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Abstract

In this paper we propose a time discretization of a system of two parabolic equations de-
scribing diffusion-driven atom rearrangement in crystalline matter. The equations express
the balances of microforces and microenergy; the two phase fields are the order parame-
ter and the chemical potential. The initial and boundary-value problem for the evolutionary
system is known to be well posed. Convergence of the discrete scheme to the solution of
the continuous problem is proved by a careful development of uniform estimates, by weak
compactness and a suitable treatment of nonlinearities. Moreover, for the difference of dis-
crete and continuous solutions we prove an error estimate of order one with respect to the
time step.

1 Introduction

This paper deals with a time discretization of a PDE system arising from a mechanical model
for phase segregation by atom rearrangement on a lattice. The model was proposed by one of
us in [29]; the resulting system has been analyzed in a recent and intensive research work by
four of the present authors (see, in particular, [16] and [17], both for well-posedness results and
for a detailed presentation of the model).

The initial and boundary value problem we consider consists in looking for two fields, the chem-
ical potential 1 > 0 and the order parameter p € (0, 1), solving

(1429(p))0w + 11 0ig(p) — Ap =0 in€x (0,T), (1.1)
Op — Ap+ f'(p) = ng'(p) in €2 x (0,7, (1.2)
Op=0,p=0 onI' x (0,7), (1.3)

fli=o = po and  pli—o = po in €; (1.4)

here () denotes a bounded domain of R? with conveniently smooth boundary I', 7" > 0 stands
for some final time, and 0,, denotes differentiation in the direction of the outward normal v.

Problem (1.1)—(1.4) is parameterized by two nonlinear scalar-valued functions, g and f, which
enter into the definition of the system’s free energy:

- 1 1
Y =1(p,Vp,p) = —(§+g(p))u+f(p)+§|w!2- (1.5)

We point out that in (1.1)—(1.5) all physical constants have been set equal to 1. We also note that
the last two terms in (1.5) favor phase segregation, the former because it introduces local energy



minima, the latter because it penalizes spatial changes of the order parameter. For g, one can
take any smooth function, provided it is nonnegative in the physically admissible domain:

g(p) >0 forall pe (0,1); (1.6)

accordingly, the coefficient 1/2 of 1 in (1.5) should be regarded as a prescribed material bound.
As to the possibly multi-well potential f, we take it to be the sum of two functions:

f(p) = fi(p) + f2(p);

the one, f1, is convex over (0, 1), and such that its derivative f] (and possibly also f1) is
singular at the endpoints 0 and 1 (cf. (2.3)); the other is required to be smooth over the entire
interval [0, 1], but not to have any convexity property, so that in equation (1.2) f; may serve as
a non-monotone perturbation of the increasing function f7.

As to the parameter functions, in [16] the choice made for g was:

9(p) = p, (1.7)

while the assumptions on f were compatible with choosing a double-well potential:

f(p) =ar{pIn(p) + (1 = p) In(1 = p)} + azp (1 — p) + asp, (1.8)

for some non-negative constants a1, o, a3. Note that, if i is taken null, then, according to
whether or not 2a;; > i, f turns out to be convex in the whole of [O, 1] or it exhibits two wells,
with a local maximum at p = 1/2; moreover, for a3 > 0, the combined function:

—g(p)p+ f(p) (apartof 1)

shows one global minimum in all cases, and it depends on the sign of (a3 — 1) which minimum
actually occurs. On the other hand, the framework of paper [17] allows for much more general
choices of g and f, as well as for nonlinear diffusion of p. Existence and uniqueness results
were proved in both [16] and [17], with different approaches. Here, we take inspiration from
arguments developed either in the one or in the other of those papers.

We introduce a time discretization of system (1.1)—(1.4) which is implicit with respect to the
principal terms and tries to handle very carefully the nonlinearities. Namely, we address the
recursive sequence of the elliptic problems:

(1 + 27n) 6hﬂn + Hn1 5h’7n - A;un-‘rl =0 in Q, (1 -9)
OnPn — Apni1 + f'(pni1) = tng' (Pn) in €, (1.10)
Oplini1 = Oppni1 =0 onT, (1.11)

forn =0,1,...,N,where h = T'/N is the time step, 7,, := ¢g(p,) and, for any (N + 1)-tuple
20,21, - - -, ZN, We let

Onzn = (Zne1 — 2n)/h form=0,...,N — 1.

After showing the existence of a discrete solution at any step, we carry out a number of uniform
estimates on the time-discrete solution which allow us to prove convergence to the unique so-
lution (i, p) of the continuous problem (1.1)—(1.4), as h tends to 0 (or, equivalently, N goes to



+00). Then, we estimate certain norms of the difference between the piecewise-linear-in-time
interpolants of the discrete solutions and the continuous solution: more precisely, the first error
estimate we prove is of order h'/?; the second, which holds under stronger regularity assump-
tions on the initial data, is of order h.

We regard our results as a cornerstone in the construction of a time-and-space discretization
of problem (1.1)—(1.4). With reference to such a complete discretization of Cahn-Hilliard and
viscous Cahn-Hilliard systems, we quote papers [1, 2, 3, 4, 5, 6, 7, 8, 22, 21, 23]. Some recent
efforts can be found in the literature with the aim of analyzing other classes of phase transition
problems, either to show existence via time discretization [9, 14, 15, 19, 20, 27, 30, 35, 36] or to
prove numerical results such as special convergence properties, stability or error estimates [11,
12, 13, 18, 25, 28, 31, 33, 34] (cf. also [26] for a recent review on phase-field models). We dare
say that our contribution goes deeply into the structure of the mathematical problem, because,
as is not the case for many other similar investigations, we succeed in showing a linear order of
convergence.

Our paper is organized as follows. In the next section, we list and discuss our assumptions,
formulate the continuous and discrete problems precisely, and state our main results. Section 3
is devoted to proving that there is a discrete solution. The convergence result is proved in the
long and articulate Section 4. Finally, the last two Sections 5 and 6 contain detailed proofs of
the two error estimates.

2 Main results

In this section, we describe the mathematical problem under investigation, introduce the time
discretization scheme, make our assumptions precise, and state our results.

First of all, we assume £ to be a bounded connected open set in R? with smooth boundary T
For convenience, we set

Vi=HY(Q), H:=L*Q), and W:={ve H*Q): 0v=0,0onT}, (21)

and we endow these spaces with their standard norms, for which we use a self-explanatory
notation like | - ||y. The notation || - ||, (1 < p < 4o00) stands for the standard L”-norm
in LP(Q2); for short, we sometimes do not distinguish between a space (or its norm) and a
power thereof.

As to the parameter functions f and g, we assume that

f=fi+ fa, where (2.2)
f1:(0,1) — [0, +00) is a convex C? function satisfying

li{]% fi(r) = —o0, and 71}}1} f1(r) = 400, (2.3)
f2:[0,1] — R is of class C*; (2.4)

g:[0,1] — R s of class C? and nonnegative.



For the initial data, we require that

po € VLX) and g >0 ae.in; (2.6)
po €W CC'Q) and infpy >0, suppy < 1.

We stress that conditions (2.7) actually imply that py is 1/2-Hélder continuous: indeed, as 2 is a
three-dimensional domain, W' is continuosly embedded in 00’1/2(5). As a consequence, also
f(po) and f'(po) are 1/2-Hélder continuous, since f and f’ are smooth in (0, 1). On the other
hand, we point out that in the sequel we will mostly exploit the compactness of the embedding
W c C°(Q); Holder continuity will play no role.

