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Abstract

We study the diffusion problem of liquid droplets in single crystal semi-
insulating Gallium Arsenide (GaAs). This problem is posed by an industrial
application, where the droplets, also called precipitates, appear during a neces-
sary heat treatment of GaAs wafer. The subsequent dissolution of the droplets
is mandatory, in order to use the wafer after the heat treatment as a substrate
material for micro- and opto- electronic devices.

In this study we consider a single droplet in a solid matrix, which is in
contact with an arsenic gas, so that the arsenic can cross the solid/gas inter-
face. The model equations has been derived by the authors. They consist of
a nonlinear diffusion equation with diffusion controlled and kinetic boundary
conditions, respectively, at the liquid/solid interface. Furthermore we study
at the solid/gas interface alternatively zero flux and Dirichlet conditions.

The latter appear due to different densities of liquid and solid GaAs. There
is a large influence of these effects on diffusion, interface motion and phase
diagrams, which are used to identify regions, where coexistence of liquid and
solid phases is possible.

In order to study the evolution of the droplet, and in particular possibilities
to enforce its dissolution, we solve several initial and boundary value problems
for the diffusion system.

1 Introduction and setting of the problem

We consider an evolving phase transition between liquid and solid Gallium Arsenide,
GaAs, at pressure py and constant temperature Ty, where the liquid appears as small
spherical droplets within a solid matrix. The droplets have radii on the nanometer
scale, whereas their distances are between 1 and 2 pym. Our final objective is the
determination of the size distribution of the droplets by means of a system of rate
equations of the Becker/Déring type.

This task requires preliminary studies on non-standard phase diagrams that takes
surface tension and mechanical stress fields into account. Moreover the diffusion
problem of a single spherical droplet in a solid surrounding has to be solved.

The study on non-standard phase diagrams can be found in [1|. Among the various
results we found the determination of critical radii r¢, so that a single droplet with
r; > rc growth further on, whereas it shrinks and finally disappears for r; < rc.
The objective of the current study concerns the diffusion problem of a single droplet
in a solid surrounding, which has initial radii below and above the critical radii.



To this end we consider a liquid sphere 2, with radius r; which is surrounded by a
solid sphere Qg with radius ro > 71. The liquid is a mixture of the two constituents
of GaAs which we denote by a;, = {Gar, Asp}. Their mole densities are ng,, and
nas. - The solid phase is an ordered solid with three sublattices «, 3, v, respectively,
with fcc symmetry and a common lattice constant. The sublattices thus have the
same number of lattice sites, and they are occupied by the material constituents Ga
and As and by vacancies V. According to the so called Freiberg model, As and V
can be found on all sublattices, whereas Ga, due to its size, is only allowed to live
on the sublattice a. Thus there are seven constituents in the solid, and we denote
these by ag = {Gan, Asa, Va, Asg, Vg, As,, V., }. Their mole densities are nga,, Mas,
nv,, 7’LASK37 nvﬁ, nASV, nv,y.

For the description of the liquid and solid composition, we now introduce further
quantities, that are commonly used in the literature. By means of the mole densities
we define the mass densities of the phases:

pPs = ZManm oL = ZMana- (1)

acags acar,

The quantities M, are the constant molecular weights of the constituents, viz.
MAsa = MASB = MAS»Y = MAS and MGaa = MAs-

We assume that the vacancies are carrier of energy and entropy, but they have no
mass, i.e. we set My, = My, = My, = 0.

Furthermore, with the total mole densities n,, ng and nas, we introduce the mole
fractions of the material constituents, viz.
NAs, + nA35 + nAsw NAsg

TA, UIN
X1, = °L = L and Xg = = ) (2>
NAsy, + NGay, nr, NAs, T NAsg + NAs, T+ NGa, ns

and for a € ag we introduce sublattice concentrations according to

n n
Y.=3 - = —. (3)
NGa, T NAs, T v, T Nasy + Ny, +Nas, + v, N

The quantity ng gives the sublattice density. Recall that the sublattices have equal
number of lattice sites, so that we have

YGaa + YAsa + YVa = YASB + YVB = YAS«, + Y:\/W = 1. (4)

The phase transition of a piece of solid GaAs into liquid GaAs is accompanied by a
change of its volume. Liquid GaAs needs more space than solid GaAs and for this
reason, the liquid sphere is surrounded by a mechanical stress field with nonzero
stress deviators. For the description of diffusion and the evolving liquid sphere,
we are interested in a time scale, where mechanical equilibrium has already been
established. Thus the stress can be calculated from the quasi-static momentum
balance, where the time, ¢, appears only as a parameter.



We rely the determination of the stress on an isotropic elastic law, because the cubic
anisotropy of the solid phase of GaAs is weak and will be ignored. In this case we
may start from the symmetry assumption, that the displacement field has in in polar
coordinates (r, 9, ¢) the form u* = (u(t,r),0,0).

We conclude this Section by a summary. For any time 0 < ¢ < ty, the objective of
this study is the determination of

e the arsenic mole fraction and the mass density of the liquid:

Xiu(t,r), pu(t,r) for 0<r<ryt), (5)

e the sublattice concentrations and the the mass density of the solid:

Yo(t,r), ac€as, ps(t,r) for ri(t) <r <ro(t), (6)

e the displacement field:
u(t,r) for r(t) <r <ro(t), (7)

e and the radius r(¢) of the evolving liquid droplet.

For a solution of this problem we rely on further simplifying assumptions, which
are partly motivated by experiments with semi-insulating GaAs at temperatures
T Z 1100K.

1. We assume that diffusional equilibrium in the liquid is much faster established
than in the solid, so that the liquid densities are homogeneous in space.

2. There are chemical reactions in the solid that describe the transitions of the
various constituents between the three sublattices, namely

As, + Vg = ASg +V, and A87 + Vﬁ = ASg + V,y. (8)

We assume, that local chemical equilibrium of these reactions is likewise much faster
established than diffusional equilibrium in the solid.

