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Abstract

We address the problem of estimating the value of a linear functional (f, z)
from random noisy observations of y = Az in Hilbert scales. Both the white
noise and density observation models are considered. We develop an inverse
estimator of (f,z) which automatically adapts to unknown smoothness of x
and f. It is shown that accuracy of this adaptive estimator is only by a loga-
rithmic factor worse than one could achieve in the case of known smoothness.
As an illustrative example, the problem of deconvolving a bivariate density
with singular support is considered.

1 Introduction

Consider an operator equation
Azr =y, (1)

where A is a linear compact injective operator from some real Hilbert space X into
a real Hilbert space Y. We denote the inner products in the Hilbert spaces X, Y
by (-,-) and corresponding norms by || - || = (-,-)¥/2. It will be always clear from
the context which space is considered. The problem of inverse statistical estimation
is to reconstruct z or a functional of it, provided that the right hand side of (1) is
observed with a random error. The statistical model can be written in the form

Ye = Az + ¢, (2)

where £ is a random noise, and € is a small positive number measuring the noise
level.

Two typical models of observations have been considered in the statistical litera-
ture. One can assume that £ is the Gaussian white noise of the intensity ¢ [e.g.,
Skorohod (1974)]. This specifically means that for every element ¢ € Y we can
observe

Ye(¢) = (Az, ¢) +e£(9), (3)

where £(¢) is a Gaussian random variable on a probability space (2, .4, P) with zero
mean and variance ||@[|2. Denoting E the expectation with respect to P, we have in

addition E[£(9)E(¥)] = (@, v), Vo,¢ € Y. We refer to such a model as the white
noise model.

On the other hand, in some practical situations it is natural to assume that we are
given an i.i.d. sample Y, ..., Y, of random elements on a probability space ({2, A, P)



which are in some sense directly related to y. In this case the data allow to construct
i.i.d. statistics ¢1,..., U, defined on the same probability space and taking values
in Y with the following properties: Eg; = y and E||g;]|> < oo. Then a sensible
estimator of y is given by

1~ _
Ye = Zyi, and E|y. —y|>=0(n"), n— . (4)
i=1

This observation scheme corresponds to (2) with ¢ = \/n(y. — y) and ¢ = n~%/2.

We will refer to such a model as the density observation model because it is typical
in applications related to density estimation from indirect data. For examples of
inverse estimation in this setup see Ruymgaart (1993), Mair & Ruymgaart (1996),
and van Rooij, Ruymgaart & van Zwet (1999).

In this paper we consider the problem of estimating a linear functional I;(z) = (f, z)
for the two aforementioned models of indirect observations. Accuracy in estimating
l¢(x) is essentially determined by: (i) ill-posedness of the operator A, (ii) smooth-
ness of the representer f, and (iii) smoothness of the unknown solution z. These
factors can be characterized in several ways. For example, if a singular value de-
composition (SVD) of A is known, then the inverse problem can be represented in
a sequence space. In this case both ill-posedness of A and smoothness of f and =
are naturally measured by the rate at which corresponding coefficients of the SVD
representation decrease [e.g., Cavalier & Tsybakov (2000)]. In this paper we adopt
a different approach. In order to quantify the effect of smoothness of  and f, and
ill-posedness of A on the estimation accuracy, we embed the problem into a Hilbert
scale. This approach to statistical inverse estimation has been advocated by Mair &
Ruymgaart (1996), and Mathe & Pereverzev (2001). The operator A may fit some
standard Hilbert scale such as a Sobolev scale. If this is not the case, the Hilbert
scale can be always constructed using the generating operator L := (4*A)7! [e.g.,
Natterer (1984), Hegland (1995)]. In what follows we call the Hilbert scale gener-
ated by (A*A)~! natural. Thus within this framework smoothness of z and f, and
ill-posedness of A are measured with respect to a particular Hilbert scale.

An inverse estimator of a linear functional [¢(z) in Hilbert scales, adaptive to un-
known smoothness of z, has been developed recently by Goldenshluger &
Pereverzev (2000) [henceforth G&P (2000)] for the white noise model. It was as-
sumed there that smoothness of the representer f with respect to the corresponding
Hilbert scale is known. However, it is often difficult to characterize smoothness of f
relative to a particular Hilbert scale. For example, if the operator A is not well stud-
ied then smoothness of the representer f with respect to the natural Hilbert scale is
usually unknown. Therefore developing inverse estimators that are simultaneously
adaptive to unknown smoothness of z and f is of prime interest.

We consider the following basic example that motivated this paper.

Example 1 Let z be a bivariate random variable that has a singular distribution on
the plane with mass concentrated on a contour with given parametric representation.
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In particular, assume that z = p(p) exp{ip}, 1+ = v/—1, where p(-) is a given positive
periodic function on [0, 2], and ¢ is a random variable with unknown density z on
[0, 27]. Suppose we observe

Y; = p(pj) exp{rp;} +w;, 7=1,...,n, (5)

where w; are bivariate Gaussian normal variables with zero mean and covariance
matrix o2I. Here we identify R? with the complex plane C. The objective is to
estimate the density z at a single point ¢q € [0, 27]. The case of p(¢) = const has
been considered recently by Goldenshluger (2001). It will be shown in Section 4 that,
if p(0) # const and z € 15 (0, 27), then z satisfies the following integral equation

Au(t) = / " htp(o))z(@) dp = y(t), te(0,d, foranyo>0.  (6)

Here Jy(-) is the Bessel function of the order 0, A : I,(0,27) — L5(0, ), and y
is a function that can be estimated from the data at the parametric rate. Thus
we are in the framework of the density observation model. Clearly, smoothness of
l¢(xz) = (o) relative to the natural Hilbert scale is unknown, and this information
cannot be used in estimator construction.

