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ABSTRACT

Equilibrium distributions of multicomponent systems minimize the free energy functional
under the constraint of mass conservation of the components. However, since the free
energy is not convex in general, usually one tries to characterize and to construct equi-
librium distributions as steady states of an adequate evolution equation, for example,
the nonlocal CAHN—HILLIARD equation for binary alloys. In this work a direct descent
method for nonconvex functionals is established and applied to phase separation problems
in multicomponent systems and image segmentation.

1. INTRODUCTION

To describe the phase separation model underlying this work we consider a closed multi-
component system with interacting particles of type i € {0,1,...,m} occupying a spatial
domain 2 C R". We assume that the particles jump around on a given microscopically
scaled lattice following a stochastic exchange process (see [8]). On each lattice site sits
exactly one particle (exclusion principle). Two particles of type ¢ and ¢ change their
sites x and y with a certain probability p;(z,y) due to diffusion and interaction. The
hydrodynamical limit leads to a system of conservation laws for i € {0,1,...,m},

(1) u;+V-5:=0 1in (0,400) xQ, v-j; =0 on (0,4+00) x 9, 1;(0) =up in Q,

for (scaled) mass densities ug, uy, . . ., Uy, their initial values ugg, ug1, - - - , Uom, and current
densities jo, j1, ..., Jm. In general we can assume Y " u; = 1 due to the exclusion prin-
ciple, that means, only m of the m + 1 equations in (1) are independent of each other.
Hence, we can drop out one equation, say that one for the zero component, and describe
the state of the system by m-component vectors u = (uy, ..., Uy) and ug =1 — > 1" u;.

Equilibrium distributions v* = (uf, ..., u’) : © — R™ of the multicomponent system
and, more generally, steady states of (1) can be supposed to be (local) minimizers of the
free energy functional F' under the constraint of mass conservation:

F(u*) = min {F(u) : [,(u; —ug;)dz =0 for all i € {1,...,m}},

or solutions (u*, u*) of the corresponding EULER—LAGRANGE equations including L A-
GRANGE multipliers pu* € R™:

i=1 L

In many applications one is originally interested in u*. However, F' is in general not con-
vex, so it seems to be difficult to solve (2) directly. By this reason one tries to construct u*
as steady state of the evolution equation (1). That approach rests on the following con-
sideration: Having in mind that the LAGRANGE multipliers pf should be constant, one
assumes their antigradients to be driving forces towards equilibrium. This leads to the
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evolution system (1) with current densities j; = —>_," | a;(u) Ve and positively semidef-
inite mobility matrix (a;) (see [9, 10, 13]). Evidently, F' is a LyAPUNOV function of (1).
It can be expected and is proved in some cases (see [9]) that solutions of (1) satisfy

tlim F(u(t)) = F(u"), tlim u(t) = u*,

where u* is a solution to the EULER-LAGRANGE equations (2). However, from the
practical point of view that approach becomes questionable if meta-stable states occur.

In this work we establish a direct method to solve (2). For a relevant class of nonconvex
free energies F' we define iteration sequences (uy, px) as solutions of auxiliary EULER—
LAGRANGE equations such that (F'(uy)) decreases and puy; are constants. Moreover, we
prove convergence results

lim F(ug) = F(u*), lim u, = u", klim e = 1",

k—o00 k—o0

where the strong limit (u*, ©*) of the sequence (uyg, py) satisfies (2).

In Section 2 we formulate assumptions and the constrained minimum problem in a
more general functional analytic setting. The assumptions will be verified in the sections
concerned with applications. In Section 3 we establish the direct method. Local phase
separation problems in binary alloys are considered in Section 4. Section 5 is devoted to
nonlocal phase separation problems in multicomponent systems. In Section 6 we describe
an image segmentation algorithm. Finally, in Section 7 we conclude with simulation
results for ternary systems.

2. THE CONSTRAINED MINIMUM PROBLEM

Let (H,|| ||m) be a separable HILBERT space, (H*, || ||g+) its dual, and ( , ) the dual
pairing between H and H*. In addition to that, we denote by J € L(H; H*) the duality
map between H and H* and by R € L(H*; H) its inverse. We consider functionals
®: H— RU{+o0} and ¥ : H — R satisfying

ASsumPTION 1. Let & : H — R U {+00} be a proper, lower semicontinuous, and
strongly convex functional with closed effective domain dom(®) C H. That means, there
exists some a > 0 such that for all u, v € dom(®) and 7 € [0, 1] we have

(3) T®(u) + (1 —7)0(v) > P(tu+ (1 —7)v) + $7(1 — 7)||u — v||F.

Let U : H — R be bounded from below on dom(®) C H and FRECHET differentiable
on H with LIPSCHITZ continuous and compact FRECHET derivative DV : H — H*,
that means, there exists some constant § > 0 such that for all u, v € H,

(4) 1DV (u) = DY (v)|[g < B llu— 0|z

REMARK 1. As a consequence, the subdifferential 0®& C H x H* is both strongly
monotone and maximal monotone. Furthermore, under the above general assumptions



A DESCENT METHOD FOR THE FREE ENERCY 3

thesum F'= P+ VU : H — RU{+o0} is a well-defined functional with nonempty, closed
and convex effective domain dom(F') = dom(®).

As a proper, lower semicontinuous, and convex functional ® : H — R U {+o0} is
weakly lower semicontinuous. Moreover, the complete continuity of the potential operator
DV : H — H* implies the strong continuity of its potential ¥ : H — R. Hence, the
sum F'= & + VU is weakly lower semicontinuous, too.

In our work we are interested in (local) minimizers u* € K of F': H — R U {+o0},
where K C dom(F) represents a nonempty, closed, and convex set of given constraints.

LEMMA 1 (Existence of minimizers). Assumption 1 implies that F': H — RU{+00} is
bounded from below. There exists a solution u* € K of the constrained minimum problem

(5) F(u") = min{F(u) : u € K}.

Proof. Because of the boundedness of ¥ : H — R from below on dom(F') we can find a
constant ¢ € R such that U(u) > ¢ for all u € dom(F). We fix v € K and d € R with
F(v) < d+c. The strong convexity of ® : H — RU {400} implies the existence of some
r > 0 such that ®(u) > d for all u € H, ||u||g > r. This yields

Fv)<d+c<P(u)+VY(u) = F(u) forall u € dom(F), ||u|lg > 7.

Hence, we have found v € K and r > 0 such that F(v) < F(u) for all w € H, ||ul|g > .
That means, it suffices to look for a minimum of F' on the nonempty, bounded, closed,
and convex subset K N{u € H : ||u||gy < r}. Using the weak lower semicontinuity of F’
(see Remark 1) the generalized WEIERSTRASS theorem yields both the existence of a
solution u* € K to the minimum problem (5) and the boundedness of F' from below. [

3. THE DESCENT METHOD

Knowing about the solvability of the constrained minimum problem (5) we want to estab-
lish a direct and constructive solution algorithm to find (local) minimizers of F. Our
plan is to approximate (local) minimizers of the original problem (5) by a sequence
of solutions of constrained minimum problems (7) for partially linearized functionals
F,: H — RU{+o00} defined as

(6) F,(v) = ®(v) + (D¥(u),v), wu,v€ H.

