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ABSTRACT. Stochastic systems, phase flows of which have integral invariants, are con-
sidered. Hamiltonian systems with additive noise being a wide class of such systems
possess the property of preserving symplectic structure. For them, numerical methods
preserving the symplectic structure are constructed. A special attention is paid to sys-
tems with separable Hamiltonians, to second order differential equations with additive
noise, and to Hamiltonian systems with small additive noise.

1. INTRODUCTION

The problem of preserving integral invariants in numerical integration of deterministic
differential equations is of great current interest (see, e.g., [15, 4, 14, 16, 17] and references
therein). The phase flows of some classes of stochastic systems possess the property of
phase-volume preservation or possess the more strong property of preserving symplectic
structure (symplecticness) [3, 8, 1|. For instance, Hamiltonian equations with additive
noise are a rather wide and important class of systems having these properties. In the
present paper we construct special numerical methods which preserve integral invariants
in such stochastic systems. However some issues are discussed for general systems.

Consider the Cauchy problem for system of stochastic differential equations (SDEs) in
the sense of Stratonovich:

(1.1) dX =a(t, X)dt + Y b,(t, X) o dw,(t), X(ty) =,

r=1
where X, a(t,z!,...,z%), b.(t,z', ..., z%) are d-dimensional column-vectors with the com-
ponents X%, a’, bi,i=1,...,d, and w,(t), r = 1,...,m, are independent standard Wiener
processes.

We suppose that all the coefficients of considered systems are sufficiently smooth func-
tions defined for (¢,) € [ty,to + T'] x R? and they provide the property of extendability
of solutions to the interval [to, ¢y + 7] (some additional conditions on boundedness of
partial derivatives of the coefficients in connection with considered methods are given in
Section 3.2).

We denote by X (¢;ty, ) = X (t;t, 2, ...,2%), tg <t < to+T, the solution of the problem
(1.1). A more detailed notation is X (¢; o, z;w), where w is an elementary event. It is
known that X (t;to,z;w) is a phase flow (diffeomorphism) for almost every w. See its
properties in, e.g. [3, 6, 5, 8|.

Let Dy € R? be a domain with finite volume. This domain may be random. We suppose
that Dy = Dgy(w) is independent of the Wiener processes w,(t), t € [to,to + T]. The
transformation X (¢; ¢y, z;w) maps Dy into the domain D; = D;(w). The volume V; of the
domain Dy is equal to

D(X', ..., X%
1.2 V, = Xm...dXd:/ UM
(12) ! / ‘D(xl,...,xd)
Dy

Dy

dz' ... dz%.




Obviously, the volume-preserving condition consists in the equality

13) ‘D(Xl,...,X )

=1.
D(z,..., z%)

In Section 2.1, we find out a class of stochastic systems satisfying this condition (cf. [8, 1]).

Let us write a system of SDEs of even dimension d = 2n in the form

(1.4) dP = f(t,P,Q)dt + zm:ar(t, P, Q) o dw,(t), P(ty) = p,

r=1

dQ = g(t, P,Q)dt + ) _7,(t, P, Q) o dwn(t), Qlto) = q.

r=1

Here P, Q, f, g, 0., 7, are n-dimensional column-vectors.

Introduce the differential 2-form

(1.5) w? =dp Adqg=dp* Ndg* + -+ -+ dp™ A dq".

We are interested in systems (1.4) such that the transformation (p, q) — (P, Q) preserves
symplectic structure [2]:

(1.6) dP NdQ = dp N dg,

i.e., when the sum of the oriented areas of projections onto the coordinate planes (p', ¢'),
..., (p™, ¢") is an integral invariant. As a consequence, all external powers of the 2-form

(W) =W A AW
—
I—times

are invariant for such systems as well. The case [ = n gives preservation of phase volume.

Phase flows of deterministic Hamiltonian systems (i.e., when o, = 0,7, =0,r =1,...,m,
and there is a function H(t,p,q) such that f* = —0H/0q', ¢ = OH/Op", i = 1,...,n)
are known to preserve symplectic structure. It turns out (see [3| and Section 2.2) that if
there are functions H(t,p,q), H.(t,p,q), r =1, ..., m, such that

(1.7) Ji=—0H/d¢, ¢ =oH/3p,
ot =—-0H,/8q¢", ~.=0H,/op", i=1,...,n, r=1,...,m,
then the phase flow of (1.4) preserves symplectic structure.
Let Xy, k=0,...,N, tgy1 —tg = hgsr, In=to + T :
Xo = X(to), Xr1 = Xy x, (tes1),

be a mean-square method for (1.1) based on the one-step mean-square approximation
Xiz(t +h) = X(t + h;t,z). It is clear that a method preserves phase volume (said to be
Liouvillian) if its one-step approximation satisfies the equality

D(XY, ..., X9)
D(z,..., z%)

(1.8) = 1.

2



Analogously, a method for (1.4) based on the one-step approximation P = P(t+h;t,p,q),
Q = Q(t + h;t, p, q) preserves symplectic structure if

(1.9) dPANdQ =dpAdg.

For a reader convenience, we give some auxiliary material on Hamiltonian methods for
deterministic systems and on numerical integration of SDEs in Section 3.

In Section 4, we construct some implicit Hamiltonian methods of mean-square order 1
and 3/2 for general Hamiltonian systems with additive noise. We propose more effective
methods for systems when the Hamiltonians have a special form. We consider the case
of separable Hamiltonians H (t,p,q) = V(p) + U(t, q) in Section 5 and the case of Hamil-
tonians H(t,p,q) = p' M~ 'p+ U(t,q) with M a constant, symmetric, invertible matrix
in Section 6. Further, we pay a special attention to Hamiltonian systems with small ad-
ditive noise. High-exactness methods for such systems are constructed in Section 7. Let
us underline that all the derived methods are efficient with respect to simulation of the
used random variables.

In the next paper we plan to propose mean-square Hamiltonian methods for Hamilton-
ian systems with multiplicative noise and to consider Liouvillian methods. We will also
present some numerical experiments.

Here we construct mean-square methods. As is known (see, e.g. [9, 7, 18, 12]), when we
simulate a stochastic system by the Monte Carlo technique, we can use weak approxi-
mations which are in many respects simpler than mean-square ones. Hamiltonian weak
methods will be considered in a later publication.

2. STOCHASTIC SYSTEMS PRESERVING PHASE VOLUME AND SYMPLECTIC
STRUCTURE

2.1. Preservation of phase volume. We are going to find out a class of stochastic
systems, which preserve phase volume, i.e., which satisfy the volume-preserving condition
(1.3). To this end, we evaluate the Jacobian from (1.3). For a fixed j, the vector

X {axl axd} '

:@ ori’ 7 Oz

obeys the following system of linear SDEs

d m d .
(2.1) => g— t, X', N Zkdt + ZZ L XY ZF o dw,,

=1 r=1 k=1

Z(to)—axj(to)—fsij {0 it i=1,...,d,

where [X1(t;ty, z),..., X%(t;ty,z)]" is a solution to (1.1).



Introduce the fundamental matrix ®(¢) of solutions to (2.1) normalized at t = ¢ :

oxt  oxt
ox! ox?
o(t) = o
ox4 oxd
Oxt Oxd
This matrix is a solution of the linear system
(2.2) d® = A®dt+ Y B.® o duw,(t), ®(ty) = 1.
r=1
da’

Here A and B, are matrices with the components 5 -(t, X (t; to, x),. .., X%t; ty, z)) and

I
obt
3 7;.(t, X(t;tg,z),..., X%t ty,x)) correspondingly. They depend on z = (z!,...,z%9)" as
T

on a parameter and depend on the previous behavior of the processes w,(s), tp < s <
t, r=1,...,m. We denote by I the d X d unit matrix.

The formula for the determinant of solution to the linear matrix Stratonovich equation
has the form (see, e.g., [8, 1])

(2.3) det ®(t) = det ®(¢) - exp {/t trAds + /t Xm:trBr o dwr(s)} .

to to p—1

Since

D(XY,..., X%
D(zt, ..., z4)
the formulae (1.2), (2.3) and the condition (1.3) imply the following proposition.

det ®(t) = and det ®(¢y) =1,

Theorem 2.1. The necessary and sufficient conditions for volume preservation by the
phase flow of the Stratonovich system (1.1) consist in holding the equalities:

Oa'(t, 0al(t,x
oat,5) | oul,a)

2.4
(2:4) or! ozd

=diva =0,
obL(t,x obi(t, z
M 4+ M

ox! Oz
Corollary 2.2. The necessary and sufficient conditions for volume preservation by the
phase flow of the Ito system

(2.5) =divb, =0, r=1,...,m.

(2.6) dX =a(t, X)dt+ Y _b,(t, X)dw,(t), X(ts) =,
r=1
consist in holding the equalities
1 o= Ob,
2.7 di — = —b,) =0.
(27) a5 gt
(2.8) divb, =0, r=1,...,m,



b, . o
where — is the matrix with the components (t, 2z, ..., z%).

Oz ori

Let us recall that in the case of additive noise a system has the same form both in the
sense of [to and Stratonovich.

Corollary 2.3. If the phase flow of the deterministic system dX = a(t, X)dt preserves
volume, i.e., diva = 0, then the phase flow of the stochastic system with additive noise

(2.9) dX = a(t, X)dt + i b.(t)dw,(t), X(ty) = z,

r=1

preserves volume as well. In particular, Hamiltonian systems with additive noise preserve
volume.

The Ito system

d’X

2.10 -
(2.10) e

= f(t, X)dt + Xm: o, (t, X )b, (£)

r=1

gives another example of volume-preserving system. It has the following normal form

(2.11) dX = Ydt

dY = f(t,X)dt + > o,(t, X)dw,(t),
r=1
where X and Y are n-dimensional vectors, i.e., d = 2n.
Since
a=1[y...,y" Yo M7, b =1[0,...,0, 0, ...,0"",

r

and o® are independent of y!,...,y", we get

diva =0, divb, =0, %brzo, r=1,...,m.
Oox

Thus, the phase flow of the system (2.11) preserves volume for any f and o,. We note
that the system (2.11), which is with multiplicative noise, has the same form in the sense
of Stratonovich.

A more general volume-preserving system has the form

dX =g(t,Y)dt + zm:'yT(t) dw,(t)

dY = f(t, X)dt + zm:m(t,X) dw,(t).

r=1



2.2. Preservation of symplectic structure. Consider the system (1.4). Our urgent
aim is to indicate a class of stochastic systems, which preserve symplectic structure, i.e.,
which satisfy the condition (1.6).

