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dedicated to Professor Ingo Müller on the occasion oh his 65th birthday

Abstract

Surface waves at a free interface of a saturated porous medium and at an

interface between a porous medium and a liquid are investigated. Existence

and peculiarities of such surface waves are revealed. At a free interface two

types of surface waves are proved to be possible: the true Stoneley wave, prop-

agating almost without attenuation, and the leaky generalized Rayleigh wave,

which reradiates a part of its energy into interior of a medium. At a porous

medium/liquid interface three types of surface waves are expected. These

are the true Stoneley wave, the pseudo Stoneley wave, and the generalized

Rayleigh wave.

Introduction

The theory of propagation of mechanical surface waves in porous and granular mate-

rials has developed primarily for single component models (see: [1, 2] for the exten-

sive review of results). This is related to the fact that the most important practical

applications appear in the �eld of seismology. Observations of surface waves after

earthquackes, nuclear explosions or explosions of volcanos are limited to Rayleigh

waves (e.g. [3]). Solely on interfaces between solids and �uids the second mode of

surface waves � Stoneley waves are also registered, and described theoretically.

Most of the contemporary e�ort in extension of the classical theory is directed to

describe properties of surface waves for heterogeneous materials. This is related to

applications in nondestructive testing of soils. Rather little has been done in the

analysis of additional modes of propagation of surface waves for multicomponent

systems.

Let us recall brie�y important features of the surface modes on the boundaries of

an elastic solid. It is well known that at an interface between an isotropic solid and

vacuum, there is only one surface wave�the Rayleigh wave [1,4,5]. This wave is a

nondispersive plane inhomogeneous wave, nonattenuated in its direction of propa-

gation along the surface, and damped normal to the boundary. Its phase velocity cR
is a single-valued function of parameters of an elastic half-space. It does not depend

on its frequency and is close to but somewhat less than the velocity of shear wave

in unbounded media. The Rayleigh wave is a coupled compressional-shear system,

propagating with unique velocity cR.
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The Rayleigh waves are modi�ed if the vacuum-bounding plane elastic half-space is

replaced by a liquid or by another solid. Early studies on this subject are due to Love

[6] and Stoneley [7]. The essential results are that a wave corresponding to Rayleigh

wave on a free surface, due to seepage of energy into another medium becomes

exponentially attenuated along its direction of propagation, while simultaneously

other new modes of surface waves appear. Whereas for certain values of elastic

parameters these generalized Rayleigh waves cannot exist on a plane surface between

two solids, they are always possible on a liquid-solid interface [1,8]. At a solid-liquid

interface the phase velocity of the generalized Rayleigh wave, which is a system of

three waves (one in the liquid and two in the solid), is higher than the wave velocity

in the �uid. This surface wave radiates energy continuously into the liquid, forming

therein an inhomogeneous wave departing from the boundary. Since the energy

�ows across the interface (leaky wave), the wave attenuates along the propagation

direction. At the same time on a solid-liquid interface there exists a true Stoneley

surface wave (sometimes called Scholte wave) [8,9], consisting of an inhomogeneous

wave in the liquid and two inhomogeneous waves in the solid, and propagating

parallel to the boundary without attenuation and being exponentially damped in

both directions perpendicular to the interface. Its velocity is lower than all the bulk

velocities in the solid and in the liquid.

Due to the presence of a second compressional wave in a �uid-saturated porous

medium, properties of surface waves at interfaces of �uid-�lled porous solid in con-

trast to either free interface of elastic half-space or liquid-solid interface should be

di�erent. Theoretical works on surface waves in multicomponent systems are based

solely on the Biot's model of porous materials. There are only a few papers published

on this subject.

Standard boundary conditions of poroelasticity have been introduced by Deresiewicz

and Skalak [10] and later by Rosenbaum [11]. Recently (see [12]) interface condi-

tions at a boundary between two porous media were derived directly from Biot's

equations by replacing the discontinuity surface with a thin transition layer. These

conditions are identical to those introduced in [10] for the open-pore interface. In-

terface conditions for closed or partially open interface violate Biot's equations at

the interface.

The pioneering work devoted to the research of surface waves on a free boundary of

a porous medium has been done by Deresiewicz [13]. A numerical analysis of the

dispersion equation revealed that there is always a complex root which corresponds

to the velocity of the generalized Rayleigh wave. Hence, contrary to the elastic

medium, the Rayleigh wave in a saturated porous medium is attenuated. For low

frequencies, the velocity of this wave tends to the velocity of the Rayleigh wave

in an elastic medium. Feng and Johnson [14,15] have extended the Biot theory to

numerically predict the velocities of various surface modes at an interface between

a �uid half-space and a half-space of a �uid-saturated porous medium. Using stan-

dard boundary conditions [10,11] it has been shown that a slowest surface wave is

expected only if a closed-pore boundary condition applies. It was found that three
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di�erent types of surface modes can exist on a �uid-porous solid interface depending

on the shear velocity of the frame and whether the pores are closed or open on the

interface. It was discovered experimentally [16,17] that in the ideal case of com-

pletely closed surface pores and viscosity-free �uid, at a free interface of a porous

medium two types of surface waves can propagate: there is pseudo-Rayleigh mode,

which leaks its energy into the slow compressional wave, and a true surface mode

with a velocity slightly below that of the slow wave. The second mode is a simple

form of a slowest surface wave predicted in [14,15]. However, as it was noticed in

[18], yet, available experimental data [19] seem to show that such slow surface mode

does in fact propagate when the open-pore boundary condition applies. Experimen-

tal results [19] for excitation of surface waves of di�erent modes at �uid-porous solid

interface have revealed that for an open pore interface at least two, and in some

cases three, types of surface waves are expected. Namely these are pseudo Rayleigh

wave, pseudo Stoneley wave, slower than the shear and �uid bulk modes, but higher

than the slow bulk mode, and true Stoneley wave, with speed slightly below the slow

wave velocity (existing only for certain parameters when the shear wave velocity is

not much higher than the slow wave velocity).

Some attention has been devoted to surface waves on curved interfaces. The problem

becomes mathematically very involved, and even the existence of surface waves has

not been fully investigated. This type of the surface wave problem has an important

practical bearing. For instance, it appears in the investigation of boreholes. An

account of results obtained within the frame of Biot's model can be found, for

example, in the paper by A.N.Norris [20].

In the same paper A.N.Norris shows that the existence of surface waves is not

related to values of the shear modulus in contrast to the above mentioned claims in

the earlier paper on this subject (e.g. [14], [15]).

The focus of this paper is on the research of the surface waves at a free interface of

a porous medium and at an interface between a porous medium and a liquid. The

aim of the present work is to reveal an existence of possible surface modes and their

characteristic features. In contrast to the earlier theoretical works on this subject

we rely on the model which is simpler than the Biot model. Simultaneously this

model satis�es all invariance and thermodynamical conditions, which the Biot model

does not do, and, in spite of its simplicity leads to similar results as the classical

Biot's model. We use a systematic mathematical approach based on the asymptotic

analysis. This method proves to be e�ective and very convenient not only in the case

considered in the present work but it enables the analysis of much more complex

problems of interfacial waves. The latter shall be the subject of separate papers.
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1. A new linear model of a saturated poroelastic

material vs. Biot's model

We rely in this paper on a model of saturated poroelastic materials proposed in a

series of papers by K. Wilmanski (e.g. [21-26]). These papers contain a full thermo-

dynamical construction of a two-component model which is nonlinear with respect

to deformations of components, and linear with respect to deviations from the ther-

modynamical equilibrium. We do not present any details of such a general model

in this work, and limit our attention to the particular case of the fully linear model.

