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ABSTRACT. Stochastic systems with multiplicative noise, phase flows of which have in-
tegral invariants, are considered. For such systems, numerical methods preserving the
integral invariants are constructed using full implicit schemes of a new type for stochastic
differential equations. In these full implicit schemes increments of Wiener processes are
substituted by some truncated random variables. They are important for both theory
and practice of numerical integration of stochastic differential equations. A special at-
tention is paid to systems with separable Hamiltonians and to Hamiltonian systems with
small noise. Liouvillian methods for stochastic systems preserving phase volume are also
proposed. Some results of numerical experiments are presented.

1. INTRODUCTION

Consider the Cauchy problem for the system of stochastic differential equations (SDEs)
in the sense of Stratonovich

(1.1) dP = f(t, P,Q)dt + Em:ar(t, P, Q) o dw,(t), P(ty) = p,

r=1

dQ = g(t, P,Q)dt + Y _7.(t, P, Q) o dw,(t), Qto) =g,
r=1

where P, Q, f, g, 0., v, are n-dimensional column-vectors with the components P?, Q¢
fi g5 0t 4, i=1,...,n, and w,(t), r = 1,...,m, are independent standard Wiener
processes.

We suppose that all the coefficients of considered systems are sufficiently smooth functions
defined for (t,p,q) € [ty,to + T] x R%, d = 2n, and they provide the property of extend-
ability of solutions to the interval [ty,to + T (additional conditions in connection with
considered methods consist in appropriate behavior of partial derivatives of the coefficients
on infinity).

We denote by X(t1 tUa $) = (P(t, thpa q)’ Q(t; thpa Q))T = (P(t, to’pla Tt ,pn, qla Tt qn),
Q(t;to, p*, ..., 0" ¢ -, @")T, to < t < ty + T, the solution of the problem (1.1). A
more detailed notation is X (¢; ¢, z;w), where w is an elementary event. It is known that
X(t;ty, z;w) is a phase flow (diffeomorphism) for almost every w. See its properties in,
e.g. [1, 2]

If there are functions H,(t,p,q), r =0,...,m, such that (see [1] and [3])
(1.2) ff= —3H0/8qi, g = 8H0/8Pi,

ot = —0H,/8q¢", ~.=0H,/dp", i=1,...,n, r=1,...,m,
then the phase flow of (1.1) preserves symplectic structure:
(1.3) dP A dQ = dp A dg,

i.e., the sum of the oriented areas of projections onto the coordinate planes (p',¢'),...,
(p",¢") is an integral invariant [4].

Let P, Qx, k=0,...,N, tp11 — tr = hgy1, ty = o + T, be a method for (1.1) based on
the one-step approximation P = P(t + h;t,p,q), @ = Q(t + h;t,p,q). We say that the
method preserves symplectic structure if

(1.4) dP ANdQ =dp Adg.



The present paper deals with symplectic integration of the Hamiltonian system with
multiplicative noise (1.1), (1.2). It is a continuation of [3]|, where symplectic methods for
Hamiltonian systems with additive noise were proposed. For symplectic integration of
deterministic Hamiltonian systems see, e.g. [5, 6, 7, 8] and references therein.

As is known [5], in the case of deterministic general Hamiltonian systems symplectic
Runge-Kutta (RK) methods are all implicit. Hence it is natural to expect that to construct
symplectic methods for general Hamiltonian stochastic systems with multiplicative noise,
full implicit methods are needed. The known implicit methods for stochastic systems with
multiplicative noise (see [9, 10]) contain implicitness in deterministic terms only. In [11] an
implicitness is introduced in stochastic terms as well. But the methods of [11] are of a very
special form. In Section 2 a new class of full implicit methods of mean-square order 1/2
for general stochastic systems is proposed. In these implicit schemes increments of Wiener
processes are substituted by some truncated random variables. They are important for
both theory and practice of numerical integration of SDEs. In the commutative case a
full implicit method of mean-square order 1 is also obtained. We use these full implicit
methods in Section 3 to construct symplectic methods for general Hamiltonian systems
with multiplicative noise. Sections 4 and 5 are devoted to special cases of separable
Hamiltonians and systems with small noise respectively. In Section 6 some Liouvillian
methods for stochastic systems preserving phase volume are constructed. Numerical tests
are presented in the last section.

2. FULL IMPLICIT METHODS

Construction of implicit methods for stochastic systems with additive noise does not cause
any principal difficulties. However, all is much more intricate in the case of stochastic
systems with multiplicative noise. The known implicit methods for such systems (see
[9, 10]) contain implicitness restricted to deterministic terms, e.g., to the drift terms in
the implicit Euler scheme. In [11], an implicitness is introduced in stochastic terms as well.
But methods of [11] are of a very special form. In this section we construct a sufficiently
large class of full implicit methods of mean-square order 1/2 for general stochastic systems.

2.1. The convergence theorem on mean-square methods from [9]. Let us recall
some formulae of numerical methods for SDEs in the Ito sense

(2.1) dX = a(t,X)dt + Y b, (t, X)dw,(t), X(to) = Xo,

r=1
where X, a(t,z!,...,z%), b,(t,z%, ..., z%) are d-dimensional column-vectors with the com-
ponents X%, a’, bi,i=1,...,d, and w,(t), r = 1,...,m, are independent standard Wiener
processes.

Consider mean-square approximations of the solution to the system (2.1). A one-step
mean-square approximation X; ,(t +h), to <t < t+h <ty +T), is constructed depending
on t, z, h, and {wi(¥) — wi(t),..., wn(F) — wn(t); t < < t+ h}. Using the one-step
approximation, we recurrently obtain the approximation Xy, &k = 0,..., N, tgy1 — tp =
hri1, tyn =t + T :

Xo=X(to), Xe+1 = Xo x, (trr1)-



For simplicity, we will take t;41 —tx = h = T/N. Note that X, may be a random variable
which does not depend on the Wiener processes w,(t), t € [to,to + 7.

Suppose the functions a(t, z) and b,(t,z) are defined and continuous for t € [ty, ¢y + 717,
r € R? and satisfy a uniform Lipschitz condition: for all ¢ € [ty,ty + T, =,y € R? there
is a constant L > 0 such that

(2.2) la(t, z) = a(t,y)| + D 1br(t,2) = be(t,y)| < Lz —yl.

r=1

Theorem 2.1. (see [9]) Suppose the one-step approzimation X, .(t + h) has order of
accuracy py for the expectation of the deviation and order of accuracy ps for the mean-
square deviation; more precisely, for arbitrary ty <t <ty + T — h, z € R? the following
inequalities hold:

(2.3) |E (X2(t+h) — Xiu(t+h)| < K- (1+|z]?)/2R,
% 2]1/2 2\1/2
(2.4) [E | Xpa(t +h) — Xou(t + B)| ] < K- (1+|z2)2he.
Also, let
1 1
(2.5) p22§a D1 ZP2+§-

Then for any N and k =0,..., N the following inequality holds:
_ 1/2
(2.6) B[ X t) = Koo (80)]°] < K - (14 B Xo[2) /200712,
i.e., the mean-square order of accuracy of the method constructed using the one-step ap-
prozimation X ,(t +h) is p=ps — 1/2.

We note that all constants K mentioned above, as well as the ones that will appear in
the sequel, depend in the final analysis on the system (2.1) and the approximations only
and do not depend on X, and h.

The following evident lemma will be useful later on.

Lemma 2.1. Let the one-step approzimation X, .(t + h) satisfy the conditions of Theo-
rem 2.1. Suppose that X, .(t + h) is such that

(2.7) ‘E (Xt,z(t Fh) = Xt + h)) \ — O(h™),
- 211/2
(2.8) {E ‘Xt,z(t +h) — Xia(t+ h)‘ ] = O(h??)
with the same p; and ps. Then the method based on the one-step approrimation )E't,z(t—l—h)

has the same mean-square order of accuracy as the method based on X .(t + h), i.e., its
order is equal to p = py — 1/2.

2.2. The main idea and an example. Let us start with an example. Consider the Ito
scalar equation

(2.9) dX = o Xduw(t).
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The one-step approximation of the Euler method X is

(2.10) X =z + ozAw(h).

We can represent this method in the form

X =z+40XAw+o(z — X)Aw = z — 0°z(Aw)? + o X Aw.

As h is small, (Aw)? ~ h, and we obtain the following “natural” implicit method

(2.11) X =z —o%zh + o X Aw(h).

However, this method cannot be realized since 1 — cAw(h) can vanish for any small h.
Further, for the formal value of X from (2.11):

- z(1—0%h)
1 —-ocAw(h)’
we have E|X| = co. Clearly, method (2.11) is not suitable. The reason of this is unbound-

edness of the random variable Aw(h) for any arbitrarily small A.