As recalled in the Introduction, in papers [16] and [17] two versions of problem (1.1)—(1.4) were
solved over an arbitrary time interval [0, T'] in a rather strong sense, because the solution pairs
(1, p) were required to satisfy

pwe HY0,T; H) N L*(0,T; W), (2.8)
p € W0, T; H) N H*(0,T; V)N L®(0,T; W), (2.9)
pw>0 ae.in@, (2.10)
0<p<l1l aein@ and f'(p) e L>*(0,T;H). (2.11)

Note that the boundary conditions (1.3) follow from (2.8)—(2.9), due to the definition of W
n (2.1). Accordingly, the solutions to the problems of type (1.1)—(1.4) studied in [16] and [17]
were pairs (i, p) satisfying, in addition to (2.8)—(2.11), the system

(1 + 29(p))3tu +pog(p) —Ap=0 aein@, (2.12)
Op — Ap+ f'(p) = ng'(p) a.e.in @, (2.13)
1(0) = po and p(0) = po a.e. in Q. (2.14)

Some of the results proved in the quoted papers are summarized in the following theorem.

Theorem 2.1. Let assumptions (2.2)<2.7) hold. Then, there exists a unique pair (i1, p) satis-
fying (2.8)<2.11) and solving problem (2.12)—(2.14). Moreover, 1 € L*°(Q), and there exist
P, p* € (0,1) such that p, < p < p* a.e.inQ).

The main aim of the present paper is to show that, given the time-discretization scheme intro-
duced here below, the discrete solution converges to the solution (i, p) as the time step h tends
to zero.

Notation 2.2. Assume that IV is a positive integer, and let Z be any normed space. We define
On + ZNT — ZN as follows:
for 2 = (20,21, -..,2n) € Z¥ T and w = (wy, ..., wn_1) € ZV,

Z — Z
O0nzp, = w means that wn:$ forn=0,...,N —1. (2.15)

We can also iterate the discretization procedure, and define, e.g.,

5,%,2”:: hZHh hin _ Zn2 h22+1+z forn=0,...,N — 2. (2.16)
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Next, by setting h := T/N (without stressing the dependence of 4 on N) and [, :=
((n — 1)h,nh) forn = 1,..., N, we introduce the interpolation maps from Z" ! into ei-
ther L>(0,T; Z) or W1(0,T; Z) as follows: for z = (2, 21, . . ., 25) € ZNT1, we set

Zh, 2, € L®(0,T;Z) and Zz, € WH(0,T;2), (2.17)
Zn(t) =z, and z,(t) =2, foraa.tcl, n=1,...,N, (2.18)

zn(0) = 20 and Oyzp(t) = Opzpq foraa.tel,, n=1,...,N. (2.19)

These maps yield the backward/forward piecewise-constant and piecewise-linear interpolants
of the discrete vectors. We obviously have:

1Znll Lo 0,1;2) = ngll’?}i(NHZnHZ, 12l Lo (0,152) = nzé?,?‘fﬁ_1||zn||z’ (2.20)
N N-1

ZallZe0miz) = 2 D M2allZ s NzallZeorz =B ) lzalZ- (2.21)
n=1 n=0

Moreover, as zj(t) is a convex combination of z,,_; and z,, for t € I,,, we also have

IZnllzemiz) = max max{|[zn-1lz |[zll2} = max{l|zol[z, [[Zl[ 2 0.1:2) ), (222)

N
20l Z2 0,2 < 2D (12nallZ + 12all%) < Rll20ll% + 211Z8l1 2022 - (2.29)
n=1

Finally, by a direct computation, it is straightforward to prove that

1Zh — Znl| e 0,12) = n:(I)T.l.?}z\{quZ”H — znllz = R |0:Zh ]| Lo (0,7:2) (2.24)
N-1

o~ h h*

12 = Zill720.2) = 3 D lznis — zally = 3 10521 Z20,7,2)- (2.25)
n=0

and that the same identities hold for the difference z; — zj.

At this point, we can write the discrete scheme presented in the Introduction in a precise form.
For any positive integer IV, we look for two vectors (1,,)2_, and (p,,)2_, satisfying the following

conditions:

i) the first components 11y and po coincide with the initial data;

ii) forn =0,..., N — 1, we have that

fins1s pnt1 €W, ppy1 20 and 0 <pup <1 in Q. f(ppy1) € H;  (2:26)

ii1) if (vn ), is the vector whose components are v, := g(py), there hold

(14 279) Onttn + fing1 OnYn — Afing1 = 0, (2.27)
Onpn — Apnir + [ (pns1) = ping (pn), (2.28)

forn=0,...,N — 1.



Also in this case, the homogenous Neumann boundary conditions are implicit in the regularity
requirements (see (2.26) and (2.1)).

Clearly, the “true” problem consists in finding (14,41, Pri1) ONce (pn, (i, is given. Here is our
result in this direction.

Theorem 2.3. Assume (2.2)—2.7). Then, there exists hy > 0 such that, for h < hy and
n=0,...,N — 1, problem (2.27)—(2.28) has a unique solution ({i, 1, pn+1) satisfing (2.26).

Our next results concern firstly convergence of interpolants for vectors (p,,) and (1,,) to the
solution (i, p) to problem (2.12)—(2.14), then error estimates. We point out that, for simplicity,
the convergence theorem here below is not stated in a precise form: the topological setting will
be specified later, by means of relations (4.34)-(4.38).

Theorem 2.4. Assume (2.2)—2.7). Then, in accord with Notation 2.2, the sequences of inter-
polants for the discrete solutions given by Theorem 2.3 converge to the solution (11, p) given by
Theorem 2.1 as h tends to 0, in a suitable topology.

Theorem 2.5. /n addition to (2.2)—2.7), assume that
po € H*(Q). (2.29)
Then, for sufficiently small h > 0, the following error estimate holds:
1o — pll 0,00z 0,73v) + lEn — pll oo o,75m)nL2 0,07y < ch'/?, (2.30)
where ¢ depends only on the structural assumptions and the data.
Theorem 2.6. In addition to (2.2)—2.7), assume (2.29) and
po € W. (2.31)
Then, for sufficiently small h > (0, the following error estimate holds:
1Ph — pll 10,10z (0,75 + 8 — ]l o 0,002 00,07y < €, (2.32)
where c depends only on the structural assumptions and the data.

Remark 2.7. It is easy to see that our assumptions (2.2)—(2.7) ensure that both f’(po) and
g’ (po) belong to V. It follows that (2.29) is equivalent to

—Apo + f(po) — Hog'(po) € V. (2.33)

We also notice that the assumptions (2.29) and (2.31) ensure further regularity for the solution
(14, p) to the continuous problem (see the forthcoming Remark 6.1).

We prove Theorem 2.3 in Section 3 and Theorem 2.4 in Section 4; the last two sections are
devoted to proving, respectively, Theorems 2.5 and 2.6.



Throughout the paper, we account for the well-known embeddings V' C L%(€2) (1 < ¢ < 6)
and W C C°(Q), and for the related Sobolev inequalities:

[ollg < Cllvflvand v]e < Cllofiw, (2.34)

forv € Vand v € W, respectively, where C' depends on () only, since sharpness is not
needed. We remark that these embeddings are compact. In particular, the following compact-
ness inequality holds:

|vlla < o||Vollg + Cyllv||g, foreveryv € V and o > 0; (2.35)
in (2.35), C, is a constant that depends only on €2 and o. Furthermore, we make repeated use
of Holder’s inequality, of the following elementary identity:

1 1 1

(a —b)a = 5 a’ — §b2 + 5 (a —b)?, foreverya,bc R, (2.36)

and of Young’s inequality
1
ab < oa® + . b%, foreverya,b>0ando > 0. (2.37)
g

Moreover, we use the discrete Gronwall lemma in the following form (see, e.g., [24, Prop. 2.2.1]):
if (ag,...,axn) € [0,+00)¥*and (by,...,by) € [0, +00)" satisfy

m—1
Q< a0+2bnan form=1,...,N, then
n=1
m—1
ym Saoexp(z bn> form=1,...,N. (2.38)
n=1

Finally, throughout the paper we use a small-case italic ¢ for a number of different constants
that may only depend on 2, the final time 7", the shape of f, the properties of the data involved
in the statements at hand; those constants we need to refer to are always denoted by capital
letters, just like C'in (2.34). Moreover, a notation like ¢,, signals a constant that depends also on
the parameter o. The reader should keep in mind that the meaning of ¢ and ¢, might change
from line to line and even in the same chain of inequalities and that their values never depend
on the time step h.