Such a model reminds the classical model proposed by Biot (see: the collection of

papers of M. A. Biot published by Tolstoi [27]). However there exist also substan-

tial di�erences between these models, and therefore we present below the governing

equations in a juxtaposition.

We use solely macroscopic �elds in the formulation of both models, and they are

denoted as follows:

�
S
; �

F � partial mass densities of both components; they are connected with the so

called realistic (true) mass densities �SR; �FR by the relations �S = (1�n)�SR; �F =

n�
FR
; where n denotes the porosity (volume fraction of the �uid component),

v
S
;v

F � velocities of components; multiplied by the corresponding partial mass

densities they give (macroscopic) partial momentum densities,

u
S
;u

F � displacements of both components with vS = @uS

@t
;v

F = @uF

@t
,

e
S = 1

2

�
graduS +

�
graduS

�T�
� Almansi-Hamel deformation tensor of small defor-

mations (i.e. max(j�1j ; j�2j ; j�3j) � 1, where �i; i = 1; 2; 3 denote eigenvalues of

e
S),

�n � n� nE � dynamic changes of porosity; nE is a constant equilibrium value of

porosity.

Both models are based on the following �eld equations:

1. Partial mass balance equations

� K. Wilmanski
@�

S

@t
+ div

�
�
S
v
S
�
= 0;

@�
F

@t
+ div

�
�
F
v
F
�
= 0; (1:1)

� M. A. Biot � the same;

4



2. Momentum balance equations

� K. Wilmanski

�
S @v

S

@t
= �

Sgrad
�
treS

�
+ 2�SdiveS + �grad�n + �

�
v
F � v

S
�
;

v
S :=

@u
S

@t
; e

S :=
1

2

�
graduS +

�
graduS

�T�
;

�
F @v

F

@t
= ��grad�F � �grad�n � �

�
v
F � v

S
�
; (1:2)

� M. A. Biot

�
11
@
2
u
S

@t2
+ �

12
@
2
u
F

@t2
= (P � 2N) graddivuS + 2NdivgraduS+

+QgraddivuF + bF

 
@u

F

@t
�
@u

S

@t

!
;

�
12
@
2
u
S

@t2
+ �

22
@
2
u
F

@t2
= QgraddivuS +RgraddivuF�

�bF
 
@u

F

@t
�
@u

S

@t

!
; (1:3)

3. Balance equation of porosity

� K. Wilmanski

@�n

@t
+ nEdiv

�
v
F � v

S
�
= �

�n

�
; nE = const: (1:4)

� M. A. Biot � none (porosity is constant). Let us mention in passing that

in his �rst work from the year 1941 (eqn. (4.3)) Biot considered the

balance equation of porosity similar to (1.4) without the right hand side,

i.e without relaxation properties.

The notation of the Biot's model is fully explained, for instance, in the work [28].

However it is easy to see that the following identi�cation of material parameters

�
S = �

11 + �
12
; �

F = �
22 + �

12
;

N = �
S
; P � 2N = �

S
; R = ���F0 ; bF = �; (1:5)

where �F0 denotes the reference value of the partial mass density of the �uid compo-

nent, makes the two models identical provided the following conditions are satis�ed

1. the coupling through acceleration in the Biot's model is ignored:

�
12 � 0,
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2. the coupling through partial stresses in the Biot's model is ignored: Q � 0,

3. dynamical changes of porosity �n in Wilmanski's model are ignored.

The structure of balance and �eld equations of our model will be explained again in

Section 2.

We proceed to discuss the di�erences of the models in some details.

In order to discuss the �rst condition we write Biot's equations (1.3) in the following

form

�
S @

2
u
S

@t2
= (P � 2N) graddivuS + 2NdivgraduS+

+QgraddivuF + bF

 
@u

F

@t
�
@u

S

@t

!
� �

12

 
@
2
u
F

@t2
�
@
2
u
S

@t2

!
;

�
F @

2
u
F

@t2
= QgraddivuS +RgraddivuF�

�bF
 
@u

F

@t
�
@u

S

@t

!
+ �

12

 
@
2
u
F

@t2
�
@
2
u
S

@t2

!
: (1:6)

Consequently the momentum sources in the Biot's model consists of the two follow-

ing parts: proportional to the relative velocity of components with the permeability

coe�cient bF , and proportional to the di�erence of accelerations with the coe�cient

�
12. The latter is nonobjective, and, consequently the constitutive assumption on

the momentum source in this model violates the principle of material objectivity

(e.g. see the work [29]). Commonly used arguments advocating for such terms refer

either to the so called added mass e�ect or to the in�uence of tortuosity. We do not

share the opinion that such a nonobjective contribution would indeed account for

those microscopic e�ects. In the �rst case, even if added mass e�ects may appear in

fast drainage processes they would be certainly dominated by a viscosity of the �uid

component on the microlevel of description, and by microvorticities. Added mass

e�ects yield considerable contributions to solutions of �eld equations solely under

very special conditions on the type of an obstacle, and on �ow conditions. Even less

plausible seems to us a relation to tortuosity. As a geometrical property of porous

and granular materials relating length scales the tortuosity should be re�ected on

the macroscoic level by the existence of a characteristic length which, of course,

the relative acceleration does not introduce. An appropriate model describing tor-

tuosity should contain a microstructural variable additional to the porosity with a

corresponding �eld equation.

In our opinion these arguments justify the assumption �12 � 0.

More sophisticated is the argument leading to the second condition. Such couplings

between partial stresses as these descibed by the constant Q are, of course, plausible

in general. However within the frame of poroelastic models in which constitutive
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relations do not contain higher gradients a coupling by volume changes of compo-

nents violates the second law of thermodynamics. This conclusion holds true even

in the much larger class of models with large deformations (for the proof see Ap-

pendix in [26]). Such an observation has been made by Ingo Müller [30] within the

frame of his theory of miscible mixtures. Some details concerning contributions of

higher gradients � in his case � gradients of mass density � can be found in the book

[31]. Without a dependence on higher gradients the mixture is called simple, and

its partial free energies depend solely on corresponding partial mass densities ruling

out the coupling between partial pressures. Such higher gradients are absent in both

models of poroelastic materials.

It can be easily checked that the above assumptions do not in�uence the number

of modes of bulk waves which are described by both models. The existence of an

additional longitudinal mode of propagation of sound waves in porous materials

which is called a P2-wave or Biot's wave is solely related to two kinematics (two

velocity �elds vS, and vF ) of the model. Such modes are known also in theories of

mixtures of miscible components (for instance �uids). Certainly additional couplings

in the model in�uence speeds of propagation, and the attenuation of waves but they

do not lead to any qualitative changes in spite of rather common claims in some

papers on the Biot's model.

Let us mention that the third condition may be accepted on the ground of the

analysis of orders of magnitude. This analysis leads to the conclusion that in the

zeroth approximation the coe�cient � may be put equal to zero. In e�ect the �eld

�n is not identically zero but its equation becomes decoupled. Dynamic changes

of porosity are important for propagation of nonlinear waves but they yield small

quantitative changes for weak discontinuity waves. Some results concerning this

point may be found in the works [25,32].