Using the formula of change of variables in differential forms, we obtain
dP ANdQ = dP* ANdQ" + - -+ +dP™ A dQ"

OP'8Q* 0P 0Q"
IPIPI L S PN
k=1 l=k+1 i=1 p p p p
OP 0Q  OPIOQ . .
d
+;z;1;<3q’“ o¢' 9 3q’“>dq h

OP 8Q! AP OQ |, . .,
dn® N daq'.
IDI)IP I (=g P

k=1 I[=1 i=1

Hence the phase flow of (1.4) preserves symplectic structure if and only if

—~ D(P", Q')
(2.12) X0, k#1,
; D(p*, p')
~ D(P', Q)
(2.13) 20, k#£
; D(g*,q")
and
~ D(P', Q)
(2.14) e S, kl=1,...,m.
; D@, q)

Introduce the notation
sz 6PZ ik — 8PZ Qik 8QZ sz 8QZ
p Opk’ "4 dgk’ p agk

For a fixed k, we obtain that Pi*, QiF obey the following system of SDEs
(2.15)

i of . o i
dppk Z(ﬁ P aaQ k>dt+zz<aa p +8—anp )Odw“ Pp (to)zdik’

a=1 r=1 a=1
; — [ ¢’ dg" oy 8')/" .
ik ak ak r r nak ik _
0t =3 (bt + e ) - 3 (G + 503 o @ =0
1=1,...,n.

Analogously, for a fixed k, Pi*, Qi satisfy the system

(2.16) |
i 3f 80Z :
zk ak r nak ik .
szk Z 8_-9 Qak dt + Z Z fYT Qak odw sz (t ) 6
q 8 (o q 8 a a o q T 0 ik
a=1 r=1 a=1
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1=1,...,n.

The coefficients in (2.15) and (2.16) are calculated at (¢, P, Q) with P = P(t) = [P(¢; to, p,

Q); . 7Pn(t7 lo, D, q)]TJ Q = (t) [ (t7 lo, D, )) RS Q (t7 lo, D, )] belng a solution to
(1.4).

Consider the condition (2.12). Clearly,
D(P(to), @"(t)) _ D(p',q")

= =0.
D(p*,p") D(p*,p")
Therefore, (2.12) is fulfilled iff
~ D(Pi(t), Q'(t))
2.17 d = 0.
(217) z:: D(p*,p')
Due to (2.15), we get
OP* 0Q i (1) il
ot = dRHOQI

of 3fi k il 3gi 1 3gi l ik
— _J « 2 —Pa I (e} Pl dt
— |:<8pa p 8qa QP > QP + 6pa p + 8qa QP p

Sl for)ar (- o) o

Then (2.17) holds iff the following equalities take place:

(2.18) ZZ <8 . pak il | f Qaszl g pal Qal pik
i=1 a=1
(2.19) an anl <8 r paszl ;‘i Q;sz;l X %Ppalpgk n %QﬁlP;k
gp"‘ palQlk QalQlk 27; P szl - g;/i Q;”“P,f’> =0, r=1,...,m.

It is not difficult to check that if the functions f(¢,p,q), ¢'(t,p, q) are such that

aft  Og° oft  of* 0¢* Og°
(2.20) fLo9% o 9f 08" 99 99" .y .
Oop®  0q* 0q® 0qt " Op*  Op*
then (2.18) holds, and if the functions o%(t, p,q), ¥:(t,p,q), r = 1,...,m, are such that
dot  Oy% Oot 0o 0Oyt oye
(2.21) Or D g 900 0% e T g
dp*  Oq 0q” 0q* ° Op>  Op*

then (2.19) holds. Thus, if the relations (2.20)-(2.21) take place, the condition (2.12) is
fulfilled.



The condition (2.13) also holds when (2.20)-(2.21) are true. This can be proved analo-
gously by using (2.16) instead of (2.15).

Now consider the condition (2.14). Clearly,
~ D) ~ D(p*,q")

D(P'(t), Q'(t))
D(p*,q")
ments again, we prove that the relations (2.20)-(2.21) ensure this condition as well.

Then the condition (2.14) is fulfilled iff > d = 0. Using the same argu-
=1

Finally, noting that the relations (1.7) imply (2.20)-(2.21), we obtain the following propo-
sition (cf. [3]).
Theorem 2.4. The phase flow of the system of SDFEs

. OH ™. OH,
dP' = ———(t, P,Q)dt — "(t, P,Q) o dw,(t
gt (0P @t =3 50 (6 P,Q) o dui ()

OH

dQ' = 55 (t P.Q)dt + >
r=1

OH, :
o5 (t, P,Q)odw,(t), i=1,...,n,

with Hamiltonians H (t,p,q), H.(t,p,q), r =1, ..., m, preserves symplectic structure.

Remark 2.1. It is also possible to prove this theorem using the necessary and sufficient
condition of symplecticness (see [2]) which consists in

(2.22) G'JG =1,

where G = 9(P(t),Q(t))/9(p, q) is the Jacobi matrix of the phase flow and J is the 2n x2n
skew-symmetric matrix
0, I,
=

O,, and I, are zero and unit n X n-matrices correspondingly.

Corollary 2.5. The phase flow of a Hamiltonian system with additive noise preserves
symplectic structure.

Consider the system with colored noise
(2.23) dP = f(t, P,Q)dt + F(t, P,Q)Zdt, P(ty) = p,
dQ = g(t, P,Q)dt + G(t, P, Q) Zdt, Q(t) = g,
dZ =T(t)Zdt+ o, (t)dw,(t), Z(t) = 2,
r=1

where P, Q, f, and g are n-dimensional vectors, Z and o,(t) are [-dimensional vectors,
['(¢) is an [ x [ matrix, and F(t,p,q) and G(¢,p, q) are n x [ matrices.

It can be proved that the transformation (p,q) — (P,Q) defined by (2.23) preserves
symplectic structure if there are Hamiltonians H (¢, p, q) and H.(t, p, q; z) such that

(2.24) fi=—-0H/dq¢", g¢'=0H/op',
(Fz)' = —0H,/dq!, (Gz)'=0H,./8p', i=1,...,n.
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In particular, when the matrices I and G at the colored noise do not depend on p and
q, the phase flow of (2.23) preserves symplectic structure if f* = —0H/dq", g* = 0H/0p,
1=1,...,n.

It is known [10] that specific features of a system with colored noise allow to obtain high-
order mean-square methods. But we will not construct special symplectic methods for
the Hamiltonian system with colored noise (2.23)-(2.24) in the present paper. This point
will be considered elsewhere.

3. AUXILIARY KNOWLEDGE ON NUMERICAL METHODS

For a reader convenience, we recall here some necessary formulae connected with symplec-
tic numerical methods for ordinary deterministic differential equations and with numerical
integration of SDEs, which we use in the next sections. Further details can be find in,
e.g., [15] (symplectic methods) and in, e.g., [9, 7] (methods for SDEs).

3.1. Hamiltonian methods for deterministic differential equations. Let H =
H(t,p,q), p, ¢ € R", t € [to,to + T, be a sufficiently smooth function. Consider the
Hamiltonian system of differential equations with Hamiltonian H :

dp B _8_H dg _OH

3.1 - —=—,1=1,...,n.
(3-1) di o¢’ dt  op ' "
Introduce the n-dimensional vector-functions f and g:
, O0H . OH
7’:——. Z:—, :1 .
f 8q1/ Y g 8p7' Y ? ) ) n

3.1.1. Symplectic Runge-Kutta methods for general Hamiltonian systems. It is known [15,
14, 17] that in the general case symplectic Runge-Kutta (RK) methods are all implicit.

Two-parametric family of implicit symplectic methods is written as [17]
(3.2) Pr+1 = Pk + hf(te + Bh, apri + (1 — a)pr, (1 — @)grs1 + agr),

Q1 = qr + hg(ty + Bh, aprey1 + (1 — a)pi, (1 — @)qry1 + aqr),
where the parameters «, 5 € [0, 1].

For a = 3 = 1/2 this method is of order 2, otherwise it is of order 1. For o # 1/2, the p
components are integrated by an RK formula and the ¢ components with a different RK
formula. The overall scheme is called a partitioned Runge-Kutta (PRK) method [15].

The one-parametric family of implicit second-order symplectic Runge-Kutta methods has
the form [15, 17|

Q Q
(3.3) Pr=pr + §hf(tk + §h’ P1, Q1),
a Q
Q1 =qr + Ehg(tk + §h, P1, Q1),
1— l1+a

PQ :pk+ahf(tk+%hJPIJQl)+ ahf(tk+Th)P2)QZ)7

2
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o 11—« 1+a
Qs = qi, + ahg(ty + Eh’ P, Q1) + Thg(tk + Th, P2, Qs),

6 1+ o

Pky1 =Pk +h [af(tk + §h, P, Q1)+ (1 —a)f(te + 5 h, Pa, Qz)]
6 1+«

dess =+ fag(tn + TPy Q)+ (1 e+ 15 %0, P 00)]

Note that for o = 1 this method coincides with one from (3.2) with a = § =1/2.

Some other symplectic Runge-Kutta methods for general Hamiltonian systems are at-
tracted in Section 7.1.

3.1.2. Ezplicit symplectic Runge-Kutta methods for Hamiltonian systems with separable
Hamiltonians. In comparison to the general case there are PRK methods that are explicit
when the Hamiltonian H (¢, p, ¢) has the form

(3.4) H(t,p,q) = V(p) + U(t, q).

Such Hamiltonians are called separable. We note that it is not difficult to consider a
slightly more general separable Hamiltonian H (¢, p,q) = V (¢,p) + U(t, q) but we restrict
ourselves here and in Section 5 to the Hamiltonian (3.4).

The explicit PRK methods of the one-parametric family
(3.5) Q = g +ahg(pe), P = py+ hf(ty +ah, Q)

Qi1 =9+ (1—a)hg(P), prra=P, k=0,...,N—1,

preserve symplectic structure [17, 14, 15|. For a = 1/2, the method is of order 2, otherwise
it is of order 1. For @ = 0 and a = 1, this method has the same form as the method
(3.2), applied to a Hamiltonian system with H from (3.4), with « = 1, § = 0 and
a =0, B =1 respectively.

The explicit fourth-order symplectic Runge-Kutta method is written as [15, p. 109]

(3.6) P =pr + hgf(tk, ), Q1 = qr + haeg(P1),

1 _
Py =P+ hT”f(tk +3ch, Q1), Qs = Q1 + h(1 — 250)g(Py),
]_ _
Py =Py + hT”f(tk + (1= 50)h, Q3), Q3 = Q + hoeg(Ps)
Py =Ps + hgf(tk +h, Q3),

(3.7) Prt1 = Pa, @1 = Qs ,
where 3 = (2 + 21/% + 271/3)/3.
The method (3.5) is used in Section 5. The method (3.6)-(3.7) is needed for Section 7.2.