Our basic idea consists in replacement of Aw(h) = évh, where € is N (0, 1)-distributed

random variable, by another random variable (vh = ¢,v/h such that (v is bounded
and the Euler-like method

(2.12) X =z 4 ox¢Vh
is of mean-square order 1/2 as well. To achieve this, it is sufficient to require:
(2.13) E(X — X)=0(h*?), E(X — X)? = O(h?).

We take ¢ as symmetric. Then E(X — X) = 0. To satisfy the second equation in (2.13),
the condition E((, — £)? = O(h) is sufficient.

We shall require a stronger inequality
(2.14) E(C,— &) <h* k>1.
Let for Ay >0

fa |£| S Aha
(2.15) Ch = Ap, € > Ap,
—Ah, 5 < _Ah-
Since
2 > 2 2 2 © 2 2
E(¢, — €)= — x— Ap)2e ™ Py = ——en/? 27V 2o Ay < e An/2)
(Ch 5) \/% 4, ( h) \/ﬁ 4, Yy y

(2.14) is fulfilled if e=4%/2 < B*, i.e. A} > 2k|Inh|. Thus, if

Ap = \/2k|Inh|, k> 1,

then the method based on the one-step approximation (2.12) has the mean-square order
of convergence equal to 1/2.

Lemma 2.2. Let A, = \/2k|Inh|, k > 1, and {,, be defined by (2.15). Then the following
inequality holds:

(2.16) 0< E(—()=1—EC < (1+2y2k|Inh|)h*.



Proof. We have

2 o 2 2 > 2
T 22— AV Py = — 2 x— Ap)? + 24n(x — Ap)| e e
Ch \/% 4, ( h) /_271' 4, [( h) h( h)]
2 4A o 2 2 4:14. 2
< e 4n/?2 4 h ze * 2dy = e*Ah/Z(l + —h) < (1+ 2Ah)€7Ah/2,

V2 Ja, V2T
whence (2.16) follows. [

Now consider the following implicit method (for definiteness we put & = 1 and A, =

V2|Inh|) :

_ _ _ 1— o2
(2.17) X =z—-oc%h+oX(Vh, X = z(1 = o’h)

Since |¢,] < 4/2|Inh|, this method is realizable for all h satisfying the inequality
1

(2.18) 2h|Inh| < gt

Proposition 2.1. Method (2.17) is of mean-square order 1/2.

Proof. Let us compare method (2.17) with the Euler method (2.10). We get

EX =z(1-0’R)EY o™(ph™? =x(1 - o’h)E> _o* (3 h™.

m=0 m=0
It is obvious from here that the principal term in the expansion of E(X — X) is equal to
zo?h(E(3 — 1). Due to Lemma 2.2, we obtain for all sufficiently small  :

(2.19) |E(X’—X)| < Clz|o®(1 + 24/2|Inh|)A?,
where C' is a positive constant.

Further

(2.20) E(X — X)? = E(—o%th + 0 X(,Vh — ozéVh)?

< 20*2?h? + 2E(0 X (,Vh — ozéVh)?
= 20%2%h? 4 2E(0 - (z — 0°zh + 0 X Vh)CuVh — oxéVh)?
< 20'2?h? 4 2022 hE((), — €)* + C1z®h? < Cyz®h?
for all sufficiently small A and some positive constants C; and Cs. The inequalities (2.19)

and (2.20) imply the mean-square convergence of implicit method (2.17) with order 1/2.
U

Introduction of implicitness in the stochastic term leads to appearance of the compen-
sating term —o2zh in (2.17). This can be explained in the following way. Since X must
be close to z + oz, Vh, the expression z + 0 X,V is close to z + oz, Vh + o2z(2h.
Consequently, making use of the compensating term results in =z + OXCh\/E — o?zh =
z +oxCVh+ o?x(C2 —Dhrr+ oz, Vh, ie., we get the correct result.

5



Now let us consider the expression o((1 — 8)z + 8X)¢,v/h which introduces implicitness
in the stochastic term with the parameter 0 < 8 < 1. Clearly, the compensating term in
this case is equal to —o2?Bzh. Thus, we derive the method:

(2.21) X =z —d*Beh+o((1 — Bz + BX)¢,Vh, 0< B < 1.

The following proposition can be proved analogously to Proposition 2.1.

Proposition 2.2. The method (2.21) is of the mean-square order 1/2 as well as the
methods:

(2.22) X =z —0B2Ch+o((1—B)z +BX)¢Vh, 0< B<1;
(2.23) X =z-0*8((1 —a)z +aX)h+o((1 - B)z + BX)¢,Vh, 0< o, < 1.

2.3. Convergence theorem. Now we are in position to introduce full implicit methods
for general systems of stochastic differential equations. For simplicity in writing we deal
here with the scalar Ito SDE:

(2.24) dX = a(t, X)dt + b(t, X)dw(t).

0b
We suppose that a(t,z), b(t,z), —(t, z) are continuous for t; <t < T, x € R, and there
)
x

exists a positive constant L such that

ob
(2.25) la(t,y) —a(t,z)| < Lly — z|, |%(t,x)| <Lty <t<T, z,y € R.

Note that below the same letter L (or K, or C) is used for various constants.

Consider the following natural implicit one-step approximation

(2.26) X =z +a(t,X)h — b(t, z) gb (t,z)h + b(t, X))V,

oz
where ¢}, is defined by (2.15) with A, = 1/2|Inh| for definiteness.

Lemma 2.3. There exist constants K > 0 and hg > 0 _such that for any h < hg, ty <
t <T, z € R the equation (2.26) has a unique solution X which satisfies the inequality

(2.27) X —z| < K(1+ |2))(|¢,| VR + h).

The solution X of equation (2.26) can be found by the method of simple iteration with T
as the initial approximation.

Proof. For any fixed ¢, z, and h, let us introduce the function
o(z) =z + a(t, z)h — b(t, x)?(t, z)h + b(t, 2)¢,Vh.
x

Then (2.26) can be written as ) )
X = p(X).

There is a positive constant C such that for any z € R

lp(2) — 2| < la(t, @) |k + la(t, 2) — a(t, z)|h + [b(, 2)||CW VR + [b(t, 2) — b(t, )][¢,|VA
+|b(t,$)%(t, z)|h < C(1+ |z))(|¢h[ VR + k) + Llz — 2|(|Cu[ VR + h).
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Further, for any z;, 220 € R
lo(22) — 9(21)] < Llzo — 21/(ICa| VA + h).

Clearly, there exist positive constants K and hg such that for any h < hy, z € R

L(I¢u VR +h) < 1
and if
|z — 2| < K(1+ [2)(I¢a VR + h),
then
lp(2) — 2| < K(1+ [2])(|Ca[ VA + ).
Let us note that the constants K in the last two inequalities are the same. Now the lemma
follows from the contraction mapping principle. [J

In addition to (2.25) suppose that there exist continuous da/0t, 8b/0t, and 52b/dx? and
Oa ob

Theorem 2.2. Assume (2.25) and (2.28). Let there exist 6 > 0 such that if |y — z| <
0(1 + |z|), the inequality

(2.28) |

0%b

holds.

Then the implicit method based on the one-step approximation (2.26) converges in mean-
square with order 1/2.

Proof. Let X be the Euler approximation for (2.24):

A~

X =z +a(t,z)h +b(t, z)Aw(h).
Using the condition (2.25) only, we get

E|X — X|? < Ela(t, X)h — a(t, z)h + b(t, X )¢, Vh — b(t, ) Aw(h) — b(t, x)%(t, z)h|?
< LEla(t, X) — a(t,z)|*h* + LEb(t, X) — b(t,z)*C3h
+Lb*(t, ) E (¢, — €)°h + L|b(t, x)%(t, z)|*h’
< LE|X —z*h*> + LE|X — z|*Cih + L(1 + |z|)2E(¢, — €)*h + L(1 + |z|)?R>.
Using Lemma 2.3, the fact that E¢* < E¢* = 3, and (2.14), we obtain from here that
(2.30) E|X — X2 < L(1 + |z|)®R2.
Let us proceed now to evaluation of E(X — X). We have

(2.31) |E(X — X)| < |Ealt, X) —alt, z)|h+ | E(b(t, X) — b(t, )¢, Vb — b(t, x)%(t, z)h).

Due to Lemma 2.3, E|X — z| < K(1 + |z|)(E|(,|v/h + h). Then
(2.32) |Ea(t, X) — a(t,z)|h < C(1 + |z|)h%/2.