Let us mention that apart from the above described di�erences in �eld equations

there are also some di�erences in the form of boundary conditions in both models.

It seems more natural to use the �eld of velocity v
F rather than the �eld of dis-

placement uF for the �uid component. Therefore the volume changes of the �uid

are described in the model of K.Wilmanski by the fraction
�F��F

0

�F
0

, and not by divuF .

For the same reason the boundary condition on the permeable boundary di�ers in

this model from the condition proposed by Deresiewicz and Skalak [10], and used

rather commonly in works based on the Biot's model.

In Figure 1 we explain notations related to the geometry of the problem which

are relevant for the formulation of boundary conditions. The boundary � which is

assumed to be orientable divides the domain 
 into two parts: 
�
; 
+. The domain


� is assumed to be occupied by the porous material, and the domain 
+ contains

either vacuum or a liquid. These two cases are considered in this work. The unit

vector n normal to � is oriented in the external direction with respect to 
�. This

orientation speci�es the signature of various quantities of the model.
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Figure 1: Geometry of the problem

The above mentioned boundary condition on the permeable boundary has the fol-

lowing form

� K. Wilmanski

�
F
�
v
F � v

S
�
� n = ��n�

""
p
F

n

##
; (1:7)

with n
+ = 1 for interfaces between porous medium and a �uid, n� is a porosity

of the porous material in 
�, [[: : :]] = (: : :)
+
���
�
� (: : :)

�

���
�
denotes the jump of the

limits on the interface, and � denotes the surface permeability coe�cient;

� M. A. Biot (after [14], in the notation of the present work)

TnE

�
u
F � u

S
�
� n = �

""
p
F

nE

##
: (1:8)

For small changes of �uid mass density �
F , and porosity n these two conditions

di�er solely in the description of the �uid �ow through the interface. In the �rst

model it is the rate of �ow which is determined by jump of the pore pressure, and

in the second model it is the di�erence of �uid displacements. The latter is not well

de�ned in the �uid dynamics, and this is the reason for using the condition (1.7) in

this work.

Let us mention in passing that the model which we investigate in this paper can

be, in contrast to the Biot's model, easily extended to more complicated models in

which such nonlinear e�ects as changes of equilibrium porosity nE = nE

�
�F

�S

�
or

large deformations of the skeleton, and of the �uid as well as nonisothermal e�ects

are incorporated. The research of waves in such models is in progress.
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2. The mathematical model

2.1. Governing equations

Consider two semi-in�nite spaces 
� and 
+ having a common interface � (Fig. 1).

Let the region 
� be occupied by a saturated porous medium. The set of balance

equations describing the porous two-component medium has the following general

form (x 2 
�
; t 2 [0; T ]) [21-26]:

Mass conservation equations

@�
F

@t
+ div(�FvF ) = 0;

@�
S

@t
+ div(�SvS) = 0: (2:1)

Here � is the mass density, v is the velocity vector and indices F and S indicate

�uid or solid phases, respectively.

Momentum conservation equations

�
F

"
@

@t
+ (vFj ;

@

@xj
)

#
v
F
i �

@

@xj
T
F
ij + �(vFi � v

S
i ) = 0;

�
S

"
@

@t
+ (vSj ;

@

@xj
)

#
v
S
i �

@

@xj
T
S
ij � �(vFi � v

S
i ) = 0; (2:2)

where (�; �) denotes the inner product.

Balance equation for the change of porosity

@�n

@t
+ (vSi ;

@

@xi
)�n + nEdiv(v

F � v
S) = �

�n

�
; (2:3)

where � is the relaxation time of porosity, assumed to be constant.

Here TF and T
S are the partial stress tensors, � is a positive parameter which is

constant in the model used in this paper.

Constitutive relations for linear poroelastic materials

T
F = �pF1� ��n1; p

F = p
F
0 + �(�F � �

F
0 ); (2:4)

T
S = T

S
0 + �

SdivuS
1+2�SsymgraduS + ��n1; (2:5)

where pF is the pore pressure, pF0 and �F0 are the initial values of pore pressure and

�uid mass density, respectively, � is the constant compressibility coe�cient of the

�uid depending only on the equilibrium value of porosity nE. �n = n � nE is the

change of the porosity, � denotes the coupling coe�cient of the components. T
S
0
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denotes constant reference value of the partial stress tensor in the skeleton, �S and

�
S are the Lame constants of the skeleton, which depend only on nE, and u

S is the

displacement vector for the solid phase with

v
S =

@u
S

@t
: (2:6)

2.2. Boundary conditions

For the general case, when the region 
+ is occupied by, for instance, a saturated

porous medium as well, the boundary conditions at the interface � are:

1) the continuity of total stresseshh
(TS +T

F )n
ii

= 0; (2:7)

where [[: : :]] = (: : :)
+ j

�
� (: : :)

� j
�
denotes the jump of the limits on the interface,

2) the continuity of displacements of the solid phases (i.e. the boundary � is material

with respect to the skeleton) hh
u
S
ii

= 0; (2:8)

3) the continuity of the mass �ux across the interfacehh
�
F (vF � v

S) � n
ii

= 0; (2:9)

4) proportionality between a discontinuity in pore pressures and the mass �ux of

the �uid through the interface [33]

�
F (vF � v

S) � n j� = ��n�
""
p
F

n

##
(2:10)

Condition (2.10) re�ects in a phenomenological way the existence of a boundary

layer and relates the rate at which saturating �uid �ows relative to the solid at the

interface due to the pressure drop across the surface. Thus experimental constant

� is a kind of surface porosity and the case � = 0 corresponds to completely closed

surface pores (impermeable boundaries), while the case � = 1 corresponds to

the dynamical compatibility condition for partial tractions used in composits. For

porous and granular materials it yields the pore pressure continuity condition. Such

a condition is commonly used in models of porous materials based on Darcy's law.

2.3. Dimensionless variables and parameters

Let us rewrite the system of equation (2.1)-(2.6) in a dimensionless form. For this

purpose we introduce the following dimensionless variables and parameters:

�̂
F =

�
F

�
S
0

; �̂
S =

�
S

�
S
0

;
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v̂
F =

v
F

U
S
jj

; v̂
S =

v
S

U
S
jj

;

where �S0 is the initial value of skeleton mass density and US
jj
=
q
(�S + 2�S)=�S0 is

a velocity of a longitudinal wave in an unbounded elastic medium. Also one has:

x̂ =
x

US
jj
�
; t̂ =

t

�
; û =

u

US
jj
�
;

p̂
F =

p
F

�S0 (U
S
jj
)2
; �̂ =

�

(US
jj
)2
;

�̂ =
��

�S0

; �̂ =
�

�S0 (U
S
jj
)2
;

�̂
S =

�
S

�S0 (U
S
jj
)2
; �̂

S =
�
S

�S0 (U
S
jj
)2
;

�̂ = �U
S
jj
:

After the change of variables and parameters the original system (2.1)-(2.6) keeps

its form except of the right-hand side in the equation for the change of porosity.

One gets there ��n. For typographical reasons we omit below symbol ^ above

the expressions.

