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Abstract

We present, for a class of industrially relevant chemical reactions with two
educts the dependence of stability on important chemical parameters, such as
coolant, dilution and diffusion rates. The main analytical tools are general-
ized upscaling balance condition for the equilibria concentrations and spectral
properties of corresponding operators. Although we illustrate the stability
analysis for a model reactor (2 educts, F; and Es), it should be emphasized
that our approach is applicable to more complex reaction mechanisms.
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1 Introduction

As an example of stability of chemical reactor we consider a class of chemical radical
reactions with starter S, educts F,, F5 and chemical product of form

. . Ef+E; — P,
S o 28 g}i? - ]];’ 2B;  — Dj,
S*+El — ET—FDI) i ! ,* 2E; — D4a (1)
* * P +E1 — P+E1’ * *
S +E2 — E2+D2, P*—I—E _ P+E* E1+S — D5,
2 2 E;+S* — D,

where by D;, i = 1(1)6, denote by-products. The three blocks in (1) characterize
starter, chain and reactions, respectively. Note, that the educt radicals £] and E3
act “catalytically” even in low concentrations. Therefore these reactions are usually
run with low starter concentrations S, Therefore these reactions are usually run with
low starter concentrations S, already producing sufficient quantities of E7, Ej.

We emphasize that, a reaction mechanism (2) is industrially relevant, and arise for
example, in photosensitive chlorivation of aromates, where £, = Cly, FE, Toluoene.
The chemical product of these reactions, Chlorbenzene, plays an important role both
in food and pharmaceutical industries (see [5]).

In this paper we study stability of chemical reactor from important parameters, such
as diffusion, dilution rates, when € := Sy goes to zero.

We use the following designations

S, E, Es concentrations of starter and educts,
s,e1q, e corresponding radical concentrations,
So, E1,0, Fayp feed concentrations,

Pp product and product radical,

ki(T) = kfexp (—%) , ©=1,...,12, Arrhenius law,

ds,dg,,dg,,ds,de,, de,, dp, dr diffusion rates,

T,hj, j=1,..,12, temperature and reaction enthalpy,

v velocity due to Navier-Stokes equations.



The spatially heterogeneous evolution equations for (1) take the form (see [2])

9 = dgAS+ (v,V)S+ Sy — k1S

9B, = dp,AE, + (v,V)E, + Erg — kasEr — kses By — kepEs

ot
% = dE2AE2 + (U, V)EZ + EZ,O — kssEy — ksei Fy — k7pE2
% = dAs+ (v,V)s + 2k S — kosEy — k3sEy — kiiers — kygess
% = delAe1 + (Ua v)el + k23El - k461E2 + kspEl — k861€2
—2k9€12 — k11618 (2)
% = deerQ + (Ua V)ez + k3sEy — ksea By + k7pE2 — kgejes
—2k10€22 — ki2egs
% = dp,Ap+ (v, V)p + kse1 Es + kses By — kepEy — krpEs

+h5k562E1 + hngpEl + h7k7pE2 + hgks@leg + h9k9€12 + h10k10622
+h11k11€18 + hlgklgegs.
To investigate the stability of chemical (model) reactor (1) we distinguish laminar
and turbulent zones of our reaction. In the laminar zone we consider partial differ-

ential equations of the form (2). In the turbulent zone, where fast mixing prevails,
Equation (2) is averaged, spatially, to yield (see [2])
% = SO - kls - DOS

9E1  _ El,o — kQSE]_ — ]{7562E1 — kﬁpEI - DlEl

9B = Eyg — k3sEy — kye1 By — kypEy — DoFsy

ot

% = 2]?515 — szEl — kgsEz — k11618 — klgezs — D38

% = kQSEl — k461E2 + kng'l - k8€162 - 2k9€12 - k11€18 - D4€1 (3)

% = kgsEz — k5€2E1 + k7pE2 - kseleg - 2k10822 - kllels - D562

% = k4€1E2 + k562E1 — kﬁpEl - k7pE2 - Dﬁp

%—’{ = h1k1S + hokosEy + hskssEy + hyksei Es + hskseas By + hekepFEr

+I’L7k7pE'2 + h8k861€2 + h9k9€12 + h10k10622 + hnkuels + h12k12628

Here D = (Dy,---,Ds) and x indicates dilution and external cooling rate with

coolant temperature Ty, respectively.



