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Abstract

This paper is concerned with the variational approach in weighted Sobolev spaces to time-
harmonic elastic scattering by two-dimensional unbounded rough surfaces. The rough surface is
supposed to be the graph of a bounded and uniformly Lipschitz continuous function, on which the to-
tal elastic displacement satisfies either the Dirichlet or impedance boundary condition. We establish
uniqueness and existence results for both elastic plane and point source (spherical) wave incidence,
following the recently developed variational approach in [SIAM J. Math. Anal., 42: 6 (2010), pp. 2554—
2580] for the Helmholtz equation. This paper extends our previous solvability results [SIAM J. Math.
Anal., 44: 6 (2012), pp. 4101-4127] in the standard Sobolev space to the weighted Sobolev spaces.

1 Introduction

Rough surface scattering problems for acoustic, electromagnetic and elastic waves have been of interest
to physicists, engineers and applied mathematicians for many years due to their wide range of applications
in optics, acoustics, radio-wave propagation, seismology and radar techniques (see, e.g., [1, 16, 19, 32,
37, 38]). This paper is concerned with uniqueness and existence results in weighted Sobolev spaces
for time-harmonic scattering of incident elastic plane and point source waves from unbounded rough
surfaces. We suppose the scattering surface is given by the graph of a bounded and uniformly Lipschitz
continuous function, on which the total elastic displacement satisfies either the Dirichlet or impedance
boundary condition.

There is already a vast literature on the mathematical analysis of acoustic and electromagnetic scattering
by rough surfaces modeled by the Helmholtz equation. We refer the reader to [11, 12, 7] and [35, Chapter
5] for the integral equation method applied to the Dirichlet boundary value problem with smooth (C’l’a)
surfaces in R™ (n = 2, 3) and to [39, 13, 30] for the scattering by penetrable interfaces and inhomoge-
neous layers. The variational approach proposed in [9] by Chandler-Wilde and Monk gives rises to exis-
tence and uniqueness results in non-weighted Sobolev spaces, allowing to treat the scattering problem
due to an inhomogeneous source term whose support lies within a finite distance above rather general
sound-soft surfaces in R™ (n = 2, 3). Moreover, this approach leads to explicit bounds on solutions in
terms of the data and applies to acoustic scattering by impedance surfaces as well as by inhomogeneous
rough layers; see, e.g. [10, 29, 35].

Diffraction phenomena for elastic waves propagating through unbounded interfaces have many applica-
tions, particularly in geophysics and seismology. For instance, the problem of elastic pulse transmission
and reflection through the earth is fundamental to the investigation of earthquakes and the utility of con-
trolled explosions in search for oil and ore bodies; see, e.g., [1, 25, 26, 34] and the references therein.
A rigorous analysis on the two-dimensional elastic scattering of plane waves is given by Arens in [4, 5]
for smooth (C') rigid surfaces, where the solution is sought in C?(D) N C(D) (the region D denotes
the unbounded domain above the scattering surface) via integral equation methods. This generalizes the



solvability results in [12, 39, 13] from the Helmholtz equation to the Navier equation. Moreover, an up-
ward propagating radiation condition (UPRC) is proposed in [4] based on the elastic Green’s tensor of the
Dirichlet boundary value problem in a half-plane. The UPRC is proved to be equivalent to the so-called
angular spectrum representation for solutions of the Navier equation established in [20]. The latter has
been used to prove well-posedness of the Dirichlet boundary value problem in non-weighted Sobolev
spaces via a variational approach and perturbation arguments for semi-Fredholm operators (see [20]).
A different radiation condition is used in the work of Duran, Muga and Nedelec [18], with an emphasis
placed on treating surface waves arising from local normal stress excitations on the free boundary of a
half-plane. This new radiation condition is inspired by the asymptotic behavior of the half-space elastic
Green’s tensor with the Neumann boundary condition. It leads to well-posedness of the Neumann bound-
ary value problem in suitable weighted Sobolev spaces, but the weights there (see also [17] in the case
of the Helmholtz equation) are different from ours presented in this paper.

We investigate the variational approach in appropriate weighted Sobolev spaces for both the Dirichlet and
impedance boundary value problems. Our methods are closest to the recently developed variational ap-
proach of Chandler-Wilde and Elschner [6], where an equivalent variational formulation for the Helmholtz
equation is proposed in a scale of weighted spaces. In [6] the well-posedness is established by using the
results of [9] and a perturbation argument. In particular, this new approach applies to two-dimensional
plane wave incidence for the same sound-soft rough surfaces as considered in [9]. Moreover, the incident
spherical and cylindrical waves in 3D can also be treated.

The paper is organized as follows. In Section 2, we rigorously formulate the Dirichlet and impedance
boundary value problems in weighted Sobolev spaces and propose their equivalent variational formula-
tions. As in [6], the radiation condition is to be understood as a bounded linear functional on a weighted
Sobolev space. We adopt the idea of [6, Remark 5.4] to formulate the boundary value problems as equiv-
alent variational equations in a straightforward way. The right hand sides of these equations are given
explicitly in terms of the incident elastic plane waves, and they actually take a form analogously to that
arising from diffraction grating problems; cf. Section 2.4 and [21, 22].

In Section 3, we prove existence and uniqueness of solutions to the equivalent variational problems fol-
lowing the perturbation argument of [6] that relies on commutator estimates for the Dirichlet-to-Neumann
map. The solvability of the impedance boundary value problem in the non-weighted setting is estab-
lished using the well-posedness of the Dirichlet problem. This idea comes from [23, 20] where the a
priori estimates for solutions of the Helmholtz equation in unbounded periodic and non-periodic struc-
tures have been established via Rellich-type identities. It also provides a shorter and simpler proof of the
well-posedness of acoustic scattering from impedance rough surfaces in standard Sobolev spaces (see
[35, Chapter 3.4]) at arbitrary wavenumber.

Section 4 concerns applications of our solvability results to the elastic scattering from periodic structures
(diffraction gratings) as well as to the scattering of elastic point source (spherical) waves. The grating
diffraction problem can be viewed as a special case of scattering by a rough surface. Existing solvability
results for diffraction gratings in the literature all rest on the essential assumption of quasiperiodicity
of solutions. Such an assumption leads to an outgoing Rayleigh expansion of the scattered field and
has considerably simplified the mathematical analysis of periodic scattering problems. We refer to [3] for
uniqueness and existence proofs via integral equation methods and to [21, 22] for the variational approach
applied to boundary value problems of the first, second, third or fourth kind as well as to transmission
problems with non-smooth interfaces in R™ (n = 2, 3). As a consequence of the solvability in weighted
spaces, we provide a theoretical justification of the quasiperiodicity of solutions for elastic diffraction



grating problems, whenever the incident wave is quasiperiodic; see Section 4.1. Section 4.2 is concerned
with the case of a point source wave generated by the free space elastic Green’s tensor.

Section 5 is devoted to the proof of the crucial commutator estimates of Section 3, extending those
in [6] to the case of elastic scattering. These estimates play an essential rule not only in verifying the
main Theorems 2.2 and 3.1, but also in establishing equivalent variational formulations in the weighted
spaces (see Lemma 2.5). The commutator estimates can be extended to three-dimensional elastic rough
surface scattering problems. Consequently, the Dirichlet and impedance problems for incident spherical
and cylindrical elastic waves in 3D can be treated analogously.

We end up this section by introducing some notation to be used later. Denote by ()T the transpose of
a vector or a matrix. For a € C, let |a| denote its modulus, and for a € C?, let |a| denote its Euclidean
norm. For a matrix M = (m;;) € C**2, || M|| denotes the norm defined by || M || := max; ; |m;;|. The
symbol a - b stands for the inner product a;b; + asby of a = (a1, a3)", b = (by, by)" € C2. Standard
L?-based scalar Sobolev spaces defined in a domain €2 or on a surface I" are denoted by H*({2) or
H*(T") for s € R. Throughout the paper the branch cut of a complex square root is always chosen such
that its imaginary part is non-negative. Unless otherwise stated, we always use ¢, C' to denote generic
positive constants which may vary from line to line.

