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Abstract

This article proposes a new method of analysis of a partially linear model whose nonlinear
component is completely unknown. The target of analysis is identification of the set of
regressors which enter in a nonlinear way in the model function, and the complete estimation
of the model including slope coefficients of the linear component and the link function of
the nonlinear component. The procedure also allows for selecting the significant regression
variables. As a by-product, we develop a test of linear hypothesis against a partially linear
alternative, or, more generally, a test that the nonlinear component is M -dimensional for
M=0,1,2,....

The approach proposed in this article is fully adaptive to the unknown model structure
and applies under mild conditions on the model. The only important assumption is that the
dimensionality of nonlinear component is relatively small. The theoretical results indicate

that the procedure provides a prescribed level of the identification error and estimates the

—1/2

linear component with the accuracy of order n . A numerical study demonstrates a very

good performance of the method even for small or moderate sample sizes.

1 Introduction

We consider the model
y=f(e)+e,  flz)=0"2 +G(e2), (1.1)

where &7 = (2],2]), dim(z:) = M, dim(z;) = d — M, and M <« d. Function
G(+), vector of coeflicients 8, and the distribution of the noise € are unknown. And most
importantly, we do not know with respect to which d; = d — M variables ®; the model

is linear.

The model (1.1) naturally generalizes the linear model and are called a partially linear
model. Such models can be used in analysis of high dimensional data when the assumption
of linearity is too restrictive. They can also be used as a natural alternative to a linear
model in the problem of testing the linearity assumption. A general case with a high
dimensional nonlinear component makes the analysis complicated because of the “curse of
dimensionality” problem. In this paper we consider the situation in which the nonlinear

component is low dimensional, that is, M is relatively small.



Hristache, Juditsky and Spokoiny (2001) and Hristache, Juditsky, Polzehl and Spokoiny
(2001) (referred to as HJS and HJPS, respectively, in the rest of the paper) proposed a
new method of exploring a high-dimensional regression model with the help of a general
structural adaptation approach. The aim of the present article is to apply this approach to
the estimation and inference in the partially linear model (1.1). The analysis includes, in
particular, estimation of the degree of nonlinearity M , identifying with respect to which
d — M variables @; the model is linear or equivalently which M variables enter in f in

a nonlinear fashion, estimation of the vector 8 and of the nonlinear link function G .

It is important to note that the approach proposed here provides also a new method of
selecting significant variables in nonparametric regression in case when the dimensionality
of the nonlinear component is relatively small. More specifically, after selecting M (sig-
nificant) nonlinear variables, one can further select variables among the linear ones using
standard methods of linear regression analysis or by testing significance of linear variable

slopes as suggested in Section 4.3 below.

As a by-product of our analysis, we develop a test of the hypothesis of linearity against a
partially linear alternative, and, more generally, a test of the hypothesis that the dimen-

sionality of the nonlinear component does not exceed the prescribed value M .

Following the work of Engle, Granger, Rice and Weiss (1986), much attention has been
directed to estimating model (1.1). See, for example, Heckman (1986), Rice (1986), Chen
(1988), Robinson (1988), Speckman (1988), Gao (1995), Schick (1996a,b), Bhattacharya
and Zhao (1997), Mammen and Van der Geer (1997), Hamilton and Truong (1997), Eu-
bank, Kambour, Kim, Klipple, Reese and Schimek (1998), Schimek (2000), Golubev and
Hérdle (2000, 2001). Further references and applications of partially linear models could
be found in the recent book by Hérdle, Liang, and Gao (2000). This literature addressed
the problem of estimation of the parametric and nonparametric components of the model
(1.1) under the assumption that the “nonlinear” variables @, are specified and, in fact,
most papers assume that M = 1. Various estimators have been proposed which achieve
root-n rate or are semiparametrically efficient for estimating the parametric component 8

as well as those which achieve the usual nonparametric rates for estimating G(@,).

To our knowledge, the only paper which addressed the problem of selecting which variables
@, enter nonlinearly in the model (1.1) was Chen and Chen (1991). That paper proposed
a model-selection-type rule and showed that the probability of the correct identification by
this method goes to one as the sample size goes to infinity. Hérdle and Korostelev (1996)
showed for the similar problem of selecting the significant variables in an additive model

that the error of classification can be made exponentially small. In this paper we consider



another setup which seems to be more appealing for practical applications. Namely, we
develop a nonlinear component identification method which guarantees a prescribed level
of model misspecification uniformly over the class of models whose nonlinear component
is separated away from the linear one by the squared distance of order n~!logn or larger.

Our results are essentially nonasymptotic and apply for a small or moderate sample size.

Hérdle, Spokoiny and Sperlich (2001) considered a similar problem of identifying the linear
component for an additive model, using a wavelet (Haar) expansion of every additive
component. The advantage of the structure adaptive procedure proposed here is that the

additive structure is not required and is not used in the method.

There also exists a large literature on testing a parametric, in particular linear, regres-
sion model against nonparametric alternative. See, for example, Eubank and Spiegelman
(1990), Eubank and Hart (1992), Ledwina (1994), Hardle and Mammen (1993), Fan (1996),
Hart (1997), Stute (1997), Horowitz and Spokoiny (2001) and references therein. Our test-
ing results are stated in the spirit of Spokoiny (2001) focusing on the minimal separation

distance between the null and the alternative providing test consistency.

The paper is organized as follows. Section 2 contains the description of the structure adap-
tive estimation algorithm. Accuracy of estimation by the proposed method is described
in Section 3. Further problems of identification of the nonlinear component and of esti-
mation of slope coeflicients of the linear component are discussed in Section 4. Section 5
presents results of a simulation study and an application to real data. Conclusion and
some extensions of the method are presented in Section 6. The proofs are collected in the

Appendix.

2 Structure adaptive procedure

This section explains the adaptive estimation procedure starting with a short heuristic

discussion.

2.1 Preliminaries

The idea of structural adaptation from HJPS can be summarized as follows.

(i) knowing the structural information helps better estimate the model function;

(ii) a good pilot estimator of the model function helps recover some structural information

about the model.



These two observations lead to the following iterative procedure: we start with a purely
nonparametric estimator of the model function; then the above two steps (estimation of
the model and estimation of the structure) are iterated several times increasing the amount

of structural information and improving the quality of model estimation during iteration.

HJPS considered the problem of estimation for a multi-index model in which the regression
function is of the form f(z) = g(6],...05;®), where 61,...,03 are unknown index
vectors in IR?. The partially linear model (1.1) can be regarded as a special case of the
multi-index model with M + 1 indices. Indeed, f(z) depends on z only through 8",
and the coordinate vectors corresponding to the nonlinear component. So, one can formally
apply the procedure from HJPS in the considered case. However, the special structure of
the model (1.1) allows to considerably simplify the procedure and further analysis that

justifies a separate treatment of the partially linear models.

Here the structure of the model (1.1) is described by the set J of indices corresponding to
the nonlinear component @, . An alternative description can be done by using the average
gradient idea. Namely, if the function f(z) is linear with respect to the mth coordinate
function z,, , then the partial derivative 0 f/0z,, is a constant, and therefore, the variance
Vi of the m th partial derivative can be used to measure the degree of nonlinearity of the
m th coordinate. Suppose that some information about the set J or, equivalently, about
the values V,, is available. Now we explain how this information can be used for improving
the quality of estimation of the model function f. A local linear estimator of the function

f and its gradient Vf at a point X; is given by

(L) 15202 () S L S ) e

where X;; = X,;—X;, b is a bandwidth and K (-) is a univariate kernel K on the positive
semiaxis. supported on [0,1]. The bandwidth b should be selected in a way that the ball

with the radius b and the center the point of estimation X; contains at least d+1 design
points which for large value of d leads to a the bandwidth b of order one and to a huge
estimation bias. This phenomenon is called the “curse of dimensionality”. Observe now
that the function f has anisotropic smoothness properties: smoothness of G in direction
of the nonlinear component, and infinite smoothness (corresponding to a linear function)
in other directions. This suggests to apply an anisotropic bandwidth for estimating the
model function and its gradient. So, the ‘ideal’ estimator which utilizes the knowledge of
the set J can be defined by using the different bandwidths for different components of

the vector z. Let b = diag(by,...,bq) be a diagonal matrix with the diagonal entries

4



b1,...,bq. Define the local linear estimator with the anisotropic bandwidth b by

(6{}()2)): ;(X}J) (;ij)TKd(X”’b) ZY( ) a(Xij,b),  (2.1)

where K4(®,b) = K(|b~'2|?). Knowing that the value V,, is significantly positive (that
is, m is presumably in J ) leads to the choice of smaller bandwidth values b,, for such
m and possibly larger bandwidths for the other regressors. This would help to avoid the
“curse of dimensionality” problem if the dimension M of the nonlinear component is not

too large, cf. Carroll, Fan, Gijbels and Wand (1997) or HIPS.

Next we explain how the structural information can be extracted from the pilot estimator
(2.1) of the model function. Define for every coordinate z,, of @ € IR? a set of functions

Yim, - - -, Wim satisfying the conditions:
Y YmXim) =0, 27 i (Kim) Ytim (Xiim) = 6ur-

In other words, {¥im,l =1,...,L} is a orthonormal set of functions with respect to the
design of mth coordinate. Each of 4y, is also orthogonal to the constant function. The

latter property implies that if f is linear with respect to z,,, then
IB;m =nt vam 'll}lm zm) =0 (2.2)

forevery [=1,...,L, where Vf, (&)= 0f/0zm(®). Thus, the sum

L
Z /Blm
=1

can be used as the measure of nonlinearity of f with respect to z,,. Having estimated

the gradient of f for all X;, we can also estimate the coeflicients f,, with
Bim =" ZVf )P (Xim) (2.3)

and use the sum 7, = Bfm +...+ E%m as the estimated degree of nonlinearity of f with

respect to the m th regression variable.