LEMMA 2. Assumption 1 implies that F,, : H — RU{+o0} is bounded from below for
every u € H. There exists a unique solution v* € K of the constrained minimum problem

(7) F,(v*) = min{F,(v) : v € K}.
Proof. Obviously, for all w € H the functional F), is proper, lower semicontinuous, and

strongly convex. Hence, it is both weakly lower semicontinuous and weakly coercive. The
desired result is a consequence of the generalized WEIERSTRASS theorem. 0



4 HERBERT GAJEWSKI AND JENS A. GRIEPENTROG

LEMMA 3 (Descent property). Let Assumption 1 be satisfied and v* € K be the solution
of problem (7) for fired w € K. Then for T € (0,1] and u, = 7v* 4+ (1 — 7)u € K we have

F(u) = F(ur) 2 (55 = 5)llu — ur |3

2T 2

Proof. 1. For all u, v € H we can use LAGRANGE’s formula and (4) to get

U(v) —V(u) — (DY (u),v —u) = /o (DV(u—+s(v—u)) —D¥(u),v—u)ds

1
< [ Bl ullds = &llo - ulfy
0
2. Let u € K be fixed and v* € K the solution of problem (7). Then for 7 € (0, 1] and
u, = 70" + (1 — 7)u € K the estimate
O(v") + (DV(u),v") < B(ur) + (DV(u), ur)
holds true. Together with the strong convexity of ® (see (3)) this yields
(1=7)(®(u) — ®(ur)) = 7(P(uy) — B(v*)) + $7(1 — 7)||v* — |l
> 7(DV(u),v* —ur) + $7(1 — 7)||v* — ul|3;
= (1 =7)(D¥(u), ur —u) + (1 = 7)[Ju; — ullF.
Let 7 € (0,1). Dividing both sides by 1 — 7 and adding ¥(u) — ¥(u,) this implies
F(u) — Fu;) > ¥(u) — ¥(u,) + (DY (u), ur — u) + 2 |lu, — ull3
> (55— 5)lur — ullg,
where we have used the estimate presented in Step 1 of the proof. The desired estimate

remains true for 7 = 1 since the lower semicontinuity of F': H — R U {+o0} allows us
to take the limit 7 T 1. |

LEMMA 4 (Descent method). Let Assumption 1 and o > (T be satisfied for the param-
eter 7 € (0,1]. Moreover, let uy € K and define the sequences (vy), (uy) C K by

(8) upr1 =T+ (1 —7)ug, P(vg)+ (D¥(ug),vr) = min{P®(v) + (DWV(ug),v) : v € K}.
Then (F(ug)) is decreasing and convergent. In fact, we have the estimate

(9) [ur — upia||F < QETBT (F(Uk) - F(Ukﬂ)) Jor all ke N.

Proof. In view of Lemma 2 the sequences (vy),(ux) C K are correctly defined. Using
Lemma 3 with u, = ugy1, u = ug, v* = v we see that (F'(uy)) is decreasing and

Flug) — Flugs) > (& - §)||u/yC — Upy1||% for all k € N,

If F(ugs1) = F(ug) for some k € N then the estimate yields uyy1 = ug, and the sequence
arrives at a stationary point. In the other case we have F'(uy) > F(ug41). By Lemma 1
the sequence (F'(uy)) is bounded from below which implies its convergence. O
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AssumpTION 2. Let (V)| |lv) and (W, ]| |lw) be BANACH spaces densely and contin-
uously embedded into the HILBERT space (H, || ||) and its dual (H*, || ||.), respectively.
We assume that the restriction J|V of the duality map J € L(H; H*) to V is an iso-
morphism from V onto W = J[V]. Moreover, let H = Hy + H; be a HILBERT sum
representation of H where H; C V is a finite dimensional subspace and Hy C H is its
orthogonal complement in H. Let P, € L(H; Hy) be the orthogonal projector onto H;
and consider the annihilator of Hy:

HY)={fe H" :{f,v)=0forallve Hy} = JH.

ASsuMPTION 3. Here, we specify the set K of constraints under consideration: Let
K C dom(F) be a nonempty, closed, and convex set in H such that u, v € K implies
u—v € Hy. Moreover, we impose the following condition: For all v € K the EULER—
LAGRANGE equation

(10) f e od(v*)+ DV(u),
corresponding to (7), has a solution (v*, f) € C' x M where C' C K N dom(9®) and
M C HY are some bounded, closed, and convex sets in H and H*, respectively.
REMARK 2. Let Assumptions 1, 2, and 3 be satisfied and (v*, f) € (KNdom(0®)) x H{
be a solution of (10). By definition of 0®(v*) C H* for all v € K we have
()~ B(1") = (f,0— ") — (DW(u), v~ v7) = (DW(u), 0" — ).
That means, v* € K is the solution of the constrained minimum problem (7) which is

unique by Lemma 2. Hence, we can reformulate our descent method as follows:

DEFINITION 1 (Descent method). Let the Assumptions 1, 2, and 3 and a > (7 be
satisfied for some 7 € (0,1] and uy € K be some given start element. Then we define the
sequences (ux) C K and (v, fr) C C x M by

(11) U1 = T + (1 — Tug,  fr € 0P(vy) + DY (uy).
THEOREM 5 (Convergence of a subsequence). Under the Assumptions 1, 2, and 3 the

sequence (uy, fr) C K x M constructed in Definition 1 contains a subsequence (uy,, fx,)
which converges to some solution (u*, f*) € C' x M of the EULER-LAGRANGE equation

(12) freod(u’)+ DW(u"),
in the sense of

(13)  Jim F(u) = F(u), i Jug, —wlln =0, lm [[fi, = [l =0

k—o0
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Proof. 1. Because of Remark 2 the solutions of the EULER-LAGRANGE equation (11)
are solutions of the constrained minimum problem (8). Therefore, Lemma 4 yields that
(F(ug)) is a decreasing and convergent sequence and limy_, ||ug+1 — ugl|g = 0.

Since ugy1 — up = T(vr — ug) for all k& € N both sequences (vy) C C and (ug) C K
are bounded in H. Together with the boundedness of (fi) C M in the finite dimensional
subspace H) = J[H;] this implies the precompactness of the sequences (DW(uy)) and
(fx) in H*. Hence, there exist a subsequence (ug,, fr,) C (uk, fr) and accumulation points
u* € C, f* € M, and h* € H* such that both (vg,) C C and (uy,) C K converge weakly
to u* in H, and (fy,) C M and (D¥(ux,)) C H* converge strongly to f* and h* in H*,
respectively. In view of the EULER-LAGRANGE equations

(14) fr, — DV (uy,) € 0P(vy,) forall £ € N,

the maximal monotonicity of 0® C H x H* allows us to take the limit / — oo to get
f*—h* € 0P(u).
2. The EULER-LAGRANGE equations (14) and the definition of 0®(uy,) € H* yield

B(us) — ) € (fo i, — %) — (D) v, — 1) = (DU )" — ).
In the limit process ¢ — oo we can use the lower semicontinuity of ® and the convergence
results of Step 1 to get limy_,o ®(vg,) = ®(u*) because of
0 < liminf ®(vy,) — ®(u*) < limsup P(vy,) — P(u) < lim (DV(uy,), u* — vy,) = 0.

£—00 {—00 £—00

On the other hand, the convexity of ® and the identity ug,11 = Tvg, + (1 — 7)uy, imply
D(up,+1) < 7P(vg,) + (1 —7) P(ug,) forall € N.

Because of Step 1 both sequences (ux,) and (ug,+1) converge weakly to v* in H. Conse-
quently, using the complete continuity of DV : H — H* both sequences (V(uy,)) and
(¥ (ug,+1)) tend to W(u*). Due to the convergence of (F(uy)) the sequences (®(uy,)) and
(P(up,+1)) converge to the same limit. In view of limy_,o ®(vg,) = ®(u*) the limit process
¢ — o0 in the last estimate yields
lim () = lim Blug0) < 78() + (1= 7) Jim B(u,),

that means, limy ., ®(ux,) < ®(u*). In fact, this implies lim, o P(uy,) = ®(u*) because
of the lower semicontinuity of ®. Together with the convergence of (¥(uy,)) to ¥(u*) we
get limy oo F'(uy) = limy_, oo F'(uy,) = F(u*).

3. Let ¢ € N be fixed and us = su*+ (1 —s)uy, € K for s € (0,1). Due to the definition
of 0®(u*) € H* and the results of Step 1 we have

D(ug) — P(u*) > (f* us —u*) — (A", us —u™) = (h*,u" — uy).
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In view of the strong convexity of ® (see (3 )) we get

(1= 8)(P(ur,) — Pus)) = (‘P( (w)) + §s(1 = s)llu* — u, |1 %

> s(h" us) + §5(1 = s)[Ju" — g, |4
=(1- s)(h*,us — Up,) + £ (1 = 8)||us — ug,||3-
Dividing both sides by 1 — s this implies
& flug, — ually < D) — B(us) + (A, ug, — 1s).
Using the lower semicontinuity of ® the limit process s T 1 yields
g, — ul|f < (P(ug,) — P(u*)) + (%, up, —u*) forall £ € N.