3. We assume that the mobilities of the vacancies are much higher than the mobilities
of the material constituents, and we consider the limiting case of local diffusional
equilibrium of the vacancies.

4. The question whether the motion of the interface is diffusion controlled or inter-
face controlled cannot be uniquely answered from existing experimental data. For
this reason we have to study both regimes. However, in this paper we exclusively
consider diffusion controlled motion of the interface.

These assumptions and the preceding setting will lead to the following mathematical
structure of the problem: For a given distribution of atoms on the sublattices, we
solve the mechanical problem of a liquid droplet with misfit in a solid surround-
ing. Hereafter we solve the diffusion problem where the coupling to the mechanical
problem is given by explicit functions of the space variable r. The equations of the
diffusion problem will consist of a single nonlinear diffusion equation and a set of
nonlinear algebraic equations.



2 The mechanical boundary value problem

The mechanical boundary value problem concerns the variables u’ - displacement,
ps - mass density of the solid and pr, - mass density of the liquid.

If the displacement were known, we could determine pg from to the well known
geometric relation

ui U/k
O )~ A1~ ). )

pPs = ﬁs(T) det(éij —

The quantity ps(7) is the temperature dependent density of a reference configura-
tion. This is the state of a solid, where the strain
1, 0ut oW
el = —(=—+ —=—)
2°0xi  Oxt

(10)

is zero. In this study we choose the triple phase equilibrium of GaAs under hydro-
static pressure p(7') as the reference state, see [1] for details.

The determination of the displacement relies on the quasi-static momentum balance
for the cauchy stress o, which reads
ot

oxd

—0. (11)

We assume that the constitutive law for o in the liquid, respectively solid, is given
by

—pL(T, pL)6" = — (P(T) + KL(T) 2 (55 — /st(LT>)> o

.. PL,
o = (12)
p(T)S + Ks(T)( 225 — 3h)6% + G(T) (22 + 220 — 200t i
with
pi = (MGa(l — XL) —+ MASXL) 77LL = M(XL)’FLL (13)
and

McaYa, + Mas(Yas, + Yas, + Yas
h*zl—i/ Gal Ga, A(Aa Asg Av) (14)

McaYca, + Mas(Yas, + Yas, + Yas,)

These laws describe a compressible liquid with bulk modulus K7, and an isotropic
elastic solid with bulk modulus Kg and shear modulus Gg.

For an illustration of the physical content of these laws we consider the liquid phase
at first. Recall that a deformation of a liquid concerns a change of the mean distances
of the atoms, which is obviously described by np,/n;, — 1. In terms of the liquid mass
densities we have pr/p; — 1, which can also be written as pr/p} (pr/prL — pi/pL)-
The reasoning of the elastic law for the solid phase is the same, except that (125)
results from a further linearization in the strain.
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Next we consider the body €2 of Section 1 and assume spherical symmetry, i.e.
pr = pr(t,r), u' = (u(t,r),0,0). The momentum balance yields

opr, oo’ o'l — g¥?

= 0 in€Q; and o + 2 " =0 in Qg. (15)
Note that ¢ = ¢%¥, and ¢'" and o%¥ are given by
ou u 4 ou u
" =—p(T)+ Ks(T) | =— +2— —3n" -Gs(T) | =— — -
“ p(T) + S()<8r+ r 3h>+3GS()<8r r)’
ou u 2 ou u
W=—pT)+Ks(T)| —+2—-3h" )| —=Gs(T) | — —— ). 16
0% = p(r) 4 (1) (G2 3 ) = S6am) (e =) o
The field equations for pr, and u thus read
opr, _ Pu 2 (0u wu oh* 9Ky )
A A 0 d P - — — =] = Qg. 17
or 0 inth, an or:2  r\or r or 3Kg +4Gg in §2g. (17)

Their solutions can be written as

pr = pr(1—3az) in Qp andin Qg

3
T 3ks 1 [" ;0h*(2)
=|la+bh|(—) +=——— |1 (r)——= (1
ulr) atb (7’) 3ks + 4G5 ( () r3 /n © oz dz | | r- (18)

The integration constants ar,, a and b; may depend on time via the diffusion problem
and they are determined by conditions at the outer boundary » = ro and at the
interface r = ry.

According to (9), the solution for the displacement yields

Due to this form we have chosen the integration constant for pr, by (18); so that the
similarity of both representations is exhibited.

The mechanical boundary conditions describe mechanical equilibrium, which is as-
sumed to be established by a hydrostatic stress at the outer boundary and by the
capillary force at the interface. Concerning the outer boundary we consider the
limiting case ro — oo. The mechanical boundary conditions thus read

2
lim 0™ =—py on 0N\ and o' (r]) +pL = 2 onl (20)

T—00 1

The quantity o is the surface tension, which may depend on temperature. In (20)
we insert

4Gy
T 5 K. e
o p+3 s(a 3Ks+4Gsh (T))

3
rr 3KS 1 " 38h*(2)
. ' oS 21
4GS(7’> <b+3Ks+4Gsr§/rlz 0z dz ) (21)




and p, from (12) in order to obtain a and b in terms of p, and ry.

The determination of ar, i.e. the liquid density py, relies on an assumption concern-
ing the deformation during the phase transition. We introduce and motivate the
assumption by means of a thought experiment.

We start from the current state of a solid sphere, which has a liquid phase with
radius r; and mass density pr, = M (X1, )ny, at its center. Next we simulate a liquid-
solid phase transition of the liquid sphere at constant mass, constant mole fraction
X1, and fixed lattice occupancy Y, in the solid phase. Due to the phase transition,
the resulting solid sphere assumes the radius rg,. Let the occupancies of vacancies
at the radius rsp, be Yy, = (Yv, + Yv,; + Yy, )r=rg, . Furthermore we assume that
the original inner sphere has during its life as a solid phase, a homogeneous lattice
occupancy of vacancies, which is given by Yy, .

