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Abstract

We consider the problem to optimize the stationary temperature distribution and the
equilibrium shape of the solid-liquid interface in a two-phase system subject to a temper-
ature gradient. The interface satisfies the minimization principle of the free energy, while
the temperature is solving the heat equation with a radiation boundary conditions at the
outer wall. Under the condition that the temperature gradient is uniformly negative in the
direction of crystallization, the interface is expected to have a global graph representation.
We reformulate this condition as a pointwise constraint on the gradient of the state, and
we derive the first order optimality system for a class of objective functionals that account
for the second surface derivatives, and for the surface temperature gradient.

1 Introduction

In this paper, we consider the problem to optimize the stationary temperature distribution and
the equilibrium position of the solid-liquid interface S in a two-phase system 2 C IR3 subject to
a temperature gradient. In semiconductor crystal growth, there is evidence for the fact that the
the curvature profile of S near the boundary of the growth container influences the incorpora-
tion of defects in the crystal [DDENO08]. The temperature gradient on the interface is the source
of thermal stresses that influence the crystal quality as well. In this context the mathematical
optimization has to consider the shape of the interface up to the second order geometrical prop-
erties (curvatures, convexity), and at the same time quantities like the tangential temperature
gradient on the surface.

The objective to prescribe desired curvatures and other quantities on an unknown surface
makes sense in the context of industrial crystal growth only because the crystallization occurs
in a privileged direction. Mathematically speaking the interface .S is expected to be the graph of
a function.

The free surface S is modeled by the minimization principle of the free energy W (see [Vis96],
Chapter VI for a mathematically oriented introduction to the Gibbs-Thompson law), given by

U(S, 0) ::/Sa(s, I/)d5+/mfixgd[-[—/ﬂ)\(9)xgdx. (1)

Here 0 = o(x,2,q) ((x,2) € , ¢ € R3) is a given, positive one-homogeneous function in
the g variable. The unit normal to the interface pointing into the solid phase is denoted v. The
functions k : 92 — Rand A : R™ — R are given, and 6 denotes the absolute temperature in
). The phase-function g associated with S takes the value 1 in the solid, and —1 in the liquid.



S —— Throughout the paper, the privileged growth direction is taken
to be the z— axis. According to the assumption that the in-

2 terface S is a graph, we consider @ = Gx] — L, L[ with

a bounded domain G C R2? and L > 0. It is well known

G | | thatthe Euler-Lagrange equation for nonparametric variations
of the free energy leads to a boundary-value problem for the
LIQUID minimizer ¢ : G —] — L, L|[. For the case that the functions
o and Kk do not depend on the z—variable, this boundary value

- problem has the form

Figure 1: A model configura- divoy(z, =V¢, 1) = A0(z, ¥)) in G, (2)
tion €2: "Hot’ bottom (red), and o (x, =V, 1) -n = k(x) on G, (3)
‘cold’ top (blue)

SOLID

where n is the outward unit normal to 0G. We assume that
heat mainly propagates in €2 by conduction, the heat transfer in
() can be modeled by the heat equation

—div(ks VO) = f inQ\ S, (4)
0] =0, [-ksVO-v]=0 on S (5)
—ks VO -n =30 —0z,) on 0. (6)

In the equation (4), the heat conductivity kg is defined in \ S. In general it depends on the
solution S to the geometric equation (2) (dependence on the phase), and additionally on the
temperature. The conditions (5) are the usual Stefan conditions at equilibrium. In this paper
where the focus is on optimal control, we only treat the special case that the heat-conductivities
of the solid and the liquid phase are equal at the interface, that is

Jk e CHQ; RYP) : kg =kinQ. (7)

The equations (2) and (4) then decouple, which provides a major simplification for the mathe-
matical analysis of the forward problem. In accordance with the equation (2), anisotropy affects
only in the z—direction, that is

k:(k 0), ke CHQ; R¥>?) . (8)
0 1

The function f is a given heat source density. In the condition (6), (3 is a positive constant, and
fe. is the given external temperature that is applying a temperature-gradient to the system. The
nonlinear Stefan-Boltzmann radiation condition is here considered instead of more classical
linear boundary conditions due the high-temperatures characteristic of semiconductor crystal
growth.

We denote (P) the forward problem of finding ¢ subject to (2), (3), and 0 satisfying (4), (5), (6)
with kg = k.

For the optimal control, we will consider the problem of controlling the external temperature of
the system in the condition (6). For a given control u, we denote (P (u)) the problem of solving
(P) for Oy = u.



We are in general interested in objective functionals J = .J(v, #) on the space C*(G) x
C*(): The reason for this is the wish to control the surface up to second order, and the tem-
perature up to its surface gradient. Convenient to handle are integral functionals

J(¢7 0) = / j1<$, w7 D¢7 D2¢)dx + /j2<87 97 vse) ds . (9)
G s
with suitable functions j1, j-. A typical quadratic example is given by
1 1
J(, 0) == 5 [ — ¢d||%/v2’2(c) + 5 16 — edHIz/Vlv?(S) ; (10)

where )4 is a desired interface, and 6, a desired temperature profile on the surface.

Moreover we have to incorporate pointwise state-constraints in the optimal control problem. The
temperature has to remain in a certain range to prevent melting of the growth container, and the
interface should not approach too near the set G x {—L, L} (top and bottom of the container).
We require that

emin S 9 S Hmax in Qa _L, S ?/) S L, in G, (11)
where 0in < 0o and L' < L are positive real numbers.

We cannot expect for general temperature profiles that the solution of the minization problem for
the interface energy W is a smooth graph. The z—direction is a privileged growth direction for
the crystal only if the decreasing temperature gradient shows in that direction. The mathematical
expression for this constraint is 9,60 < 0 in €2, which turns out to be a pointwise constraint on
the gradient of the state. For reason inherent in the analysis of the problem, we consider the
stronger constraint

9.0 < v inQ, (12)

where v < 0 is a parameter. We denote (Popt) the problem of finding the optimal control
u = By in order to minimize the objective functional J = J (1, 0) (cf. (9), (10)), where 1, 0
are subject to the boundary-value problem (P(u)) and to the state constraints (11), (12).

Notations and main assumptions on the data Throughout the paper, the domain G’ C RR?
is of class C** for a fixed o €]0, 1]. The potential ¢ : G x R®* — R appearing in (2) is
assumed to satisfy

o€ C*(G xR*\ {0}) (a>0). (13)
We assume that there exist positive constants v; (7 = 0,2)and p; (2 =0, ...,4) such that for
all (z, ¢) € G x R**!
v lg| < o(z, q) < polql (14a)
gz, @) < 1 (14b)
3
V2412 H2 | .12
T <) g (4, ) & & < T €]
[ 2, oue "7 ldl (14c)

ij=1
forall ¢ € R®suchthaté - ¢ =0
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3
Zg%v‘b(x? Q)q]:() forZ:1,7n—}—]_ (14d)
=

10ge(z, Q)] < ps,  |oqea(z, @) < g (14e)

Note that the hypotheses (14a), (14b), (14c) and (14d) are completely natural and in particular
satisfied if o is positively homogeneous of degree one in the g variable (cf. [Ura71] a.o. for a
proof). A well known example is o(x, ¢) = o(z) |q| (0 = isotropic surface tension coefficient):
The problem (16), (17) is nothing else but the contact angle problem for the mean-curvature
equation.