7



We have

(2.33) (b(t, X) — b(t, 2))¢, VR — b(t, x)%(t, z)h
_ %(t, 2 +0(X —z)) - (X — )¢, vh — bt x)%(t, )h
gb (t,z+ 0(X — z)) - (a(t, X)h + b(t, X)¢,Vh — b(t, x)%(t, z)h)¢,Vh
—b(t, x)%(t, z)h
gb (t,z +6(X — 1)) - (alt, X) — b(t,x)%(t, )h)C k3

b _ _ b
—l—%(t, z+0(X — )b, X) ih — blt, x)%(t, z)h,

where 0 < 0 < 1.
Since | X — x| < p(1+|z|), where p — 0 as h — 0, we get | X| < |z| +|X —z| < K(1+|z|)
for all sufficiently small h. Therefore

0b
2.34 E—
(2:34) Jopa

(t,z +0(X — 2)) - a(t, X)(,h*?| < KEla(t, X)(, |2
< KE(1+ |X])[¢,B3? < K(1 + |z])R3/2,
Clearly,

|E?(t,x +0(X — 1)) - bt, x)gb (t, )¢, h%%| < K(1 4+ |z|)h3/2.
Z

Let us estimate the last two terms in (2.33). We obtain
ob _ ob
5g (b @+ 0(X —2)) - b(t, X)(Gh = bt @) o~ (t, 2)h
ob _ ob -
= (2t 40X —2)) — oo (6, 2))blt, )G
o (1,2)(b(t, ) ~ b6, )G+ 56 D), 2)(GE
or » L ) » L h or » L » L h
0%b

= g2

ob . ob I ,

2 4,0) 21,0408 ) - (X — )3+ 2t b(t,2)(CE — D,

where 0 < 0, 6, < 1. Due to Lemma 2.3, we get |z + 0,(X —z) — X| < |[X —z| <

K(|Ch|\/ﬁ + h)(1 + |z|). For all sufficiently small h we have K(|Ch|\/ﬁ + h) < § and
consequently due to (2.29)

Ttz + 01 (X —2)) - 0(X — z) - b(t, X)C2h

2

(2.35) %(t r+0,(X —2))-btX)| < L.

Now using (2.35), the conditions (2.25), and Lemmas 2.2 and 2.3, we obtain for the last
two terms in (2.33):

(2.36) |E%(t,x +O(X —z)) - b(t, X)C2h — bt x)gb (t,2)h| < K(1 + |z|)h?2.



Thus, (2.31)-(2.36) give
|E(X — X)| < K(1+ |z|)h*2

Finally, applying Lemma 2.1 we prove this theorem. [J
Remark 2.1. The condition (2.29) is satisfied if, for instance,

0%b
(2.37) b(t,z)| < L, |82(t )| <L, tp <t<T, z €R,
or
0%b L
2.38 — 1 <t <T R
( ) 8.’E2( )|—1+|| 0Sts 1, zER,
holds.

Let us underline that the conditions of Theorem 2.2 are not necessary and the method is
applicable more widely. This is true for other methods proposed in the paper as well.

2.4. General construction. Let

(2.39) dX' = a'(t, X)dt + Y bi(t, X)dw,(t), i =1,....d.

Introduce the one—step approximation:

(2.40) X' =z' + Z Aai(t+ vih, (1 — ab))z! + ok X1 oo, (1 — aby)z 4 od ;XA

+ Z Z pebi(t + Vigh, (1= Br)zt + Brn X, s (1= Brea)z? + ﬁikdXd)Crh\/E + A,
r=1 k=1
l i l i . .
where 0 < v,0,8 <1, Ap >0, Y A, =1 D pp =1, i =1,..,d, lisa
positive integer, and A* are some expressions to be found. Substituting the Euler-like
approximation

X7 =1 +d(t,x)h + Zbﬁ(t, z)¢Vh
s=1
instead of X7, j = 1,...,d, in b%, we obtain

bi(t + vigh, (1 — 5?«k1)$1 + Bl X, (1— Bikd)xd + /BikdXd)

m

d .
i ob;. ; ;
~ br(t7 l‘) + ]2:; 81‘j (t7 x)/Brkj ; b‘:‘(ta x)gsh\/ﬁ
It is clear from here that either

(2.41) ZZMM -t z) rk] Zb (t z) Csh\/_Crhf

r=1 k=1 j=1
or
m l d 6bz
212 T DI SR
r=1 k=1 j=

can be put in (2.40).



Substituting one of these expressions in (2.40), we obtain a multi-parametric family of
implicit methods. It is also possible to introduce implicitness in A* by changing ¢, z as it
was done in the terms connecting with a’. Moreover, the family can be extended if some
a’ or b are represented as a sum of terms. In this case for different terms the coefficients
A v, a, u, B can differ.

It can be proved that under appropriate conditions of smoothness and boundedness on
the coefficients of (2.39) the method based on the one-step approximation (2.40) with A
as in (2.41) or (2.42) is of mean-square order 1/2. The proof is analogous to the proof of
Theorem 2.2.

Here and below we will not precisely indicate conditions on the coefficients a and b,
letting that appropriate conditions on the coefficients hold. These conditions can be
restored using the general theory [9] and Theorem 2.2.

Let us give an example of full implicit methods:

m d m
_ _ ob . _ _
X=z+at,X)h— ", X)W X+ b (t, X))V
RIS D DTSSR TED WAL
Further, in the case of SDEs in the sense of Stratonovich
(2.43) dX = a(t,X)dt + Y b,(t,X) o duw,(t)

r=1

we construct the derivative-free full-implicit method (midpoint method):

h X+ X “ X+ X
(2.44) X1 = Xy +alty + > %)h + wa(tk: %) (o) V-

r=1

For b. = 0, this method coincides with the well-known deterministic midpoint scheme,
which has the second order of convergence.

In the general case the method (2.44) is of mean-square order 1/2. In the commutative
case, i.e., when A;b, = A,b; (here the operator A, := (b.,0/0x)) or in the case of a system
with one noise (i.e., m = 1) the midpoint method (2.44) has the first mean-square order
of convergence which is stated in the next theorem.

Theorem 2.3. Suppose that the commutative conditions A;b, = Ab;, i,7 =1,...,m, are
fulfilled. Let C,;, be defined by (2.15) with A, = \/4|Inh|. Then the method (2.44) for the

system (2.43) has the first mean-square order of convergence.

Proof. Let X be the following approximation of solution to (2.43):

X=z+a(t+ g z)h + 2; b, (t, ) Aw, (k) + 2:_1: ;l A, (t, ) Aw; (h) Aw, (h)
530 Adbit,7) (Awn ()

r=1

It is known [9] that the method based on this one-step approximation has the first mean-
square order of convergence under the commutative conditions of this theorem.

10



Denote by X the one-step approximation of the midpoint method (2.44):

_ h z+X “ r+ X
X = 4 h bo(t, 22 h.
z+alt+ o, —5) +; (t, =5 =)V

2

Expanding the right-hand side of X about z and using the assumption A;b, = A,b;, we
obtain

m

m—1 m
X=z+a(t+ g, T)h + Zbr(t, 2)CnVh + h Z Z Aibr (8, ) CinCrn

r=1 i=1 17*Z'+1
2 ’ h '

On the same way as in Theorem 2.2 it is possible to show that

|Ep| = O(h?), Ep* = O(h?).

We have
m m—1 m
R=X-X=Y b(ta) (grh\/ﬁ - Awr(h)> +3° 3 Aot @) (Cinonh — Awi(h) Aw, (h))
r=1 i=1 r=i+1
+ ) A (t,z) [B((n)? — (Aw,(R))?] + p.
=1
Using Lemma 2.2, we obtain
|ER| = O(h?).
Now analyze FR? :
m m—1 m
ER<L(+ef) |) E (Crh\/ﬁ - Am«(h))2 +3 ) E(CinCnh — Aw;(h)Aw, ()
r=1 i=1 r=i+1
+ 3B (h(Cn) — (Dw,(h)*)°| +O(BY).
r=1

The first and the second terms in the square brackets are O(h®) due to (2.14). From the
inequality E((,, —&,)* < 3h? which is proved analogously to (2.14), it is easy to see that
the third term is also O(h3). So, ER?* = O(h3?). Finally applying Lemma 2.1, we prove
the theorem. [

3. SYMPLECTIC METHODS FOR GENERAL HAMILTONIAN SYSTEM

Here, using the results of the previous section, we construct symplectic methods for general
Hamiltonian system with multiplicative noise (1.1), (1.2). Its Ito form reads

(3.1) P'= fidt+ Zza’“ oldt + 5 Zza] ‘dt+zm:aidwT(t)

r=1 j=1 r=1 j=1

11



dQ' = g'dt + ~ ZZ 3% oldt + = ZZ g’ygﬂdt + Z’yidwr(t).
r=1

1"1]1 =1 j=1

Introduce the following implicit method:

(32)  Puyy = pk+fh__zzg;;¢ 8“h+zar

r=1 j=1

SRR D ) D A AL +z%

r=1 j=1
where all the functions have ¢, Py, Q as their arguments.

Theorem 3.1. The implicit method (3.2) for the system (3.1) is
mean-square order 1/2.