In the limit process ¢ — oo both terms of the right hand side tend to zero: The first term
due to the results of Step 2 and the last term because of the weak convergence of (uy,) to
u* in H. Hence, we have shown lim, . ||ug, — v*||z = 0. Finally, the continuity of DV :
H — H* implies h* = D¥(u*) and the desired EULER-LAGRANGE equation (12). O

In the case of strong convexity of the functional F' the whole sequence converges to
the uniquely determined limit point (u*, f*) € C' x M. However, in general F' is not
convex, and we cannot apply this standard argument. Instead of this we follow the ideas
of [6, 7, 15] using an appropriate LOJASIEWICZ—SIMON type inequality. To ensure the
validity of such an inequality for F' = ® + ¥ we impose sufficient conditions on the
functionals ® and W suitable for our applications:

ASSUMPTION 4. Let T' € L(H; H*) be a self-adjoint and completely continuous oper-
ator such that its restriction T'|V to V is a completely continuous operator in L(V;W).
For fixed [ € W and d € R we consider the quadratic functional ¥ : H — R given by

(15) U(u) = 2(Tu,u) + (L,u) +d, we H.

ASSUMPTION 5. Let U be an open subset in V and ® : U — R be a FRECHET
differentiable functional. Additionally, we assume that the FRECHET derivative D® :
U — W is a real analytic operator (see [17] and Remark 4) which satisfies

(16)  (D®(u) — DO(v),u—v) > allu—vlf, [D2(w) - DO(v)|m+ < 7llu—vlla,

for all u,v € U and some constants «, v > 0. Moreover, the second FRECHET derivative
D*®(u) € L(V;W) is assumed to be an isomorphism for all u € U.

REMARK 3. If Assumptions 2 and 5 are satisfied then D® : U — W is injective.
Therefore, the inverse mapping theorem for real analytic operators (see [17]) implies that
for every u € U we can find an open neighbourhood Uy C U of u in V such that the inverse
D®~1: D®[U] — U is real analytic in the open neighbourhood D®[Up] of D®(u) in W
and, hence, in D®[U].
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REMARK 4. Let Assumptions 2 and 5 be satisfied and v € U be fixed such that u+v € U
for all v € V, ||v]ly < 26 and some § > 0. Because of the real analyticity we can use the
TAYLOR expansion of the operator D® : U — W near u € U. That means, there exist
symmetric bounded k-linear forms By (u) € LF(V; W) such that both the power series

= 1 = 1
(17) DO®(u+v) — DP(u) = ZgBk(u)[v,...,v], ZEHBMU)”M(V;W)HU”@
k=1 k=1 """

converge uniformly for v € V| ||v[|y < 4. For all k£ € N we can define symmetric bounded
(k + 1)-linear forms Ay, (u) € L¥H(V;R) by

AkJrl(u)[Uh B 7Uk7v] = <Bk<U/)[’U17 B 7Uk]7 U>7 Vly.wy Vg, U € ‘/7
because the continuous embeddings of V in H and W in H* imply an estimate
HAk+1<u)HLk+1(V;R) S C HBk(u>H£k(V,W) for all k € N,

and some constant ¢ > 0. Together with (17) this yields that for all v € V, ||v||yy < 6 the
TAYLOR expansion of & : U — R near v € U has the form

O(u+v) — P(u) — (DP(u),v) = /o (DP(u+ sv) — D®(u),v) ds

— /0 Z %<Bk(u)[v, o ,v],v>sk ds

=~ 1
= ; mAk+1(u)[va ),

where we have used the uniform convergence of the power series

oo [e.9]

1 ko1 C k41
; m||Ak+1(u)||£k+1(V;R)||v||v < ; m||3k(u)||m(v;vv)||v||v

for v e V, ||v|ly <. Hence, we have shown that & : U — R is real analytic, too.

THEOREM 6 (LOJASIEWICZ—SIMON inequality). Let Assumptions 2, 4, and 5 be sat-
isfied and (u*, f*) € Ux HY a solution of the EULER-LAGRANGE equation DF(u*) = f*.
Then we can find constants 6, X > 0, and 0 € (0, %] such that for all w € U which satisfy
u—u* € Hy and ||u — u*||g < 6 we have the following inequality:

(18) |F(u) — F(u*)|'"? < Mnf {||[DF(u) — flla-: f € H}.

Proof. 1. Our proof closely follows the ideas of [7], but for our purpose we need a slightly
more general LOJASIEWICZ—SIMON inequality (18) suitable for the case when affine
constraints have to be taken into account.

We introduce the spaces H = H x H), X = H* x H;, V=V x H), and W =W x H;
equipped with the Euclidean norms of the corresponding product spaces. By virtue of
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Assumption 2 the spaces V and W are densely and continuously embedded in H and
XK, respectively. Moreover, we set U = U x H{ and define an augmented functional
A:U— R by

Au, f) = F(u) = (fu—u"), (u f)elU
Because of Assumptions 2, 4, 5, and Remark 4 the functional A is real analytic in U. Its
FRECHET derivative A = DA : U — W, given by the formula

<A<u7 f)7(vvg>> = <DF<U) - f7U> - <g7u_u*>7 <u7 f) € u7 <U7g) S V,

is a real analytic operator, and there exists a constant ¢; > 0 such that

(19) [A(u, [) = A(v, 9)ll < eal[(u, f) = (v, 9)llsc for all (u, f), (v, g) € U.

Obviously, (u*, f*) € U is a critical point of A, that means, we have A(u*, f*) = 0.

2. Let E C R be the set of eigenvalues of the symmetric and completely continuous
operator RT € L(H; H). By virtue of the RIESZ spectral theory there cannot exist
nonzero accumulation points of the at most countable set £ C R. Hence, if we consider
the decomposition of E into the subsets

Elz{weEwZ—%}, EQZ{WEEW<—%}’

then Ej is a finite subset of E. Consequently, the HILBERT sum Hs C H of orthogonal
eigenspaces to the eigenvalues w € Fy of RT is a finite dimensional subspace of H. Let
P, € L(H; Hs) be the orthogonal projector onto Hs. Then we get a splitting of 7" into a
sum T = Ty 4+ T; of the finite rank operator To = TP, € L(H; J[H]) and the completely
continuous operator 1Ty =T — Ty, € L(H; H*).

Following Assumption 4 the restriction T'|V of T to V' is a completely continuous op-
erator in L(V;W). Together with the dense and continuous embedding of V' in H the
RIESZ spectral theory yields that both operators RT € L(H; H) and RT|V € L(V;V)
have the same nonzero eigenvalues and corresponding eigenspaces (see [5]). That means,
we have Hy C V and J[Hy] C W.

3. In view of Step 1 and 2 it turns out to be convenient to write A as a difference
A = A; — Ay of the real analytic operator A; : U — W given by

<A1(’LL, f)v (U,g)) = <D(I)(u) + Tlu + la'l}) + <gaRf - Rf*>7 (uv f) < u7 (Uag) S V,
and the linear finite rank operator Ay € L(V; W) defined as
<A2(u7 f)v (U,g)) = <f - TQU,’U) + <ga Piu— Pl'l[k + Rf - Rf*>’ (u7 f)v (U,g) S

By virtue of Assumption 4 and 5 and the construction of 77 we observe that A; : U — W
is injective because it satisfies

min{1, § }|(u, f) — (v, 9) 13 < (As(u, f) = Ai(v, 9), (u, ) = (v, 9))
< [[Av(u, f) = Av(v, 9)llac [ (w, £) = (v, 9)loc
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for all (u, f), (v,g) € U. Hence, the inverse operator A;' : A;[U] — U exists, and we
can find a constant ¢ > 0 such that

(20) AT (fu) = AL (g, v)llac < eoll(f w) = (g,v)llxc for all (f,w), (g,v) € As[U].
The FRECHET derivative DA, (u, f) € L(V;W) is symmetric and has the form
(DA(u, f)(w, h), (v, 9)) = ((D*®(u)w,v) + (g, Rh)) + (Tiw,v),

for all (u, f) € U, (w,h), (v,g9) € V. It can be interpreted as a sum of an isomorphism
and a completely continuous operator. Furthermore, DA;(u, f) is injective because As-
sumptions 4, 5, and Step 2 imply

(DA (u, f)(v.9). (v.9)) = min{L, §}|[(v, g)|3; for all (u,f) €U, (v,g) € V.
Hence, DA;(u, f) € L(V; W) itself is an isomorphism. The inverse mapping theorem for
real analytic operators (see [17]) yields that for every (u, f) € U there exists an open
neighbourhood Uy C U of (u, f) in V such that the inverse A;' : A;[U] — U is real
analytic in the open neighbourhood A;[Ug] of A;(u, f) in W and, consequently, in A; [U].