10



3.1.3. Explicit symplectic Runge-Kutta-Nystrom methods. A commonly occurring case of

1
the separable Hamiltonian has V(p) = EpTMflp, with M a constant, symmetric, in-

vertible matrix. A Hamiltonian system with such a Hamiltonian can be rewritten in the
form of a second-order system and can be efficiently integrated by means of Runge-Kutta-
Nystrom (RKN) methods. Asis known [16, 17, 15], each explicit, symplectic PRK method
induces an explicit, symplectic RKN method.

The second-order RKN method induced by (3.5) with o = 1/2 is written as [16, 17, 15]:
h
(3.8) Q=g+ M 'p,
h
Pr+1 =P+ hf(te + 3 9Q),

h? h
Qi1 = qx + hM 'y + 5M—1f(tk + 5 Q), k=0,...,N—1.

This scheme is called Stormer-Verlet method.

The explicit third-order RKN method

7 2 Th

(3.9) Q1 =q + ﬁhM*lpk, Py :pk‘i‘ghff(tk‘Fﬂ,Ql)
3 2 25h

Qo = Q1+ZhM71’P1, Py =P — ghf(tk‘i‘ﬂ,gz)

1
Qs = Qy — ﬁhM*lfpz, P3 =Py + hf(ty + h, Q3)

(310) pk+1:P3) qk+1 — Q37 kZO)"'7N_]-)
preserves symplectic structure [13, 16, 17, 15].
The methods (3.8) and (3.9)-(3.10) are used in Section 6.

3.2. Mean-square methods for SDEs. In this section we recall some formulae of nu-
merical mean-square methods for SDEs in the Ito sense

(3.11) dX = alt, X)dt + Em:br(t,X)dwr(t), X (t) = Xo.

r=1
Note that in the case of additive noise (with which we mainly deal in the present paper)
all the formulae remain true for the Stratonovich SDEs as well.

Consider mean-square approximations of the solution to the Ito system (3.11). A one-
step mean-square approximation X;.(t + h), to < t < t + h < ty + T, is constructed
depending on ¢, z, h, and {wy () — w1 (t),..., wn(¥) — w,(t); t < ¥ < t+ h}. Using
the one-step approximation, we recurrently obtain the approximation X, £ = 0,..., N,
thv1 —th = hpgr, Iv =t + T

Xo = X(to), Xe+1 = Xy x; (bs1)-
For simplicity, we will take ¢y 1 — tx = h = T'/N. Note that X, may be random.

11



Suppose the functions a(t, z) and b,(t,z) are defined and continuous for t € [ty, ¢y + 717,
r € R? and satisfy a uniform Lipschitz condition: for all ¢ € [ty,ty + T, =,y € R? there
is a constant L > 0 such that

m

(3.12) la(t, ) — a(t,y)| + Y b (t,2) = b (t,9)| < Ll —yl.

r=1

Theorem 3.1. (see [9]) Suppose the one-step approzimation X, .(t + h) has order of
accuracy py for the mathematical expectation of the deviation and order of accuracy ps for
the mean-square deviation; more precisely, for arbitrary to <t <ty +7T —h, z € R? the
following inequalities hold:

(3.13) |E (Xa(t+h) — Xiu(t+h))| < K- (1+|z]?)/2h,
% 2]1/2 2\1/2
(3.14) [E | Xoa(t + h) — Xyt + B)| ] < K- (1+ |z|?)/2hP.
Also, let
1 1
(3.15) p225, D1 ZPz—i—E.

Then for any N and k =0,..., N the following inequality holds:
_ 1/2
(3.16) B[ X o (t) = Koo ()P < K - (1 BIX ) 22,

i.e., the mean-square order of accuracy of the method constructed using the one-step ap-
prozimation X ,(t +h) is p=ps — 1/2.

We note that all constants K mentioned above, as well as the ones that will appear in
the sequel, depend in the final analysis on the system (1.1) and the approximations only
and do not depend on X, and h.

Let us assume that, in addition to (3.12), the functions a(¢,z) and b,(t,z) have partial

derivatives with respect to ¢ that grow at most as a linear function of z as |z| — oo and
oa' o%a’
- and ————, 1,7,k =1,...,d, are uniformly bounded.
Oz ozigzh 7 Y
It is known [9, 7| that under these assumptions the mean-square order of the Euler method
is equal to 1/2.

Let us recall the Euler method:

that the derivatives

(317) Xo = X(tU)a Xk+1 = Xj + Z(br)k Akwr(h) + h'aka k= 0,..., N — 1,
r=1

where a; and (b,); are the coefficients a and b, evaluated at the point (¢, X%) and
Akwr(h) = wr(tk + h) - U),-(tk).

For this method, we have p; = 2, p» = 1 in a general case of the system (3.11). In the
case of system with additive noise (2.9) we have p; = 2, p» = 3/2, and the method’s order
is equal to 1 under the same smoothness and boundedness conditions on the coefficients.
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The method of the mean-square order 3/2 for system with additive noise (2.9) has the
form

(318) X() = X(to), Xk+1 Xk + Z Akwr + hak

r=1
Here
m d
5 P 1

(3.19) A= (b5 ) L= 5 + (a )+ 2;1211) Tax el

tht1 tht1
(3.20) (Lo)x = / (w0, (9) — wy (1)) 49, (Ior)s = / (9 — to) duw, ().

i e

The formula (3.18) has the random variables Azw,(h), (Ir0)k, (Ior)r joint distribution
of which is Gaussian. They can be simulated at each step by 2m independent N(0, 1)-

distributed random variables &, and 7., r = 0,...,m. As a result, the formula (3.18)
takes the constructive form
(8:21)  Xiwn = Xe+ B2 Y (0)s b + ha + B2 (M), - (61/2 + 71,0/ V12)

r=1 r=1

+h?/? Xm; (%)k : (6rk/2 - mk/\/ﬁ> +h* (La),, /2.

r=

A rigorous proof of the theorem about order of convergence for (3.18) rests on the following
assumptions (see [9, 7]): the function a(¢,z) and all its first- and second-order partial
Da &a da
— —— , and ——
_ _ ~ OtOxidri’ Oridzidxk 0zt 0zI Ox*k Oz
are continuous; the functions b,(t) are twice continuously differentiable; the first order
partial derivatives with respect to  are uniformly bounded (so that a uniform Lipschitz
condition is satisfied), while its remaining partial derivatives listed above, regarded as
functions of z, grow at most as a linear function of |z| as |z| — oo.

derivatives, as well as the partial derivatives

Note that in the sequel we shall not give analogous conditions on the coefficients which
ensure corresponding orders of convergence for other methods. They consist in some con-
ditions of smoothness and boundedness and can be restored using the general theory [9, 7].
At the same time we underline that these conditions are not necessary and the considered
methods are applicable more widely. Also let us note that we shall use equalities with
right hand side O(h?) instead of, for example, inequalities (3.13) or (3.14).

The following evident lemma will be useful below.

Lemma 3.1. Let the one-step approzimation X;.(t + h) satisfy the conditions of Theo-
rem 3.1. And suppose that X ,(t + h) is such that

(3.22) ‘E (f(m(t +h) — Xia(t + h)) ‘ = O(h"),

13



(3.23) [E ‘Xt,z(t +h) — Xia(t +h) 2] v = O(h??)

with the same p1 and pz. Then the method constructed using the one-step approzimation
Xi2(t+h) has the same mean-square order of accuracy as the method based on X, ,(t+h),
i.e., its order is equal to p = ps — 1/2.

4. HAMILTONIAN MEAN-SQUARE METHODS FOR GENERAL HAMILTONIAN
SYSTEMS WITH ADDITIVE NOISE

In this section we consider the Hamiltonian system with additive noise (4.1)-(4.2) (recall
once more that in the case of additive noise the Stratonovich form coincides with the Ito
one)

(4.1) dP = f(t, P,Q)dt + zm: o-(t)dw(t), P(ty) = p,

r=1
dQ = g(t, P,Q)dt + > _ v, (t)dw(t), Q(ty) = g,
r=1

(4.2) fi=—-0H/dq¢', g' = 0H/Op',i=1,...,n,

where P, Q, f, g, 0, 7, are n-dimensional column-vectors, w,(t), r = 1,...,m, are
independent standard Wiener processes, and H (¢, p, q) is a Hamiltonian.

The phase flow of this system preserves symplectic structure (see Corollary 2.5).

4.1. First-order methods. Consider the two-parametric family of implicit methods
(4.3) P =P, +hf(te + Bh,aP + (1 — )P, (1 — @) Q + aQx),
Q = Qx + hg(tx + Bh,aP + (1 — a) P, (1 — ) Q + aQy),

(44) Pk+1 = P + Zar(tk)Akwr, Qk+1 = Q + Z/YT(tk)AkwT’ k = 0, ceey N — 1,
r=1 r=1

where Agw,(h) := w,(tx + h) — w,(tx) and the parameters o, 8 € [0, 1].

When o, =0, 7, =0, 7 =1,...,m, this family coincides with the known family (3.2) of
symplectic methods for deterministic Hamiltonian systems, and it can be considered as a
generalization of (3.2) to the stochastic case.

The unique solvability of (4.3) with respect to P, Q for any Py, @y and sufficiently small
h follows from the following lemma.

Lemma 4.1. Let F(z;c,s) be a continuous d-dimensional vector-function depending on
r € R ce R and s € S, where S is a set from an R'. Suppose F has the first partial
derivatives OF'/0z?, i,j = 1,...,d, which are uniformly bounded in R? x R x S. Then
there is an hy > 0 such that the equation

(4.5) z=c+ hF(z;c,s) +v

14



is uniquely solvable with respect to x for 0 < h < hg and anyc € R?, v € R4, s € S. The
solution of equation (4.5) can be found by the method of simple iteration with an arbitrary
initial approximation.

The proof of this lemma is not difficult and it is omitted.

The following lemma is true for system (4.1) with arbitrary f and g having bounded first
derivatives (i.e., f and g may not obey the condition (4.2)).

Lemma 4.2. The mean-square order of the methods (4.3) — (4.4) for the system (4.1) is
equal to 1.