T‘h

T‘h

symplectic and of the

Proof. The method (3.2) belongs to the family (2.40) and consequently the assertion
about its order of convergence follows from the previous section. Let us prove symplectic-
ness of the method. It is convenient to write the one-step approximation corresponding

0 (3.2) in the form

_ . 0H, 1<~ 9%H, aH 1 o~~~ 0%H, aH OH,
3.3) Pi=p'———h m— —— — h
(38:3) ="~ 2 £ s b 2;2&1&11 op’ ;aq@ CaVh
0’H, OH, 1 o~ 0%H, 0H,
O = 8zh+ Zzapazﬂ 8q]h+§;;6paq]aﬁ 2 Crh\/_

where all the functions have ¢, P, q as their arguments.

Introduce the function F'(¢,p,q) (h, (,, are fixed here):

F(t,p,q) = Holt,p, )+ = ZZ DETEY S H(tp, gV

1"1_71 r=

Then (3.3) can be written as

A P=p — —(tP
(3.4) p 6q,(t, ,q)
. OF
Qz_ql—l_az(tpq)

We have (the arguments everywhere are ¢, P, q):

1

zn: dP' A dQ' = zn: dP" A (dq* + Xn: FyidP? + Z Fy dq’
i=1 i=1 j=1

= del Adg + ZZF;’dePi AdP? + Xn:ZFzg’qJ

i=1 j=1 i=1 j=1

12
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Since dP' A dP? = —dP’ A dP?, we get

(3.5) zn: dP' NdQ' = Z dP' N dg' + Z Z Fj AP A dg’
i=1

=1 j=1
—ZdPl/\dq +ZZFq"p,dP]/\dq
i=1 j=1

Further
P’ = dpi - ZFq”deP] ZFq"q’
j,

Substituting » 7, Fq’ﬁp]-dpj from here in (3.5), we obtain

En: dP' A dQ = En: dP' A dgt + zn:(dpi —dP' = " Flldg’) Adq’
i=1 i=1 i=1

j=1
= de Adgt — ZZF;'q]dqj Adgt = Xn:dpi A dg'.
=1 j=1 i=1

O

A more general symplectic method for the Hamiltonian system (1.1), (1.2) has the form

(3.6) Pry1 = Py + f(tx + Bh,aPriy + (1 — @) P, (1 — a)Qry1 + aQr)h
& (9UT do,
ER B RS S
r=1 j=1
Qi1 = Qk + g(tk + Bh, aPyr1 + (1 — @) Py, (1 — @) Qi1 + aQp)h
N 3% 9,
__azz Z‘ a] -Z‘h—i_Z/YT T‘h
r=1 j=1
where o,, v,, 7 = 1,...,m, and their derivatives are calculated at (tz,aP;1 + (1 —

)Py, (1 — a)Qky1 + aQr), and a, B € [0,1] are parameters.

Theorem 3.2. The implicit method (3.6) for the system (1.1), (1.2) is symplectic and of
the mean-square order 1/2.

Proof. As in the previous theorem, we need to prove symplecticness of the method only.
Introduce the function

G(t,p,q) = Ho(t+ Bh,p,q)h+ ( 1—oz ZZUJ t,p, )V (t, p, q h—I—ZH t,p,q)¢,nVh.

r=1 j=1

It is not difficult to verify that the one-step approximation corresponding to (3.6) can be
written in the form:

(3.7) Py - Z—i(t, P+ (1 - a)p, (1 - a)§ + aq)
Q' =q+ Z—fj(t, P + (1 - a)p, (1 - )G + aq).

13



Let a # 0. Then (3.7) is equivalent to

P =p — t,P,q
p aql (7 7q)
5 0G), =~ .

=g —(t, P

Q'=q+ op (t, P, q),

where P = a~15 +(1—a)p, §= (1 —a)Q + ag. It follows from the proof of Theorem 3.1
that > | dP* A dQ' = Y1 dp* A d§*, whence dP A dQ = dp A dg. The case a = 0 is
proved as Theorem 3.1. [J

The method (3.2) is a particular case of (3.6) when a =1, 8 =0. If « = 8 = 1/2 the
method (3.6) becomes the midpoint method (cf. (2.44)):

h P+ Pk+1 Qr + Qi1

3.8 P, =P t — h
(3.8) w1 = Pe + f(tr + X 5 5 )
“ P, + P +
+ Z Or (tka u 9 iamt ) Qk 2Qk+1) (Crh)k \/ﬁ
r=1

h P.+ P +
Qk+1:Qk+g(tk+§ u 5 k+1,Qk 2Qk+1

“ P.+P
£yl T By ¢ VA
r=1

)h

Remark 3.1. In the commutative case, i.e., when A;b, = A,b; or in the case of a system
with one noise (i.e., m = 1) the symplectic method (3.8) for (1.1), (1.2) has the first
mean-square order of convergence.

Remark 3.2. In the case of separable Hamiltonians at noise, i.e., when H.(t,p,q) =
U.(t,q) + V.(t,p), r = 1,...m, we can obtain symplectic methods for (1.1), (1.2) which
are explicit in stochastic terms and do not need truncated random variables. For instance,
(3.2) acquires the form

(3.9) Pii1 = P+ f(tk, Prer1, Qe)h
80'7-
+5 ZZ = (tk, Qk) - ¥(Pir1) +ZUT tk, Qr) Agwr,
r=1 j=1 r=1

Qr+1 = Qr + g(tr, Prt1, Qr)h

o ) m
Y Z Z /yr Pk+1 {“(tk’ Qk) + Z7r(tka Pk-l—l)Akwr-
r=1

7'1_71

Remark 3.3. It is possible to construct full explicit symplectic methods for the following
partitioned system:

(3.10) dP = f(t,Q)dt + zm:ar(t, Q) o dw,(t), P(ty) =p,

dQ = g(P dt+Z% )dw, (1), Q(to) = g,

14



with
fi=-0U,/0q", ¢g' = 0V, /0p’, 0t = —0U,/O¢', r=1,...m, i=1,...,n.

For instance, the explicit partitioned Runge-Kutta method (cf. (4.6) — (4.7))
(3.11) Q1 = Qi + ahg(Py),

90, .
Pi= P+ hf(te +ah, Q1) + ZZ 7 (14, Q1) - 72 (),

7'1]1

Q=0+ (1— O‘)hg(Pl)’

(3.12) P =Pi+ Y on(ts, Q) Arwy,

r=1
Qui1 =+ > 7 (t)Asw,, k=0,...,N—1,
r=1
with the parameter 0 < o < 1 is symplectic and of the mean-square order 1/2.

A particular case of the system (3.10) is considered in the next section, where explicit
symplectic methods of a higher order are proposed.

4. EXPLICIT SYMPLECTIC METHODS IN THE CASE OF SEPARABLE
HAMILTONIANS

Consider a special case of the Hamiltonian system (1.1), (1.2) such that
(41) HO(tapa Q) = Vb(p) + UO(ta q)a Hr(tapa Q) = Ur(ta q)a r= la ..M.

In this case we get the following system in the sense of Stratonovich
(4.2) dP = f(t,Q)dt + Y 0.(t,Q) o dw,(t), P(to) =p,
r=1

dQ = g(P)dt, Q(to) = g,
with
(4.3) fi=—-0U,/0q", g' = 0V, /0", 0. = —0U,/0q", r=1,...m, i=1,...,n.

We note that it is not difficult to consider a slightly more general separable Hamiltonian
Hy(t,p,q) = Vo(t,p) + Us(t, q) but we restrict ourselves to Hy from (4.1).

It is obvious that the system (4.2) has the same form in the sense of Ito.

1
For Vy(p) = i(Mflp,p) with M a constant, symmetric, invertible matrix, the system
(4.2) takes the form

(4.4) dP = f(t,Q)dt + i o.(t,Q)dw,(t), P(ty) = p,

r=1

dQ = M'Pdt, Q(to) = g

15



This system can be written as a second-order differential equation with multiplicative
noise

2 m
(4.5) % = MU(Q) + MY 0 (1, Q)i (1),
r=1

Due to specific features of the system (4.2), (4.3) we have succeeded in construction of
explicit partitioned Runge-Kutta (PRK) methods of a higher order.

4.1. First-order methods. A PRK method for (4.2) has the form (cf. (3.11)-(3.12)):
(46) Ql = Qk + Olh,g(Pk) Pl Pk + hf(tk + Olh, Ql)
Qy = Q1 + (1 — a)hg(Py),

(4.7) Piiy1 =P+ Zar tky Qo) Arwy, Qri1 =92, k=0,...,N —1,

where 0 < a<1lisa parameter.

Theorem 4.1. The explicit method (4.6) — (4.7) for the system (4.2) with (4.3) is sym-
plectic and of the first mean-square order.