2 Boundary value problems and equivalent variational formulations

2.1 The basic model

We precisely formulate the scattering problems as follows. Let D C R? be an unbounded connected
open set such that for some constants f_ < f it holds that

U, CDCUs, Us ={x=(21,22) : 2 > f1 }. (2.1)

As in our previous paper [20], the boundary I" := 0D of D is supposed to be the graph of a uniformly
Lipschitz continuous function f, i.e.,

['={zeR*: 25 = f(z1), 71 € R}, (2.2)
and there is a constant L > 0 such that
|f(x1) — f(xo)| < Lz — 23], forall zy,x9 € R. (2.3)

Such a geometric assumption on ' is weaker than the condition used in [4, 5] but stronger than that
in [6, 9]. Our a priori estimates of solutions derived in Section 3 always depend on the global Lipschitz
constant L. Assume the region D is filled with an isotropic homogeneous elastic medium characterized
by the Lamé constants )\, i satisfying & > 0, A + 1 > 0. Let u'™ be a time harmonic elastic plane
wave (with time variation of the form exp(—iwt),w > 0) incident on the rough surface I" from above.
The incident wave is assumed to be a linear combination of plane pressure and shear waves having the
same incident angle 6 € (—7/2,7/2), i.e.,

" = clu;” +eul ¢; €C,j=1,2, (2.4)



: x=h

Figure 1: Geometrical setting of the scattering problem.

where
w' = exp(ikyd - ),  6:= (sinf,—cosh), k, :=w/\/2u+ A,
u™ = 0t exp(ik-x), 6 :=(cosb,sinb), ke:=w/\/p.
Note that %, and k, are called the compressional and shear wave numbers, respectively. The case of

incident elastic point source (spherical) waves will be treated in Section 4.2, following the approach for
plane wave incidence.

We look for the total elastic displacement u = (u;,u3) " such that the Navier equation
(A*+wHu = 0 in D, A*:=pA+ (\+ p)grad div, (2.5)
together with one of the following boundary conditions on I':

Dirichlet boundary condition: u =0, (2.6)
Impedance boundary condition: Tu—imu=0, n>a0,

holds in a distributional sense, and that the scattered field u*¢ := u — ™ satisfies an appropriate
radiation condition as x5 — +00. Note that in (2.5) we have assumed for simplicity that the mass density
of the elastic medium in D is equal to one. The operator 1" in (2.7) stands for the stress vector or traction
having the form

Tu=2p0u+Andivu+ < Zi Eg;j? : gﬁ;g > onT’ (2.8)

where n = (nl, ng)T denotes the unit normal pointing into the exterior of D.

2.2 Weighted Sobolev spaces

For h > f* := max,,cr{f(z1)}, let T}, := {z = (z1,22) : 22 = h} and S}, := D\U,. Our
variational formulation will be posed on the infinite strip S; see Figure 1. Let Fv denote the Fourier
transform of v defined by

Fol€) = (2m) / exp(—itE)u(t)dt, € € R,
R
with the inverse transform given by

Flu(t) = (2m) 72 / expl(it E)w(€) de , L € R

R



We first introduce weighted Sobolev spaces. For o € R, [ € N and a domain G C R, define the Hilbert
spaces

LYG) == (1+2})"*L*(G), HYG):=(1+2})"?H(G),

equipped with the corresponding canonical norm and scalar product. The space V}, , is then defined as
the closure of {u|g, : u € C§°(D)} in the norm

1/2
2
lllvi,, = lellmys,) = (/ (\(1 + o) Pul” 4 V(14 x?>9/2u|2> dx) . (2.9)
Sh
From time to time we employ the following equivalent norm to || - ||y :
, 1/2
[|ul|" == (/ (1 +x%)9(}u| + ‘VUF) dx) . U E Vi, (2.10)
Sh,

Moreover, we introduce
H3(Ty) == (1+23)°?H* (), ,0€R,

where H*(I'},) is identified with the Sobolev space H*(R) with norm

1/2
ol sy = ( Ja +£2>8|fv|2d§) |

The weighted space /1;(R) will be endowed with the norm
[ollg ey = 11+ 23)2v(@1)l s ) 211)

Obviously, the restriction of the incident plane wave 1™ given in (2.4) to S, (h > fT) belongs to the
space H,(Sy)? for all o < —1/2. Below we collect some properties of H5(G'), which will be used for
our subsequent analysis.

Proposition 2.1 ([33], [36]). (i) F is an isometry of L*(R) onto itself and also an isometry of LZ(R)
onto H°(R). More generally, I is an isomorphism of H3(R) onto HZ(R) for all s, 0 € R.

(ii) The trace operators
v Hy(Sh) = Hy*(Th), 74« Hy(Up\Un) — Hy*(Th), H > h,
are continuous.

(iii) The dual space of H3(IR) with respect to the L* scalar product is H,(R), that is, H3(R)* =
H=(R) forall s, o € R.



2.3 Radiation condition and boundary value problems
To formulate the Dirichlet and impedance boundary value problems, we need an appropriate radiation
condition for the scattered field in D as zo — oo. Assuming that ©*¢ only consists of outgoing plane

waves in D, we shall represent the scattered field in Uj, in terms of the trace u;° := u*‘|r,. Using
Fourier transform, it was derived in [20] that

1 4 . 4
u*(z) = \/_2_7r /R (elvp(ﬁ) (:vrh)Mp(g) + () (:vrh)Ms(f)) a3 (€) e € dg (2.12)

for xo > h, where M, and M, are two matrices given by

_ 1 £ & ) 1 (vp% —5%)
Mp(g) - 52 i 7p73 (5717 Vp% ) Ms(g) - 52 4 'Yp’}/s _§7p 52 ) (2-13)
respectively, with 7,,(§) = /A2 — &2,7,(§) 1= /kZ — 2. Obviously, M, (&) + M,(§) = I for any

¢ € R, where I denotes the 2 x 2 unit matrix. The right hand side of (2.12) can be interpreted as a super-
position of upward propagating homogeneous compressional resp. shear plane waves corresponding to
€] < k, resp. [€| < k, and some evanescent surface waves corresponding to [£| > k,, resp. || > k.
Hence expression (2.12) is always referred to as the angular spectral representation for solutions of the
Navier equation in the literature (see e.g., [14]). Moreover, such a radiation condition can be written in an
alternative form that is identical with the Upward Propagating Radiation Condition (UPRC) proposed by
Arens [4] (see [20, Remark 1])

u(z) = —2’/ T, My (x,y)] u*(y) ds(y) for zo > h. (2.14)
ry

Here, I1,,(x, y) denotes the Green’s tensor for the Navier equation in the half space 25 > h with the
homogeneous Dirichlet boundary condition on I';, and T}, [I1;,(z, y)] is understood as the application of
T to each column of I1,,(x, y) with respect to the argument y. The explicit expression of 1, (z, y) and
its inverse Fourier transform on I';, with respect to y; can be found in [4].

Since each element of M), exp(i7,(z2 — h) and M exp(ivys(z2 — h) is uniformly bounded in £ € R, the
integral (2.12) exists in the Lebesgue sense for all z € U}, when u;¢ € L?(T',)? so that 4;¢ € L*(R)>.

In the weighted case of u;¢ € H§/2(R)2 with o > —1, we can interpret equation (2.12) as a bounded

linear functional over H;/Q(]R)Z. To see this, arguing analogously to the Helmholtz case we only need to
show that the function /,.(£), defined by

1
V2T

belongs to the dual space H_{,,(R)* of H},,(R)? for o > —1; note that by Proposition 2.1 (i) we have

Fupt € Hf 5(R)? Indeed, using (2.11) there holds

lw(g) = (ei'Yp(E) (wz—h)Mp<§> T ei’ys(ﬁ) (Zg—h)Ms(g)) 6”157

1@y o = 1+ E) 00 vy
- / (L+ €278 | Frel(L+£2) A 1,(1))(6)] 2 de
- /R (14€2)72 | bua(€) # L ()] de, @.15)
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where b,(&) = Fi_¢(1 + 2792 € LY(R) for o > 0 (see e.g. [6, Lemma 6.4]), with * denoting
convolution. Moreover, elementary calculations show that (cf. (2.12) and (2.14))

~

lm(yl) = f§—>y1 [Zx(f)] = —1 [Ty Hh<x7y)]|yérh7 Y= (y17y2) € RQ’
and that (see [4, Theorem 2.2])

H(‘rQ - h? Yo — h)
|21 — 31 [3/2

[ TTn (2, )| < =yl 2e>0, zy €U,

for some function H € C'(IR?). Together with the interior estimate for solutions to the Navier equation
(see e.g., Arens [4, Appendix] ), the previous estimate implies that, for a fixed x € Uy, the inequality

1T, (2, ) | < C (L fay — )72

holds uniformly in all y € T';, with the positive constant C' depending only on x5 and h. Therefore, it
follows from (2.15) that

H lx(€)||3{:19/2(R)2 S C Hbl/2<£)H%1(R) /R(l + §2>_(g+3/2)d£,

which is bounded provided o > —1. This explains why we can understand (2.12) by extending the
mapping u*°(x)|r, — u*“(x), given by (2.12), to a bounded linear functional over H;/z(R)2 foro > —1.