3 Existence

In this section, we prove Theorem 2.3. We argue inductively with respect to n, i.e., by assuming
that a pair (i, pn) satisfying (2.26) with n in place of n + 1 is given, we prove that problem
(2.27)—(2.28) has a unique solution (i, +1, pn+1) satisfying (2.26). More precisely, as is going
to be clear from the proof, we need less regularity for 1, €.9., i, € V. In particular, our
assumptions on g are sufficient to start. We rewrite (2.27)—(2.28) in the form

(1 + Tn + 7n+1)ﬂn+1 - hANn+1 = (1 + Q’Vn),um (31)
Pt — hApni1 + hf' (pni1) = pu + hitng' (pn), (3.2)



and solve (3.2) first for p,+1 (so that 7,41 is also known), then (3.1). In order to solve both
problems, it is expedient to replace each equation by a minimum problem, at least for 4 small
enough. We consider the functionals:

J:V—-R and Jy:V — (—o0,+0o0], defined by, respectively,

——/ |VU|2+—/(1+%+%+1)112—/(1+27n)unv and (3.3)

Bw)i=g [ 1ol + 3 [ eh [ fo) - [t hungi)e. @

In (3.4), we have f = fi + f», where f is any smooth extension of f» to the whole of R and
f1 is the unique convex and lower semicontinuous extension of f; that satisfies f( ) = 400
if ¢ [0, 1]. By the way, it is understood that the corresponding integral that appears in (3.4)
is infinite if f(v) does not belong to L'(Q). Therefore, both functionals are well-defined and
proper whenever j,, € V and p,, € W (and this implies boundedness of g(p,,) and ¢'(pn))-
Moreover, in view of the above remarks, .J; is continuous, and J; lower semicontinuous, on V.

Now, we observe that equations (3.1) and (3.2), when complemented by the regularity require-
ments in (2.26) (which yield the homogeneous Neumann boundary conditions), are the strong
forms of the Euler-Lagrange variational equations for the stationary points of .J; and Js, respec-
tively. More precisely, the strong form (3.1) follows from the variational formulation thanks to the
regularity theory of elliptic equations. As far as (3.2) is concerned, the function f' should be
replaced — in principle, at least — by the sum 8f1 + f2, where 0f1 is the subdifferential of f;.
However, once an L?(£2)-estimate is obtained for the subdifferential (and standard arguments
of the theory of maximal monotone operators (see, e.g., [10]), easily yield such an estimate),
the variational Euler-Lagrange equation can be written exactly in the form (3.2), because 0 f; is
single-valued due to our assumptions on f; (see (2.3), in particular). Consequently, existence
and uniqueness of the solution (t,,, p,,) follow if the functionals (3.3) and (3.4) are convex, so
that each of the correponding minimum problems has a unique solution. This is granted for the
first problem: indeed, .J; is strictly convex and coercive, because g is nonnegative. The same
holds for .J, provided that the second derivative of function © +— 12/2 + hfy(r) is strictly
positive on [0, 1], which is the case if hsup | f5]| < 1.

It remains to prove that 11,1 > 0. To this end, we multiply (3.1) by —p,, .1, where v~ =
max{—v, 0} denotes the negative part of v, and integrate over (2. We obtain:

/Q (14 9(pn) + 90 s + / Vi = — / (14 29(0)) pntisy < 0,

because both g and j1,, are nonnegative. This implies that 1., ., = 0, and hence that 1,1 > 0.

4 Convergence

In this section, we prove Theorem 2.4. For convenience, we introduce one more vector, (5n)§:0,
and recall the definition of (,,)2_:

&= filpn) and 7, :=g(p,) forn=0,...,N. (4.1)



Later on, we also use the interpolants of these vectors according to Notation 2.2. Our argument
uses compactness and monotonicity methods.

First a priori estimate. We multiply (3.1) by 1,1 and integrate over 2. By accounting for the
elementary identity (2.36), we obtain

1 1 1
5 / /“L721+1 Y / /qu21 + _/ |/1Jn+1 - ,un‘2 + h/ |vun+1|2
2 Q 2 Q 2 Q Q

+ /Q (Vb1 + Vst 1 = 29nfinfing1) = 0.

AS Vo ft2 1+ Y121 — 2Vnlafing1 = Yar1Hos1 — Yl + Ya(fnt1 — fin)?, we derive

that
1 2 1 2 1 2
<§ + %+1>Mn+1 - (5 + %)Mn + (5 + %) |1 — fin
Q Q Q
+ h/ |V,Un+1|2 = 0
Q
Onsummingovern = 0,...,m — 1L with 1 < m < N, we conclude that

m—1 m—1
1 2 2 / 1 2 / 2
a m h <_ n>5 n h n
JACRRD R S ACEEA LD oy A

1
Z/(—+70>u(2) form=1,..., N.
q\2

As g is nonnegative and hence 7; > 0, this implies that ||, ||z < ¢ form =1,..., N. Thus,
the above estimate also yields

N-1 N
el 4 16 3 gy +- 3l < 42

In terms of the interpolants introduced in Notation 2.2, with the help of 1y € V/, (2.20)—(2.21),
and (2.24)—(2.25) we have that

HﬁhH%OC(O,T;H)OLQ(O,T;V) + HﬁhH%‘X’(O,T;H)QL?(O,T;V)
+ HﬁhH%OO(O,T;H)QL?(O,T;V) + hHat//ZhH%?(O,T;H) <c. (4.3)

Second a priori estimate. In (3.2), we move p,, to the left-hand side. Then, we multiply by
Pn+1 — Pn @nd integrate over {2. We obtain

h h h
/ onss — a5 / Vpunl / Vol + / IV pust — Vpul?
Q Q Q Q

+h /Q F'(pn1)(Pr1 — pn) = h /Q ting' (Pn) (Prs1 — pn)- (4.4)



Now, we consider the last integral on the left-hand side of (4.4). We split f' = f] + f5 and use
the convexity assumption of f; and boundedness for f;. We get

|50 =)= [ (Bl = 5ip)) = [ I = .

Since also ¢’ is bounded, we infer from (4.4) that

h h
/|pn+l_pn| +3 /‘vpn-i-ll __/|vpn|2 /|vpn+l_vpn‘2

b [ (lowe) = o) < b [ (1 m )l =

1
<5 [l =t [+ <5 [ o = pult +ei?,
Q Q

the last inequality being due to (4.3). By dividing by A, summing over n = 0,...,m — 1, and
owing to the obvious inequality mh < ¢, we conclude that

m—1 m—1
1
D3 [+ 5 [ (Vonal 123 [15VpP+ [ filpn) < @9
n—0 Q Q n=0 Q Q

form = 0,..., N — 1. As the term involving the difference quotient d;,pn_1 is missing in the
first sum since m < N — 1, we estimate it directly. We multiply (2.28), written forn = N — 1,
by hdnpn_1 and integrate over 2. We have

h/ |5hPN—1|2+/(VPN—V,0N—1)'VPN+/f{(PN)(PN—PN—l) = h/ ¢ OnpN-1,
Q Q Q Q

where we have set ¢ := un_1 9 (pn—1) — f5(pn—1). Owing to the elementary identity (2.36)
and to the convexity of f; as before, we have

1 1
ol + 5 9ol + 5 19 = Toxcally + [ filow)
Q

1
< 5 IVpon-1llH +/Qf1(PN1) + b\ Dl [[onpn—1ll

1 h h
< 31w+ [ flows) + S0l + F6un—

Now, we observe that the first two terms of the last line are bounded by (4.5) written with m =
N — 2 and that ¢ is estimated in H thanks to (4.2) and our assumptions of g and f5. Moreover,
the last term of the first line can be ignored since f; is nonnegative. Hence, we get the desired
bound for the first term. At this point, we can easily derive an estimate for || py, ||z for m =
1,..., N. By using the obvious identity p,,, = po + h 22:01 Onpn and the euclidean Schwarz
and Young inequalities, we see that

m—1

lallr < lolls + S npulli < e+ & (m + ZnahpnuH) <e

n=0

10



Hence, by recalling (4.5) and our last estimates, we conclude that

N-1 N-2
hiy%%ﬁﬂwgﬁﬁmM€+W§ymﬂMM%§a (4.6)