2.4. Formulation of the problem

In what follows we consider two typical cases, namely we investigate surface waves

at an interface of a porous medium and vacuum, and at an interface, separating a

porous medium and a liquid. Basic conservation equations describing the liquid in

the region 
+ have the form (below upper index �+� indicates the region 
+):

Mass conservation equation

@�
F+

@t
+ div

�
�
F+
v
F+
�
= 0: (2:11)

Momentum conservation equation

�
F+

"
@

@t
+

�
v
F+
j ;

@

@xj

�#
v
F+
i �

@

@xj
T

F+
ij = 0: (2:12)

Here TF+ is the stress tensor:

T
F+ = �pF+1; p

F+ = p
F+
0 + �

+
�
�
F+ � �

F+
0

�
: (2:13)
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The liquid is assumed to be compressible with constant compressibility coe�cients

�
+. pF+0 and �F+0 are the initial values of pressure and liquid density. After intro-

duction of the following dimensionless variables

�̂
F+ =

�
F+

�S0

; v̂
F+ =

v
F+

US
jj

;

p̂
F+ =

p
F+

�S0 (U
S
jj
)2
; �̂

+ =
�
+

(US
jj
)2

equations (2.11)-(2.13) preserve their form. Again below the symbol ^ is omitted.

2.5. Linearization

Let us linearize the system of equation (2.1)-(2.6) about some equilibrium state.

The simplest case arises when in the equilibrium state the �elds have the following

constant values: �F = �
F
0 , �

S = �
S
0 , v

F = 0, v
S = 0 and �n = 0. After the

introduction of displacement vector for the �uid phase uF and linearization, the

system (2.1)-(2.6) takes the following form:

@�
F

@t
+ rdiv

@u
F

@t
= 0; (2:14)

@�
S

@t
+ div

@u
S

@t
= 0; (2:15)

r
@
2
u
F

@t2
+ grad(pF + ��n) + �

@

@t
(uF � u

S) = 0; (2:16)

@
2
u
S

@t2
� �

S�uS � (�S + �
S)graddivuS � �grad�n � �

@

@t
(uF � u

S) = 0; (2:17)

@�n

@t
+ nEdiv

@

@t
(uF � u

S) = ��n; (2:18)

where r = �
F
0 =�

S
0 .

After linearization about equilibrium state with constant values �F+ = �
F+
0 and

v
F+ = 0, equations (2.11), (2.12) take the following form:

@�
F+

@t
+ r

+div
@u

F+

@t
= 0; (2:19)

r
+
@
2
u
F+

@t2
+ gradpF+ = 0; (2:20)

where uF+ is the displacement vector for the liquid and r+ = �
F+
0 =�

S
0 .
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The general problem of propagation of elastic waves through a bounded space is

complicated. We con�ne ourselves to the consideration of a 2D problem (xy plane).

This assumption does not limit the generality for the plane boundary �. We in-

vestigate surface waves on the interface of a porous medium which occupies the

semi-in�nite space y > 0 (region 
�) and bounded either by the vacuum or by the

liquid. Vacuum or liquid �lls the semi-in�nite space y < 0 (region 
+).

On the interface y = 0, separating porous medium and vacuum, the following lin-

earized boundary conditions, which are the consequence of the general conditions

(2.7)-(2.10), have to be satis�ed:

1) the total stress vector vanishes

�@uS1
@ y

+
@u

S
2

@ x

�
jy=0 = 0; (2:21)

�
�
S divuS + 2�S

@u
S
2

@ y
� �(�F � �

F
0 )
�
jy=0 = 0; (2:22)

2) the relative normal velocity is equal to zero, i.e. � = 0. The latter means that

the pores at the interface are completely closed

@(uF2 � u
S
2 )

@ t
jy=0 = 0: (2:23)

If the interface y = 0 separates a porous medium and a liquid, then following

boundary conditions are valid:

1) the continuity of the total stress vector

�@uS1
@y

+
@u

S
2

@x

����
y=0

= 0 (2:24)

and

�
�
Sdiv uS + 2�S

@u
S
2

@y
� �(�F � �

F
0 )
����

y=0
= ��+(�F+ � �

F+
0 )

���
y=0

; (2:25)

2) the continuity of the mass �ux across the interface

�
F
0

@

@t
(uF2 � u

S
2 )
���
y=0

= �
F+
0

@

@t
(uF+2 � u

S
2 )
���
y=0

; (2:26)

3) proportionality between discontinuity in pressures and mass �ux of the �uid

through the interface [33]

��F0 (v
F
2 � v

S
2 )
���
y=0

= �(pF � nEp
F+)

���
y=0

: (2:27)

Our goal is to prove that the boundary value problem (2.14)-(2.18), (2.21)-(2.23) as

well as the boundary value problem (2.14)-(2.20), (2.24)-(2.27) has solutions in the

13



form of surface waves, i.e. solutions which decrease su�ciently fast as jyj ! 1. For

this purpose we will investigate the propagation of a harmonic wave whose frequency

is !, wave number is k, and its amplitude depends on y. It should be noted here

that as in [34-36] we consider the solutions of (2.1)-(2.10) in the absence of external

forces. Then they are de�ned uniquely by Cauchy data. In this case it is natural to

derive ! as a function of the real wave number k 2 R
1. Thus, Re!=k de�nes the

phase velocity of waves, while Im! de�nes the attenuation. Below we use following

dimensionless parameters: !̂ = !� and k̂ = kU
S
jj
� (the upper symbol ^ is again

omitted in further consideration).

3. Construction of solution

Solution in the region 
� (porous medium half-space) is sought in the following

form [34]-[36]:

u
F = grad'F + rot	F

; u
S = grad'S + rot	S

; (3:1)

where 	F = (0; 0;  F ) and 	S = (0; 0;  S). Concequently, in the explicit form one

has:

u
F
1 =

@'
F

@x
+
@ 

F

@y
; u

F
2 =

@'
F

@y
�
@ 

F

@x
;

u
S
1 =

@'
S

@x
+
@ 

S

@y
; u

S
2 =

@'
S

@y
�
@ 

S

@x

Here unknown potentials are sought as:

'
F = A

F (y) exp (i (kx� !t)) ; '
S = A

S (y) exp (i (kx� !t)) ;

 
F = B

F (y) exp (i (kx� !t)) ;  
S = B

S (y) exp (i (kx� !t)) : (3:2)

Simultaneously

�
F � �

F
0 = A

F
� (y) exp (i (kx� !t)) ; �

S � �
S
0 = A

S
� (y) exp (i (kx� !t)) ;

�n = A� exp (i (kx� !t)) : (3:3)

Substitution of (3.1) into (2.14)-(2.18) and the following insertion of expressions

(3.2), (3.3) result in three equations for unknown amplitudes AF (y), A
S(y), and

B
S(y) �

c
2

f (
d
2

d y2
� k

2) + !
2
�
AF

+

 
�!nE

r (i+ !)

 
d
2

dy2
� k

2

!
+
i�!

r

!�
A
F � A

S
�
= 0; (3:4)

 
d
2

dy2
� k

2 + !
2

!
A
S �

 
�!nE

i+ !

 
d
2

dy2
� k

2

!
+ i�!

!�
A
F � A

S
�
= 0; (3:5)
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d
2

dy2
� k

2 +
!
2

c2s

�
i�!

