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ABSTRACT. The estimation of linearized drift for stochastic differential equations with
equilibrium points is considered. It is proved that the linearized drift matrix can be
estimated efficiently if the initial condition for the system is chosen close enough to
the equilibrium point. Some bounds for initial conditions providing the asymptotical
efficiency of estimators are found.

1. INTRODUCTION

It is known that solutions of nonlinear stochastic differential equations (SDEs) at the
vicinity of equilibrium points can be approximated sufficiently well by solutions of the
linearized equations. In particular (see, e.g., [4]), stability of equilibrium points for a
nonlinear SDE can often be deduced from the stability of the linear approximation. Note
also that the knowledge of parameters of the linearized equation allows to find the stability
index (see [1]) and other useful characteristics for nonlinear SDEs. Therefore estimation
of parameters for the linearized SDE is interesting for many applications in mechanics,
biology, etc.

It is well known (see, for instance, discussion in [3]) that a value of the diffusion matrix
at any point = can be evaluated precisely on the basis of observing the solution on an
arbitrary small time interval (o, %ty + 6) with X (¢y) = z (here and below we denote by
X (t) or X; the solution of a SDE). So, in the paper we consider the estimation problem
for the matrix f’(0) only. Here f(z) is a drift vector for the SDE.

The asymptotically efficient (a.e.) procedures for the drift estimation of linear homoge-
neous SDEs were proposed in [3], [5]. It was shown there that the estimation performance
for linear homogeneous SDEs does not depend on the type of equation and on the choice
of initial conditions: the drift coefficients can be estimated by the same procedures with
the same rate of convergence of risks for stable, unstable, and neutral equations and with
arbitrary nonzero initial conditions.

In general, there is no consistent estimator for f’(0), because a trajectory X (¢) with an
arbitrary initial condition of even a stable in probability nonlinear SDE may not visit a
sufficiently small neighbourhood of the origin with positive probability (without the loss
of generality we can identify the equilibrium point with the origin).

The aim of this paper is to propose and justify a.e. procedures for the estimation of f'(0)
in nonlinear SDEs. It is clear from the discussion above that for this type of SDEs a.e.
estimators, as a rule, do not exist if a statistician can not choose the initial conditions
sufficiently close to the origin. The main problems are: (i) to indicate how the initial
conditions must be close to the origin to ensure existence of an a.e. estimator; (ii) to
construct a.e. estimators.

2. ONE-DIMENSIONAL EQUATION

Let X¥ = X*(¢t) € R! be a Markov process described by the SDE
(2.1) dX: = f(Xy)dt + b(Xy)dw,, X°(0) = z.



Let f(0) = b(0) = 0, so that = 0 is an equilibrium point for (2.1). Moreover, we assume
that

(2.2) f(z) = f'(0)z +O(|z[""*), b(z) = ¥'(0)z + O(|z["**), a > 0,
as ¢ — 0.

We consider the estimation problem for § = f'(0) . It is proved in [3] that for the linear
equation
(2.3) dX, = 0X,dt + o Xydw,, Xg =1z #0,
the estimator
T j%a v
(2.4) O = % : 6?;; (ie., Oy = %m % + %0.2)
is efficient in the sense (here and below L(.) is the distribution law of (.)):

VT

o

L(~—Or - 0)) = N(0,1)

and there is no estimator with uniformly in € smaller risks. Denote &' (0) by o and rewrite
equation (2.1) in the form

Consider now some properties of the estimator (2.4) for the process (2.1). We have (along
with notation w; we use w(t))

5 1 [Tdxe 1 [T o(Xx= 7Y 1 [Ty(x
Op = — X :9+—/ il t)dt—l—a—w( )+—/ ¥ ;)dw(t).
0 T T Jo ¢

T /), Xr T Xz X
So
i oo w1 [T e(XF) LT y(Xy)
(2.6) VT(0r —0) =0 = +\/T/0 X7 dt+ﬁ/0 X7 dw(t)
w(T)
= 0——="+&r + Ny

VT

Below we use the notation z, for the initial condition X (0) instead of z and consider
depending on T: X (0) = zq = zo(T).

Theorem 2.1. Suppose the coefficients of (2.1) satisfy the conditions (2.2) for some
a >0 and

(2.7) f(0)<B

2
for a known constant B. Let M := B — % > 0. Then the estimator

5 1 [T dxee
2.8 Op = — ¢
( ) T T o tho




with zy = zo(T') satisfying the condition
(2.9) 0 < |zo| < e=M+aT

e > 0 is a constant, has the property

VT

(2.10) ﬁ(T(éT —0)) = N(0,1)

as T — oo.