The current density of sublattice sites is denoted by ngr, implying a current mass
density pgr, of the inner sphere according to

pPSL = TLGL(B — YVSL)M(XL)- (22)
Due to conservation of mass we have
PLIT = PSLTSL- (23)

In its reference configuration, the outer sphere has zero strain and the reference mass
density ps = na(3 — Yy) M (Xs). The reference configuration of the inner sphere has
zero strain with mass density ps, = ng(3 — Yv) M (X1).

Moreover, we assume that both spheres have a common radius Ry = r; — u(ry) in
their reference states so that the right side of 23 can also be represented by
psurdy, = psL(rn — u(rr))’. (24)

Thus in combination with (23) we finally obtain the equation that allows the deter-
mination of the liquid density pr,.

In order to summarize the results we introduce the abbreviations

i} 13
T ((3 = Y:Eg))nw)) R
We obtain
a= 153;(1;70 + BKS—C:SZLGS h* (Xs(ro), Yv(ro)) ,
= TR T (K )+ T a9
T
_ ﬁh* (Xs(r1), Yy (1))



After inserting these results into (21), we conclude that the resulting stress in the
two-phase sphere is due to surface tension, misfit, a deviation of the outer pressure
from the reference pressure and due to the radial dependence of the composition.

3 The diffusion problem

The objective of this chapter is the formulation of the diffusion problem for the
considered two-phase system containing a liquid sphere with a free interface with
radius r1(¢) at the center of a solid sphere with free outer radius ro(t), see Figure 1.

The central thermodynamic quantities for the description of chemical reactions,
diffusion and interface motion are the chemical potentials, u,, of the constituents.
These result from the the free energy density function pi (T, ny,ns, ...,c¥), which
were calculated in [1], according to

_ Op¥

Ha = on,

Here the newly introduced quantity ¢ denotes the unimodular part of the right
Cauchy-Green-tensor C” =~ d;; + 2¢;;. The chemical potentials depend on tem-
perature, on mole fractions, on sublattice concentrations and on the mechanical
variables. Its explicit representation for the liquid and solid constituents, respec-
tively, are given in the appendix. The diffusion model for the case at hand rely on
the various assumptions that were stated in Section 1. Its exploitation is studied in
detail by the authors in [1]. Here we cite only the results.

3.1 Reduction of the number of variables

Recall that the treatment of the mechanical problem ends up with representations
for the displacement, the strain, the stress and the liquid and solid mass densities,
which allows their calculation for given values of temperature, outer pressure, current
liquid mole fraction, current lattice occupancies in the solid and interfacial and outer
radius.

Next we reduce the seven lattice occupancies Y, to a single one, say Yjs , which
serve as the single variable for which we have to formulate the diffusion equation.

This reduction relies on algebraic equations. The first three of them are the equa-
tions (4), which may be used to calculate the concentrations of the three dominant
constituents as functions of the four minor constituents:

Yea, =1 —=Yas, = Yv., Yas, =1-VYv,, Ya, =1-Yv. (27)

The second group of algebraic conditions concerns the transitions of constituents
between the sublattices. We are only interested in elevated temperatures, where we



appropriately may assume that the transition processes are in local equilibrium, so
that they are characterized by two conditions for the chemical potentials. These
have been derived in [1], and they read

HAso = HVa = HAsy = 1V, HAsg = MV = HAs, — MV, - (28)

Recall that the Freiberg model restricts the Ga to the a sublattice, and for this
reason [iga, does not appear here.

Finally there results an algebraic condition that characterizes that fact that va-
cancies exclusively appears in local equilibrium states. This is described by the
condition

b, + pvy + v, =0, (29)
which also was derived in [1].

The chemical potentials contain linear terms as well as quadratic terms in the strain,
which itself is a small quantity, so that we only need to consider linear strain con-
tributions. In this case the chemical potential read

chem a 4GS h*(T)
= — Kg— + K. 30
/“L S /‘Las SﬁG + S3KS +4GS T_l(; ( )
_ Yo (1) po—p 4Gs Ks h*(r)—h"(ro)
chem S
= RT1 = )
Has =+ n( Y, > T She T B3Ks + 4Gy e

From 28, 29 and 30 we obtain three algebraic equations which may serve to eliminate
three further lattice occupancies, viz. Yy, Yy,, Yy,. Inspection of the explicit
representation of the chemical potentials reveals: (i) The mechanical parts drop
out of (28), (ii) the chemical potentials of the vacancies do contain mechanical
contributions, (iii) the reference values of the chemical potentials cancel each other
in (28) and (29) by definition, (iv) the remaining contributions only depend on
relative sublattice concentration, which are defined by y, = Y, /Y,(T).

With the abbreviation y = y4,, we obtain from (28) and (29)

YAsa YAsg i _ YAsg

Y yveyv, = fu(po, R*, ho) (31)
YVa Yvg Yv,  Yv, pr ©

with
P — Do+ s2sls (hg, — hY)

fu(p07 h*a *O) = €Xp 3?;1;;35 ) (32)
which implies
k * _ ]5 - pO — * * _
fu(po, by, hey) = exp (ﬁGRT> and  f,(p, hey, hy) = 1 (33)



Next we use (27) and (31) to express all lattice occupancies in terms of the remaining
variable y, viz.

YAS’y = yYAsva
YV\/,Y =1- YAs,y Yy,
Yy, Yo,
Yo, = —— 5 _
Yv, Yy, + yYas, Yv,
Yas, =1—VYy,
Y, Y, ¥,
YV& = f,LL(p()?h*ah)(k)) Y Byv ) (34>
Vg vy
yYASa 7\/
Yie = V5 T
Asq Va YVA/
Yas, Y.
Yoa, = 1Y, 1+m )
i

The quantities Yy , Yv., Yas;, Yy, can thus be expressed by y. Due to (33) this is
likewise possible at r = ro for Yas,, Yv., Yaa,-

From (14) we obtain at r = rg

3 MGa?Gaa (Z/O»Po) + MAS <}~/Asa (y07 pO) + S}Asg (yO) + Y/As'y (yO))
McaYa, + Mas(Yas, + Yas, + Yas,) '

he=1-— (35)

For r < 70, there is no such an explicit representation, because f, depends via h*
on Yg,, and Yag, .