Next, the quantities U, can be used to define new anisotropic bandwidth b taking smaller

bandwidths for the regressors with large vy, .

Remark 2.1. Similarly to HJPS, we use here the estimation method based on the Fourier

expansion of the gradient Vf(). Alternatively, one can estimate V,, directly using the



average of |Vfm(X;)|?. However, a detailed calculation (not given in the paper) shows that
the procedure based on such a direct estimation of the quadratic functionals V,, leads to
worse estimation results. At the same time, the loss of information from replacing V,,
with v}, as a measure of nonlinearity is not significant if L is chosen sufficiently large, see

more on the choice of L in Section 6.

2.2 Iterative procedure

We now present the description of the method. The procedure involves input parameters
hi,an, p1,Pmin;@p and 7. The parameter of ellipticity p decreases geometrically from
p1 to pmin by the factor a, < 1 while the bandwidth A increases geometrically from A4
by the factor ap > 1 during iterations. The value 7 can be interpreted as the “memory
parameter” of the procedure. The choice of these parameters, as well as of the set of basis

functions {9y, } will be discussed in Section 2.3. The algorithm reads as follows:

1. Select h;. Set ﬁ£0) = ”‘:6((10) =0 ,and k=1. Compute for 1 =1,...,n
n T n
7o) _ 1 1 §00) _ 1y,
W= () ey) 32w
Jj=1 1=1
where X;; = X; — X;.
2. Compute
—1/2
pk) — hk(1+p;26,(,{“—1)) . om=1,...,d (2.4)

Define b®) = diag(6{®, ..., (")) .

3. For every X; compute

7=1
sk = pslk 1)+(1—7I)Z( ' )YjKd(Xij,bk)), (2.6)
=1 i
and
(k) X; —1
SR (V) s®, (2.7)
VI (X3)

Compute éfk) =Y, — fik) (X))

4., Computefor m=1,...,d and [ =1,...,L
n L
2 - S (k) ~ =
B =n 'S T (X)m(Xim), 3 =3 |B)
=1
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If 6,(,’5) > 1, then set i)\,(jf) =1.

5. Increase k by 1. Set pri1 = appr, hky1 = aphk. If pry1 > pmin, thenset k=k+1
and continue with Step 2; otherwise terminate.

Denote by k, the number of iterations and by Blm = 'B\l(’l]':,n) (resp. U = ﬁ,(,’f")) the last

step estimators of B}, (resp. vy, ). Similarly, f(XZ) denotes the last step estimator of

m
-~

F(X:) and & = &*) = v; — F(X,).

Remark 2.2. At every step k of the algorithm the bandwidth b,(ff) for the m th regressor
(k—1)

is selected between hy and hgpg depending on the value o, . For the linear component,

(k—1)

the values v, should be small leading to a bandwidth about Ay , while for the nonlinear

(k—1)

regressors with a large value v}, , the estimator 7, will be also large leading to a
bandwidth about hgpg . During iteration the parameter A grows to hgna > 1 while hgpg

decreases t0 pmin leading to the adaptive anisotropic bandwidth at the last step.

Remark 2.3. We cut i)\,(jf) at one at step 4 in order to avoid too strong shrinkage in

(k)

direction of m th regressor which may occur for too large values of v’ .

2.3 Choice of parameters

It is obvious that the quality of estimation by the proposed method strongly depends on
the rule for changing the parameters A and p, and, in particular, on their values at the
initial and final iteration. Some related discussion about this choice can be found in HJPS.
The general idea is to ensure that the parameter h grows to one and hp decreases under

the constraint that at every iteration &k there exist enough design points in every or almost
every local ellipsoidal neighborhoods E(k)(Xi) = {m : ‘(b(k))_l(m - Xi)‘z < 1} .

Assuming that every %) is close to the ‘ideal bandwidth’ bi® = he(l 4+ ,o,:zv,"n)_l/2
we observe, that neighborhood E(k)(Xi) is stretched at each iteration step by factor ap
in all directions and is shrunk by a factor about a, in directions of the M -dimensional
nonlinear component J where ap and a, are parameters of the procedure. Therefore,
the Lebesgue measure of every such neighborhood is changed each time by a factor about
aiaﬂ/[. This leads to the constraint a,iaﬂ/[ > 1, cf. Assumption 3 in Section 3 below.
Under the assumption of a random design with a positive density, this would result in an
increase of the mean number of design points inside each E(*)(X;). Our theoretical results
will be stated for the choice h; x n—!/mex{4,d} s Pmax <1, p1 =1, pmin < (n_l log n) 1/3,

see Section 3 for more details. Similarly to HJPS, such a choice under the constraint

aiaﬂ/[ > 1 is possible only for M < 3.

We recommend to define for every m = 1,...,d the set of functions ¥p,, { = 1,...,L



2
mr e

by orthogonalizing the set of polynomials z,,,z .zL with respect to the design of the
m th regressor under the constraint Y .- ; ¥im(X;m) = 0. A model or variable dependent
choice of the basis {tm} is possible as well. The “memory parameter” 7 used in (2.5)
and (2.6) can be taken between 0.1 and 0.5. The number L can be taken between 5 and

10, see Section 6 for more discussion.

Remark 2.4. Similarly to HJS and HJPS we apply in our numerical study a slightly
modified procedure. The only difference is in the definition of the estimated vectors Blm-

Namely we define

n -1 n
| —(k)
fin = (Z w5k)) S 0BT (Xi)bim(Xim),
=1 =1

(k)
A2 (V-(k)) . In addition, the basis functions )y, should be modified as each step to satisfy

min\ "2

the condition Y, wz(k)Tlflm(Xi) =0.

where w;’ is square root of the smallest eigenvalue of the matrix Vi(k) , that is, wz(k) =

2.4 Estimation of the noise variance

The variance o2 of the noise € does not enter in the description of the method. However, it
will be used for defining the stopping rule of the algorithm and the resampling procedure in
Section 4. Here we briefly discuss how this variance can be estimated under the assumption

of the noise homogeneity at every step of the algorithm.

A natural variance estimator can be defined on the base of residuals squared after each
the step k: "5(’“)‘2 =nty" ‘?—:fk)‘z. This simple crude estimator can be refined, see

e.g. Gasser, Sroka and Jennen-Steinmetz (1986) or Spokoiny (2002) and reference therein.
glk) (k) _
2

can obviously be represented in the form &, = 2?21 cz(f)YJ

are known coeflicients. These coefficients are random and dependent on the

Namely, the residuals

(%)

where ¢

Y; ’s through the random bandwidths 3,(115) . However, our theoretical results indicate that

(%)

one can ignore this dependence and proceed as if the coeflicients c;; were deterministic

and correspond to the “ideal” bandwidths b,*,S’“) .

Next, if the function f is sufficiently smooth, then the distribution of the residuals &;
only weakly depends on this function f and can be effectively evaluated for f = 0. In

the last case, E‘E‘fk) ‘2 = o2 2?21 ‘cz(-;-c) ‘2 that leads to the estimator

-1
n n

- 1
T S DI I ICElS (2.9)

=1 \j7=1

The properties of this estimator are briefly discussed in Section 3.4 below.



3 Accuracy of estimation

In this section we present the results about the accuracy of estimation of the functionals

B;,, and vy, by the proposed iterative procedure.

3.1 Assumptions

As in HJPS, it is useful to proceed with the renormalized link function. In what follows

we consider the model
f(®) = 20+ g(R*22) (3.1)

where R* is the diagonal M X M matrix with diagonal entries /v , m € J and g is

a nonlinear link function.
Our main results will be stated under the following assumptions.

Assumption 1. (Kernel) The kernel K(-) is continuously differentiable decreasing
function on R, with K(0) =1 and K(z) =0 forall |z| > 1.

Assumption 2. (Errors) The random variables €; in (1.1) are independent and normally

distributed with zero mean and variance o2 .

Assumption 3. (Range of parameters hg, pr ) The parameters of the procedure fulfill
p1 =1, pmin= (62n"'Llog n)1/3, hy = Con_li\ll_d with a constant Co > 1, hAgax > 1 and

d, M
apa, >1.

Assumption 4. (Link function) The function g from (3.1) is twice differentiable with

a bounded second derivative, so that, for some constant C; and for all u,v € RM
l9(v) = g(w) = (v — ) Vg(u)| < Cg lu - vf%;

Our last assumption concerns the design properties. In what follows we assume that
the design is deterministic. That is, Xi,...,X, are non-random points in IR?. Note,
however, that the case of a random design can be considered as well, supposing X3, ..., X,
independent and identically distributed random points in JR? with a design density p(z) .
Then all the results should be understood conditionally on the design.

In order for the procedure to work, we have to suppose that the design points (X;) are

“well diffusedénd, as a consequence, at kth iteration of the algorithm, all local gradient es-

timators from (2.7) corresponding to the anisotropic bandwidth b(*) = diag(bgk), ey b((ik))

from (2.4) are well defined. The latter is equivalent to the condition that all the ma-
(k)

trices V'™’ from (2.5) are non-singular. We also define for the kth iteration the “ideal



anisotropic bandwidth” b*(*) having the diagonal entries balF) = (1+ p 2oy )_1/2 hi .