Given a functional f, let [* = [*(f, ) be an estimate of () based on the available
data. Accuracy of an estimate [E(f, z) is measured by its uniform with respect to
W risk
R[5 W] := sup Ells () — I(f,z)|?
zeW
where W is a prespecified subset of X reflecting prior knowledge on smoothness of
r = A 'y. The minimax risk is defined by

R.[e; f, W] := inf R[[5; W],
le

where inf is taken over all possible estimates [c. The objective is to construct an
optimal in order estimate [° = [°(f, z) of a functional I;(z) = (f, z) satisfying

R[5 W] < O(1)R.[e; £, W], € —0.

It turns out that dependence of the minimax risk R.[e; f, W] on f is expressed
only through the smoothness properties of f. Therefore, for a given representer
smoothness set F', the minimax risk can be measured uniformly over f € F' by

R.le; F, W] := sup R.[e; f; W].
feF

Typically construction of optimal in order estimators requires prior information on
the solution set W and on the representer smoothness set F'. As Example 1 indicates,
the last requirement is particularly restrictive when dealing with inverse estimation
in Hilbert scales. Let F denote a family of representer sets F', and W be a family
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of solution sets W. We say that an estimator [ = [E(f, z) is adaptive with respect
to W and F, or fully adaptive, if

sup sup {R[I*; W]/R.[e; F, W]} < C(e), (7)

FeFWwWew

where sup, C(e) < oo, or C(g) grows slowly as € goes to 0, i.e. lim[C(re)/C(e)] =1

—0

for any r > 0.

The goal of the present paper is develop an inverse estimator of a linear functional
in Hilbert scales which automatically adapts to unknown smoothness of z and f.
The proposed estimator satisfies (7) with both F and W being wide collections of
balls in the Hilbert scale. This substantially extends the results of G&P (2000)
where F' is a fixed known ball in the Hilbert scale. We show that accuracy of our
adaptive estimator is only by a logarithmic factor worse than one could achieve
in the case where F' and W are known exactly. It is well known that often this
extra logarithmic factor cannot be avoided in adaptive estimating linear functionals
[cf. Lepski (1990, 1992), Brown & Low (1996)]. In these situations our estimator
has the best possible adaptation properties. Using the general results we treat
the problem of deconvolving a bivariate density with singular support described in
Example 1. A fully adaptive estimator is developed and its properties are studied.

The rest of the paper is organized as follows. In Section 2 we introduce our notation
and main assumptions. Section 3 defines our adaptive estimator and establishes
main results for the white noise and density observation models. In Section 4 we
consider the problem of inverse estimating a bivariate density with singular support,
and Section 5 contains the proofs.

2 Hilbert scale setup

Recall that a Hilbert scale {X’\} \eR 18 @ family of Hilbert spaces X* with inner

products (u,v), := (L*u, L*v), where L is a given unbounded strictly positive self-
adjoint operator in a dense domain of the initial Hilbert space X. More precisely, X*
is the completion of the intersection of domains of the operators L*, s > 0, endowed
with the norm || - ||, defined by || - ||, := (-, ->}\/2. Here X =X and || - |, = |- |-

Following Natterer (1984) we assume that A is adapted to the Hilbert scale in the
following sense.

(A) There exist positive constants a,d, and D such that

d||u||-a < |Au|| < D|ul|—a, YueX (8)

Examples of operators A satisfying (8) can be found in Neubauer (1988), Mair and
Ruymgaart (1996), and Mathe and Pereverzev (2001). As it was already mentioned,
even if the operator A does not fit some standard Hilbert scale (for instance, as in
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Example 1), one can always construct a scale adapted to A. Namely, any compact
injective operator A meets the condition (8) for a = 1/2 and the Hilbert scale
generated by the operator L = (A*A)~", where A* is the adjoint of the operator A
inX ie. A*: Y —>X

Within the Hilbert scale setup the natural assumption on the linear functional

l¢(x) = (f,z) is that both the representer f and the unknown solution z belong
to some balls in the Hilbert scale. In particular, suppose that

v € Wu(M), Wu(M):={z X |lo], < M}

for some index p > 0 and constant M > 0. Since the dual space of X is X°* [e.g.,
Krein et al. (1982, p. 237)], and X" is embedded in X* for r > s, we need also the
condition f € X, v > —pu, to ensure that the linear functional l¢(z) = (f,z) is
well-defined. To be more specific, we assume that

feW,N), v>-—p. (9)

The condition (8) implies that the inverse operator A~! acts boundedly from Y into
X2, Since the norm || - ||, is weaker than the norm || - || of the initial Hilbert space
X, the problem (1) is ill-posed. Therefore some kind of regularization is required
for estimating the value of lf(z) = (f, z). It is well known [e.g., Tautenhann (1996)]
that a wide variety of regularization methods can be constructed in the following
way.