Now we formulate the Dirichlet and impedance boundary value problems (DBVP) and (IBVP) as follows.

(DBVP): Given the incoming plane wave v, find the total field u = u™ + u*¢ € H} (D)? such that

loc

uls, € () Vi, Vh>fT

—1<po<—1/2

u satisfies the Navier equation (2.5) in a distributional sense and that the radiation condition (2.12)
holds for all b > f™.

(IBVP): Given the incoming plane wave ", find the total field u € H} (D)? such that

loc

uls, € () Hy(Sw)? Vh> [t

—1<o<—1/2

u satisfies the Navier equation (2.5) in a distributional sense and the impedance boundary condition
(2.7), and that the radiation condition (2.12) holds for all h > ™.

We set V, as the energy space for our variational problems, i.e., V, = V,f’g in the Dirichlet case and
V, = H,(Sy)” in the impedance case.
2.4 Dirichlet-to-Neumann map and variational formulations

The purpose of this subsection is to propose equivalent variational formulations of (DBVP) and (IBVP) in
the weighted Sobolev spaces H;(S})? for every o € (—1,—1/2) and . > f™. Note that we require

7



—1 < 0 < —1/2, because the radiation condition (2.12) is well-defined for any ¢ > —1 and the elastic
plane wave (2.4) belongs to the space Hgl(Sh) forany o < —1/2.

Recall the first Betti formula

—/ (A* +w*w - vdr = / (Sﬂvx(w,@) —ww ) dr — / v-T,swds (2.16)
Sh Sh ash

forw, v € HQ(Sh)Q, where the bar indicates the complex conjugate, /1 and )\ are real numbers satisfying
i+ A=p+ A and

€ﬁ’;(w, U) = ()\ -+ 2u) (alwl 811}1 —+ 82w2 82’02) + % (8211)1 82'1}1 + 81w2 81’02)
+5\ (811111 821)2 + 8271)2 81111) + ﬂ (8211)1 811)2 + 81w2 821)1), (2.17)
_ . ~ 3 . ~ no (31102 - 32101)
T, 5w = (p+ 1) 0w+ Andivw + fi ( n (O — Oyws) ) :

In the Dirichlet case, we have a freedom of selecting the parameters 2 and . In our previous paper
[20], the parameters [i, A were taken as i = 0, A = X\ + u, leading to a minimal loss of coercivity for
the corresponding Dirichlet-to-Neumann map on I';,; see [20, Remark 4]. Throughout this paper we set
L = pu, A = X so that the operator Tﬁ,;\ = T}, coincides with the stress operator defined in (2.8).
Moreover, with this choice the bilinear form £(-,-) = &£, (-, -) can be written as

2
E(w, W) = A|divw|* + 21 Y le;(w)]*,  €5(w) = (O5w; + dw;) /2.

ij=1

Under our assumptions on the Lamé constants, ;+ > 0, A + 1 > 0, we have the estimate (see e.g., [27,
Chap. 5.4))

2
Ew,w)dx > C Y [lej(w)lFa,), Ywe H' (S (2.18)
Sh ij=1
and the classical Korn’s inequality,
2
/ (Z |€7;7j(’w)|2 + |1U|2> dx > C ||UJ||2H1(Sh)2, YVw e Hl(Sh)Q, (2.19)
Sk \4,j=1

where C' = C'(S),) > 0 is independent of w. Korn’s inequality for a half-space above a Lipschitz graph
was proved e.g. by Nitsche in [31] via constructing appropriate extension operators. This approach can
be easily adapted to proving (2.19) over the strip .S}, of finite height, and we also refer to [15, Section 2.2].

In the following we introduce the Dirichlet-to-Neumann map 7 on the artificial boundary I';,, allowing us
to treat the scattering problems in the truncated strip .S}, in place of the domain D. Define v as the right
hand side of (2.12) with u;° € C§° (R). Then, elementary calculations show

Twlr, = T (ug),
where the Dirichlet-to-Neumann (DtN) map 7 = 7" is given by the pseudodifferential operator

Tw:=F 'MEFw, weHR):? (2.20)



with

y 2 2 2
M= Mrr— " ( W Yp —§w® +26u(& +'Yp%)> ' 5 1
€2 + 375 \§w? — 260(& + 7p7s) WY, @21)

The following commutator estimate for the DtN map is crucial for establishing the main solvability results
in weighted spaces. Its proof will be carried out later in Section 5, based on the commutator estimate of
[6, Theorem 3.1] concerning non-smooth scalar symbols with a square root singularity.

Theorem 2.2. Consider the commutator

C:=T — (a® + 22)*T (a® + 23) 79/~ (2.22)
with the parameter a > 1. Then, for |o| < 1 and a > max{1,1/ks}, there exists a positive constant
C = C(o,w, A, it) such that the norm of C on L?*(R)? is bounded by a~'/*C.
The following lemma describes the continuity properties of 7 .

Lemma 2.3. (i) Forany s € R, the operator T = T (w) : H*(R)?> — H*(R)? is bounded, and it is
also continuous with respect to w in the operator norm.

(i) For|o] <1, 0< s <1, T:H;R)*— H; '(R)?is bounded.

Proof. (i) The boundedness of 7 is a direct consequence of the estimates 7,(£), 7(&) ~ i|¢| as || —
oo and | M (€)z|* < ¢ (1 + &2) |z|? for some constant ¢ > 0 uniformly in z € R? ¢ € R. The continuity
of 7 with respect to w follows from the uniform convergence

M (& wr) = M(&wo)ll/(1+E%) =0, aswy — ws,

in & € R. The proof of the second assertion for o # 0 can be carried out in the same way as that for the
Helmholtz equation (see [6, Lemma 3.3 (ii)]) by applying the commutator estimate of Theorem 2.2. O

Introduce the scalar product

(u,v) ::/ u-vdr,
Sh

and define the continuous sesquilinear forms B; : V, x V_, — C (j = 1,2) by

By(u,v) := / (S(u,ﬂ) —wQu-E) dx —/ vy v-Ty_uds, (2.23)
Sh I

By(u,v) = Bi(u,v) —in(u,v).

Now, the variational formulation of (DBVP) resp. (IBVP) can be stated as follows: find v € V, with some
—1 < 0 < —1/2 such that

By (u,v) (resp. Ba(u,v)) = / g-vds, g:=Tu"r, —T(u™|r,) € Hg_l/Q(R). (2.24)
Ty

for all v € V_,. To determine the function g on the right hand side of (2.24), we introduce the notation

ap = kysing, B, :=kycosb, t,:=\/k2— a2, p,:=a’+ [,1,,
o, = kesing, B = \/k2 — a2, t;:=kscosl, ps = a? + Bt .

9



By the definitions of 7,,(£) and (&), we have

Yolaw) = By, vs(ay) =1y, Vs(as) = ts, yplas) = Bs.