Proof. Let us compare the one-step approximation of the Euler method (see (3.17))

P=p+hf(t,p,q)+ Y o.(t)Aw,,

r=1

Q=q+hg(t,p,q) + > _ 7. (t)Aw,

r=1
with the one-step approximation P, Q corresponding to (4.3)(4.4)
(4.6) P=p+hf(t+ph,aP+(1—-a)p,(1—-a)Q+aq),
Q=q+hg(t+Bh,aP +(1—-a)p, (1 - a)Q+ ag),

(4.7) P=P+) o.(t)Aw,, Q=02+ 7,(t)Aw,.
r=1 r=1
Clearly, the differences P — P and Q — Q are deterministic. And it is not difficult to show
that _ ~ o
P P P-P
El|l =|-1Ah =1l = = ||=0(h%,
#(la)-[a])l-lla-a ] -o

1 1P1°\"” pop1P\”
Ell S| L — - = O(h?).
( Lo [Q]) (HQ—Q]) )
Then recalling that the Euler method has the first mean-square order of convergence for
systems with additive noise and applying Lemma 3.1 (in this case the Euler method has

p1 = 2, po = 3/2 (see Section 3.2)), we obtain that the method (4.3)—(4.4) is of the first
mean-square order. []

As it has been marked in Introduction, the method based on a one-step approximation
P = P(t+ h;t,p,q), Q = Q(t + h;t,p, q) preserves symplectic structure if its one-step
approximation satisfies

dPAdQ =dpAdg.

For the one-step approximation (4.6)-(4.7), we have dP = dP, dQ = dQ. Hence dP A
dQ = dP A dQ. The relations for P, Q coincide with ones for the one-step approxima-
tion corresponding to the symplectic method (3.2). Therefore, the method (4.3)—(4.4) is
symplectic as well. From here and Lemma 4.2, we get the theorem.

15



Theorem 4.1. The method (4.3)—(4.4) for the system (4.1)—(4.2) preserves symplectic
structure and has the first mean-square order of convergence.

Remark 4.1. Just as in the deterministic case, for « = 0 and @ = 1 and arbitrary 8 the
method (4.3)—(4.4) contains only one implicit relation.

Now consider another generalization of the family (3.2) to the Hamiltonian system (4.1):

(4.8) Pk+1 == Pk + hf(tk + ﬁh, Osz_H + (1 — a)Pk, (1 — a)Qk+1 + Osz)

+ Z or(te) Apwy,

r=1

Qi1 = Qr + hg(ty + Bh,aPry1 + (1 — a) Py, (1 — a)Qpy1 + aQy)
+ ) 7 (t)Agw,, k=0,...,N -1,
r=1

with the parameters «, 8 € [0, 1].
For sufficiently small h, the equations (4.8) are uniquely solvable with respect to Py, 1,
Qk+1 due to Lemma 4.1.

Theorem 4.2. The method (4.8) for the system (4.1)—(4.2) preserves symplectic structure
and has the first mean-square order of convergence.

Proof. Using Lemma 3.1, one can establish that the mean-square order of the method
(4.8) is equal to 1.

Now we check symplecticness of the method. Let P, Q be the one-step approximation
corresponding to the method (4.8). Introduce

=p+a)d o,()Aw, =g+ (1-0a)d 7,()Aw,

r=1
and
P=P—(1-0) Zar(t)Awr, Q=0- aZ%(t)Awr .
r=1 r=1

We have

N

P =p+hf(t+Bh,aP+(1-a)p (1-a)Q+aq),

Q =G +hg(t+ Bh,aP + (1 — a)p, (1 — a)Q + aq).
The relations for 15, Q coincide with thg one-step approximation corresponding to the
symplectic method (3.2). Therefore, dP A dQ = dp A d§. Further, it is obvious that

dP AdQ = dP A dQ and dp A dg = dp A dg. Consequently, dP A dQ = dp A dg, i.e., the
method (4.8) is symplectic. [

4.2. Methods of order 3/2. The Taylor type 3/2-order method (3.18) has the terms
02

with derivatives: >~ (Ara), (Iro)k and ZT L Z” L b ra ; . This is not appropri-
Tt Oz

ate for constructing a symplectic method for (4.1)-(4.2). To avoid using the derivatives,
we will introduce new Runge-Kutta methods for systems with additive noise.
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Consider the relations

(4.9) Pi=p+hy aift+ch P, Q)+

i=1

Qi :q—l—hZoz,-jg(t—l—cjh,’Pj,Qj)—i—wi, 1= 1,...,8,

j=1

where ¢;, ¥;, n, ¢ do not depend on p and ¢, the parameters a;; and 3; satisfy the condition

and ¢; are arbitrary parameters.

The equations (4.9) are uniquely solvable with respect to P;, Q;, i = 1,...,s, for any p,
q, ¢;, ¥;, n, ¢ and sufficiently small h due to Lemma 4.1.

For ¢, = 1, = n = ¢ = 0 the relations (4.9)—(4.10) coincide with a general form of
s-stage Runge-Kutta methods for deterministic differential equations. It is known (see,
e.g., Theorem 6.1 in [15]) that the symplectic condition dP A dQ = dp A dq holds for P, Q
from (4.9)—(4.10) with (4.11) and ¢, = ¥, = n = { = 0. Let us check the case of arbitrary

Qoia wia m, C

Lemma 4.3. The relations (4.9) — (4.10) with condition (4.11) preserve symplectic struc-
ture, i.e., dP A\ dQ = dp A dq.

Proof. We generalize the proof of Theorem 6.1 from [15|. Denote for a while: f; =
f(t+cih, Pi, Qi), gi = g(t+c;h, Pi, Q;). Differentiate (4.9) and form the exterior products:

(4.12) dPAdQ=dpAdg+h B;df: Adg+h _ B;dpAdg;+h> > B,B;dfi Adg;,

i=1 j=1 3,7=1
(4.13) dfi AdQ; = df; Ndq+ by ay; dfi Adg;,
j=1
(4.14) dP; Ndg; = dp Adg; +h Y _ i df; A dg;.
i=1

Now using (4.13)-(4.14), find the expressions for df; Adq and dp Adg; and substitute them
in (4.12):

(4.15) dP ANdQ =dpAdg+h_ B; (dfi AdQ; + dP; A dg;)
=1

S

+h? Z (8:8; — Biovij — Bj04:) dfi A dg;.

1,7=1

The last term in the right-hand side vanishes owing to (4.11).
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Consider the second term in the right-hand side of (4.15). We have
dfi NdQ; + dP; Adg; = _ (dff A dQF + dPF A dgF)
k=1

k k
] ]

off
gt

dg
gt

dg
opt

n k
= <6fidP;AdQ§+ dQ; AdQ} + 2% dPf A dP} +

k I
oy’ dP; A in> :
k=1
Taking into account the skew-symmetry of the wedge product and that f and g satisfy
the condition (1.7) (see also (2.20)), it is not difficult to see that this expression vanishes.
Returning to (4.15), we obtain dP A dQ = dp A dg. O
Remark 4.2. To prove this lemma, the condition (2.22) with G = 8(P(t), Q(t))/d(p, q)
can be used as well (cf. [17]).

The next lemma is used in Theorem 4.3 for the Hamiltonian system (4.1)-(4.2). However
the lemma is of great interest for arbitrary systems with additive noise as well (see Re-
mark 4.3 below). So, we introduce the parametric family of one-step approximations for
the system with additive noise (2.9):

m

(4.16) X, =z + %ha(t + %h, X))+ 3 6.(8) Mo + 1 Aw,)
r=1
o l—-« 14+« i
Xo = 2+ aha(t + h, X1) + ha(t + ——h,X2) + > be(t) Madvo + ppAw,),
r=1
X=z+h oza(t—l—gh X )—l—(l—oz)a(t—l—H—ah Xs) +zm:b (t)Aw +zm:b’(t)l
9 s /N1 9 y IN2 £ r r et r Or>
where
t+h . t+h
Aw, = w,(t + h) — w,(t), I = / (9 —t) dw,(9), Jp := 7 / (w,(F) — w,(t)) d9,
t t
and the parameters a, A1, A2, py, iy are such that
(4.17) adi+(1—a)da=1, ap, + (1 —a)uy, =0,
and
M 2 X 2\ _ 1
(4.18) a E—I—)\lul—l—ul +(1—a) ?4—)\2#2—1—”2 =5

For example, the following set of parameters satisfies (4.17)-(4.18):

1 1
(4.19) a=g, AM=X=1, gy =—puy=—.

V6

Note that the random variables Aw, and J,, are of the same mean-square order O(h)
(see (4.20)). Their combination helps us to compensate the derivatives indicated at the
beginning of this subsection.
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Lemma 4.4. The method for the system with additive noise (2.9) based on the one-step
approzimation (4.16) with conditions (4.17)—(4.18) on its parameters is of the mean-square
order of accuracy 3/2.

Proof. Due to properties of the Wiener process and Ito integrals, we have
(4.20) EAw; =0, EAw;Aw; = §;;h, EAw;Aw;Awy, = 0, E (Aw;)* = 3h2,
h h?
EJyw =0, EJyJj = 5ij§, EJizJj0dko = 0, E(Ji0)4 =3
h
EAU)Z'J]'O = 61']'5, EAU)ZA’LU]Jko = 0, EAU)Z'J]'()Jko =0.

Let AX; :=X; —z, i = 1,2. We have

(4.21) |EAX;| = O(h), E(AX)* = O(h)), 1 =1,2,3,4, i = 1,2, |E(AX,)*| = O(h?).

Expand (4.16):

m

(4.22) AX, = %ha(t, z) + 3 b,(8) (Mo + mAw,) + py,
r=1
1+a i
(4.23) AXy = ha(t,z) + 3 b.(t) (Aadeo + palAw,) + py,
r=1
(4.24) X—x—kzm:b (t)Aw +zm:b'(t)f + ha(t :L')—l—hj@(t )
. - i r r et r Or ) 9 6t
4 Ba
+h) ErICEIR (aAX] + (1 — a)AX))
=1
i J % J =
+- Z W W ) - (QAXIAX] + (1 — @) AXSAXS) + 5

1,]—

Using (4.20)—(4.21), one can obtain

(4.25) |Bp;l = O(h?), |EpAX]| = O(h?), Ep; = O(h?)
and
(4.26) |Ep| = O(K°), Ep® = O(R°).
Substituting (4.22)—(4.23) in (4.24) and using (4.17), we get

. = = h? da h2 .\ ba
(4.27) X_x+ZbTAwT+ZbTIOT+ha+ 5 3 i

+hz;zbraz 7'0+ z;z ]:*T—i_Ra
r 1=1 r=11i,7=1

Z Z 333’83;] bib’ a (A Jro + i Aw,) (A1 Jig + g Awy)

rl 14,5=1
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+(1 = a) (Aadro + pAw,) (A2Jio + o Awy)] — — Z Z

ax’&zﬂ bibr + )
r=1 ¢,j5=1

where the coefficients and their derivatives are calculated at (¢, z) and p satisfies the same
relations as p (see (4.26)).
The relations (4.20) and (4.18) imply
(428) E[oz (>\1JT0 + ,UIIAU)T) (>\1Jl0 + ,UIIAU)l)
h
+(1 — oz) ()\QJTO + ,UIZAU)T) (>\2Jl0 + ,U:ZAU)l)] = 5(5,4 .