Proof. In the case of the system (4.2) the operators A, take the form A, = (o,,0/0p).
Since o, do not depend on p, we get A;o; = 0. It is known [9] that in such a case the Euler
method has the first mean-square order of accuracy. Comparing the method (4.6)—(4.7)
with the Euler method and using Lemma 2.1, it is not difficult to get that the method
(4.6)—(4.7) is of the first mean-square order as well.

Due to (4.3), 90’ /8¢’ = 8o /8q'. Using this, we obtain dPy 1 AdQp,1 = dPy AdQ,. It is
easy to prove that dP; AdQy = dP; AdQ; = dP;, AdQy. Therefore the method (4.6)—(4.7)
is symplectic. [

Remark 4.1. By swapping the roles of p and ¢, we can propose the following symplectic
method of the first mean-square order for the system (4.2) with (4.3):

(4.8) P = P, + ahf(ts,Qr), Q= Qx+ hg(P)
(49) pk+1 = P+(1 - )h’f tk+la +Zar tka Akwra Qk+1 = Qa k= 0,.. 'aN_ 1.

4.2. Methods of order 3/2. Consider the relations

(410)  Pi=p+hY oyft+eh Q)+ Y. or(t+dih, Q) (\jer + pijth,)

j=1 j=1 r=1

szq—i—th”g(’Pj), 7= 1,...,8,

(4.11) P= p—l—hZﬁft—Irclh Q) +Zzar (t + dih, Qi) (vig, + »ith,)

i=1 r=1

Q=q+ hZBiQ(P
i=1
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where ¢,., ¥, do not depend on p and g, the parameters o;;, &i;, B;, Bi, Nijy Mijs Viy i
satisfy the conditions

(4.12) Biuj + B0y — B = 0,

viQij + BiAji —viB; =0, 04 + Biuy — a8, =0, 4,5 =1,...,s,
and ¢;, d; are arbitrary parameters.

If o, = 0 the relations (4.10)—(4.11) coincide with a general form of s-stage PRK methods
for deterministic differential equations (see, e.g., [5, p. 34]). It is known [8, 5] that the
symplectic condition holds for P, @ from (4.10)—(4.11) with (4.12) in the case of o, = 0.
By a generalization of the proof of Theorem 6.2 from [5], we prove the following lemma
(another generalization is given in [3]).

Lemma 4.1. The relations (4.10) — (4.11) with conditions (4.12) preserve symplectic
structure, i.e., dP AN dQ = dp A dq.

Proof. Denote for a while: f; = f(t + ¢;h, Q;i), g = 9(P:), 0ri = o.(t + d;h, Q;). We get

(4.13) dPAdQ =dpAdq+hY _ B;dpAdg;+h Y Bidfs Adg+h*D Y B,B;df: Adg;
=1

j=1 =1 j=1

8 m 8 s m

+ N (Wi +sa,) dop Adg+ R Y Y Y (vip, + 3a1),) Bidoyi A dy;.

i=1 r=1 i=1 j=1 r=1

Then we express dp A dg; from

8 m

dP; ANdg; = dp ANdg; + h Z ajidf,- Ndg; + Z Z ()\ji(p,. + Mji¢r) do,; N\ dg;

i=1 =1 r=1

and substitute it in (4.13). Analogously, we act with df; A dg and do,; A dg finding them
from the similar expressions for df; A dQ; and do,; A dQ;. As a result, using (4.12), we
obtain

dPANdQ =dpAdg+hY_ B,dP; Adgi+h Y Bidfi AdQ;

i—=1 =1

+ Z Z (vig, + 25%,) dow A dQ;.

i=1 r=1

Taking into account skew-symmetry of the wedge product and that the vector-functions
f, g, o, are gradients, f, o, do not depend on p, and g does not depend on ¢, it is not
difficult to see that each of the terms dP; A dg;, df; ANdQ;, do,; AdQ; vanishes. Therefore
dP ANdQ =dp Adg. O
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Introduce the 2-stage explicit PRK method for the system (4.2), (4.3):
(4.14) Q =Qk Pr=PF+ f Lk, Q1) + Zar tr, Q1) (3(Jro)x — Agwy),

Qo =91+ - h'g(Pl)

Py="Pi+ hf(tk+ hQZ Zo—r b + hQZ)( (Jro)k + Agwy)

h
(4.15) Pey1 =Pay Qrgr = Qz—i—gg(’Pz), k=0,...,N —1,
where

1 t+h
(4.16) Joi= / (w, () — w, (£)) do.

t

Theorem 4.2. The explicit PRK method (4.14) — (4.15) for system (4.2), (4.3) preserves
symplectic structure and has the mean-square order 3/2.

Proof. The method (4.14)-(4.15) has the form of (4.10)-(4.11) and its parameters satisfy
the conditions (4.12). Then, Lemma 4.1 implies that this method preserves symplectic
structure.

Let us now prove mean-square order of convergence of (4.14)-(4.15). To this end, introduce
the one-step approximation for (4.2):

8o, & aar 8f <~ .Of
4.1 P = A — | = e
(4.17) p—l—;ar wr+hf+z +Z + at+;gaql],
_q+hg+;,§;“’“a“°+ ZZ"T Tazapf]

where

t+h bR
(4.18) Tow = / (& — ) dwn(9), Iy = / (wr(8) — w, (1)) dO = hy,

t

t

and all the coefficients are calculated at (¢, p,q). We note that
(A’U)T — 7.0) ]’L = IOr-
Using the general theory of numerical integration of SDEs [9], it is not difficult to show

that the method based on (4.17) is of the mean-square order 3/2. Our nearest aim is to
prove that the one-step approximation P, @ corresponding to the method (4.14)-(4.15) is

such that
w [s[ 528 —om. (s[525]) =om)

18
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Expanding the right-hand sides of the approximation P, Q about (t,p,q), we obtain

(4.20) pP= p+hf+3§+ hZAQ +ZJTAwT

+ = ZZAQ 8”" (Aw, — Jn) + hZ 8;’“ (Awr = Jro) + py,
r=1

r=1 i=1
_ h — 8g h — i noi ; 0%g
Q=q+hg+3 2 (24P} + AP}) w6 ; (2APiAP] + APQAPQ) o TP

h, 1
APl = Pl—pzzf+520} (3JT0—AU)T),

8g ; d%g
AQyi=Qy —q= —hg—l— hZAPI +o ]ZlAPlAPla et
AP, =P, —p= hf+ZarAwr + 7,
r=1
where all the coefficients are calculated at (¢, p, q).
Due to properties of the Wiener process and Ito integrals, we have
(4.21) EAw; =0, EAw;Aw; = §;;h, EAw;Aw;Awy, = 0, E (Aw;)* = 3h2,
h h?
EJyw =0, EJyJj = 5ij§, EJizJj0dko = 0, E(Ji0)4 =3

h
EAU)Z'J]'O = 61']'5, EAU)ZA’LU]Jko = 0, EAU)Z'J]'()Jko =0.

Then, under appropriate conditions on smoothness and boundedness of the coefficients of
(4.2), we get
(4.22) [Ep;| = O(h*), E(p)* =0(K), i=1,2,
|Er| = O(h), E(n)*=O0(), |Er;|=0(?), E(r;)"=O0(h).
In addition to (4.21) we note that
(4.23) E (Aw, — Jyo) (3Jp0 — Aw,) =0, E (3J,0 — Aw,)* = h.

Using (4.21)-(4.23), we obtain form (4.20):

p+zarAwr+hf+Z 80"+2n: 80’“] %2 %Jngig;:
=1
_Q+hg+zzaral Zfz r 1"8 18] +R2
r=1 i=1 rlz,]l

with R;, i = 1,2, such that
|ER;| = O(h®), E(R;)*=0(h"), i=1,2

This implies (4.19). It follows from (4.19) and Lemma 2.1 that the method (4.14)-(4.15)
is of the mean-square order 3/2. O
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Remark 4.2. The random variables Ayw,(h), (J.0)x have a Gaussian joint distribution,
and they can be simulated at each step by 2m independent N (0, 1)-distributed random
variables &, and 7,,, r =0,...,m:

Agw,(h) = € VI, (Jro) = (grk/2 + ka/\/ﬁ> Vh.

As a result, the method (4.14)-(4.15) takes the constructive form.
Remark 4.3. It is very unusual that the direct expansion of (4.14)-(4.15) does not contain

h2 2
the habitual term " Dot D1

dg
Op'op?

some combinations of Aw, and J,, instead of h. This is necessary for a method conserving

symplectic structure. At the same time this new reception allows to construct new Runge-

Kutta methods for general (not only Hamiltonian) stochastic systems with additive noise

(see a similar remark in [3]).