Using the relation F exp(iax;) = v/2m0(£ —«) (the d-function concentrated at §; = «) and elementary
calculations, we find

‘ 5 B
T(U;,n|rh) _ ¢ < 2wiay, By — 20y, By pp )) explicyai — Byh),

ky pp \ =200 pp + W (g = Byt (2.25)
iy _ L (2pal ps —wP(ad — Bsts) . '
T = o (sl e~ ) expliaurs — 1)
On the other hand, by the definition of 1" given in (2.8), we get
Tup I, = — 2 f pﬁpQ exp(ia,ry — Bph),
k, \w* — 2ua;,
(2.26)

n i (2ua? — w? .
Tul|p, = ™ ( 52;% N ) exp(iasry — tsh).

Combining (2.25) and (2.26) yields

‘ o 2w? . .
Tuy" —Tu,' = ’ pﬁp (—ay ,tp)T exp(ioyry —iB,h) =: g,(x1),
. p2 b on Fh.
12wt

Tui,” — Tui” = (—0s, —as)T exp(iagxy — itsh) =: gs(x1),

ks ps
One may check that g, and g, take the same forms as those arising from diffraction grating problems for
incident plane pressure and shear waves (see [21, 22]). We now conclude that the function g on the right
hand side of (2.24) can be represented as g = c1g, + C29s, where the coefficients ¢; are the weights
attached to the incident plane pressure and shear waves; see (2.4).

Remark 2.4. (i) The right hand side of (2.24) for the Dirichlet boundary value problem does not depend
on the choice of the parameters [i, . In the general case of [i + A\ = [ + A, the symbol matrix
M*™ involved in the Dirichlet-to-Neumann map T " can be written as (cf. (2.21))

( Wy, —€w? + &(a+ p)(&* + vp%)) _
€+ 77 \&w? — &N+ 21— D)(E2 + 7) wyy

To get the corresponding variational formulation in the general case, one may only replace £ and
T on the left hand side of (2.24) by £ i and TH*, respectively. It can be readily checked that
(TFA — TANyin = (T — THNyi on T, for all fi, A\ € R such that i + A = 1+ .

oA 1

MY =

(i) Suppose u; € V,,,uy € V,, are the unique solutions to (2.24) corresponding to distinct numbers
01, 02 such that —1 < po < o1 < —1/2. Then, we have u; = us, because V_,, C V_,,
and thus u, also satisfies (2.22) with 0 = po. This suggests that the solution to (2.24) belongs to
the space N_1,<_1/2V,, provided the variational formulation (2.24) is uniquely solvable for each

o€ (—1,-1/2).

The equivalence of (DBVP) resp. (IBVP) and the variational formulations in (2.24) can be established
using the following lemma, which extends the results of [20, Lemma 1] for 0 = 0 to the weighted case.
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Lemma 2.5. Let |g| < 1.
(i) If (2.24) holds with us® € Hy'*(Ty)2, then u® € H} (U \Up)?* forevery H > h.

(ii) Furthermore, we have (A* + w?)u*¢ = 0 in Uy, v, u*® = ui’, and
/ v -Tv+uscdx—|—w2/ u-@dx—/ E(u,v)dr =0, Yve CF(D)?.
Ty Un Un

As in the case of the Helmholtz equation [9] for ¢ = 0, assertion (ii) is a consequence of (i). We will
prove Lemma 2.5 (i) in Section 5 applying our commutator estimates. Using the arguments from [9, 20],
we deduce from Lemma 2.5, Remark 2.4 (ii) and the well-posedness of (2.24) (see Theorem 3.1 below)
the following lemma.

Lemma 2.6. /fu is a solution of (DBVP) (resp. (IBVP)), then u| s, satisfies the variational problem (2.24)
for each o € (—1,—1/2). Conversely, let w be the unique solution of (2.24) for some o € (—1,—1/2).
If we setu = w in S), and define u = u'™ + u*¢ in Uy, where u*® is given by right-hand side of (2.12)
with ui® = v_(w — u'™), then u is the unique solution of (DBVP) (resp. (IBVP)).

3 Existence and uniqueness results in weighted spaces

From Lemma 2.3 (ii) it is seen that the sesquilinear forms B; (j = 1, 2) are well-defined and continuous

on V, x V_, for each ¢ € (—1,—1/2). Denote by B(gj) : V, — VZ, the continuous linear operator
generated by B;, where V*  is the dual of V_, with respect to the scalar product (-, -) in L?(Sy)?. This
enables us to rewrite the variational formulations (2.24) as the operator equations

B(w)=G in V7, j=12, G(v) :=/F g-vds, YveV., (3.1)
h

In this section we investigate the unique solvability of problems (3.1) and thus of the boundary value
problems (IBVP) and (DBVP) for ¢ € (—1, —1/2). We shall follow the approach of Chandler-Wilde and
Elschner in [6] by using the results in the non-weighted case (0 = 0) and a perturbation argument based
on commutator estimates. The main theorem of this paper is stated as follows.

Theorem 3.1. Under the assumptions (2.2) and (2.3), the operators Béj ) Vo= V2,5 =12 are
invertible for each ¢ € (—1,—1/2). In particular, the boundary value problems (DBVP) and (IBVP) both
admit a unique solution.

The proof of Theorem 3.1 will be carried out below in Sections 3.1 and 3.2.

3.1 Proof for the Dirichlet boundary value problem

We first recall the invertibility of BE,I) in the non-weighted case when o = 0. It was proved in [20] that B(()l)
is invertible for any frequency of the incident wave, and for some constant ¢o = co(w, A, p, h, L) > 0,
there holds

1B M v < co. (3.2)
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This generalizes the results of Chandler-Wilde and Monk [9] to the case of elastic scattering. The proof
of (3.2) is based on Rellich-type identities for both the Helmholtz and Navier equations and a perturba-
tion argument for semi-Fredholm operators. However, in contrast to the Helmholtz case, the Dirichlet-to-
Neumann map for the Navier equation does not have a definite real part, leading to essential difficulties
in establishing explicit bounds on solutions as in [9].

To investigate the case when g # 0, we introduce equivalent norms

lullzasn2 = [1(@® + 2%)ul 2,2

with parameter a > 0 sufficiently large and modify the norm (2.9) in V,, correspondingly. As in [6], we
reformulate the variational form (2.23)-(2.24) as a perturbation of the problem in the non-weighted case.
Foru € V,, v € V_,, set

p=(@+a)PueVy, ¢=(+3)velf.
Then from (2.23) we obtain

Bl(“a U) = Bl(QD, w) + K((p7 w) ) (3.3)

where K = K7 + K5 with
Ki(od) = /S [E((a? + 22) %, (a® + 22)?%0) — £, )] da

Ka(ew) = [ [0-To— @+ T(a +a3)%] ds

= / ) - Cods.
Iy

Recall that the operator C is the commutator defined in (2.22). By the definition of £(-, -) (see (2.17)), the
sesquilinear form K; can be evaluated as

[Ki(o, )] < e m{llellee ([0l €22, o(a® + 23) ¢ %e;, 30, o(a® + 2)?%¢))
Hlellz (@® + 23)2 (22, o (a® + 27) 722, ¥)]
]2 (@ + 27)~ o/2 |5(%Zg 12(@ +a7) 9/2 ‘}

Here, e; = (1,0)",e2 = (1,0) " denote the unit vectors in R? and the norm || - || 12(s, 2 is written as
|| - || L2 for simplicity. Moreover, using the estimates

sup |V(a® + 23)?| (a® + 21) "% < |o|/2a,
Sh

sup |V(a® + 23)%% - V(a® + 27)*| < (|ol/2a)?,
Sh

we obtain

2 2
< et { e (112 elhalloe } @)
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Applying Theorem 2.2 to K5, we get

| Ko (0, 0)| < elw, A\, 1, 0) a2 @l 22z 19| 222 - (3.5)

The estimates (3.4) and (3.5) then imply that the norm of the operator Ky : Vj; — V};* generated by the
form K tends to zero as a — o0. By (3.3) we have

BWY = (a? + 22) "2 (BM + ko) (a® + 22)2/% - .
Now it can be concluded that Bél) : V, — VZ, is invertible provided a is sufficiently large, with the
norm of its inverse bounded by some positive constant ¢ = ¢(w, A, i, 0, L, h). Hence, the variational
formulation (2.24) always admits a unique solution for each ¢ € (—1, —1/2); note that u"|s, € V, for

such p. By Remark 2.4 (ii) and Lemma 2.6 , the solution to (2.24) is indeed the unique solution to (DBVP).
O

3.2 Proof for the impedance boundary value problem

The mathematical analysis in Section 3.1 applies to the impedance boundary value problem, provided
the invertibility of B((]Q) holds in the non-weighted space. The following lemma shows that the operator

(882))_1 exists and is bounded if we can establish an a priori bound for the solution w € Vj of the
equation

BPw=g, geVi. (36)
Lemma 3.2. Assume there exists some constant ¢ = c(w, A, pi,n, h, L) > 0 such that
Nwllm s,z < cllgllms,)e (3.7)

forallw,§ € H'(Sy)? satistying the equation (3.6). Then the operator B + H(S),)? — (H'(S),)?)*
is invertible, with the norm of its inverse bounded by some constant depending on w, \, 1, n, h and L.

