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ABSTRACT. Gyroscopic systems with two degrees of freedom under small random per-
turbations are investigated by use of the stochastic averaging principle. It is proved
that the principal term of the Lyapunov exponent for the original system coincides with
the Lyapunov exponent for the averaged system. An explicit formula for the averaged
Lyapunov exponent is derived. The averaged moment Lyapunov exponent is considered
as well. An example is given in which an unstable gyroscopical system is stabilized by
noise of the Sratonovich type.

1. Introduction

Consider the linear autonomous system of stochastic differential equations (SDEs) in the
sense of Stratonovich

q
(1.1) ariji — gifp + c1yr + eBLY +vEY _BLY o, =0

r=1
q
azije + g1 + c2y2 + B Y + \/EZBzTrY ow, =0,
r=1

where Y is the column vector with four components y:, 91, y2, 92, the coefficients
ai, ay are positive, g, ¢, co are constants, B] i = 1,2, r = 0,1,...,q, are row vec-
tors, w,(t), r = 1,...,q, are independent standard Wiener processes, ¢ > 0 is a small
parameter.

For ¢ = 0, we have the deterministic system with gyroscopic forces
(1.2) a1y — gyY2 +c1y1 =0

az¥2 + gy + cay2 =0 .
The characteristic equation for (1.2) reads
(1.3) a1asX* + (g2 + arco + azc))A? + cicy = 0.
The roots of (1.3) can be found explicitly.

The following facts are well known and can be directly verified. For ¢; > 0, ¢ > 0, g =0,
the system (1.2) is a conservative system of two oscillators which is stable. Adding
gyroscopic forces (g # 0) does not break the stability. For ¢; = 0, ¢cg = 0, g # 0, the
trivial solution of (1.2) is also stable. For ¢; < 0, ¢; < 0, g = 0, it is not stable. It can
be stabilized by sufficiently large gyroscopic forces, namely, iff

(1.4) 9] > Vailea| + Vazler] -

In both cases ¢; > 0, ¢; > 0 with any g and ¢; < 0, ¢z < 0 with |g| > \/a1|cz| + \/a2|cl|
all the eigenvalues of system (1.2) are pure imaginary (denote them by +iw;, +iws), and
the system (1.2) can be decomposed into two independent oscillators

1.5 5 4+ w?z =0
( 1

22 —|—w§z2 =0

by a linear change of coordinates.



Further, if ¢; > 0, ¢; > 0, the stable system (1.2) acquires the asymptotically stable trivial
solution after adding resistance forces with full dissipation. For example, the system
(1.6) afi + kg — 992 +ayr =0

a2z + k2¥2 + gy1 + c2y2 = 0
is asymptotically stable under ¢; > 0, ¢ > 0, k; > 0, ks > 0, and any g. But if
c1 <0, ¢ <0, then the dissipative forces with anyhow small k; > 0, ks > 0 destroy the
achieved stability by gyroscopic forces. If k; > 0 and ks < 0 (i.e., if along with a positive

damping k;9; we use a negative damping k2gs) the trivial solution of the system becomes
asymptotically stable iff

(1.7) ?kl < |ko| < ki,
1
(|k2|61 — k102)2 + Clcz(kl — |k2|)2

(Ik2ler — kuee)(ky — [kel)
This follows from the Hurwitz stability criterion.

92 > |Cl| + |Cz| + k1|k2| +

Clearly, there is a linear transformation which translates the system (1.1) to the linear
4-dimensional SDEs in the sense of Stratonovich

q
1.8 dX® = JXedt + e AV XAt + ey AXC o dw,(t), X°(0) =z,
0
r=1
where
0 w 0 0
| w1 0 0 0
(1.9) T=1 0 0 0w

0 0 —wy O

Thus, investigation of gyroscopic systems (1.1) is reduced to an analysis of coupled har-
monic oscillators under small random excitations. Nevertheless, the benefit of considering
gyroscopic systems in the form (1.1) is that the very important influence of their original
parameters including a structure of the noise can be taken into account directly.

Coupled oscillators under small random excitations were considered in a number of papers
(see [1, 2,18, 17]). In [1], the stochastic averaging principle is used for analysis of stability
properties of some systems (1.8). We also apply the averaging principle however not
immediately to the system (1.8) but to the diffusion process
€
AS() =% A:%, z#0,

defined on the unit sphere S* with center at the origin. In the next section we give a
rigorous derivation of averaging systems which are connected with the Lyapunov exponent
and moment Lyapunov exponent for the general two-degree-of-freedom oscillator system
(1.8). Sections 3 and 4 are devoted to explicit formulas for the coefficients of the averaging
systems and for the averaged Lyapunov exponent. The averaged system is one-dimensional
if w; # wy, w1 # 3wa, 3wy # ws. The cases w; = wy, w; = 3ws, 3w; = wsy are resonant [5].
In the presence of resonances a new slow variable arises and the averaged system becomes



two-dimensional. As in the deterministic theory, it can be constructed by a procedure
called partial averaging [5]. The resonance cases require an additional investigation and
they are not considered here. In Section 5 we prove that A\* = eX + o(g), where )\° is
the Lyapunov exponent for (1.8) and X is the averaged Lyapunov exponent. Most likely,
an analogous fact is valid for the moment Lyapunov exponents too but for now we have
not any complete proof of this result. In addition, let us note that for single-degree-of-
freedom oscillator systems this fact is valid and it can be verified directly. In Section
6 we first give transformations reducing (1.1) to (1.8) in an explicit form. This allows
us to take into account the coefficients of system (1.1) in a constructive manner. The
main result of Section 6 is the proof of possibility to stabilize some unstable gyroscopic
systems with positive and negative damping by a small noise of the Stratonovich type.
We should emphasize that such a stabilization is impossible for single-degree-of-freedom
oscillator systems (even for systems with periodic coefficients, see [9]). Finally, in Section
7, we briefly consider another approach to averaging belonging to the authors of [1]. In
conclusion we have to note that this paper adjoins a great deal of works devoted to second
order conservative systems with small random excitations (see [6, 4, 16, 17, 13, 15, 9, 7],
and references therein).

