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Abstract

Ultrashort optical pulses contain only a few optical cycles and exhibit broad spectra.
Their carrier frequency is therefore not well defined and their description in terms of the
standard slowly varying envelope approximation becomes questionable. Existing modeling
approaches can be divided in two classes, namely generalized envelope equations, that
stem from the nonlinear Schrödinger equation, and non-envelope equations which treat
the field directly. Based on fundamental physical rules we will present an approach that
effectively interpolates between these classes and provides a suitable setting for accurate
and highly efficient numerical treatment of pulse propagation along nonlinear and disper-
sive optical media.

1 Introduction

Electromagnetic pulses with extreme short durations can nowadays routinely be produced in
optical labs [16, 14, 21]. They are used for dispersion measurements, spectroscopy, and optical
communication [3], as wide spectrum light sources [15], for testing of high-speed devices and
tracing of chemical reactions [11]. More exotic applications include optical realization of black
holes [22], optical transistors [12], optical clocks, and measurements of fundamental physical
constants [17]. The award of one-half of the 2005 Nobel Prize in Physics to Hall and Hänsch
indicates the significance and impact of this research.

Physics of ultrashort pulses creates new challenges also from the theoretical side. Technological
applications will depend on mathematical modeling, since the underlying phenomena need to
be described by suitable effective models which allow for an efficient numerical treatment. In the
range of frequencies and pulse widths used nowadays, the common slowly varying envelope
approximation is no longer valid for an adequate pulse description and new models have to
be developed, tested, and implemented. Currently, such models either assume a very specific
rational ansatz for the medium dispersion [9, 25] or represent the dispersion profile by a non-
bounded polynomial function (third- and fourth-order nonlinear Schrödinger equations and their
generalizations [10]). These models ignore some basic physical constraints (e.g., the relation
between medium dispersion and dissipation) and introduce unacceptable errors for spectrally
wide pulses [20]. There is a clear need for more general and flexible mathematical models.

2 Envelope Models

The traditional approach to the description of few-cycle optical pulses is the extension of the well-
established theory of envelope equations. These models are related to the nonlinear Schrödinger
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Figure 1: Refraction index of fluoride glass (fat black line) and truncations of the Taylor expansion
(color lines) of the orders 2 (like in NSE), 4 and 8. Increase of the approximation order cannot
resolve the divergence.

equation (NSE) for the electric field envelope and several generalizations of it [13], e.g.,

i∂zψ +
Mmax∑
m=2

βm
m!

(i∂τ )
mψ + γ|ψ|2ψ = 0, (1)

where βm and γ are dispersion and nonlinearity parameters, respectively. After the envelope
ψ(z, τ) is calculated, the electric field can be obtained from the relation

E(z, t) =
1

2
ψ(z, t− β1z)ei(β0z−ω0t) + c.c., (2)

where τ = t − β1z is the retarded time. It is well known, that such envelope equations can
possess soliton solutions [2], or at least long-term stable localized pulses that are of high inter-
est for applications, e.g. for optical communication or for pulse shaping [1, 19]. The existence of
such solitary solutions can be nicely interpreted in this context by a balance of dispersion and
nonlinearity. In addition, there exists a vast amount of mathematical techniques as well as nu-
merical techniques for solving such envelope equations, which makes them particular attractive
in modeling of optical pulses.

However, the NSE, as well as its generalizations, and the very definition of the envelope (2) are
based on truncated Taylor expansions of the propagation constant β(ω) around some reference
frequency ω0

β(ω0 + Ω) =
∞∑
m=0

βm
m!

Ωm. (3)

The principal problem with the Taylor expansion is that β(ω) may posses resonances, i.e.,
singularities for some complex values of ω, as opposed by all truncations of Eq. (3). In other
words, any Taylor expansion starts to diverge when |Ω| approaches the convergence radius,
and this divergence cannot be suppressed by successive increase of the expansion order. This
general phenomenon is illustrated in Fig. 1 for a refraction index generated by a bi-Lorentzian
model for ε(ω) for fluoride glass.

In particular, the Taylor expansion based generalized NSE can become invalid for ultrashort few-
cycle optical pulses, whenever the pulse spectrum widens up too much. The problem becomes
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Figure 2: Left: electric field of the initial pulse. Right: the same after 10 ps propagation in a bulk
Kerr medium with the refraction index shown in Fig. 1. For further details see [8].

especially evident by consideration of the asymptotic behavior of β(ω), i.e., β(ω) → ω/c for
ω →∞, as opposed by the behavior of polynomial approximations (3).