Using the relations (4.20), (4.25)-(4.26), and (4.28), it is not difficult to get that
= O(h?).

1/2

(4.29) |[ER| = O(h%), (ER?)

Now denote by X the one-step approximation corresponding to the method (3.18) which
has the mean-square order of accuracy 3/2. Taking into account (4.27) and (4.29), we
obtain

‘E ()‘( - X)‘ = O(h?), [E ‘)‘( e 2} " O(h?).

Then according to Lemma 3.1, the method based on the one-step approximation X has
the same mean-square order of accuracy as the method (3.18), i.e., its order is equal to
3/2.0

Remark 4.3. Doing in a similar way as the method (3.18) has been obtained, it is not
difficult to construct new explicit Runge-Kutta methods of mean-square order 3/2 for
an arbitrary system of differential equations with additive noise (2.9). For instance, we
obtain the following explicit Runge-Kutta method of order 3/2 for (2.9) :

“ h - 1
Xk+1 = Xk + wa(tk)Akwr + 5 a(tk, Xk + Zbr(tk) . ((Jrg)k + %AkwT))
r=1 r=1

m

Falt+ by Xe+ ha(ti, Xe) + 3 be(t) - (o) — %AkwT))

+3 b (t) Ik, k=0,...,N — 1.

Note that if we apply this method to (4.1)-(4.2) as well as any other explicit Runge-Kutta
method, it will not preserve symplectic structure.

Now consider the parametric family of methods for the Hamiltonian system with additive
noise (4.1):

o o =
(4.30) Pr =P + Ehf(tk + Eh’ P1, Q1) + Z o (tr) (A (Jro)y, + 1 Akw:)

r=1

(6] o i
Q1 = Qk + Ehg(tk +5h P Q1)+ D e(te) (M1 (Jro)y + i Agwy)

r=1
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1—|—oz

P2 — Pk +O[h/f(tk + ghﬂpla Ql) +

(tr + h, P2, Q)

+ Zar(tk) ()\2 (JT‘O)k + ﬂzAkwr) )
r=1

o l—« 1+«
Qs = Qi + ahg(ty, + Eh’ P, Q1) + Thg(tk + Th, Ps, Qo)

+ )7 (k) (Ao (o), + o ewy)

r=1

Poyin=PFP.+h [Ozf(tk + %h, P1, Q1) + (1 —a)f(

+ ) onlte)Axwr + Y 0y (k) (Tor)y.
r=1 r=1

Qry1 =Qr+h [ag(tk + gh, P1, Q1) + (1 — a)g(ts

Qz)]

Qz)]

n zm:%(tk)Akwr - Em:%(tk) (Tor ) »

r=1 r=1
where the parameters a, A;, g, 4y, po satisfy (4.17)—(4.18).

Let us note that the method (4.30) is reduced under o, = 0, v, = 0, r = 1,...,m,
to the well-known second-order symplectic Runge-Kutta method (3.3) for deterministic
Hamiltonian systems (see, e.g., [15, p. 101]). Using the deterministic method (3.3) with
a = 0 (the midpoint rule), another implicit 3/2-order method for Hamiltonian systems
with noise was proposed in [19]. But the method of [19] does not preserve symplectic
structure.

The one-step approximation corresponding to this method is of the form (4.16). Therefore,
due to Lemma 4.4, the method (4.30) is of the mean-square order 3/2. Moreover, this one-
step approximation is of the form (4.9) with s = 2 and

Zar (Ardro + i Aw,), @y = Zar (A2dro + poAwy,),

r=1 r=1

= Z’yr ()\1']7'0 + ,ulAwr) ) ¢2 = Z’yT ()\2‘]1"0 + ﬂQAwr) )

r=1 r=1

n= ZO‘TA’U)T + ZJ;IOT, (= Z'yTAwT + ZvLIOT
r=1 r=1 r=1 r=1

and

o 1« o 1+«
0111:5, ap =0, ay = a, 02227, 51:01; 52:1—017 0125, Co = 5

This set of parameters oy, 5;, i,j = 1,2, satisfies the conditions (4.11). Then due to

Lemma 4.3, the method (4.30) is symplectic.

Thus we have obtained the following theorem.
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Theorem 4.3. Under conditions (4.17)—(4.18) on the parameters, the method (4.30) for
system (4.1)-(4.2) preserves symplectic structure and has the mean-square order 3/2 of
convergence.

Remark 4.4. The method (4.30) can be rewritten in the constructive form as the formula
(3.21) was obtained from (3.18) in Section 3.2.

Remark 4.5. All the methods in this Section are implicit. This corresponds to the
fact that there are no explicit symplectic Runge-Kutta methods for general deterministic
Hamiltonian systems (see e.g., [15, 14, 17| and also Section 3.1).

5. HAMILTONIAN MEAN-SQUARE METHODS IN THE CASE OF SEPARABLE
HAMILTONIAN

In this section we consider the Hamiltonian system with additive noise (4.1), which Hamil-
tonian has the special structure

(5.1) H(t,p,q) = V(p) + U(t, q).

Recall (see Subsection 3.1.2) that it is possible to consider a more general Hamiltonian
H(t,p,q) = V(t,p) + U(t,q). In mechanics V" and U usually represent the kinetic and
potential energy respectively. Hamiltonians of this form are called separable. When the
Hamiltonian is separable, the system (4.1) takes the partitioned form

(5.2) dP = f(t,Q)dt + Xm: o (t)dw,(t), P(to) = p,

4Q = g(P)dt 3", (e, (1), Qlto) = g,

r=1

where f¢ = —0U/dq', g = 0V /Op',i=1,...,n.

Obviously, the implicit symplectic methods from the previous section can be applied to
the partitioned system (5.2), and they take a more simple form in this case (we do not
write them down here). We recall that there are no explicit symplectic RK methods for
the system (4.1)-(4.2) with general Hamiltonian. However, for the partitioned system
(5.2) it is possible to construct explicit symplectic methods just as in the deterministic
case [17, 14, 15].

5.1. Explicit first-order methods. On the basis of the family of deterministic PRK
methods (3.5), we construct the family of explicit partitioned methods for stochastic
system (5.2)

(5.3) Q = Qi + ahg(Py)
P = Pk + hf(tk + Olh, Q)

Qri1 = @+ (1 — a)hg(P) + ) 7. (te) A,

r=1

Pt 27’+Zar(tk)AkwT, k=0,...,N—1.
r=1
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Since the expressions for dPy, 1, dQ.1 coincide with the ones corresponding to the deter-
ministic symplectic method (3.5), the method (5.3) is symplectic. Further, by the same
arguments as in the proof of Lemma 4.2, it is not difficult to show that the method (5.3)
has the first mean-square order of accuracy. As a result, we obtain the theorem.

Theorem 5.1. The explicit partitioned method (5.3) for the system (5.2) preserves sym-
plectic structure and has the first mean-square order of convergence.

Remark 5.1. For @ = 0 and a = 1, the method (5.3) takes the same form as (4.3) with
a=1,08=0and a =0, 8 =1 respectively.

Remark 5.2. By swapping the roles of p and ¢ in the deterministic PRK method (3.5),
we can propose the following symplectic method of the first mean-square order for the
system (5.2):

(54) P = Pk + O(hf(tk, Qk)
Q= Qx + hg(P)

Pey1 =P+ (1— a)hf(tess, Q) + Y on(te) Agw,
r=1

Qr+1 = Q+Z%(tk)AkwT, k=0,...,N—1.
r=1

For o = 0 and a = 1, this method takes the same form as (5.3) with @ =1 and o = 0
respectively.

Remark 5.3. In the special cases of & = 0 and a = 1 the methods (5.3) and (5.4) take
a more simple form, in these cases they require evaluation of each of the coeflicients f, g
once per step only.

Remark 5.4. It is possible to propose other symplectic first-order methods for (5.2) on
the basis of the deterministic PRK methods (3.5). For instance, the method

(5.5) Q = Qi+ ahg(P) + Y _ 7, (tx) Aswy,

r=1
P = P+ hf(ty + ah, Q) + Zar(tk)Akwra
r=1

Qi1 = Q+ (1 —a)hg(P),
Pk+1:P, kzO,,N—l

is of the first mean-square order and symplectic.

5.2. Explicit methods of order 3/2. On the basis of the deterministic second order
PRK method (the method from the family (3.5) with o = 1/2), we construct the explicit
method for the stochastic system (5.2):

h
(5.6) Pr=Fi, Qi =Qr+59(Py),

h h
Py =P1 + hf(ty + 5 Q1), Q=091+ 59(732),
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2

0 0
Ps = ’Pz—i-ZZ% tx) afl(tk,Q2)( r0 k—l-—ZZ% t )i tk)a lafj(tk,QZ)

r=1 i=1 r=14,7=1

QS QZ)
Pi=Ps+ Y on(te) Aguwr + Z o (t) (Tor )k

r=1 r=1

Q4 = Q3+Z’)’r Lk AkwT—FZ’)’T te)(

r=1 r=1 r=1 i=1

(7’3)( L)k

m n

h? d%g
155 9 SIS MUY
r=1 4,7=1
Pk+1—P4, Qk+1:Q4, kzO,...,N—l,
where (I,9)x and (Iy,)r are due to (3.20).

It is not difficult to prove that the transformation P = p+ F(t,q), Q@ = ¢+ S(t) preserves
symplectic structure for any S(t) and F(t,q) such that F'/8q¢’ = OF7/0q'. Analogously
the transformation P = p+S(t), @ = ¢+ G(p) preserves symplectic structure for any S(t)
and G(p) such that 0G*/dp’ = 0G?/dp'. Using these facts and that the expressions for
P> and Qs coincide with the ones corresponding to the deterministic symplectic method
(the method (3.5) with o = 1/2), it is not difficult to prove that the method (5.6) is
symplectic.

Comparing the one-step approximation of the method (5.6) with the one-step approxima-
tion of the method (3.18) and applying Lemma 3.1, one can prove that the method (5.6)
is of the mean-square order 3/2.

Thus, we obtain the theorem.

Theorem 5.2. The explicit partitioned method (5.6) for the system (5.2) is of the mean-
square order 3/2 and symplectic.

Remark 5.5. The method (5.6) can be rewritten in the constructive form as the formula
(3.21) was obtained from (3.18) in Section 3.2.