Let g, () be a piecewise continuous function on [0, D?] depending on a regularization
parameter o > 0 and satisfying the following conditions:

sup [Mga(N)] < ™, 0<y <1,
A€[0,D?]

sup |)\ﬁ[1 — Ag(N)]| < Cgaﬂ, 0<B<1,
A€[0,D?]

where D is given in (8), and ¢,, cg are positive constants. Fix a non-negative number
s and define the regularized estimator [f, ,(z) of I;(z) = (f,z) by
I5.,(z) = (ye, AL™*go (L™ A"AL™)L ™" f) (10)

where y. is given by (3) for the white noise model and by (4) for the density obser-
vation model. Observe that if s > —v then AL *g,(L *A*AL*)L*f € Y, and the
estimate is well-defined. The well-known Tikhonov-Phillips regularization method
is characterized by (10) with g,(A) = (A +«a)™" and s = 0.

The mean squared error of the estimate lAg’s(x) admits the following standard bias—
variance decomposition:

Elly(z) — I ,(2)* = B2 ,(f, ) + e’ B0, (£, ),

where

U(2) =I5, = bays (f, 2) + €Va,s(f, €)
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and

bonl(fy2) = (f,(I — L™ gu(L~* A" AL™*)L* A" A)z),

Vas(f,€) = —(& AL °ga(L°ATAL*)L7°f). (11)
The following statements have been proved in G&P (2000).

Lemma 2.1 Let Assumption (A) hold, f € W,(N), v < a, and i;s(x) be associated
with s > max{0,—v}. Then for every u € (—v,2s + a] one has

SUD  |bas(f, )| < e M| f]|, a7 (12)
€W, (M)

where ¢; = ¢1(v, a, s,d, D) depends on v,a,s,d, D only.

Lemma 2.2 Let Assumption (A) hold, and s > max{0,—v}. Then for the white
noise observation model

Evl,(f,€) = AL ga(L*A*AL=*)L™" f|®
and for f € W,(N), v < a,
vl (f,€) < cpaeie (13)

where ca = c2(v,a,s, N) depends on v, a, s and N only.

We note in passing that condition ¥ < a in the above statement implies that f
is a generalized function relative to the Hilbert space X. In Section 5, under some
natural assumptions on the distribution of £, we establish the same upper bound (13)
on the variance term for the density observation model. In this case the constant cs
depends also on some properties of the error distribution.

The above results allow to establish upper bounds on the uniform risk. In particular,
for the white noise observation model it follows from Lemmas 2.1, 2.2 that the
uniform risk of the estimate [, ,(z) associated with s > max{0, —v} and a > 0
admits the following upper bound

R[IE ; W,(M)] < ¢3 (Mza’;—i: + sZaZ;JrZ), Vu € (—v,2s + al,

,s)

2(a+s)
where c;3 = c3(v, s,a, N,d, D). Thus, with the optimal choice a < (M~'e) »+= one

has

. 2v—a) 2u+v)

RIE i Wu(M)] < egM ™ 5 e wva- | V€ (—v,2s +al, (14)
where “< means equivalent in the sense of the order. It follows from the renormal-
ization argument of Donoho & Low (1992) that, for the white noise model, the rate
of convergence on the right hand side of (14) cannot be improved for estimating

linear functionals f € W, (N). More precisely, it is shown that

_v—a 2(ptv)

RuJes W, (N), W, (M)] < M iwiea’ ) —p<v<a. (15)
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Thus, the estimate l:i,s (z) is optimal in order for any pair of balls W, (N) and W, (M)
satisfying u € (—v,2s + a], v < a. Observe, however, that prior knowledge on
smoothness of the unknown solution z is needed in order to choose the regularization
parameter o optimally.

An inverse estimator of a linear functional i;(z) = (f,z), f € W,(N), which auto-
matically adapts to unknown smoothness of z has been developed by G&P (2000).
The adaptation procedure there is a particular implementation of the Lepski (1991)
general adaptation scheme for the case where the class W, (N) is completely speci-
fied. Note that this construction depends crucially on the actual smoothness v of f
because the ’typical value’ of the stochastic term in the error decomposition depends
on v. In the next section we introduce our estimator which is adaptive in the sense
of (7) over a wide collection of representer sets W, (V) and solution sets W, (M).

3 Adaptive estimator

In this section we define our adaptive estimator and study its properties both for
the white noise and density observation models.

First, introduce assumptions on the collection of possible representer sets W, (V).
We assume that f € W, (), where v is unknown and belongs to the discrete set

A, ={vy,.. yUn}, V=< <-<V,=V<a.

Let § ;= min{y; —v;_1: i=1,...,m+ 1}, where v, ;1 := a by definition.

The basic idea underlying construction of our adaptive estimator is the following.
We consider a discrete ordered set A, of possible regularization parameters, and
a family of estimates lAg’s(x) associated with a € A,. For every fixed smoothness
index v; from A, we can choose adaptively the regularization parameter from A,
using the Lepski adaptation procedure. In this way we obtain a family of m +
1 estimates corresponding to different thresholds in the adaptation scheme. If a
parameter v; € A, is greater than the actual smoothness index v, the threshold in
the adaptation scheme is small, and on a set of 'large’ probability the adaptation
procedure yields a ’too small’ value for the regularization parameter. It turns out
that this can be detected very precisely from the data using a special construction of
the set A,. Our adaptive estimator is defined in two steps. First, using the Lepski
adaptation scheme we obtain a sequence of regularization parameters corresponding
to different smoothness indices v; € A,. Second, we select among these the minimal
regularization parameter which is not 'too small’. Note that our construction is the
same for both white noise and density observation models. In the last case € is equal
to n=/2.