4. Next, we define the real analytic functional G : A;[U] N A3[V] — R by
G(vi):A(AII(gav))v (guv)EAl[u]mA2[V]
Because of DA;'(g,v) € L(W;V) the chain rule yields DG(g,v) € V and

(21) ((f;u), DG(g,v)) = (AA[ (g,v), DA{ (g, v)(f,w))
for all (g,v) € A;[UJ N Ao[V], (f,u) € W. Hence, A;(u*, f*) = As(u*, f*) = (f* — Trou*,0)

is a critical point of G. Since A,[V] is a finite dimensional subspace of W there exist

constants \; > 0, 0 € (0, %] and some open neighbourhood Vy C U of (u*, f*) in 'V such

that G satisfies the classical LOJASIEWICZ inequality (see [4, 14]):
|G(g,v) = G(Aa(u”, [))['™" < MIIDG(g,v)l3¢ for all (g,v) € Ai[Vo] N Az[V].
In view of Ty € L(H; J[Hs]) and P, € L(H; H;) we can find some constants §, §, > 0
such that the image A2[U(J, )] of
U(,6.) = {(u, f) e W: |lu—u*||g <6, ||f = f||lm <6}
is contained in the open neighbourhood A;[Vy] of As(u*, f*) in W. Hence, we arrive at
(22) |G(Ax(u, f)) = G(As(u”, [0 < MIDG(Az(u, ))ll¢ - for all (u, f) € U, ).

5. To estimate the right hand side of the last inequality let (u, f) € U(J,0.). The
symmetry of DA (Ay(u, f)) € L(W;V) and the dense and continuous embeddings of V
and W in H and X, respectively, yields that the norm of the extension of DA} (A (u, f))
in £(X; H) is not greater than the norm of DA *(Ay(u, f)) in L(W; V) (see [5]). Together
with (21) this implies the following estimate:

IDG(Az(u, £))llsc < IDAT (Az(u, f))lleowv) IAAT Az (u, f)]lx.
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By virtue of the real analyticity of A7' : A;[U] — U the first factor is uniformly bounded
on U(d, d,) by a constant ¢z > 0, that means, we have

(23) IDG(Az(u, f))llsc < esl AAT As(u, f)llsc - for all (u, f) € U(S,4.).
Applying the estimates (20) and (19) we get
(24) AT Ax(u, f) = (u, Pllse = A7 Aa(u, ) = A7 Ar(u, fllse < eall Au, )l
and, consequently,
IAAT As(u, f) — Alu, fllac < el A7 As(u, ) = AT Au(u, fllac < caea| Au, f) 1
which implies for all (u, f) € U(J, d,) the relation
IAAT As(u, fllsc < (A, £llac + | AAL Aa(u, f) = Alu, f)llx
< (L+ o) [ Alu, fl]oc
Together with (22) and (23) this yields the existence of some constant ¢, > 0 such that
(25)  |A(AT As(u, £)) = A’ [ < e A, fllsc - for all (u, f) € U(S, d.).

6. Using (19) and LAGRANGE’s formula we get

[A(v,9) = Mu, [)] = /0<A(S(v,g)+(1—S)(u,f)),(v,g)—(u,f)>d8

< aill(v,g) = (u, A)llse+ 1A, Nl ll(v, 9) = (u, )l
for all (u, f), (v,g9) € U and, hence, by virtue of (24)

AAT Ay(u, £) = Alu, )] < 1l Alu, HIZ+ el Au, £ for all (u, £) € U(S, 0.).
Together with (25) this yields
[A(u, £) = A, £9)] < [AAT Ag(u, £)) = Alu, )]+ [AAT A (u, £)) = Au?, f)]
< (1 + )| Au, £+ eall Alu, L.

Due to (19) we can choose d, 6, > 0 small enough such that for all (u, f) € U(J, ) we
have || A(u, f)||xc < a1|(w, f) — (u*, f*)||3c < 1 which implies

[Au, f) = A, I < (ereg 4 eo 4 ca) 0 Alu, f)]lac.
In view of the estimate
[A(u, f)llac < | DF(u) — f]
(see Step 1) and the identity

w4 sup {|{g,u—u)| : g € HY, |g||lu~ < 1},

sup {|(g,w)| : g € Hy, ||g|lg= < 1} = inf {|lw —v||g : v € Hy} forallw e H,

we can find some constant A > 0 such that for all u € U, ||u — u*||g <, and f € HY,
\f — g < 0., v € Hy we have

|[F(u) = F(u") = (f,u— )" < A(|DF(u) — f]

o+ Ju —u* —v||H).
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For all u € U, u —u* € Hy, ||[u —u*||g <8, and f € HY, ||f — f*||z+ < 4. it follows
(26) |F(u) = F(u)|["™" < X|DF(u) - f]

We can choose 8 > ||T||c(m;u+) and 6 > 0 small enough such that (v + 3)0 < d,. Let
u € U be such that u —u* € Hy and ||u — u*||z < 6, and let f € HY satisfy

IDF(u) = fllz- = inf {[|DF(u) — glln- : g € Hy}-
Then the L1PSCHITZ continuity of DV and D® on U (see (15) and (16)) yields
1f = e + I DF(u) = fllgge = IDF(u) = DF ()3 < (v + 8)*lu — w3 < 2.

Having in mind (26) this implies the desired result. O

H*-

THEOREM 7 (Convergence of the whole sequence). Let Assumptions 1, 2, 3, 4, 5 be
satisfied. If we assume that U is bounded in V, K CV, and

7C+ (1 —7)K C U C dom(0®),
then the sequence (uy, fr) C K X M constructed in Definition 1 converges to some solution
(u*, f*) € C x M of the EULER-LAGRANGE equation
(27) DF(u") = f7,
in the sense of

(8)  lm Flu) = Fu), Jim fux—'lly =0, T [fi— f*lw = 0.

Proof. 1. Theorem 5 ensures the convergence of a subsequence (ug,, fr,) C (ug, fr) to some
solution (u*, f*) € C'x M of problem (12) in the sense of (13). By virtue of Theorem 6 we
can choose constants d, A > 0, and 6 € (0, 3] such that for all u € KN U, |lu—u*||y <6,
the LOJASIEWICZ—SIMON inequality (18) holds true. Following the ideas of [15], for
every € € (0,2) we define numbers k(¢), m(¢) € N, and n(e) € NU {+o0} by

(29) k(e) =min {k € N: [Jug — wpy1||p < § for all £ > k},

(30)  m(e) =min{m > k(e) : um — 'l < 5, [Flum) — Fu))’ < 050,

(31) n(e) = sup {m >m(e) : [|ug — u*||y < 6 for all m(e) < € < m},
and, furthermore, the subset N(¢) = {¢ € N:m(e) < ¢ <n(e)} of N.
If we have F(upi1) = F(uy) for some ¢ € N, then the descent property (9) yields

upy1 = ug, and the sequence (uy, fy) arrives at a stationary point. Hence, it is sufficient to
consider the case where

F(ug) > F(ugyr) > F(u®), ||ug — uesq||lg >0 forall £ € N.

Due to the above construction it is easy to see that each number defined in (29), (30)
and (31) goes to infinity if £ € (0,2) tends to zero, and that m(e) + 1 < n(e) holds true.
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2. In view of Step 1 of the proof the LOJASIEWICZ—SIMON inequality (18) yields
[F(ue) — F(u)]' " < Xinf {||[DF(w) — fllu-: f € H)} forall £ € N(e).
To estimate the right hand side we make use of the identity
inf {|lg — fllg-: f € Hy} =sup {|{g,v)| : v € Hy, |Jv||g <1} forall g€ H".
Because of D®(v,) + DW(u,) = f, € HY for all £ € N and v € Hy we have
(DF(ug),v) = (D®(ug) — DP(vy),v) + (DP(vp) + DV (uy),v)
= (D®(ug) — DP(vy),v).
The L1PSCHITZ continuity of D® on U (see (16)) and w1 — up = 7(ve — ug) imply
[F(ug) — F(u)]"™? < My |lug — ||y = )‘—: lwer1 — we||g for all £ € N(e).
Hence, using the descent property (9) for all £ € N(g) we get
uers = wellar < 22 [F(ue) = F(u))’ luepr — ull3,
< 29 [F(w) - F))"™! ([F(uo — )] — [Fluen) — F(u)]).