Remark 2.1. It is known (see [4]), that the condition § —0?/2 > 0 provides instability of
the origin for the solution of (2.5). So the solution of (2.1) can be unstable in probability
under the conditions of Theorem 2.1. This is the reason why the asymptotic efficiency of
the estimator (2.8) can be guaranteed under the very strong restriction (2.9) only. We will
see below that for asymptotically stable SDEs this restriction can be essentially weakened.
O

Proof. It is clear from (2.6) that it is enough to prove that £, — 0 and n; — 0 as
T — oo in probability for z = z, satisfying (2.9). Due to (2.2), we have for z — 0

(2.11) 2@ _ ey, U = o(jaf).

My

So &7 — 0 in probability for 7' — oo if

lim P{ sup |X/°|*>
T—o00 OStST

1

for some § > 0.

Introduce
7=TA (inf{t > 0: |X[°|* > T~ (/24)}),

Since

X%ola 1

XN = T
for 7 < T only, we obtain for any A > 0 and v > 0

1

o | J—

(2.13) P{OiltlgT | X701 > 7T1/2+5} =P{r <T}
i T — 1 a
= P{eMTXP" > e MT(WW }

< B(e X - AT (T,
Consider now the auxiliary function V(¢,z) = e=**|z|7. Due to the Ito formula, we get
Ee™ 7| X707 — |zo|”
T . 1
= / e (M X+ F(XT X[ signXy? 4 o6 (X70)y(y — 1IN %)t
0

X)) 1 b*(X7°)
tho + 57(7 - 1) (tho)Z

_E / e MM X (< Ay + v )dt.
0
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Due to the fact that |X20|* < 1/T'2%9 for 0 < ¢ < 7 and due to condition (2.2), the
expression in the brackets is negative for 7" large enough if A > 0 and v > 0 are chosen so
that

1 1
(2.14) f’(0)+§(7—1)02§B+§(7—1)02§)\+6,
where € is a positive constant.

Therefore, for T large enough we have
E{e X2} < [ay.

From this inequality and (2.13) we get
T |
P{oiltlp X% > T1/2+6

So (2.12) holds if z, satisfies the inequality

} < 6A7T|x0|vT(l/2+5)7/a.

0 < |zo| < e=O+aT
Set A= M, 0 <~ < 2¢/0?. Then (2.14) is valid and £ — 0 in probability under (2.9).

Thus we have

T ( X””0 ¢ (X7°)

It is clear that P{n(TQ) # 0} — 0 due to (2.12). Using (2.11), we get

ape 1 [T dt

Now we consider the systems with stable in probability equilibrium points assuming that
M < 0.

2
Theorem 2.2. Let the conditions (2.2) and (2.7) be valid. Let M = B — % < 0. Then

the estimator (2.8) has the property (2.10) for any x, satisfying the condition
(2.15) 0 < |zo| < T 1/24A) e

where B is an arbitrary positive constant.

2
Proof. Denote by L = f(x)di o?(z )dd i
x

M < 0, the function |z|” with v satisfying the bounds
o> — 2B
o2

the generator of the process (2.1). Since

0<y<

has the property
(2.16) L(jz|") <0
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in a sufficiently small neighbourhood of the origin, so | X*(¢)|” is a local supermartingale
if z is small enough.

As in the proof of Theorem 2.1, it is sufficient to check that

(2.17) im P{ sup |X;°|*>

1
T—o00 OStST

1 )
Tierst = fim PAir < T} =0

for z, satisfying (2.15).
Making use of the supermartingale property of | X*(¢)|?, we obtain
lzo|” > E| X" > T*(1/2+5)’Y/ap{7- < T},

i.e. (see (2.15))
P{r < T} < TU20/e|g |7 < TE=F)/e

This bound implies (2.17) for 8 > §. As § > 0 can be arbitrary small, Theorem 2.2 is
proved. [

Remark 2.2. The estimators from Theorems 2.1 and 2.2 are asymptotically efficient for
the bounded loss functions in the following sense. For any loss function [(z) with the
properties

(i) I(—z) = I(z) and [(0) = 0;
(ii) l(z9) > l(z1) for o > z1 > O;

(iii) I(z) < K < o0,
we have JT
T .
71im El(— (07 — 0)) = El(¢), L£(§) = N(0,1),
— 00 g
and there is no estimator with uniformly in 6 less risk. The last assertion follows from
the fact that even for linear systems there is no uniformly better estimator (see [3], [5]).