2. Averaging

Consider an autonomous linear four-dimensional system of Ito SDEs

q
(2.1) dX® = JX dt + e A X dt + Ve Y A X dw,(t), X°(0) =z.

r=1

The diffusion process

X:(t) Gy
AS(t) ===, A=—,2#0,
g | X5 ()] ]
defined on the unit sphere S with center at the origin, satisfies the system
q
(2.2) dA® = JA%dt + eho(A%)dt + v/E Y he(A%)dw, (L),
r=1

where the vector fields h,.(\), 7 = 0,1, ...,q, on S* are equal to

1 q q 3 q
- D (AN AN =) (AN NAN+ 5 3 (AN NN,
r=1 r=1 r=1

he(A) = A A= (AN r=1,..,q.
Let us underline that (JA, A) = 0.

It is assumed that the following condition of nondegeneracy is fulfilled:

(2.4) dim LA{hg, hy, ..., hg} = 3 for all A = z/|z| € S,
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where
- - - - 1 <
ho(A) = Agh — (AgA AN, Ag = J +eAy — is;Af,
LA{} denotes the Lie algebra generated by the vector fields which occur in the brackets
(see [3]).
It is well known that under (2.4) the Lyapunov exponent
1
(2.5) A =lim —En|X:(t)|, z #0,
t—oo T
and the moment Lyapunov exponent
1
(2.6) g°(p) = tlirn n In B|X: ()P, z #0, —00 < p < o0,
—00
exist and are independent of z # 0.
For | X:(t)|P, —oo < p < oo, we have the following linear equation
1 q
(27)  dXEP = e(pRAT) + P RINIXPdL + vep Y (AT, A% X5[Pdu (1),
r=1

where A® satisfies (2.2) with initial data A°(0) = z/|z|, the functions @Q(\) and R()\) are
equal to

(2.8) Q(N) = (Ao, \) + % D (AN AX) =D (AN N,
r=1 r=1
R(\) = (4:X )
r=1
The process p(t) := In|X5(t)| satisfies
(2.9) dpf = eQ(A°)dt + vE > (AA%, A%)dw, ().
r=1

Let us note that
(2.10) | X5 (8)[P = exp(pp°(t)).

We see from (2.2), (2.7), (2.9) that |X:(¢)|P and p°(¢) are slow variables and A°(t) is a
fast one.

Introduce the variable

(2.11) [e(t) = F YA (t) = F(—t)A°(¢),
where
coswit sinw;it 0 0
B —sinwit cosw;it 0 0
F(t) = 0 0 coswyl  sinwst
0 0 —sinwst coswst



Clearly, the transformation F = F(t) is orthogonal and therefore I'* € S3. Since (see

(1.9))
(FYF+F'JF =0,

we get
q

(2.12) dI* = evg(t,T%)dt + 2 Y _ v, (¢, T%)dw, (1),
r=1

where the vector fields v,.(¢,7), r =0, 1,...,q, on S? are equal to
(2.13) vo(t,y) = F AgFy — (AgFy, Fy)y

q

1< - 3
—5 D AP, AFY)y =Y (A Fy, FY)F APy + 5 (A Fy, Fr)’y

r=1 r=1 r=1

v (t,7) = F A Fy — (A Fy,Fy)y, r=1,..,q.
We see that T'°(t) is a slow variable.
Introduce
ve = (197 + (13,
which is a slow variable too. Clearly,
(2.14) (T2 + (T2 =1—-Y".
It is not difficult to get

q
(2.15) dY® = ea(t,I°,Y)dt + 2 Y 0, (t, 1%, Y*)dw,(t),
r=1
where
2
(2.16) a(t,y,y) =2 (F ' AgFy)iy, — 2(AcFy, F)y
k=1

2

q
> (AFy, A Fry)y — 4Z(ATF% Fy)) (F A Fy)iv,

r=1 r=1 k=1
+4Z (A, Fry, F) y—i—zz F 1A, Fy),
r=1 k=1
2

(2.17) —22 F YA Fy)ye — 2(A Fy, Fy)y.

Denote Z; := | X;[P and rewrite (2.7) in variables I'* :
g

(2.18) dZ; = eb(t,T%p) Zedt + vep »  (,(t,1°) Z°dw, (t),
r=1



where

1 q
(2.19) b(t, 7 p) = p(Ao ™y, F'7) + 5P > (AFy, A, Fr)
r=1
1 q
—p* — A, Fry, Fvy)?
+(5p p);( Fry, Fy)?,

¢, (t,7) = (A Fry, Fry).

Also rewrite (2.9) in variables I'® :

q
(2.20) dp® = eb(t,1°)dt + Ve > (,(t,T%)dw, (1),
r=1
where
1 q q
0 _ 2
(221)  B(t7) = (AoFy, Fy) + 5 ;(ATF% A, Fy) - ;(ATF% Fy)?.

Introduce the slow time s :
s=¢t
and new variables
(2.22) Ye(s) =Y<(s/e), Z5(s) = Zi(s/e), p°(s) = p°(s/e), T°(s) =T(s/e).
It is easy to see from (2.15), (2.18), (2.20), (2.12) that

q
(2.23) dY* = a(9,1%,Y%)ds + ) 0,(9, 1%, V¥)din(s),
r=1
~ ~ ~ q ~ ~
(2.24) dZ° =b(9,T%p) Z%ds + Y _ ¢, (9,T%) Z°d, (s),
r=1
~ q ~
(2.25) dp* = b0(9,1%)ds + > ¢, (9, 19)dui, (s),
r=1
~ ~ q ~
(2.26) dr® = vo(9,T%)ds + > _ v, (9, T)dib, (s),
r=1

where ¥ = s/e is a fast variable, Ye, Z;, ¢, T¢ are slow variables, and we(t), r=1,...,q,
are the independent standard Wiener processes.