Applying the elementary inequality fa’~1(a —b) < a® — 17 for 0 < b < a it follows
[F

e — wellr < 2555 (IF(ue) — F(u))? —

Summing up and using the definition of m(e) (see (30)) for all £ € N(g) we obtain
. — o)l < G255 ([F () — F(@)])’ = [F(uy) — F(u))) < 5,

and, hence,

(32)  lup — v ||g < fJuk — Ul + [|tme) —w'l|lg < 5+ 5 <e foral ke N(e).

As a consequence, there cannot exist sequences (&y) ( g) and (k¢) C N such that
Z]LI?Q&[ =0, ke€N(e), |ug, —u*||lg>32 foralleN.

That means, we can find some ¢* € (O, 2) such that for every € € (0,e*) we have
Jug — u*||lg < § forall k € N(e).
In addition to that, due to (29) we also get

= |l < fluesr — wellg + lur — w*||lg < 5+2 <6 forallk € N(e).

(wes1) — F(u®)]?) for all £ € N(e).

Because of (31) this implies n(e) = +oo. In view of (32) for every ¢ € (0,e*) and
k > m(e) the estimate ||uy — u*||g < € holds true, which means limy_, ||ux — u*||lg =0

and limy . ||vg — v*||g = 0. The LIPSCHITZ continuity of D® and DV on U yields
1fx = [z < |D®(vg) = DO(")|[ e + | DV (ug) = DY (") n
< llow =l + B llue — w*|lu,

and, therefore, limg o || fx — f*||m+ = 0.
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3. According to Assumption 4 the restriction 7|V is a completely continuous operator
in L(V;W). The boundedness of (uy) C 7C' + (1 —7)K C U in V yields that (DW(uy))
is precompact in W. In addition to that, the sequence (fz) C HY converges to f* € H{
in H* (see Step 2) and, hence, in W because H{ is a finite dimensional subspace of W.
Therefore, (fr, — DW¥(uy)) is precompact in W, too.

Due to Assumption 5 and Remark 3 the inverse (D®)~! : D®[U] — U is real analytic
in D®[U]. By virtue of (vy) C C C U we have fr, — DV (uy) = D®(vy) € DP[U] for all
k € N. Therefore, the image of (f—D¥(uz)) under (D®)~! : D®[U] — U is precompact
in V. Hence, (v;) C C converges to u* € C not only in H (see Step 2) but also in V.

4. It remains to show that (uy) C K converges to u* € C'in V. In view of the definition
Ups+1 = TU + (1 — 7)ug and the elementary identity 25:1 T1—7)* =1—-(1-7)"we
get the representation

k
up —u* = ZT(l — )y —u*) + (1 = 7)¥(ug —u*) forallk € N.
=1

Let ¢ > 0 be some constant such that ||ug|lv < ¢, [|[u*||vy < ¢, and ||vg]|y < ¢ for all £ € N,
and let € > 0 be fixed. Due to Step 3 we can find some ky € N such that 2¢(1 — 7)* < ¢
and ||v, — u*||y < e forall ¢ € N, £ > ky. Hence, for all k € N, k > 2k, we arrive at

k
lur = wlly < D71 =) log = wlly + (1= 1) luo —u"|lv
/=1
ko k
<> 2er(l—7) T+ Y er(l— 1) 2e(1 - 7)F,

(=1 l=ko+1

that means, ||u, —u*||v < 2¢(1—7)F %0 4+ 24 2¢(1 — 7)F < 3¢ which yields the result. O

4. PHASE SEPARATION IN BINARY ALLOYS

We consider a closed binary system of particles interacting in a bounded domain €2 C R"
with LIPSCHITZ boundary (see [11, 12]). We describe the state of the system by the
density u : Q — [0, 1] of one component. Naturally, 1 — u is the density of the other
component.

Our plan is to apply the descent method to the free energy functional of the classical
CAHN—HILLIARD phase field theory (see [2]). Usually, it is defined as a sum of a double-
well potential and an interface energy term. Here, we split F' : H — R U {+oc} into a
sum of a convex functional ® : H — R U {400} and a concave functional ¥ : H — R.
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ASSUMPTION 6. To satisfy Assumption 2 we introduce the HILBERT space H = H*(2)
and the BANACH spaces V = H'(Q) N L>®(Q), W = J[V] equipped with the norms

lul = / (IVul® + [uP) de, we H,

lully = /Q (IVul* + [ul?) dz +ess sup [u(@)[*, we V. ||flw =[IRfllv, feW.

€N

We consider the HILBERT sum decomposition H = Hy + H; into the closed subspace
Hy = {u € H: fﬂudx: O},

and the one-dimensional subspace H; C V of constant functions. Then the annihilator
HY = J[H,] is the one-dimensional space {ug € W : u € R} where g € W is given by
(g,u) = [qudr,ue H.

ASSUMPTION 7. Let k > 0 be a constant. We consider the proper, lower semicontinu-
ous, and strongly convex functional ¢ : R — R U {+00} defined by

slog(s) + (1 — s)log(1 —s) if s €0,1],
p(s) = ,
+00 otherwise.

The lower semicontinuous and strongly convex functional & : H — R U {400} given by

o (EIVu2+ p(u)) de ifue H, 0<u<1,
O(u) =

(33)
+00 otherwise,

has the closed effective domain dom(®) = {u € H : 0 < u < 1}. Finally, for some
constant s > 0 we define the concave functional ¥ : H — R by setting

(34) U(u) = /Q%u(l —u)dr, wué€H.

REMARK 5. Note, that ¢'(s) = log(s) —log(1 — s) and ¢"(s) = 1/s(1 —s) > 4 for all
s € (0,1). Hence, ® : H — R U {400} satisfies (3) with the constant o = min{x,4}.
In addition to that, ¥ : H — R is bounded on dom(®) C H, and its FRECHET
derivative DV : H — H* satisfies the LiPSCHITZ condition (4) for § = 2. According
to Assumption 4 we set d = 0 and define " € L(H; H*) and [ € W by

(Tu,v):—/Q%uvda:, (l,v):/%vd:c, u, v € H,
Q Q

and the operator S € L(L*(Q); H*) by (Sw,v) = [,wvdz,v € H. Then S|H € L(H; H*)
and, hence, T' € L(H; H*) are completely continuous because of the compact embedding
of H in L*(£2). Due to results of elliptic regularity theory (see [12]) there exists a HOLDER
exponent v € (0, 1) such that RS|L>(2) € L(L>(Q); H}(Q)NC¥(2)). Using the compact

embedding of C¥(£2) in L>(2), the restrictions S|V and, consequently, T'|V are completely
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continuous operators in £L(V; W). Hence, Assumptions 1 and 4 are satisfied, and the sum
F=&d+V:H — RU{+o0} is a well-defined functional with nonempty, closed, and
convex effective domain dom(F') = dom(®) C H.

LEMMA 8 (Uniform boundedness). Assumptions 6 and 7 imply the following statements:
(i) For allu € (0,1) and w € L*(Q) there exists a uniquely determined solution (u, ) €
dom(9®) x R of the constrained problem

(35) (0®(u),v) = /Q(,u —w)vdxr for allv e H, /Q(u —u)dx = 0.

(ii) Let w < w < W for some w, w € R. There exist constants u, u € (0,1), i, 1 € R,
and ¢ > 0 depending only on w, W, and u such that the solution (u, ) satisfies

t<u<da, |lu—dillg<e, p<p<p
Proof. 1. Let u € (0,1) and w € L*(2) be given such that w < w <  for some bounds

w, w € R. By virtue of the strong monotonicity and surjectivity of ¢’ : (0,1) — R we
can find numbers @ € (0,u] and @ € [u, 1) such that

@) =0 —w+¢'(a), ¢(a)=w—uw+¢ ().

Now, we take a regularization ¢ : R — R of ¢ such that ¢’ : R — R is LIPSCHITZ

continuous and strongly monotone, and ¢’ coincides with ¢’ on the interval [@, a|. Hence,
the regularization A : H — H* of 0® C H x H* defined by

(Au, ) = /Q (/iVu -V + ¢'(u)w) dr, wu, € H,

is a LIPSCHITZ continuous and strongly monotone operator, too.
2. We continue the proof with the following comparison principle: If u, v € H satisfy

(Au — Av, ) <0 forally € H, ¢ >0,

then v < v holds true. Indeed, taking the test function ¢ = (u —v)® € H we get u < v
due to the estimate

0> /Q (kV(u—v) - V(u—0v)"+ (¢'(u) — ¢ (v)) (u—0)?) dx
- /-g/ IV (u—v)®?dr + / (¢'(u) — ¢'(v)) (u —v) da
Q {ze:u(z)zv(z)}

25/ |V(u—v)@|2da:+d/|(u—v)@\2d:c,
Q

Q

where @ > 0 is a monotonicity constant of ¢ : R — R.
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3. Because of the LIPSCHITZ continuity and the strong monotonicity of the operator
A: H — H* theinverse A~ : H* — H has the same properties, too. To find a solution
(u, ) € H x R of the constrained problem

(36) Au=pg—h, (g,u)y=r,

for given h € H* and r € R, we use the properties of A~! to define the LIPSCHITZ
continuous and strongly monotone function a : R — R by

a(p) = (g, A" (ug — h)), peR.