The event {X(t) - 0 for ¢ — oo} can have positive probability for a nonlinear (even
stable) SDE with any initial condition X (0) # 0. Due to this fact, it is impossible to
propose any estimator which is asymptotically efficient for unbounded loss functions. [J

Remark 2.3. Comparing Theorems 2.1 and 2.2, we see that the choices of initial condi-
tions for a.e. and even consistent estimation of f'(0) are essentially different for stable and
unstable SDEs. For unstable SDEs, we have to choose the initial condition exponentially
close to the origin. Clearly such a choice is also necessary for multidimensional SDEs.
This fact implies the essential difficulties for applications. So below (see Section 4) we
restrict ourselves to consideration of asymptotically stable multidimensional SDEs. [

3. ON DRIFT ESTIMATION FOR LINEAR EQUATIONS
Consider the system of linear SDEs

q
(3.1) dX, = A(0)Xdt + Y _ o, X,dw,(t).

r=1



Here X; € RY, w,(t), r = 1,...,q, are independent standard scalar Wiener processes,
o1,...,04 are real d x d matrices,

k
(3.2) A(0) = Ao+ Y _ Aj0;,

=1
where the d x d matrices Ay, A; are known and the scalars 0;, j =1, ..., k, are unknown
parameters. The estimation of parameters for a linear SDE of the form (3.1) was consid-
ered in [3], [5]. Recall some facts from [3], [5] which we shall use below. We suppose that
the conditions (Cy) - (C4) are fulfilled:

(C1) The matrices Ay, ..., Ay are linearly independent.
(Ce) Aj espan(oy,...,04),5=1,...,k.

(C3) The weak Hérmander condition for the Markov diffusion process A(t) = X (t)/|X (t)]
with values on the unit sphere S C RY is fulfilled:
dimLA{hg, hy,....,h,} =d —1for all A\ = z/|z| € ST,
where .
ho(A) = AX — (AN AN, A=A — %;03,
h.(A) =0, A— (o, M, )\, r=1,....q,
LA{} denotes the Lie algebra generated by the vector fields which occur in the brackets

(see [2]).
Introduce the diffusion matrix
B(z) = zq:arxx*a:

r=1
and denote by B*(z) the pseudoinverse of B.
(C4) The matriz BY(X), |A| = 1, is continuous on S971.
Let us also consider the condition
(Cs) The diffusion matriz B(z) is non-singular for x # 0.

Both the conditions (C3) and (C,) follow from (Cs). In the non-singular case the matrix
B(z) is invertible, i.e., BT(z) = B~!(z), and

(B7'(\)z,2) < K|z]2, A € 8%, 2z € RY,
where K is a positive constant.

The non-singularity condition (Cs) has been assumed in [3]. It sometimes is too restrictive
(see the corresponding discussion in [5]). The authors of [5] eliminate condition (Cs) and
consider the estimation problem for linear systems under conditions (C;)-(Cs) only. For
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nonlinear systems, we need the condition (C4) which is essentially less restrictive than
(Cs).

The conditions (Cs), (C4) imply that the measures P ) and P ) are mutually absolutely

continuous ( [6], Section 7.6). Here Pg( ) is the probability measure corresponding to the
process X; generated by the system (3.1) with parameter §. The measure is defined on
the space C([0,T], R?) of continuous functions of [0, 77 into R<.

The log-likelihood ratio has the form (we denote by X7 the trajectory of the observation
process X; for 0 <t <T)

ar” T ‘
(3.3) In ()(XT) / (BH(X) S A;60,%,,d%,)
dp, 0 o1

1 T ~ k ~ k ~ ~
—= / (BY(X0) ) A;0,X,,> " A0, X, +2A,X,)dt.

2
0 =1 =1

It can be seen from (3.3) that the likelihood ratio depends on the process A(t) = X (¢)/|X (¢)|
only. It is known (see [2]) that (C;) implies the existence of a unique invariant distribution
for the process A on S9! having smooth density uy(A) > 0 with respect to the surface
measure S(-) on S¢°1,

It is not difficult to check that the maximum likelihood estimator (MLE) 0 is defined by
the following system of linear algebraic equations

(3.4) % Z /OT((A;‘B+(X})AJ- + ASBF(X;)Ay) Xy, Xy)dt - 0,

T
— / (B+(Xt)AiXt, dXt - A[]Xtdt), ’l, — 1, veny k
0

Denote by H(XT) the k x k matrix of the system (3.4) divided by T. The elements
H;;(XT) of this self-adjoint matrix are equal to
- 1

T
(X)) = 57 [ (AB (R4 + 458" (%)) Ko K

Clearly, H;;(XT) = H;;(AT). Denote also the right-hand side of (3.4) by V(X7):