We recall that the equation for Y¢ was obtained as an equation for (%)% + (T'5)2. It
follows from here that if y = 42 + 3, then Y = (I'%)2 + (T'5)2. To be in the position for
applying averaging principle, let us for a while consider Y€ without such a connection with
I¢, i.e., we take y to be not obligatory equal to 2 + 2. Due to the averaging principle
(see [10, 11, 8]), we have to fix any y, 2z, p, and v (of course, with |y| = 1) and to find
averaged a(7,y), (0+)%(7, ), b(v;p), 0:(,.(7), (C.)2(7,9), b°(7), T(v), a0k (7, ), CvE (),
v,’?vﬁ. (7), k,7 =1,2,3,4. Then we are able to write the corresponding system of SDEs for
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averaged Y, Z,, p, ['. This system can be chosen with a matrix of diffusion coefficients
having a trlangular form so that there is a single noise in the equation for Y, two noises in
the equation for Z,, three noises in the equation for Fl, and so on. Due to the averaging
principle, for any in1t1al Y, Z, p, Y, the variables Ye, ZE P, re Weakly converge toY, Z,,

p, [ as ¢ — 0. In particular, it follows from here that 1f y = v + 72, then ye (belng
equal to (%)% + (I'5)?) tends to I'? + T'2. Therefore if y = 42 + 42 then ¥ = I'? + '}
and the averaged characteristics a, (0,)2, b, 0,(,, (¢,)?, b° are equal to a(I',I'? + I'2),
( )2(C, T2 + FZ) b(F p), 0.¢,.([), (¢,)2(L, T2 +T2), b°(T). Below we prove (see Section
that if y = 72 + 92 (and w; # wy, wy # 3ws, 3w # ws), then all the functions a(y, y),
UT)Q(%y), b(v;p), 5°(v), o+C,(7), (¢,)*(7,y) depend on y only. Denote them by afy),

o). (), B p), B(), (00)s(¥), (CO)r(y)- Thus, ¥ with Y(0) =y = 12 +13, Zy, and p
atisfy the system

q

(2.27) dY = a(Y)dt + | Y (00),(Y)dw,
(2.28) dZ, = B(Y;p)Z,dt +p r=1(70)r (_;)Zpdwl

BN
(

S L (CO.(7) - ( (007
+”\/ zzl(aa»(ff)

Z,dws

80§ =100, (Y)
(2.29) dp=p"(Y)dt + /3T (o), Y)dwl
+\/Z?:1(00)r(57)' 1=1(¢0,(Y) = 2 (00)- (V)
r—1(00)r(Y)
We emphasize that the coefficients of (2.27)-(2.29) do not depend on I'. We also note

that equation (2.27) and the systems (2.27), (2.28) and (2.27), (2.29) can be considered
independently.

Wo.

3. Evaluation of the coefficients of the averaged system

As it was mentioned, the averaged value a(v,y) of a(t,~y,y) (see (2.16)),
1 t

a(/}/a y) = lim z CL(T, v y)dTa

0

t—o0

depends on y only, i.e., a(vy,v? + 72) is the function on y which was denoted as a(y).
Analogous formulas are valid for the other averaged values mentioned in the previous
section. In this section we prove these facts and derive formulas for a(y), (oco).(y),

B(y; p), (@) (), €Or(v), B(y)-

We begin with the averaging of a(t, 7, y).



Lemma 3.1. The following equalities hold:

2 2
(31) Z(F_IATF’Y)k’)/k = Z(ATF'-Y)k(F’)I)k; r= 0) 17 - q,
k=1 k=1
2 2
(3.2) Z F'A.Fv)? Z(ATF'y)i, r=1,...,q,
k=1 k=1

Proof. The first two components of the vector "1 A, Fvy do not change if we take the
matrix

coswi;t —sinwyt 0 O

& — sinwit coswit 0 O
0 0 0 0

0 0 0 0

instead of F~1. Therefore
2

4
S FAFN ey =Y (PAFY)y, = (PAFy,v) = (A, Fy, ®T7).
k=1

k=1

The first two components of the vector ®T+ coincide with the first two components of the
vector F'y and the other two are equal to zero. Thus

(AFy,®T7) = Y (A F7)u(F7)

and the equality (3.1) is proved.

Further we have
2

4
S (FTAFY); =) (RAFy); = (DA, Fy,2A,F7)
k=1

k=1

2
= (A, Fy,®T®A Fy) =Y (A Fy);
k=1

The lemma is proved.

Thus, the dependence of a(t,~y,y) on ¢ and v is realized through the superposition F'(t)y.
It is clear from (2.16) and Lemma 3.1 that a(¢,, y) is a sum of a second order form and
a fourth order form with respect to the coordinates (F'(¢)y)x, k = 1,2, 3, 4.

Lemma 3.2. Let wy # ws, wy # 3ws, 3w; # ws. Then the following equalities hold:

(33) (FOME = 59 k=12 FOEOM =0, k4L

1
(FOMi =51 —y), k=34, Y=+



(3.4) (F(&)7) = §y2, k=12, (F(t)7); = g(l —y)?, k=34,
(FOMEE@E = 5, FOMRED = 50— 9P,

1
(FONRFO = qy(1—y), k=1,2,1=3,4, y = Vi + 7.

The averaged values of the other monomials of the fourth order with respect to (F(t))g,
k=1,2,3,4, are equal to zero:
FO)MAF@)v)h =0, k#1,

(3.5) ( )
(EON(FE)V)m =0, k#L k#m, [#m,
F@)7)(F(£)7)2(F()7)s(F(t)7)s = 0.

(F(t)7)

—~| =N

Proof. For example, let us derive the formulae

()t = 27
and
FOVRED)s = 0.
We have

(F(t)y); = (v, coswit + vy sinwit)? = ] cos* wit + 443, cos® wit sin wyt
+ 67%73 cos? witsin? wit + 47173 coswitsin® wit + 73 sin* wit.