2
r

c2s (!r + i�)

!
B

S = 0 (3:6)

and in four algebraic relations for BF (y), A�(y), A
S
� (y), and A

F
� (y):

B
F =

i�

!r + i�
B

S
; (3:7)

A� = �
mE!

i + !
(
d
2

d y2
� k

2)(AF � A
S); (3:8)

A
S
� = �(

d
2

d y2
� k

2)AS
; (3:9)

A
F
� =

r!
2

c
2
f

A
F +

1

c
2
f

 
�!nE

i+ !

 
d
2

dy2
� k

2

!
+ i�!

!�
A
F � A

S
�
= 0: (3:10)

Here cf = U
F
=U

S
jj
< 1, cs = U

S
?
=U

S
jj
< 1 and UF =

p
�, U

S
?
=
q
�S=�S0 . Let us

remind that US
?
is a velocity of shear wave in an unbounded elastic medium, while

U
F is the sound speed in a liquid.

Next let us prove the existence of solutions for the system (3.4)-(3.5) and for the

equation (3.6) decaying with y. First consider (3.6). The solution has the following

form:

B
S = Cs exp(�s y) (3:11)

with

s =

vuutk2 � !2

c2s

+
i�!2r

c2s (!r + i�)
: (3:12)

Let us de�ne the following condition:

Condition 1.

Re
h
k
2 �

!
2

c2s

+
i�!

2
r

c2s (!r + i�)

i
> 0: (3:13)

As we will show below, this condition is indeed ful�lled by all surface waves which

are proven to be possible on the free interface of a porous medium and on the

interface separating a porous medium and a liquid. It is also quite natural. Namely,

a similar condition in the classical elasticity theory yields the conclusion that the

phase velocity of a surface wave should be less than the velocity of a shear wave.

Then, the square root in (3.12) is de�ned as
p
1 = 1 and in order to get a bounded

solution we choose

B
S = Cs exp(�s y): (3:14)
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We proceed to prove the existence of solution for the system (3.4)-(3.5). The solution

is sought in the following form:

 
A
F

A
S

!
= Cj

 
R

F
j

R
S
j

!
exp(�j y): (3:15)

Substituting (3.15) into (3.4),(3.5), one obtains the following eigenvalues problem:

d
F
1 (j)R

F
j + d

S
1 (j)R

S
j = 0;

d
F
2 (j)R

F
j + d

S
2 (j)R

S
j = 0; (3:16)

where

d
F
1 (j) =

�
rc

2

f +
� nE!

! + i

��2j
k2
� 1

�
+
!

k
(r
!

k
+ i

�

k
);

d
S
1 (j) = �

� nE!

! + i

�2j
k2
� 1

�
� i

�!

k2
;

d
F
2 (j) = �

� nE!

! + i

�2j
k2
� 1

�
� i

�!

k2
;

d
S
2 (j) =

�
1 +

� nE!

! + i

��2j
k2
� 1

�
+
!

k
(
!

k
+ i

�

k
); (3:17)

and eigenvalues j and eigenvectors (RF
j ; R

S
j )

T have to be found. Obviously, j are

de�ned from the condition that determinant of (3.16) must vanish. Consequently,

one can derive eigenvectors (RF
j ; R

S
j )

T .

We omit here lengthy formulae for these eigenvalues and eigenvectors in the gen-

eral case. Let us consider the simpli�ed case when � = 0. The assumption on

the vanishing coe�cient � means that we neglect a static coupling between compo-

nents. This happens to be justi�ed for su�ciently small changes of porosity �n even

though these changes in�uence, however to much lesser extent than relative motion

of phases, both speeds of propagation and attenuation [33]. The vanishing of the

determinant of the system (3.16) yields biquadratic equation for unknown functions

j:  

2
j

k2
� 1

!2
+
!

k

 
!

k

�
1 +

1

c2f

�
+ i

�

k

�
1 +

1

rc2f

�! 2j
k2
� 1

!

+
1

c2f

!
3

k3

�
!

k
+ i

�

k

�
1 +

1

r

��
= 0: (3:18)
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Hence we have the solution:


2
j

k2
= 1�

1

2

!
2

k2

�
1 +

1

c2f

�
�

1

2
Re Æ +

i

2

 
�Im Æ �

!

k

�

k

�
1 +

1

rc2f

�!
; (3:19)

where

Æ =

vuut!4

k4

�
1�

1

c2f

�2
�
!2

k2

�2

k2

�
1 +

1

rc2f

�2
+ 2i

!3

k3

�

k

�
1�

1

rc2f

��
1�

1

c2f

�
:

Similarly to the analysis of the equation (3.6) we assume that the following condition

holds:

Condition 2.

Re

"
1�

1

2

!
2

k2

�
1 +

1

c2f

�#
�

1

2
Re Æ > 0: (3:20)

Then there exist two roots 1 and 2, such that

1;2

k
=

vuut1�
1

2

!2

k2

�
1 +

1

c2f

�
�

1

2
Re Æ +

i

2

 
�Im Æ �

!

k

�

k

�
1 +

1

rc2f

�!
; (3:21)

with

Re 1;2 > 0:

We will demonstrate below that physically the condition (3.21) means that the phase

velocity of a surface wave should be less then velocities of longitudinal waves both

in a solid and in a liquid. Otherwise the following condition holds true:

Condition 3.

Re

"
1�

1

2

!
2

k2

�
1 +

1

c2f

�#
+

1

2
Re Æ > 0; Re

"
1�

1

2

!
2

k2

�
1 +

1

c2f

�#
�

1

2
Re Æ < 0: (3:22)

Then Re2 > 0 and 2 is de�ned as above. But the square root in the expression

for 1 is de�ned in such a way that the so-called radiation condition [1], i.e. the

condition of boundedness of solutions, is satis�ed:

1 = i

vuut1�
1

2

!2

k2

�
1 +

1

c2f

�
+

1

2
Re Æ +

i

2

 
Im Æ �

!

k

�

k

�
1 +

1

rc2f

�!
: (3:23)

Corresponding eigenvectors are given by:

(RF
1 ; R

S
1 ) =

�
R

F
1 ;

i
�!

k2

2
1

k2
� 1 + !

k

�
!

k
+ i

�

k

�RF
1

�

and

(RF
2 ; R

S
2 ) =

� i
�!

k2

rc2f

�
2
1

k2
� 1

�
+ !

k

�
r
!

k
+ i

�

k

�RS
2 ; R

S
2

�
(3:24)
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Thus, a bounded solution to (3.4)-(3.6) exists and it has the form:

 
A
F

A
S

!
= C1

 
R

F
1

R
S
1

!
exp(�1 y) + C2

 
R

F
2

R
S
2

!
exp(�2 y);

B
S = Cs exp(�s y): (3:25)

Here the constants C1, C2, and Cs are still unknown and have to be de�ned from

the boundary conditions.