Fix @ =1 and let

4 —
a=c¢P, where p= (a—l—s)(z Z). (16)



For ¢ > 1 define
A,={a€a,al:a=a;=¢a, j=0,1,...}.

Let r,(y) = y~(@=)/(@+s) "and, for brevity, write [, for lAst(x) For a given » > 1,
let &; denote the maximal o from A, such that

by = Iy| < 2see[ry; (v) + 7, (M)], Y1m < @, v,m € Aa (17)

In other words, &; denotes the regularization parameter chosen by the Lepski pro-
cedure with the threshold associated with the smoothness index v; € A,. The basic
property of the sequence ¢&;, j =0,1,...,m is that it is monotone non-increasing:

Gy > Gy > - > G (18)

Indeed, the threshold on the right hand of (17) decreases monotonically as v; grows.
Therefore the set of estimates satisfying the inequality becomes smaller as v; de-
creases.

Let 7 = g2(a+9)/(a=7) and
jr=max{j:j€ T}, Tr={j:¢>1, 7=0,...,m} (19)

Define &y = &, if the set J; is not empty; otherwise we set &, = 7. The estimate
we are interested in is defined as

[i(z) = I, .(2).

We stress that the parameters g and M of the solution set W,(M), and the pa-
rameter v of the representer set W, (NN) are not involved in the construction of the
estimator [, (z). Note that I, (z) depends on the three design parameters s, s and
q; in what follows 3¢ will be chosen as a function of €, s, and ¢, and other known
parameters of the problem.

Below we establish our main results on accuracy of the estimator Z+(x) for the white
noise and density observation models.

3.1 White noise model

Here we assume the model is given by (3). Under this assumption, the stochastic
error v, (f,€) defined in (11) is a Gaussian random variable with zero mean and
variance

Evis(f, €) = ||[AL ®go(L SA*AL )L *f||*.

In view of Lemma 2.2 it is reasonable to consider the so-called effective smoothness
of the representer f. We will say that f has the effective smoothness v if

(F) f € X¥, and there exists a constant ¢, = ¢, (v, a, s) such that for all sufficiently
small o

AL *gq (L*A*AL™*) L f|| > coa®e. (20)



The condition (20) is rather natural. It simply means that for considered functionals
the order of the variance indicated in (13) cannot be improved in the power scale.
Using the same argument as in Neubauer (1997) one can show that from (13) it
follows only that f € X" for all » < v. Therefore, (20) allows to specify smoothness
of f through the properties of a fixed estimator determined by concrete g,. For this
reason we treat v in (F) as the effective smoothness of the representer f.

The next theorem establishes an upper bound on the risk of the estimate
Li(z) =15, .(2).

Theorem 3.1 Let Assumptions (A) and (F) hold, and (9) be fulfilled with some
veA, and N < N, where N is known. Let € be small enough such that for some
constant C; = C1(v,a, s,d, D, q)

eVine~! < Cymin{M, M_Z_Tg} (21)
Assume also that
p € (—v,2s + al. (22)

Then there ezists a constant Cy = Cs(a, s,v,v,d, D, N) such that for the estimate
I (z) associated with s« = CyvIne~! and s > max{0, —v} one has

R[ZA-H WM(M)] < 03 ]\47‘%2(62 lns_l)% =+ m52(1n5_1)3/2 , (23)
where C3 = C3(a, s,q,v,N,d, D, c.).

Proof is given in Section 5.

Note that C'; depends only on known parameters of the problem so that the choice
of s¢ can be implemented. If we knew in advance parameters u, M of the solution
set W,(M) and the smoothness index v of the representer f we could achieve the
minimax rate of convergence given in (15). Thus accuracy of our adaptive estimator
coincides within a logarithmic in e~! factor with the minimax rate of convergence.
We stress, however, that the upper bound (23) holds simultaneously over a wide
collections W and F of solution sets W,(M) and representer sets W, (NN). Both
W and F are defined by the conditions of the theorem. In particular, W is the
family of balls W,(M) with parameters p and M satisfying (21) and (22), while
F is the family of sets W,(N) with v € A, and N < N satisfying (22), (20), and
s > max{0,—v}. One can argue also that in many important cases the estimate
[+ (z) has the best possible adaptive properties; for discussion of this issue we refer
to G&P (2000). In Theorem 3.1 we assumed that the discrete set A, is such that
0 is fixed and positive. It can be seen from the proof that this assumption may be
relaxed. In particular, one can assume that ¢ tends slowly to zero as € — 0. In this
case the only important requirement is that the true smoothness index v belongs
to the set A, for every €. The statement of Theorem 3.1 remains valid under these
circumstances.



3.2 Density model

In this subsection we establish an upper bound on estimation accuracy of the esti-
mator [, (z) for the density observation model. Here the noisy data are represented
by ye, a random element of Y defined in (4). Consider i.i.d. Y-valued random el-
ements 0; = ¢; —y, i = 1,...,n, and let Py denote the probability distribution of
6 (we write 0 for a generic random element in Y with the same distribution as ;).
The following conditions on P, will be used in the sequel.