The closeness of %) to the “ideal bandwidth” b**) can be characterized by the values
2

ulk) — (b,(ff)/b,*,gk)) = (14 p3 %) /(1 +p—2ﬂ(,’f 1)) ,m=1,...,d. If v 51 = , then

,(f) = 1. The condition we need means that at the step k& of the algorithm, for every

anisotropic bandwidth b = diag(by,...,bq) close to b**) in the above sense, the design
is regular within the elliptic neighborhood with the center at each point X; and with the
principal semiaxis b,,, m=1,...,d.

Define ZZ-(JI-C) = (b*(k))_l(Xj — X;) for 1,7 = 1,...,n. These vectors describe locations
of the design points in the coordinate system shifted by X; and rescaled by b**) . For a
vector U = (Uy,...,Uy)T € R® with U, > 0, define Dy = diag(Uy,...,Uy). Then, for
b=Dy"*b*® it holds Ky(Xy5,b) = K ((Z28) Dyz¥)) . set

)

vEw) = ZK((Z}J’F) "ppzy),  i=1,...m,

vy = (1 LY k(2% Dyz® =1

By = Y m){w) K(@) Dozd),  i=1.n
j=1 Y3 iJ

In what follows ||A|| stands for the matrix norm associated with the Euclidean vector

norm: ||A4|| = supy |4AA|/|A].

Assumption 5. (Design) There exist constants Cy, Cx, Ck+ and some a € (0,1/2),
such that for all vectors U € R? satisfying |Uy, — 1| < a, m=1,...,d, and for k < k,

the inverse matrices Vz-(k)(U)_1 are well defined with

N® @) Hv}’“)(U)—lH <Cy, i=1,...,n

Moreover, for 4,5 =1,...,n,
ZZ:;NZ,C (Zi(JI'C))TDUZi(JI'C)) < Ck,
ilNk () DoAY < o,
zn: k ‘K' ))TDUZi(J]-C))‘ < Cg
pel

where K' means the derivative of K.

Remark 3.1. As already mentioned in HJS and HJPS, in the case of random design with
a continuous positive density one can fix some constants Cy , Cx and Cks (which depend
on the dimension d and the design distribution) such that the bounds in Assumption 5

hold with probability which converges to 1 exponentially fast as n grows to infinity.
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3.2 The first step estimator

Our first result describes the quality of the estimators Bl(;) obtained at the first step of the
algorithm. These estimators correspond to usual nonparametric local linear estimation of
the function f and its gradient. We also state the result about the accuracy of estimation

of the values v}, at the first step.

Let 8}, denote an L-vector with the components 8, , [ =1,...,L.

Proposition 3.1. Let Assumptions 1 through 5 hold. For the first-iteration estimator B,(i)
of the vector 8%, m =1,...,d, it holds:

3 _g* — _m_
/Bm IBm Smh’l —I_ hl\/ﬁ,

where deterministic L-vectors Sy, satisfy |sm| < CgC‘l/zva) with va) = MaXm=1,...d U,
and the m,, ’s are mean zero Gaussian random L-vectors with components np, such that

E|mm|? < 20%C%Ck, l=1,...,L. Also, it holds

(e 05 <
where
61 =Cy 011//2”(1) hy + \/ﬁahiv/g;{/zzn ’ (3-3)
and z, = (14 2log(nd) + 2loglog(nd))'/?.
Moreover, for the first-iteration estimator %\,(1}), m=1,...,d, it holds:
P(‘ﬁ,(,})—v,*n §55—|-2517-m,1,Vm:1,...,d)21—%, (3.4)

where T 1 = /5 (1 4+ v2)~Y? < min{1, /o%,}.

3.3 The quality of the final estimators

Now we present the result which indicates how the accuracy of estimation can be improved

by the iterative algorithm. Asin HJS and HJPS, the quality of the final estimators depends

~1/2 for the linear component and is worse

on the ‘direction’. This quality is of order n
for the nonlinear component. This fact has a very simple explanation: estimation of a

nonlinear component is a harder tagsk than that of a linear one; hence, the worse accuracy.

To express this fact, we introduce the scaling factor P, ,, = (1 + ,0_211,"11)_1/2 , where p is
a running parameter of the procedure. Note that P,, = 1 for all linear regressors which

have vy, = 0. If v}, is a positive constant, then P, < p. We will see that the estimation

11



error Blm — B, , after being multiplied by P, ., , can be bounded uniformly over [, m at
every step of the algorithm. This implies, in particular, that the quality of estimation of
the nonlinear component is about Pp_1 =< p~! times worse than the quality for the linear

one.

In the next theorem and in Theorem 4.1 below, p (resp. h) denotes pg, (resp. hg, ) at

the last iteration. Recall that h, p satisfy conditions A > 1 and p = (azn_lLlog n)l/?’.

Theorem 3.1. Let Assumptions 1 through 5 hold. Then there exist a random set A
with P(A) > 1 — 3k,/n and, for every m = 1,...,d, a Gaussian zero mean random
vector €8 = (€, -, &5 )T € IRY defined as a linear combination of the errors e; with
deterministic coefficients, which depend on the “ideal” bandwidth b* = b*(k"), the design
X1,...,Xn, basis functions Yim(-), and the kernel K only, and such that

E|¢ |2 <20%°C3Cx  1=1,...,L,m=1,...,d,

and on A it holds

max Pp,m(am —pr)—nY2%r | < C (azn_lLlog n) 2/3,
m=1,...,

max [Pym(B — 63)] < b (3.5)
mgllz?.}.c.,d |P;?,m (U — 2| < 82 + 26,7,

where C' = C(d7 M, Cg: CV; CK: CK’: Ilp) s E = maX;im |'¢}lm(X'L)| s

8p = \/20‘2/01{02n—1Lz,z1 +C (¢°n" ' Llogn) /3 (3.6)

and Ty, = p\/VE, (p2 + v,*n)_l/z < min{p, /vx} . Thisimplies that on A for every m ¢ J ,
with w, =C (azn_lLlog n) 23,

B =172 <y Bl <Oy 1Bl LR <02 4 2wnda. (3)

Remark 3.2. The meaning of the random set A appearing in Theorem 3.1 can be un-
derstood as follows. The result of every iteration of the algorithm is random. With some
probability it may happen that the estimation result at some step of the procedure does
not follow the model structure. For instance, with some probability, ¥, can be large even
if vy, = 0. Our results indicate that the overall probability of such events is rather small
and their complement is precisely the set A (of a dominating probability) on which the
procedure ‘works’, that is, the iterative procedure leads to improvement of the quality of
estimation at every iteration. The other results of Theorem 3.1 claim that on the set A,
the adaptive estimators Blm behave essentially as the ‘ideal’ estimators Efm corresponding
to the ‘ideal’ bandwidth b*. Since our further analysis is based on the final step estimators

Blm , all our results that follow will also be stated conditionally on this set A.

12



Remark 3.3. (Origin of the constraint M < 3) It follows from the proof of Theo-
rem 3.1 that the bias of the ‘ideal’ estimators Bl*m based on the local linear smoothing with
the ‘ideal’ bandwidth b* = b*(*») is of the order (n~!logn)~2/3 only if the dimensionality
M of the nonlinear component does not exceed 3. For M > 4, the model dependent bias
of estimation is of order n~1/2 or larger while the stochastic component (which is model
free) is of order n~1/2 | The same applies for the adaptive estimators Blm . Therefore, the
leading term in the estimation loss is model free only for M < 3, and the estimators Blm

do not achieve asymptotic normality at root-n rate for M > 4.

3.4 Variance estimation

The algorithm delivers an estimator 2, see (2.9), of the error variance 2. This estimator
also utilizes the estimated structural information and improves upon the purely nonpara-
metric variance estimators. Spokoiny (2002) has shown that in a general high dimensional

2 is impos-

regression model with d > 8, a root-n consistent estimation of the variance ¢
sible. Here the use of the structural assumption allows to relax this condition and to get

a root-n accuracy for any d.

Theorem 3.2. Let Assumptions 1 through 5 hold. There exists a constant C,, which

depends on the constants entering in these assumpiions only, such that

P (\/ﬁ‘&\z - 02‘ > C,azk) < 2e~ X /4 + 3kn/n.

4 Inference in a partially linear model

This section explains how the model (1.1) can be explored using our iterative procedure
and results of Section 3. First we state the important separation result that will be used

in the analysis below.

Let some integer M be fixed. We put the estimated values v, in the decreasing order
Y1) > Y(z) > Y(z)... and denote by Jam the index set corresponding to the M largest

values ¥,, . Theorem 3.1 implies the following separation result.

Theorem 4.1. Let u, = 6,/p < V/2—1 with p = py, and &, from (3.6). Let v be some
number satisfying v > 1. If vt > (rs,0,)% for all m € J where

14 /14 (P2 1) (1 — ud — 2u,)

T
1—u2 —2u,

?

then it holds on the random set A defined in Theorem 3.1 U, > 1282 for m € J and
Um < 62 for m ¢ J and thus, Jng for all M > M.

13



Remark 4.1. The result of Theorem 4.1 applied with r = 1 yields the sufficient separation
condition: if v} > (s16,)%, then, with a high probability, 3, > 82 for m € J and
U < 5,21 for m ¢ J, and therefore jM = J . For application of this result to the
resampling scheme below in this section, we introduced the factor r > 1, which ensures a

qualified separation between linear and nonlinear component.