Instead of o, it is convenient to introduce a function F' : G x R? — R
F(z,p)=o(z, —p, 1), (z,p) € G xR>. (15)
The system (2), (3) then reads

—div Fy(z, V) = A0(x, ¥))in G, (16)
—Fy(z, V) -n = k(x) on 0@, (17)

The equation (16) has a singularity of mean-curvature type. For k, we assume that
k€ CM*(0G) (a > 0), |5|lLeoe) < vo  on0G, (18)
with the constant of (14a). For the function A\, we assume that

A € CM*(R), inf N >0. (19)
Moreover, A has one zero at 6., € R™. These assumptions of course allow for the linear model
A(0) = Xo (0 — beq), Ao € RT.

For the data of the heat equation, we assume that
fe L) (qg>3), f=>0amosteverywherein). (20)

Since we are interested in the interface S and in the temperature, we call state a pair y =
(1, 0), and define for « as in (13) and (18), and for ¢ as in (20) the state space

Y = C*(G) x W>4(Q). (21)

The control for the problem is the external temperature fg,.. The natural choice for a control
space is the trace space Wl/q”q(aﬂ). Since we can always identify elements of this space
with some of their extension into €2, we find it more convenient to choose

U=Wwh(Q). (22)

The main challenges for the analysis of the optimal control problem are the second order objec-
tive functional and the pointwise constraint on the gradient in the first order analysis. Here we
need the corresponding higher regularity of the state. Due to regularity results for second order



elliptic equations on polyhedra [Dau92, Dau88] (cp. Lemma A.1), it is worth noticing that we do
not need to assume that the domain €2 is convex or smooth. The existence of the control to state
mapping in classical function spaces relies on the results of [Ura71, Ura73, Ura75, Ura82] on the
solvatility of the problem (16), (17) (see [Dru11] for a recent summary and further references).
The basic ideas for the derivation of first order optimality conditions in presence of pointwise
constraints on the gradient of the state are to find in [CF93, HK09]. Essential differences to
these investigations are the higher-order objective functional in connection with boundary con-
trol and with the nonlinearity (6). Moreover, we consider a nonlinear system with mean-curvature
type singsularity that neither fits into the single equation setting of [CF93], nor into the abstract
linear differential setting of [HKO09].

The structure of the paper is as follows. In the section 2, we prove the existence of the control
to state mapping S. For reasons inherent in the analysis of the problem (16), (17), the natural
solution mapping cannot be introduced on the entire control space U, and has to be extended.
We study the differentiability of S in the section 3. In the section 4, we prove the existence of
local solutions to the optimal control problem, and we derive the first order optimality system
for a class of objective functionals having the application-relevant properties. In the final section
5, we illustrate our analysis at the example of the functional (10). In the appendix we have
collected a few auxiliary propositions. To our knowledge, the Lemma A.1 on higher regularity for
the nonhomogeneous Neumann problem of the heat equation also deserves some attention.

2 Control to state mapping

The first ingredient is the solution operator to the heat equation (4).

Proposition 2.1. Assume that ) = G'x| — L, L|, with G C R? a bounded domain of class
C%*>. Assume that (20) is valid for f, that k satisfies (8), and letu € U (cp. (22)), u > 0 in 2.
Then, there is a unique 6 € W4 () that satisfies the equation (4) and the boundary condition
(6) with O,y = w. Moreover 8 > infaq u in 0.

Proof. Consider the weak solution space V%5(2) := {# € W2(Q) : trace(d) € L?(09)}.
Due to standard results about monotone operators, we easily prove the existence of a unique
0 € V%5(Q) such that

[ave-vor [ popo-juPuo= [ fo. vecro@. e
Q o0 Q

This was for the first time proved in [DPZ87]. Since f is nonnegative, the usual weak maximum
principle helps proving that § > infsq u > 0. Therefore, we can replace |0|> 0 by 6* in (23),
proving the existence of a weak solution.

Using standard regularity arguments (Stampacchia’s Lemma, cf. for instance [Tro87], Th. 2.7),
there is C' = C'(£2, ¢) > 0 such that

sup < supu+ C | fl| sz
Q o0



Using that TW14(£2) is continuously embedded in C'(Q2), the latest implies that §* — u* €
L>°(2). Clearly, the functional

F(¢) == — ﬁ(94—u4)¢+/f¢, (24)
o0 Q

extends by density to a continuous element of [I¥11(2)]*. By the arguments of [Dau92], Th.
3.2, we obtain the estimate

VO]l o) < CIF Iy o) - (25)

Using that the embedding W14(Q) — C(Q) is continuous for ¢ > 3 and the chain rule for
Sobolev functions, one now sees that ! € T/19(Q). Due to the trace theorem, it follows that
6* € W'/99(90). Thus, defining Q@ := 3 (0* — u*) and using that u € U, we see that
Q € W9:9(9Q). Thus, the problem (4), (6) has the required structure to apply Lemma A.1.
The claim follows. O

We define Spea : UT — W24(Q) the solution mapping to the problem (4), (6) according to
Lemma 2.1. (Here Ut ={u € U : u > 0}).

At second, we need the solution operator to the mean-curvature-type equation (16) with contact-
angle condition (1_7). In the following statement, we somewhat abuse notation, defining Cl’a(Gx
R):={0 € C(G xR) : VO € C*(G x R)}. Note that this space is not complete.

Proposition 2.2. Let G C R? be a bounded domain of class C*“, o €]0, 1]. Assume that (13),
(14) are valid for o, and let k. € C LY(9@G) satisty (18). Let \ satisfy (19). Assume moreover
that € C1*(G x R) satisfies the monotonicity condition

70zzzu%92<0inGxR. (26)
X

Then there is a unique ) € C**(G) solution to (16), (17).

Moreover, there is a number M independent on 0 except for -y and ||0|| (G x{0}) such that
—M < (x) < M forallz € G. There further exists a constant C' depending on the domain
G on the number vy — ||k ), on Yo, infr X and on ||V 0|| oo (G x - a0y SO that

ID*%llca@) < C (IAO)llca) + [15llcras)) -

Proof. The unique solvability of contact-angle problems (capilarity problems) for generalized
equations of mean-curvature type under the condition (26) was first proved in papers by Uralt-
seva (cf. [Ura71], [Ura73], [Ura75], [Ura82]). A unified presentation can also be found in the
survey paper [Dru11]. Due to the assumption (19), note that

OA(6) = N(0)6. 7o infX <0 inG xR,

which garanties the applicability of these results. The L°° estimate and the higher-order esti-
mates on ) are proved in the same references. O



We define S, : C1¥(G x R) — C%%(G) as the solution mapping to the problem (16), (17)
according to Proposition 2.2.