T
w@ﬁz/XBmm&XJx—%xwzwmﬂ
0

The matrix H(X™) and the vector V/(X™) were introduced in [5] (they have another form
there). It is known, that under (C;) - (C4) the matrix H(X7) is positively definite a.s..
Therefore

o Lo GTY _ Lo 1 RTNU (AT
(3.5) 0= ~H™ (XT)V(X") = —H™'(A")V (R"),



Due to (3.5) and (3.1), we have

k T k
A 1 _ 1 _ _ _
;Hij(XT)oj - TVi(XT) = /0 (B+(Xt)AiXt,]z:;Ath9j)dt
1 T _ _ q _
+T/ (B+(Xt)Ath)ZUTXtdwr(t))
0 r=1
k T q
S 1 T _ _
=Y Hy(XT)0;+ — | (BT (X)AX:, Y o, Xdw,(t)).
j=1 T Jo r=1
So we have
H(XT)WT(0 ~0) = {(T) = (Co(T), - Cu(T)) T,
where
1 [T !
(T = — [ (BY(X)AXLS 0, Xudw, (1)),
e RCACOLE D L)
We get
o 1 [T _ _ _ _ _ _
ECZ(T)CJ(T) = T/ E((B+(Xt)AiXt)* ZUTXt(UrXt)*B+(Xt)Ath)dt
0 r=1
1 T VK A* D+ + v 1 T vk A DR (W _ T
=7 E(X;A;BT"BBTA;X;)dt = T E(X;A;B"(X:)A;X:)dt = EH;;(X7).
0 0
It is known from [5] that under (C;) - (C,) there exists (a.s.) the limit
(3.6) dim Hy(X") = lim Hy(A") = lim EH;(X")
1

B 5/(1_ (A7 BT (M)A + A;BT(N) A, N pg(X)S(dX) := I;;(0)

with &k x k matrix 1(0) = {I;;(0)} being deterministic and positively definite. The matrix
T1(0) is the Fisher information matrix.

The estimator (3.5) is asymptotically normal and asymptotically efficient for a wide class
of the loss functions (see details in [5]).

4. STABLE NONLINEAR SYSTEMS

Consider the nonlinear SDE

(4.1) dX; = f(X,)dt + Eq:br(Xt)dwr(t),

r=1

where X; € R?, f and b,, r = 1, ..., q, are d-dimensional vectors with f(0) = b,(0) = 0,
and w,(t) are standard Wiener processes.



Assume that the coefficients of (4.1) are sufficiently smooth at 0 so that for z — 0

(4.2) 7(@) = F'(0)z + ola), % = O(|e]*), @ >0,
(4.3) b.(z) = oz + ¢, (z), % =O0(|z]*), r=1,...,q,

where f'(0) and o, := b/.(0) are d x d matrices. We suppose that all b.(z) are known
vector-functions (see comments in [3]). The problem is to estimate f’(0). However some
coefficients of this matrix can be known (see, e.g. [5] and Section 5). We assume that
f'(0) is a linear function of the finite-dimensional parameter 8 = (64, ..., )

k
(4.4) F1(0) = A(B) = A + > A;6;.
j=1
Rewrite the equation (4.1) in the form
q q
(4.5) dX: = A(0) X, dt + Z o Xdw, () + ¢(X;)dt + Z Y, (X¢)dw,(t).
r=1 r=1

and consider the first order variation of (4.1)

q
(4.6) dX, = A(0)Xdt + 0, Xydw, (t).

r=1
Throughout this section we suppose that the conditions (Cy) - (Cy4) are fulfilled.

Lemma 4.1. Let the trivial solution of (4.6 ) be stable in probability and
(4.7) 0 < |zo(T)| < T~ /240,
where B is an arbitrary positive constant. Then

(4.8) lim P{sup |X™|o >

T—oo  “0<t<T

1
T1/2+5} =0

Proof. Due to the condition of stability, there exists a positively definite homogeneous
of some order v > 0 function v(z) such that Lv < 0 in a sufficiently small neighbourhood
of the origin. So v(X[) is a local supermartingale if z is small enough. Since v(z) =
v(A)|z|7, 0 < k1 < v(A) < ko, for some positive constants k; and kg, we have

k1E|X:0|’Y S EU(X:O) S ’U(.’Eo) S k2|.’l70|7.

Now the statement of the lemma can be easily proved by arguments similar to the ones
which have been used in the proof of Theorem 2.2. [J

Recall that A(t) = X(¢)/|X (¢t )|. If X(0) = z,, we use the notation A" = X /| x|,
Clearly the 1n1t1al value for A" is equal to A )( ) = zo/|zo| 1= Ao, L., AP = Ao,
Introduce At = X;° /|1 X7, A t @) — A( 0) /_XE Clearly A®0)(0) = X, A®)(0) = 0.