Let us clarify the above-obtained results by considering a particular case of short

waves, i.e. jkj � 1. In this case radicals 1;2 and s take rather simple forms,

namely:

~1 =

vuut1�
~!2

c2f

; ~2 =
p
1� ~!2; ~s =

vuut1�
~!2

c2s

; (3:26)

where ~! = !=k, ~1;2 = 1;2=jkj, and ~s = s=jkj. Concequently, eigenvectors for
(3.17) are also simpli�ed:

(RF
1 ; R

S
1 ) = (1; 0); (RF

2 ; R
S
2 ) = (0; 1):

It is evident that radicals ~1; ~2, and ~s are multi-valued functions. In order to

make these function single-valued, consider the Riemann surface of ~! with the cuts

outgoing from the points �cf ; � cs; � 1. From now on we consider this Riemann

surface, where the signs at radicals are de�ned uniquely (depending on the strip of

the Riemann surface [35]) in such a way that on the real axis the radiation condition

[1] is satis�ed.

Let one of the following conditions hold true:

Condition 4.

1 > maxRe

 
~!2

c2f

;
~!2

c2s

; ~!2
!
: (3:27)

Then ~1; ~2, and ~s are de�ned as in (3.26).

Condition 5.

Re
~!2

c
2
f

> 1 > maxRe

 
~!2

c2s

; ~!2
!
: (3:28)

Then ~2 and ~s are de�ned as in (3.26). However

~1 = i

vuut ~!2

c2f

� 1 (3:29)

on the �rst strip of the Riemann surface [35].
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It should be noted also that in case jkj � 1 the conditions (3.13), (3.20) are reduced

to condition (3.27). The latter means that the phase velocity of a surface wave should

be less than velocities of all bulk waves. Condition (3.22) is transformed to (3.28).

It says that if there exists a surface mode whose phase velocity is bigger than the

sound velocity in a liquid then signs at radicals ~1; ~2, and ~s are chosen depending

on the Riemann surface. We prove below that phase velocities of surface waves,

existing on the free interface of a porous medium and on the interface separating a

porous medium and a liquid, satisfy either (3.27) or (3.28).

In order to derive a dispersion relation for the de�nition of velocities of the surface

waves, one should substitute solution (3.25) into the boundary conditions. First let

us consider surface waves at the interface separating a porous medium and vacuum.

4. Surface waves at a free interface of a porous

medium

4.1. Dispersion relation

Substituting solution (3.25) into the boundary conditions (2.21)-(2.23) for the case

� = 0 one gets the following system of equations with respect to unknown constants

C1; C2; Cs:

~1C1R
S
1 + ~2C2R

S
2 +

i

2

�
~2s + 1

�
Cs = 0; (4:1)

(�S + 2�S)
�
(~21 � 1)C1R

S
1 + (~22 � 1)C2R

S
2

�

+2�S(C1R
S
1 + C2R

S
2 ) + 2i�S~sCs �

�
~!2r + i

�~!

k

�
(C1R

F
1 + C2R

F
2 )

+i
�~!

k
(C1RS1 + C2R

S
2 ) = 0; (4:2)

~1C1(R
F
1 �R

S
1 ) + ~2C2(R

F
2 � R

S
2 )� iCs

�
1�

i�=k

~!r + i�=k

�
= 0: (4:3)

The condition that the determinant of the system (4.1)-(4.3) must vanish yields the

dispersion equation for the de�nition of frequencies of surface waves. For the case

jkj � 1 one gets:
i�

S

2~1~2
Pv(~!) = 0; (4:4)

where

Pv(~!) = ~1PR(~!) + ~2r
~!4

c4s

(4:5)
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and PR corresponds to the classical Rayleigh equation [1,4]:

PR(~!) =

 
2�

~!2

c2s

!2
� 4~2~s: (4:6)

Equality

Pv(~!) = 0 (4:7)

is the equation for the phase velocities of surface waves and their attenuation. It is

interesting to note that (4.7) corresponds exactly to the dispersion equation for the

case of surface waves at the interface between liquid and solid half-spaces [1]. Next

let us construct asymptotic expansions for the roots of equation (4.7).

4.2. Asymptotics of the roots

First we prove that dispersion equation (4.7) has a root ~!1 satisfying condition (3.27),

i.e Re~!1 2 (0; cf). Because of the fact that velocities U
F and US

?
di�er signi�cantly,

dimensionless speed cf = U
F
=U

S
?
can be considered as a small parameter: " � cf .

The asymptotic expansion of ~!1 is sought in the following form [34-36]:

~! = "(1� c1"
4 + � � �): (4:8)

Substituting (4.8) into (4.7) one speci�es from the lowest appoximation modO("4):

p
2c1 =

r

2c2s(1� c2s)
(4:9)

and, consequently,

c1 =
r
2

8c4s

�
1� c2s

�2 : (4:10)

It is obvious that in order to satisfy condition (3.27) both Rec1 and Re
p
c1 should

be positive. This is indeed ful�lled since cs < 1. Therefore

Re~!1 = "

�
1� c1"

4 +O("5)
�
2 [0; cf): (4:11)

This phase velocity corresponds to very slow surface wave (true Stoneley wave),

propagating almost without attenuation. Its speed is less than the velocities of all

bulk waves in the porous media and has order O(cf).

Next, let us show that dispersion equation (4.7) has also a complex root, satisfying

condition (3.28). It belongs to the interval (cf ; cs) and corresponds to the generalized

Rayleigh wave whose phase velocity cR0 ! cR as �F0 ! 0, where cR is a velocity of

the classical Rayleigh wave in elastic half-space. It should be reminded here that for

~1 the following branch is taken (see condition (3.28)): ~1 = i

r
~!2

c2
f

� 1. Also, since
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cR0 should be close to cs, than
r

~!2

c2
f

� 1 � ~!

cf
. Thus (4.7) can be rewritten in the

form:

cfr
~!3

c4s

p
1� ~!2 � iPR = 0: (4:12)

Let

~! = 
0 + "
1 + : : : (4:13)

It is easy to show that the leading part 
0 of (4.13) satis�es the Rayleigh equation

PR(
0) = 0, i.e. 
0 = cR. For the de�nition of the next term 
1 of expansion (4.13)

one gets the following equation:

h 4
c4s


3

0 � 8
1

c2s


0 � 4
d

d~!

�vuut1�
~!2

c2s

p
1� ~!2

����
~!=
0

i

1

= ir

3
0

c4s

q
1� 
2

0: (4:14)

Finally one has:

~!R0 = cR + "
1 +O("2); (4:15)

where 
1 is imaginary and is determined by (4.14). The real part of (4.15), i.e. cR,

de�nes the phase velocity of generalized Rayleigh wave and kIm
1 corresponds to

the attenuation of this wave. Thus the reradiation of the energy into the medium

occurs. It is the so-called leaky wave. Since Im
1 > 0 one can prove, estimating the

amplitudes of the bulk waves, that part of the energy of this surface wave is absorbed

by the slow compressional wave. But in contrast to the generalized Rayleigh wave at

the interface between liquid and solid half-spaces, where energy is radiated from solid

into liquid, leaky wave at the free interface of a porous medium radiates energy into

the half-space, where the wave is localized, i.e. into 
�. The �rst example of such

type of surface waves was described at the concave cylindrical interface of elastic

solid [1]. As it is clear from the research presented, such leaky waves, radiating

energy into the medium where they are located, exist at the plane interface of a

porous saturated medium.