Remark 2.3. Despite the Propositions 2.1 and 2.2, it is still not completely straightforward to
introduce the solution operator to the problem (P), due to the following two reasons:

(1) The solution 6 to (4), (6) does not necessarily satisfy the assumption (26);

(2) The heat-transfer problem detemines 6 only in the cylinder G x| — L, L[. To apply Proposi-
tion 2.2, we would at least need that the temperature is defined in G x| — M, M[, M > L
being possible.

To solve the difficulties raised by the Remark 2.3 we go for a practical way to indroduce a
control to state mapping. To this aim we formulate a technical assumption about the existence
of a suitbable extension and monotonization operator. We refer to Lemma B.1 for a justification.

Assumption 2.4. Lety < 0, and 0 < L_’ < L. Then, there is a continuously differentiable
operator E = E., 1, : W*4(Q) — C"*(G x R) such that

sup 0,E(0) < 0 forall§ € W>1(Q). (27)
GxR

Moreover, E(0) = 0 in Q) for all € W>4(2) such that supg, 9.0 < 7.

Presently we are interested in the following direct consequence.

Coroll_ary 2.5. Under the Assumption 2.4, there is a for every v € U™ a unique pair (¢, 0) €
C?(G) x W>4() such that 0 satisfies (4), (6), and such that 1) satisfies

—div F,(z, Vi) = A(E(0)(z, ¢)) inG, (28)
—Fy(z, Vi) - n = k(x) on 0G| (29)

Proof. Foru € U, let @ := Spex(u). Due to Lemma 2.1, 6 belongs to W4((Q2). Choose F
according to the Assumption 2.4. Obviously, /() satisfies the assumptions of Proposition 2.2.
There is a unique ¢ € C%“((G) such that (28) and (29) are valid. O

Definition 2.6. We denote S = S : UT — Y = C*%(G) x W24(Q) the (extended) map-
ping u — (1, 0) according to Corollary 2.5. We call it the control-to-state mapping associated
with (P).

The construction of the mapping S includes some obvious arbitrariness, since the choice of the
extension operator £ is by no means unique. However, the next Remark 2.7 shows that this
procedure does not affect the core of the optimal control problem.

Remark 2.7. Call feasible the controls u € U™ such that the solution (v, 0) to (P (u)) satisfies
the state constraints (11) and (12). If u is feasible and if £y, E5 both satisfy the Assumption
2.4, then 8E1 (u) = SE2 (u)



3 Differentiability

In this section, we study the continuous differentiability of the mapping S. We recall that the
state space is given by

Y = {(,0) : € C**(G), § € W*1(Q)}. (30)

We prove the differentiability of S by means of the implicit function theorem. To this aim it is
convenient to put the PDE problem in its operator setting.

Denote A; the second order nonlinear differential operator associtated with the equation (16),
that is

A, 0) = = 3 By V) = ME@O) . 0), @)

The operator A; obviously maps Y into C'*((). Denote B; the boundary differential operator
associated with the condition (17). Since we want to consider B; on Y as well, we define

By (¢, 0) = Bi(¢) := n - Fp(x, Vi) — k(). (32)

Then, By : Y — C*(0G). We denote A, the affine differential operator associated with the
heat equation

As(1, 0) = As(0) := —div(kV0) — f, (33)
which maps Y into L?(€2). In order to deal with the boundary condition (6), we introduce
Bs(v, 0, u) = By(0, u) := —kVO-n — B (6* —u?). (34)
Obviously, By : Y x U — W4:4(9Q). The vector valued operator
T(y, u) == (Ai(y), Bi(y), A2(y), Ba(y,u)) yeY,uel, (35)
maps the space Y x U into the image space
Z = C%(G) x C**(0G) x L1Q) x WY1(9Q) . (36)

For u € U, observe that T'(y, u) = Oifand only if y = S(u). Fory = (¢, §) € Y are
equivalent:

yis a solution to (P(u)) <= T'(y,u) =0. (37)
Moreover the following Lemma is a straightforward exercise.

Lemma 3.1. Forally € Y, the mappingl' : Y x U — Z is Fréchet-differentiable. For
u*, u € U it holds

8, T(y, u)u=(0,0,0,405(u)u) e Z. (38)



We now prove the solvability of the linearized problem.

Lemma 3.2. Letu* € U™, and denote (¢V*, 0*) = y* = S(u*). Let I’ € Z arbitrary. Then,
the equation 0,1 (y*, u*) y = F' has a unique solutiony = (1, §) € Y such that

d

= (Fpupy (@, VO7) 85,90) = N(E(07) (2, 47)) S E(07)(w, 47) ¢
= N(B(0")(z, v")) E'(07) 0(z, ")+ F1 inG, (39)

—n; By, p (1, V) Op 00 = F, on0G (40)

—div(kV0) = Fy  inQ, (41)

—kVO-n=430")0+F, ondQ. (42)

Proof. Since T is differentiable, we easily show that 0,7 (y*, u*) y = F € Z if and only if the
system (39), (40), (41), (42) is valid.

The equation (41) with the boundary condition (42) can be solved independently. As in the proof
of Lemma 2.1, we first obtain the regularity # € W14(Q2). Then Q := 45 (6*)30 + F, €
W1/4-4(92). We obtain the higher regularity & € T/>7(Q) from Lemma A.1.

Due to the choice of E, supgyr 0. FE(0*) < 0. Moreover, since ¢* € C%%(G), the matrix
{F,. p,(x, Vi)*)} is uniformly elliptic and belongs to C+*(G). Since G is of class C*, the
vector n; F),, ,, (z, Vi)*) belongs to C'>*(0G). Standard results on the classical solvability of
elliptic second order problems (among others [Tro87], Theorems 3.23 and 3.28) imply that (39),
(40) admits a unique solution ¢ € C%<(G). This proves the claim. O

We are now ready to prove a differentiability property of S.