Now our goal is to prove that for a suitable choice of zo = z¢(T) — 0 and 6(T) — 0
as T' — oo

(4.9) lim P{ sup |AY" — Al < §(T)} =1.

T—o00 OStST
We show in Lemmas 4.2-4.4 that in the case of stable systems the equation (4.9) holds
for a choice of zo(T) — 0 exponentially with an arbitrary small exponent as 7" — oo.

We have ~
o X X=X A <2|Z|

|A - A| — 11w % 1| = 7+
X1 1X (X1~ X
where Z = Z\®) .= X% — X%,
So (4.9) follows from
. 1z _ 1
lim P{ su = < =4(T)}=1.
T—o0 {OStET | XE°] T 2 ol

Lemma 4.2. Let the Lyapunov exponent for the first order variation equation (4.6) be
equal to p. Then for any € > 0, pu > 1 there exist 3 > 0 and K > 0 such that

(4.10) P sup e XPO T > [2g(1)] 7} < Klao(T)

for any xo(T) with |zo(T)| < 1.

Proof. Introduce the variable X = e (P9t X . Then

q
(4.11) dX, = (—p+ &) Xydt + A(0) X,dt + Y _ 0, Xedw, (2).

r=1

The Lyapunov exponent for the system is equal to € > 0. Therefore (see [4]) this system
is exponentially g-unstable for all sufficiently small ¢ > 0 and there exists a positively
definite homogeneous of order —¢ function v(z) such that

(4.12) kilz| 7 < v(z) < kolz| 7%, Lo(z) < —ks|z| 7Y,
where ki, ks, k3 are positive constants and L is the generator of system (4.11).
Let |zo(T)| < 1, p>1,
r=TAnf{0 <t < T: | XD < |zo(T)|*}.
We have
(4.13) P{sup |X7T| ™ > |zo(T)| "} = P{r < T}

0<t<T
= P{(IX2M70 > [zo(T)[7#9)}
< (B|X7oM|79) - |z (T) 1.

10



Due to (4.12), we get

. 1 N 1 k
E| X2 < —Bo(X2M) < —Bo(zo(T)) < Zlao(T)|
k1 k1 k1
This inequality, (4.13), and the change of variables imply inequality (4.10) with
B=(u—1)g.
0

Lemma 4.3. Let the Lyapunov exponent for the equation (4.6) be equal to p < 0. Then
for any 0 < e < |p| there exist K >0, v>1, 0 < q <1, such that

P{ sup ez | S 0 (T)} < K|ao(T)]¢

0<t<T

for any zo(T) — 0 as T — oo.

Proof. Obviously, Zt(w‘)) is the solution of the problem

(4.14)  dZ = A(0)Zidt + Y 0, Zudw, (t) + o(Xo)dt + Y ¥, (Xe)dw,(t), Zy = 0.

r=1 r=1

Let us consider the 2d-dimensional system of equations (4.5), (4.14). We denote by
X7, Z0% the solution of this system with the initial conditions X (0) = z,, Z(0) = zo,
so that Zt(m‘)) = Zfo’o. Let us change the variables:

e—(pte)t

aOZ,0<€<—p,0<2a0<a.

(4.15) X=elttx 7 - —
|zo(T)]

Then we have

(4.16) dX, = —(p+e) Xydt+ A(0) Xydt+ Y o, Xydw, () +@(t, Xp)dt+ Y 1, (¢, Xo)dw,(t),

r=1 r=1

q
(4.17) dZ; = —(p+e) Zydt + A(0) Zedt + > 0, Zedw, (t)

r=1

1 o5 N
—i—W@(t, Xy)dt + Z ——— 1, (t, Xy)dw,(t),

(4.18) X (0) = X(0) = zo, Z(0) = Z(0) = 0.

It follows from (4.2)-(4.3) that for « small enough (recall that p +¢& < 0)
2(t, )] = e TVl a)| < Cla|Te,
9, (t, )| = e~ PT |y, (ePHO)ig)| < Clz[*He, r =1, ...,q,

where C is a constant.

11



For
x| < Jao(T)["?
we have

(4.19) !

| 1
2o (T)|

D(t, x <Cx1+°‘*2°’°, —_—
o(t,2)] < Ol —]

¥, (t,2)| < Claftre2.