Remark 5.6. By swapping the roles of p and g in the deterministic method (3.5) with
a = 1/2, we obtain the following 3/2-order symplectic method for the system (5.2) :

h
(5.7) Q1 =Qr, Pr=F+ §f(tk; 1),
h
Q2 = Q1+ hg(P1), Po=P1+ if(thrl, Qs),
QS QZ)
0
’Pz—i-ZZ% tk tkaQZ)( r0 k—l-—ZZ% te)Yi(t Zafj(k,QZ)
r=1 i=1 r= lz,] 1
3
Qs = Q3 +Z7T te) Agw, +Z’)’T tr)( J (733)( Lok
r=1 i=1
Z Z tk 0'] tk zapf (P ),

r=1 4,7=1
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P4 = Pg + Zar(tk)Akwr + Zo-:n(tk)([()r)k,
r=1 r=1

Pk+1:P4, Qk+1:Q4, kZO,...,N—l.

In Section 4.2 we propose the 3/2-order symplectic implicit Runge-Kutta method (4.30)
for the general Hamiltonian system with additive noise (4.1)-(4.2). Of course, this implicit
method can be applied to the system with separable Hamiltonian (5.2). In this section,
using specificity of the system (5.2), we have obtained the 3/2-order symplectic explicit
method (5.6), but it is not of a Runge-Kutta form. Our nearest aim is to construct a
3/2-order symplectic ezplicit Runge-Kutta method for (5.2).

To this end introduce the relations (cf. (4.9)-(4.10))

(5.8) Pi=p+h)y aif(t+ch Q)+,

j=1

(5.9) P=p+ h25if(t +eih, Q)+, Q=g+ hZBiQ(Pi) +¢,
i=1 1=1

where ¢;, ¥;, n, ¢ do not depend on p and g, the parameters a;;, &;;, B; and Bl satisfy
the condition

(5.10) ,BZCAYZ] + Bja]-i - ﬂz,@] =0, 3,7=1,...,s,
and ¢; are arbitrary parameters.

If o; = ¢, = n = ¢ = 0, the relations (5.8)—(5.9) coincide with a general form of s-
stage partitioned Runge-Kutta (PRK) methods for deterministic differential equations
(see, e.g., [15, p. 34]). It is known [17, 15] that the symplectic condition holds for P, Q
from (5.8)—(5.9) with (5.10) in the case of ¢, = ¢y, = n = ( = 0. By a generalization of
the proof of Theorem 6.2 from [15] (see also Lemma 4.3 of this paper), it is not difficult
to get the following lemma.

Lemma 5.1. The relations (5.8) — (5.9) with condition (5.10) preserve symplectic struc-
ture, i.e., dP A\ dQ = dp A dq.

Introduce the parametric family of 2-stage explicit PRK methods for the system (5.2):

(5.11) Q1 = Qu+ Y 7 (t) (M (o) + i Ay )
r=1
P1 =P+ hBy f (b + crh, Q1) + Y o (tie) (M (Jro)k + p Axwy)
r=1

Qs = Qk +hB1g(P1) + Y 7, () (5\2(JT0)k + ﬂzAkwr> :

r=1
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m

2
Py =P, + hZBif(tk +c;h, Qi) + Zar(tk) (A2(Jro)k + o Arwy),

i=1 r=1

m m 2
(5.12) Peyi =P+ Y on(te)Agw, + > on(te)To)k +h Y Bif (t + cih, ),
r=1 r=1

= = =1

m m 2
Qrir = Qu + 7o (t) Axwr + 7 (88) o)k +h Y Big(Py),
r=1 r=1 =1

where the parameters f3;, Bi, Ciy iy 5\i, Wy 1y, © = 1,2, satisfy the conditions

(5-13) B1+ B =1, 31"‘32:1: ﬁ231:1/2a ¢y =0, 02231;
and
(5-14) Bty + Bofs =0, Bl/ﬁl + BQ#Q =0,

515\1 +ﬁ25\2 =1, 31)‘1 +B2>\2 =1,

~2 ~2

A s . A s . 1

B4 (31 + Arfly +U%> + B, (EQ +)\2u2+u§> = 9’
1
2

. )\2 R AZ
B, <§1 + Aipg + /ﬁ) + B, <?2 + Aopty + /é) =

and Aw,, Iy, Jro are the same as ones defined after (4.16).

For example, the following set of parameters satisfies (5.13)-(5.14):

1 3 - 2 . 1
5.15 == == -z S
( ) ﬁl 47 /62 4) ﬁl 37 ﬁ2 37
. . 1 1 1 1
)\ :)\ :)\ :)\ :1, = —, = -, [ = —, [ = ——
T V- L Y. S V. U R W
Note that in the deterministic case (i.e., when o, = 0 and v, = 0, r = 1,...,m) the

family of methods (5.11)-(5.12) with conditions (5.13) on the parameters coincides with
the family of 2-stage second-order deterministic PRK methods [15].

It is not difficult to see that the method (5.11)-(5.12) has the form of (5.8)-(5.9) and
its parameters satisfy the condition (5.10). Then, Lemma 5.1 implies that this method
preserves symplectic structure. Using ideas of the proof of Lemma 4.4, we establish that
the method (5.11)-(5.12) with (5.13)-(5.14) is of the mean-square order 3/2. As a result,
we get the following theorem.

Theorem 5.3. Under conditions (5.13) — (5.14) on the parameters, the explicit PRK
method (5.11) — (5.12) for system (5.2) preserves symplectic structure and has the mean-
square order 3/2 of convergence.

The method (5.11)-(5.12) can be rewritten in the constructive form as the formula (3.21)
was obtained from (3.18) in Section 3.2.

Remark 5.7. Attracting other explicit deterministic second-order PRK methods from
[15, 17], it is possible to construct other explicit symplectic methods of the order 3/2 for the
system (5.2). For instance, by swapping the roles of p and ¢ in the method (5.11) — (5.12),
we can obtain another 3/2-order symplectic PRK method.
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6. HAMILTONIAN METHODS IN TIHE CASE OF ADDITIVE NOISE AND
H(t,p,q) = EPTM‘lp +U(t,q)

Here we propose symplectic methods for the Hamiltonian system (5.2), when v, (¢) = 0
and the separable Hamiltonian has the special form

1 _
(6.1) H(t,p,q) = §pTM 'p+U(t,q),

with M a constant, symmetric, invertible matrix (i.e., the kinetic energy V(p) in (5.1) is

1
equal to ipTMflp). In this case the system (5.2) reads (cf. (2.11)):

(6.2) dP = f(t,Q)dt + » o, (t)dw,(t), P(to) = p,
r=1
dQ = M~'Pdt, Q(t) = g,
with
(6.3) fi=-0U/d¢"i=1,...,n.

This system can be written as a second-order differential equation with additive noise (cf.
(2.10)):

(6.4) % = MT(,Q) + MY o (2 (1)

Clearly, the symplectic methods from Sections 4 and 5 can be applied to (6.2). Due
to specific features of the system (6.2), these methods have a more simple form here.
Moreover, one can prove that the methods (5.6) and (5.7) in application to (6.2)—(6.3)
are of the mean-square order 2 (recall that these methods are of order 3/2 in the case
of the more general system (5.2)). Besides, it turns out that it is possible to obtain a
constructive method of the third accuracy order in the case of the system (6.2). In this
section we restrict ourselves to explicit methods of orders 2 and 3.

6.1. Explicit methods of order 2. On the basis of the deterministic second-order sym-
plectic RKN method (3.8), we construct the method for the system (6.2)—(6.3):

(6.5) Q=Q:+ gM‘lPk,

m h m
Peyi =P+ Y on(te) Agw, + hf (e + 29+ ; o' (tk) (or )

r=1

i h? h
Qk+1 =Qr+ hM_lPk + ZM_IO'T(tk)(ITo)k + 5M_1f(tk + 5, Q), k=0,...,N —1.
r=1

Theorem 6.1. The explicit method (6.5) for the system (6.2) —(6.3) is of the mean-square
order 2 and symplectic.
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Proof. Since the expressions for dP; 1, dQy1 coincide with the ones corresponding to
the deterministic symplectic RKN method (3.8), the method (6.5) is symplectic.

Now consider the mean-square order of convergence of the method (6.5). Denote by P,
Q@ the one-step approximation corresponding to this method. We have

(6.6) p—I—Zar YAw, + hf(t,q) —I—Za (t) Lo,
h2 8f

~ h2
Q=q+hMp+ Z Moy (0o + o MU (t,0) + o,

r=1
where p; and p, are deterministic and such that
(6.7) loi| = O(h%), i =1,2.

In the case of the system (6.2) the operators A, and L (see (3.19)) take the form

)
(68) AT = (O'T, 8—p), L = Ll —|— LQ,
L= e e ), =330 > ko
L' ot op ’ 254 A= o7 papa

Due to specific features of the system (6.2), we get in particular that

do,
(6.9) Af=0, Ag= Mo, Lo, = dit, Lf = L.f, Lg = M,
_do, 4 d’o
AiANjg =0, LA,g=M dt,Lar—dtz,ALf AL f, ArLg =0,

L*f=Lif, L9 =L (M'f),
where g = M~!p.

Let P(s) = P(s;t,p,q), Q(s) = Q(s;t,p,q), s > t, be a solution to (6.2). Using the
Wagner-Platen expansion [9, 7] and (6.9), it is not difficult to obtain

m t+h s1 s
Ry :=P(t+h) — Z///ATLlf(Sg,,Q(33))dwr(33)dszdsl
=1 t t t
t+h s1 s t+h s1 So
—I—Z/// (s3)dssdsadw,(s1) ///L2 s3, Q(s3))dssdsads; — py
t+h s1 so

Ry=Q(t+h)—Q= Z///M o' (s3)dssdw,(s3)ds;
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t+h 81 8o
+ / //L%Mlp(83)d83d82d81 — Py -
t t t

By the properties of Ito integrals and (6.7), we get
|ER;| = O(R*), (ER})'? = O(h°?), i =1,2.

Then, Theorem 3.1 implies that the method (6.5) is of the second mean-square order. [J
Remark 6.1. It is possible to simulate the normally distributed random vector

tht1
/ 01(5)dw, (s) instead of ™, o (te) Agwy + 5™ 0. (tx) - (Tor)e in (3.8).
tg

Remark 6.2. By swapping the roles of p and ¢ in the RKN method (3.8), we analogously
construct another symplectic method of the mean-square order 2 for the system (6.2)—(6.3)

(cf. (5.6)):
(6.10) P:Pk—i-gf(tk,Qk); Q=Qr+hM P,

= h
Piy1 =P, + Zar(tk)Akwr 5 [f (b, Qr) + f(trs1, Q)] + ZU tr) - (Ior)k

r=1

Qi1 = Qe +hM'P+ Y Mo (t)(Ino)r, k=0,...,N—1.
r=1
Remark 6.3. The methods (6.5) and (6.10) can be rewritten in the constructive form as
the formula (3.21) was obtained from (3.18) in Section 3.2.