(P1) P, is a Radon probability measure on Y which has the strong second order,

ie. E||0|]> = [||0]|*Ps(df) < oo. In addition, the mean value of the probability
measure Py is equal to 0, i.e.

50,6) = [(0,0)Pd0) =0, VoEX (24)
The covariance operator Ky : Y — Y of Py is defined by the relation

(Kotr, o) = / (0, 6:)(0, 6:)Po(d9), . n € Y.

It is well known that Ky is a self-adjoint positive operator with the finite trace
tr(Kg) = [|0||?Ps(df) < oo [e.g., Vakhania et. al (1986, p. 177)]. We require a
slightly stronger condition on Kj.

(P2) The covariance operator Kj is strictly positive and

O<A:infM<supM:X<oo (25)

¢ (B, @) gy (9, 0)

for some absolute constants A and .

The next assumptions require existence of the exponential moment and some regu-
larity of P, near zero.

(P3) There exist positive constants b; and H; such that

Eellol — / e!l?l Py(df) < b, < oo, for |¢| < Hi.

(P4) There exist positive constants by and Hs such that

P{||0|| <t} <bst, 0<t< H,. (26)
We note that (P4) is only one of possible conditions on regularity of the distribution
of ||0|| near zero. In fact, the distribution of ||@|| should not have an atom at zero; for

example, any polynomial decrease of P{||f|| < t} as t — 0 will be appropriate. We
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have intentionally considered (26) in order to avoid additional technicalities and to
give a unified proof of main results for both the white noise and density observation
models.

We formulate an analog of Theorem 3.1 for the density observation model under
assumptions (P1)-(P4). The constants appearing in the below theorem, unless it is
said explicitly, may depend on a, s, d, D, g, c, and on all parameters involved in
Assumptions (P1)-(P4).

Theorem 3.2 Let Assumptions (A), (F) and (P1)-(P4) hold. Assume that (9) is
fulfilled with some v € A, and N < N, where N is known. Let n be large enough
such that for some constant C;

1 a—v
(= > Cymax{1, M, M”55 },
n

Assume also that (22)_@5 satisfied. Then there exists a constant Cy depending on a,
s,v, U, N,d, D, and X such that for the estimate [ (z) associated with ¢ = Cyv/Inn
and s > max{0, —v} one has

oy (mn)ziz m
n

Rl Wu(M)] < Cs| M +—(Inn)*2|.

n
Thus the theorem shows that, similarly to the white noise model, the proposed
estimator adapts automatically to unknown smoothness of z and f. Observe also
that the constant C5 is defined in terms of known parameters of the problem only.

Therefore the choice of s can be implemented.

Remark Inspection of the proofs of Section 5 reveals that Theorems 3.1 and 3.2
also hold under relaxed Assumption (F). For example, the right hand side of (20)
may have the order o(¥—2+9/2)/(2(a+5)) Ip this case the estimator should be modified:
one should put in (16) 2p instead of p.

4 Deconvolving bivariate densities with singular sup-
port

To illustrate general results of Section 3 we consider the problem of estimating a
bivariate density with singular support from indirect observations on the plane. The
context is that of Example 1.

Let ¥,(u) = Eexp{ez'u} and ¥, (u) = Eexp{uw'u} be the characteristic functions
of random variables z = p(p) exp{1p} and w. Here z,w € R?> = C, and / denotes
transpose. For u = texp{i¢} write ¥,(u) = U,(¢,$) and ¥,,(u) = ¥, (¢, ¢). For any
u € R? we have

glu) = 3t ¢) =V, (t, $)L.(t, ¢)

— Eexp{ip(p)tcos(o — ¢)} = / " exp{ap()r cos(p — 6)}a(@)deo

11



Integrating the both sides of the last equality over ¢ € [0, 27| we obtain

W)= 5 [ itade= [ ataealolde 1)

where Jy(-) is the Bessel function of the zero order. If p(¢) # const, the integral
on the right hand side of (27) can be considered as an integral operator acting from
L, (0, 27) to Ly (0, o) for some g > 0.

The function y(-) on the left hand side of (27) can be estimated from the observations
Y;, 7=1,...,n, given by (5). By definition

§(u) = §(t,9) = E[exp{o*|u*/2} exp{a¥]u}]
= exp{0®?/2}E | exp{ut|Y| cos(arg(¥;) — 9)},
and therefore, y(t) = exp{c?t?/2}E[J, (t|Y;])]. Now setting for j =1,...,n

9i(t) = exp{a®t®/2} o(t]Y;]),  t€[0,¢]

we have Eg; = y and E||g;[|* < gexp{o?0*} < oo, where || - || denotes the norm in

L (0, 0). In addition, for y. =n"* 37", g,
Ellye — yl|* < 40exp{o®o®}n"

because |Jo(t)| < 1, V&. Thus we are in the framework of the density observa-
tion model, and our goal is to apply general results of Section 3 to this particular
estimation problem.

First, we verify Assumptions (P1)-(P4) for our problem. Assumption (P1) is trivially
fulfilled, and Assumption (P3) holds because

16,02 = flys - ul?
4 2
= [ el [nevil) - B (e a (28)
0
< 4pexp{o?o®} < .