Corollary 3.3. The control-to-state mapping S : U — Y is continuously differentiable. Its
derivative atu* € U™ in arbitrary directionu. € U is given by

S'(u)u = [0,T(S(u), w)] 7' (0, 0, 0, —4 8 (u")* w). (43)
Proof. The derivative 0,7'(S(u*), u*) is an isomorphism from Y" into Z according to Lemma

3.2. Since T'(S(u), u) = 0 for all u € U, the claim follows from the implicit function theorem
in Banach spaces [GT01], Theorem 17.6. The formula (43) follows from the (38). O

4 The optimal control problem
ForJ:Y — R*,wealsodenote J : Y x U — R the regularization

Ty w) = J)+ Ll p>0. (44)
In order to define the set of admissible control, note that the external temperature should not vi-

olate the bounds on the temperature inside. Moreover, a meaningful control of the crystallization
process must ensure that the temperature at the bottom GG x {—L} of the container is larger



than atits top G x {L}. Recalling that f, > O is the only zero of the function A, we define the
set of admissible controls

emin S U S emax on 8@
Ug = quel 1 qu>lg onG x{—L} ;. (45)
u < Heq on G x {L}

Clearly, this is a closed and convex subset of U. We investigate the problem

minimize J, 0, u), (46)
(wa 97 u) € Y X Uad
T, 0, u)=0
subject to the state-constraints
—L' < Yx) < L' forzed, (47)
Onin < 0(x,2) < Opaxfor (z,2) € Q, (48)
0.0(x,z) <~ forx e, z€|—L, L. (49)

Invoking the definition (45) and the control-to-state mapping S, the problem (Popt) can be re-
duced to

min  f(u) :== J(S(u), u)
(Popt) = (y, u)EY X Usad (50)
subject to (47), (48), (49) .
We call a control u € Uy feasible if the corresponding state y = S(u) satisfies the state
constraints (47), (48), (49).

Proposition 4.1. Assume that the functional J is nonnegative and lower-semicontinuous in the
topology of C*(G') x C'' (Q). If there is at least one a feasible control for ( Py), then (50) admits
a (possibly not unique) solution u, € U 4.

Proof. Since the set of the feasible controls for (Fyy) is not empty, we can choose a minimal
sequence {un} of feasible controls. Since the Tychonov regularization of J is coercive on U,
there is a constant independent on n such that ||u, || < C'. Due to the fact that U is a reflexive
space, we can find a subsequence (that we not relabel) and u &€ U,q such that u,, — wu in
U. Denote (¢, 0,,) = S(u,). Due to the estimates in Proposition 2.1, the sequence {6,,}
is uniformly bounded in TW29(Q), and sup, 9.6, < . Moreover, since for all n € N the
control w,, is feasible, we have |1/, || () < L. Therefore, the Proposition 2.2 implies that the
sequence {v, } is uniformly bounded in C>“(G). Using well-known compactness results, there
are ) € W24(Q), ¢ € C**(G) such that passing to a subsequence #,, — 6 in C'(2) and
¥, — 1 in C?(G). By assumption, the functional .J is lower-semicontinuous in the topology of
C%(G) x C*(Q). Using the lower semicontinuity of || - ||7, we see that (1, 6, u) solves the
optimal control problem (50). O

10



If J is continuously differentiable on the state space, then f is continuously differentialbe and

f(w)u=0,J(S(u*), u*)S" (u*)u+ 0, J(S(u), u*)u. (51)

Next we discuss the existence of Lagrange multipliers associated with the pointwise state con-
straints. Due to the well-known duality between the space of Borel-regular Radon-measures
and the continuous functions, these constraints lead to measure-valued Lagrange-multipliers.

Definition 4.2. The Lagrange functional £ : Uy x [M(G x 2)]2 x M(§) — R associated
with (P,y) has the expression

g(uv Has b, :u“/) = f(u)
+ /foz(ya - S(U)) d,ua + /GXQ(S(U) — yb) dub + /9(8282(@ — ’y) d:u'y .

withy, = (=L, Opmin) and yy, = (L, Omax)-

Here we identify for the sake of brevity ji4, pp € M(G x Q) with pairs (fta1, fta2) and
(b1, tp2) in M(G) x M(£2). We have for instance

[ =St = [ (-2 = Su(w) dpas + [ (B = Se(00)dns.

G Q

Definition 4.3. Let u* € U,y be a local solution to (Poy). Then, (ia, iy, f1y) € [M(G x
Q)]?> x M(Q) is called a Lagrange multiplier associated with the state constraints (47), (48)
and (49) if and only if

0y L (U", ay fo, fy) (u—u™) >0, Vue Uy
as H, py = 0
| =Sy dn=0= [ ()= w)din = [ ©0.:u) =) dy.
GXQ GXxQ Q
In the presence of box constraints, the adjoint state associated with the optimal control problem
(Popt) has usually low regularity. Due to the pointwise constraint (49) on the gradient of the

state, the regularity is even getting worse. In order to introduce the adjoint state in the present
situation, we assume that there are a > 0, s > 3 such that

Opd Y = [C**(Q)]*x, g : Y — [WH(Q)]*. (52)

Here and for the remaindeg)f the paper, we identify a measure p € ./\/l(ﬁ) with the functional
1(9) == [gddu, ¢ € C(K). For ease of writing, we moreover set

Oop(9) = p(0:0), peMQ), ¢eC(Q).
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Proposition 4.4. Let u* € U,y be feasible. Define (", 0%) = y* = S(u*) € Y. Let
(f1, pr2; p13) € M(G) x M(Q2) x M(Q2). Assume that J : Y — R satisfies (52). Then,
there exists a unique pairp = (p1, ps) € [C*(G)]* x L7 () such that

(1o (= o, V0702, = N0, 07 8260 07) € ) )

= Oy J(y)(E) + (&) VE€ C*(G) : 9yBi(y")E=0, (53)
/p (—div(kV o)) + (p1, N(07(x,97)) d(x, ™)) = g J (y")(d) + (12 + O-pu3) ()
Vo € W29(Q) : 9yBy(y*) ¢ = 0. (54)

Proof. For 4" € C*%(G), the matrix {£,, ,,(z, V¢*)} is uniformly elliptic, and belongs to
C1(Q). The coefficient 07 (z, ") is of class C*(G), and uniformly negative. Let g € C%(G)
arbitrary. Due to classical results of regularity theory for linear second order uniformly elliptic
equations ([Tro87], Theorem 3.28), there is a unique & € C*%((G) satisfying the linear problem

_i(Fpi,Pj (JI, VW) ar]£> - )\/(9*(1’, IP*)) 9,:(‘757 w*> 5 =g inG (55)

dl’i
ni By, p, (v, V) 0,6 = 00n 0G . (56)

Moreover, there is a constant depending on ¢*, #* and on the domain G, but not on g such that
€]l ey < €119l ga(a)- We denote A7 the solution operator g — &. Obviously

o AT (9)| < Ml @) 14T (D@ < clldllco) - (57)
Consider now the linear functional
(P, 9) = (0, (y") + m) 0 AT (9), g€ C(G).
Due to (57) and the assumption (52), p; is continuous on C*(G), and
IP1llica@ye < eUlmllpma) + 19y () lie2a@y-) - (58)

Choosing g = A;(£), £ € C**(Q) arbitrary such that (56) is valid (that is 0, B; (y*) € = 0),
we easily show that p; satisfies (53).