The value u, = 6,/p is small at least if n is sufficiently large. Hence, s, defined in
Theorem 4.1 is bounded by a constant depending on r only and therefore, the threshold
t* = (rs,6,)?, providing with a high probability a correct separation between linear and
nonlinear components is of order 62 ~ (n~!logn) . It can be easily seen that the separation
with the prescribed level of the identification error is impossible if the separation distance

1

square is smaller in order than n~" . Therefore, the procedure provides a near optimal

rate of separation within a log-factor.

4.1 Testing the hypothesis about M

Here we discuss the problem how the estimators v, of v}, can be used for selecting
the nonlinear component and for testing the hypothesis that the dimensionality M of
the nonlinear component does not exceed the prescribed value M. As special cases,
for M = 0 we get the hypothesis that the original model is linear, and for M = 1,
the hypothesis that the nonlinear component is univariate. Then the effective nonlinear
dimension of the model can be estimated by the minimal M such that the hypothesis
M < M is not rejected.

The idea of the method is very simple: reject Hayy : M < M if the value i’\(M-I—l) is
significantly positive. To formalize the procedure, we have to specify, for a given «, the
critical value t, such that the test has the significance level about a. Suppose that the
true model satisfies M < M and that the values v}, for all m € J exceed the value
t* = (rs,0,)% for some r > 1. Then Theorems 3.1 and 4.1 imply that

e under the null hypothesis M < M, the index (M + 1) corresponds with a high

probability to a linear component;

e for m ¢ J, the distributions of the Blm ’s and of v, only weakly depend on the

model function f, see Remark 3.2;

e for every m € J, if v}, is separated from zero by distance of order 82, then the

same is true with a high probability for the estimator T, .

These observations suggest to apply the resampling scheme that mimics only the distri-
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bution of the values %\(1), .. .,ﬁ(M+1). More precisely, we construct an artificial regres-
sion function faq that has exactly M -dimensional nonlinear component corresponding to
m € jM and such that all the functionals of type @}, constructed for this function fM
coincide with the Blm ’s, that is,

O fm(X Bim it m € Tn,
Z 'll}lm( zm): l:].,...,L.

Oz m, 0 otherwise,

The function fM can be selected as a linear combination of the functions z! /I for I =

SL+1:
L+1
) cimak,/L, (4.1)
meFp 1=2
where the coefficients ¢, must fulfill
¥yl = Em, me Tum. (4.2)

Here ¢, (resp. Bm) denotes the vector in RY with the elements ¢ (resp. Blm) and

V¥, is the L x L matrix whose elements are the sums

n

1
1 = > X ptrm(Xim),  LU=1,...,L

=1
We resample from the model
Y, = fu(X:) + Gidi,

where &; are ii.d. standard normal. The variances o2 either fulfill 2 = 52 for the

variance estimator 02 from Section 2.4, or they simply are defined by 2 = &2. The
first proposal suits well the case of a homogeneous noise, and the second one is similar
to the wild bootstrap idea and should be used if the assumption of noise homogeneity is

questionable.

The recommended estimator of the critical value can be computed by using the following

simulation procedure:

1. Foreach 1=1,...,n, generate Y, = fM (X;) + 0,&; , where &; is sampled randomly

from the standard normal law.

2. Use the data set {}7“ X;:1=1,...,n} to estimate gradient projections G; with
estimator (2.3) based on gradient estimator (2.1) with the last step bandwidth b =
b*=) _ Denote the resulting estimator by Elm . Compute v, = Elel |’ﬂvlm|2 for every
m—=1,...,d and the statistic TM, that is U(aq1)-

15



3. Define t, asthe (1—a)-quantile of the empirical distribution of T that is obtained

by repeating steps 1-2 many times.

Theorem 4.2. Let Assumptions 1-5 hold and mingeg v} > (rs,.0,)% with r = s;. If
M =M, then

P(Hp ts rejected) < o+ 3(kp +1)/n.

4.2 Identification of the nonlinear component

Here we describe how the effective nonlinear dimension M and the index set J corre-
sponding to the nonlinear component can be estimated using the above testing procedure.
Let some positive a < 1 be fixed. Starting with M = 0, we consider the model with M -
dimensional nonlinear component due to (4.1) and (4.2) and test the hypothesis M < M
at the level o as described in Section 4.1. Terminate if the hypothesis M < M is not
rejected, otherwise increase M by one. Finally we set M = “the first nonrejected M”

and j:jﬂ

Theorem 4.3. Let Assumptions 1 through 5 hold and min,, ey v}, > (rs,én)z with r = s1 .
Then

P(T#J) < a+3(kn+ M)/n.

Remark 4.2. It can be easily checked that the results of Theorems 4.2 and 4.3 continue
to hold even if the test level o depends on n and goes to zero as n grows. In particular,

a

one can take @ = n™% with a < 1/2. With such a choice, our method leads to a consistent

estimation of the set 7.

4.3 Estimation and inference for the linear component

The method described above allows to classify the regressors into linear and nonlinear.
Moreover, the result of classification is correct with a dominating probability provided the
sample size is large enough. The impact of every linear regression variable in the model
function is characterized by the corresponding slope coefficient 6,, from (1.1). Here we
discuss how these slope coefficients can be estimated. We use again the observation that

0f/0zm = O, for every m ¢ J . Therefore, the sum

>

e
3
[
3=
g
2.
s

(4.3)



is a reasonable estimator of 6, . Here @(XZ) is the gradient estimator obtained at the
last step of the algorithm. Our next result claims that O, from (4.3) estimates the true
value 8, with the root-n accuracy and that it can be very well approximated by a Gaussian
random variable. This result can be viewed as an application of Theorem 3.1 for m ¢ J

and ¥, = 1.

Theorem 4.4. Let Assumptions 1 through 5 hold. Then for every m ¢ J , there ezists a
Gaussian zero mean random variable vy, which is defined as a linear combination of the
errors €; with deterministic coefficients, depending on the “ideal” bandwidth b* = b*(k"),

the design Xi,...,X,, the basis functions Yim(-) and the kernel K only, and such that
E|’Y:n|2 < 2020‘2/'CK7
and on the random set A from Theorem 3.1 with P(A) > 1 — 3k,/n, it holds

max é\m -6, — n_l/z'y; < (azn_lLlog n) 2/3,

m¢J

where Cy = Cy1(d, M,Cy,Cv,Cxk,Ck,9) .

Remark 4.3. The above estimator é\m can be slightly refined by explicitly using the esti-
mated structural information about the model. Namely, an application of the anisotropic
bandwidth b = diag(/l;l, .. .,/l;d) with ?)\m from the last iteration for m € J and /I;m = 00
for m ¢ J leads under condition of the correct identification to the classical partially

linear estimator for the case with known J, see e.g. Hirdle, Liang and Gao (1999).

Remark 4.4. (Selecting significant regressors) The procedure in Section 4.2 can
be also used for identifying the significant components. All the regressors entering in
the nonlinear component are automatically significant. The linear regressors can be fur-
ther analyzed for significance. Theorem 4.4 claims that the normalized estimation error
N (é\m — Om) is asymptotically normal. Moreover, the asymptotic variance of é\m can
be easily estimated. Indeed, é\m is a linear combination of the observations Y; with the
known coefficients c¢;y, , that is, é\m =Y . C¢im¥Ym . Then 67211 = ¢? > cfm is an estimator

0, é\m ’ > A\%52 for

of Var(6,,). The search of significant regressors can be done by the rule
some A > 0, see illustration of this procedure in Section 5. We skip the further discussion

for the reasons of space.

5 Simulated and real data results

In this section we illustrate the performance of the proposed method on some simulated

examples and give a real data application. With the simulated examples we aim to illustrate
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how the performance of the proposed method depends on the sample size n, dimension d
of the model, the dimensionality of the nonlinear component M and the noise variance o2 .
We especially focus on the component classification results: identification of the nonlinear
variables and selection of the significant variables. We also demonstrate how the quality

of estimation of the nonlinear components improves during iteration.

In our simulation study we apply the modified procedure (see Remark 2.4) with the fol-

lowing parameter setting:

-1/3 —1/6
? ?

p1=1, Pmin = N a, =e n=0.2, ah:a;l/z.

The initial bandwidth h; is selected from the condition #{¢: Mu(X;) > d+ 1} > n/2,
where Mp(z) stand for the number of the design points X, in the ball of radius A
and center z. This condition ensures that for at least a half of the design points the

local gradient estimator is well defined. This setting leads to the number of iterations
k(n) =~ log(p1/pmin) 2logn.

loga,

The procedure utilizes the kernel K(|z|*) = (1 — |z|*)3 . For every m < d, the basis
system {Y1m(Zm), ..., YLm(Zm)} is obtained using polynomials of z, of degree from
one to L satisfying the conditions > . ; w;¥im( i,m)zp,,m(Xi,m)/E?:l w; = & and
Yo Yim (X m)w; = 0 where w; = w( ) = >\11n/1?1(‘/1( )) for kth iteration with & > 1.
We apply L =6.

In our simulation study we consider the model Y; = 87 X, + 9(Xid-—m+1,- -, Xsd) + &
for M between 1 and 3. The vector 6 is taken of the form 6 = (1,2,3,4,0,...,0)T . The
link function g is g(u) = g1(u) = e* +e™™ for M =1, g(u1,u2) = g1(u1)g1(uz) for
M =2 and g(ug,u2,u3) = g1(u1)g1(uz2)g1(us) for M = 3. The dimension d is taken
4 + M or larger. The errors ¢; are i.i.d. normal with parameters (0,0%) for o2 = 0.1.
The design Xi,..., X, is modelled randomly so that each X; follows Norm(0.2,0.82)-
distribution, restricted to the [—~1, 1]%cube. The experiments were done for sample size n =
100, 200, 400 . The results displaying the quality of estimation by the iterative algorithm are
summarized in Tables 1 for M = 1 and in Table 2 for M = 2. We display the mean losses

~ . ~(k .
|Um| for one linear regressor and |v,(n)—v,*n| for nonhnear regressors where v} = |G |2 and

By, is the vector with the components £}, = >, w me( im) Wi (Xs.m) /2:Z 1 w

It is interesting to observe that the quality of estimating the linear regressor z; improves

with growing dimension d .