It is clear that
— 1t 3
cos*wit = lim — [ cos®wyTdr = -
t—oo § 0 8

and

; 3 - 1 - -
sin* wyt = 3 cos? wit sin® wit = T cosd witsinwit =0, cosw;tsin®wit = 0.

So
(F®)n)1t = %7‘1‘ + 27373 + %73 = g(vf +73)?
and the first formula from above mentioned ones is proved.
We have also
(F)Y)3(F(t)7)s = (73 cos® wit + 3737y, cos® wit sinwit
43,75 cos wit sin® wit + 5 sin® wyt) - (775 cos wat + v, sin wot).

Further we get

1+ cos2wit cos(wy + wsy)t + cos(wy — wa)t

cos® w1t coswot =
2 2

1
= Z[cos(wl + wo)t + cos(wy — ws)i]

1
—l—g[cos(?)wl + wa)t + cos(wy — wa)t + cos(3wy — wa)t + cos(wy + wa)t].



We obtain from here
0, ifw; # ws, 3wy # ws,

(FOIFE)y)s =13 3/8, if wy = wy,
1/8, if 3(4)1 = Wa,

i.e., under the conditions of the lemma (w; # ws, 3w; # wy), the second formula is proved
too. All the formulae of Lemma 3.2 can be proved analogously.

It follows from this lemma and the expressions for a(t,~,y), o.(t,v,v), b(t,v;p), ¢,.(t,7),

bO(t,~) that all the functions a(v, y), (0,)2(7y, ), b(7; p), 0.C,.(7), (C,)2(7,y), b°(7) depend
on y only. These functions were denoted correspondingly by a(y), (00).(y), B(y;p),

(00)(y), (¢O)r(y), B°(y). Due to Lemma 3.2, they can be written explicitly (of course,
after bulky but not difficult calculations). The exact formulas are given in the next lemma.

Lemma 3.3. Let wy # wa, wy # 3ws, 3wy # ws. Then a(y) can be written as

(3.6) a(y) = (a1 + ax — asz — aaa)oy(l — y)

by D (@51~ ) — o9)? + (ana(1 — ) — @), (1~ 2)
+% Z((azs(l —y) — as2y)’ + (a24(1 — y) — as2y)?)r (1 — 2y)

14
+§ Z(a% + a3, +af, + a3, — ags - ais - a§4 —agy)ey(1 —y)
r=1

=Y (11 + az)(ass + aaa) )y (1 — y)(1 — 2y)

r=1
q

3 & 1
3 ;(afl + agz)ryz(l - y) 3 ;((au + Cl21)2 + 2011a22)ry2(1 - y)

q

3 < 1
+§ ;(a§3 +aj,)ry(l—y)® + 2 ;((434 + as3)” + 2a33a44),y(1 — y)*.

Here and below (-), means that the elements inside the parentheses are the elements of
the matriz A,.

The explicit expressions for (o0).(y) and B(y;p) are
1
(3.7) (00):(y) = [(a11 + a2 — ass — aas)” + 5(011 — a)”

1 1 1
—|—§(G,33 — a44)2 + 5(&12 + CL21)2 + 5(0134 + a/43)2]ry2(1 - y)2

+((a13(1 — y) — az19)® + (a14(1 — y) — any)*)ry(1 — y)
+((a23(1 — y) — asey)® + (a24(1 — y) — any)?)ry(1l — ),

10



(3.8) B(y;p) = B((au + a2)oy + (ass + as4a)o(1 — y))

2
g
D
+5 2 (0" +1a*)ry + (|a®* + [a*[*), (1 - v)
r=1
3 L o Xy 2 2y 2 L L\ 2 2
—g(P 5P );(an +ag)ry” — g(P 5P );((au +a1)” + 2011022)ry
1 1, <
—5(17 — P ) ;((au + a22)r(ass + asa),y(1 — y)
1 I 2 2 2 2
_Z(p — 9P )Z((als +a31)” + (a14 + aa)® + (@23 + a32)” + (a24 + a42)”),y(1 — y)
r=1
3 Ly Ny 2 2
—g(p - ip ) Z(ass + agy)r(1 —y)
r=1
1 L\ 2 2
—g(P —5P ) Z((a34 + a43)” + 2a33a44), (1 — y)*,
r=1

where (|a*|?),, k =1,2,3,4, is the square of magnitude of the k-th column vector for the
matriz A,.

The ezxplicit expression for (o¢)(y) is:

(39)  (00n() = 2(ah +aR)w? (1 — ) + 1 ((nr + 02)’ + 2annan)y’(1 — )

1
+§((a11 + ag)(ass + a))-y(1 — y)
1
+§(af3 + ai3a31 + a%4 + @404 + a%g + ag3azs + a§4 + a24042),y(1 — y)
—((a11 + age)(ass + a44))7'y2(1 - )

1
—5((013 + 031)2 + (a14 + a41)2 + (ag3 + 032)2 + (a4 + 042)2)ry2(1 —y)

3 1
_Z(a§3 +a3)ry(l—y)? - Z((a“ + as3)® + 2a33a44)ry(1 — ).

11



The explicit expression for (¢¢).(y) is

3 1
(3.10) (CO)r(y) = g(a% + a3y)ry” + g((au + a21)® + 2a1102), 9
3 1
+§(a§3 +aj,)-(1—y)* + g((a34 + as3)? + 2a33044), (1 — y)°
1
+§((a11 + ag)(ass + a44))ry(1 — y)

1
+Z((a13 + a31)2 + (a14 + a41)2 + (a3 + a32)2 + (ag4 + a42)2)ry(1 —y) .

The explicit expression for 3°(y) is:

1
(3.11) B°(y) = 5((011 + a22)0y + (asz + aaa)o(1 — y))
1
+ ;(|al|2 +1a*[*)ry + (| + [a**) (1 — p)
3%~ 2 2y 2 1y 2 2
) Z(au + a3)ry° — 3 Z((am + a91)” + 2a11092),Y

r=1 r=1

12
D) Z((an + a22)r (@33 + a44)ry(1 — y)
r=1

q

1
4 Z((als + a31)2 + (@14 + a41)2 + (a3 + a32)2 + (g4 + a42)2)7«y(1 —y)
r=1
1
2 - 242 (1 — )2
2; azs + a3y)r (1~ y) 3 Z((a34 + 043)° + 233044), (1 — ¥)

r=1

As a result, we obtain the following theorem.