We now introduce .
fu<p0,h*,y0) = fu(p07h*7h*0) (36)
to write down in compact notation the dependence of Yy on py, h* and yo, viz.

Yo, = fulpo, B, yo) iz
Va — 0 yYO ) = =~ .
‘ 7o) ¥, )

Vy

Y. (37)

The remaining variables are determined by interface conditions, conditions at the
outer boundary and the diffusion equation.

3.2 The diffusion problem

The diffusion equation relies on the local conservation laws of particle number and
mass. In these conservation laws, the partial and the barycentric velocities of the
corresponding constituents appear, and these will be introduced at first.



We denote by vga, and vag, the partial velocities of the liquid constituents, and we
calculate the barycentric velocity of the liquid according to

k k k
pLVL, = MaanGay Vs, + Mashas, Vas, » (38)

The quantities vga,, Vas,, Vas; and vas, are the partial velocities of the material
solid constituents. The barycentric velocity of the solid mixture is thus defined by

k k k k k
PsVs = McanGa, Ve, + Mas(nas,Vas, + MAssVAs, T nAswvAsW), (39)

3.2.1 Equations of balance

In the liquid phase, the local conservation law of the arsenic mole density reads

anAsL 4 a(nASLUIszL)
ot oxk

The local conservation law of the total mass of the liquid phase is given by

=0 in Q. (40)

do..  O(oLvf)
ot ox¥

The corresponding equations in the solid phase are

=0 in Q. (41)

anAss + a(nASS 'UA’ZSS)

= in € 42
ot oxk 0 in &, (42)
and 5 o( b
0s 0s Vg .
=0 Q. 43
ot | oak mots (43)
At the liquid-solid interface we have
NAsy, (UZSL - wi/) = NAsg (sts - w?) on I? (44>
and
oL (v} — uf) = os(vf —uf) on I. (45)

3.2.2 Constitutive law for the solid phase

The total arsenic diffusion flux in the solid phase is defined by
jfgsg = NAsq (vZSS - vlg) in Qg UNg, (46)

whereas the corresponding definition in the liquid phase is not needed here because
the liquid only exists in equilibrium states.

In [1] the constitutive law for ji . was derived and reads

. B o ((,UASW — piv,) — ﬁjg (Hca. — Mva)> ~ Jfp

Jass = TRT oxk ~ Ozh
The mobility B > 0 depends only on temperature and R denotes the universal gas
constant.

in Qs. (47)
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3.2.3 Evaluation of the homogeneity of the liquid phase

The assumption that the liquid phase is in equilibrium at any time ¢ > 0 implies its

homogeneity. We conclude
8n Asi,

=0 i Q. (48)
Thus (40) reduces to
. ok _
NAs, T NAsy, (9ka =0 in (49)
After integration we obtain
Nas, VL + Nas Vs, OL =0 on 00y, (50)

The homogeneity of the mass density implies

dor,

% =0 in QL> (51)
and likewise we obtain from (41)
: vt :
oL + QLa_ZL"II; =0 1in QL. (52)
This gives after integration
@LVL + QLUEOL =0 on 0QL (53)

3.2.4 Evaluation of the spherical symmetry

Due to the assumed spherical symmetry, volume, surface and normal speed of the
liquid phase are given by

4 3
VL = ﬂ;I , Op=dnrf, and w} =7y (54)

At the interface, the partial and barycentric velocities of the liquid are thus given
by

OL 11
and v =-—-—=—"— on [. 55
nASL 3 t QL 3 ( )

We insert (55); and the definition (46) in (44) to obtain

v .
UASL -

f”LAS T1 . v . v
—Nas, ( L— 7’1) = Npsg (Vg — 71) + Jass ON 1. (56)
NAs, 3

Insertion of (55)s in (45) yields

—or (&ﬁ + 7'“1) =os(v§ —7r1) on I, (57)



which can be combined with (56) to give

LT . n s, T . v
PAss (%_1 i 971) — Ay < Ao 1 —{—rl) =jk, on I. (58)

The equation (58) serves as the basis for the so called STEFAN condition. If we
were to ignore the time derivatives and moreover set the ratio gr,/os = 1, then (58)
assumes the form of a classical Stefan condition. However, here we meet a more
subtle case and a long calculation, see Section 3.2.7, is necessary to end up with a
Stefan type condition. We will observe that it is not possible to obtain a condition
that exclusively relates the diffusion flux to the interfacial normal speed.

The evolution of nag , nasg, p, and p, follows from the solution of the mechanical
problem according to

nas, = Xuir (1—3(an — h})) = fas, (X1, 71, Y0, Po) (59)
oL = M(XL)ﬁL(l - 3aL) = @L(XLarlu y07p0>7 (6())
_ P — Po 4G
S = Y, S 11— hy, — h*
NAsg AssNG < 3( 3kS +3kS+4GS( (0] )))
= ﬁAss(ya h*7y07p0)7 (61)
_ P — Do 3ks
= 1-3 hyy + ————(h™ — h{
0s 0s ( ( ks +ho + ks +4Gs( o)))
= és(ya h*7y07p0)' (62)

3.2.5 Phase equilibrium on 1

The assumption that the interface only exists in states of phase equilibrium was
exploited in [1] and leads to two conditions, that we may write