2 Generalized necessary scaling condition

Following Feinberg [1] we write chemical reactions of species zg, - - ,z, as

. . k]' (i Ny
way+ -+ 992, L7z + -+ 7Pz (4)

with integer stoichiometric coefficients ), 79) > 0 and positive real reaction rate
coefficient k;. Then the associate dynamics is given by

M
P = ijxy (y(]’) _ y(j)) i (5)
j=1

Here £ = (x¢, -+ ,T,) € R**! is the vector of concentrations and z¥ := z¥° - - - z¥»
represents the usual mass action kinetics.

We emphasize that the external feed concentrations can be incorporated in this
model by adding formal reactions

ki
0 —0> Z;. (6)
Following mathematical convention we denote by € := Sy (0 Fo=e S) the feed
concentration of the radical starter and o = (ay, - -+ , ay,) the scaling defined by
) €*0 0 e 0 60

5] 0 €M .. 0 61
Tn 0 0 ... ™ &n
Substituting (7) into (5) we obtain
M (3)
Cajéj — Z k any(()])-i- o y(])é-yo . égg) (y(j) _ y(j)) . (8)
Then the equilibrium equation takes the form

Z k ay(J)é.y(]) _y )) 0 (9)

for the scaled steady state £ = £(€), where by ayl and v we denote
. - - i)
ayl) = aoy(()]) +-o 4t anyﬁf) and Sym = §y° . §y" respectively.

In general, for a class of chemical reations (1) the reaction rates k; can often be
determinated only up to the order of magnitude. Therefore we make following
ansatz:

kj = kjoc® + O(e%) with ¢:=S,. (10)



Definition 1 We call a pair (o, ) = (ag, ..., 0, B1,...,0u) € R*™ x RM q gen-
eralized scaling exponent for the steady state concentrations x = (o, ..., z,) of (5),
if there ezists a sequence of scaled equilibria £(e;) = (§o(€1), .., &n(e)), & — 0, [ —
oo of (9), with k; given by (10), such that for all m = 0,--- ,n the following nonde-
generacy conditions holds:

0 < lim inf &, () < lim sup &, (&) < oo. (11)
=00 =00

Theorem 1 Any generalized scaling exponent (o, 3) € R*! x RM satisfies

min {(ay") + B;} = min {(a7?) + B;}. (12)
J:yi#0 57 20

Proof. Let (a,3) € R x RM be any generalized scaling exponent. We rewrite

Equation (9) for the scaled steady state £ = £(€) in components m = 0,--- ,n as
Z kjﬁaymfy(])y(]) _ Z kieay(l)fy(z)y(’) (13)
j=1 i=1

or equivalently - -

Z kjeay(J)é.y(])yg) — Z k_ieay(l) éy(l)ys) (14)
Jiy #0 syt 20

Let k; = k;oeP + O(e%), €:= Sy (see (10)), and fix m. We sort the terms on each
side of last equality by increasing powers ay") + 3;, ay® + 3; of ¢, respectively.
Note, that all terms are strictly positive by the nondegeneracy assumption (11). Let

min {(ay?) + 8} = ay¥) +6;, and  min {(ag®) + B} = 7™ + 4,
31y #0 gD £0
in (14). Then the leading (alias: lowest) power of € in the m-th component of
(14) is given by ay¥) + B;, on the left, as compared to o) + B;, on the right.
Note, that these leading powers may in fact be realized by several other terms
ay¥ + B;, ay® + B; in addition. Comparing coefficients, we divide (14) by € to the
powers
min {ay") + B;,, oy + 5;,}
and let € — 0. This immediatly yields

oy + 8, = oy + 6,

by positivity of all terms in the sums. This proves the Theorem 1.



3 Necessary scaling exponent for a model reactor
with two educts: full picture

In this section we apply Theorem 1 to concrete reaction mechanism (1). We start
our analysis in the case k; = O(1), thatis 8; =0, j=1,---,M, and D = 0. For
very spatial case, that is chemical reactions for 1 (one) educt (see [4]). Based on
mass action kinetics we add to reaction mechanism (1) following terms

0o H= g

k§=E1,0 .

0 2% E, ¢input
k3=E>

0 = Es.

Hence we consider the following radical reaction

0 2= g
ki=FE1,0 .
0 ——=% E,, ¢input (15)
ki=E
0 2 - E27
S My 9g
ki s ’ starter, ¢=1,2, (16)
S*+E; % pryp,
E:+E, % p
E; + E; LN = chain, i=1,2, (17)
P +E 2% piopr
E;+E  p
2E Fokro, Di9, ¢ by reactions, i=1,2, (18)
Er+S B2 po
with € := Sy > 0. Note, that photosensitive chlorivation of aromate is a specific

example of mechanism (15) - (18) ( see [5]).