6.2. Explicit methods of order 3. Along with the integrals (Io, ) and (7o) (see (3.20)
we introduce the Ito integrals

(611) (oo = / (9 — 1) dwn(8), (Ioro)s = / / (95 — 1) dw, (8,)d0:,
(Loo)s = / / (w,(92) — wp(te)) dOaddr, () = /t 09— 1) (wn(9) — wn(t4))d0.

Joint distribution of the random variables Agw,.(h), (Ior )k, (Zr0)k, (Zor0)ks (Zroo)ks (Zoor)k
is Gaussian. They can be simulated at each step by 3m independent N (0, 1)-distributed
random variables &, 1., and (., 7 =0,...,m:

(6.12)  Agw, = h'P&u, (Io)k = K20/ V3 +&4)/2, (Tor)k = hAsw, — (Lo,

(Jo)k = B2(E,1/3 + 0,/ (4V3) + (1 / (12V5)),

(Troo)e = h(Lro)e = (Jo)s (Toro)k = 2(Jp )k — h(Lro)ks (Toor )k = W2 Agwy /2 = (Jo )i
Clearly, for o, = 0, r = 1,..., m, the stochastic system (6.2) is reduced to the determin-
istic system
@ _ as—1 dp

6.13 = —

= f(t,q).
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The following lemma is true for system (6.2) with an arbitrary f (i.e., f may not obey
the condition (6.3)).

Lemma 6.1. Let § = q+ G(t,p,q;h), D = p+ F(t,p,q;h) be a one-step approzima-
tion of the third-order explicit method for the deterministic system (6.13). Suppose an
n-dimensional (deterministic) variable @ = Q(t,p, q; h) is such that

|Q —q| = O(h).
Then, the following method for the system (6.2)

(6.14) Pyr1 = Pe + F(t, Py, Qi h) + Zar(tk)Akwr + > on () (Tor)e

—l—Za" tr) (Loor )k +ZZ (Mo, (t)) 6f (tk, Q) (Lr00)k

r=1 i=1

Qi1 = Qi + G(t, Pr, Qr; h) + ZMﬁlar(tk)(ITO)k + Z M~ ol (t) (Toro )&
r=1 r=1

is of the mean-square order 3.

Proof. Due to the assumption of the lemma, the functions ' and G can be presented as
(recall that the operator L, is defined in (6.8)):
2

h B3
(6.15) F(t,p,q;h) = hf(t,q) + - Lif(t:p,0) + gL?f(t,p, q) + py,

_ h? h3
G(t,p,q;h) = hM 11D+7M 1f(t,q)JrgM "Lif(t,p,q) + pa,

where p; are deterministic and

(6.16) lp;] = O(RY), i =1,2.

Using the assumption on Q, we obtain

(6.17) ZZ (6 QLo =YY (M o, t (t, @) Iro0 + A,
r=1 i=1 r=1 i=1

where A is such that

(6.18) IEA| =0, [EA%]"? = O(h7/?).

To continue the proof, one can use the Wagner-Platen expansion. However due to the
specific form of system (6.2), it is more convenient to derive the corresponding expansion
directly.

By the Ito formula we get for any sufficiently smooth function ® :

[ (9 00 . T~ 00, .
f =
I A o~ 0?0
—|——Z Z - aTai ) ds; + /ZZ zU,Liﬂir 51),
2 r=1 ¢,j=1 8p 8p] r=1 =1 6
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where P(s) = P(s;t,p,q), Q(s) = Q(s;t,p,q), s > t, is the solution of (6.2) and the full
od
notation for, e.g., 0®/Js is g(sl, P(s1),Q(s1))-

We have
t+h

Q(t+h)=q+ / M~'P(s1)dsy,

t+h t+h

P(t+h) —p—i-/fsl, (s1 dsl—l-/Zar s1)dw,(s1).

Applying (6.19) to the integrands M~ P and f(s, Q) in the above formula, we obtain

(6.20)

t+h s t+h s1

Qt+h)=a+hd o [ 27 (oa, Qodsadsy [ [ 37370 (se)duw (s2)ds
t ot t t =1

t+h s1 t+h

0 ;)
P(t+h):p+hf(t,q)+//(8—]sc+z;a—£( M~tP)Y) dszdsl—l—/Zar s1)dw,(s1).
t ot =

Here applying (6.19) to the integrands M~ f and 0f/0s+ Y ;_, 8f/0q" (M~ P), we get

h2
(6.21) Qt+h)=q+hM 'p+ ?M_lf(t,q)
t+h 81 82 8 n 6 t+h 81 m
+ / //(M_la—ic —i-z;M_la—;i(M LP)))dssdsads; + / /;M_lar(@)dwr(@)dsl,

t ot t = t ot
t+h s1 so

2
P(t+h):p+hf(t,Q)+};(g]sc +Zath )(Mp)’ /// 8s2

_|_22 838q )t + Z Z 50 18 ] LP) (M P))dssdsqds;

i,j=1
t+h s1 so t+h

///ZZ )idw,(s3)dsyds; + /ZJT s1)dwn (51).

Expanding again the integrands in (6.21) according to (6.19) and using the properties of
Ito integrals, we obtain

R R
(622)  QUAR) =g+ AM ‘pt M f(ta) M Laf(t,p,0)

t+h s

//ZM O',n S1 dwr(sl)ds—l—Rz,
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2

3
P(t+h)=p+hf(t,q) + %Llf(t,p, q) + %Lff(t,p, q)

t+h
+Zzal )M o, (t T00+/Zar )dw,(s) + Ry,
r=1 i=1
where
6.23 | = : )12 = Li=1,2.
ER;| = O(hY), (ER2)"* = O(h"

Denote by P, Q the one-step approximation corresponding to the method (6.14). Taking
into account (6.15), (6. 17) and (6 22), it is not difficult to get that

satisfy the relations (see (6 16), (6.18), and (6.23))
[BR:| = O(h"), (ERZ)"” =O(h"?), i =1,2.

Then Theorem 3.1 implies that the method (6.5) is of the third mean-square order. [
Remark 6.4. Lemma 6.1 can be generalized to the system

d? d
dtg_M Lt Q) + F—Q+M ZUT Yo, (£),

where I' is a constant matrix.

Using the deterministic third-order symplectic method (3.9)—(3.10), we obtain the follow-
ing method for the system (6.2)—(6.3):

7 2 7h

(6.24) Q1 = Qk+ ﬂhM—lpk, PL= Pyt hf(ts+ 57, Q1)
3 2 25h

Qs = Q1+ZhM_1731, Py =P — ghf(tk“‘ﬂ,gz)

1
Qs = Qy — ﬁhM*lfpz, P3 =Py + hf(ty + h, Q3)

(6.25) Py =Ps+ Y on(te)Aw, + Y oh(te) Lor)i

r=1 r=1

+ZU tk) (Loor )& +ZZ (Mo (tr)) af (tk’ Qs)(Troo )

r=1 i=1

Qri1= Q3+ Z Mo, (t) (Tro)x + Z M~ o (te)(Toro)e, k=0,...,N—1.
r=1 r=1
Theorem 6.2. The ezxplicit method (6.24)—(6.25) for the system (6.2)—(6.3) is symplectic
and of the mean-square order 3.

Proof. It is not difficult to check that dPy 1 AdQk11 = dP3AdQj3. The expression for dP3A
dQj3 coincides with the one corresponding to the deterministic symplectic RKN method
(3.9)—(3.10). This implies that the method (6.24)—(6.25) is symplectic. By Lemma 6.1 we
get that the method has the mean-square order 3. [
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Remark 6.5. Using the formulae (6.12), the method (6.24) — (6.25) can be rewritten in
the constructive form.

Remark 6.6. By other deterministic third-order symplectic methods (see, e.g. [16, 17,
15]), other symplectic methods of the mean-square order 3 for the system (6.2) — (6.3)
can be constructed. For instance, by swapping the roles of p and ¢ in the RKN method
(3.9) — (3.10) or by using the adjoint of (3.9) — (3.10) [15, p. 108|, the corresponding
symplectic methods for (6.2) — (6.3) can easily be written down.

Remark 6.7. If the property of symplecticness is not required, it is possible to propose
a more simple third-order method in comparison to (6.24) — (6.25). This can be done by
taking a standard deterministic third-order Runge-Kutta method and putting Qr = Q%
in (6.14).

7. HAMILTONIAN METHODS FOR HAMILTONIAN SYSTEMS WITH SMALL
ADDITIVE NOISE

An important instance of a stochastic system is given by a stochastic differential equation
with small noise, since often fluctuations, which affect a dynamical system are sufficiently
small. It was shown in [11] that mean-square methods adapted to systems with small noise
can be more efficient than general methods. The errors of these methods are estimated in
terms of products h'e’, where h is the step-size of discretization and ¢ is a small parameter
at noise. Usually, global error has the form O(h? + ¢*h!), where j > I, k > 0. Thanks
to the fact that the accuracy order of such methods is equal to a comparatively small [,
they are not too complicated, while due to the large 5 and the small factor €* at A!, their
errors are fairly low. This allows us to construct effective (high-exactness) mean-square
methods with low time-step order but which nevertheless have small errors.

In this section we apply the ideas of [11]| to the Hamiltonian system with small additive
noise (cf. (4.1)-(4.2)):

(7.1) dP = f(t, P,Q)dt + siar(t)dwr(t), P(ty) = p,

dQ = g(t, P,Q)dt + &Y 7, (t)dw,(t), Q(to) = g,
r=1
(7.2) fi=—-0H/dq', g" =0H/dp", i=1,...,n,

where € > 0 is a small parameter, P, Q, f, g, 0., 7, are n-dimensional column-vectors,
w,(t), » =1,...,m, are independent standard Wiener processes, and H (t, p, q) is a Hamil-
tonian. The phase flow of this system preserves symplectic structure (see Corollary 2.5).

7.1. Systems with Hamiltonians of the general form. First we note that the method
(4.30) in application to the system with small noise (7.1)-(7.2) is of the order O(h?+&2h3/?)
(cf. [11]). We can simplify (4.30) and obtain the following one-parametric family of
methods for system (7.1)-(7.2):

(73) Pl :Pk+ghf(tk+%h7plagl))
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Q a
Q1= Qr + Ehg(tk + §h, P1, Q1)

o 11—« 1+a
PZ :Pk—i_ahf(tk—i_ahaplagl)—i_ 2 hf(tk+ 9 h)PZaQZ))
o — o 1+a
o) :Qk+ahg(tk+§h,Pl,Q1)+ 5 hg(tk+Th,P2,92),
" o 1+«
Pewy = Pi+e) op(t) Aswy + hlaf (b + h, Pr, Q) + (1= @) f (b + ——h, P2, Q2)l,

r=1

M Qa 1+«
Qi1 = Qr + €Z’Yr(tk)Akwr + hlag(te + §h, Pr, Q1) + (1 —a)g(ty + 5 h, P2, Q2)].
r=1

Using [11], it is not difficult to prove the following theorem.