For vy < 1, let us introduce
(4.20) 1 =T Ainf{0 <t < T : |X| > |zo(T)|V?},

7o =T AInf{0 <t < T : |ZF°| > |zo(T) [},
T=T1 N\Ta.
We get for any v > 0
(4.21) P{ sup |ZF*°| > |zo(T)[*°} = P{ry < T} < P{r < T}
0<t<T

=P{(m<T)U(re<T)}=P{(ri <T)} + P{(r2 < T)\(11 < T)}
< P{ry < T} + P{|Z2°] > |zo(T) ™}

~ 1
< P{ri < TY+E|Z%". — —
>~ {Tl }+ | T | |.’E0(T)|7V0

The equations (4.16) and (4.17) have the same linear parts and their Lyapunov exponents
are equal to —e < 0. Therefore, for any v < ¢ there exists a positively definite homogenous
of order v > 0 function V(z, 2) such that LV (z,2) < 0. Here L denotes the generator
corresponding to the linear part of system (4.16)-(4.17). It is known [4] that there exist
positive constants ki, ks, k3, k4 such that

(4.22) kily]" < Vi(z,2) < koly|”, LV (z,2) < —ksly|”,
oV 02V
< kgly[t <kgyl” % d,5=1,..,2d
‘ayl >~ 4|y| ) aylay] =~ 4|y| y 4] ) ) )

where y is the 2d-dimensional vector consisting of the components of the vectors z and z.

Let |zo(T)| — 0 as T'— oo. Due to (4.19) and (4.22), we obtain

(4.23) LV (z,2) <0
for a sufficiently large T if (z, z) is such that
(4.24) ] < |zo(T)2, |2] < lzo(T)]"

In (4.23) L, is the generator of the diffusion process defined by the system (4.16)-(4.17).
Because of (4.23)-(4.24) and the definition of T,

LV (Xpe, Z7%) <0, 0 <t <,
and, consequently, V(X;, Z,) is a local supermartingale.

Therefore we get

-~ ~ - 1 ~ - 1 ~ -~
(425)  BIZOP < B(X2P +|Z00P)1 < —BV(X2, 20%) < —V(X(0), Z(0))
1 1
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1 k
= —V(2(T),0) < - |zo(T)|"
ki k1
Hence . "
B|Z20) [z (T) 10+

- <2
lzo(T) o = Ky

Besides, from (4.20) and (4.25) we have
1

P{r <T}<E|X®|". — <=
{7'1 }_ | T| |.’I}0(T)|'7/2_k1

Now from (4.15) and (4.21) we obtain

k k
(4.26) P{ sup 6*(p+s)t|Zt(zo)| S |x0(T)|Vo+a0} < k_2|x0(T)|7/2 + —2|$0(T)|7(17”°),

0<t<T 1 k1

As o and vg can be chosen so that v := ag + vg > 1, the assertion of the lemma follows
from (4.26). O

The following lemma follows from two previous ones.

Lemma 4.4. Let the SDE (4.6) be stable and let & be an arbitrary small positive number.
Then for zy with |zo| = |zo(T)| < exp(—0T)

(z0)
(4.27) P{lim sup |A" — A& 5 0} = P{lim sup 2|

I
T—00 0<¢<T Tooog<r<r | X3P

— 0} =1.

Proof. Let us choose v > p > 0. Introduce the events

A= {w . sup el XPIl < |:1:0(T)|“}, B= {w . sup e (PteN|zZ{™)| < |x0(T)|"} :

0<t<T 0<t<T
Due to Lemmas 4.2 and 4.3, we get
P(A) > 1 — K|zo(T)|°, P(B) > 1 — K|zy(T)|"
Thus
P(ANB) > 1 — K|zo(T)|P — K|zo(T)|%,
P{sup e X7 Y25 < |ao(T)]" #} > 1 — Klao(T)® — Klao(T)|7,

0<t<T
and
P{e™ sup | K| |2] < lao(T)+} 2 1~ Klao(T) — Klao(T)]%.

0<t<T

The assertion of the lemma follows from the choice of e satisfying the inequality 2e <
(v —p). O

Remark 4.1. The analysis of a one-dimensional equation is much easier because A§’”°) =

/_ng(’) for d = 1, and we do not need Lemmas 4.2-4.4. Let us also note that the condition
(Cs) is essential for the proof of Lemma 4.4 (both the uniqueness of the Lyapunov exponent

13



and the ergodicity of A(t) follow from (C3)). As a clarifying example, let us consider the
following deterministic system with two Lyapunov exponents

XlzaXl, X2:bX2+X12, a<b<0.