We sketch the proof of Lemma 3.2 based on the argument of [20] for elastic scattering from rigid rough
surfaces due to an inhomogeneous source term. The proof extends the result of [9] in acoustic scattering
to the case of the Navier equation under the impedance boundary condition.

Proof of Lemma 3.2. Using Korn’s inequality (2.19), from (3.7) one can derive the a priori estimate
2
||w||H1(Sh)2 S C||B(() )w||(H1(5h)z)* forall w € Hl(Sh)Q, (3.8)

at arbitrary frequency w € R™. Indeed, (3.8) can be verified by arguing analogously to [20, Lemma 4]

where the same a priori estimate for B(()l) was justified. The estimate (3.8) implies that B(()Q) C HY(S,)? —
(H'(Sy)?)* is a semi-Fredholm operator. Such an estimate combined with the invertibility of B(()z) :
H'(S))? — (H'(S,)2)* for small frequencies leads to the existence and boundedness of (B.”)~! at
any frequency; we refer the reader to [20, Sections 4 and 5] for the details using perturbation arguments
for semi-Fredholm operators. Note that, under the assumption 17 > 0 for the impedance coefficient, the

invertibility of 862) for small frequencies can be established in the same way as in [20, Section 4]. O

Now we turn to establishing the crucial a priori estimate (3.7) in the case ¢ = 0. Due to the positive
impedance coefficient 7 on I', the mathematical argument below appears simpler compared to the Dirich-
let case. It also provides a shorter proof of the well-posedness of acoustic scattering from impedance
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rough surfaces in the non-weighted Sobolev space (see [35, Chapter 3.4]) at arbitrary wavenumber. Our
approach rests heavily on the well-posedness of the Dirichlet boundary value problem in the case o = 0.
To prove (3.7) we need the following lemma describing the positivity of the matrix Re M := (M +M*)/2
for large [£].

Lemma 3.3. Let the matrix M be given as in (2.21). There exists a sufficiently large number A > 0 such
that the matrix Re M is positive definite for all || > A.

In the case of 1 = 0 and A=)+ , Lemma 3.3 was proved in [20, Section 4] by choosing A = k.
Since the approach there applies to our present case of i = i, A = A, we omit the proof for the sake of
brevity. A corresponding result for diffraction gratings can be found in [21, Lemma 2].

Assume w € H'(S})? is a solution to (3.6). In order to evaluate the non-definite part occurring in the
DtN map, we follow [20] and extend w to Sy via (2.12) for some H > h. Without loss of generality
we assume H = h + 1. Note that this extension is a solution of the inhomogeneous Navier equation
(A* + w?)w = gin Sy, with g = 0in Sg\ Sy, and it also satisfies the impedance boundary condition
on I and the UPRC in Uy. Hence, for all v € H'(Sy)?,

/ (E(w,v) — w’w - D) dx—in/w~17ds—/ 7_6~Ty_wds:/ g-vdr. (3.9)
Su I Iy Su

Taking the imaginary part of (3.9) with v = w and making use of the identity (see e.g., [20])

Im v—@~77—wds=2w2</ 22(6) [P(E)? de + / v§<s>|s<5>|2d§>>o<s.1o>
Ty |€]<Fp €] <ks

with P(§) := (—i/k2)F(div ulr, ), S(&) := (i/k2)F (curl u|r,, ), we find
w][Z2y2 < e(w) ™ 1G]] 25502 1wl 22(550)2- (3.11)

To estimate the L? norm of w on the strip Sy, we study the auxiliary boundary value problem of finding
u € V{ such that

(A*+wHu=w in Sy, u=0 on I, Tu=T(y.u) on Iy (8.12)

The consideration of the above problem is motivated by [23, 20] where the a priori estimate for solutions
of the Helmholtz equation is verified in unbounded periodic and non-periodic structures. It follows from
[20, Lemma 8] that problem (3.12) is well-posed, with the unique solution u satisfying the bound

Hu||H1(SH)2 <c ||w||H1(SH)27 c= C(wu )‘7/1J7 H> L) > 0. (313)

Moreover, using (3.13), the L2-norms of div u and curl u on the scattering surface can be estimated by
1/2 1/2 1/2 1/2

[div wullzryz + lewrl ul| 2y < e flwll g, 102l g, < € llwll g, 1ol @14

where the first inequality follows from [20, Lemma 6] through Rellich identities for the Helmholtz equation
under the assumption (2.3).Since u = 0 on I, it is easy to check that

ny [Onul? = ny |Vul? = ny(|curl ul® + |divul*) on T.
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Therefore, by (3.14), the L?-norm of d,u on I" and thus that of 7'u can be also bounded by the left hand
side of (3.14), i.e.,

1/2 1/2

||Tu||L2 )2 <C||w||L2 SH2||w||H1 (Sp)2 (3.15)

Using integration by parts and again the fact that u = 0 on I, we obtain

||w||%2(SH)2 = / w-@das:/ w - (A*u + w?u) d
SH SH

= /(A*w+w2w)-udx+/ (A" - w— A*w - u) dx
Su

SH

= / g-uda:—l—/ (Tu-w—Tw-u) ds
Su Tul'y

= / §-ud:17+/Tu-wds+/ (Tu-w—Tw-u) ds.
SH r I‘H

It follows from the symmetry M (—¢) = M (&) and the Plancherel identity that

Tu-wds = / M(E) i (€) - oy (=€) d = / i (—€) - M(€) b (€) dg = | Tw-uds,

FH FH

where wy = w|r,,. Hence, using (3.11), (3.13) and (3.15),

||w||%2(SH)2 = / @udx—i—/Tu-wds
Su r

< c(lgllezesmz [lull2(smyz + [Tull L2y [[wl] 22(ry2)

1/2 1/2
< c(lldl]z2sm [l s + wllzsme 1311502 10llis,):

for some constant ¢ = ¢(w, H, L,n, 1) > 0. Together with Young’s inequality and the relation § = 0 in
S\Sh, this leads to the following estimate of the L?-norm of w on Sg,

lwlZz(s,ye < €llgllzacsyz wlla s (3.16)
Taking the real part of (3.9) with v = w and using (2.20), we get

/S Ew,m)de —Re [ M(E)in(€) - Tu() de

l§[>A

= —Re/ G- wdzr + Re M(g)wH(g)-EH(g)ngrw?/ lw’dx, (3.17)
SH

[EI<A Sy

where A > 0 is taken as in Lemma 3.3 so that the second term on the left hand side of (3.17) is
positive. The second integral on the right hand side of (3.17), which is neither positive nor negative, can
be estimated by (see e.g., [20, formula (5.40)])

Re KKAM(é)wH(ﬁ) W (&) de < e||gllmiis,ye (13l sy + 1102w 2s,2),  (3.18)
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for some constant ¢ = c(w, A\, i, h, L, A) > 0. Adding up (3.17) and (3.16) and using the inequalities
(2.18), (2.19) and (3.18), we arrive at
Nwllfsy: < e a2 + 1glmse Nwllm s + wllfais,)2)
< c(lglFr(s,yz + 1gllmrcs,z [lwllms,?) (3.19)

where the last step follows again from (3.16). Finally, recalling that H = h + 1 and applying Young’s
inequality, we obtain

HwHHl(Sh)Q < HwHHl(SH)2 < CHE]HHl(S,L)?, Cc= C(wa)‘ﬁjlv haLan) > 0.