5. Surface waves at an interface separating a satu-

rated porous medium and a liquid

5.1. Construction of solution

Next consider surface waves at an interface separating a saturated porous medium

and a liquid. As in the case of a free interface of a porous medium, solution in
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the region 
� (y > 0), occupied by a porous medium, is sought in the form (3.1)-

(3.3) and the form (3.25) of a bounded solution remains to be valid. For the liquid,

occupying region 
+ (y < 0), the solution for (2.11)-(2.13) has the form:

u
F+ = grad'F+

;

'
F+ = A

F+(y) exp
�
i(kx� !t)

�
;

�
F+ � �

F+
0 = A

F+
� (y) exp

�
i(kx� !t)

�
: (5:1)

Substituting (5.1) into (2.11)-(2.13) one gets:

A
F+
� =

r
+
!
2

(c+f )
2
A
F+ (5:2)

and

A
F+
� + r

+

 
d
2

dy2
� k

2

!
A
F+ = 0; (5:3)

where c+f = U
F+
=U

S
jj
< 1 and U

F+ =
p
�+. Obviously, equation (5.3) has the

following bounded solution:

A
F+ = C

+

1 exp(+1 y); 
+

1 = jkj

vuut1�
~!2

(c+f )
2
: (5:4)

In order to derive dispersion relation and to de�ne the phase velocities of the surface

waves, one should substitute solutions (3.25) and (5.4) into boundary conditions

(2.24)-(2.27). We proceed to do so.

5.2. Dispersion relation

Substituting the solution into boundary conditions (2.24)-(2.27) for the case � = 0

and jkj � 1 one gets the following system of equations with respect to unknown

constants C1; C2; Cs, and C
�

1 :

(�S + 2�S)(~22 � 1)C2 + 2�SC2 + 2�Si~sCs � ~!2rC1 = �~!2r�C+

1 ; (5:5)

~2C2 +
i

2

�
~2s + 1

�
Cs = 0; (5:6)

�~1C1 + ~2C2 + iCs =
r
+

r
~+1 C

+

1 ; (5:7)
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i

�
~+1 C

+

1 + ~2C2 + iCs

�
= �~!

r

r+

�
C1 � C

+

1

�
; (5:8)

where

~1 =

vuut1�
~!2

c
2
f

; ~2 =
p
1� ~!2;

~s =

vuut1�
~!2

c2s

; ~+1 =

vuut1�
~!2

(c�f )
2
: (5:9)

The condition that the determinant of the system (5.5)-(5.8) must vanish yields the

dispersion equation for the complex speeds of the surface waves:

 
�

�
S

~1~2
Pv + r

+
~!4

~1c2s

! 
~+1 � i�~!

 
~+1
~1

+ nE

!!

�r+
 
1 +

~+1
~1

!
~!4

c2s

 
1�

i

~1
�~!(1� nE)

!
= 0: (5:10)

Here Pv is the dispersion relation, corresponding to the case of surface waves at a

free interface of a porous medium, whereas PR corresponds to the classical Rayleigh

equation (see (4.5), (4.6)).

Obviously, (5.10) includes radicals ~1; ~
+
1 ; ~2; ~s, which are multi-valued functions. In

order to make these function single-valued, consider Riemann surface of ~! with the

cuts outgoing from the points �cf ;�c+f ;�cs;�1. Later on we consider this Riemann

surface, where the signs at radicals are de�ned uniquely (depending on the strip of

the Riemann surface [35]) in such a way that on the real axis the radiation condition

[1] is satis�ed. The latter means that solutions (3.25) and (5.4) are bounded in the

regions y > 0 and y < 0, respectively.

Next consider for simplicity the case when the liquid, saturating a porous medium,

and the liquid, occupying half-space y < 0, are the same. Thus �� = � and ~�1 = ~1.

Let either

Condition 1

1 > maxRe

 
~!2

c
2
f

;
~!2

c2s

; ~!2
!

(5:11)

and, consequently, ~1; ~2 and ~s are de�ned as in (5.9),

or

Condition 2

Re
~!2

c2f

> 1 > maxRe

 
~!2

c2s

; ~!2
!

(5:12)
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holds. Then ~2 and ~2 are de�ned as in (5.9). However

~1 = i

vuut ~!2

c
2
f

� 1 (5:13)

for the �rst strip of the Riemann surface (see Appendix 1 [35] for technical details).

Next we will show that dispersion equation (5.10) has three roots satisfying either

(5.11) or (5.12). In what follows we investigate the dependence of the roots of (5.10)

on parameters � and �F+0 and consider the correspondence of these roots to those

obtained for the case: porous medium-vacuum.

5.3. Asymptotics of the roots

First let us prove that there exists a root ~!1 of (5.10) satisfying (5.11), i.e. Re~!1 2
[0; cf). Its asymptotic expansion is sought in the following form [4,5,7,8]:

~! = "(1� c1"
4 + � � �): (5:14)

It should be noted here that we consider outer expansion � � 1 of the roots with

respect to ". Substituting (5.14) into (5.10) one gets from the lowest approximation:

p
2c1 =

(1 + nE)r + (1� 3nE)r
+

2�S(1� c2s)(1 + nE)
: (5:15)

It is obvious that in order to satisfy condition (5.11) both Rec1 and Re
p
c1 have to

be positive. By virtue of physical reasons

(1 + nE)r + (1� 3nE)r
+
> 0 (5:16)

and, consequently,
p
2c1 > 0 and c1 > 0. Therefore

Re~!1 = "

�
1� c1"

4 +O("5)
�
2 [0; cf): (5:17)

As in the case of a free interface of a porous medium, this phase velocity corresponds

to very slow surface wave (true Stoneley wave), propagating almost without atten-

uation. Its speed is less than the velocities of all bulk waves in the porous medium

and in the liquid, and it has the order O(cf).

Next we will show that dispersion equation (5.10) has also two complex roots, sat-

isfying condition (5.12). These roots correspond to the localized with respect to y

surface waves whose phase velocities are close to cf and cs, respectively. First of

them is sought in the following form [35]:

~! = "(1 + c2"
2 + c3"

3 + � � �): (5:18)

Substitution of (5.18) into (5.10) yields at the lowest O("4) approximation:

�
p
2c2 + �(1 + nE) = 0; (5:19)
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i.e.

c2 =
�
2

2
(1 + nE)

2
> 0: (5:20)

Let us recall, that in accordance with condition (5.12) for ~1 the following branch is

taken: ~1 = i

r
~!2

c2
f

� 1: From the next O("5) approximation one has:

c3 = �i
2

�S

�nEr
+

(1� c2s)
: (5:21)

Finally, one gets the following expansion for the second root of dispersion relation

(5.10):

~!2 = "

�
1 + c2"

2 + c3"
3 +O("4)

�
; (5:22)

where coe�cients c2 and c3 are de�ned above. This root de�nes slightly attenu-

ated leaky surface wave (pseudo-Stoneley wave), whose phase velocity is close but

somewhat bigger than cf .

As it was mentioned already, dispersion equation (5.10) has one more complex root,

satisfying also (5.12). It corresponds to the generalized Rayleigh wave with phase

velocity cR0 ! cR as �F+0 ! 0, where cR is a velocity of the classical Rayleigh wave in

an elastic half-space. Taking into account that here we have to choose ~1 = i

r
~!2

c2
f

� 1

and, due to the fact that cR0 is close to cs,
r

~!2

c2
f

� 1 � ~!

cf
, equation (5.10) can be

rewritten as:

 
PR � icf ~2r + icf ~2r

+
~!3

c4s

!�
1� cf�(1 + nE)

�

�2i~2cfr+
~!3

c4s

�
1� cf�(1� nE)

�
= 0: (5:23)

Let

~! = 
0 + "
1 + � � � (5:24)

It is easy to see that the leading part 
0 of expansion (5.24) satis�es the Rayleigh

equation: PR(
0) = 0, i.e. 
0 = cR. For the next term 
1 one gets the following

equation:

i

q
1� 
2

0(r + r
+)


3
0

c4s

�
"
4

c4s


3

0 �
8

c2s


0 � 4
d

d~!