With z = (zg,--- ,z6) = (S, E1, Es, s,€e1,€e2,p) and 3; = 0 and € = S, the general-
ized necessary scaling condition (12) for the scaling exponent a = (ag,- - ,a) =
(as, g, Oy, Os, Oy, ey, @) takes the following form

as =1, (19a)

min {ag, + a5, ag, + Qe,, 0, + 0} =0, (19b)

min {ag, + as, ag, + 0, 0p, + 0} =0, (19c)
min{ag, + as, ag, + a5, Qs + Oy, A5 + e, } = s, (19d)
min{ag, + Qe;, Qe; + Qey, 20, 05 + e, } = min{ag, + a5, ap, +0o,},  (19)
min {apg, + Oy, Oy + Qeyy 20y, As + O, b = min {ag, + a5, ag, + 0}, (19f)
min {ag, + o, ap, + o} = min{ag, + @, ap, + e, . (198)



Theorem 2 Let o = (as, 0g,, Og,, O, Qey, Qe,, 0p) be any scaling exponent of
(15) -(18). Then a = (1, ag,, —%, 1—ag, %, —% —2ap,, —ag,) with ag, < —%.

Proof. We distinguish two cases:

(a) Op, < OE,,
(b) Op, — QE,-
Let us start with the case (a). Then we rewrite (19e) and (19f) as

Qe, + min {ag,, A, Qey, A, } = ag, +min{os, o},

. . 20
Qe, + min{ag,, as, Qe , e, } = ag, + min{a,, o, }- (20)

From (20) follows that a,, < ae,.
Next we prove ., < o,. Assume contrary, i.e. a., > a,. Then from (19b) and
(19¢) we obtain

ag, +min{as,0,} = 0,

ag, + min{as,0,} = 0.

Hence ap, = ag, contradicting ag, < ag,. Note, that a;+ag, > 1 due to Equation
(19d) and (19a). Thus Equation (19c) takes the form

ag, + min{a.,,q,} = ag, + a,, =0,

that is a,, = —ag,.
As a result Equation (19g) can be written as

a, + ag, = min {a., + ag,, ag, + o, } = min{0, ag, + a.,}.
Last equality implies o, + ag, = 0, since ag, + ., > 0 (due to Equation (19b)),
that is @, = —ag,. Next we show ag, < 0. To this end we emphasize that a., < as,
because otherwise we get contradiction

O=oae +tag, >0as+ag, >asg=1
due to (19a) and (19d). To obtain ag, < 0 we rewrite Equation (19¢) in the form
Qe, + min{ag,, Oy, O, , 05} = min{a;s + ag,, o, + g, }-
With o = —ag,, 0, < Qe,y, 0, < a5, a5 + g, > 1 last equality yields
Qe, + min{ag,, 0, } =0

or equivalently, with a., = —ag,

min {@., + ag,, 2a,, } = min{0, —2ag,} =0,



which in turn implies ap, < 0. Let us prove that a, = 1 — ag,. Indeed (19d) can
be written as
as + min{ag,, ag,, Ao, 0, } = 1, (21)

so that taking into account ap, < ap, < 0 and a,, > @., = —ag, > 0, we obtain
from (21) that ay = 1 — ag,. To express ., through ag, and ag, we rewrite
Equation (19f) as follows

Qe, + min{ag,, O, , Oy, 05} = g, + min {a,, o, } (22)

Due to o, < Qe,, ey, < @5, O, < Qey, & = —Qp,, and o, < aj, it follows from
(22) that
aez + aE]_ — aEQ - aE]_

or equivalently a., = ag, — 2ag,. Thus we obtain
a=(1,ag,as, 1 —ag, —ag,, ag, —2ag,—ag,) with ag, <O0.

To prove Theorem 2 it remains to show that ap, = —%. To this end, we consider
the equations é; =0, é; = 0, p = 0, that is

0 = él = kQSEl — k4€1E2 + kﬁpEl - k8€162 - 2k9€12 — k11618,
0 = ég = kgsEz — k5€2E1 + k7pE2 — kseleg — 2k10€22 — klzegs, (23)
0 = p = k4€1E2 + k562E1 — kngl — k7pE2.

Adding these equations we obtain
kosEy + kssEy = 2kgeres + 2koer? + 2kqpes’ + kire1s + kisess. (24)
Comparing powers € in (24)
1 = min{—2ag,, —2ag,, 2(ag, — 2ag,),1 — ag, —ag,,1 — 3ag, + ag,}.
Therefore ap, = —+ and

2

1 1 1

. 1
o= <l,aE1, —3 1— ag, 275~ 20, , —CYE1> with ag, < —3 (25)

This proves Theorem 2 in the case (a) ag, < ag,.