This proves the estimate (3.7).

Having established the a priori estimate for solutions to (3.6), we can verify Theorem 3.1 for the impedance
boundary value problem in the same way as that for (DBVP). We omit the details. The proof of Theorem
3.1 is thus complete. O

Remark 3.4. In proving Theorem 3.1 we have used the identity (3.10) and the inequality (3.18), which
were justified in [20] for the Dirichlet problem when the parameters i, \ are taken as ji = 0, A = X + pu.
However, (3.10) and (3.18) remain valid in the general case of [i, A € R such that ji + A\ = p + A.

4 Applications

4.1 Elastic scattering by diffraction gratings

As an application of Theorem 3.1, we prove the quasiperiodicity of solutions to (DBVP) and (IBVP) for
diffraction gratings (periodic structures) whenever the incident wave is quasiperiodic. For simplicity we
assume the scattering surface I' is 2m-periodic in 1, that is, the Lipschitz function f given in (2.2)
satisfies f(x1 + 2m) = f(z;) for all z; € R. Recall that u is called quasiperiodic in D with phase shift
« (or a-quasiperiodic) if the function u(x) exp(iauxy ) is 2m-periodic in x4, or equivalently

u(zy + 2m, x2) = exp(i2ma)u(zy, 22), x € D.

Obviously, the incident pressure and shear waves 1", 4™ are a-quasiperiodic with o = k,sin, o =
Y, D s P
k sin 6, respectively.

Corollary 4.1. Suppose the grating profile function f is 27 -periodic in x; and the incident wave ™" is
«-quasiperiodic in D. Then, the unique solution to (DBVP) or (IBVP) is also o.-quasiperiodic. Moreover,
the scattered field u*¢ = u — u'™ satisfies the following outgoing Rayleigh expansion

USC(I) — Z {Ap’n ( %: ) ez‘anm—l-i,@’nxz + As,n ( _7£n ) ez‘anx1+z’7nx2} (4.1)
neZ

forze > f*, where A, ., As, € C are the Rayleigh coefficients, cv,, :== o + n and

VE2Z—a2 if o] <k, VEZ—a2 if o, <k,
671 = . 2 1.2 B f)/n = . D) 2 .
iJag — k2 if o] > Ky, i/a2 — k2 it |ay| > ks
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Proof. Assume u is the unique solution to (DBVP) or (IBVP). Then, one can check that the function
w(z) = exp(—i2ra)u(z+27, z2) is also a solution, using the periodicity of I" and the quasiperiodicity
of the incident wave. By the uniqueness shown in Theorem 3.1, this implies the identity

exp(—i2mra)u(xy + 27, o) = u(z) in D,

that is, u is quasiperiodic with the same phase shift as the incident wave. The equivalence of the UPRC
(2.14) for quasiperiodic solutions to the Rayleigh expansion (4.1) can be found in [20, Remark 1]. d

Corollary 4.1 shows that a solution of the form v = @™ + u*¢ satisfying the Dirichlet or Impedance
boundary condition on I', where u*¢ is a-quasiperiodic and admits the Rayleigh expansion (4.1), is the
unique solution to (DBVP) or (IBVP) for diffraction gratings.

Remark 4.2. In the case of general elastic plane waves of the form (2.4), the unique solution of (DBVP)
or (IBVP) for diffraction gratings belongs to the sum of a k, sin 0- and a k, sin 0-quasiperiodic Sobolev
space by linear superposition. The diffraction of other non-quasiperiodic incident waves, e.g., a point
source wave generated by the free space (non-quasiperiodic) Green’s tensor to the Navier equation, can
be treated as a special case of the scattering by rough surfaces (see Corollary 4.3 below).

4.2 Scattering of elastic point source waves

As an immediate consequence of the solvability results in weighted Sobolev spaces, we obtain well-
posedness of the scattering of elastic point source waves (spherical waves) from rough surfaces. For
y=(y1,y2) € R? with y» > f* and some polarization vector a € C?, the incident elastic point source
wave G (x,y) is defined as G(x,y) = G(x,y)a, v # y, where G(z,y) is the free-space elastic
Green’s tensor given by (see e.g., [28])

1
42

7
G(z,y) = —H" (ks)x —y|) I +

m grad , grad | |H{" (kule — yl) = B (kylz — y))]

Here Hél)(t) denotes the first kind Hankel function of order zero. Each column of G(x, y) satisfies the
Kupradze radiation condition as |z| — oo. The asymptotic behavior of the Hankel function for large
arguments implies that

Gy (2,y), VaGy'(a,y) ~ O(|z[71/?) as|a| — oo,

Therefore, the incident wave satisfies G"(x,y) € H,(Sk)* for every o < 0 and f* < h < y,. Note
that G (z,y) ¢ H,(Sh)? for h > s, since it has a logarithmic singularity at the point source = = y.
By Lemma 2.6 and the proof of Theorem 3.1 we have

Corollary 4.3. Given an incident elastic point source wave Gi"(x,y) with yo > fT, there exists a
unique solutionu = G*(-, y) + u*° to the boundary value problem (DBVP) or (IBVP), where u*¢ lies in
the intersection of weighted Sobolev spaces (_; _ <0 V,(Sh) forany h > fT.

5 Commutator estimates

This section is devoted to the proof of Theorem 2.2 and Lemma 2.5 (i). Introduce the parameter a > 0
and consider the pseudodifferential operator 7, on R, with symbol M, (£):

Too(t) = F 7 Mo(§) Fo(€),  Mal§) = M(&/a),
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where the matrix M = M** is given in (2.21). Set p@([¢]) = [€]2 + v (1€]) v (|€]), with

WE]) = anp(€/a) = \[R2a® = €2, AD([€]) = avs(€/a) = V/RZa® — [¢]2.

Then the matrix M, () can be rewritten as
M) —ia [ ONQ)  —e/0 W (©) + 2€u/a2 |
w2 /p D (€) — 26pfa®  w"(€)/p(E)
Consider the commutator
C, ::'Z;—(1+x§)9/27;(1+:c%)*9/2-, a > 0. (5.1)

We can reduce the norm estimate of Theorem 2.2 for the commutator C to a corresponding estimate for
Co-

Lemma 5.1. Fora > 0, the norm of the commutator C on L?(IR?)? is bounded by C'a='/? if and only if
this is true for the commutator C,,.

The above lemma can be proved analogously to [6, Theorem 6.1] using a scaling argument. To estimate
the norm of C, on LZ(RQ)z, we need to study the commutator corresponding to each entry of M, on
L*(R). Introduce the symbols

= &ufa, mPD = a~{(€)/p(€), m) = ar(€)/p (&), MY =a/p'V(©), (62
and define analogous commutators C ' (7 = 0,1,2,3) of C, with M, replaced by m(]) Obviously,
the symbol of the pseudodifferential operator C © is smooth, whereas those of C, 2 (g = 1,2,3) are

only continuous functions. In the following two lemmas, we collect some commutator estimates for pseu-
dodifferential operators with smooth and non-smooth scalar symbols established by Chandler-Wilde and
Elschner in [6].

Lemma 5.2. Consider the scalar symbol m, (&) € C(IR) with parameter a > 0 and define the commu-
tators

Cot=Ma— (1 +a])PMo(1+23)7¢2 Mo =F"m, F (5.3)

for o] < 1.

(i) Assume there exist positive constants Cy and C'; such that
ma ()] < Co (L+€3)Y2, m ()] < Cra? on R. (5.4)

Then C, : L*(R) — L?(R) are bounded operators with norm less than a~'/ C(o) for some
constant C' > 0 depending only on o.

(ii) Assume there exist positive constants Cy and C'; such that fora = 1,
Ml < Gy, M€l < Cr(1+6)72 on R. (5.5)
Then, the pseudodifferential operator M : L2(R) — L%(R) and the commutator C; : L*(R) —
H'(R) both can be bounded by some constant C'(g) > 0.
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The results of Lemma 5.2, which are shown in [6, Remark 6.6 (ii),(iii)], can be verified by using standard
estimates for pseudodifferential operators; see also the proof of [6, Theorem 6.2 (i)]. More general results
on pseudodifferential operators with smooth symbols in weighted Sobolev spaces can be found in [33]
and [36]. We also refer the reader to the monograph [24] by Eskin concerning the theory of smooth
pseudodifferential operators, including their applications to boundary value problems for elliptic equations
in a half space. The following lemma from [6, Section 6] presents norm estimates for pseudodifferential
operators with non-smooth (continuous) symbols.