In Table 2 we demonstrate in addition how the error of estimation depends on the noise

variance ¢2. One can see that the estimation risk for the nonlinear components only
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Table 1: Case M = 1: mean loss |?7m — v;‘n| for the nonlinear regressor for the first, second, fourth,

and final iteration and final losses |t1| for the first linear regressor. Results are obtained from

N = 250 simulations. The interquartile range of the losses is given in parentheses.

d n nonlinear regressor linear regressor 1
1st 4th final final
5 100 0.9580 0.6656 0.3069 0.0139
(0.1865)  (0.1546)  (0.2400) (0.0118)
5 200 0.9395 0.7711 0.2424 0.0072
(0.1378)  (0.1300)  (0.2024) (0.0057)
6 200 0.9432 0.7207 0.1641 0.0018
(0.1281)  (0.1067)  (0.1766) (0.0016)
] 200 0.9362 0.6703 0.2232 0.0006
(0.1258)  (0.1003)  (0.1797) (0.0005)
10 100 0.9574 0.6743 0.5822 0.0005
(0.2064)  (0.1526)  (0.2756) (0.0004)
10 200 0.9406 0.6777 0.3690 0.0002
(0.1522)  (0.1202)  (0.2218) (0.0002)
10 400 0.9348 0.7217 0.2316 0.0001
(0.0925)  (0.0838)  (0.1399) (0.0001)

slightly increases with ¢ while it is essentially proportional to ¢ for the linear one. An

explanation might be that the estimation error for the nonlinear components is mostly

due to the nonparametric bias which disappears in the linear components during iteration

process by structural adaptation.

Table 2: Case M = 2: mean loss |ﬁm — v;‘n| for the nonlinear regressors for the first, second,

fourth, and final iteration and final losses |71| for the first linear regressor. Results are obtained

from N = 250 simulations. The interquartile range of the losses is given in parentheses.

d n o’ 1st nonlinear regressor 2nd nonlinear regressor linear regressor z;
4th final 1st 4th final final
6 200 0.1 4.6117 3.7349 0.4763 4.6337 3.7576  0.4473 0.0081
’ (0.6646)  (0.5028)  (0.5211)  (0.6257)  (0.5402)  (0.4785) (0.0068)
] 200 0.1 4.6397 3.4423 0.4244 4.5942 3.4085 0.4058 0.0025
) (0.6683)  (0.5431)  (0.4108)  (0.6646)  (0.4621)  (0.4607) (0.0019)
10 100 0.1 4.6338 3.1450 0.7573 4.6862 3.1642 0.7089 0.0043
’ (0.8840)  (0.7307)  (0.5302)  (1.0155)  (0.7312)  (0.4938) (0.0082)
10 200 0.1 4.5537 3.2806 0.5812 4.5904 3.2917 0.5489 0.0011
’ (0.7458)  (0.5065)  (0.3404)  (0.7649)  (0.5875)  (0.4014) (0.0010)
10 400 0.1 45198 3.5276 0.4457 4.5584 3.5594 0.4319 0.0004
’ (0.4850)  (0.3566)  (0.3121)  (0.4168)  (0.3562)  (0.3023) (0.0008)
10 400 0.9 4.5198 3.5284 0.4403 4.5584 3.5602 0.4325 0.0007
’ (0.4850)  (0.3483)  (0.3949)  (0.4167)  (0.3642)  (0.3948) (0.0006)
10 400 0.4 45198 3.5297 0.4637 4.5584 3.5615 0.4666 0.0017
) (0.4850)  (0.3316)  (0.4891)  (0.4167)  (0.3727)  (0.5029) (0.0018)
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The next figure illustrates the result of Theorem 4.1 about separation between linear and
nonlinear component. Let Ly () denote the empirical distribution of the random variable
£ based on its sample of size N . A good separation between linear and nonlinear compo-
nents means that the functions Ln(vp,) for every m € J and 1 — Ly(Up,) for m ¢ J

have non-overlapping support.

n=100 n=200
1 1

09 ST 0.9 T
08
e 07
06
05
04
S
Fa 03
Lo
o 02

0.1H

L L L L , 0 L = L L L L ,
1 15 2 25 3 0 05 1 15 2 25 3

Figure 1: Case M = 2,d =6 : Ln(TUs), Ln(Ts) (dotted lines) and 1 — Ly (maxm=1,...,4 Um)
(solid line) for n = 100,200 from 250 realizations.

We observe a very good separability for » = 100 and a possibility of perfect separation

for n = 200.

Next we illustrate how the quality of estimation of the linear component improves with the
sample size. Figure 2 shows box-plots of the estimation errors n1/2||§— 6*|| of the linear

component after the final iteration for d =6, M = 2 and different sample sizes n .

Table 3 illustrates the performance of the test of the hypothesis M < M and the quality
of the classification rule from Sections 4.2 and 4.3 for different M, d and n. In this table
we present the fraction of wrong classifications for every of nonlinear regressors and for the

whole model.

One can observe once again that the results (the fraction of wrong classifications) improve
as the dimensionality d grows. This can be explained by the fact that the distribution of
the test statistic used for classification will be more and more degenerated with growing

dimension d.

Another observation is that for M = 3, the procedure requires some minimal sample size
to start selecting all the three nonlinear components. For n = 100 we obtain for almost
all the cases M < M. For n = 200 and d = 7 we correctly classify in only about 30%

cases but for d = 10 the fraction of wrong classifying is already under control.

Figure 3 illustrates the quality of estimation of the noise variance 2 by &2 for one example
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Figure 2: Case M = 2 : box-plots of the estimation errors n1/2||5— 6*|| of the linear com-

ponent after the final iteration for d = 6. Results are obtained from N = 250 simulations.

Table 3: Fraction of wrong classifications for every nonlinear regressor and for the whole model.

Results are obtained from N = 250 simulations and 500 bootstrap replications.

M d n 1st n.c. 2nd n.c. 3rd n.c. {j #J}
100 0.152 - - 0.18
1 5 200 - -
400 0 - -
1 10 200 0 - - 0.
400 0 - - 0.00
1 20 400 0 - - 0.
100 0.268 0.308 - 0.38
2 6 200 0.056 0.048 - 0.1
400 0.004 0.004 - 0.024
2 10 200 0 0 - 0.008
400 0 0 - 0.0
2 20 400 0 0 - 0
100 0.976 0.96 0.964 0.992
3 7 200 0.62 0.656 0.656 0.748
400 0.076 0.06 0.072 0.1
3 10 200 0.004 0 0.004 0.004
400 0 0 0 0
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with d = 6, M = 2 and different sample size n. The results are in agreement with the

root-n consistency of the estimator 2.

n*?(g?-0*?) for d=6 and M=2
15-

05f

n=100 n=200 n=400

Figure 3: Box-plots of the estimation errors n'/?|[2 —o*?|| for d = 6, M = 2 and different sample

size n.

5.1 A real data example

This section presents an application of the procedure to a real data set. We consider the
example from Sperlich (1998) and Hérdle, Spokoiny and Sperlich (2001) where a subsample
of the Socio-Economic Panel of Germany from 1992 was studied. The target of analysis is
the weekly number of working hours, Y;, of 607 women with job and living together with a
partner. The following explanatory variables were used: the age of woman, between 25 and
60, X1; her earning per hour, X,; the prestige index of her kind of profession (Treiman
prestige index), X3; the monthly rent or redemption for their apartment or house, Xy;
the monthly net income of their partner, X5; the number of years of education, Xg; the
unemployment rate at the particular tract they live in, X7; and the number of children
younger than 16 years, Xg.

The estimates ¥, obtained by our estimation procedure are given in Table 4. We also got

the estimate 62 = 0.736 for error variance o2.

Table 4: Estimates v, of v},.

U1 U2 U3 U3 U5 s U7 Ug

0.05259 0.00729 0.00441 0.00012 0.00060 0.00142 0.00015 0.00875

Next we identify the linear component starting with M = 0 as described in Section 4.2.
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Table 5 gives the p-values PV for each test H aq, which are obtained during the bootstrap

procedure, defined as:

B
1
PV = B bz—; 1{5(b) >T(a41)}

(M+1)

The first three hypotheses Hg, Hy and H, are rejected at 10% level, and there is clearly
no rejection of Hz. So, for the considered model, the nonlinear dimension is estimated
as three and the nonlinear variables are X;, X5, and X3. Our linear/nonlinear variable
classification results coincide with those from Hirdle, Sperlich and Spokoiny (2001), but
with quite different p-values: in our results X; (age) is the most nonlinear and X, (earning
per hour) is the least nonlinear variable among the three, while in Hirdle, Sperlich and
Spokoiny (2001) the situation is reversed. Note that while their identification was made
under the assumption of additive model structure, our results are obtained for a general

situation when such additive structure is not required.