My i
Aa<”>J/V”—,uAsL:0 on I, and (63)
S

fI = HAsy — Hvy —

Mo+ Mea i
%UQPMUJ—MASL—MGBLL:O on [I. (64)
S

The second condition (64) is often called equation of liquidus line. The right hand
sides of (63) and (64) depend on six quantities, and we indicate this by the notation

fL ‘= UGa T Hasg T Hv~y —

fi = A(Xe, L B v yo,po) und = fu(Xw, mm un B yo, po)- (65)

Analogously we write (14) in the form

fh(yluh;yOapO) = 0. (66>
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3.2.6 Boundary conditions on the outer boundary of the solid

In this study we exclusively consider the case that the liquid-solid sphere is immersed
in an inert gas at constant pressure py. The mechanical boundary condition thus
reads

ps=po with po=0 on 0Qg\ I. (67)
The impermeability of the outer solid sphere implies
ro=vg and ji. =0 on 0O\ I (68)

3.2.7 Exploitation of the Stefan condition
The Stefan condition (58) needs the evolution of nas, and p, . In particular we need
nas, and p,, which we calculate at first. Due to (67) we obtain from (59)

anAsL aTLASL .

. 8nAS .
N X L 69
A L 8XL L + 87“1 " + 8yo Yo ( )
and from (60)
. dovL ¢ , Oor. | Oov .
= X — —90. 70
oL e L+ I T+ o0 Yo (70)

In order to eliminate X|, we form the derivatives of (63) and (64):

; Ofi ofi  ohf y Of
0 Brr . 3% Do X T .
L or1 0X1L Our b 9yo

| Ay, (T

This system may serve to calculate X1, and ¢;. For this purpose we eliminate at first
h} by means of the derivative of (14), which reads

OYGanI OYps,1
(MGa Bh?‘a +Mas ahqla

il* o MGaYGaa+MAs(YASa+YASﬁ+YAs’y) h*

I — 1
3 MGaYcan+Mas(Yasa+Yasz+Yasy)
MaaYGan +Mas(Yasq +Yasg+Yas,)

Wi

Y, Y
9YGagl OYAsqyI Asgl AsyI . 9YGagl OYAs,I ) -
(MGa I +Mas dyr + du1 + 1 yr+ MGa 990 +Mas 990 Yyo

MaaYGan +Mas(Yasq +Yasg+Yas,)

- 2 (72)
3 MGaYGaa +MAS(YAsa +YAsB +YAs»Y) 3
MgaYGaq+Mas(Yase +Yas;+Yasy)
For further use we introduce the abbreviation
by = furr 91 + futo Yo (73)
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Insertion into (71) elimination with respect to X;, and ¢ yields

-1

y Oh  Ofi 4 Ot
X1\ ax. oy T ohr Jonn
: - of.  Ofu ofL
b 9% Gy T o Junt
of1 Oft of1
an |y [ 2w + Oh Juio ) (74)
af 1 Of 4 0N b Yo
ort dyo ' Bhy/hIO
Thus (69) and (70) reduce to
. anAs,L
TVASL _ ory .
o = dor, |1
L ory
—1
6nAsL 8”A5L afI % afI %
| Taxy Towr oXy oy T ohr Jem ari |
HoL. oL Of  Ofu 4 OfL f ofr I
X1, By X1, 9y " Bhy/hIl or
anAsL
6 .
+1 5 |Yo
dyo
-1
6774AA L 8”ASL 8fI % 8fI afl 8fI
_ _axi Ty 0X1, Oy + B Jon dyo + dhr Jnio .
dor. doL Of Ofu 4 OfL %+afo Yo
oX1, Dy X1, 9y ' Bhy/hll dyo ' Bh;/hIO

/
N AsLrT
/

!/
= ( ) T+ ( MasLyo > jo (75)
QLryO
The explicit elimination of 9o is not possible because the mechanical solution con-
tains yo as a parameter, that can first be calculated after the diffusion problem is
solved. In other words: We have to take care for the coupling between diffusion and
mechanics up to the end.

Orrr

Next we insert (75) into (58) to obtain the final form of the Stefan condition, as it
will be used in the diffusion problem:

!
TUASLrT E

N AsL 3

) o

0s

/
QLyO

+ <nAss—

0s
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3.2.8 The barycentric solid velocity at the liquid-solid interface

In the same manner as in Section 3.2.7 we calculate the normal component of the
barycentric velocity at the solid side of the interface. From (57) we obtain

1 — (gLrI":;)I + QL)
v 0s
Vg = JAsg
911 11 oL\ _ AsLyT T'T
nAsS<QS 3 +QS> nAsL<nA +1)
QL o _ /
NAss e 0s AsLyO QLyO Ty .

011 L oL\ _ T ASLyI 7T Os
NAsg < o 3 + > NAsy, (nA + 1)

3.2.9 Exploitation of conservation laws of arsenic particle number and
total mass in the solid

The exploitation of the diffusion equation and the conservation law of total mass in
the solid needs the evolution of nss and pg. Their time derivatives result from (61)
with (67),

hASs -

anASS ; anAs . anAs
h* S S
o T oy VT e

and accordingly from (62) with (67)

Yo (78)

dos ; 0s 0s .
h* = 79
oh + anyr 90 Yo- (79)

0s =

Next we define in the same manner as in (72) and (73)

h* = fui ¥ + fuio Yo, (80)
where f,; and frio can be read off from (73), and eliminate h* in (78) and (79):
. Onass =~ Onasg . Onass — Onass
- i i ) ]-
TAsS ( By + o fh)y+ ( 90 2 fho) Yo (81)
. dos dos . dos 398
— i 2
= (52 )it (52 4+ S o )i ®)

The diffusion equation (42) and the conservation law of mass (43) may now be
written

Onass  ONasg 8JASS ok On s OnASS
( 9 + g fhl)y+ ok T sy T ayo BT Jnio =0

in QS (83)
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and

dos  Oos . vk dos  0Ops . .
_ _ i i = Q . 4
( By + ah*fh) ytosy p+ 96 + ah*fho yo=0 in Qg (84)

Onasg

i Jni and subtract both

We multiply (83) with %_gys +
equations to obtain

1 /0 ) djks
_ 0s I 0s s J Asg
MGa 8y 0h* al‘k
6TLASS @TLASS 8nGaS 871(;&5
+ (( ay + Oh* fhl) ( ayo + Oh* fth

anGas anGas anASS aTLASS .
( ay + Jni B0 o Juio | | Yo

3nASS anAsS anGaS 877/Gas avlg o
+ (nGas< ay + Oh* fhl) nAss( (9y + Oh* fhl axk =0

in Qs. (85)

205 fos and (84) with “32% +

This equation will now be used to eliminate in (83) the divergence of the barycentric
velocity, so that we finally have

ONGag | ONGag Onpsg | Onpgg .
(nASs( 2 + o fh) nGas( By o fo) Y

anGag 8”@:&5 anASS anASS .