Lemma 5.3. Assume ka > 1 and |g| < 1.

(i) The commutatorC, defined in (5.3) with mq (&) = a=t\/k2a% — £2 has norm less than C'(p)+\/k/a
on L*(R) .

(i) Suppose a = 1 and m(§) = exp(i (zo — h)\/k? — &2), where x5 € (h, H) for some H > h.
Then the operators My : L(R) — L2(R) and C; : L*(R) — H'(R) are bounded by some
constant C'(o,w, A\, u, H — h) > 0 uniformly in xo € (h, H).

The main idea in the proof of Lemma 5.3 (i) in [6] is the use of cut-off functions vanishing in a neighborhood
of the singularities & = =ka, splitting the square-root symbol into a sum of a compactly supported
non-smooth symbol and a C'*°-smooth symbol. We do believe that such an approach applies to our
commutator estimates in the elastic case as well, with only an additional complexity arising from the four
singularities £ = j:k;pa, +kya of the symbol matrix M,. However in the following, we prefer to verify
Theorem 2.2 (via Lemma 5.1) and Lemma 2.5 (i) in an alternative way by reducing the proofs to the
estimates of Lemmas 5.2 and 5.3 using an appropriate decomposition of the symbols in (5.2).

5.1 Proof of Theorem 2.2

Applying Lemma 5.2 (i) to the commutator cl9 it follows that ||C(§0)||L2(R)_)L2(R) < a=Y20(p) for
a > 1. To verify the same estimate for szj), 7 = 1,2, 3, we introduce the auxiliary symbols

m((lj)(g) = g ! /k‘f,oﬂ — &2 C,Sj) +at k:gaQ — &2 Cs(j)

= 'O (E) +aTICP (),
with C,ﬁj), oY e R (7 = 1,2, 3) to be determined later. Obviously,

(M) (&) = a™'CF () () +a'CP (4{V)(€), j=1,23. (5.6)
where (\") (&) = —¢/ k2a? — &2 is singular at § = £k, a, while (A N(€) = —¢//R2a® — Eis
singular at £ = +k, a. These singular points coincide with those for m((f).

For j = 1,2, we select C), CY such that mgj)(g) - mgj)(g) are continuously differentiable functions
in ¢ € R. Inthe case j = 1, a simple calculation shows

(mMY(€) = a(y\)(€)/p' (&) = ax{ (') (€) /[ ()] (5.7)
(a) (a) (@) (¢)12
_ (a)y/ a _ p (5)75 (5) (@)Y (l[’)/p (5)]
")E) o [1 P@(€) ] V) e
—2a€ 13 (€) /[0 ().



This suggests that mS" (&) — m$ (€) € C(R) if we take (cf. (5.6) and (5.7))

(a)
W a* OO 1
T e 0 [1 P(E) k'
(a) 2 2
O _ @’y (€)] _ ks — kp
e dm eeE T

Moreover, with such a choice the estimates in (5.4) apply to the difference

mq (&) :=m (&) =€) = a YN/ (&) = 1/k)] — a Y (&) (k2 — kD) /K
= (Q[1/p(Q) = 1/k2] — () (k2 — k) /K
= m((),

where ¢ = £/a, p(¢) := C* + 7,(¢)7s(¢) and m(¢) € C*(R). In fact, the first estimate in (5.4) simply
follows from the uniform boundedness

ma(§) =m(Q) < Co(1+ )2 < Co(1+€)"2, VeEeR.
To prove the second inequality in (5.4), we observe that, for |C| # k,, ks,
m'(¢) = 7,(O[1/p(C) = 1/ky] = 15Ok = k) [k + (O’ (Q) /(<)
By virtue of the asymptotic behavior

, (k2 — K22 [¢[?
P (C) ~ _(KP _ kg)g/z(mz _ kg)3/2 as

| — oo, (5.8)

and the uniform boundedness
2 2
k, <|p(Q)| < ki, V(ER,
we get

ml(€) =m/(¢)/a < C1/a < Cra™ % a>1.
By Lemma 5.2 (i), the commutator (5.3) corresponding to the symbol m, := m((ll) (f) — m,(ll)(g) has

norm less than C'(0)a~'/? over L?(R). On the other hand, applying Lemma 5.3 (i) we arrive at the same

bound for the commutator associated with the symbol mg”(g) when ksa > 1; note that the constants

C}gl) and OV are independent of a. Therefore,

||C§1)||L2(R)HL2(R) < C(o)a™"?, forall a>max{l,1/k,}.
Analogously, taking C)\) = (k2 — k2)/k, and C? = 1/k? yields the same bound for C?.
In the case j = 3, we have m.® ( ) =¢(/p(C), ¢ =&/a,and for |£] # kya, ksa,

(mP)(€) = all/p (&) = () (©)/1p (O] = [1/p(¢) = ¢P' () /(O] /a

= —(7@ M_ (a)y/ a&" (€) RS
OO T ~ O LA e [1 p(a)(o].

+
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Define a function x(§) € C'(R) such that x(§) = 1for & > 1, x(£) = —1 for £ < —1. Consider
the symbol m.’) &) — Y (&)x(&), where the coefficients of i (£) in (5.6) are taken as c® =

—/k% — kZ/k, and c® = —, /k2 — k2 /ks, so that this symbol is continuously differentiable for all
¢ € R. Again using (5.8), it follows that the symbol can be also estimated as in (5.4). Employing the same

argument as for Cy") implies that the norm of C\¥) : L2(R) — L2(R) is bounded by C(0)a~'/2 for all
a>{1,1/ks}.

Now, it can be concluded that the commutator C, : L*(R?)? — L?(IR?)? given by (5.1) can be bounded
by C(o)a'/? for all a > {1,1/k,}, since this is true for the commutators c¥ (j = 0,1,2,3) that
correspond to the entries of M. Recalling Lemma 5.1 we finish the proof of Theorem 2.2. d

5.2 Proof of Lemma 2.5 (i)

Setv = u**in D and v, = v|r, . It follows from (2.12) that

U(l’) = fja: No(g,ﬁg) leﬁg Vp =: %Uh, (l’l, ZEQ) € Uh,
§—x1

No(§; w2) := exp(inp(§) (w2 — h))My(€) + exp(ivs(§) (w2 — h))M(§)

with the matrixes M, (&), M,(&) € C**2 given in (2.13). Introduce the differential operator

= oy poy U1
To:= ()\31 (A+ 2N)a2> (U2> ’

which coincides with the stress operator T' = TH> on I'y for any b > h. Then, for some constant
C(w, A, ) > 1, there holds the inequality

C(|ow ] + |Tv*) > Clow]* + [To]* > = (|ow]* + |020]?) (5.9)

N | —

on D. The differential operators 0; and T acting on v can be expressed as

Ow(wy, x0) = F i€ No(€, 20)] F op =: Ny,

TU(JJ,ZEQ) = FHM(&) No(€, 22)] F v, =: Ny, (5.10)

Now assume that v, € C5°(I';,). We have to prove the estimate
||U||Hé(Uh\UH)2 < C(Qv H, h) ||Uh||H;/2(Fh)27 |Q| <1, H>h.

Employing the equivalent norm (2.10) and recalling (5.9), we only need to verify that

H
[ [ Al + ol + INown Pz < O+ D 0l e 610
h R

In the following lemma, we will first prove (5.11) in the case ¢ = 0 and then reduce the proof in the
weighted case to norm estimates only for the operator ;.

Lemma 5.4. (i) /fv, € HY*(',)? thenv € H (U, \Uy)? for every H > h.
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(ii) In the general case |o| < 1, the assertion of Lemma 2.5 (i) holds if the following operators
No: LY(R?)? — LAR?)?, Ny — (14 2])?PNo(1 + 27) 7% : L*(R?)® — H'(R?)*(5.12)
are uniformly bounded in x5 € (h, H).