In the same manner (even simple) we prove that, if ap, = ag, (case (b)), then

scaling exponent
1 1311
a = la__a__a_a_a_a .
27 272722

DN | =



4 Stability of chemical reactor in the presence of
diffusion

For simplicity we restrict ourselves to the case, when the dilution vector D :=
(Dy,...,Dg) = 0 and B = 0. Moreover we assume that the bulk of reactor to be
well-mixed. Let G be a reactor volume and 2 C G be a domain where laminar flow
prevails. We denote by

U*(E) = (S(E)a El (G)a E?(E)a S(G)a 61(6)7 62(6),])(6), T*(G))
homogeneous equilibrium of (3). Due to the Theorem 2 we have following (for

simplicity we restrict ourselves to the case ag, = ag, = —%) asymptotic expansions
for equilibrium u*(e), that is

S(e) ~ e+ O(e), + O(e”
Ex(€) ~ €2+ 0(e77), sle) ~ ez +O(e?),
er(€) ~ ez +0(e2),  ese) + O(e2),
ple) ~ e%—i-(’)(e%).

o=
M

-

&=
=
2

),

€ (26)

N= Njw
N= Njw

€

The equation 7' = 0 yields an e-expansion of the steady state temperature T*(e),

that is B4 E
~ % + xTy + O(e). (27)
We rewrite Equation (2) in the absence of transport terms (V,v) in the following
abstract form

T"(e)

ou _

a_:: = DAG+ F(u), loa = u'(e), (28)
where D = diag(ds, dg,, dg,, ds, de,, de,, dp, dr) and u*(€) is a homogeneous equi-
librum mentioned above. Both due to equilibria concentrations and the bulk of

reactor to be well-mixed. Let
i(z,t) = u*(e) + W(z,t).
Then W(z,t) satisfies

ow
- = DAW + F'(u*(e))W, W/sa =0, (29)
where F'(u*(€)) is the (8, 8)-matrix at u*(¢), that is
F'(u*(e)) = (30)
(—kl 0 0 0 0 0 0 kiS\
0 01 0 —kgEl 0 —k5E1 —ksEl @1
0 0 09 —k)3E2 —k)4E2 0 —k7E2 @2
2]{71 —kzs —k38 03 —klls —klgs 0 @3
0 kas + kep —kyeq ko — kiieq 04 —kgeq ke By O, |’
0 —kses ks + kip kskEy — kises  —kges Os5 k7 By Os
0 k5€2 - ksp k461 - k)7p 0 k4E2 k5E1 O¢ ®6
\hl kq T V2 Vs Va Vs Ve O7 /

9



where

o1 = —kgs — ksea — kep, o9 = —k3s — kse; — krp,
03 = —ko By — ksEy — ki1e1 — kigea, 04 = —ksEy — kgeo — 4kgey — kyys,
o5 = —ks Iy — kgey — 4kipea — k128, 06 = —keF1 — ks,

Y1 = hokas + hsksez + hekep,

Y2 = hskss + hykser + hrkrp,

V3 = hokoEy + h3ksEs + hiikiier + hiskizes,
Y4 = haksEs + hgkgea + 2hgkge; + hi1kyis,
Y5 = hsksEy + hgkgey + 2hiokioes + hiokios,
Y6 = hekeEy1 + hrkr E,

O, = —kysE; — kieos By — kgpFEy,

Oy = —k3sEy — kije1 By — kipEs,

O3 = 2k S — kysE) — kysEo — kj €18 — kj,e08,

Oy = kysEy — khei1 By + kipE; — kgeies — 2khe;® — ki e1s,

Os = kisEy — kyea By + kipEy — kgeren — 2K, ge0” — kiqess,

O¢ = kye1Fy + kyea By — kgpEy — kopEs,

O7 = h1k1S + hokgsEy + hskisEs + hakje1 Ey + hskgea By + hekgpEr + hrkipEs,

+ hgkgeies + hokger® + higklyea® + hirk) e1s + hioklseas — X
with p
k; =

Let 0 <A <X <--- <Ay < -+, Ay > 0o as N — oo be eigenvalues of —A (the
Laplacian) with Dirichlet boundary conditions, that is

ki(T), j=1,..,12.