+ (nAss ( 9o + Oh frio NGag 9o + ah fhio Yo
. 0s ajﬁss

MGa 8:)3’“

=0 in QS (86)

3.2.10 Exploitation of the diffusion flux condition at the outer solid
boundary

In this section we draw conclusions from the condition (68),, i.e. ji,, = 0 for r = 0.
According to (47) this yields

o
8—3{:0 on 90\ L (87)

We conclude that the material and partial time derivatives of y coincides on 9€)g \ I:

jo = 39(@2’ D on 00s \ 1. (88)
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3.2.11 Conservation laws of total mass and arsenic particle number in
the solid in spherical coordinates

The transformation from cartesian to spherical coordinates of the conservation laws
(85) and (86) and the constitutive law for the diffusion flux (47) yields

1 (Oos | Oos off  20fo
Maa <8y + 8h*fh) (07"2 + r Or
8nASS 8nAsS anGaS 8nGag
+ (( ay + Oh* fhl) ( ayo Oh* fth
anGas anGas anAss anAss .
( ay + Jni B0 o Juio | | Yo

8nASS 8nAss 8nGaS 8nGaS c%g 2US
+ <nGas( (9y + Oh* fhl) nAss( ay + oh* fhl or + r

and

8”(}35 anGas . anAss anAss ay 8y
(nAss( ay + Oh fhl) nGag( oy + b Jhi ot +v Usg
an(}as anGas B a/n'Ass anAss
+ (nAss ( 3yo o fmo) NGag ( 8y0 o Jhio

os (052 208\ _
+Mga<8r2+rar =0

in Qs. (90)

Schlieflich ist vo iiber vo = 7o = Ro + o mit (18) unter Beachtung von ro > 1y
und

M(X)No = Tonld(3 — Vo) (RY)M(Xe) + (RS (1) —R%(t))M(Xs,)) (91)
0= (R (1)(M(X0) — M(X5)) + Ry (1) Ro(t) M(X) (92)
| (11(8) = wlt, m()2(r(8) = it (1)) (1 154
Ro(t) = 3 (93)
(Aﬂf&gmé’é?—m) (ra(t) — ult, rult 3<%X1§ - ))3
) = (M0 2t
4Gy Oh¢ . 3K, oh} (X1)

O (t)go(t) + ri(t)Xp(t) (94)

+ 3K, +4Gs 0yo

A4Gs + 3K, 0XyL
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festgelegt durch

.  D—Do . ohg .
— (1 b—Io .
Vo ( +ho + 3K ) (Ro + 1o 7"0240) (95)

4 Das vollstandige Anfangs-Randwert-Problem des
Zwei- Phasengebiets

Gegeben:

T, po, to, X, No, X10, T10, 700, Yo(r) fiir 19 < r < rog

Gesucht:

Xp(t), ri(t), ro(t), y(t,r), v(t,r) und h*(t,r) fir ri(t) <r <ro(t) und t > ¢,
Anfangsbedingungen:

t = to, Xr(to) = Xvo, 11(to) = 710, T0(t0) = T00, Y(to,7) = Yo(r) fiir ri(te) < r <

ro(to) mit

47 o1, (X10, 105 Yo(r00), Do) T
3

TO0
+ 47?/ 72 0s(yo(r), h (1), yo(roo), po)dr

710

= (MASX + MGa<1 — X))NO

und

4 iAg , 710, X1.0, Yo (7 r3 roo .
AL(pO 10 ; LO yO( OO)) 10 +47T/ TQ”ASS(:’J()(T),ho(T%yO(TOO),pO)dT

T10

- XNO

Berechnung der inelastischen Anfangsverzerrungen und konsistenter Anfangsgeschwin-
digkeiten aus den gegebenen Anfangsbedingungen:

e Bestimmung von hj(r) = h*(ty,r) fiir 19 < r < rop aus Gleichung (14) unter
Verwendung von (34)

e Bestimmung von vy = v(tg, 70) aus Gleichung (77) unter Verwendung von

(95).

e Bestimmung von vy(r) = v(to,r) fiir rip < r < rop aus Gleichung (89) unter
Verwendung von (95).

Gleichungen fiir t > ty:

e Bestimmung von ri(t) aus Gleichung (76)

e Bestimmung von 7o (t) aus Gleichung (68), zur

18



Bestimmung von X,(t), y(t,r1(t)) und h*(¢,77(t)) aus Gleichung (63), (64) und
(66).

Bestimmung von y(t,r) fiir r1(t) < r < ro(t) aus Gleichung (90)

Bestimmung von v(t,71(t)) aus Gleichung (77) unter Verwendung von (95).

(
Bestimmung von y(t,ro(t)) aus Gleichung (87).
(
Bestimmung von v(t,

r) fir ri(t) < r <ro(t) aus Gleichung (89) und(95).