Theorem 3.1. Let w; # ws, wy # 3w, 3wy # ws. Then the averaged values Y, Zp, P

(see (2.27)-(2.29)) satisfy the system

(3.12) dY = a(Y)dt + /o (Y)dwy,
o ) L A\ Je) )
(3.13) dZ, = B(Y;p)Z,dt +p ) Zydwy + p S Z,dWs,
o sE) o) -7
(3.14) dp = p°(Y)dt + o(7) dw, + (7 dw,,
where
(3.15) o(y) = (60):(y), () =D _([COw), 5(y) =D (e0)(v).



4. Averaged Lyapunov and moment Lyapunov exponents

The averaged Lyapunov exponent is equal to
4.1 A= li LBz, = tim 1Ep = 150 d
(4.1) = lim 3 BinZy = Jim 2 Fp = | (y)u(y)dy,

where u(y) is an invariant density for the process Y.

The following lemma can be proved straightforward.

Lemma 4.1. Let wy # ws, w1 # 3ws, 3wy # wy. The diffusion coefficient o(y) is positive
on (0,1) iff either

q

(4.2) Z(an + agp — azz — 044)3

r=1
q
+ Z[(au — a22)2 + (as3 — a44)2 + (a12 + a21)2 + (ags + a43)2]r >0
r=1

or for any constant 0 < ¢ < oo there exists r = 1, ...,q such that

(4-3) (013, Q14, 023, a24)r e C(a31, 41, 32, a42)7‘-
If
q q
(4.4) Z(ai‘) + a7, + a3y +a3), >0, Z(agl + a3, + a3, +al,), >0,
r=1 r=1

then a(0) > 0, a(l) < 0. If (4.4) is fulfilled together with one of the inequalities (4.2),
. o(y

4.3), then the function ————

(4.3) y(1—y)

We shall always assume that (4.4) is fulfilled together with one of the inequalities (4.2),
(4.3). Tt is readily to see that in this case the process Y is ergodic. Let us give an explicit
formula for the invariant density p(y).

is positive on the closed interval [0, 1].

Lemma 4.2. Let wy # ws, wy # 3ws, 3wy # wa, and conditions (4.4) together with one
of the inequalities (4.2), (4.3) be fulfilled. Then the invariant density u(y) of the process
Y is equal to

(45) u(y) = C exp(— / / a()dy),
where
q(y) — o (y)azyia(y)

and C is the normalizing constant. The function q(y) is continuous on the closed interval
0, 1].

13



Proof. The invariant density satisfies the Fokker-Planck equation

(4.5) W)~ )] =0
Its general solution is
(4.7) p=Cexp(— /1 ; q(y")dy')

!

Yy Yy Yy
setes(- [ a)y)- [ e [ty
1/2 120 (¥) 1/2
where C, C* are arbitrary constants. It is not difficult to see that the polynomial ¢'(y) —
2a(y) is equal to zero at y = 0 and y = 1, i.e., this polynomial has y and (1 —y) as factors.
Therefore, due to the last assertion of Lemma 4.1, the function ¢(y) is continuous on the
closed interval [0, 1]. If we suppose that C* > 0 in (4.7), we obtain u(y) - —oco as y | 0,
If C* < 0, we again obtain p(y) — —oo as y 1 1. It follows from here that C* = 0 in (4.7)
and the lemma is proved.

The averaged moment Lyapunov exponent is equal to

t—o00

(4.8) 3(p) = lim % In EZ,(t) .

Since
Bu.p) — 5PC0) = (),

we easily get

(4.9) Zy(t) = exp(pp(t))

and, consequently,

(4.10) g(p) = lim 1ln EePP®)

t—oo t
Therefore if we apply the Monte Carlo approach for evaluating g(p), we can use the same
sample trajectories of (3.12), (3.14) for different p. Let us note that (4.9) is, as the final
result, a consequence of (2.10). The formula (4.9) can be obtained by another way using
less calculations, but we prefer the given direct derivation.

In [14], an effective deterministic method is proposed for evaluating moment Lyapunov
exponents for second order stochastic systems. The method is based on the solution
of a Sturm-Liouville problem. Most likely, the method of [14] can be carried over for
evaluating g(p) in our case too. However, this requires additional investigations since the
corresponding Sturm-Liouville problem in the considered case is, unlike [14], singular due
to vanishing o(y) at y =0 and y = 1.

14



5. Lyapunov exponent for the original system

In the next theorem we prove that the principal term of the Lyapunov exponent for the
system (2.1) coincides with the averaged Lyapunov exponent .

Theorem 5.1. Let wy # ws, w1 # 3ws, 3w; # way, and conditions (4.4) together with one
of the inequalities (4.2), (4.3) be fulfilled. Then the Lyapunov exponent A° for the system
(2.1) has the expansion

(5.1) X =eX+o(e),

where X is the Lyapunov exponent for the averaged system (3.12), (3.14).

Proof. We have for any T¢(s) (see (2.20), (2.22), (2.25)):

1 1 g
(52) A= lim ~EF(T) = lim ~cE / BO(L, T (1) )dt
0

T1—00 Tl T1—00 Tl

1 eTh _ ]_ T ~
=¢ lim —E/ b°(s/e,I%(s))ds = € lim —E/ b0 (s/e,I¢(s))ds.
0 T—oo T

T1—o0 €17 0

Thus, to get (5.1) we need to prove

(5.3) lim lim LE / " 40(s e, T (5))ds = A

e—>0T—o00 0

Let T =nA, A =¢% a>0is a fixed number, s; =¢A, ¢ =0,...,n. Then

(5.4) / B (s/e, (s ds_EZ/ b (s/e,T%(s;))ds + O(A%n).