In terms of the interpolants, (4.6) reads (thanks also to pg € V' and to (2.20)—(2.21) and (2.24))

HatﬁhH%Z(O,T;H) + HﬁhH%OO(O,T;V) + HBhH%N(O,T;V)
ol 2 075 + PNON Bl Z 20 iy < (4.7)

Third a priori estimate. We come back to (2.28) and rewrite it as (recall (4.1))

—Apni1 + &1 = =000 + 1ng (pn) — f3(Prsa)-

Hence, a standard argument (multiplying by —Ap,,+1 and by &,, ;1) shows that the following
estimate holds true

1Apnsill + 1nsalla < cll=0npn + png'(on) = fo(pnra)lla -
Thus, we infer that
1803 + 16l < c(Idnpald + lpalll +1) forn=0,...,N—1.  (48)
Moreover, by using the regularity theory of elliptic equations, we deduce that

lonstlliy + 16t llzr < c(llpnsrlly + 16npnllz + lpnllFr +1). (4.9)

Now, we multiply (4.8) by i and sum over n = 0, ..., m — 1. By accounting for (4.2) and (4.6),
we conclude that

N-1 N-1
DY lpnsallfy + 7 i < e (4.10)
n=0 n=0
In terms of the interpolants, (4.10) yields (by accounting for py € W)
th“%Q(O,T;W) + HBhH%Q(O,T;W) + HﬁhH%Q(O,T;W) <c (4.11)
besides an estimate for, e.g., ||, || in L2(0,T; H).
Fourth a priori estimate. We write (2.28) with n + 1 in place of n and take the difference

between the obtained equality and (2.28) itself. Then we multiply this difference by ;0,1 and
integrate over §2. We have

/(5hpn+1 - 5hpn)5hpn+l + /(vpn+2 - VPn-H) : (5hVPn+1
Q Q

+/(f/(0n+2) — [ (Pn41))Onpnyr = /(Mnﬂgl(/?nﬂ) — (tng (Pn))Onpni1.  (4.12)
Q 0

11



By accounting for the elementary identity (2.36), we get

1 1 1
/ (Bumst — Snpn) st = / Gnpusal? — = / Gnpnl® + 2 / (Gnpnes — Snpal?.
Q

Moreover, the second integral on the left-hand side of (4.12) can be written in terms of 05,0, 11
in an obvious way. Finally, by splitting f’ into f] + f5, observing that the contribution due to
the terms involving f] is nonnegative since f{ is monotone and moving the other ones to the
right-hand side, we see that (4.12) yields the inequality

1 1 1
3 | il =5 [ o+ 5 [ B = Guonl 5 1 [ 15190
Q Q
< _/Q(fé(pn—l—Q) _fé(pn—i-l))éhpn—l—l‘i‘/Q(Nn—l—lg/<pn+1) 1ng' (p ))6hpn+1 (4.13)

The first term on the right-hand side of (4.13) is easily treated in the following way:

_/Q<f2,(pn+2> - fé(pn—l—l))éhpn-i-l < Ch/Q |5h,0n+1|2~ (4.14)

On the other hand, we have
/Q (k419" (Prs1) = 1ng' (Pn)) Onpnia

= /S;,unJrl (g,(anrl) - g/(pn>)6hpn+l + / (MnJrl - Mn)g/(Pn)5th+1

Q

<ch / ftnt1|0n o0 O pnia| + / (k1 = tin) g (Pn)Onpny1 -
Q Q

Next, we deal with the last integral by using equation (2.27). Owing to our assumptions on g, we
obtain

9 (pn
/(Mn+1 - /Jln)g/<:0n)6hpn+1 = _h/ (—) (,unJrl 6h7n - Aﬂn+1)6h/)n+1
Q ol+ 27

gl<pn>
< — .
< Ch/ﬁ#nﬂ |6n0n |OnPn11] h/QVMnH V<1+2% 5th+1>

< Ch/ Hnt1 Mhpn‘ ‘5hpn+1|
Q

g (pn)
1427y,

- h/ g( ) VMn+1 Vonpnt1 — h/ Onpnt1 Vitngr - V

We treat the last three terms separately. Thanks to the Hélder, Sobolev, and Young inequalities,

12



and our assumption on g, we have for every o > 0
h/ fn+1 [0npn] [0npntr| < bt lla [|0npnl i ([0 pnt1]4
Q

ch
< ohl|bppnially + — ||un+1||2v 16.0n 171 (4.15)

/
—h/ 19( Pn) V g - v5hpn+1<ch/|V,un+1||V5th+1|
+ 27,

< 0 h||Vonppiallyy + 7|!Vun+1llif (4.16)

/
_h/ 5hpn+1 vﬂn+1 -V g <pn> < Ch/ |5hpn+1| ‘Vﬂn+1| ’v/)n’

< ch|0npnsrlla Vil o [[Vonlla

ch
< ohldnpnia i+ — IVinsallfy (lpallis + 120nl1%) - (4.17)
Now, we rewrite (4.8) as

1Apull + 16nllEr < c(Onpnallyy + sl +1) forn=1,....N,

and note that we can allow the choice n = 0 provided that we define

p-1:=po and,e.g., p_1 :=0.

Hence, we can improve (4.17). By using (4.3) and (4.7) as well, we have

g/(pn)
—h | Opppi1 Vit - V"t
/Q hPner Vi 1 2’771

ch
< oh||Onpnll} + — IV tinsa 17 (llonllZ + N0n0n-1l7r =+ 1t ll7r + 1)

ch
< oh||Onpnslly + — ||V/~Ln+1||?{ (16npn-1ll7 +1) . (4.18)

By recalling all these estimates, we see that (4.13) yields
/ Onpn | — = / Bupal? + / Onpass — Oupul? + / 104V s ?
<ch [ Bnpnal + 3hl Gl + S e
Q

ch
il (15014 1)

Now, just by changing the value of the constant c in front of the first integral on the right-hand
side, we can replace the last integral on the left-hand side by ||8;0,41||3. Then, we choose
o = 1/4 and rearrange. We obtain

1 1 1 h
5/ |5hpn+1|2—§/ |5th|2+§/ |0nPrt1 _5hpn|2+1||6hpn+1||%/
0 0 Q
~ hFPn+1 n+1|lv hPrnl|lH n—+1|| o hPn—1|lH .
<ch | 0nppsrl” + ch |l pmslly 10nonllF + ¢RIV ttnsa Iz (10non—1l7r + 1)
Q

13



At this point, by assumingm < N — 1, we sumovern = 0,...,m — 1 and have

m—1 m—1
1 1 h
a (5 m2 5 (5 n _5 n2 - 5 n :
2/0‘ hPm| +2 nEZO/S;‘ hPn+1 — OnPn| +4 nE:oH Pty

m—1 m—1
1
< 5/9|5hp0|2+0hz/9|5h'0"+1|2+0h2||,un+1||%/||5hpn||§{
n=0 n=0

m—1 m—1
+eh Y IV ll3 I0non—1llFr + €2 Y Vi |l (4.19)
n=0 n=0

The second and the last terms on the right-hand side of (4.19) have been already estimated by
(4.6) and (4.2), respectively. To treat the first term, we write (2.28) with n = 0 and add Apy
to both sides. Then, we multiply the resulting equality by d5p0 and integrate over (2. After a
rearrangement, owing to (2.4) and the assumptions on the initial data (see (2.7), in particular),
we obtain:

/ Gupol? + / Voupol? + / (o) — F1(00))Buo
Q Q Q
= /Q(Apﬂ + tog'(po) — f1(po) — f3(p1))dnpo < c||dnpol| -