Remark 4.4. In the case of 0, = 0, r = 1,...,m, the method (4.14)-(4.15) coincides
with the well-known deterministic symplectic PRK method of the second order. Attract-
ing other explicit deterministic second-order PRK methods from [5, 8], it is possible to
construct other explicit symplectic methods of the order 3/2 for the system (4.2), (4.3).

otol. The similar term in the expansion contains

5. SYMPLECTIC METHODS FOR HAMILTONIAN SYSTEMS WITH SMALL
MULTIPLICATIVE NOISE

Here, using ideas of [12], we propose specific methods adapted to the Hamiltonian system
with small multiplicative noise:

(5.1) dP = f(t,P,Q)dt + &Y 0,(t, P,Q) o dw,(t), P(to) = p,
r=1

dQ = g(t, P,Q)dt + Y _7,(t, P, Q) o dw,(t), Q(to) = g,
r=1

ot = —0H,/8q¢', ~.=0H,/dp", r=1,....,m, i=1,...,n,
where € > 0 is a small parameter.

The errors of mean-square methods adapted to systems with small noise are estimated in
terms of products hie’, where h is the step-size of discretization and ¢ is a small parameter
at noise [12]. Usually, global error has the form O(h/ + ¢*h!) with j > [, k > 0. Thanks
to the fact that the accuracy order of such methods is equal to a comparatively small [,
they are not too complicated, while due to the large j and the small factor €* at h!, their
errors are fairly low. This allows us to construct effective mean-square methods.

5.1. Systems with Hamiltonians of the general form. First we note that in appli-
cation to the system with small noise (5.1)-(5.2) the method (3.6) is of the mean-square
order O(h 4 €2h!/?) and the midpoint method (3.8) is of the order O(h? + eh + €2h!/?)
(cf. [12]). In the commutative case or in the case of one noise the error of method (3.8)
is estimated as O(h? + ¢h).
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Let us now obtain a symplectic method of order O(h* + ...). To this end, introduce the
full implicit method

(5.3) P =P, + hgf(tk + gh, P1, Q1)
Q) = Qx + hgg(tk + gh,n, Q)
Py = P+ h[scf (b, + gh, P1, Q1) + ! _22%f(tk + g,Pg, Q,)],
Qo = Qi + h[2g(ti + gh, Py, Qq) + ! _22%9(tk + g, P2, Q2)],
P3 = Py + hlsef (t + gh, P, Q1)+ (1 — 230) f (tr + g,Pg, Q) + gf(tk + Z_T%h’ Ps, Q3)],

h 2 —
Qs = Qu+hlseg(ti+ S h, Pr, Q1) + (L= 2)g(ti + 5, Po, Q) + S gt + —5—h, Py, Q).

h 2 —
Py, =P+ h[%f(tk + gh, P4, Ql) + (1 — 2%)f(tk + 5, P, Qz) + %f(tk + T%h, Ps, Qg)],

h 2 —
Q4 = Qr + h[seg(tx + zh, P1, Q1) + (1 — 230)g(te + =, Pa, Q2) + 229(tx + T%h, Ps, Qs)],

2 2
= Pi+ Pey1 Qa+ Q
(5.4) Pii1 :’P4+8T2;0T(tk, 4 5 o= 5 DY Condes
- Pi+ Per Qi+
Qk+1 == Q4+827r(tka = 2 k+1a = 2Qk+1)(crh)k’
r=1

where (,;, is defined in (2.15) with A, = 1/2|Inh| and the number s is equal to
1
(5.5) w = §(2+21/3 + 2713,

Let us note that the method (5.3)-(5.5) is reduced under o, =0, v, =0, r =1,...,m, to
the well-known fourth-order symplectic RK method for deterministic Hamiltonian systems
(see, e.g., [5, p. 101]).

Theorem 5.1. The implicit method (5.3) — (5.5) for system (5.1) — (5.2) is symplectic
and its mean-square error is estimated as O(h* + eh + €2h'/?).

Proof. The fact that the error of (5.3)-(5.5) is estimated as O(h* + eh + £2h'/2) follows
from a standard routine error analysis and from the mean-square theorem of [12]. Further,
taking into account (5.2), we obtain that dPy,; A dQk+1 = dPy A dQ4 (for proving this
fact it suffices to put in (3.8) f = g = 0). Since P, Q4 correspond to the symplectic
deterministic method [5, p. 101], we have dP; A dQ4 = dp A dg. Thus, the method
(5.3)-(5.5) is symplectic. OJ

Remark 5.1. By other deterministic fourth-order symplectic methods (see, e.g. [8, 5|),
other symplectic methods with the error O(h* + eh + 2h!/2) for the system (5.1) — (5.2)
can be constructed. It is possible to get a symplectic method of the order O(h* + e2h!/2)
as well.
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5.2. Systems with separable Hamiltonians. Consider the special case of system
(5.1)-(5.2) (cf. (4.2)-(4.3))

(5.6) dP = f(t,Q)dt + ¢ Y 0,(t,Q) o dw,(t), P(to) =p,

dQ = g(P)dt, Q(to) =g,
where f¢ = —0U,/dq', g' = 8V,/0p*, and o = —0U, /0q', r=1,...m, i=1,...,n.
An important particular case of (5.6) is a second-order differential equation with small
multiplicative noise (cf. (4.5)).
The method (4.14)-(4.15) applied to (5.6) is of the order O(h? + e2h3/2).

On the basis of the fourth-order deterministic PRK method from [5, p. 109], we construct
the following method for the system (5.6):

(57) Ql = Qka

Pr= Pot hof(te, Q)+ ovte, Q)((1 = @) (Jro)e + S Axwy),

r=1

QZ — Ql + h%g(Pl)a

1 o m
Py = Pr+h= [t + 52, Qo) + & Y 0ty + ¢h, Qa) (oo — 5 Aswy),

r=1

Qs = Qy + h(1 — 232)g(P>),

1 _ m
Py = Py +h=s [t + (1= )b, Qo) +2 > ov(te + (1 = 30)h, Q) (o) — 5 Axw,),

r=1

Q4 = Q3 + hg(P3),
(5.8)

Vi " (6]
Pepr =Py +ho f(t+hy Qo) +€ ) ov(ts + hy Qa)(=(1+ ) (Jro)i + (1 + ) Auwy),
r=1
Qk—l—l - Q47 kZOJ“‘JN_]"
where
(5.9) w=(2+224+2713)/3 and a==+1/vz,
and J,o is as in (4.16).

Theorem 5.2. The ezxplicit method (5.7) — (5.9) for the system (5.6) is symplectic and
its mean-square error is estimated as O(h* 4 eh? + 2h%/?).

Proof. The method (5.7)-(5.9) has the form of (4.10)-(4.11) and its parameters satisfy
the conditions (4.12). Then Lemma 4.1 implies that this method preserves symplectic
structure. Alternatively, this fact can be proved directly by using the evident chain of
equalities:
de+1 A ko+1 = dP3 VAN dQ4 == dpg A ng = dpg VAN dQ3 == dPQ A dQ2
=dP; ANdQy = dP1 ANdQy = dP;, A dQy .
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Using ideas of the proof of Theorem 4.2 and the mean-square theorem of [12], we establish
that the method (5.7)-(5.9) is of order O(h* + eh? + £2h3/2) (of course, the corresponding
calculations require much routine work). [J

6. LIOUVILLIAN METHODS FOR STOCHASTIC SYSTEMS PRESERVING PHASE
VOLUME

In the previous sections we constructed some Hamiltonian methods for stochastic Hamil-
tonian systems. These systems (as well as the methods) preserve the symplectic structure
and, consequently, preserve the phase volume. In this section we deal with a more general
class of systems which preserve the phase volume but may not preserve the symplectic
structure.

Let us start with the deterministic d-dimensional system
X
dt
the phase flow X (¢; ¢y, z) of which preserves the phase volume. Note that the dimension
d may be odd.

Let Dy € R? be a domain with finite volume. The transformation X (¢;y,z) maps Dy
into the domain D;. The volume V; of the domain D; is equal to

D(X,..., X%

= [dX'...dX"= SRR

" /d d /‘ D(z,..., z¢)
Dy

Dy

(6.1) =a(t,X), X(t) ==z,

dr' ... dz%

Then, the volume-preserving condition consists in the equality
D(X'(t),..., X))
D(z!, ..., z%)

or, equivalently, it consists in preservation of the d-form dX* AdX2 A ... AdX

=1

(6.2)

According to the Liouville theorem (see, e.g., [4]), the phase flow of (6.1) preserves phase
volume if and only if

Oal(t,x Oa(t,z _
(6.3) %—i—---—l—%zdwa:o.
Numerical methods preserving the phase volume are called Liouvillian [13, 14]. Due to our
best knowledge, there are no constructive Liouvillian methods for the deterministic system
(6.1), (6.3) of a general form (see [13, 14, 15, 16] and references therein). Some constructive
Liouvillian methods for particular cases of (6.1), (6.3) can be found in [13, 14, 15, 16]. It
was shown in [14] that certain methods known to be symplectic are also phase volume
preserving. However, it was also demonstrated that in general the relation between these
two properties is rather delicate: neither of them implies the other.