We now turn our attention to the relation (54). We introduce a linear functional
Fi(¢) := (pr, N(0"(z,47)) ¢(, 7)) (59)

Due to the continuity of the embedding W14(Q2) — C*(Q) for ¢ > 3and a < 1 — 3/q, and
to the estimate (58), it follows that

11 (0)] < llpillicay- IN(07(2,47) bz, o)l ca@y < clldllwra@) . (60)

Here we use the assumption (19) and the regularity 0* € C*(Q). For g € L9(Q), there is
according to Lemma A.1 a unique ¢ € W%9() satisfying

—div(kVe) = ginQ, —kV¢-n=43|0">¢on .
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and the estimate ||@||w2.a() < ¢||g|/re(n). We denote A" the solution operator g +— ¢.

Since the embedding W14(Q2) — (C(Q) is continuous, there is ¢ independent of g such that

| (o + 8.13) © A3 (9))] < (Nl ey + sl ey 14z (9) [Twre @
< cllgllzae - (61)

Consider the linear functional
F(g) := (0pJ(y*) + pta + Oopiz — F1) 0 A3V (g), g € LYQ).

Due to the Riesz representation theorem for L4((2), there is p» € L7 () such that [, p> g =
F(g)forallg € L1(S2). For g = As(¢), » € W1(Q) such that —kV¢ - n =4 3 (6*)% ¢ on
011, the relation (54) follows. O

In order to interpret the adjoint state as the solution to a boundary value problem, we assume
that the functional .J satisfies a stronger assumption: There are r > 1, s > 3 such that

Opd Y — [WH(Q)]*, OpJ : Y — [W>5(Q)]*. (62)
We then have a regularity result.

Proposition 4.5. Assumptions of Proposition 4.4 with (62). Then, the pair (p1, p2) belongs to
L™ (G) x LY () and solves the following boundary value problem in the distributional sense:

- dixi(Fm,pj (x, VID*) 8:vjp1> — )\,(Q*(m7 w*)) 9:@7 1/}*)]91

=0y J(y")+m inG (63)
ni Fp, p; (x, VY©) amj]h =0 ondG (64)
— div(k Vps) = 0pJ(y*) + po + O3 inQ (65)
[—kVpy - v =v; N (0" )p1 onS* (66)
—kVpy-n=43(0")p, onof. (67)

Here we have used the convention to write functionals in the right-hand side of the equation and
not to recall their contribution in the boundary or transmission conditions.

Proof. Due to standard results of regularity theory for linear second order uniformly elliptic equa-
tions in smooth domains (cf. [Dau92], Theorem 3.2), the operator Al_l of the proof of Proposition
4.4 g — & is continuous from L"(G) into W27 (G). Since r > 1 and G C R?, the embedding
W2"(G) — C(Q) is continuous, and therefore

110 AT (9)] < Ml 1AL (Dlle@) < ellgllie) - (68)

Thus, due to (62), the functional p; is continuous on L"(G). In view of the Riesz representation
theorem for L", there is p; € L" (G) such that [,,p1 g = F(g) forallg € L"(G), and

1]l ey = 1E e @ < e Ulmllmy + 105 ) w2 @e) - (69)
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Thus, the function p; is a distributional solution to the problem (63), (64). The surface mea-
sure on the surface S* := graph(¢*; G) is given by dS = +/1+ |V*|? dx, where dx
is the Lebesque measure in . Since the upper unit normal v* is given by v* = (1 +
|Vap*|2)~1/2 (=Vy*, 1), we have dS = 1/v} dx on S*. Using the regularity of py, the func-
tional F7 of the proof of Proposition 4.4, (59) has the representation

Fi(6) = /G p(@) N (0% (2, 4°)) bz, ¥*) de = / Vi N(@)6dS.  (70)

*

Thus, p, solves the problem (65), (66), (67) in the distributional sense. O

Since we obtain p» only in L7 the boundary condition (67) has to be interpreted in a very weak
sense as in the following statement. Similar ideas were used in [CF93], Th. 5 in the context of
optimal control. Trace theorems in spaces of negative order (dual spaces) were introduced in
[LM63], Th. 7.1.

Lemma 4.6. Assumptions of Proposition 4.4. Then, there is D, € [WY99(0Q)]* such that
Vo € W24(Q)

/Q P2 (— div (V) + (For (—kVé -1 — 45(6°)° 6))
= (1, V(O (. 0)) O, %)) + 00T (5) S+ (2 + D) (8) . (71)

Proof. Let p, € L7 (Q2), F' € [W?%(Q)]* be such that

/Q Py (— div(kV ) = F() Vo € W(S), GpBaly’) =0, 72

as in the proof of Proposition 4.4. We show how to interpret the trace of p, as a functional
P2 € [WY49(9Q)]*. Define

F(€) = /Q Py div(kVe) + F(6), ¢ € W2I(Q).

We easily show that F € [IW29()]*. On the other hand, according to Lemma A.1 it is possible
to introduce an operator B : L4(Q) x W4:94(9Q) — W24(Q), (f, g) — ¢, where ¢ is the
solution to the linear problem

—div(kVe) = finQ, —kVe-n—48(6*)°¢ = gond. (73)

The functional F o B clearly belongs to the dual of L4(Q) x W1/4+4(92). Moreover, due to
(72) F o B(f, 0) = O for all f € LI(£2). This proves that the value of F o B(f, g) depends
only on g, and means nothing else but that there is py € [W/4+9(9€2)]* such that

[F o Bl(f, g) = (p2, g) forall (f, g) € L) x Waa9Q) .

Choosing (f, g) := B~(¢) with ¢ € W29(Q) arbitrary (cf. (73)), the claim follows. O
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Remark 4.7. In the Proposition 4.4, 4.5, we have only considered the case of u* € U,, feasible,
because this is clearly the relevant one. If u* € U4 is not feasible, we can compute the adjoint
state by instead solving:

_ﬁﬂﬂmA%VWU%mQ—X@WS@mﬁ»@EWNLwﬂm
=0y J(y*) + 1 inG (74)

ni Fp, p; (2, V) 0p;p1 = 00n 0G . (75)

Once the distributional solution py € L"(G) (resp. p1 € [C*(G)]*) to (74) at hand, (75), define
Fi(¢) == [q. v5 N(E(0*)) p1 E'(6)¢ dS, and solve

—div(kVpy) = 0pJ (y*) + pio + 0.3 in (76)
[—kVp, - v*] = F} on S* (77)
—kVpy-n =4083(0%)3py on0Q. (78)

We now derive the first order optimality system under a classical linearized Slater condition.

Proposition 4.8. Let u* € U,y be a local solution to (P,y) which is regular in the sense of
[ZK79]. Define y* = S(u*), and let the assumption (52) be valid. Then, there are a Lagrange
multiplier (cf. the Definition 4.3) for the problem (P,y), and an adjoint state p € [C“(G)]* x
L9 (Q), such that

p [V V0 V(= ) + o (0= ) = (48 ) (- 0)
Q
Z 0 Yue Uad-
Here, py € [W/9-9(0Q)]* denotes the trace of p (co. Lemma 4.6).