Theorem 7.1. The implicit method (7.3) for system (7.1) — (7.2) is symplectic and its
mean-square error is estimated as O(h® + eh).

Now we are going to obtain a more accurate symplectic method for the system (7.1)-(7.2).
To this end consider the implicit method

(T4)  Pr=Pethpf(t+ P, Q) +e Y ovlte) Ou(Jro)e + ndswy)

r=1

91 =Qr+ h%{g(tk + gh, P, Q1) + €Z%(tk) (A1 (Jr0)k + pARw,) ,

r=1
1-2 h
PQ :Pk—l_h[%f(tk—i_gh;?)l;gl)—l_ 9 %f(tk‘i‘E,PQ,Qg)],
1—-2 h
Qs = Qi + hlseg(ty + gh, Pi, Q1)+ — Z oty + 5P Qa)l,
h 92—
Ps = Py + hlsf (t + gh, Pr, Q) + (1= 20 f(ts + 5, Po, Qo) + gf(tk + T”h, Ps, Q3)]
+€ Zar(tk) ()\Z(JTO)k - ,UAkwr) )
r=1
” h ” 2—x
Qs = Qr + h[2g(ty + 5h, P, Q1) + (1 —230)g(t + 5 Pa, Qo) + 5g(tk + Th, Ps, Q3)]
+e Y 7, () Qa(Jro)k — nlsw,)
r=1
(7.5) Py =Pi+ed or(te)Acw, +2 Y o(te) Lo
r=1 r=1

h 2 —
+h {%f(tk + gh, Pi, Q) + (1= 229 (b + 5, Pa, Qa) + 52 (b + T%h’ Ps, Qg)] ,
Qrin = Qu+e Y 7 (t)Akw, +e Y 7 (1) (lor)
r=1 r=1
n h 2—
‘|—h |:%g(tk + 5h, Pl, Q1) + (1 — 2%)g(tk + 5,732, QQ) + %g(tk + Th, Pg, Q3)i| y
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where Aw,, Iy, J.o are defined after (4.16), the number s is equal to
1
x=2(2+ 21/3 1 971/3),

and the parameters A1, Ag, p satisfy

(7.6) (A + Ag) = 1,
. <>\% + A2

1
Atp— A 2u%) = .
3 + AL ot + u) 5

For example, the following set of parameters satisfies (7.6)

1 V3x—1
(7.7) AM=d=—, §=—F——.
V12 3

For sufficiently small h, the equations (7.4) are uniquely solvable due to Lemma 4.1.

Let us note that the method (7.4) — (7.5) is reduced under 0, =0, 7, =0, 7 =1,...
to the well-known fourth-order symplectic Runge-Kutta method for deterministic Hamil-

tonian systems (see, e.g., [15, p. 101]).

Theorem 7.2. Under conditions (7.6) on the parameters, the implicit method (7.4)—(7.5)
for system (7.1) — (7.2) is symplectic and its mean-square error is estimated as O(h* +

eh? + e2h3/?).

Proof. The fact that the error of (7.4)-(7.5) is estimated as O(h* + eh? + £2h%/2) follows
from the arguments similar to the ones in the proof of Lemma 4.4 and a mean-square
theorem from [11]. Further, this one-step approximation is of the form (4.9) with s = 3

and
0, = EZO’T (Mdro + pAw,), @, =0, p; = &‘ZO'T (A2Jro — pAw,),
r=1 r=1
Y=Y 7 (Ao + plAw,), ¥y =0, Y3 =2 7, (Aatro — pAw,),
r=1 r=1
n= é‘ZO'TAU)T + EZU;.]OT, (= EZ’)/TA’U)T + EZ’)/:.]OT
r=1 r=1 r=1 r=1
and
%4 1— 2
011:5, a2 =0, a13 =0, az = s, axp = 9 , Qg3 = 0,
»
azr =, azp =1 — 23, azz3 = 2
” 1 2—
/61:%7ﬁ2:1_2%)/63:%761:_;02: C3 = —( -

2 2’

This set of parameters o;;, G;, 4, = 1,2, 3, satisfies the conditions (4.11). Then due to

Lemma 4.3, the method (7.4)-(7.5) is symplectic. O

Remark 7.1. Using the formulae (6.12), the method (7.4) — (7.5) can be rewritten in the
constructive form with respect to simulation of the used random variables.
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Remark 7.2. By other deterministic fourth-order symplectic methods (see, e.g. [16,
17, 15]), other symplectic methods with the error O(h* + eh? + £2h3/2) for the system
(7.1) — (7.2) can be constructed.

7.2. Systems with separable Hamiltonians. Consider the system (7.1)-(7.2) with
separable Hamiltonian (cf. (5.2))

(7.8) dP = f(t,Q)dt + ¢ zm: o (t)dw,(t), P(ty) = p,

dQ = g(P)dt + > v,()dw,(t), Q(to) = g,

r=1

where f¢ = —0U/dq', g' = 0V /op',i=1,...,n.

Obviously, the implicit methods of Section 7.1 can be used for solution of (7.8). Besides, we
can propose explicit symplectic methods for the system (7.8) using methods of Section 5.
For instance, the explicit methods (5.6), (5.7), and (5.11)-(5.12) in application to (7.8)
have the order O(h? + €2h%2). Further, we can simplify these methods as we simplified
(4.30) to obtain (7.3) above. As a result, we will get the explicit PRK methods of order
O(h? + eh) for system (7.8) (cf. Theorem 7.1).

To construct a high-exactness symplectic method, consider the parametric family of ex-
plicit PRK methods

(7.9) Q1 =Qr+e) v(t) (5\1(']7'0)19 + ﬂAkwr> :
r=1

Pr= Put hZ f(te, Q)+ 0v(te) ((Jro)e + )

r=1

Qs = Q4 + hseg(Py),

1—
Py = Py ho f(tn, Q) +h—g—f(tx + 3h, @),
Qs = Qo + h(1 — 2x)g(P2),

1 _ m
Py = Py + h=—— f(ts + (1= 5)h, Q5) +2 D 00 (te) o ro ) — plsw,),

r=1

Q4 = Q3 + hxg(P3) + 5Z'Yr(tk) (XQ(']TO)IC — ﬂAkwr> ,
r=1

(7.10) Py =Pat+e Y on(ti)Asw, +2 Y on(te)(Tor)k
r=1 r=1
1 —
Fh= 2 (b + (1= 3)h, Qa) + B (b + b, Qu),

Qk—l—l = Q3 + €Z7T(tk)Akwr + &‘Z’y;(tk)([m“)k + h%g(P?)); k= 0) teey N — 17
r=1 r=1
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where 3¢ = (2 + 2'/3 4 271/3)/3 and the parameters A, A, 4, ji satisfy the conditions

(7.11) g(xl Fh) =1, (A +A) =1,
~2 ~2
Va1 )\1 +A2 S A ENEON ~92 1
= M — A 2% ==
9 ( 3 + 1M 2,u+ % 2’
A2 4 )2 1
%( s 2+)\1ﬂ_)\2ﬂ+2#2>:§

(see the definition of Aw,, Iy, Jyo in (4.16)).

For example, the following set of parameters satisfies (7.11):

1 s 1
(712) )\1:)\2:—, )\1:)\2: e
r r

_ V3x—1 V33— 2

s \/12%’M_ \/6% '

Note that the method (7.9)-(7.10) is a generalization of the deterministic fourth-order
symplectic PRK method (3.6)-(3.7) from [15, p. 109] to the stochastic case.

It is not difficult to see that the method (7.9)-(7.10) has the form of (5.8)-(5.9) and
its parameters satisfy the condition (5.10). Then, Lemma 5.1 implies that this method
preserves symplectic structure. Analogously to the proof of Theorem 7.2, we establish
that the method (5.11)-(5.12) with (5.13)-(5.14) is of order O(h* 4 eh? + €2h3/2). As a
result, we get the theorem.

Theorem 7.3. Under conditions (7.11) on the parameters, the explicit PRK method
(7.9) — (7.10) for system (7.8) is symplectic and ils mean-square error is estimated as
O(h* + eh? + £2h3/2),

Using the formulae (6.12), the method (7.9)-(7.10) can be rewritten in the constructive
form with respect to simulation of the used random variables.

1
7.3. Systems with Hamiltonians H(t,p,q) = EpTM’lp—Ir U(t,q). Consider the special
case of system (7.8) (cf. (6.2) and (6.4)):

(7.13) dP = f(t,Q)dt + ¢ zm: o.(t)dw,(t), P(ty) = p,

dQ = M~'Pdt, Q(t) = q,
with fi = —0U/d¢',i =1,...,n.

On the basis of the fourth-order deterministic PRK method (3.6)-(3.7), we construct the
following method for the system (7.13):

(7.14) P =P+ hgf(tk, Qr), Q1= Qi+ hsxeM Py,
1 _
Py =P + hT”f(tk +3ch, Q1), Qo= Qi +h(1 — 2:)M 1P,

]_ _
Py =Py + hT”f(tk + (1= 30)h, Qs), Q3= Qs+ hseM P,
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Py =P+ hgf(tk +h, Q3),

(7.15) Peyi=Pit+e Y on(ti)Asw, +2 Y on(te)(lor)r
r=1 r=1
+e zm: o, (tk)(loor )k + € Em: i(Mlar(tk))ia—f-(tk, Q3)(1r00)k;
r=1 ' r=1 i=1 6(]’

Quer=Qs+e Y M o (ty)(Io)k +2 Y M oh(ty)Toro), k=0,...,N—1,

r=1 r=1
where » = (2 + 21/3 + 271/3)/3,

Theorem 7.4. The explicit method (7.14) — (7.15) for the system (7.13) is symplectic and
its mean-square error is estimated as O(h* + h®).

Proof. It is not difficult to check that dPj ;1 A dQyr1 = dPy N\ dQ3. The expression for
dPy N\ dQs coincides with the one corresponding to the deterministic symplectic method
(3.6)-(3.7). This implies that the method (7.14)-(7.15) is symplectic. Using arguments
similar to ones used in the proof of Lemma 6.1 and a mean-square convergence theorem
from [11], we get that the method is of the mean-square order O(h* + eh?). O

Using the formulae (6.12), the method (7.14)-(7.15) can be rewritten in the constructive
form with respect to simulation of the used random variables.
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