0

Indeed

EZ / 6 (s /e, () — b°(s /e, T(s:))|ds

<Z/ (| (s/2, T%(5)) — b°(s /e, T (s:))[2)/ds.

Further, due to the boundedness of b°, 9b°/8v, and ¢, for v € S?, we get for s; < s <
si + A

E|b°(s/e,T°(s)) — b°(s/e, % (s:)) > = O(&),
whence (5.4) follows.

Clearly, for any ¢ > 0 and v € S? we have
1 t+S _
EE/ b(s,7)ds = B°(v) + O(1/S).
t

15



Thus
c s;/e+Afe

/S’ B s/, *(s0))ds = A BO(t, T (s,))dt

i sije
= AB(T%(s;)) + O(g/A)) = AB'(T4(s;)) + O(e).
Now we get from (5.4)

(5.5) E/o V(s/e,T%(s))ds = E Z A -B(I%(s;)) 4+ nO(e) + O(AY?n)

i=1

T
_EZA (T2 (s )+ 0 )+ T -0(e*?).
Analogously to (5.4)

(5.6) E/ (5 (s ds—EZ/ 0(T%(si))ds + O(A%?n)
0

—E Z A-B(T(s:)) + T - O(e*/?).

i=1
Taking o = 2/3, we obtain from (5.5) and (5.6):
1

TE/U B (s, [ (s))ds = %E/O B(F(s))ds + O(c"/3),

where |O(¢'/?)| < Ce'/? with C independent of 7.

We recall that 5°(I¢(s 5)) = B°(Y4(s)), where Y¢ = (FE) + (['%)?, and that (I'%)2 + (I'5)?
weakly converges to Y = I'2 + I'2 as ¢ — 0, where Y is the corresponding solution of
(3.12). In addition, let us recall that the process Y under conditions of the theorem is
ergodic with invariant density u(y). Let us denote by Y, () a solution of (3.12) with an
initial density v(y). Then Y,(¢) is the stationary solution of (3.12). Due to ergodicity, for
any 6 > 0 there exists T5 > 0 such that

(5.8) BB (Y, () — BB (Yu(1)] < 6

for any v and t > Ts.

(5.7)

For any ¢ > 0, the system (2.2) has a stationary solution ;A¢. Clearly, Y* := (4A%)% +
(s:A5)? (let us note that (I'7)* 4 (I'5)* = (A7)? + (A3)? due to (2.11)) has also a stationary
distribution. The same is true for ,;Y*(s) =, Y°(s/e). Let 7° be the stationary distri-

bution for ,,Y*(s). Let us fix some 7 > Ts. Then, due to the averaging principle, there
exists €9 > 0 such that for e < g,

(5.9) BB (Y;(T)) — BB (Y,(T))| < 6
for any initial distribution v. According to (5.8) and (5.9), we get
(5.10) BB (Y (T)) — BB (Y, (T))| < 26.

16



If we take i instead of v (i.e., Y& (s) =4 Y¢(s)) in (5.10), we obtain for ¢ < g, and all
0<t<o0:

(5.11) BB (V1) — BB (T,(1)]| < 25

since both the distribution of ,;Y*(¢) and the distribution of Y, (t) do not depend on t.
Let us return to (5.7) to evaluate the integral

78 | BE s = 18 [ 80T (0)is

We take into account that for any 7" > 0

I _ 1 _
77 | 8Wuends = BETU) = [ Bty = X
Due to (5.11), we have for any 7" > 0

. 1 (T 0 ¢ 1 (T 5
A—25< —E/ (o7 (s))ds = —E/ B(F° (s))ds < X + 26.
T ), T ),
Letting 7' — oo in (5.7), we obtain that for any 6 > 0 there exists e, > 0 such that for
e <egy

T
A= 25— 0] < tim 25 [ 8(s/e,(s))ds = 2 <325+ o),

0 5
i.e., (5.3) is fulfilled. The theorem is proved.

Remark 5.1. Most likely, the following assertion is true:

9°(p) = €3(p) + o(e),
where g¢°(p) is the moment Lyapunov exponent of the original system (2.1) (see (2.6))
and g(p) is the averaged moment Lyapunov exponent (see (4.8)). This fact can be easily
verified for the single-degree-of-freedom oscillator systems considered in [13]. To this aim
we can use the approach of averaging presented in Section 7 to get g(p) explicitly and
then compare this g(p) with the expansion g*(p) obtained in [13]. We underline that the
approach of Section 7 is rigorous for the single-degree-of-freedom systems.

6. Gyroscopic systems with small noise and damping

We begin with transformation of the system (1.2).

1. The case ¢; > 0, c; > 0. By the change of variables

(6.1) Uy = \/C1y1, U2 = /a1Y1, Uz = \/Cola, Us = /0202

in (1.2), we get

0 by 0 O
- o —b1 0 0 (%1

(6.2) @ = Bu, B = 0 0 0 by |
0 —ag1 —b2 0

17



where

by = /=L, by = J
al az \/alaz

If g = 0, then the system (6.2) is of the form (1.5). If g # 0, then the change of variables

by 0 by 0
0 W1 0 )
_ _ wy (b3 — w3) w (b3 — wi)
(6.3) u=Qz, Q= It e Rt VA S A R T
’ . bagn . bagr ’
bi —wy 0 bi —w;j 0
g1 g1
in the system (6.2) gives
(6.4) = Jz,

i.e., a system of the form (1.5). In (6.3) and (6.4), w; and w, are different positive numbers
satisfying the equation

(6.5) w* — (b7 + b3 + g7)w® + bib = 0.