Setting = = 0, we have
X-X|_ s
| X| 12a — b

| at e(bfa)t|‘

It follows from this equation that (4.27) is not valid for z§ = 0. J

Now we will study the properties of the estimator (3.5) for the nonlinear equation (4.1).
Because we are not confident in the existence of the inverse matrix H~*(X7) a.s., we will
use the pseudoinverse matrix H* in (3.5). Thus we consider the estimator

~ 1 + T Ty __ 1 +(AT T
(4.28) 0 = HH(XT)V(XT) = S HF(AT)V (A7),

Introduce the notation

0Hij = Hy(X") — Hj(X") = Hy(A") — Hy(AY),

6H = H(XT) — H(XT) = H(AT) — H(AT).

Then ( below we use the more detailed notation H(X%T) for H(XT) et al. if X(0) =
Ty — .’I?O(T))
(4.29) H(X™T) = H(X*T) + §H = H(X*T)[E + H H(X"T)§H].
A sufficient condition for existence of the inverse matrix [E + H~(X*0T)§H|~! consists
in the inequality
(4.30) |H Y (X*T)6H||<qg< 1

which is fulfilled with some probability depending on 7" and z,. Under (4.30) we get from
(4.29):

(4.31) H (X)) = H (X" + Y [H Y(X*T)sH H (X™T)
k=1

and therefore the norm of

(4.32) = S [H (X T)SH] T (X0

k=1

is small enough if [|[H *(X®T)|| is bounded and ||§H|| is small enough. We emphasize
that (4.31) and (4.32) take place if (4.30) is valid.

Let [|[I7*(0)|] = K (we recall that the matrix I(f) is deterministic and positively definite).
If we take zo(T) = |zo(T)|Xo with a fixed vector Ay, then due to (3.6), we get

(4.33) Jim P{[HTH (X" < 2K} = lim P{||[H(A*7)|| < 2K} = 1.

14



Introduce the notation
§Ay = A7 — A}°, 6B = BT(A]*) — BY(A}°).
According to Lemma 4.4 and condition (Cy), the following equations hold for |zo(T")| <
exp(—dT):
(4.34) P{ lim sup [0A; — 0} =1, P{ lim sup |§B;| — 0} =1.

T—o0 0<tT T—o0 0<tT

Thus
(4.35) 0Hij = Hij(A™") — Hy (A7)
1 T

= o7 [ (ATBT(AT)A; + AFBT(AY) A AL®, AT )t
0

1 T
2T J,
1 T
2T J,
1 T

o7 /.

((A;B*(A°)A; + A; BT (R") A)Ae, A3)dt
((A;8Bf A + A6 B} A) AP, AZ)dt

(A BT(A°)Aj + A3 BT (A)A:) (AF° + A}°), 6A)dt.
Making use of (4.32)-(4.35), we obtain the following result.

Lemma 4.5. Let the SDE (4.6) be stable, § be an arbitrary small positive number, and
jzo(T)| < eF

Then
(4.36)
P{lim ||6H|| = 0} =1, P{lim H(X*T) =1(0)} =1, P{lim ||§(H 1)|| =0} = 1.
T—o0 T—o0 T—o0
In particular
lim P{HY(X"T) = (X"} =1.
T—o0
Let us return to the formula (4.28). We have
k . 1 T
> Hy(x™)e; = 7 / (BT (X3)Ai Xy, dX; — AgX;dt)
0

i=1

1 T
= T/ (B (X,)4; Xt,ZA 10, X,dt + o(X,)dt + ZarXtdwr + Zzp (Xe)dw, (1))
0

Jj=1 r=1

k T q
1
= Hy(X™7T)0; + — / (BY (X)) AiXe, Y | 0, Xydw, (1))
j=1 T Jo

r=1
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+% /0 (B (X0)AiXy, o(Xp)dt + > 9, (Xe)dw, (t)).
Thus R R
VTH(X*T)(0 - 0) = ¢(T) +&(T),

where

1) = = [ (BT X)AX S 00 X, (1),

£(T) = %/0 (B (X)) A:Xer o(X)dt + 3, (Xo)dw, (1)), i = 1,..., k.

Due to Lemma 4.1, £(T') — 0 in probability as 7" — oo (the proof is the same as in the
one-dimensional case).

Further we have
BC(T)CT (T) = BH(X™T),
According to Lemma 4.5, H(X*T) — I() as T — oo. These facts and results from [5]

imply the following theorem.

Theorem 4.1. Let the conditions (C1)-(Cy4) hold. Let the equation of first order variation
(4.6) be stable and & be an arbitrary small positive number. Then the estimator

é — %H—l—(XzO(T),T)V(XzO(T),T)

with X (0) = zo(T') satisfying the condition
(4.37) l2o(T)| < e T

has the property
L(VTT'?0)(6 — 0)) = N(0,1;) as T — oo,
where 1y is the unit k x k matriz and 1(0) is defined by (3.6).
Remark 4.2. Theorem 4.1 allows to propose an "almost” asymptotically efficient esti-
mator if the initial condition z, = z((7T’) satisfies the condition
(4.38) zo(T) — 0as T — oo,
which is essentially weaker than (4.37).