Proof. (i) By the Plancherel identity we get

H
/ /(|N0Uh|2+|N1Uh|2+|./\fzvh|2)dx1dac2
h R
H 9 . 9 o - )
< / /(nyo<£,x2)|| + [[i€No (€, o) [P + [[M(E)No(&, ) |[?) [0 (&) [P dE iz
h R

H
< c / (1+€2)[0n(6)? / [ No(E, a) [P 513)

Below we shall prove that
H
/ [No(€, 22)||2dxy < C(1+ )72 VEER. (5.14)
h

The relation M, + M = I allows us to rewrite [V, as
No(€, ) = (exp(ip(€) (s — ) — exp(i7(€) (w2 — 1)) My(€) + exp(ins (€) (> — h)) 1 (5.15)
Applying the mean value theorem to the function ¢ — exp(t(xo — h)) yields the identity
O — (F©eah) = KO g, — 1) gy (€) = 74(6)],

where the values of £(&) lie between i7,(&) and ivs(€) for large |£|. Hence, by (5.15) and the definition
of M,

H—-h

H H—h
I aniden < € (1) - w@P e [ O, +

h 0 0
Making use of the asymptotic behavior

(s s (€)] ~ (L + €32, 7€) = 75(§) ~ 1/I€],  as €] — oo, (5.16)

we obtain after some elementary calculations (see e.g., [9, Lemma 2.2])

|eivs(£)w2 ]2dx2)

H—h H—h
(&) — 7s() ]2 €2 / |72, 2Pday < C/ |2y 2day < O(1+€%)712,
0 0

H-h
/ ‘ews(f)xz|2dx2 < C(l_,_g?)*l/?’
0

from which the inequality (5.14) follows. Insertion of (5.14) into (5.13) yields (5.11) for o = 0. This proves
the first assertion.

(i) We shall prove the second assertion following the lines in the proof of Lemma 3.4 (i) and Lemma 3.3
(ii) of [6]. Denote by A one of the operators 0; and T". Then, there holds the identity

ANy — (1 + 2P AN (1 + 23) 792 = ANy — (1 +27)PNo(1 + 7))

5.17
(A= (1+ )AL+ 2) 22 ) (14 22PN (L a2) 22 o1
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Since the two operators in (5.12) are uniformly bounded and the operators
A:HY(R)? — L2(R)?, A— (1+23)22A0 + 23792 : [*(R)? — L*(R)?
are also bounded, we derive from (5.17) and (5.10) that the commutators
Nj = (L +a)?PN;(1+af) 2 j=0,1,2,
are uniformly bounded on L?(IR)? with respect to z:y € (h, H). Further, this implies that
C; = Cj(xz) = (1 +2}) °N; — Nj(1 + 21) %2 : L(R)* — L2(R)?, j=0,1,2, (5.18)

are uniformly bounded in x,. By the continuous imbedding of H'/?(R)? into L*(R)?, we see the bound-
edness of C; : HY/2(R)? — L2(U,\U ). On the other hand, the operators

(1+23) 792N, HAR)? — LAU\Up)?,  j=0,1,2, (5.19)

are also bounded, because by assertion (i) the operators N/ : H'/%(R)? — L2(U,,\U s )? are bounded.
Now combining (5.18) and (5.19) we can conclude the boundedness of

Nij(1+2})°? H2R)® — L2(U\Ug)?, j=0,1,2,
which implies the estimate (5.11). O
Remark 5.5. In [6] the uniform boundedness of the operators in (5.12) with
Nog=F! exp(i\/lﬁi—é’Q(:cg —h))F
(see Lemma (5.3) (ii)) plays an essential role in proving Lemma 2.5 (i) for the Helmholtz equation.
We proceed with the proof of Lemma 2.5 (i). By Lemma 5.4 (ii), it suffices to estimate the norm of the

operators in (5.12). For this purpose we shall adopt the same approach as in the proof of Theorem 2.2 by
using the second assertion of Lemma 5.2 and the result of Lemma 5.3 (ii) for non-smooth symbols.

Motivated by the proof of Theorem 2.2, we introduce the auxiliary symbol

W(&,xa) = [exp(iv,(§)(wa — ) TL} + exp(ivs(€) (v — h)) TT] x(€)
+exp (i, (&) (w2 — b)) T, + exp(ivs (&) (z2 — h)) TIT] (1 — x(£)),

where x(§) € C™(R) satisfies x = 1 for & > k,/3 and xy = 0 for £ < —k,/3. We shall select the
entries of IL", [T € C*** so that Q := Ny — W is a continuously differentiable matrix in & € R.

Elementary calculations show

%—VZ = (s — ) exp(i7,(€) (w2 — M)TEEA(E) + exp(ina(E) (w2 — WTEA(E)] = i(€) (5.20)

for & 2 £k,/3, and ONy/0¢ = Jo(§) + J2(§) where

= iz — h)[exp(ivp(&) (w2 — h)) Mp(£)7, (&) + exp(i7s(§) (w2 — h)) Ms(£)74(E)],
exp (i, (€) (w2 — h)) My (&) + exp(ivs(&) (x2 — h)) ML(E).
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Comparing (5.20) and (5.21) and using elementary calculations, we obtain the desired expressions for
IT, 1T depending on x, k;, and k:

in/k2—k2(xo— —
T (2) = 1 +k; 1//<;2 k2 — VTR RTTRZ e (k2 - kD)
0 i(.TQ — h) k2 +k, k2= k2 ’
1 — oiV/F—k2(@2=h) 1513
H:l:(x2 ( . 5 O> .e - ( 71k,p 9 ks 5 :':21{:8 2) .
k; 1/k k2 i(xy — h) k2 Tk (ky — k3) —/ko — k2
Since the matrices IT-(2), IT5 (22) are uniformly bounded in x5 € [h, H], applying Lemma 5.3 (ii) to
W yields the uniform boundedness of the operators
W:=F'WF: L}(R*)?— L}R*?,
W— 1+ 22)PW(1+ 22792 . LAR?*? — HY(R?)?.

Now it is sufficient to prove the uniform boundedness of the operators in (5.12) with the C'*-smooth matrix
@ in place of Ny. In the following we shall apply Lemma 5.2 (iii) and check the validity of the inequalities in
(5.5) with m4 replaced by each entry of ) for large ||. Since Q) = Ny— W and 0Q /9§ = Jo+ J1+ Ja,
it is enough to show that there exist a positive number K > 0 and some constant C'(o, N, H — h) > 0
such that

[INo|| + W] <O, ||l <CA+EY2 |¢] > K, j=0,1,n=0,1,2. (522

We first prove (5.22) for .Jy. Observing that 7, (&) = &/7,(£),74(€) = &/7s(§) and M, (§)+M,(§) = 1,
we represent .Jy as Jy = Jél) + Jé2) with

TOE) = (s — h) € {@MWE) Jy (£) — @O /oy ()} M (€)
TG = ilez = D) (6/2(9)) O L

The matrix function JéQ) can be bounded as

1IN < iz — h)ys(€)e’ @M O|| g/72(6)] < € (1 + €272, (5.23)

where C' > 0 is independent of xo € (h, H). Applying the mean value theorem to the function ¢t —
exp((xg — h)t)/t gives the relation

N 3, (€) — el O ()
1 _ [7p(§) — 1s(8)]

_ (z2—h)t(&) [_ — )t — h)t 21 Lp 5 5.24
where again the values of () lie between i, (&) and iv,(§) for large €. Inserting (5.24) into the ex-
pression for J\" and applying the asymptotic behavior (5.16) we obtain ||J{" || < C(1 + £2)~1/2. This
together with (5.23) proves the inequality in (5.22) for J;.

The other estimates in (5.22) for J,, (n = 1,2) can be obtained in the same manner as for Jy. The
boundedness of W in (5.22) follows straightforwardly from the uniform boundedness of IT- (), ITF (2),
exp(iv,(&) (g — h)) and exp(iys(€)(zg — h)) in zo € (h, H), whereas the estimate for N, can be
verified by first using the relation M,, + M, = I and then again applying the mean value theorem to the
resulting expression. The proof of Lemma 2.5 (i) is thus complete. O
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