It is useful to write the inverse of @ :

2 _ b2
(b 0 g )
by 2 2
0 by — wi bag1 0
1 _
(6-6) Q_l = "5 9 2 2 w1 “1
Rl I e R R
by 2 2
— b b
\ 0 Wy > 201 0 )
Wo Wo

2. The case ¢; <0, ¢ <0, |g| > \/ai1]ca| + y/az|c1|. Changing the variables

(6.7) up = /eyt v = Va1i, us = v/|e2lye, us = /a29e

n (1.2), we obtain

0 b 0 0
(6.8) i = Bu, B= b01 8 8 g; ,
0 —g1 by O
where
by = @, by = @, g1 = g

18



The further change of variables

bl 0 b1 0
0 w1 0 Wa
(6.9) W=z Q= 0 w1 (b3 + w3) 0 wa (b3 + wi) |
) ) b2g1 ) ) b2g1
b +wy 0 b+ wi 0
(41 g1

translates the system (6.8) to (6.4). Now w; and ws in (6.9) and (6.4) are different positive
numbers satisfying the equation

(6.10) wt 4 (b2 4+ b2 — g>)w? + 2% = 0.

The inverse of @ is equal to

( b%:“’g 0 0 g )
(6.11) Q= o :ﬁ .
| Wi _b%:“’% 0 (R
\ 01 b2 :;;3 _bz)gzl 0 )

3. Stabilization by noise. We consider the following special case of the SDEs (1.1):

(6.12) i1 — g¥a + c1tn + ekiin + Ve(krgn 0 by — Ggp 0 3) =0
U2 + gy1 + caya — €kala + \/g(%ﬂ)z owe + gy ows) =0,

where ¢; < 0, ¢ <0, |g| > v/|c2| + v/|c1] (i-e., under € = 0 the system is stable), k; >
0, ko > 0. If k&, = ko = g = 0 (i.e., there is no noise), then the system is asymptotically
stable iff € > 0 and the following conditions are fulfilled (see (1.7)):
(613) ?kl < ky < kl,
1
(kgcl — k162)2 + Clcg(kl — k2)2
(k)gcl — klcg)(kl — kg)

g° > lei| + |ea| + €2kiky +

Below we consider an example (Example 6.1) for unstable case when ky/k; < ¢3/c; and
succeed in stabilizing the system by noise.

The system (6.12) has three noises: the first noise is concerned to the positive damping,
the second one — to the negative one, and the third noise — to the gyroscopic forces. Our
goal is to investigate how a small positive and negative damping together with a small
noise affect the stability of the gyroscopic system. Let us transform the system (6.12)
to the standard form (2.1). Due to the change of variables (6.7)-(6.11), we obtain the
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Stratonovich SDE

3
(6.14) dX® = JX°dt +eAg X dt + 2 Y A X% 0 duw,(t),
r=1
where
~ 1
6.15 Ay = ——
(619 -
—kz(ler] +w?) 0 —ka(ler] + w3) o
k
0 alea| + w2) 0 wille] + )
X 1
k2(|c1|+w%) 0 ) k2(|cl|+w§) 0
k
0 _kw(le] +ws) 0 —k1(|ea| + w?)
Wa
0 0 0 0
wa(|es| + w?
iy 0 o] + w? 0 —2(|il )
_ 1
(6.16) A= ) 0 . ,
wi(|es] + w?
o el o) 1 up)
Wa
3 lei] +w? 0 e+ wi 0
ko 0 0 0 0
6.17 Ay = — 12 ,
(6.17) 2T FoE | (el +6?) 0 —(al+wd) 0
0 0 0 0
(6.18)
0 —gwi 0 —gws
i (Jer] +wi)(eo| + w?) 0 (Jer| +wi)(eo| + w?) 0
Ay = 9 gwi gwi
w3 — w? 0 gwi 0 gws
(lea] +wi)(lea] +w3) 0 (el + w3)(lea] +w3) 0
qwa gwa

The SDE (6.14) can be rewritten in the Ito form as

3
(6.19) dX® = JX°dt + e A X dt + e Y A, X dw,(t).
r=1
Here
-1
(6.20) A = Ap+ S (A7 + A5 + A7)
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—];72(|Cl| —|—w%) 0 —];72(|Cl| —|—w§) B 0
k1w2(|02| +w%)

1 0 ki(lea] + w?) 0 »
e _ _ 1
wi—w? | k(e +wi) 0 ka(le1] + w3) 0
k 2 -
o Rl el ve)
W
with
_ 22— k2 _ k2 — 2
(6.21) b=kt I =t L

In particular, it follows from these expressions that Ay = A (Stratonovich and Ito SDEs
coincide) for the case k2 = k2 = g°.

Example 6.1. Let ¢; = —2, co = —1/2, g> =5 in (6.12). Then
1 1
(6.22) 1] =2, Jea| = 5, wi=15, w; =2
and
(6.23)
5 8.
(—k20—§k2 0 ) 0 0 0 0
9_ 4. 9 4
0 3k 0 3k o 5 0 g
A[): 5_ 8_ )Al_kl 0 0 O O )
ks 0 °k, 0
3 . 3 . 0 L0 g 2
27 27 6 3
\ 0 le 0 3k1)
( V10 24/10 \
5 8 e S
3 0 30 V10 84/10
A L A 3 0 15 0
S 80l V10 24/10
3 3 0 e 0 il S
0 0 0 O 5¢/10 2v/10
L N
12 3
Further,
5 4 7 13 .37 41 245
6.24 O = — Sk + -k A 2 g2l 2 22900
(6.24) 6" (y) 61+32+(61 A 2)y + 1(72+36y 1441/)
- 14 73 409 533 533 6929
222 10, L EE ey 2290 999 29249 2
R TRy T ¥ 9 (s~ 90 ¥t aae? )
127,  427- -4 1
— _k2 _k2 21_ 2 k?___ 2 1—
o(y) (18 T 2y (1 —y)* + 1(3 2y) y(1—y)
- 8 328 1066 6929
E2(S _ )2u(1 — ~2,940  1UDD 2927 2 V(1 —
+ 2(3 y)y(l—y)+3 (45 5 Yt 30 Y Jy(1 —y),
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7 13 53-. 97- 127 -,  497-
a(y)z(gkl—gkﬁ—gk% —k2 (—k2+—k2)) (1-y)
k241 k2 8 32 328 1066 6929
L2221 = 29) + 22 )21 — ) 4+ (22 - 222 1—2y).
+2(3 2y)( y)+2(3 y)*( y)+2(45 YT 360y)( Y)

We note that if k2 = k2 = 0, then o(y) = 0 for y = 8/13, i.e., this is the case for which
the conditions of Lemma 5.1 are not fulfilled.