5 Zur Konstruktion des numerischen Verfahrens

5.1 Die Ausgangsgleichungen

Das numerische Verfahren soll anhand des Systems mit Inertgas am Aufsenrand
der festen Kugel, welches zusammenfassend im Abschnitt 4 dargestellt ist, erlautert
werden. Hier werden die Groken Xy (t), ri(t), ro(t), y(t,r) und v(t,r) fir ri(t) <
r < ro(t) gesucht. Gegeben ist tg, 110, 700, Yo(r) fir 1o < 7 < rop mit

ri(to) =110, rolto) =roo und y(to,r) = yo(r). (96)

Zur Bestimmung der Anfangsgeschwindigkeiten bringen wir (77) durch Umformung
unter Verwendung von (95) auf die Gestalt

V1o = gvl <7’Io, X10, Y10, ?J{o, hfm 00, V0o, ?Joo) ) (97)

wobei wir die Abkiirzungen v(tg,710) = vi0, Y(to,710) = Y10, v(to,700) = voo und
y(to,To0) = Yoo verwenden. Aus (89) bekommen wir entsprechend

Jvy(r)
or

=gy <XL0a T'10, Y10, y{()) hik07 r, yO(T)a

N 21)0(7“)

Oyo(r)
or

’ gg r) hS(T)ﬂ“oowoo,yoo)
fir rp <r <rge. (98)

was fiir r = rgg auf eine Gestalt

Vo
Voo + 7”_0(()) (2 + gvro (X1o, 710, Y10, Y005 T00) )
= gvjo (XLOa 710, Y105 Y105 Mo yoo,ygg,roo) (99)

bringen lasst.
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Zur Bestimmung der gesuchten Grofen fiir ¢ > ¢y starten wir mit der Gleichung
(76). Sie ldsst sich unter Verwendung von (95) durch Umformung auf die Gestalt

dTCIl]Et) = gi (XL (t)> 1 (t), U1 (t), y{ (t), hik (t), 0 (t), V0 (t), Yo (t)) (100)

bringen. Die Gleichungen (63), (64) und (66) lassen sich darstellen als
A (XL (0, 0. B (@), w0() = 0.
i (Xu), (o) (), B (1), wo(1)) = 0 und (101)
fh(yl(t)vhik<t)7y0(t)) = 0.

Die Gleichung (68) lautet
d’f‘o(t)

e vo(t). (102)
Gleichung (90) wird unter Verwendung von (95) auf die Form
Ay(t,r)
ot
oy(t,r
= 9s (XL<t>7 Tl(t)7 yl(t)7 y{@)? hf(t)7 T, US(t7 T)u y(tv T), yér ) ’

@2?(;% 2 (e, 1), ro(t), volt), ?Jo(t)>

fir r(t) <r <ro(t) (103)

gebracht. Dabei gilt mit (66)

fh(y(t,r),h*(t,r),yo(t)) =0. (104)
Aufserdem gilt geméf (87)
yo(t) = 0. (105)
Die Gleichung (77) lésst sich unter Verwendung von (95) durch Umformung auf die
Gestalt

() = gut (ri(8), X0 (), 3(6), 4 (0), B3 ), To (), v0 () w0 (1)) (106)

bringen. Entsprechend schreiben wir statt (89)

dus(t,r) N 2Us(t, r)
or r

g (xLu), (). (). oi (0. i ).y r), 22T

82%(:2, r) B (t, 1), mo(t), vo(t), yo@))

fir r(t) <r <ro(t), (107)
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was fiir r = ro(t) mit (93), (74) und (76) auch durch

(2+ g (Xut), 10, 30(8), (1), B (1), 90 (1)
= Gvy (XL (t)7 T1 (t)v Y1 (t)a hf (t>7 o, Yo (t>7 yg (t)) (108>

darstellbar ist.

5.2 Zeitintegration und Ortsdiskretisierung

Wir bezeichnen die aktuelle Zeit mit ™! und die etwas friiher liegende Zeit mit "

und definieren A" := ¢"*! — " und betrachten jetzt die fiinf Gleichungen, welche

Zeitableitungen enthalten, (100), (102), (103), (106) und (107), bei festem r zum

Zeitpunkt t". Wenn wir die Zeitableitung durch Vorwarts-Differenzenquotienten
ersetzen, erhalten wir als Euler-Riickwéarts-Naherung

T’I(tn+1) _ T’I(tn)
= A g (X0 (), (), (), B (), B (), 7o (7). volt"), o (1))
+ o(At™Y), (109)
ro(t") — ro(t") = At" M ue (1) + o A" (110)

und
y(t" ) —y(t",r)

~ n n n I (4n *(n n n 9 th
= AthrlgS (XL(t )7rl(t )7yl(t >7yI<t )7h1(t )77/'77)(7f ,T),y(t 77')7%7
O%y(t",r)

B2 ,h*(t",r),ro(t"),vo(t"),yo(t”)>+0(At”“). (111)

Teilen wir jetzt den Abstand ro(t") — ri(t") in N Ortsintervalle und definieren
rg = rr(t") und Ar® = (ro(t") — ri(t"))/N gilt
ri=ry +iAr" fir i=0,.,N. (112)

Aufserdem definieren wir nun y* = y(¢", r?") und v} = vs(t™, r"). Als Ortsdiskretisierung

wéhlen beim Euler-Riickwarts-Verfahren r» = r7'. Mit ihr ergeben sich fiir die oben
bereits zeitdiskretisierten Gleichungen

T6L+1 — 7’8 = AthrlgI (T(T)L’ ygv y6n7 h8n7 T?\U 'U]Ti/a y]T\L/> + O(Atn+1> (113)

Pt — = AT 4+ o( AT (114)
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y(tn-l—l’ ;n) Atn+1 (XLar07yO7yO 7h(>§n77ﬂz 7Uz 7yz 7yin’y2,n’h;kn’
TN7UN7yN) + O(Atn+1)
fir i=1,.,N—1, (115)
mit
= )

= 11
=2 (116)

— T
r=r]

Die Grofe y(t"+!, r1') ist weder mit y”™ noch mit y? identisch. Aus einer Taylor-

Reihenentwicklung folgt

oy(t" i r
ye ) =y e DT ey o — )
r:r?+1
=y (g = o (= ) (117)

und wir schreiben statt (115)

n+1 n n+1 m+1 n n+1 *n
Y; +(TZ - )yz Y = At (XL7TO7yO7yO )hO ,Tw%ay“yz )
nn *N
yi 7hi 7TN7UN7yN)

0 (At"“, I — ry+1|) fir i=1,.,N—1. (118)
Statt (101) schreiben wir

fi (Xf“ Pkl el hé”“,yﬁ,“) —0, fi (XEH nH,ng,yX;H) —0
und  fu(yy T Ryt =0, (119)

statt (105)
Y=o, (120)

Approximieren wir nun die Ortsableitungen durch Differenzenquotienten, kann jetzt
das vollstandig diskretisierte Schema angegeben werden.