Table 5: p-values for consecutive tests

M | Ypqq1y | p-values
0 U1 0.003996
1 Ua 0.086913
2 Us 0.01998
3 Us 0.47153

6 Conclusion and outlook

The paper has introduced a new method of exploring a partially linear model based on
the idea of structural adaptation. The method applies under mild assumptions on the
underlying regression function and the regression design. The procedure is fully adaptive
and does not require any prior information. The results claim that the proposed proce-
dure with a high probability correctly identifies the nonlinear component and estimates

1/2 provided that the dimension of the

the linear component with the optimal rate n~
nonlinear component is not larger than 3. The simulation results demonstrate an excellent
performance of the procedure for all considered situations. An important feature of the
method is that it is very stable with respect to high dimensionality and for a non-regular

design.

Non-Gaussian or heterogeneous noise. The method and results can be easily extended

to models with homogeneous non-Gaussian noise satisfying some exponential moment con-
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ditions. Another interesting issue is applicability of the method for a general heterogeneous
or dependent noise, in particular, to time series models and financial data. We leave these

extensions for further research.

The case with M > 4. The method continues to apply even if M > 4 and itera-
tions would lead to improvement of the bias. However, the bound for the bias of order
(ntlogn)?/3 can be achieved only for M < 3. For larger M, the bias will be of order
n~1/2 of bigger and the procedure does not provide root-n consistent estimation of the
functionals B}, . So, if the hypothesis M < 3 is rejected, then we recommend to apply

for the choice of M some model selection criteria like cross-validation or Mallows Cj,.

Data-driven choice of parameter L. The method depends upon the parameter L
describing the number of basis functions for every regressor. In the univariate case, either
an n-dependent or data-driven choice of such a parameter is usually applied, see Hart
(1997) or Spokoiny (2001) and references therein. An adaptive choice of L in the considered

problem is an interesting question for further research.

Semiparametrically efficient estimation of the linear component. Due to the
result of Theorem 4.4, the proposed estimator of the parameter 8 is root-n consistent and
asymptotically normal. However, it is unlikely that this or the refined estimator of 8 from
Section 4.3 is semiparametrically eflicient in the sense of minimization of the asymptotic
variance, see e.g. Bickel et al. (1998). A modification of the method leading to the

semiparametrically efficient estimation of linear part will be discussed elsewhere.

Estimation of the nonlinear component. After the nonlinear component is identified,
it can be estimated using the standard methods of nonparametric statistics. Actually, the
algorithm gives an estimator of the whole function f and of the linear component, so
that the nonlinear component can be extracted as well. This estimator corresponds to the
local linear smoothing of the nonparametric M -dimensional function with the bandwidth
about hp & pmin , and may not achieve the best rate. To improve the quality of estimation,
one can apply the classical cross-validation technique for selecting the bandwidth in the

direction of the nonparametric component.

Discrete and categorical data. Note that the assumption of linearity is meaningful for
discrete or categorical variables as well. It means that the influence of the corresponding
regressor is independent of the other variables and therefore, at least in the binary case,
can be modelled linearly. Moreover, the procedure easily applies for the situation with

discrete data without any change.
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7 Appendix

Here we collect the proofs of the main results. For the ease of exposition, we consider only
the main procedure (without weights) and only the case of 7 = 0. The general case can

be considered in the same way.

7.1 One-step improvement

Suppose that we are given some fixed numbers h and p (which mean the current values

hi and p ) and a vector v = (v, ...,v4)" € IR? which can be viewed as an approximation
of v* = (v],.. .,vs)—'— obtained at the previous step of the algorithm. Set also
by, = h(l—l—p_zvm)_l/z, m=1,...,d, (7.1)

and define b = diag(by, ..., bq) . Define also f(Xz) ) @(XZ) and Bim by (2.1) and (2.3) for
all I=1,...,L and m =1,...,d with the just defined bandwidth b. We aim to evaluate
the estimation errors Blm — B, - To describe the results, we introduce the shrinking factors

Py = (1 + ,o_zv,"n)_l/2 and define
_ p2 —2 _ —2. % y\—1 —2

and similarly Uy, = P2, (1+ p~2v},) = 1. Clearly the vector U = (Uy,...,Ug)" € R?

Um
uniquely describes v, so that we consider later in this section v = v(U) and similarly
Blm = Blm(U) for the functionals Blm in (2.3). Let @ = (a,...,a4)" be a vector in R
with entries a,, € (0,1). Define

Uy ={U=(U1,...,U)" € R*: U — 1| < o, m=1,...,d}.
We also define a* = maxm—1,.. d Qm .

Proposition 7.1. Let Assumptions 1 through 5 hold. Let Bim(U) = Ealm(U) . Then
d L C 01/2 2
52 Y nln0) - i < (S )
< m=1[=1

and, for every l=1,...,L and m=1,...,d, there exrists a zero mean Gaussian random
variable &1, defined as a linear combination of the errors €; with deterministic coefficients,
which depend on v*, the design {X;}, the basis functions Yim(-), and the kernel K only,
and such that

max E¢2 < 20°CiCk (7.2)
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and

a Elm agcan|a| 2
P P, i Bim(U) — Bim(U)} — ’ < —
(rggf S | FomiBim(U) = Bim(U)} = 305 > =0 ) o
where the mazimum is taken over m = 1,...,d and 1l =1,..., L, ¥ = max |t (X;)| and

2,6, M

o (ﬁcv Cx:  2%2C% Ck: Ck

(1—a*)3/? (1= o)/ ) (2 + +/2log(ndL) + dlog(4n)) )

Let 8y, denote, as in Proposition 3.1, an L-vector with the components G}  and Em =

Em(U) its estimator with the components Blm(U)-
Corollary 7.1. Let z, = (1+ 2log(nd) + 2loglog(nd))'/? and

c,C? hy? V2LoCyCy%z,  VIo9 Conlal
1-o* hy/n hy/n '

Then under the conditions of Proposition 7.1 it holds

=

P( max  sup
m=1,...d Ucid,

Pyom (Em(U) - ﬂfn)‘ > 5) < 3/n.

The corollary helps bound the estimation error P2, (Upm(U) — v},) .

Proposition 7.2. Under the conditions of Proposition 7.1,

P ( sup | P2, (Um(U) — v},)| < 8% + 267, for allm = 1,...,d) >1-3/n
Uela

where Tr, = py/u5, (0% + v%) ™2 < min {p, \/oF,} .

7.2 Proof of Proposition 7.1

Denote by P, the diagonal d X d-matrix with the diagonal entries P,,,, that is, P, =
diag{P, 1, ..., P,a}. Similarly, for U = (U, ...,Uz)" € R?, define Dy = diag{Uy,...,U4}.
Next, for every 4,5 < n, define Z;; = h™' P, (X; - X;), Ki;(U) = K(Z;; DyZi;)

5(U) = _ 12:;( )YK” (U).

It is easy to check that for the (m + 1)th component s; ,,, (U) of 5;(U) it holds §;,,(U) =
Pym @‘m (X;) and hence,

n

Pp,m/alm(U) - n_l Zgz,m(U)'lplm(Xz,m)

=1
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The model equation (1.1) implies 5;(U) = s;(U) 4 (;(U) with

si(U) = 1271:( )f Kq;(U),

Jj=1

GU) = 1271:( ) (0).

Jj=1

This yields, for each coordinate m =1, ...,d,

Bo{ BBin(U) = B} = 3 {5 (U) = Ban Vi (X}t (Xim)

Pp,m{/alm(U) - E/B\lm} - ZCZ m 'll}lm 2 m)

Clearly (m(U) :== 113" | Cim(U)Yim(Xim) is for every U a linear combination of the

Gaussian errors ¢; and therefore it is also a Gaussian vector in R®.

Define &y is the projection from R onto IR? dropping the zero coordinate: Ei(Toy .., zq) | =
(z1,...,24)" . Itis easy to see that the following three statements imply the claimed result:
c, 01/2
sup |&4s;(U) — P,VF(X;)| < V hp?, i1=1,...,n, (7.4)
Ucla
P (D) ~ G (U)] > ”C“’"'“') <2/ (7.5)
max sup |Cim Im ——— | < 2/n, .
Im Ucid, h\/ﬁ
262C2 Ck
*\ (2 |4
max E|(m(U)|” < SRy (7.6)
where the maximum is taken over [ = 1,...,L and m = 1,...,d. Indeed, the last two

statements of the proposition directly follows from (7.5) and (7.6) for &, = ha/n (m (U™) .
Next, (7.4) implies

n d C.c\? 2
-1 . N2 g~V 2
Y sim(U) = PomVim (Xi)[* < (ﬁhp) :

=1 m=1
Since the vectors ¥y, € IR™ are orthonormal for different [, it follows for the Bessel

inequality for every m < d

§|'—‘

1 n
n Z |3i,Tn(U) - Pp,mvfM(Xi)|2 >
=1

zn:(sfm Pp,mvfm(Xi))Tlflm(Xi,m)

o (EBin(U) - B7,)

L
2

7
25
and thus,

d R 1/2 2
3N P (EBim(U) - B1) < (% hpz) .



To check the statements (7.4)—(7.6), the following lemma will be useful.

Lemma 7.1. Let |[Up,—1| < oy, <1 forall m=1,...,d. Then for all 1,7, the inequality
|ZZ-—'J—- DuZi;| < 1 implies |Z;|? < 1/(1 — o*) and 1+ |Z5|* < 2/(1 — o*).