Due to (6.13), the system (6.12) in the absence of noise (i.e., ky = ky = § = 0) is

2 k5
asymptotically stable for any k£, > 0, k; > 0 such that - < k_2 < 3 if € > 0 is small
1
ko 2
enough. Let us try to stabilize the unstable case T < - by noise. Very often a noise
o1

acts as a negative friction and we may expect that k2 acts as an increase of ky and l~cl as
a decrease of k;. Consequently, the presence of a damping noise (151 # 0, ko # 0) can act
so as if the quotient ky/k; increases and the system becomes stable. As for noise in the
gyroscopic forces, we see from the expression for 3°(y) that the quadratic form under §
is positive definite and, most likely, this noise does not lead to stability in this example.
Let us put

(6.25) ki =k, kop=vk, K2 =k>=k2 §=0.
Then if v = 2/5,

3 149 187 1063
6.26 Oy) = ——k(1 — k2 —y— ——?
(6.26) B (y) 10( y) + (72+36y V)

We see that for any k£ > 0 the quadratic form 8°(y) < 0 for 0 < y < 1 if k? is sufficiently
small. Therefore for the systems under consideration the stabilization by noise is possible.
Let us underline that this is impossible for oscillating systems with one degree of freedom,
see [13], [9], of course, we keep in mind the systems in the sense of Stratonovich. For the
case (6.25), we have

o'(y) —2a(y)  (—42+ 78v)k + k2(247 — 531. 5y)
o(y) k2(80 + 217y — 265.7532)
Further we use the formula (see (4.1), (4.5))

(6.27) q(y) =

Y

/ B Wiy, w(w) = Cexpl~ [ aly)dy)

1/2
where C' is the normalizing constant.

In Table 6.1, the results of computing the Lyapunov exponent are given for v = 0.39, k; =
k =20, ky = 7.8 (i.e. v =0.39), and different k2.

Let us consider another case when

(6.28) ki =k, ko =vk, B2 =Fk2 = §

We recall that in this case the systems in the sense of Stratonovich and Ito coincide. If
v = 1/2 then the considered system in the absence of noise is asymptotically stable. Our
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TABLE 6.1. Results of computing the Lyapunov exponent in the case
(6.25). The parameters are v = 0.39, k = 20.

k| 0.05 0.1 0.3 0.7 1.0 1.2 1.5
A | 0.1174 | 0.0681 | —0.1274 | —0.3029 | —0.1378 | 0.0650 | 0.4524

aim is to determine the level of noise which destructs the stability. For v = 1/2,

1 1 1811 131 3701
0 ~2 2
= (—=+ —1)k — -
B y) = (g + Wk + 3 (365~ 120Y ~ Taan?
—3k + §%(33.8 — 185.05y
q(y) = ( )

~ §2(145.6 + 3.8y — 92.525y2)

For ky = 20, ky = 10 (ie. k = 20), the calculations give A\ = —1.564 if §*> = 0.1,
X = —0.3082 if §2 = 0.6, A = 0.0245 if §° = 0.7.

7. Another approach to averaging

Let us apply the following change of variables to the system (2.1) (for simplicity in writing
we omit € at X¢):

(7.1) X1 =ricosgy, Xy =rysinep,,

X3 = 1908 @y, X4 = rasin@,.
We get
: 1 2 .
dX, = drycosp; —rysing;dp; — g1 cos ©1(de,)* — sin p,dridy,
1
dXs = drysin g, + r1 cos @;dp; — 3" sin ¢, (dep, )? + cos @, dridep; .
From here

1
dr, = 57-1((1@1)2 + cos p,dX; + sin p,d Xy
ridp; = —sin,dX; + cos p,;d Xy — dridy;.

The second equation implies

1 .
(dgol)2 = —(cos p,;dX5 — sin golXm)2

)
T
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and consequently

1
(7.2) dry = cos ¢;dX; + sin p,;d X5 + 2—(cos ©,d X5 — sin p;dX;)?
™
= ec0s 1 (ApX)1dt + esin g, (Ag X )qdt

q q q
(o8’ o1 (A +sin? oy (A X)F —sin2iy (A X)1(A:X)a)dt
1 r=1 r=1 r=1
q q
+vEcos oy ¥ (A, X)idw, +VEsing, » (A, X)xdw,.

r=1 r=1
Analogously
(7.3) dry = €08 (Ao X )3dt + € sin y(Ag X ) 4dt

q q q
€ 2 2 s 2 2 .
(60 0 YA, s 3 (4R —sin2 34 (A X))
q q
++/£ €08 , Z(ATX)3d’U)T + /e sin ¢, Z(ATX)4dwT.

r=1 r=1
Now we substitute X3, k& = 1,2,3,4, according to (7.1) in (7.2)-(7.3). The obtained
equations contain four stochastic variables: 7, 73, ¢;, ¢,. The variables r; and ry are
slow and ¢, and ¢, are fast: ¢; =~ —wit, p, & —wst. Averaging gives us an autonomous
stochastic system with respect to r; and 7y which is homogeneous in ry, 7y of degree
one (see [1]). Hence, the known procedures concerning Lyapunov exponents and moment
Lyapunov exponents for linear systems can be employed to system (7.2)-(7.3).

We would like to emphasize that the derivation in this section (and in [1]) is not rigorous.
In particular, difficulties in giving a rigorous proof are due to the fact that both r; and
ro from the denominators of (7.2) and (7.3) can take zero values at some moments of
time. At the same time a number of numerical experiments for evaluating principal
terms of Lyapunov exponents show coincidence of the results obtained by two considered
approaches.
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