Consider the Cauchy problem for the d-dimensional system of SDEs in the sense of Ito:
(6.4) dX =a(t, X)dt+ Y _b,(t, X)dw,(t), X(ts) =,
r=1

the phase flow X (¢;to, ;w) of which preserves phase volume, i.e., for which the condition
(6.2) holds.
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It is known (see [17, 18] and also [3|) that the phase flow of (6.4) preserves phase volume
if and only if
1 o~ b,

(6.5) div (a — -

27-:1%()7'):0, divbr:()arzla---am'

Let Xk, kZO,...,N, tk+1—tk:hk+1,tN:t0+T2
Xo = X(to)’ Xey1 = th:Xk(tk‘Fl))

be a mean-square method for (6.4) based on the one-step approximation X;,(t + h) =

X (t+h;t, z). It is clear that a method preserves phase volume if its one-step approximation
satisfies the equality

D(XY,..., X9
6.6 =1

(6.6) ‘D(xl,...,xd)

or equivalently

(6.7) dX'A ... ANdXT=dz" A .. AN dz?

Taking into account that there are no constructive Liouvillian methods for a general
deterministic Liouvillian system, we restrict ourselves here to some particular cases of the
stochastic system (6.4), (6.5).

6.1. Liouvillian methods for partitioned systems with multiplicative noise.
Consider the particular case of (6.4):

(6.8) AX = F(, V)43 ot V)du, (1), X(t0) = 2,
4Y = g(t, X)dt + 3 v, (Ddw, (1), Y (t0) = v,

where X, f, o, are [-dimensional column vectors and Y, g, v, are n-dimensional column
vectors.

It is not difficult to check that the coefficients of (6.8) satisfy (6.5), i.e., the phase flow of
system (6.8) preserves phase volume. Note that if | = n and there are U, r = 0,...m, and
Vo such that f* = —0U,/dy", g* = OV,/0x', and 0, = —0U, /0y, r =1,...m,i=1,...,1,
then the system (6.8) possesses the symplectic property (cf. (3.10), we pay attention that
the system (3.10) is in the sense of Stratonovich).

Introduce the PRK method for (6.8) (cf. (3.11)-(3.12)):
(6.9) Y, =Yy + ahg(ty, Xi),
X1 =Xi+hf(ty + ah,Yy),
Yo =Y1+ (1 — a)hg(tri1, X1),

(6.10) Xip1 = X1+ Y o(ti, Ya) Ay,

r=1

Yigr = Y2+ ) 7, (te)Agw,, k=0,...,N —1,

r=1
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with the parameter 0 < a < 1.

Ifo,=7,=0,r=1,...,m, this method coincides with the deterministic Liouvillian
method [13, 14, 16].

Theorem 6.1. The method (6.9)-(6.10) for system (6.8) is Liouvillian and of the mean-
square order 1/2.

Proof. Let us check that the one-step approximation X, ¥ corresponding to (6.9)-(6.10)
satisfies (6.7). Using properties of exterior products, we obtain

(6.11) dX'l/\.../\dX"/\le.../\dY"—dX1+ZZ Tde
r=1 j=1
xll+zz dY’ dX’+ZZ TdY]/\le L AdY?D
r=1 j=1 r=1 j=1

dX1+ZZ wa A (dXE 1+Zzaal 1

r=1 j=1 r=1 j=1
A (dXE A dYL A /\dY”—l—Z o ’“dY’/\le COAdYD)
r=1 j=1
= (dX} ’“de dXit ANdXEANAYEA L AdAYS
+T2;] 18 ( +T2;]2; a ) 2

= o=dXIA L AdXEAAYIAAYEN . AAYE.

Since (6.9) corresponds to the deterministic Liouvillian method, it follows from (6.11)
that the method (6.9)-(6.10) is Liouvillian.

To prove the mean-square order of (6.9)-(6.10), we compare it with the Euler method and
apply Lemma 2.1 as usual. [

Now put vy, =0, 7 =1,...,m, in (6.8) (cf. (4.2)):

(6.12) dX = f(t,Y)dt + zm:m(t, Y)dw,(t), X(ty) = =,

r=1

The Liouvillian method (6.9)-(6.10) in application to (6.12) is of the first mean-square
order (cf. Theorem 4.1).
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Introduce the PRK method for (6.12):

1
(6.13) Y=Y, Xi=Xi+ f tk, Y1) + = 5 ZUT tk, Y1) (3(Jro)k — Arwy,),

2 h
Yg = Y1 + ghg(tk + Z,Xl),

Xy = X1 + hf(tk+ hY2 Zo—r te + hYz)( (Jro)k + Agwy)

h
(614) Xk+1 :Xg, Yk+1 :Y2+§g(tk+1,X2), kZO,,N—l

This method applied to (4.2) gives the symplectic method (4.14)-(4.15).

Theorem 6.2. The method (6.13)-(6.14) for the system (6.12) is Liouvillian and of the
mean-square order 3/2.

Proof. By the arguments similar to ones used to obtain (6.11) in Theorem 6.1, we
prove that the one-step approximation corresponding to (6.13)-(6.14) satisfies the volume-
preserving condition (6.7). For a proof of the mean-square order see Theorem 4.2. [

6.2. Liouvillian methods for a volume-preserving system with additive noise.
The d-dimensional system with additive noise

(6.15) dX = a(t, X)dt + Zb )dw,(t), X (t) =

r=1

possesses the volume-preserving property if and only if the condition (6.3) holds.

Theorem 6.3. Let X = X + A(t, X, X;h) be a one-step approximation corresponding
to the first-order Liouvillian method for the deterministic system (6.1), (6.3). Then the
method for the stochastic system (6.15), (6.3):

m

(6.16) Xip1 = Xi + A(te, Xi, Xip13 h) + Y b, (t) A,

r=1

is Liouvillian and of the first mean-square order.

Proof. We have for the one-step approximation X corresponding to (6.16): dX*® =
dzi+dA*, i =1,...,d. Since these expressions coincide with the ones for the deterministic
Liouvillian method, the approximation X satisfies (6.7) and the method is Liouvillian.
The mean-square order of (6.16) easily follows from the general theory [9]. O

Due to this theorem, construction of first-order Liouvillian methods for Liouvillian systems
with additive noise reduces to construction of such methods for deterministic Liouvillian
systems. For instance, consider the following Liouvillian system

(6.17)

dX'=a'(t, X", X7 X Xdt+ ) bi(t)dw,(t), X(b) =z, i=1,...,d.
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In [16] an explicit first-order Liouvillian method for the deterministic system (6.1) with
a(t,z) as in (6.17) was proposed. Using it, we obtain

(6.18) Xpoy = Xi+ha'(te, Xy, - XL X0 X )b (k) v,
r=1

i=1,...,d, k=0,...,N—1.

Corollary 6.1. The method (6.18) for (6.17) is Liouvillian and of the first mean-square
order.

Note that the Liouvillian method (6.9)-(6.10) for the system (6.8) with o,(¢,y) = o.(t),
r = 1,...,m, (the partitioned system with additive noise) is of the first mean-square
order. Further, for the partitioned system (6.8) with o,(¢,y) = o.(t), r = 1,...,m,
a parametric family of 2-stage explicit Liouvillian PRK methods of mean-square 3/2 is
derived. The form of these methods coincide with the symplectic method (5.11)-(5.14)
from [3]. Let us also note that for the particular case of system (6.12) with o,.(¢,y) = o,(t)
and g(t,r) = M~'z where M is a constant, symmetric, invertible matrix, we succeed in
construction of a Liouvillian method of the third mean-square order. The form of this
method coincides with the third-order symplectic method (6.24)-(6.25) from [3].

7. NUMERICAL TESTS

We test symplectic methods proposed in the previous sections on systems of linear sto-
chastic equations. It turns out that it is possible to construct specific symplectic methods
for linear systems and we start this section with consideration of such methods.

7.1. Explicit symplectic methods for a general second-order system of linear
Ito SDEs. Consider the two-dimensional linear system

(71) Xm = (alle + angz)dt + (blle + blzXZ)d’w(t)
dX? = (an X' + anX?)dt + (bay X' + by X?)dw(t),
with conditions providing the preservation of phase area:

bi1 + by =0, a1 + ag — (bfl + biabgy) = 0.

