� (JPWBOHJHMJ� .VMUJDPNQPOFOU �PX NPEFMJOH� .PEFMJOH BOE TJNVMBUJPO JO TDJFODF FOHJOFFSJOH �

UFDIOPMPHZ� #JSLIB̈VTFS �����

<��> "� (MJU[LZ� 6OJGPSN FYQPOFOUJBM EFDBZ PG UIF GSFF FOFSHZ GPS 7PSPOPJ �OJUF WPMVNF EJTDSFUJ[FE

SFBDUJPO�EJ�VTJPO TZTUFNT� .BUI� /BDIS� ���	�����
�����o���� �����

<��> "� (MJU[LZ BOE ,� (B̈SUOFS� &OFSHZ FTUJNBUFT GPS DPOUJOVPVT BOE EJTDSFUJ[FE FMFDUSP�SFBDUJPO�

EJ�VTJPO TZTUFNT� /POMJOFBS "OBM��FPSZ .FUIPET "QQM� 4FS� " ��	�
����o��� �����

<��> "� (MJU[LZ ,� (SP̈HFS BOE 3� )V̈OMJDI� 'SFF FOFSHZ BOE EJTTJQBUJPO SBUF GPS SFBDUJPO EJ�VTJPO QSP�

DFTTFT PG FMFDUSJDBMMZ DIBSHFE TQFDJFT� "QQM� "OBM� ��	���
����o��� �����

<��> "� (MJU[LZ BOE 3� )V̈OMJDI� &OFSHFUJD FTUJNBUFT BOE BTZNQUPUJDT GPS FMFDUSP�SFBDUJPO�EJ�VTJPO TZT�

UFNT� ;� "OHFX� .BUI� .FDI� ��	��
����o��� �����

<��> "� (MJU[LZ BOE 3� )V̈OMJDI� (MPCBM FTUJNBUFT BOE BTZNQUPUJDT GPS FMFDUSP�SFBDUJPO�EJ�VTJPO TZTUFNT

JO IFUFSPTUSVDUVSFT� "QQM� "OBM� ��	���
����o��� �����

<��> ,� (SP̈HFS� 'SFF FOFSHZ FTUJNBUFT BOE BTZNQUPUJD CFIBWJPVS PG SFBDUJPOoEJ�VTJPO QSPDFTTFT� 1SFQSJOU

�� *OTUJUVU GV̈S "OHFXBOEUF "OBMZTJT VOE 4UPDIBTUJL JN 'PSTDIVOHTWFSCVOE #FSMJO F�7� �����

<��> 3� /� )BMM� &MFDUSPO�IPMF SFDPNCJOBUJPO JO HFSNBOJVN� 1IZT� 3FW� ������o��� +VM �����

<��> -�7� ,BMBDIFW )�(� ,BQFS 5�+� ,BQFS /� 1PQPWJD BOE "� ;BHBSJT� 3FEVDUJPO GPS .JDIBFMJT�.FOUFO�

)FOSJ LJOFUJDT JO UIF QSFTFODF PG EJ�VTJPO� &MFDUSPO� +� %J�FS� &RV� $POGFSFODF ������o��� �����

<��> 0�"� -BEZ[IFOTLBZB 7�"� 4PMPOOJLPW BOE /�/� 6SBM�UTFWB� -JOFBS BOE RVBTJ�MJOFBS FRVBUJPOT PG

QBSBCPMJD UZQF� 5SBOTMBUFE GSPN UIF 3VTTJBO CZ 4� 4NJUI� 5SBOTMBUJPOT PG .BUIFNBUJDBM .POPHSBQIT�

��� 1SPWJEFODF 3*� "NFSJDBO .BUIFNBUJDBM 4PDJFUZ 	".4
� 9* ��� Q� �����

<��> $�"� .BDL� 'VOEBNFOUBM 1SJODJQMFT PG 0QUJDBM -JUIPHSBQIZ � UIF 4DJFODF PG .JDSPGBCSJDBUJPO� 8JMFZ

$IJDIFTUFS 8FTU 4VTTFY &OHMBOE �����

��



<��> -� .JDIBFMJT BOE .�-� .FOUFO� %JF ,JOFUJL EFS *OWFSUJOXJSLVOH� #JPDIFN� ;FJUTDI� ������o���

�����

<��> %� -� /FMTPO BOE .� .� $PY� -FIOJOHFS 1SJODJQMFT PG #JPDIFNJTUSZ 'PVSUI &EJUJPO� 'PVSUI FEJUJPO

FEJUJPO �����

<��> 3� "� /JDPMBJEFT� %JSFDU EJTDSFUJ[BUJPO PG QMBOBS EJW�DVSM QSPCMFNT� 4*". +� /VNFS� "OBM� ��	�
���o

�� �����

<��> .� 1JFSSF� (MPCBM FYJTUFODF JO SFBDUJPO�EJ�VTJPO TZTUFNT XJUI DPOUSPM PG NBTT� B TVSWFZ� .JMBO +�

.BUI� ��	�
����o��� �����

<��> 0� 4DIFOL BOE ,� (B̈SUOFS� 4PMWJOH VOTZNNFUSJD TQBSTF TZTUFNT PG MJOFBS FRVBUJPOT XJUI 1"3%*40�

*O$PNQVUBUJPOBM TDJFODF�*$$4 ���� 1BSU ** 	"NTUFSEBN
 WPMVNF ���� PG-FDUVSF/PUFT JO$PNQVU�

4DJ� QBHFT ���o���� 4QSJOHFS #FSMJO �����

<��> 0� 4DIFOL BOE ,� (B̈SUOFS� 0O GBTU GBDUPSJ[BUJPO QJWPUJOH NFUIPET GPS TQBSTF TZNNFUSJD JOEF�OJUF

TZTUFNT� &5/" &MFDUSPO� 5SBOT� /VNFS� "OBM� ������o��� �����

<��> -� "� 4FHFM BOE .� 4MFNSPE� �F RVBTJ�TUFBEZ TUBUF BTTVNQUJPO� B DBTF TUVEZ JO QFSUVSCBUJPO� 4*".

3FW� ��	�
����o��� 4FQUFNCFS �����

<��> +� 3� 4IFXDIVL� 5SJBOHMF� &OHJOFFSJOH B �% 2VBMJUZ .FTI (FOFSBUPS BOE %FMBVOBZ 5SJBOHVMBUPS� *O

.JOH $� -JO BOE %JOFTI .BOPDIB FEJUPST "QQMJFE $PNQVUBUJPOBM (FPNFUSZ� 5PXBSET (FPNFUSJD

&OHJOFFSJOH WPMVNF ���� PG -FDUVSF /PUFT JO $PNQVUFS 4DJFODF QBHFT ���o���� 4QSJOHFS�7FSMBH

.BZ ����� 'SPN UIF 'JSTU "$.8PSLTIPQ PO "QQMJFE $PNQVUBUJPOBM (FPNFUSZ�

<��> 8� 4IPDLMFZ BOE 8� 5� 3FBE� 4UBUJTUJDT PG UIF SFDPNCJOBUJPOT PG IPMFT BOE FMFDUSPOT� 1IZT� 3FW�

������o��� 4FQ �����
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