5.3 Approximation der Ortsableitungen

Es gilt
yi' = Di-(y") +o(Ar") und y" = D1 (y") + o(Ar") (121)
n Yi — Y n Yir1 — Y
Dy _(y") = Tl und Dy (y") == ZT (122)

Weiterhin gilt
yi" = Dao(yi") + o((Ar")?) (123)
mit gy g
yz Y; Yi—
Dy (y;') = = (Arn)? :

Wir nehmen die folgenden Approximationen fiir die auftretenden Ableitungen vor:

(124)
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Yo mit Dyy(yo™),

yi" fir i > 0 mit Dy_(y,"),

v fir ¢ > 0 mit Dy_(v;"),

y!" fiir 0 < i < N mit Doo(y;"),

Yy mit Dy (yn™).

5.4 Algorithmus

Die explizite Verfahrenvorschrift lautet damit:

1. Anfangswerte bereitstellen: Setze n = 0 und t = 0, gib einen konsistenten
Anfangsdatensatz an, d.h.

X8yl syt o yn, Rt R L R, T mit Ar™ aus
P —)

Art =N _0 125
- (125)

2. neuer Zeitschritt n 4+ 1

(a) Berechne v, v}, ..., v} _;,0}% zum alten Zeitschritt aus
Uy = Gul <X£L> 05 Yo s D1+<y6l), h8n7 TN VN y?/) ) (126)
oy
Di_(v]') + 27"_;"

:gv(X£17T6L7y(7)laDl+(y(7)l)7h8n7
T'?)y;'n?-Dl—(y?)vDQO(y?)7hjn7T%aU?\[ay}T\L[)
fir i=1,.,N—1. (127)

und
,UTL
D)+ 2 (24 o Do) ) =0 (129
N

(b) Berechne 73! aus
TE)H—I = Tg + Atn+1gl (7,617 XE? yg? D1+(y3)7 hEk)na r]’ri/’? U]7\L/'7 yR{) (129>

¢) Berechne r%! aus
(c) N

TR,—H =7l + AT (130)
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(d) Berechne Ar™*! aus

n+1 n+1
v _—To

Apmtt = TN ¥ (131)
(e) Prediktorschritt: j = 0. Berechne y, "m0 qus
i =y = Ao (i v ). (132)

(f) Berechne X719yt yng pim 0 aus

f1<Xf+1() n+17y(7)l+1 hn+1 )’yK[Jrl(j)) — 0,
1 ( X gt 1) hg"*l(j),yﬁl(j)) — 0 (133)

wd S, ( n+1(;) hn-&-l(])’yx{—i—l(j)) _—

(g) Berechne y™™'%) aus

ygﬂrl(j) + (T,Zn N Tin—i_l)Dl,(yin—i_l(j)) _ y:b

— A g (v, 7y Di (), Doyl ™ v, v y))
fir i=1,2,.,N—1. (134)

(h) Berechne h?ﬂ(j) aus

Fuly 19 IO @y 0 g i=1,2, N1  (135)
(i) Korrektorschritt: Berechne g5 Y aus
uy T = T (136)

() Fehlerkontrolle: Ist [y 0+ — 10+ « o \wahr, gehe zum niichsten
Schritt. Anderenfalls setze j := j 4+ 1 und gehe zuriick zu (e).

3. Update: X! = XnH( ) Yyt = yinﬂ(j R = ffm+1 firi =0,...,N und
t=1t+ Attl.

4. Ist t < tepg setze n :=n+1 und gehe zuriick zu (2), anderenfalls Abruch, Ende
der Berechnung.

Mit diesen Schritten sind alle Grofen zum aktuellen Zeitschritt bekannt. Bis auf

den Schritt (2f) sind die zu lésenden Gleichungen alle linear. Alle Grofen lassen
sich in der vorgeschlagenen Reihenfolge nacheinander berechnen.

Anmerkung
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Das explizite Euler-Riickwérts-Verfahren erfolgte fiir die Ortsdiskretisierung um r =
n+1
T

Beim Euler-Vorwérts-Verfahren wird giinstigerweise die Ortsdiskretisierung um r =
71 gewihlt [2]. Dort tritt das Problem von héheren Ortsableitungen bei einer Orts-
diskretisierung um r = r}' auf. Die so resultierenden Verfahren sind implizit. Wegen
der nichtlinearen Kopplungen miissen alle Schritte gleichzeitig berechnet werden.
Bei einer Ortsdiskretisierung um r = 7" ergibt sich z.B.

Y =y = Du (A (T =)

K3 (3

_ n+1 n+l n+l1 _n+l n+l  n+l n+1 n+1
= gs <7’0 7XL 7y0 77ni avi >yi >D17(yz’ )aD20<yz’ )>

fir i=1,..,N—1. (137)

Im Falle von As-Gas am Aufsenrand der festen Kugel ist dhnlich zu verfahren. Hier
liegt jetzt 3 Phasengebiet vor. Es kommen jedoch hier noch weitere Gleichungen
hinzu da jetzt der feste Auflenrand eine Phasengrenze ist.
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