Hence, the equation a(u) = r has a solution u € R. Setting u = A~ (ug — h) € H we
have found a solution (u, ) € H x R of problem (36) which is in fact unique because of
the strong monotonicity of A.

4. Specifying the data of problem (36), we see that there exists a uniquely determined
solution (u, ) € H x R of the constrained problem

(37) (Au, ) — /Q<“ —wypds for all ¢ € H, /Q(u ) de = 0.

To prove estimates for the solution (u,u) € H x R of (37) assume that p — w < ¢'(@).
Then there exists an € > 0 such that v = u — ¢ still satisfies y — w < ¢'(v) which yields

<Au,¢)>:/Q(u—w)d)dxg/ﬂgb'(v)wdx:(Av,@/)> for all ¢y € H, ¢ > 0.

Now, the comparison principle (see Step 2 of the proof) implies u < v = @ — ¢ which
contradicts to the fact [,(u — u)dx = 0. Hence, we have shown pu —w > ¢/(u), and
p—w < ¢'(u) follows by an analogous argument. Using the fact, that u € (0, 1) belongs
to the interval [, 4] of coincidence between ¢ and ', we set

ﬂziﬁJrSO/(ﬂ)a ﬂ:w+¢,(ﬂ)’
toget f < p<pandw—w+¢(u) <p—w< w—w+ ¢ (u). Having in mind the
definition of @ € (0,u] and @ € [u,1) in Step 1 for all » € H, ¢ > 0 we arrive at

(Adi, ) = /ﬂ o (W) de < /ﬂ (4 — wyp de = {Au, ),

(i) = [ Gawde > [ (n=w)ids = (4uv),

The comparison principle implies @ < u < 4. Hence, (u, ) € dom(0P) x R is not only
a solution of the regularized problem (37) but also of the original problem (35) which is
uniquely solvable because of the strong monotonicity of 9® C H x H*. Finally,

& flu—allf < (Au— At u—a) < / (¢'(@) — &' (@) (u — @) dv < 2 || — @ gllu — il o,
Q

that means, we get an estimate of the form |lu — al|y < 2[j@ — 0| 4. O
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LEMMA 9 (Analyticity). Let Assumptions 6, 7 and r € (O, %) be satisfied. Then ® is
real analytic in every subset U which is open in V' and contained in

Ur)={ueV:r<u<l-—r}

Moreover, the FRECHET derivative D® : U — W is a real analytic operator, D*®(u) €
L(V; W) is an isomorphism for all w € U, and there exists a constant vy > 0 depending
on r such that (16) holds true.

Proof. 1. Let r € (0, %) and ¢ : (0,1) — R be a real analytic function. Because [r, 1 — 7]

is a compact subset of (0, 1) this implies CAUCHY’s inequalities (see [5]):
|0®)(s)| < 1kl 67" forallk €N, s € [r,1—r1],
for some constants ¢; > 0, § € (O, g) depending on 7.

2. Let U C U(r) be open in V. If we define ¢ : [0,1] — R by ¢(s) = ¢(s) — 5s|?,
s € (0,1), then we can rewrite ® as follows:

(38) P(u) = 5(Ju,u) + Au), A(u) = [, ¢(u)dr for all u € dom(P).

Obviously, the functional defined by u +—— %(Ju,u) and its FRECHET derivative x.J €
L(V; W) are real analytic in V. Remark 5 and Step 1 of the proof yield that also the
second summand A is FRECHET differentiable on U, and that the derivatives D®(u) € W
and D?*®(u) € L(V; W) have the form

(D®(u),v) = /Q (kVu - Vi + ¢’ (u)vy) da,

(D*®(u)vy,v9) = / (kVuy - Vg + ¢ (u)v117) da,
Q

for all uw € U and vy, vy € V. In view of Remark 5 this implies that D*®(u) € L(V; W)
is an isomorphism for all v € U, and that there exists a constant v > 0 depending on r
such that (16) is satisfied.

3. It remains to show that DA : U — W is a real analytic operator. For all u € U
and k € N we can define symmetric bounded k-linear forms By (u) € LF(V; W) by

(By(u)[vr, ..., v, 0) = / Y (g - v de, vy, ... v 0 €V,
Q

because Remark 5 and Step 1 yield the existence of a constant ¢, > 0 depending on r
such that || Bg(u)||grvary < co(k +1)167F 1 for all w € U, k € N. Consequently, for all
u € U and p € (0,9) both the power series

> EHBK(U)HM(V;W)HUHIXCA DA(u+v) — DA(u) =Y B, .0,
k=1 k=1~

converge uniformly for v € V, ||v||y < 0. Hence, DA : U — W is a real analytic
operator, which implies the real analyticity of A on U (see Remark 4). O
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THEOREM 10 (Convergence). Let Assumptions 6, 7, and o« > BT be satisfied for some
€ (0,1]. Ifu € (0,1) is given and if we set

K = {u e dom(®) : [,(u—u)dx =0},

then there exist constants @, u € (0,1), i1, it € R, and ¢ > 0 depending only on u and the
data of the problem such that for all initial values ug € K the sequence (uy, fr) C K x M
defined by (11) converges to a solution (u*,u*) € C x M of the EULER-LAGRANGE
equation (27) in the sense of (28), where

C={veK:u<u<i, |lu—ul|lp<c}, M={ugeH): i<p<p}

Proof. We have shown in Remark 5 that Assumptions 1 and 4 are satisfied. In view of
the definition of ¥ : H — R in Assumption 7 its FRECHET derivative DV : H — H*
has the form

(DY (v),¢) = / #(1 —2v)pdr for all v,9p € H.
Q

Clearly, we have —3 < (1 — 2v) < 3 for all v € dom(®). Now, by Assumption 6,
Lemma 8, and its proof for all v € K the solution (u,ug) of the EULER-LAGRANGE
equation ug — DU (v) € 0P(u) belongs to C' x M, if we set

(1) = (@) — 232, '(0) = ¢'(@) + 25, 1=/ (a) =3, p=¢' @)+ c=3llu,
which gives Assumption 3. Following Lemma 9 we can choose r € (O, %) and a subset
U C U(r) depending on @, @ € (0, 1) such that 7C + (1 — 7) K C U and Assumption 5 is

satisfied. Now, the application of Theorem 7 yields the desired convergence result. O

5. PHASE SEPARATION IN MULTICOMPONENT SYSTEMS

As mentioned in the introduction, we consider a closed multicomponent system with
interacting particles of type i € {0,1,...,m} occupying a bounded domain 2 C R" with
LipscHITZ boundary (see [11, 12]). Due to the exclusion principle we assume » .~ u; = 1
for the densities ug, u1, . .., Uy, : @ — [0, 1]. Hence, in the following we describe the states
of the system by m-component vectors u = (uy, ..., u,) and ug =1 — > "  u;.

In contrast to the classical CAHN—HILLIARD theory (see [2]) we consider diffuse in-
terface models and free energy functionals with nonlocal expressions (see [1, 3]). As a
straight-forward generalization of the nonlocal phase separation model for binary systems
(see [9]) we split the free energy functional F' : H — R U {400} into the sum of an
entropy part ® : H — RU{+o00} and a nonlocal interaction part ¥ : H — R (see [13]).

ASSUMPTION 8. To satisfy Assumption 2 we set H = L*(Q;R™), V = L>°(2; R™) and
W = J[V]; their norms are defined as usual by

lullzr = / ul*dz, we H, |luly = ess suplu(z)l, weV, |Iflw=IRflv, feW
Q fAS
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Let us consider the HILBERT sum decomposition H = Hy + H; into the closed subspace
Ho={ue H: [juds =0},

and the m-dimensional subspace H; C V of constant functions. Then the annihilator
H{ = J[H,] C W is the m-dimensional subspace of elements f = Y j;g; where p € R™
and the functionals g1, ..., gm € W are given by (g;,u) = [yu;dr,u e H,i € {1,...,m}.