—Aek(x) = )\kek(x), 6k|39 =0. (31)

Hence stability of chemical reactor (1) in the presence of diffusion
D = diag(ds, dg,,dg,, ds, de, , de,, dp, dr) will be governed by

det{F"(u*(¢)) — Mdiag(ds, dz,, ds,, ds, de,, dey, dp, dr) — NI} =0, (32)

where A; is the first eigenvalue of —A, and I is the indentity matrix.
Note that in the absence of diffusion stability of (1) will be governed by

F'(u(€))€ = A¢. (33)

We begin our stability analysis by grouping the matrix F’(u*(¢)) according to its
leading order in € := Sy. To this end we use asymptotic expansion (26). Therefore
F'(u*(¢€)) can be decomposed as

Fl(u*(e)) = ¢ 3 [AO 4O (e)] . (34)

10



It remains to compute A;(Ap),j = 1,... . Simple linear algebra computations show
that for x > x. we have stability and 0 < x < x. belongs to the instability interval.
Here x. some positive number. Recall that by x is denoted the coolant rate.

Now we are interested in stability of (1) in the presence of diffusion. To this end
we consider equation (32), where F'(u*(¢)) is the same matrix as in (33). Taking
into account that A; > 0, it is not difficult to see that x > x. — d, where x. the
same number as above (in the absence of diffusion) and § is some positive number
depending on A; and D= (ds,dg,,dg,,ds,de,, de,, dp, dr). We emphasize that the
interval x. — 60 < x < x. which provides stability of chemical reactor in the presence
of diffusion, belongs to the instability interval in the diffusionless case.

Remark 1. In the same manner one can analyse influence of dilution rate to the
stability of (1).

The following figures show the role of diffusion for the stability of chemical reactor
(1) and confirm our theoretical observations. The graphs in the Figures 1 - 16
represent the eigenvalues (ordinate) of the matrices F'(u*(e)) for the coolant rates
x = 0 and x = 100 with ag, = —2.00,—1.99, ..., —0.49, —0.50 (abscissa, see (25)),
e=10"*% k=1, hy =1, ki =1, i =1,...,12. The 8 eigenvalues of each matrix
are sorted in ascending order.

Acknowledgement: We thank Gerd Reinhardt (Weierstrass Institute for Applied
Analysis and Stochastics) for his support with the graphics.

1A 1
F 1 F 1

' -, ' -,
=] =08 = ] =
Figure 1: Eigenvalues A1, x =0 Figure 2: Eigenvalues Ay, x = 100
T il s
F 3 r
] - L ey

= 1] =08 =le=B8

Figure 3: Eigenvalues Ay, x =0 Figure 4: Eigenvalues A\, x = 100

11



!Tlﬂﬂ

T =

=1 SRR g T

Figure 5: Eigenvalues A3, x =0

I.'.TITI

= FMETY

Figure 7: Eigenvalues Ay, x =0

2'
M FL -‘1 L]
B

Figure 9: Eigenvalues A5, x =0

12

!Tlﬂf-‘

T =

=1 AT T

Figure 6: Eigenvalues A3, x = 100

'y

L
~T0 AN

Figure 8: Eigenvalues A4, x = 100

'y

e L4 "1-1

~ L

Figure 10: Eigenvalues A5, x = 100



J.Tr-ﬂ

=7 AP i

Figure 11: Eigenvalues Ag, x =0

AR Dler -

=2 A1 H i -

Figure 13: Eigenvalues A7, x =0

.'R.ETI. _/

=1 T

Figure 15: Eigenvalues Ag, x =0

13

= I

Figure 12: Eigenvalues Ag, x = 100

I.l.im
L T "‘I L]
A R \(‘

Figure 14: Eigenvalues A7, x = 100

J.T-I'-H

=7 AP

Figure 16: Eigenvalues Ag, x = 100



References

[1] Feinberg, M.: Chemical reaction network structure and the stability of complex
isothermal reactors. Part I, Part II, Chem. Eng. Sci., 42 (1987) 2229 - 2268, 43
(1988) 1 -25.

[2] Laidler, K. T.: Chemical Kinetics. Harper Collins Publishers, (1987).

[3] Efendiev, M. A., Schuppert, A., Wolfrum, M.: Isothermal upscaling of exother-
mic reactors: A example. Journal Nonlinear Analysis, TMA, 30 No. 6 (1997)
3455 - 3461.

[4] Efendiev, M. A., Schuppert, A.: Stability analysis of chemical reactors. (Eds.
Keil, F., Mackens, W., Vo8, H., Werther, J.) Scientific computing in chemical
engineering II, Springer-Verlag, (1999) 225 - 230.

[6] Efendiev, M. A., Fiedler, B., Schuppert, A.: Upscaling of some exothermic re-
actions from chemical industry. Zeitschrift fiir Angewandte Mechanik, Suppl. 2,
(1996) 153 - 156.

14