Proof. The existence of the Lagrange multipliers follows from [ZK79].

Denote now (¢, #) € Y the solution of the linearized system (cf. Lemma 3.1) with u replaced

by u — u*. Define 1 1= f1p1 — fta,1 € M(G). Using the distributional formulation (53) of the
equation (63) with the boundary condition (64) and the testfunction & = 1/, we obtain that

<p1, (—%(F (e, V) 8, 0) = (0" (z, 0) 02, ) ¢)>
=0, J(y" ) + pa(¥) - (79)
On the other hand, we have 0 € TW%4(2), and
—kVO-n—48(0°)20 = —48 (u*)? (u — u*).

Choosing ¢ = 0 in the dirstributional formulation (71) with jio := fip.2 — a2 and pz 1= pt., we
obtain that

— (D2, (48 (u)? (u — u)))
+ (pr, N(0%(, %)) 0z, %)) = 0pJ (y*)(0) + (12 + Ozpu3)(6) . (80)
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Adding the relations (79) and (80), we identify

Ay I () (4, 0) + (o — ta) (¥, ) + 11,(0.0)
= 0, J (Y)Y + 1 (¢) + O J(y")(0) + (p2 + O2p13)(0)
= —(p2, 48 (u)* (u—u*)) . (81)

Using now the variational inequality in the Definition 4.3 of the Lagrange multipliers, we obtain
for u*, u € Uy arbitrary that

0 S aug(U‘*7 May b, /“L’Y) (U - U‘*>
= —(p2, 48 (u")? (u — u*)) + 0 J (y*, u*) (u — u*) . (82)

proving the projection formula. O

5 One example

Finally we want to illustrate the theory at the example of the functional

1 1
(¥, 0) = 5 [ — wd”%v%%c) Ty 16— edHIz/Vlv?(S) : (83)
We recall that here, S := graph(¢; G).

The functional (83) is of interest because it does not entirely fits into the abstract setting of the
precedent section. This gives us the occasion to point at two additional features of the practical
problem. First, the natural domain of definition of .J is not the entire Y, but the open subset
{(,0) € Y : |[¥||r=(@ < L}. This is due to the fact (Remark 2.3) that .J cannot be
evaluated if parts of the surface graph(v); () are not contained in the domain 2. And, second,
we need more regularity of the solution to establish the differentiability of .J.

Throughout the section, we assume in this section that there is p > 1 (without loss of generality
p < q) such that the data have the additional regularity

||0Zf||Lp(Q) + ||V02A||Lp(g) < 400. (84)
For 0 < M < L, we introduce the Banach space
Yp, M) :=={y= (¥, 0) €Y : [[0.0]lwzr(q,) < +o0}
1ylly o, a1y == llylly + [|0:8]lw2r @)
and an open subset Yy(p, M)
Yo(p, M) :=={y € Y(p, M) : ||t} (e < M}.

Lemma 5.1. Assume thaty € W2(G) and 0, € W24(Q) with 0,0, € W*P(Q). Then, the
functional .J given by (83) is continuously differentiable in Yo(p, M). Moreover, the derivative
0, J satisfies

0y : Yolp, M) — (W@, 80J = Yolp, M) — [W>2(Q)".
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Proof. Lety* = (v*, 6*) € Yo(p; M). Denote S* := graph(¢*, G). Throughout the proof,
we use the abbreviation w := 0* — ; € W?29()). We denote § the tangential differential
operator on S*, that is

0f=Vf-@ Vv felC(s),
where v* denotes a unit normal to S*. Let J; (¢) := 1/2 ||¢p — 1q|[3y2. 2(c)- Obviously

Op L (V") Y = (" — a, V)w22(qy (85)

and it follows that 9, J; (v*) € [W2%(G)]*.

Consider Jo(¢, 0) := 1/2|60 — edHIz/VL?(S)' Again, it is straightforward to compute that the
derivative Jp Jo(1)*, 0*) in some direction 6§ € W%2(2) has the expression

89J2(w*, ‘9*)‘9 = {w@ -+ ow - 5‘9} dS = (w, H)WI,Z(S*) .
S*

Since S* is of class C>* and S* C ,, the trace theorem implies that

|0p Jo (1), 07)0] < HwHWl*Q(S*)

‘HHWL?(S*) <c Hw||W2"2(9M) HHHWQ’2(9M) )

proving that 9y Jo(y*) € [IW>2(Q)]*.

The 1 —derivative of .J, has a more complex expression. Due to the assumptions, 0,w €
W?2P(€y,). We derive from elementary calculus that

Op o (47, 07) ¥

I
\/% 2 ) 6wl /\/1—0—\V¢|2wwz Vo

a(w
+/G\/71+|w*\2[5w.5wz]< Yo — / Swl(z, ¥7) -89 .

J/

Using that 1* € C*%(G) and w € W24(2) — C*(Q), we easily show that

[{a(w), )] < c(w) [[Pllwii) - (86)

The additional regularity is needed to handle the integral (b(w), 1) that makes sense only if the
tangential derivatives of the function 0,w are available on the surface S*. Under the additional
assumptions, we have § w, € W'/P"?(S*). Thus

[(b(w), V)| < e || 6wl eo(s+)
c(w) ||¢||W172(G)

Thus, dypJo(y*) € [WH2(G)]*, and using the standard Sobolev embedding, 0y .J2(y*) €
[W21(@)]*. The claim follows. O

[ wlzogs) [l o ) + 2 IVl oo (s 10l 21(c)
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Lemma 5.2. Let u* € U be a feasible control. Then, there are py > 0 and 0 < M < L such
that the control to state mapping S maps B,(u*; U) continously into Y (p, M) for all p < py.

Proof. Since u* is feasible, the state (1%, §*) = S(u*) satisfies ||¢* || L~ (@) < L' < L. Since
S is continous, we easily obtain for (¢, 0) = S(u), u € B,(u*; U)that ||| gy < M < L.

It remains to prove that 9.0 € W?2P({,,). This is the object of Lemma 5.3 below. O

Lemma 5.3. Under the additional assumption (84), the solution 0 = Spex(u), u € U satisfies
0.0 € W2P(Qyy) for M < L arbitrary.

Proof. According to Lemma 2.1, 0 € W29(Q). Thus, u := 0.0 € Wh4(Q). It follows that
03 u € W4(Q), and from the trace theorem, we get 8% u € W1/4:4(95).

The function u satisfies

—div(AVu) = 8, f + div(9,AVH) € LP(Q)
—AVu -n=436°9.0 +0.AVH -n € WYPP(I)).