AssuMPTION 9. We consider the simplex X = {z € R™: 0 < z9,21,...,2,, < 1} and a
proper, lower semicontinuous, and strongly convex functional ¢ : R™ — R U {400} with
effective domain dom(y) = X, that means, for all y, z € ¥, ¢ € [0, 1] and some « > 0 we
have

to(y) + (1= 1)p(2) 2 oty + (1 = 1)2) + §t(1 — )|y — 2.
Moreover, we assume that ¢ is real analytic in int ¥ and dom(d¢) = int 3 holds true

for its subdifferential. Now, we introduce a lower semicontinuous and strongly convex
functional ® : H — R U {400} by

w)yde ifue H,0<ug,up,...,u,<1,
(39) O(u) = {fﬂ(p( ) o

+00 otherwise,

with closed effective domain dom(®) ={u € H : 0 < ug, w1, ..., Uy, < 1},

REMARK 6. As a consequence, the convex conjugate ¢* : R™ — R of ¢ is FRECHET
differentiable with the derivative Dp* : R™ — int ¥. Moreover, the YOUNG-FENCHEL
inequality yields ¢*(§) + ¢(z) > £ -z for all £ € R™, z € X. Hence, considering the
extremal points z of the simplex ¥ this implies

(40) 0 (&) +supp(z) > sup & forall £ € R™.

Z€EX 1<i<m

The conjugate functional * : H* — R has the form ®*(h) = [, ¢*(Rh) dx forall h € H*.
The FENCHEL-MOREAU theorem implies that (u, h) € 0® if and only if (h,u) € 0P*.

LEMMA 11 (Uniform boundedness). Assumptions 8, 9 imply the following statements:
(i) For all u € intX and w € V there exists a uniquely determined solution (u,p) €
dom(9®) x R™ of the constrained problem

(41) (00(u),v) :/Q(,u—w)-vdx forallv e H, /Q(u—u)dx:O

(i) Let w; < w; < w; for all i € {1,...,m} and some w, w € R™. Then there exist u,
u € int Y and fi, 1 € R™ depending only on w, w, u such that the solution (u, p) satisfies

; <wu; <u; foralli€{0,1,....m}, fu <p <j; foralie{l,...;m}.
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Proof. 1. Let ¢ = sup, 5, ¢(2) € R. Following Remark 6 for fixed u € int ¥ and w € V we
can define a FRECHET differentiable convex function A : R™ — R by

(42) A :/ (@A —w) te—a-(A—w)de, AeR™
Q
In view of (40) for all A € R™ we can find the following estimate:

A()\):/Q(cp*()\—w)+c—u-()\—w))dx

Z/( sup ( Zuz)\ — w;) )der/Zul i —w;)% dx
Q

1<i<m

> 1-— u; | sup (A —wy;) dx+/ (N — wy)® da.
/( Z) D >

i—1 1<i<m

Because of @ € int X this yields lim|y_;0 A(A) = +00, that means, A : R™ — R is
weakly coercive. Therefore, A attains its minimum which implies the existence of some
p € R™ such that DA(u) = 0. Therefore, using (42) and setting

f= g€ HY, uw=0%"(f— Jw) € dom(d9),
i=1
we get [(u — @) dr = 0. Hence, (u,n) € dom(0®) x R™ is a solution of (41) which is
uniquely determined because of the strong monotonicity of 0® C H x H*.

2. Due to the definition of (u, u) € dom(9P) x R™ in Step 1 of the proof we can apply
the FENCHEL-MOREAU theorem to get the relations

/ﬂ(‘P*(N_w)ﬂL(P(U))diU:/u-(,u—w)dgj,

Q

A(@*(—w)ﬂp(u))dasz —/Qu-wd:c.

Together with (41) and (42) this yields

A(u):/Q(c+(u—u)-(,u—w)—cp(u))dxﬁ/g(C+g0*(—w)+u-w)dx.

If w; < w; < w; holds true for all ¢ € {1,...,m} and some w, w € R™, then the last
estimate and the weak coercivity limy— 4. A(A) = 400 implies the existence of i, fi € R™
depending only on w, w, u such that f; < p; < ji; for alli € {1,...,m}.

Furthermore, the image of {)\ ER™ gy —w; <N < i, —wy, 1€ {1,... ,m}} under
Dyp* : R™ — int ¥ is a compact subset of int X. Hence, we can find some 4, 4 € int X
depending only on w, w, u such that u; < wu; < 4, for all i € {0,1,...,m}. 0
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LEMMA 12 (Analyticity). If Assumptions 8 and 9 are satisfied, then ® is real analytic
in every subset U which is open in V' and contained in

Ur)={ueV:r<uguy,...,unp<1-—r}

for somer € (O, %) Moreover, the FRECHET derwative D® : U — W is a real analytic
operator, the second derivative D*®(u) € L(V; W) is an isomorphism for all w € U, and
(16) holds true for some constant v > 0 depending on r.

Proof. 1. Let r € (0, %) be arbitrarily fixed and consider the compact subset
YXr)y={zeR":r<zp,z21,...,2m < 1—71}

T

of int X. By the real analyticity of ¢ in int ¥ we can find constants ¢; > 0, § € (0, 5)
depending on r such that CAUCHY’s inequalities (see [5]) hold true:

‘chp(z)('l > Ck‘ <k STF|IG] |G| forall k€N, ze€ B(r), &,..., G € R™.
2. Let U C U(r) be open in V. Due to Step 1 of the proof ® is FRECHET differentiable
on U, and the derivatives D®(u) € W and D*®(u) € L(V; W) have the form

(DP(u),v,) = /S)Dw(u) - vy dx,

(D*®(u)vy, v) = / D?*p(u)vy - vy du,
Q

for all w € U and vy, v € V. Together with Assumption 9 this yields that D?*®(u) €
L(V; W) is an isomorphism for all u € U, and that there exists a constant v > 0 depending
on 7 such that (16) is satisfied.

3. Moreover, for all u € U and k € N we can define symmetric bounded k-linear forms
Byi(u) € LK(V; W) by

<Bk<u>[v1,...,vk1,v>:/D’“%(u)vl---vk-vdx, v, U €,
Q

because Step 1 yields the estimate || By (u)||geqrwy < co(k+ 116 forallu e U, k € N
and some ¢ > 0. Hence, for all w € U and p € (0,d) both the power series

> EHBk(U)HL’f(V;W)”UHI€/7 D®(u+v) — DO(u) =Y B, .0,
k=1 k=1

converge uniformly for v € V| ||v||y < o. Consequently, D® : U — W is a real analytic
operator which implies the real analyticity of ® on U (see Remark 4). O

THEOREM 13 (Convergence). Let Assumptions 4, 8, 9, and « > (7 be satisfied for
some T € (0,1]. If we take u € int ¥ and

K = {u e dom(®) : [,(u—u)dx =0},
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then there exist constants u, u € int X, i, i € R™ depending only on u and the data of
the problem such that for all initial values uy € K the sequence (ug, fr) C K X M defined
by (11) converges to a solution (u*, f*) € C'x M of the EULER-LAGRANGE equation (27)
in the sense of (28), where

C:{UGK’ZVLZSUZS’ZAL“ iE{O,l,...,m}},

M ={>" pigi € HY : fis < py < fu, i € {1,...,m}}.

Proof. 1. In view of Assumptions 4, 8, and 9 also Assumption 1 is satisfied and F =
O+ V: H— RU{+o0} is a well-defined functional with nonempty, closed, and convex
effective domain dom(F) = dom(®) C V.

2. By virtue of Assumption 4 we have DW(v) = Tv 4 [ for all v € H, and we can find
constants w, w € R such that

w; < (RTw); + (R1); <w; forallie{1,...,m}, v € dom(P).