Let the system (4.6) be stable. Then there exists a homogeneous of order p > 0, positive

for z # 0 function V' (z) such that for some ¢ > 0, p > 0 the inequality LV < —cV is

valid for [z| < p, where L is the generator of the nonlinear SDE (4.1). Let |zo(T)| < p

and 7 = 7207) be an exit time of X*™) from the ball |z| < p. Clearly, V (¢, X=(T)(t)) :=

eV (X®(T)(1)) is a local supermartingale.

We have for some K >0 and any ¢t > 0

(4.39) P{|X™(t)[Pe* > K} = P{(|X™(#)[Pe” > K)N (T < t)}
+P{(|X*(@t)Pe® > K)N (T > t)} = P(A) + P(B).
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Let ki |z|P < V(z) < ko|z|P. We get
(4.40) P(A) < P(r™™ <) = P{sup | XD (s)| > p}

0<s<t

< L Bv(xm® ;A t) < LV (@(T)).

= kipP ~ kip?
Further
(4.41)  P(B) < P{|X®D (1 At)[Pe™) > K} < P{V(X®D (1 A1))e™) > ky K}
1 1
< —EV(X®D (1 At)ed™) < —V(zo(T)).
S K ( (T At))e S WK (zo(T))

From (4.39)-(4.41) we obtain that for zy(7") satisfying (4.38), 0 <y < ¢, and N > 1
Jim P{|xX>D(T/N)| < e T} =1.
—00

Now we can use the estimator of Theorem 4.1 on the time interval [T//N,T]. Thus, the
following result is valid.

Proposition 4.1. Let the initial condition for the nonlinear SDE (4.1) satisfy the con-
dition (4.38) and T be an observation time. For arbitrary N > 1, denote by é[T/N,T] the
estimator based on the solution of (4.1) on the interval [T /N,T| with the initial condition
X(T/N) = X=T)(T/N) and defined by

A 1

Orr/Nm) = m H( Xx(T/N),[T/N,T})V( XX(T/N),[T/N,T})‘

Then
L(\/T1—1/N)I*?(6)(0 — 0)) — N(0,14) as T — oo.

It means that for T" — oo the asymptotic efficiency of estimator 9[T/N,T] with respect to
the quadratic loss function is (N — 1)/N.

5. EXAMPLE. STOCHASTIC OSCILLATOR

Consider the estimation problem of parameter # in the system
(5.1) dX, = Xodt
dX, = —(a”sin X1 + 0X)dt + o1 X1dwi (t) + 02 Xodws(2).
The equation of the first order variation for (5.1) has the form
(5.2) dX, = Xodt
dXs = —(a’X; + 0X5)dt + o1 X1dw; (t) + 02 Xadws(t).
We assume that oy # 0, o3 # 0. The matrix BT()) is equal to

0 0

+ —
PO 0 oo
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and all the conditions (C;)-(C,) are fulfilled (while the condition (Cjy) is not valid).
We have

-1
63 - ([ ) ([ i [ )
' » oTXT+ 01X o Xty o erng)

If it is known that 8 > 0y > 0 and o, 05 are comparatively small, then the trivial solution
of the system (5.2) is stable in probability. Due to Lemma 4.1 and Theorem 4.1, the
initial data X (0) = zo(T") can be chosen as (here a = 1)

0 < |zo(T)| < e %,

where § > 0 is an arbitrary constant.

Remark 5.1. Consider a model of physical pendulum with unknown damping 6 subject
to a random perturbation by the white Gaussian noise of intensity o. The equation of
motion for this model has the form

(5.4) X +ad®sin X + (04 o)X =0
It is natural to treat this equation as an Ito SDE in the form (5.1) with X = z;, 2, = X

and o, = 0. The only nonzero element of the matrix B*()) is equal to 052X, 2 if Ay # 0,

and it is equal to 0 if A\, = 0. Thus the condition (Cy) is not valid. The expression for @
has the form

~ 1 T aZdet—l—ng
5.5 f—=_— | 1 T772
(5.5) ; / =

It is easy to see that the integral in (5.5) does not converge and therefore the estimator
(5.5) has no sense. But the nonlinear estimator

1 /T a?sin X dt + d X,
0 X '

has sense because a?sin X dt + dX; = —0Xydt + 03 Xodws(t) -

Moreover, as
02

this estimator is asymptotically efficient. So we see that sometimes it is possible to create
the efficient estimator even in a situation when the condition (C,) is not valid.
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