As (f1(p1) = f1(po))dnpo > 0 due to the monotonicity of f1, we immediately deduce that
16r00l7 + PV ORpoll 7 < c. (4.20)

In particular, the desired estimate for ||05, 00| & is achieved. Therefore, on recalling that 0,p_1 =
0 because p_1 = po, we see that (4.19) yields:

m—1 m—1
16n0ml[3 + Y nons1 — Snnllr + 1Y lInpnia I}
n=0 n=0
m—1 m—1
< el s lf Inpaly +ch Y Vel Inon ]
n=0 n=1
m—1 m—2
<t eh S Nl 10noall% + b SNV sl 16000
n=0 n=0
m—1
<Cr4Coh Y (Il + lins2lt) 1nnll%
n=0
form = 0,..., N — 1. Hence, we can apply the discrete Gronwall lemma (see (2.38), where
N is to be replaced here by N — 1) and deduce that
m—1 m—1
18nom 1 + Y 10npns1 = Snpullzr + 1D lonpnsa |l
n=0 n=0
m—1
< Crexp(Coh 3 (sl + lnial?) )
n=0

14



form =0,..., N — 1. Owing to (4.2), we infer that

m—1 m—1
18n0ml[3 + Y Nonpn1 = Snpnllf + 1 Y owpnialli < ¢ form =0,..., N —1;
n=0 n=0

moreover, on using the estimates of &, py and Vdy, po given by (4.20), we conclude that

N-1 N-1
m:glfi?](vlefShPmH%{ + ZOH%Pn — Onpn-illfy +h ZO||5thH%/ <c. (4.21)

In particular, (4.21) yields:
10tPn| Lo (0,752 0,131y < € (4.22)

Fifth a priori estimate. We improve (4.10)—(4.11). Owing to (4.9), on using (4.21) in addition
to previous estimates, we immediately obtain (cf. also (2.7)) that

lpmllw +1mller < ¢ form =0,..., N, (4.23)
||ﬁhH%°°(O,T;W) + HBh“%W(O,T;W) + H/p\hH%OO(O,T;W) <c, (4.24)
as well as an estimate for, e.g., &, in L>(0,T; H).

Sixth a priori estimate. We rewrite (2.27) in the form

(1 + Y+ ’YnJrl)(sh,U/n - A/LnJrl = —lUn 5h7n .
We test this equality by (j,+1 — 14n), and integrate over ). We obtain

h/ (1 + Tn +’7n+1)|5h,un|2 +/(V,U,n+1 - V,un) ' v/’LTL-Fl - _h/ Hn 5h’)/n 5h,un‘
Q Q Q

As g is nonnegative and Lipschitz continuous, we infer that

1 1 1
b [ 1wl 5 [Pl =5 [ 1905 [ 19000 = )
Q Q Q Q

< ch/ i On ] [Onpin| < ¢l il [|0nonlla [|Onsinll2
Q

h
< S Nnpnl% + e B)0npnll? IVl % + Nlptnll%)

h
< 5 I0ntallz; + chll0npally IV a7y + ¢ Alldnpally |

the last inequality being due to (4.2). By rearranging and summing over n = 0, ..., m — 1 with
1 <m < N, we get:
h m—1 1 h2 m—1
n=0 n=0
1 m—1 m—1
< 5 IVmolli +ch Y Iononlld IV pnlf +ch Y _l18upnl
n=0 n=0
m—1
<ctch Y Nonpnlly Vil -
n=0
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where we have used (4.21). Now, we first apply the discrete Gronwall lemma (2.38) and then

account for (4.21) once more. We obtain, form =1,..., N,
m—1 m—1
WY N0ntnll3r + Vil + 22 Y IV Snpalfy < c (4.25)
n=0 n=0

Next, by (2.27), the Holder and Sobolev inequalities and the Lipschitz continuity of g, we in-
fer that

A1 llr < c(I0nnllr + Nl ns10n7nll i) < c([|0npnllir + | itnsalla | 6n7nll4)
< c(1onnllg + [lpnslla [10npnlls) < c(l|0npnller + Nitnsallv 6nonllv);

note that in the last product we can ignore the factor ||1t,,+1 ||y, due to (4.3) and (4.25), provided
we update the last value of c. By squaring, summing up, and multiplying by A, we thus obtain
form=1,..., N the estimate

m—1 m—1 m—1
WY N Al < b onpnl3 + i Y l1npnlly
n=0 n=0 n=0

and we can replace the H-norm of Ay, 1 by the W-norm of 1,1 thanks to (4.2). We collect
this and (4.25) and account for (4.21) and o € V. We have:

N-1 N-1
h Z;Héhunllé + max (Vi[5 +h Z()Hﬂn-HHIQ/V <c, (4.26)

so that

| Octin | 20,00y + | Bl Lo (0,73 ) L2 0,07y + ||HhHL°O(O,T;V) + || Loy < e (4.27)
We note that (4.25) also gives the non-sharp estimate

MIVOTinlIT20 1) < € (4.28)

Limit and conclusion. By standard weak compactness results, we find some convergent
subsequence for the interpolants. Therefore, in principle, it is understood that the convergence
that we refer to holds for a subsequence. However, once we prove that the limit we find is the
solution (x, p) to problem (2.12)—(2.14), then the whole family of interpolants is convergent, due
to uniqueness. For the reader’s convenience, we select some estimates among those we have
proved in the previous steps. These are:

17 o 0, mv)nz2 0. mwy + 1 e 0mvy + [[Enll Lo 0,mv) < € (4.29)
[Prllzee 0wy + (2, |20 mw) + 1Pl 220,y < € (4.30)
10cin | L2 0,71 + |0epn || Low (0,11 L2 0,10y < € (4.31)

Now, we observe that (4.31) and (2.25) imply that

15 = Bl 2o + 1y, — Hnllzzorm < ch (4.32)
1on = Prllz20 vy + Mo, — Prllz2.r) < ch. (4.33)
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This yields, in particular, that the weak limits we find for [z, My and [iy, by using (4.29) and
weak compactness results coincide and that the same happens for p,,, Py and py,. Therefore,
we can conclude that some functions p and p exist such that

B Ly fn — p weakly starin L>°(0,T; V), (4.34)
Ty, — weakly in L2(0,T; W), (4.35)

Phs Py Ph — p weakly star in L>°(0,7; W), (4.36)
Osftn, — O weakly in L2(0,T; H), (4.37)
O, — Oyp weakly starin L>(0,7; H) N L*(0,T;V) . (4.38)

Now we prove that (1, p) satisfies (2.8)—(2.11) and solves problem (2.12)—(2.14).

We remark that the topology alluded to in the statement of Theorem 2.4 is precisely the topology
associated with the convergences specified in (4.34)—(4.38). Clearly, (2.8)—(2.10) are fulfilled.
Moreover, the Cauchy conditions (2.14) are satisfied, because (i, p,) converges to (1, p) at
least weakly in C°([0, T']; H). Therefore, it remains to check that (2.11) holds and that equa-
tions (2.12)—(2.13) are satisfied. To do that, we read the discrete problem (2.27)—(2.28) in terms
of the interpolants. We have:
(1 +2y,)Oufin + 1,070 — ATy, = 0, (4.39)
Owpn — APy + '(Pn) = 1, 9'(p,)- (4.40)
Hence, the main problem consists in identifying correctly the limits of the nonlinear terms and
those of the products. To this end, we recover some strong convergence (without looking for
shaaness, since it is not necessary). We first recall that the embeddings V' C H and W C
C’O(Q) are compact, so that we can apply [32, Sect. 8, Cor. 4] and deduce that
fn — p strongly in C°([0,T]; H) and a.e. in Q, (4.41)
pn — p strongly in C°([0, T]; C°(Q)) = C°(Q). (4.42)

By combining this with (4.32) and (4.33), we infer that
Pps by, — p and py, p, — p stronglyin L?*(0,T; H) and a.e.in Q. (4.43)