Now, Assumption 8 and Lemma 11 yield that the solution (u, Yo ,ul-gi) of the EULER—
LAGRANGE equation Y ", j1,g; — D¥(v) € 0®(u) belongs to C' x M for all v € K, if
we take the constants u, u € int X, i, i € R™ as in the proof of Lemma 11. This is the
contents of Assumption 3. Because of Lemma 12 we can choose r € (0, %) and a subset
U C U(r) depending on @, @ € int X2 such that 7C' + (1 — 7) K C U and Assumption 5 is
satisfied. Summing up we can apply Theorem 7 to get the desired convergence result. [J

6. THE IMAGE SEGMENTATION ALGORITHM

Various approaches to local image segmentation have been introduced in the literature
(see [16]). In contrast to these methods we want to establish a nonlocal image segmen-
tation algorithm based on the descent method. To do so, let all the assumptions of the
previous section be satisfied. We consider functions ¢ € L>(2), 0 < ¢ < 1 representing
(normalized) gray scaled images. To segment ¢ with respect to given gray levels

ag, ai, ... 4, €10,1], 0=a<a < - <a,=1,

we introduce the following algorithm:

STEP 1 (Decomposition into phases). Our plan is to transform ¢ into an m-component
distribution ug = (ue1, ..., uom) € K such that the i-th component corresponds to the
level a; € [0, 1]:

m
0 < wo, wot, - -+, Ugm < 1, UOOZI—E Ug;.-
i—1
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To that end, we consider a continuous partition of unity (n,...,n,) C C([0,1]) with
weights by, b1, ...,b, € R such that

m

(43) 0<nm <1, aesuwpp(m), » m=1 i€{0,1,...,m}
=0
m 1
(44) 0<bi<l, > bi=1, /m(s)ds:bi, ie{0,1,...,m}.
i=0 0

Now, we are ready to define the transformation

c— up = (U1, - - Uom) = (Mm(c),...,nm(c)) € K.

STEP 2 (Nonlocal phase separation). Given uy € K, we solve the nonlocal phase
separation problem (27) for the m-component system to find the corresponding critical
point u* € C of the energy functional F' : H — R U {+o00}.

STEP 3 (Composition of segmented phases). Finally, we calculate the segmented version
¢t e L*(Q),0 <" <lofce L>®(Q) as a convex combination of the levels ag, ay, ..., a;, €
[0, 1] with respect to the weight functions w, uj,...,u’,, that means,

s Wiy
m

U = Zu:ai.
i=0

Before we present our simulation results we choose a partition of unity and a special
class of segmentation entropy and nonlocal interaction energy functionals.

ExXAMPLE 1 (Partition of unity). To construct a partition of unity we choose numbers
bo, b1, ..., by € (0,1) such that

m i—1
> obi=1, b =) b€ (a1,a), i€{l,...,m}
- =0

7=0
For i € {1,...,m} we define exponents w; > 0 and functions h; € C([a;_1, a;]) by
a; — b} ai—s \~
=, hi(s) = —] , € i1, Gi-
< bi — a1 (s) (ai _ai—l) 3 € [, ol

Now, we get a continuous partition of unity (no,...,7,) C C([0,1]) with the properties
(43) and (44) by setting

o(s) = {gl(s) if s € [ag, a1], mn(5) = {1 — h(s) if S € [am_1, am),

otherwise, 0 otherwise,
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for the boundary cases i = 0 and ¢ = m and

1— h2<8) if S € [CLifl, ai],
ni(s) = § hiz1(s) if s € [a;, ais1],

0 otherwise,

for i € {1,...,m — 1}, respectively.

EXAMPLE 2 (Segmentation entropy). According to (39) we specify the lower continuous
and strongly convex function ¢ : R — R U {400} as logarithmic potential

Yoo zilog(z) ifzeX,
p(2) =

+00 otherwise.

Obviously, dom(¢) = ¥ and ¢ is real analytic in dom(dy) = int ¥ with partial derivatives
D;p(z) =log(z;) —log(zp) for all z € int X and 7 € {1,...,m}. We can interpret the value
®(u) = [, ¢(u)dx as the segmentation entropy of the state u € dom(®).

ExamPLE 3 (Nonlocal interaction energy). In the following we describe the nonlocal
interaction by means of inverse operators corresponding to second order elliptic operators
with appropriate regularity properties. To do so, for » > 0 we consider the family of elliptic
operators E, € L(H(2); H'(€2)*) (including Neumann boundary conditions) given by

(Ev,h) = / (r*Vv-Vh+vh)dz, v,he H'(Q).
Q

We want to emphasize that the inverse operators E; ' € L(H'(Q)*; H'(2)) are completely
continuous from L*(Q2) into L?(Q) as well as from L>(Q) into L>(Q) (see Remark 5).
To control the qualitative behaviour of nonlocal interaction we prescribe effective ranges
o, r > 0 and intensities oy, s;y € R of interaction forces between particles of type ¢+ and
¢e€{0,1,...,m}, respectively. Clearly, both matrices are assumed to be symmetric. The
cases gy > 0 and o5 < 0 represent repulsive and attractive interaction, respectively.
According to Assumption 4 we define the quadratic functional ¥ : H — R for u € H by

1 m m 1 m m . ~
(45) U(u) = 3 Z Z / uial-gE;lw dx + 5 Z Z / (u; — ;)50 B (wp — i) dox.
i=0 ¢=0 7 i=0 ¢=0 7%

Note, that by choosing the matrix (s;) appropriately, it is possible to get final states
u* € C close to some prescribed state u € K.
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7. SIMULATION RESULTS FOR TERNARY SYSTEMS

We apply our image segmentation algorithm to different situations in image processing.
For simplicity, in all of our following examples we consider ternary systems of three colored
components (m = 2) and (3 x 3)-matrices of the form

—0 4o +Ho +s —s —s
(46) (o) =|+0 —0 40|, (su)=|—-s +s —s
+0 +o0 —0o -5 —s +s

From the structure of (o) it follows, that particles of the same type attract and particles
of different type repel each other with the same range o > 0 and intensity o > 0 of
interaction.

In a first example we consider the case of pure phase separation (s = 0) without
stabilization of the initial value. The other examples deal with the segmentation of a
perfect image and the reconstruction of a noisy image, respectively. Here, the nontrivial
choice of (sy), s > 0 and @ = ug enables us to get final states close to the corresponding
initial values uy € K (see (45)).

REMARK 7. Naturally, planar images are represented by bounded rectangular domains
Q) C R% The ranges of interaction are given in the natural length unit of the problem,
that means, the edge length of one (square) pixel. Of course, our method can be applied
also to voxel images defined in a domain €2 C R" of arbitrary space dimension n € N.

EXAMPLE 4 (Phase separation). We separate two gray scaled images with respect to
three equally weighted gray levels,

1
a0:0,a1:§,a2:1, b0261:b2:§7

and interaction parameters (according to (46))
o=5,0=4, r=5 5=0.

Figures 1 and 2 show simulation results for two very similar 256 by 256 pixel images. Both
initial configurations contain equal numbers of black, white, and medium gray particles,
respectively. Obviously, the final states do not depend only on these integral quantities.

EXAMPLE 5 (Image segmentation). We segment the well-known Lena image with re-
spect to three equally weighted gray levels,

7a2:17 b0:b1:b2: )

a0:0,a1: g

1
2

and interaction parameters (see (46))
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FIGURE 1. Phase separation: (a) initial value (constant in vertical direc-
tion); (b) final state (stripe pattern); (c) decay to the corresponding local
minimum of the free energy functional F' after 10 iteration steps.

—1.2
il
—-1.6
N

1 2 5 1020 50100

FIGURE 2. Phase separation: (a) mirror-symmetric initial value; (b) final
state (phases separated by two arcs and a straight line); (c¢) decay to the
global minimum of the free energy functional F' after 100 iteration steps.

In Figure 3 we present simulation results for the 256 by 256 pixel Lena image. Here,
we compare the above mentioned three-component case with a two-component black and
white segmentation (with similar parameters).

EXAMPLE 6 (Image reconstruction). Finally, we reconstruct a noisy image with respect
to three weighted gray levels
49 39 22 39
m,%:, bo=—~, b1 = — QZE,

pum 0 pu—
="M 100" "~ 100’
and interaction parameters (according to (46))

92270':107 7’:2,8:12.

Figure 4 shows numerical results for a noisy 200 by 200 pixel image. The advantage of the
three-component case compared with the two-component black and white reconstruction
(with similar parameters) is obvious.
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FiGUurRE 3. Image segmentation applied to the Lena image: (a) initial
value (original image); (b) final state of the two-component black and white
segmentation; (c) final state of the three-component segmentation.

FIGURE 4. Image reconstruction: (a) initial value (noisy image); (b) final
state of the two-component black and white reconstruction (gray region still
noisy); (c) final state of the three-component reconstruction.
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