Proof. Note that the inequalities ZZ-—'J—- Dy Z;; <1 and Uy, — 1| < o4y, imply

Zj DyZi; — |Zij|2‘ =

Z5(Dy — 1)Z5| < o*| Z4)

and thus, |Z;;]? < (1 - a*)_lzi—; Dy Z;; . O

Now we check (7.4). Since

0.6 A NN I WA AN S Al (0. O R N
(Ppr(Xi)) - o Z(Zﬁ) (Z) (Ppr(Xz-)) )
= r )Tt Z( 1, ) {F(X) + X5VF(X)} Kij(U)

it follows

e LG O T SVPSPE o Vi N A xT NS
() (vaf(Xi)) - Iuw) Z(Z) [5065) = £ = X VF(X0) } K (0)

where in view of (3.1)
ri; = 9(R*Xj2) — 9(R*X;2) — (R* X2 — R*Xi0) " Vg(R* Xi0)

with R* being the diagonal M X M matrix with diagonal entries /v, , m € J. It is
clear that

‘@Xj,m — @Xi,m‘z = h2vop,(L+ p2vp) ' 28 o < BPP°Z0 .
Therefore,
|R* X0 — R* X 0|* < B? 0% | Z;5|%.
This yields by Lemma 7.1 and Assumption 4 for every pair (¢,7) with ZZ-—'J—- DyZ; <1:
rijl < Cgh?p?(1—a*)7t.
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Using the Cauchy-Schwarz inequality and Assumptions 5 we bound

n

- - 1
asi(U) ~ B, V(X <7 sup  ATV(U) 1Z(Z ) Ki;(U)
AERI! :|A|=1 — ij

< sup A7 zn:ATVz’(U)_l(Zli ) (le _)TKij(U) ViU)'A ) ki Ki(U)

[Al=1 j=1 7=1
1/2

C, hp? ~
< Z9ltP sup ATVZ'(U)_l)\ZKij(U)
7=1

T l-aot =

< (1= *—1Ch 2 NUVU_l 1/2< 1— *—1001/2h 2

< (1- o) Gy h g [NAOAD) ) < (1= )2 Oy 2R
and (7.4) follows.

By definition every (i, (U) is a linear combination of the ¢;’s, that is, there are coefficients

¢ im(U) such that

n

Cm(U) = Z ciim(U)e;.

=1

The coefficients ¢; m(U) depend on the design Xj,..., X, , the basis function ¥, , the

kernel K and the vector U . Moreover, these coefficients satisfy the following conditions:

Lemma 7.2. For every [ =1,...,L and m=1,...,d

-~ 202Cxk
. ) *\ (2 |4 .
O Yl < G0

i 20‘2/01{

. . 2 < .
& UsélzZ; eatm (U< (7 goyhzn
de; 1m (U) Kea
— < = wh
(iii) USSZZ iU ‘ < o where

Ko = \/5(1 — a*)_3/2CVCK/E—I— 23/2(1 — a*)‘5/20‘2,CKCK@.

Proof. Define for 4,57=1,...,n

Ni(U):ZKij(U): ”ij(U):Vi(U)_l(Zl._)'

It follows from Lemma 7.1 and Assumption 5 that U € U, implies for every 1,5 with
Ziy Dy Z; <1

|Ni(U) wi(U)] < Cv (1 +1Zi5*) /% < Cyv2(1 - o) 712, (7.7)
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Next, for a fixed m < d, denote by v, (U) the (m + 1) th component of v;;(U). Then

1 n n
Clm(U) = % Z 'll}lm 7 m Vijm ) o
=1 7=1
n 1 n n
S B SICIINCE ) 3@
7=1 =1 7=1
Clearly E|Gm(U)> = 0® 374 ¢3,(U) . The Cauchy-Schwarz inequality, (7.7) and As-

sumption 5 imply

n

Z C?,lm (U) =

(Z Vi (X m)vijum (U) Ki3(U)

e
< nzhzZ(Z“/’lm i,m)Vijm(U) Kij(U) ( Uz’j,m(U)Kij(U))
(N2 Ki;(U)\ (N~ Ki(U)
e 2 () (255
2C%C UL, U
< (1-a* Ti{zhzzzd”m z-((U))

7=112=1

2CVCK = 207.Cxk
Z Ilplm 2 m - (17

(1 - a*)n2h? — a*)nh?’

As a particular case, with Dy = Dy = I and o* = 0, this yields

i * 202 CK
Z cilm(U — nh2
i=1
and the first two assertions of the lemma follows.

Now we bound the derivative of each coefficient cj;m(U) with respect to U. For every

pair 1,7 such that Z;;DUZij <1, Lemma 7.1 implies

d
‘EK ‘ |K'(2]; Dy 2:5)|12:51* < (1 - &)™ |[K'(2]; Do Zi5)]
Let 0; and o, be unit vectors in JR**' . Then for every m =1,...,d
0V (0] _ a —
—051,,3 = —ol V() (—aUmv,-(U)) Vi(U) oy

— _olui(U)! (i(zlj) (le)TK (2] Dy Z”)Z”m) Vi(U) 0.

Lemma 7.1 and Assumption 5 yield

001TV ( ) (o))}
oU,,

2C%
T (=) NP

S| K2 Dy Zi5)| 2
=1
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Since v;;m(U) = (1—|— | Z:;1 )1/2 S Vi(U) lo, where e,, denotes the mth coordinate
vector in IRt and o, = (1 + |Zij|2)_1/2 (Z ) , it follows for every pair 4,5 such that
5]

ZLDyZi; < 1:

1/2
dvijm(U) 2y1/2 de,Vi(U) o, ’
) < ..
dU ‘ < (1+124) Z_:l U
P 24 1/2
23/202 n .
(1- )3/2|N mz,::l z:: "(Zi5 Du 2i3)| Z;
23/2CV a = I T 2
S U= PPN mz,:l;u{ (Zi; Du Zij)| Zijme
23/202 CK’ n 23/202 Cx:
K'(Z Dy Z;;)| 1 Z:;]* < v :
(1 o* 3/2|N Jz:| 17 U .7)|| .7| = (1—a*)5/2NZ(U)
Since
dem(U) _ 1 ¢ 0K (0 Bism0)
T — %z_: 27,m 'll}lm 'Lm) nhz )Ilplm( 'Lm)-

the use of (7.7) and Assumption 5 yields

dcjim(U) < V2Cv iy, = |K'(Z) Dy Zi;)|  23/2C2Cxitpy,, ~— Z
aUu nh(l — a*)3/2 — N,(U) nh(l — a*)5/2

ﬁCVCK'alm 23/20‘2/'CK’CK$lm
nh(l — a*)3/2 nh(l — a*)3/2

and assertion (iii) of the lemma follows. O

Since E|(m(U)> = 0?37, 2, (U), condition (7.6) follows from Lemma 7.2, (i).

The following lemma is a minor modification of Lemma 8 of HJS.

Lemma 7.3. Let v be a positive number and let I' be a finite set. Let functions a;(u)

of u € R® obey the conditions
d

sup sup |-~ a; 4(u)| <k, 1i=1,...,n. (7.8)

YET ju—u*|<r

If the €; ’s are independent N(0,c?) -distributed random variables, then

> 0K rt) <

where t = 2+ +/2log(n|I'|) + dlog(4n) and |I'| denotes the number of elements in T .

S

ai () — aiy(u")}es

P | sup sup
YET ju—u*|<r
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The claim (7.5) follows from Lemma 7.2, (ii) and (iii), by the preceding lemma applied

with a; 4(u) = v/nejm(U), £ = h’i‘/lﬁ’ r={ml):m=1,...,d, Il =1,...,L}, and

r = |a|. This completes the proof of the proposition.

Remark 7.1. In the proof of Proposition 7.1 we defined the random variables &, as
&im = Em(U™) . One can easily check that the result of the proposition continues to hold

with &, replaced by & (U) for any U € Uy and with the right hand-side of (7.2)
and with the constant C,, multiplied by (1 — a*)~!. This fact is used in the proof
Theorem 4.2.

7.3 Proof of Corollary 7.1

By Proposition 7.1

sup max

Uethy, ™=1,...d Fom (EEM(U) - /B:n)‘ <Y G/” p°h

- 1-a*

and on a random set of probability as least 1 —2/n

_ Em < \/EO'ECa,n|a|
VAR N

where &, € RY, m =1,...,d, are Gaussian random vectors with components & m from

Ym=1,...,d,

Pom (Bm(U) ~ EBm(U))

Proposition 7.1.

By Lemma 7 in HJS,

P (|én| > 20 /ElEnl?) < 1/(nd).

In view of (7.2) E|£,|? < 2Lo?C%Ck , and the corollary follows.

7.4 Proof of Proposition 7.2

The definition of 7, implies

P2 oy = (14 p %) Wo* =72 <min{p? v ). 7.9
( p m m m — p7 m

p,m - m

Lemma 7.4. If Pp,m|3m — Br| < 6, then P2, [0y — vk | < 8% + 26 7.

Proof. Define the vector @, € RL (resp. %) whose elements are Pp,mﬁlm (resp.

PomBy, ). Clearly P2, 6,,(U) = |Um(U)[*> and by (7.9) P2, v = |up|? < 77 Itis

p,m-m

easy to check that

[t |* — [t || < Vi — 27 2 + 2[m — | - [*], (7.10)

and lemma follows. O
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The proposition follows from Corollary 7.1 and Lemma 7.4.

7.5 Proof of Proposition 3.1

The proof of the first claim is a simplified version of the proof of Proposition 7.1: just set
there P, ,, = 1, drop supy, and repeat the proofs of (7.4) and (7.6). The factor v(l) in §;
comes from R* in (3.1). Next, applying Lemma 7 of HJS one gets the claim (3.2). The
claim (3.4) follows from (3.2) and Lemma 7.4 applied with p = 1.