In order to check Assumption (P4) we observe that the integrand in (28) is a bounded
continuous and positive function of £. Therefore, it is sufficient to verify the condition
(26) for the random variable |Jo(k.|Y])|, where k, € [0, p] is a constant. Because
|Jo(k«|Y])| is a smooth function of |Y| with uniformly bounded first derivative,
Assumption (P4) will follow if the distribution of |Y'| has the property (26). But this
is an immediate consequence of the fact that Y has a bounded infinitely differentiable
density function on the plane. As for Assumption (P2), the upper bound in (25)
follows immediately from boundedness of the random variable ||6||. The lower bound,
however, should be checked for each concrete contour.

Clearly, one cannot expect that for a given contour the operator A from (6) will
satisfy (8) with some standard Hilbert scale as, e.g., the Sobolev one. Therefore
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it is reasonable to embed the problem into the natural Hilbert scale generated by
operator L = (A*A)~!. Of course, smoothness of the representer f of the functional
l¢(z) = z(pp), that we are interested in, and smoothness of the solution z relative to
such a scale are generally unknown. Note, however, that (8) is satisfied automatically
with a = 1/2, d = D = 1. Thus we can apply our adaptive estimator from Section 3.

Observe that for infinitely differentiable p(-) the natural Hilbert scale corresponding
to the operator A in (27) defines sets of infinitely differentiable functions. For such
a scale the representer f of the linear functional z(yy) belongs to a ball W, (N) with
negative v that is close to zero. This follows from the fact that even for small positive
p the ball W, (M) contains continuous functionals. In this case it is reasonable to
consider the regularized estimator (10) associated with s = 0. The reasonable choice
of go is ga(A) = (X + )~ ! that corresponds to Tikhonov-Phillips regularization
method. With such a choice the regularized estimator I, of I;(z) = (i) is defined
as lo(z) = za(po), where z,(¢) is the solution of the Fredholm integral equation of
the second kind

tm4@+/@wwn4ww=m4@,wemﬂ@

where

a(p, ) = / Jo(to(e)) Jo(to(¥))dt, gnlp) = %Z / Jo(to(p)) 9;(t)dt.

Then the next statement is an immediate consequence of Theorem 3.2.

Theorem 4.1 Let the lower bound of (25) hold true for the covariance operator
Ky of 0; = 9, —y, it = 1,2,...,n. Assume that the effective smoothness v of the
representer of functional l(x) = z(py) relative to the natural Hilbert scale belongs
to the set A,, v =0, and u € (—v,1/2]. Then for sufficiently large n there ezists a
constant Cy depending on v, ¢, and X such that for &, defined by (17), (19) with
% = Civ/Inn one has

2(p+v)

1-2v ln n 2p+1 m
Em%rmu%Ws%[MW“(;) + ™y,

5 Proofs

In this section we prove the main results of the paper, Theorems 3.1 and 3.2. The
following notation is used in the proofs both for the white noise and the density
observation models.

Denote B,(z) = ci||z||,||f|l o)/ (2a+5) "and ¢, is the constant appearing on the
right hand side of (12). Define

a, = max{a € A, : By(z) < ser,(a)}.

13



In fact, o, is the ideal regularization parameter that balances the squared bias and
variance. Consider the event

Qe :={w € @ max[r;(0)|va,(f, )] < 5. (29)

The event (2, corresponds to the ’typical’ behavior of the stochastic term v, (f, £).
Also, for notational convenience, we denote ¢ := min{j € {0,...,m} : v; > v}, ie.
v =1, for somet € {1,...,m}.

In the proofs below cy,co,... and kq, ks, ... stand for constants depending on pa-
rameters of the problem. They may be different on different occasions.

5.1 White noise model

The goal of this subsection is to prove Theorem 3.1. First, we establish some auxil-
iary lemmas.

The next statement shows that conditionally on €2,, the regularization parameter &;
given by the adaptive scheme is typically 'small’. Recall that &; corresponds to the
threshold with vy > v = 1;_1; here v is the effective smoothness of f.

Lemma 5.1 Let Assumption (F) hold and o, > o\*=*)/(®=¥) " Then for every n €
A, satisfying

a-vi

n=> ey (30)

one has Ve
P{6y > 1| Que} < kisea®@t, (31)

where k; = ki(c.) depends only on ¢, from (20).
Proof We prove the lemma considering the cases n < a, and n > «, separately.
1°. Assume that n < a,. We have

P{as > 1|} < Pl —la| < 25¢[r, (1) + 1,()] | 2.}

= 1—P{|l, — la| > 23ce[r,,(n) + 7y, ()] | e} (32)
On the set €,
|[n - ig| > |[g_ l| - |in - l|
> elva,s(f, )| — Balz) — 2227, ()
Z €|Ug,s(fa §)| - 3%57"1/(7’)'

Here we have used the fact that |, — I| < 2scer,(n) on the set Q,., and B,(z) <
B,(z) < scer,(n) because n < a,. Thus we have

P{lly — la| > 252¢[rs,(n) + 100 ()] | R} 2
Plelvg,s(f, E)| > »el2ry, (@) + 2y, (n) + 3r, ()] | 2.} = (33)
P{elva,s(f, )| > seldry, (@) + 3r,(n)] | 2w}

14



By (30), 7,,(a) dominates r,(n): r,(n) < r,,(a). Therefore the last probability in
(33) is bounded from below by

P{lva,s(f, )| > Tsery, (@) [ R} = 1 = P{[va,s(f,€)| < Taery, () [ e}
= 1= P{IN(0,1)] < Ts[B02 ,(£,)]*r () |}
143¢

— ——[Ex? 127 (a
> 1 \/%[E as (O (a)

> 1 — kyseq?ain (34)
where A (0,1) denotes the standard Gaussian random variable, and by (20) the

constant k; depends on ¢, only. Combining (34) and (33) with (32) we obtain (31)
under assumption that n < a,.