Another difficulty is related to the derivation of Eq. (1). Typically one has to assume that the
evolution of the envelope ψ(z, τ) is slow as compared to exp i(β0z−ω0t) factor in Eq. (2). An
example is given in Fig. 2, where it is difficult to decide whether the envelope approximation is
valid or not already after 10 ps of propagation time.

3 Short Pulse Equations

The alternative approach is to skip envelope formulations by treating the electric field directly,
guiding into the class of short-pulse equations (SPE) [18, 7, 23]. Typically such models assume
a reasonably simplified approximation for the medium dispersion and an instantaneous cubic
nonlinearity. As an example, the approximate dispersion relation ε(ω) = ε̄(1− µ2ω2

0/ω
2) with

two fit parameters ε̄ and µ and a suitable reference frequency ω0 for the refractive index in the
transparency window (see Fig. 3) guides to the following SPE [18, 7]:

∂zU +

∫ τ

−∞
U(z, τ ′)dτ ′ + U2∂τU = 0, (4)

where the normalized electric field U = U(z, τ) depends on retarded time and propagation
distance. For this equation also exact soliton solutions have been found [24]. Therefore there is
substantiated hope to find solitons also in a wider class of SPE’s. In particular, a more general
rational fit ε(ω) = ε̄ (1− µ2ω2

0/ω
2 + ν2ω2/ω2

0) is especially useful near the zero dispersion
wavelength, where interesting effects by the transition between anomalous and normal disper-
sion are expected [8]. Here, the only possible solitary solution is a solitary breather that exhibits
some intrinsic dynamics [24, 25, 7]. By shortening the pulse width the envelope of this breather
evolves into a cusp that represents the shortest pulse which can propagate in such a medium
[7]. Interestingly, such cusp-solitons can also be found in some cases of the generalized NSE
[4].
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Figure 3: Material response dispersion of fluoride glass (fat grey line) and a simple rational
approximation to it (blue dashed line). For comparison also the Taylor expansion of 8th order
(red dashed line) is displayed [7].
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Figure 4: Dispersion of the complex refractive index for the same material as in Fig. 1 (fat grey).
Red: Taylor expansion (11th order), blue dashed: [5/5] Padé approximation [5].

4 Rational Approximation

More generally, to describe ultrashort pulse evolution in terms of electric field, we employ a
rational fit for the material dispersion, e.g. [5]:

n(ω0 + Ω) ≈ p0 + p1Ω + · · ·+ pMΩM

1 + q1Ω + · · ·+ qNΩN
. (5)

A principle advantage of Eq. (5) over Eq. (3) is that it accounts for singularities in the complex
ω-plane and that it approximates n(ω) in a considerably larger frequency domain, but locally
still to the same precision as any Taylor expansion.

Moreover, by choosing polynomials of the same power M = N in the numerator and denomi-
nator of Eq. (5) one additionally ensures that n(ω) remains bounded for ω →∞, as it physically
has to be, and as it is opposed by unbounded polynomial approximations. Even more, by proper
locating the poles in the complex frequency domain, one can ensure causality, as a basic phys-
ical demand. This latter aspect is usually completely missing in envelope models. Among other
things, this leads to a considerable reduction of the numerical stiffness when computing solu-
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tions of the envelope equations. As a consequence, the resulting propagation equations become
nonlocal in time, which expresses the delayed medium response. Structurally, the propagation
equation becomes:

i∂zΨ + (ω0 + i∂t)

[
1

c
D̂nΨ + γ̃ D̂−1n |Ψ|2Ψ

]
= 0 (6)

where the nonlocal operator D̂n is defined as convolution with the inverse Fourier transform of
the dispersion function (5). The electric field is calculated as a real part of Ψ(z, t)e−iω0t, where
ω0 is just a suitable reference frequency within the pulse spectrum. One can even completely
avoid the use of the reference frequency ω0 by introducing an analytic signal for the electric
field, as shown in [6]. An example for the the difference between the solutions of (6) and the
envelope approach has been published in [5]. They become especially important for few-cycle
pulses, and there already after short propagation distances.

5 Conclusion

We use the Padé approximat (Fig. 4) and more generally rational approximations to quantify
the general dispersion operator in Eq. (6). The latter model is similar to non-envelope equations
as it can be derived without the slowly-varying envelope approximation. On the other hand,
Eq. (6) possesses the relatively simple structure of the generalized NSE and can be effectively
addressed by adaptation of the existing numerical solvers.
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