7.6 Proof of Theorem 3.1

Let the numbers hg and pg be as in the algorithm description, & = 1,...,k,. Define
successively the values 4 and d-vectors oy with components oy, as follows: a; =0,

8 asin (3.3), and for k=2,... k,

s~ GOV )y V2LoCy Cil* 2 | VIo¥Cuyn o
(1 — a,’;) k hk\/ﬁ hk\/ﬁ '

Okm = p,?z (25k—17'k,m + 5,%_1) , m=1,...,d (7.11)
with of = maXm=1,..m Chkm; Tk,m = Pk Ui (,o,2c + v,*n)_l/z < min{pg, v}, and with
defined in Proposition 7.1 and z, in Corollary 7.1.

We will need the following two lemmas proofs of which require only minor modifications

in the proofs of Lemmas 4 and 5 from HJS.

Lemma 7.5. For n sufficiently large, the ay ’s satisfy max ay < 1/4. In addition, for
the last iteration k., , it holds o

c,ci? VLoYCoy n|otk,|
kn n

and b, < Oy, where 6y, is defined in (3.6) and C means a generic constant depending on

d, M and the constants from Assumptions 1 through 5 only.

Proof. Note that ogm < 5,%_1/,012c for all m ¢ J and ogm < 5,%_1/,0,2c + 26k_1/pr for

m € J . The first assertion of the lemma easily follows from the fact that hgpir decreases

during iteration, cf. Lemma 4 of HJS.

Since the dimensionality of the nonlinear component is bounded by M , it follows

a2 < (d— M)&E_1 /o + M (83_1/0} + 281 /p1)" .

33



Further, the inequality |ag,—1| < C; with some constant C; depending on d and M
only implies in view of hg, 1 > 1/ap and 1 < pg, 1 (azn_lLlog n)_1/3 <1/a, that

Ok,—1 < C (azn_lLlog n)l/z, lag, | < C (azn_lLlog n)l/G.

Substituting this bound in the formula for p, yields by hg, > 1 and pg, = (azn_lL log n)1/3

that w, <C (azn_lLlog n) 2% and therefore
Ok, < V2Cy Cll</2 (azn_lei)l/z +C (azn_lL log n) 2/3.
O

Lemma 7.6. Let n be sufficiently large. There exist random sets Ay O ... Ay, 1 such
that P (Ag) > 1 — % and it holds on Ay
ma,xd‘Ppka(B,gf)—ﬂ;)‘S(sk, k=1,...,k, - 1.
m=1,..., !
Proof. We proceed by induction in k. First by (3.2) there exists a random set A; with
P(A;) >1—1/n such that max,;,—1,. 4 |Bl — (*| < é; on A;. This obviously implies
_max _|Ppm(Br— 67)] < 61.

3(k-1)

Suppose now that there is Ag_; such that P(Ag_1) > 1 — and it holds on Ag_;:

Poym (B = 83,)] < 611

max
m=1,...,

ﬁ,(,’f‘l) —uh| < 5,%_1 +265—1Tk,m simultaneously for all

m=1,...,d,and denoting U*) a d-vector with components U,(f) = ng,m(1+p,;26,(,’1“1)) )

Then on Ax_; by Lemma 7.4 Pg

k,m|

one gets U*) € Uy, .
By Corollary 7.1 there exists another random set Ag with P(Ag) > 1—3/n such that on
A it holds for every U € Uy,

max | Py m(Bm(U) — B)| < &,

m=1,...,

so that, with Ax = Ag_1 N Ag, we obtain P(Ax) > 1 — 3k/n and it holds on A

max | P, m(BW — 67| < b.

m=1,...,

<P

oe,m » the assertion follows. O

and, since for every m P, m

Let now Ag,_1 be the random set with P (Ag,_1) > 1 — ?’k’;—_?’ shown in Lemma 7.6 so

that on this set

mgllaX d |Ppkn,m(/37(1]fn_1) - IB’:;L)| < 5k'n._1’
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and for the corresponding d-vector U*=) with components Uk = P2 (1 —I—p,:fﬁ,gf"_l))

it holds Ukn) € Ug, .

9

Let then &, be the Gaussian L-vector with the components &;,, from Proposition 7.1
applied with A = hg, and p = pg,, . Due to this proposition, there exists a random set
Ay, with P(Ag,) >1—2/n,so that on Ay, it holds for all U € Uy, :

mgff{,lepkn,m(Bm(U ) = Bm) — % < pin,

where g, is defined in Lemma 7.5. This yields for the set Ay, = Ag,—1 N A, that
P(Ag,)>1- ?’k"T_l and the final estimator Em = E,(,]f") satisfies on Ay, :

-~

_max |By, (B~ 6) — n 2| < pn
where & = h71¢, . In view of h=hy, > 1

E|¢im|* = h 2 El&m]® < 20°C7Ck

and the first two claims in (3.5) follow from Lemma 7.5. The last claim in (3.5) follow by
applying Lemma 7 of HJS and Lemma 7.4. The first two inequalities in (3.7) follow from
(3.5) by setting P,,, =1 and 8}, = 0. The last one is proved similarly to Lemma 7.4.

7.7 Proof of Theorem 3.2

The proof can be done similarly to Spokoiny (2002) using the bound for the bias of esti-

mation from the proof of Proposition 7.1. We omit the details to save the space.

7.8 Proof of Theorem 4.1

In view of Theorem 3.1 on the set A, it holds %, < 62 for all m ¢ J. Therefore, it
suffices to show that on A, it holds ¥y, > r262 for every m € J. Next, by Theorem 3.1
again, for me J

B > 0y — B2 (62 1 26, Pyu) = vy — 62(1+ v3p™%) — 26 (1 + ™) /205,
Define s% = v} /62 and u, = 6,/p. Then, on A,
5720, > 8% — 1 — s2u2 — 2s(1 + s%u2)Y? > $2(1 — w2 — 2u,) — 1 — 2s.

It is straightforward to check that the right hand-side of this inequality as a function of s

is greater than r2 for all s > s, . Therefore, on A, 6,29, > r? for m € J as required.
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7.9 Proof of Theorem 4.2

To simplify the exposition, we suppose that the resampling scheme of Section 4.1 utilizes

2 2

the true variance o2 instead of the estimated variance o?. This assumption is easily

justified by the result of Theorem 3.2 claiming root-n consistent estimation of o2 by &2.

The idea of the proof is to show that the variable 6(M-|—1) and the similarly defined variable
Y(m+1) for the resampling model have approximately the same distribution. Let A be the
random set from Theorem 3.1 with P(A) > 1 — 3k,/n. It is obviously sufficient to show
that

PIu#J|4) < a+3/n

We therefore suppose that the event A holds true. Then, under the assumptions of the
theorem, the nonlinear component is correctly identified and all the bounds of Theorem 3.1
hold. Moreover, for every m ¢ J, the value n%,, can be approximated by | |?
the distribution of the vector &}, depend on the ‘ideal’ bandwidth b* = b*(*n)  the kernel

K, basis functions ¥, (-), and the design X3,..., X, only.

, where

Next we consider the model we resample from. This artificial model has the same structure
(i.e. the same linear and nonlinear components) and differs from the original one only by the
parameters of the linear component (they are equal to zero in the resampling model) and
by the nonlinear link function. More specifically, the estimators v,, based on the original
model are the “true” values for the resampling model and the last step bandwidth b = b(kn)
is the “ideal” bandwidth for the resampling model. Since the resampling model fulfills all
the conditions that we impose on the original model, Theorem 3.1 (or Proposition 7.1
with @ =0 and b = b(k")) continues to apply. This yields, in particular, that on a set
Ay with P(ZM) > 1 — 3/n, the nonlinear component of the resampling model will be
correctly identified. Moreover, due to Remark 7.1, every variable nv,, with m ¢ J can be
approximated by the squared norm of a Gaussian random vector with the same distribution
as &, . And thus, it is true for nv(pr4q). This yields, in particular, that the (1-a)-
quantile evaluated from the distribution of ng(M-|—1) applies up to the approximation error
to nvpr41) - It follows from Theorem 3.1 that the error of approximation of ny, by |€x )2
can be bounded by n(w? + wpd,) < C'n~/8(logn)®® for some constant C’. Therefore,
at least for sufficiently large n, the approximation error is small and the assertion of the

theorem follows.
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7.10 Proof of Theorem 4.3

Let A be the random set described in Theorem 3.1 with P(A) > 1 — 3k,/n. In view of
Theorem 4.1, it is sufficient to prove that P(M\ #M|A) <a+3M/n.

On A it holds 9y, < 42 forall m ¢ J and 9, > (ré,)? forall m € J and r = s;. Thus
ﬁ(M) > (516,)% for all M < M and ﬁ(M+1) < 62. For every M < M , we resample from
the model having precisely M nonlinear regressors with v, being the ‘true’ measure of

nonlinearity for every m € jM .

Application of Propositions 7.1 and 7.2 with @ = 0 to this artificial models and again
Theorem 4.1 with r = 1 ensures that on a set Ay with P(Ax) > 1—3/n, every oy, for
m ¢ Tm fulfills T, < 62 . Hence, Tpqq1) < 62 on A and the same holds for the 1 — o
quantile of §(M+1) provided that « > 3/n. Therefore, for every M < M , the hypothesis
M < M will be rejected on the intersection AN Apq. This yields

P(M<M|4)<3(M-1)/n (7.12)
Next the definition of M implies the inclusion
{M > M} C {Barsr) > ta(M)},

where t,(M) is evaluated in the resampling procedure with M = M. Applying now
Theorem 4.2 we get, using also (7.12), the desired bound for P(M\ # M), and the theorem

follows.
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