2°. Now consider the case where n > a,. Here, by definition of d,
P{a > 1|} < P{lla. — | < 2sce[r, () + 70 (a) |2}

The further proof goes along the same lines as in the previous case with n replaced
by a. ]

An immediate consequence of (18) and Lemma 5.1 is that the same bound holds for
all estimates &; associated with v; > v; namely, under conditions (30) we have

P{a; > n|Q} < k1%g21;‘t‘:;>, Vj >t =min{j:v; > v}. (35)

Thus Lemma 5.1 shows that if we misspecify v in the threshold of the procedure
(17) by choosing the value greater than v, the scheme will yield a regularization
parameter which with ’large’ probability less than (*¢—*)/(e=v),

The above considerations motivated our rule (19). We show that under some natural
conditions on 7, the quantity j, determined there detects the 'right’ value of v with
'large’ probability conditionally on (2,..

Lemma 5.2 Let o )/(@) <17 < q, and (20) hold. If the event Q,, holds then
jr >t —1. In addition,

P, =t —1|Q,) > 1 — kysea?er (36)
where ky is defined in Lemma 5.1.

Proof The first statement follows immediately from (18) and the standard proper-
ties of the Lepski adaptation scheme. Indeed, if we put the ’right’ value of v = 1 4
in the threshold on the right hand side of (17), then on the set €, the result-
ing regularization parameter &; ; will be greater than a, by construction [see,
e.g., G&P (2000)]. In view of 7 < a, and monotonicity of {&;}, on the set €,
Jr2{0,1,...,t —1}. Hence j, >t — 1 as claimed.
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To prove (36) we note that the event {j, > t} means that there exists an estimate
&; associated with v; > v such that &; > 7. But by Lemma 5.1 [see also (35)| for
i>t

P{a; > 7|} < klzgz(‘t”rs) )

This completes the proof. [ ]

Proof of Theorem 3.1

Write R R R )
Ell. — 1 = I + I := E[|Ly — 1°1(2.)] + Elll; — 171(.)]

where [ = [¢(z) = (f,z). We bound I; and I, separately.
1°. Tt follows immediately from (12) and (9) that

sty (qon) < Bya, (z) < e M| £, (gon) 6

and
2(a+s) 2(a+s)

e > q (e M| fll) " see] w5 > (koM see] e (37)

for some constant k; = ks(a, s,v,d, N, D, q). Note that (21) ensures that a, € |7, @]
for small enough . Further, for our choice of 7 = ¢2(@+#)/(a=) and o given by (16)
we have 7 > (@ ¥)/(a=¥) In order to show this it is sufficient to verify that

p(a—yt) > 2(a+s)

a—v a—v

This follows because

2
g(a - Z) (
Thus, Lemma 5.2 is applicable with our choice of 7 and a.

2°. First we bound I;. Let the event Q,, hold; then, by Lemma 5.2, j, >t — 1,
ie. Q, C {j; >t —1}. Consider the events B; = {j; = j}, j =t —1,t,...,m.
Lemma 5.2 implies

a— Vg

2
> —(ag — > 2.
a—u)_d(a v) = 2

P(B;_1|Q,) > 1-— klzg;zfz:rz) and

P(B; Q) < kyxa®ero Vj=t ... m, (38)
with k; = ky(c,) [see Lemma 5.1]. Write
L= E[i, —I1(2. N B;)).
Jj=t—1

On the set €2,,N B; ; we have &, = &; 1, and the adaptive procedure runs with the
'right’ value of v =14 ;. In thi§ case & = a1 > 4. T'he standard calculations
[see G&P (2000, p. 178)| yield |ls, — | < 6s¢er,(ax,) showing that

IEHL. —1121(Q,. N By_1)] < [62er,(a,)]?
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Now assume that the event €2,, N B; holds for j > ¢. This means that the algorithm
chooses &, = &; > 7 corresponding to some v; > v. In this case

~ ~

o, =1 = |la; =1 < [lay — be| + lir — 1]

B:(z) + €lvr,s(f, €)]

<
< 2scer, (1) < 63cer, (7). (39)

Here we have taken into account that:

(i) &4 = &; > 7 by construction. Hence the distance between lAM and [, can be
bounded in terms of the threshold corresponding to v = v;;

(ii) 7 < . by the premise of the theorem. Therefore on the set 2,,N B; the typical
value of the stochastic error dominates the bias;

(iii) 7, (7) decreases when v grows and 7 is fixed, i.e. r, (1) < r, (7).

It follows from (38) and (39) that for any j > ¢

E[|l. — IP1(%. N B;)] < [63cer, (7)]*P(Qs. N B;)

< [6%67",,(7’)]2]?:1%@%.

Thus we have the following bound on I;:
L =E[|I, —1P1(2,.)] < kymsea® 9 [63cer, (1)) + [65cer, ()] .