�p
1� ~!2

vuut1�
~!2

c2s

�����
~!=
0

#

1 = 0: (5:25)
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Finally, one has:

~!R0 = cR + "
1 +O("2); (5:26)

where 
1 is imaginary and it is determined by (5.25). Real part of (5.25), de�nes

the phase velocity of the generalized Rayleigh wave and kIm
1 corresponds to the

attenuation of this wave. Thus the reradiation of the energy into the medium occurs,

i.e. it is a leaky wave. Since Im
1 > 0 then one can prove, estimating the amplitudes

of the bulk waves, that a part of the energy of this surface wave is absorbed by the

slow compressional wave.

It should be noted that complex roots ~!2 and ~!R0 lie at the �rst strip of the Riemann

surface, while ~!1 lies at the upper (second) strip of the Riemann surface. Moreover,

if � ! 0 and �F+0 ! 0, i.e. r+ ! 0, (limit passage to the vacuum), the roots ~!1
and ~!R0 continuously pass to the corresponding roots derived for the case of a free

interface of a saturated porous medium. As for the generalized Rayleigh wave, this

statement simply follows from (5.25) if r+ ! 0. Then (5.26) coincides with (4.14).

In order to prove this statement for the true Stoneley wave, we have to construct

inner asymptotic expansion of the root with respect to ", i.e. � = �0"; �0 � 0

(see Appendix 2 [35] for more details). Let us consider the �rst quadrant R++ =

f�0 > 0; �F+0 > 0g of parametric plane (�0; �
F+
0 ) excluding the cut

 = f�0; �F+0 ; �F+0 � (�F+0 )�; �0 = �
�

0(�
F+
0 )g; (5:27)

where

�
�

0(�
F+
0 ) =

�
F
0 + �

F+
0

4�S(1� c2s)(1 + nE)
(5:28)

and

(�F+0 )� =
(1 + nE)�

F
0

7nE � 1
: (5:29)

Then in the domain R++n the root ~!1 tends continuously to the analogous root ~!1
of dispersion relation (4.7) which corresponds to a free interface of a porous medium.

As it was proven in [35], an appearence of such a cut is stipulated by di�erent limit

values of ~!1 from the left and right of �0 = �
�

0(�
F+
0 ); �

F+
0 > (�F+0 )�. Di�erent

behaviour of the root ~!1 at the upper and lower sides of the cut  can be interpreted

as a hysteresis phenomenon.

Regarding pseudo-Stoneley surface wave, it is degenerated into the bulk compres-

sional wave of the second kind as � ! 0, i.e. ~!2 tends to cf (see Appendix 2

[35]).

6. Conclusions

The results presented in the paper concern surface waves which appear at a free

interfaces of saturated porous media and at an interface separating a saturated
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porous medium and a liquid. Such waves were not yet systematically investigated.

The present research reveals new features of surface waves in porous media which

do not appear for example in the case of classical liquid/elastic medium interface.

They are connected with the presence of a slow compressional wave in a porous solid.

In contrast to the free interface of elastic half-space, where only the Rayleigh wave

exists, in porous materials two types of surface waves are proven to be possible. They

are due to the combination of three waves in the porous medium: two longitudinal

waves and one shear wave. Consequently, as in the case of an interface between

liquid and elastic half-spaces, there are two surface waves. However, qualitatively

the properties of the surface waves in porous media di�er signi�cantly.

1. The �rst mode, which exists at the free interface of a saturated porous medium,

is a true surface wave (true Stoneley wave), which, as demonstrated by (4.11),

propagates almost without attenuation. Asymptotic analysis showed that its

velocity is less than the velocities of all bulk waves in unbounded porous

medium and that it is in�uenced primarily by the compressibility coe�cient

of the liquid phase. This surface wave is much slower than an analogous one

at the interface of liquid and elastic half-spaces.

2. The second type of surface waves, which appear on interfaces of porous me-

dia are the so-called leaky waves. These leaky waves are generalized Rayleigh

waves since their phase velocity is close to the velocity of the classical Rayleigh

wave. In the typical case of an interface between liquid and elastic half-spaces

the generalized Rayleigh wave is carried mostly by the elastic half-space and

radiates some of its energy into the liquid. This is not the case for porous ma-

terials in which the generalized Rayleigh wave is carried by the porous medium

and radiates a part of its energy into the porous medium itself. Namely, this

energy is absorbed by a slow compressional wave. Such leaky modes are transi-

tional modes between surface and bulk waves. It is obvious that due to energy

radiation into interior of the medium, they can exist only in the limited do-

main (localized waves). They are transformed into the bulk waves as soon as

their surface component is transformed into the bulk one.

New results were obtained also concerning surface waves appearing at an interface

separating a porous medium and a liquid. In contrast to the classical liquid/elastic

medium case, where two surface waves exist, namely the true Stoneley wave and

the generalized Rayleigh wave, in porous materials three types of surface waves are

proven to be possible. They are due to the combination of four waves: three waves

in a porous medium and one wave in a liquid.

1. The �rst mode is the true Stoneley wave. Similar to the analogous wave at a

free interface of a porous medium, it propagates almost without attenuation

and its velocity is less than the velocities of all bulk waves in unbounded porous

medium and in a liquid. If �! 0 and �F+0 ! 0 (limit passage to the vacuum),

this wave passes to the analogous wave at a free interface of a porous medium.
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2. The second type of surface waves is the leaky pseudo-Stoneley wave. Its veloc-

ity is close but somewhat bigger than velocity of the lowest logitudinal wave

of the second kind and it is de�ned, as for the true Stoneley wave, by the

compressibility coe�cient of the liquid phase. If � ! 0, than this wave is

degenerated to the bulk logitudinal wave of the second kind.

3. The third mode is the leaky generalized Rayleigh wave since its phase velocity

is close to the velocity of the classical Rayleigh wave. In the typical case of an

interface between liquid and elastic half-spaces the generalized Rayleigh wave

is carried mostly by the elastic half-space and radiates some of its energy into

the liquid. In porous materials some part of its energy is absorbed by a slow

compressional wave. If %F+0 ! 0, this wave is transformed into the generalized

Rayleigh wave at a free interface of a porous medium.

Conclusions concerning the second case considered above have a particular practical

bearing. As we have seen the properties of surface waves appearing in this case

are strongly dependent on the surface permeability parameter �. Consequently

measurements of such waves may determine this important parameter for boundary

value problems for saturated poroelastic media with permeable boundaries.

Finally let us mention that some results of this work coincide to the great extent

with those obtained numerically by Feng and Johnson [14,15] in spite of the fact

that the model used in this paper is much simpler than the Biot's model applied in

[14,15]. This seems to support our arguments made at the beginning of this work

concerning �aws of the Biot model.
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