Of course, implicit methods of Section 3 can be applied to this system. Here we derive
explicit area-preserving methods for (7.1) using ideas of the method of fractional steps.
Linearity of the right-hand sides of (7.1) allows us to present them as a sum of simple
terms such that it is easy to construct a phase-area preserving method for each of the
terms. A superposition of these partial methods gives a phase-area preserving method
for (7.1). On this way we obtain the explicit method based on the following one-step

approximation, X = (X!, X2)T :
(72) X = 545352511',
where
S, — 1 blgAU)
1= bglA’U} 1+ b12b21(A’U})2 ’
g _ | 1+ b Aw + 262 (Aw)? —2b3, (Aw)?
2 — 162, (Aw)? 1 — b Aw + b3, (Aw)? |’
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1 Clgh 1+ Cllh + lC%lhlz —lC%1h2
S = o |, Sa= 1.2 12 2 1250 |
Czlh 1+ Clzcglh —Ecllh 1-— Cllh + Ecllh
and
1, 1, 1,
C11 = G11 — §b11, ci2 = a12 — by1big + §b11, Co1 = Q91 — by1boy + Ebu-

The method (7.2) preserves phase area (one can see that the determinants of S;, i =
1,...,4, are equal to 1). It is also not difficult to prove that this method is of the mean-
square order 1/2.

By swapping the roles of z! and z? in (7.2), we get another method. Moreover, methods
obtained by any rearrangement of matrices Sy, S, S3, Sy preserve phase area and have
the mean-square order 1/2 as well. Tt is easy to construct similar area-preserving methods
for the two-dimensional system, the right-hand sides of which are the same as in (7.1)
except they have the drift coefficients a;;(z?), j # 4, instead of a;;z?. They can also be
generalized to linear systems with multiplicative noise of an arbitrary dimension both in
the symplectic version for the Hamiltonian systems and in the phase-volume preserving
version for the Liouvillian systems.

7.2. Example 1. The system of SDEs in the sense of Stratonovich (Kubo oscillator)
(7.3) dX' = —aX?%dt — 0 X?odw(t), X'(0)=z',
dX?=aX'dt + o X' odw(t), X?*(0)=z?

is often used for testing numerical methods (see, e.g., [19]). Here a and o are constants
and w(t) is a one-dimensional standard Wiener process.

The phase flow of this system preserves symplectic structure. Moreover, the quantity
H(z!, z2) = (21)® + (z2)° is conservative for this system, i.e.

H(X'(t), X2(t)) = H(z',z®) for t > 0.

This means that a phase trajectory of (7.3) belongs to the circle with center at the origin

and with the radius /H(z!, z?).

We test here four methods. In application to (7.3) the symplectic PRK method (3.9)

takes the form:
2
(7.4) X}, =X} - aX2h— %X;Hh — o X2 AW,

2
o
Xp =X +aX; b+ 7X,fh + o X Agw.
This method is implicit in the deterministic part only.

The midpoint method (3.8) applied to the system with one noise (7.3) reads

X2+ X2 X2+ X2

(7.5) X,L_l:X,i—a k ktlp ok 5 kt1 (Ch)k\/ﬁ,
X+ X! X+ X!

XZH:XEHL L e a2 (Ch)k\/g'

2 2
This is a full implicit method. Note that due to specific features of the system (7.3), the
formula (7.5) is valid (solvable) not only in the case of the truncated random variable (,

but also if we put Azw instead of (¢;), Vh.
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The explicit method (7.2) (we pay attention that (7.2) is given for the Ito system) is
written in the case of (7.3) as

2 0.4

4
o o
1-Zhy Tp2 _ 7 p2
e (M) P S | (1T
Ko —%hQ 1+%h+%h2 ah 1=ah

% 1 —aAkw X,i
ocAyw 11— o*(Agw)? X2 )

The method (7.5) has the first mean-square method of convergence. The methods (7.4)
and (7.6) are of mean-square order 1/2 as well as the Euler method:

2
(7.7) X}, =X} — aXZh— %X,ih — o X2 A,

2
X2, = X?+aX}h— %X,fh + o XA,

which, of course, is not symplectic.

Figure 1 gives a sample phase trajectory of (7.3) simulated by the symplectic methods

(7.4), (7.5), and (7.6) and by the Euler method (7.7). The initial condition is ! = 1,

z? = 0. Then, the corresponding exact phase trajectory belongs to the circle with center
at the origin and with the unit radius.

We see that the Euler method is not appropriate for simulation of the oscillator (7.3) on
long time intervals while the symplectic methods preserve conservative properties of the
Kubo oscillator.

These experiments also demonstrate that the midpoint method is much more accurate
than the other methods applied. It is not difficult to check that H(z!, z?) is conserved
by the midpoint method (7.5) but it is not conserved by the other symplectic methods:
PRK method (7.4) and method (7.6). This is similar to the deterministic case. Indeed,
it is known [7, 5] that symplectic deterministic RK methods (e.g., the midpoint scheme)
conserve all quadratic functions that are conserved by the Hamiltonian system being
integrated, while deterministic PRK methods do not possess this property.

7.3. Example 2. Consider the system of Ito equations
(7.8) dX' = bX?dt
dX? = aX'dt + o X'dw(t),

where a, b, and o are some constants. Note that if b = 1 and a < 0, (7.8) is a linear
oscillator with multiplicative noise.

This system is of the form (4.2). In application to (7.8) the Euler method reads
(7.9) Xpo1 = X; + hbX;
X2 = X2+ X} - (ha+oAw).

and the explicit PRK method (4.6)-(4.7) with a = 1 has the form (we note that X!, X?
here correspond to @, P in (4.2)):

(7.10) Xpo1 = X; + hbX;
X2 =XZ+ X - (ha+ oAyw) .
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FIGURE 1. A sample phase trajectory of (7.3) with X*(0) = 1, X%(0) =0
obtained by the symplectic method (7.4) (top left), the midpoint method
(7.5) (top right), the explicit method (7.6) (bottom left) and by the Euler
method (7.7) (bottom right) for ¢ = 2, ¢ = 0.3, h = 0.02 on the time
interval £ < 200.

Both methods are of the first mean-square order.

Figure 2 presents evolution of domains in the phase plane of system (7.8). The initial
domain is the circle with center at (1,0) and with the radius 0.1. In our experiments we
takea = —1,b=1, 0 = 0.2, and h = 0.02. For these a and b, the period of free oscillations
of (7.8) is equal to 2.

The left part of Figure 2 corresponds to the symplectic method (7.10) and the right one
to the Euler method (7.9). The each part contains three series of images of the initial
domain. The fist series has 6 images, including the initial one, and presents the evolution
on the time interval [0, 5]. So, all these images belong to the first period of the oscillator
(7.8). The images are plotted once per 50 time steps and the last image in the first
series corresponds to ¢ = 5. The second and third series (each of 6 images again) for
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FIGURE 2. The evolution of domains in the phase plane of system (7.8)
fora=—-1,b=1, 0 = 0.2, and h = 0.02. Images of the initial circle are
obtained at various time moments by the mapping in the case of symplectic
method (7.10) (left) and by the mapping in the case of the Euler method
(7.9) (right).

0.09 A

0.06 A

0.03

0 10 20 30 40 50 t

FIGURE 3. A typical behavior of the phase area Sy, in the case of the Euler
method (7.9) (solid line). Dashed line corresponds to preservation of the
phase area by the system (7.8) and the symplectic method (7.10). The
parameters are as in Fig. 2.

the symplectic method (left figure) are given on the 8" and 13" periods of oscillations
respectively while these series for the Euler method (right figure) correspond to 5™ and 7t

periods. This difference is caused by the fact that the amplitude of oscillations simulated
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FIGURE 4. A sample trajectory of (7.8) with the parameters as in Fig. 2.
Solid line — the symplectic method (7.10), dashed line — the Euler method
(7.9).

by the FEuler method grows essentially faster than the amplitude in simulations by the
symplectic method. We note that the symplectic method with the taken h and time
interval is quite accurate (see below). We also observe preservation of domains areas in
the case of symplectic method (7.10) and growth of the areas in the case of the Euler
method (7.9).

The phase area Sy, in the case of the Euler method (7.9) changes at a one-step as Sy1 =
Sk + (1 — hb(ha + oAgw)). A typical behavior of S is given on Fig. 3. It is easy to
get that the mean ES; ~ Spexp(—abht;) and for h3t;, < 1 the standard deviation

(E(Si — ESi)?)"? ~ Sy exp(—abhty,) (exp(b2a2h?ty) — 1)V/2.

A sample trajectory of (7.8) simulated by the symplectic method (7.10) and the Euler
method (7.9) is plotted on Fig. 4. The trajectory obtained by the symplectic method
with A = 0.02 (solid line) visually coincides with the one obtained with a smaller step, e.g.
with h = 0.002 using the same sample path for the Wiener process, i.e., this trajectory
visually coincides with the exact solution of (7.8). This figure clearly demonstrates that
the Euler method is unacceptable for simulation of the solution to (7.8) on a long time
interval while the symplectic method (7.10) produces quite accurate results despite both
methods have the same mean-square order of accuracy.
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