Theclaimu € W2’7’(QM) near I'; follows from local regularity results for the Neumann-problem
near a surface of class C? (special case of [Dau92], Th. 3.2 among others). O

To sum up, we can prove the following result.

Corollary 5.4. Let (84) be valid. Assume that 1) € W*?(G) and 6; € W21(Q), 0.04 €
W2P(Q) (1 < p < q). For every feasible u* € U, there is a neighbourhood B,(u*) such

that the operator 0,.J o S exists and is continuous on B,(u*). Moreover, OyJo 0o S : B, —
[(W2HG)]*, and DgJy 0 S : B, — [W22(Q)]*.

Proof. Since S maps B,(u*) into Yy(p, M) continuously (cf. Lemma 5.2), and since J is a
C' mapping on this set according to Lemma 5.1, the claim follows from the chain rule for the
Frechet derivative. O

A The regularity result

Throughout this section, the domain €2 is the curvilinear polygon G'x] — L, L[ with G C R? a
bounded domain of class C*“ for some « € [0, 1]. Let n denote the outward unit normal on
O0G. We denote I'y := 0G x| — L, L] with outward unit normal n, and I'y, = G x {—L, L}
with unit normal n, = +e3. We denote WI}LP(Q)’ k = 1,2 the subspace of W1P(Q) the
elements of which have a vanishing trace on I';. We assume that there are A € C''(Q; R?*?),
and ag > 0 such that

Aigming = ag|n]® ¥y € R?, (87)
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and we define a uniformly elliptic matrix A € C1(; R3*3) via

(A0
A_<01). (88)

The following claim is proved for () = 0 in [Dau92], Theorem 3.2.

Lemma A.1. Assume that A € C'(Q; R3*®) satifies (88), with A satisfying (87). Let f €
LI(Q) and Q € WY99(90) with 3 < q < oo. Assume that u € W'2(Q) satisfies
—div(AVu) = finQ, —AVu - n = Q on 99 in the weak sense. Then u € W24(QQ),
and the estimate

IVullwiag) < e (([fllzo@) + 1Qlwr/aaon) (89)

is valid, with a constant c that depends only on (), q and A.

Proof. Throughout the proof we need some preliminary regularity, whose proof can be found in
the papers [Dau92, Dau88]:

IVull ey < e (11l + 1Qlww-agony) (90)
IVullr72s9) < e([[flla@) + 1QNlwrva@a)) (91)
fora0 < ¢ < 1/2. In particular, it follows that
[ullwrtszaa) < e[ fllza@) + 1Qllwi/a.aa0)) - (92)

At the end of the proof, we show for ¢ = 1, 2, 3 that u satisfies the relation
/ Op,u div(AVe) + / AV - (6(un;) — d;(un))
Q o0

(93)
+/ Qdpu= Fo(9), Yoe =),
o0
where . = outward unit normal, 6 = V — n (n - V) = tangential differential operator on 02,
and the functional Fj is defined via

Fy(9) :z/@ziAVgé-VujL/ fo0.
Q Q
Due to the estimate (90), we easily prove for F' = Fj, that

[E (@) < el fllzo@ + [1QNwraa@a) VOl 1w @) - (94)

The regularity claim is well-known near the interior of the surfaces I'y and I's (cf. [Tro87], Theo-
rem 3.17). It is sufficient to prove the regularity in the neighbourhood of the edge [ := I'y N Ts.
For sy € [, we simplify the discussion assuming that there is R > 0 such that the surface
'y g := Br(so) NI is flat. Then, lp := [ N Bg(so) is a line, and we can assume that
es = (0,1,0) is the unit tangent to (. If these simplifying assumptions are not satisfied, we
map the neighbourhood Qx(sg) := Br(sg) N €2 onto this model-configuration by means of a
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C?— diffeomorphism that flattens the boundary of the domain G and affects only the z direction.
This transfomation clearly preserves the structural assumption (88) on the matrix A.

We define X := 02N Bg(so). Our assumptions imply that // = 0 on X, and |6 n| = 0 on
Y g Let ¢ € C°(Q2) arbitrary, and € C°(Q2r U Xg) fixed. We choose ¢ 7 as testfunction
in (93), and we define w; := 1 0., u. It follows that

/ w; div(AVe) +/ AV(¢n) - (dun; —d;un) +/ nQ 0y, = Fi(9)
0 20 20

(95)
Fo(no) — /8 w(2AVn-Vo+div(AVn) ¢ / Q0wno.

The linear functional ' = F7 satisfies the same estimate (94) with constants depending on 7.
We omit the proof of this straightforward estimate.

Note that 6 u € L?(092) ((92)), and that w; € L%(Q) ((90)). Since C™(1Q2) is a dense subset of
W24 (), the validity of (95) extends to all ¢ € T4 (£2). We now specialize the relation (95)
to i = 3. The facts that n3 = 0 on 'y, that 93 = 0 on Iy, and that | § n| = 0 on supp(n) N I2
yield the identity

/aQAV(gbn) ~(dun; —d;un)

—/ AV(nd))~n53u+/ AV(n¢)-duns.
I

I

Observe also that if trace(¢) = 0 on I'y, then du - AV (¢n) = 0 on I's. This is due to the
property (88), that implies that A § u is a tangential vector on I's.

On the other hand, due again to the property (88) and the Gauss theorem,

/nQ%é: nQ53¢+/ nQn- AV
o0 I't

I}
:/ nQ((53¢—AV¢~n)+/diV(QUAV¢)-
Ty &

Thus, for @ := w3 -+ 1 Q, it follows from (95) for all ¢ € W29 (Q2) N W' (Q) that

/ s div(AV) — / (63u+ Q) (AV - n) = Fy(4).
Q I (96)
:=F1(¢)—/QAV¢-V(77Q)—/F n@63¢+/r 5 (AV ) 6.

For ¢ € W27(Q) N Wﬁj((l), use the Gauss theorem again (recall that mean curvature
vanishes on supp(n) N 0f2) to show that

/1,163U(AV77'”)¢=—/Fludg((AVn.n)gb).

20



Using Lemma A.2, (1) we prove for ¢ € W29 (Q) N erél(Q) the estimates

/F 00 w\ < 1 Qllwraaiom IVl 1w e
1

/F O3 u (AVr - n)cb' < cl(AVn ) Pllyra g llullwia) .

showing that the functional F' = F5, again satisfies th_e continuity estimate (94) (since 1'; is
of class C?, the normal n'* has an extension in [C'(Q)]?). For k € {1,2,3} arbitrary and
1 € CP(§R), define vy to be the weak solution to the mixed problem

—div(AVw) = 0,0 InQ, —AVwyy-n=0only, v=0onTl},.