We point out that a.e.-convergence actually holds for a subsequence. Take now p, € (0, p.)
and p*® € (p*, 1), where p,, p* € (0, 1) are given by Theorem 2.1. Then, (4.42) implies that

Pe < pr < p* in@Q, provided that & is small enough. (4.44)

This means that the same bounds hold for p,,, n = 0,..., N (where (pn)_, is the vector
associated with py,), and hence also for p;, and Py As f’ g, and ¢’ are Lipschitz continuous
on [pe, p*], we deduce a bound for || f'(5,)]| o and for the L* norm of the other functions we
are interested in. By combining this with the a.e.-convergence implied by (4.43), we deduce that

¢(Pn), ¢(p,) — &(p) stronglyin LP(Q) forp € [1,+00) and ¢ = f',g9,g".  (4.45)
In particular, (2.11) holds. On the other hand, we also have

10K = |08 Yn] = 0n9(pn)| < c|onpn| = c|Oipn| ae.inlyyq,forn=0,...,N—1,
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so that (4.31) yields an estimate of 0,7, in L>°(0,T’; H). Hence, thanks to (2.24), we have
An = Tnllzozemy < |0 Loe 0.2y < ¢,
whence even 7, converges to g(p), e.g., strongly in L?(Q). Therefore, we infer that
0L — Owg(p) weakly starin L>(0,T; H). (4.46)
Finally, as to the limits of the products in (4.39)—(4.40), we can infer that
7, 0din = 9(p)Outt, 1RO — pOig(p),  Fng'(p,) — 1g'(p), weaklyin L1(Q).

Therefore, (2.12)—(2.13) follow from (4.39)—(4.40), and the proof is complete.

5 Proof of Theorem 2.5

In this section, we prove Theorem 2.5. It is understood that / is as small as needed; oftentimes,
we do not pause and quantify such smallness precisely. First of all, we remind the reader that
the interpolants py, Py and p;, are uniformly far for 0 and 1 (see (4.44) and the subsequent
lines). Therefore, without loss of generality, we can assume that the derivative function f’ is
Lipschitz continuous. We need additional a priori estimates.

Auxiliary a priori estimates. We prepare an estimate for ||V d,, 00| . To this end, we notice
that (2.28) with n = 0 can be written as

dnpo — hAdwpo = f'(po) — f'(p1) — %o, (5.1)

where 1y := —Apo + f(po) — 109’ (po). As 1y € V by (2.33), we can test (5.1) by —Adppo
and integrate by parts. In view of the Lipschitz continuity of f/, we find out that

IV 8npoll7r + l| Adnpol|7r < ¢ Rl dnpolla 1Ak poll e + 11V3bol [ |V Snpol |
< 21 8upolly + ool + 5 I onpolly +c.
By accounting for (4.20), we obtain the desired estimate
[Vonpollar < c. (5.2)

Let us come now to the basic estimate we need. We write (2.28) with (n + 1) in place of n,
and take the difference between the so-obtained equality and (2.28) itself. Then, we multiply this
difference by —Ad, p,11 and integrate over §2. We easily have, forn =0, ..., N — 2, that

/(thpn+1 - thﬂn) : V(Shanrl + /(Apn+2 - Aanrl) Aéhpn+1
Q Q
. /Q (F (ons2) — J(0s1)) (= Aduprss)
+ /Q (tns19' (Pns1) — 1ng (Pn)) (= A0kpps1). (5.3)
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By the elementary identity (2.36), the first integral is equal to

1 1 1
5/ |V5hpn+1|2 - 5/ |V5h,0n|2 + 5/ |Vénpni1 — V5h0n|2-
Q Q Q

On the other hand, we obviously have that

/(Apn+2 — Appi1) Adpppia = h/ |A5th+1|2-
Q Q
Now, we deal with the right-hand side of (5.3). By Lipschitz continuity, we deduce that
= [ (0012 = F(0ue) (~B0upe) < € [ sz = pusal Ao
Q Q

h
—ch [ upul|880e1] < 7 [ 1880wl +ch [ Bnpnl
Q 1 Q Q

As far as the last term of (5.3) is concerned, we combine the above elementary argument with
the Hélder and Young inequalities and the Sobolev embedding V' C L*(£2). We find:

[ i r12) = i (9) (-

S C/ (ﬂn+1|pn+1 - pnl + |,un+1 - Mn|)|A5th+1|
Q
< ch([lpnrallallonpnlla + 0npnll ) | AGH i1 |

h
<5 [ 1800+ el [l + chlounar-
Q

By collecting the inequalities we have obtained, we see that (5.3) yields:

1 1 1 h
5/ \V(Shpnﬂ\z - 5/ |V5hpn|2 + 5/ [Vonpni1 — V5hﬂn|2 + 5/ \A(Shpnﬂ’z
Q Q Q Q

< Ch/ [0npn1]* + chll st [ 1100l + chlldnsnllZ -
Q

At this point, we sumovern = 0,...,m — 1,with 1 < m < N — 1, and deduce that

m—1 m—1
1 1 h
= Snpm|> + = Shpns1 — Vonpn|* + = /Aén 2
QTS D S AT CYA D By ALY

N-2
1
<5 [ 1Vl +ch 3 [oupn
Q n=0

N-1 N—1
+ cn:g}%_lﬂunHHQv h Z;Héhan%/ +ch Z_%Héh/inH?{ : (5.4)

The first term on the right-hand side of (5.4) is estimated by (5.2); all other terms on the right-
hand side have been estimated already (cf. (4.22) and (4.27)). Therefore, by recalling also
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(4.21), we conclude that

N—2
2 2
< .
e ([ Gl I+ ;IIMWWHH <e, (5.5)
10epnl| Los (0,m3v) + | AP || 200,7:) < € (5.6)

Consequence. In view of the regularity theory for elliptic equations and the continuous em-
bedding W C L*(£2), we derive from (5.6) that

100l 200wy < ¢ and  [|0ipnl| 20,75 (0)) < (5.7)

Moreover, as the second (5.7) means an estimate of the difference quotients associated to
the vector (p,,))_,, and as g is Lipschitz continuous, a similar estimate holds for the vec-
tor (9(pn))2_, (see (4.1)), and we infer that

|‘at;}7h|’L2(O,T;L°°(Q)) <c (5.8)
Furthermore, by applying (2.25), we see that (5.6) also implies that

1A, — Pi)llz20,m:m) < ch. (5.9)
Proof of Theorem 2.5. A possible strategy could be the following: to multiply the difference
between (4.39) and (2.12) by (i, — j4), and the difference between (4.40) and (2.13) by O, (pn —
p); then, to sum up and start estimating. However, in order to split calculations and give more
transparence to the proof, we prefer to proceed with those pairs of equation separately, and
collect the inequalities we obtain later on. So, we first consider just one couple, for instance,

(4.40) and (2.13). We multiply their difference by 0;(pr, — p), integrate over Q;, where t € (0,7)
is arbitrary, and add the same integral to both sides for convenience. We obtain:

[ [10Gi= o+ 316 - mon:
= [[{-8G -7~ 0G0 - £0)
+9'(0,) (1, — 1) + 19 (p,) = 9 (0)) + (B — ) bWl — )
<3 [ [ 1.~ o
we [ {1860 =50 +15 = o+, =l + o, — o + 15— o7} 510

In the above inequality, we have used the Lipschitz continuity of f’ and ¢, and the boundedness
of 1. Now, we estimate the last integral of (5.10). Thanks to (5.9), we have that

t
| [ 186~ pP <t
0JQ
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On the other hand, owing to (4.33), we obtain:

// Po— o2+ Lo, — o + [P — o)

< c//gm — B2+ Lo, — Pl + P — o)
0

t
§0h2+6//|ﬁh—p‘2.
0J0Q

Similarly, we have, by (4.32), that

//mh u|2<0// 1, — Fnl? + Vi — pl?) <ch2+c//mh—u|

By collecting the above inequalities, we see that (5.10) and the Gronwall lemma yield:

[ [10Gi=pr+1G.-00l < {7+ [ [ Gi=o+ [ [ 17-nl} 610

for every t € [0, 7). Now, we deal with equations (4.39) and (2.12). For the reader’s conve-
nience, by recalling that 7, = g(p,) and v, = g(p,) (see (4.1)), we rewrite the former in a
different way, namely,

(1+29(p,))dufiin + 7,030 — Ay, = 0. (5.12)

Next, we take the difference between (5.12) and (2.12) and write it as

(1 +29(pn)) Ou(in — 1) — A(fin — 1) + (fin — p)
= —20u1(9(Pn) — 9(p)) — OAn (1, — 1) — 0 (Fn — 9(p))
+2(g(Pn) — 9(p,)) Ouin — A(fin — ) + (Fin — 1) -

Finally, we multiply this equality by (7, — ) and obtain the following identity:

O (5 +9(on) (Fn — 1)} — A(an — 1) (B — w) + (A — p)*
= 8i9(Pn) (fin — )% — 20w (9(Bn) — 9(p)) (Fin — )
— O (i, — 1) (Ain — 1) — 0 (I — 9(p)) (fin, — 1)
+2(9(Pn) — 9(p,)) Oelin (Ain — 1) — A(fin — i) (fir, — 1) + (fin, — 1)*. (5.13)

At this point, we integrate over (J;. As ¢ is nonnegative, we get:

1 R 7
5 [ =+ [ - s M ds < 3210 514

with an obvious meaning of 1;(¢), j = 1,..., 7. Now, we estimate these integrals, but the last
one. By combining Hélder’s, Young’s, and Sobolev’s inequalities, and in view of (5.6), we have
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that
t
t) < C/o 10:Pm () lall (22 = ) ()| | (72 = 1) () 4 ds
t
C/ 10tpn ()|l | (e = 1) ()| | (12 = 1) (3)[|v- ds
<o [ = ds o [ 1~ ) s
where o > () is arbitrary. Similarly, we infer that
t
L(t) < 2/ 1Bspa(3) 11D = ) ()l all (Fine = p2)(5) [ ds
<o [ = ds+ co [ 10— IR b

Notice that, by means of the Gronwall lemma, we shall be able to control the last integral in terms
of the L(0, T')-norm of the function s — [|0;11(s)||% (cf. (2.8)). We use a similar procedure for
the next integral and notice that the same remark holds, due to (5.8). Indeed, we have that

t) < /:I!(?ﬁh(S)Hoo||(ﬁh — ) all (@, — 1)(s)||a ds
< /tllaﬁh(8>||oo||(ﬂh = 1) ()l (B = 1) ()l + |y, = in) ()l 2) s
/ 10K ()13 (Ein — ) (5) [ ds + C/Ot(H(ﬁh — w5 + 1y, — Fin)(s)I[7) ds
/O(H@%( Moo + DI (AR — 1) ()17 ds + ch?,

where the last inequality is due to (4.32). In order to treat I4(), we prove a preliminary estimate,
namely, that

\Gt(% — Q(P))| <c {|/5h — Pu| + ’Bh — Dn| + [P — P|} |0ipn| + ¢|Ou(pr — p)|  (5.15)

a.e. in (). As we argue pointwise, we fix (,t) a.e. in () and choose n such that ¢ belongs to
the interval (nh, (n -+ 1)h/J; in order to simplify the notation, we omit writing at what point (z, t)
we work. By the mean value theorem, we find r between p,, and p, 41 such that

(3 — glp)) = 2Ly = ) P )
= ¢'(r)0ipn — g'(p)0p = (9'(r) — 9'(p)) 0P + 9'(p) (Oepr — Brp).

As ¢ is bounded and Lipschitz continuous, we infer that

|8t(:7\/h - 9(/0))| < clr — pl|0wpn| + c|Owpn — Orp.
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On the other hand, we have

[ —p| < |r = pul + o0 — ol < |pns1 — pul + o0 — Pl
=pn—p, | +1p, = pl <P — Pl +2lp, — Pl + [Pn — pl.
h h h

Hence, (5.15) follows, and we can use it to estimate 1, (). We also account for the boundedness
of 1 and for identity (2.24) and the analogue identity concerning z;. We have:

t
Lo e [ [ o=l + 1o, ~ 5l + 1w~ ol} 0 o —
0JQ

t
+c//|at<ﬁh—p>|mh—m
0JQ

0/ {17(s) = Pu() Il + 12, () = Pu(s)II3 + 1Pn(s) — p(s)IIZ } [10:0n(5) 15 ds

+5 [ 1= s+ [ =)ol s

< ¢ h*||0unl oo 0 :m0) 10ePR I L2 0 i () + C/ 1001 () 1136 117k (s) — p(3) 17 ds

/||at ||Hds+c/|| A — 1)(s) 1% ds

furthermore, estimates (4.31) and (5.7) allow us to infer that
t
1) < e+ e [ 1A 156 - ol ds+ 5 [ 16— i)l s
0
t
~ 2 ~ 2
+ c/ (1 + [18:pn () 5 | (i — 1) (3) I3 dis-
0
Next, we deal with /5(¢). By accounting for (2.25) and (5.7), we deduce that
t
I5(t) < c/ 1(Pr = p,,) () loc | Ot () || 2 | (i — 12) ()| ds
0
t
< Ch2|’3tﬁh|’%2(o,T;Loo(Q)) + C/ ||3tﬁh(8)|’§{\|(ﬁh - M)(S)H%J ds
0

t
<ol e / 10T () 1211 G — 1) (3)I1% ds.

We note at once that we shall be able to control even the last terms of the last two estimates
with the help of the Gronwall lemma, in view of (5.7) and (4.31), respectively. Finally, thanks
to (2.25) once more, we have:

:/Ot/QV(ﬁh—ﬁh)-V(ﬁh—u)
ga/ot/ﬂwmh_u>|2+00/0t/g|v<ﬁh—m)ﬁ
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t
<o [ [ 19— wP + & 121V0F
0J0Q

t
So//lv(ﬁh—u>|2+cah, (5.16)
0JQ

where the last inequality is a consequence of the non-sharp estimate (4.28). We stress that
I is the only term of order h instead of h2. At this point, we collect all the estimates of the
integrals /; we have obtained, and come back to (5.13)—(5.14). If we choose o small enough,
we conclude that

31 = w0l + 3 [ 1~ w61 s
(e [ 1086 2 + 1 63 I — o)y s
= [ 1o + 107 ) 17(5) = p(s) - s

t
4 / / 9 — ) / 10u(n — 0)(3)I% ds 5.17)
0JQ

for every t € [0,T]. Now, we revert to (5.11) and add it to (5.17). After rearranging, we apply
the Gronwall lemma and obtain (2.30). This concludes the proof.

6 Proof of Theorem 2.6

As is clear from the proof of Theorem 2.5, to obtain estimate (2.32) there is just one step to mod-
ify, namely, the estimate of I (see (5.16)), which was based on the non-sharp inequality (4.28).
Thus, we only have to prove that our further assumption (2.31) implies that /g must be of order
h2, not h. Moreover, it is clear that this is true whenever we improve (4.28) and replace it by

N-1

IVOG o < ¢ e b S V% < c. 61)

n=0

Hence, it suffices to prove (6.1). In order to make our argument transparent, we prove some
additional estimates, the first of which holds under assumption (2.31).