Using (16) we obtain
vp=v 2(v—)

¥, () <5 <1

so that
I < [6scer, ()] + kima®e?,

and substituting the expression for a, [see (37)] we finally obtain
L < ks Mrﬁ(52 1n5*1)ﬁ—i; + maz(lnsfl)s/2 )

where k3 = k3(a, s, q,v,N,d, D, c,).

3. Now we consider the case where the event ,, holds. Here our algorithm will
choose a value that is not less than 7. The further proof coincides with the proof
given in G&P (2000) with evident modifications (« in the paper should be replaced
by 7). We emphasize only that in this case s is chosen as ksvIne~!, where k4
depends on a, s, v, 7, d, D and N. n
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5.2 Density model

Basically, the proof of Theorem 3.2 goes along the same lines as the proof of The-
orem 3.1. The main difference is that the stochastic term v, (f, ) for the density
observation model is non-Gaussian. Nevertheless, Assumptions (P1)-(P4) allow to
establish similar results. Below we indicate how the arguments in the proof of The-
orem 3.1 should be modified in order to prove Theorem 3.2.

Recall that the estimate Za,s(x) associated with the regularization parameter « is
defined by (10), and

() = las(2) = bau(f,2) + 07 P00, (1,€)
where £ = n V23" 0, =n"Y2Y" (3 — ).

First, we establish an analog of Lemma 2.2 for the density observations model.

Lemma 5.3 Let Assumptions (A), (P1) and (P2) hold. Assume that f € W,(N)
with v < a, and s > max{0, —v}. Then

vl (f,€) < kaaers, (40)

where ky = ky(\,v, 0,5, N). In addition, if Assumption (F) holds then there exists
a constant ks = ks(\, v, a, s, c.) such that

E/Ui,s (fa 5) 2 k5O‘ﬁ .
Proof Denote for brevity ¢, := Quf, where Q, = AL *g, (L™*A*AL™*) L~°. By
(24) and independence of §;, ¢ = 1,...,n we have

2

= E|<9“ ¢a>|2 - <K9¢aa ¢a>-

1 n
B (1,€) = E| 75 D000

Then Assumption (P2) implies that
Allgal* < Bog ,(£,€) < Mldal® -

The upper bound (40) follows from the same considerations as in Lemma 2.2. The
lower bound is a consequence of (20). u

Recall that for a fixed sc > 1 the event (2,, is defined by (29). The proof of Theo-
rem 3.1 is essentially based on the fact that the constant s can be chosen in such a
way that the event €1, is of ’large’ probability. This is easily proved for the white
noise model because v, s(f,€) is a Gaussian normal variable. Now we establish a
similar exponential inequality for the density observation model.

Lemma 5.4 Let Assumptions (P1)-(P3) and (F) hold. Assume that s < kg\/n for
some constant kg = k¢(A\,v,a,s, N,by, Hy). Then
2

P(Q,.) <28, exp{—zilﬁ},

where S, = card(A,), and k; = k;(\,v,a,5, N).
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Proof Write
Tas(f,€) = 7, (@) va,s(f,6) = IZ iy (@)da),

where ¢, is as in the proof of Lemma 5.3. Note that the random variables
(0;,7 () ¢o) have zero mean. In view of Assumption (P3)

Eexp{t(0,r," (a)¢a)} < Eexp{tr; " (a)[|0] |all} < b1 < 00
for 0 < t < Hic;!, where c, is the constant appearing on the right hand side of
(20); ¢, provides a lower bound on ||@,||. Thus, for fixed ¢,, the random variable
(0,7, (a)¢s) has the moments of all orders and the following relation holds
1
log[Eexp{t(6,, " (2)ga)}] = 51°r, *()BI(0, $a)[* + 0(£%), s ¢t —0.

Taking into account (40) we obtain that for any constant k; > k4/2 the inequality

log[Eexp {t(6, 7, (@)6a)}] < ghet

holds for sufficiently small {. In other words, there exist positive constants k7 =
kz(A,v,a,s,N) and H; such that

Eexp{t(0,r, ()pa)} < exp{kst?/2}, for 0 <t < H.
Then Theorem 2.6 from Petrov (1995) implies that

%2

P{i0.e(/,€) > 52} = P{iwz, r, (@)da) > v} < exp{ -}

=1

for0 < < kﬂfll\/ﬁ. Similarly the bound on P{7,s(f,{) < —s} is derived so that
2

~ n ~
P{|Da,s(f,&)| > 2} < 2€XP{—2—I€7}, 0 < 5 < krHyo/n.

The statement of the lemma is an immediate consequence of these results. [ ]

Proof of Theorem 3.2

The proof goes along the same lines as the proof of Theorem 3.1. Below we indicate
only differences.

First, we note that, under Assumptions (P1)-(P4) and (F), Lemma 5.1 remains
valid. The difference only is that now k; = ki(cs,bs), and the bound (31) holds
provided n is greater than some constant depending on A, X, a, s, H, only. Here in
order to prove (34) we use Assumption (P4). Then Lemma 5.2 follows with evident
modifications.

The proof of Theorem 3.2 on the set €2,, coincides with the proof of Theorem 3.1. To
bound the error on the complimentary event €2,. we use the exponential inequality
of Lemma 5.4. Other details of the proof remain unchanged. |
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