According to the result of [Dau92], Theorem 3.2, vy € W2#(Q)) forall 1 < s < 2, and for all
1 < p < o0, there is a constant depending on €2, A, p such that

[vollwir@) < €10l @y < € ll¥llr -

Putting vy into (96), we obtain that

/Qws &W‘ < [Fy(vo)| < e ([[fllzo) + 1Qlwr/aagan)) Ivollwrer @)
< ([ fllzo) + 1QNwrea@ay) 191 Lo @y -

Thus, recalling the definition of w := 1 (J,,u + @), we obtain that V(1 d,,u) € [L1(Qg)]°.
For R’ < R arbitrary and suitable choice of the localization 7, we obtain that

IV Oz ullLay) < ([ fllzaw) + 1Qllwr/aagan)) - (97)

We now consider (95) for i = 2. Since ns = 0 on supp(7n) N 912, it follows that
/ wy div(AVe) — / AV (én)-n d2u +/ NQ 0z, = Fi(9) .
Q o0 o0

Note that eo = (0, 1,0) is everywhere tangent on 3. Using Lemma A.2, (2) we can put the
relation in the form

/Q wy div(AV¢) — / Soun(AV¢ -n) = F3(¢)

o0N

=F(0)~ | (1080~ AVn-n dyu},

with a functional F3 that again satisfies the estimate (94). Defining vy € W*(Q), s < oo
arbitrary (cp. [Dau92], Theorem 3.2) to be the weak solution to the homogeneuous Neumann
problem

—div(AVuvy) = 0,0 InQ, —AVuy-n=00nd.
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for k € {1,2,3} and ¢p € C°(§2R) arbitrary, we argue as above to prove that
IV Oz, ullLaey) < ([ fllzaw) + 1Qllwr/aagan)) - (98)

In the case i = 1, we know from the previous steps that the mixed weak derivatives 9> _ u

T1,T;

exist for j # 1 and belong to L%(2). Due to standard interior regularity results, u € 2"1((2).

loc

Using the equation — div(AVu) = f, we can show that 0., u also has a x; weak derivative
that almost everywhere satisfies

—8961 (0,171 chu) = f + axl (a172 amu) + 8@ (a271 axlu + asp 8x2u) + Bigu € LQ(Q) .
In order to complete the proof, it remains to prove the relation (93). Since w is a weak solution,

_/Qu diV(AV¢)+/muAV¢-n+/mQ¢:/Qf¢7 Vo € C=(0).

We choose in the latest relation ¢ of the form 0,.¢ (: = 1, 2, 3), and we use a few integration
by parts to prove that

/ Op,u div(AVe) — / n; u div(AVe) +/ u 0y, (AVQ) - n +/ Q 0y, ¢
Q a0 a0 o0
= / 0., AV - Vu + / f 0,0 = Fo(9) . (99)
Q Q
Using the tangential differential operators ¢ and divgg on OS2, we have
—n; div(AVe) + 0,,(AV®) - n = —n; divog(AVe) + 0,(AVe) - n on 9.

Thus, (99) turns to be equivalent to

/ Oy, u div(AV o) +/ u (—n; divoa(AVe) + 0;,(AVe) - n)
@ o0 (100)
+ [ Q0y¢ = Fo(9).
o0

Using the Gauss Theorem, we obtain the identity
/a (o divon(AV) + (AV0) - ) = /8 AV (3(uny) = 3i(um)
—l—/BF u(—AV¢-n'n;+ AV -nn))
—l—/BF u(—AV¢-n'n;+ AVe-nn.),

where n’ = conormal on the curve [ = OI'; from the respective surface. Using that n} = nr,

onl,i,j =1,2andi # j, the line integrals vanish, and (100) yields (93). O

Lemma A.2. Leth € W'/7:1(9Q), ¢ > 3.
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(1) Ifg € W2HQ) N WEH(Q), k € {1,2} then

/ hbig
T

J

< cllhllwraaeo) IVIllwre o), J €112}, j#kandi=1,2,3;

(2) Assume that 7 & [C*(Q)]? satisfies T -1 = 0 on 0. Forg & W' (Q) it then follows that
‘/m ht- 59‘ < cllhllyraagoo) IV llwre o) -

Proof. Due to the trace theorem, we can assume without loss of generality that h € TW14(Q).
Moreover, since I'; is a C? surface for j = 1,2, we can assume that there are extensions
n'i € [C1(Q)]? for the normal vectors. Let V € [C'(£2)]3. Using the Gauss theorem, we can
compute for j = 1,2

/chrl(h(v x n'i)) Vg = /mh[(v xn') xn]-Vg.

(1):LetV = e; —n.’ n's. Then [(V xn) xn] = —V onT;. Since [(V x n'¥) x n] is tangent
on Iy and trace g = 0 on I'j, we obtain the representation

/ héig:—/curl(h(Vanj))-Vg,
r; Q

J
which clearly proves the claim.

(2):Let V = 7. Then, (V x n'7) x n'i] = —7on T, and (V x n'i) x n'* = Oforj # k
and the claim follows from the representation

2
Z/curl(h(Vanj))~Vg:/ ht-Vg.
j=179 a0

B The extension operator

We now turn to the problem of finding an operator E' like in Assumption 2.4. First we have to
‘monotonize’ the function § € W24(£2). A simple idea for v < 0 is to use

P(0)(z,2) :=0(z,2) — [|[0.0 — VT |1y 2, 0 € W(Q), (z,2) € Q.

But this only leads to a Lipschitz continuous operator. Therefore, we introduce go(t) := [t—7]™,
t € R and we choose a sequence of functions { gy }ren C C*(R) such that

gr(t) =0fort <=, gp(t) > [t =7+ 1/k]", gr — goin Ce(R) .
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Denote ¢y = embedding constant for W14(2) — C(€). We then define
P(0)(z,2) = 0(z,2) — c5" lgn(0:) lwraey 2, 0 € W(Q), (z,2) €Q. (101)
We verify that P(0) = 6 in Q) if supg, 6. < ~y. Moreover, in 2
0:P(0) = 0.0 — " |l gi(0:) lwrag) < 020 — [|gu(0:)ll e

< 8.0 = |lgo(0:)ll o) < 0:0 = [0:-0 — 7 + L/K]"
<7y+1/k.

Lemma B.1. Lety < 0, O_< L' < L. There is a continuously differentiable operator &} =
E, 1 W(Q) — CY*(G x R), such that supgyr 9, E(0) < vo < 0 forall§ € W>1(Q),
and such that E(6) = 6 in Qyp, for all 6 with 0,6 < ~y in Q.

Proof. Forf € W24({2) we construct an extension operator. For k € N, let fy : R —|—L, L]
be a smooth function such that

fr(t) < fo(t) :=sign(t) min{|t|, L} t€R
fu(t) = fo(t) for|t| < L—1/k
fi.>0,teR fr — founiformly on compact sets as k — oo

For 0 € W24(Q), take P from (101), and define

E0)(x,2) .= P(O)(z, fs(z)) (x,2) e GXR. (102)
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