Further a priori estimates. We prepare an estimate of ||0y, /0| - In view of (2.31), we write
equation (2.27), with n = 0, in the form:

(14 2790)0ntto — hAIK o = Apto — p1 5nY0,

and test it by 5, 119. As Yo is nonnegative, we immediately arrive at

/ Gaptol” + / Vonttol> < (1 Avollar + el 5npolla) 15wt
Q Q
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Thanks to (2.31), the Sobolev inequality, (4.26), and (5.5), we deduce that

[0n kol + h/ [Vonpol* < c. (6.2)
Q

Let us come to the basic estimate we need. We improve (4.21) and obtain a bound for the
second-difference quotients 07 p,, (see (2.16)). We write (2.28), with (n + 1) in place of n, and
test the difference between the resulting relation and (2.28) itself by (0, pn+1 — Iy ). We find:

/Q |0npns1 — Onpnl® + /Q Vonpni1 - V(Onpni1 — 0npn)
= - /Q (f'(pns2) = f'(pny1)) Onpnsr — Onpn)
+ h/g(gl(PnH)(Sth + 11n0n(9' (1)) (OnPnt1 — Onpn)
< Ch [ (il + o] + i Bu0ul) B = Gronl . 6
By the elementary identity (2.36), we have:
Voupnis - VGupnss = 0upn) = 3IV00pmis = 5[V0upul? + 5[V0upss = Vool
On the other hand, by the Sobolev inequality, (4.26), and (5.5), we infer that
Ch [ (il + uial + 1 5000]) B = 51
< 3 [ Vonpucs = Sl 8 ol + ol -+ il 50 )
< %/ﬂ 10npn11 = Onpnl® + W2 ([0npn 1l F + 10nnllF + [ nll3 19000 l1F)
<5 [ 8w = Gl B2l + 1y + 1),

Now, we combine this estimate, the identity just above, and (6.3). Then, we divide by h and sum
overn=0,...,m —1,where 1 <m < N — 1. We obtain:

m—1 m—1
h 2 2 1 2 1 2
9 ;H(sthHH + ) ”V(Shpm”H + B %HV(Sth—H - V5hpn||H
1 m—1 m—1
<3 IV8npoll3 + ch > llonpnralli + ch > 1npall + c.
n=0 n=0

At this point, by (5.5), (4.6), and (4.26), we conclude that
N—2
Ry l6enlly < c. (6.4)
n=0
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Consequence. With a view toward deriving an estimate for 5}%%, we begin by arguing point-
wise. So, for a.a. (z,t) € () (once again we omit writing at what point of ) we work) and
for suitable 7, between p,, 2 and p,41, and re between p,, and p,11, we have by the Taylor
formula:

053l = h72 |g(pnra) — 9(pni1) + 9(pn) — 9(pni1)]

= 1219 (pri1) (Prsz — Prs1) + 3 9" (1) (P2 — Pnga)’?
+ 9" (Prs1) (Pn — Pns1) + %g”(rz)(f% — pnt1)?|

<c |5i21pn| +c (|5hpn+1’2 + ‘5hpn’2)'

Now, we square this pointwise estimate, integrate over {2, sum over n, and deduce that

N—-2 N—-2 N-—1
WY Nmnllz < ch D lIo7ealli +ch D llononlli -
n=0 n=0 n=0
Then, (6.4), the Sobolev inequality, and (5.5) yield:
N-2
R 67l < e (6.5)
n=0

Proof of Theorem 2.6. As said before, it suffices to prove (6.1). We reason that, in order to
obtain the analogous estimate for the solution to the continuous problem, one first differentiates

(2.12) with respect to time and then tests the resulting equality by J,; this yields the desired
t
term // |V8tu|2 on the left-hand side. The idea is to perform the corresponding procedure

0JQ
on the discrete equation (2.27). However, it turns out that the calculation in the discrete case
becomes simpler if one tests by the analogue of the product (1 + 2g(p))0:u. To simplify the
notation, we introduce the vector 7 defined by

T = (14 279,)0pptn, forn=0,...,N —1. (6.6)

We write (2.27) with (n+ 1) in place of n, and take the difference between the resulting equality
and (2.27) itself. Then, we test this difference by 7,1 and integrate over (). By taking the
elementary identity (2.36) into account, we obtain forn =0, ..., N — 2 that

1 1 1
_/ |7Tn+1’2 - _/ ‘%‘2‘*‘_/ |7Tn+1 —7Tn|2+h/V5th+1'V7Tn+1
2 Jq 2 Ja 2 Jq Q

= - / (Mn-i—? 5h’7n+1 — Mn+1 511’771) T+l -
Q

By computing the fourth term on the left-hand side with the help of (6.6), recalling that g is
nonnegative, and rearranging, we deduce that

/ . / mal? + / st — Tal? + 20 / Vonttnsa]?
Q Q Q QO
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< -2 / (Nn—i—Q 5h’7n+1 — Hnt1 5h’7n) Tpt+1 — 4h/ 5h,un+1 vahun-ﬁ-l ’ V’Yn—i—l
Q Q
= _2/ 7Tn+1(,un+2 - ,U/nJrl) 5h7n+1 - 2/ Tn41 Mn+41 (§h7n+1 - 5h7n)
Q Q
- 4h/ 5hlun+1 VCSh/an-i-l : v/}/n—&-l
Q

= _Qh/ Tn41 6hﬂn+1 5h’yn+1 - Qh/ Tn41 Mn41 5}21771
Q Q

- 4h/ Ontnt1 VOnttnt1 * VYnyg - (6.7)
0

Now, we estimate each term of the right-hand side separately, before summing over n, in order
to simplify the notation. For the first one, we use Holder and Sobolev inequalities, and esti-
mates (5.5) and (6.4). We have:

—Qh/ Tnt1 Ohlbnt1 OnYnt1
Q

< 2|7 |4 10n st |l ([ 0n ms1lla < e h|Onpinsillv (| Onpins il 2 [|Onpnsr ||V

h
Z (IVOnpnsallr + 110nins1|F) + ¢ 2l|Onpinsa ||

>

< 2 IVustnally + eh Il
h
1 1VOnttnsallzr + chllmall + C P flmnss = mallz
For h small enough, namely, for h < 1/(3C'), we conclude that
— J J < h ) 2 h 2 1 — T3
2h | Tps1 Onflnt1 OnYnt1 < 1 IVonpnsllz + c b llmalle + 3 741 — T3
0

Next, by (4.26), we similarly have:
—Qh/ Tn+1 Un+1 5;%% < chl|onptnialla |l ftnsalla H(SIQJYnHH
Q

h
< 5 IVonniallir + 10nttnsallr) + ¢ 2t |5 197 m 7

h 1
<7 IV onttnallE + R llmallZ + 3 I = Tl + b0l

for sufficiently small A. Finally, by accounting for (4.23), Sobolev inequality, and the compactness
inequality (2.35), we have that, for h small enough,

—4h/ Onbins1 Vonpini1 - Voynsr < chl[onpinitlla [[Vonttniillm IV onialla

< 1 |’V5hl~bn+1||H + ch||Onpinsa |3 |V onsa |l < ||V5h,un+1||§{ + ch||pttnsa |3
h
< 1 ”vaizﬂn-i-lH%J + h(zl; ||V5h/in+1||%1 + C”(Shun-&-ln%{)
h h 1
< 5 IVOnttnsr |7 + ¢ hl|Tni || < 5 IV Ontins |7 + chllmallF + 3 1 Tnt1 — ol -
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At this point, we combine the inequalities just obtained with (6.7) and note that the terms involv-

ing 7,1 — 7, cancel out. Then, we sumovern = 0,...,(m — 1), with 1 <m < (N —1).
We obtain:
m—1 m—1 m—1
Il + 2 YV Ot lf < molly + 2 3 llmallly + 2 30l
n=0 n=0 n=0

and the discrete Gronwall lemma allows us to deduce that

m—1 N—-2
Imnll + 5 >NV Snitnsally < e lmol + e I3l )
n=0 n=0

for 1 <m < (N — 1). From (6.2) and (6.5), we infer that

N-2

Ry NIVonpnialls < c.

n=0
This and (6.2) yield (6.1), and the proof is complete.

Remark 6.1. As a consequence of estimates (6.1) and (6.4), the solution to the continuous
problem enjoys the following additional regularity properties:

Vo € L*(Q) and 97p € L*(Q).

This can give even more: for instance, equation (2.13) can be differentiated with respect to time,
to show that Ad; p belongs to L?((Q) as well, so as to conclude that

p€ H*0,T; H)yNnH'(0,T;W).

However, this regularity result could be proved formally and directly for the continuous problem.
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