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ABSTRACT. For evaluating a hedging strategy we have to know at every instant the solu-
tion of the Cauchy problem for a parabolic equation (the value of the hedging portfolio)
and its derivatives (the deltas). We suggest to find these magnitudes by Monte Carlo
simulation of the corresponding system of stochastic differential equations using weak
solution schemes. It turns out that with one and the same control function a variance
reduction can be achieved simultaneously for the claim value as well as for the deltas.
We consider asset models with an instantaneous saving bond and the Jamshidian LIBOR
rate model.

1. Introduction

Let us consider a model for the financial market consisting of a cash bond (riskless asset)
with price B(t) and m stocks (risky assets) with prices per share X*(t), i = 1,...,m,
satisfying the equations

(1.1) dB = r(t)Bdt, B(t) = 1,

dX* = XH(pi(t, X)dt + Y vi(t, X)dWI (), t > to, i=1,..,m.

i=1

Here, for the time being, r(¢) is a deterministic interest rate, X = (X!,..., X™)", W =
(W1, ..., W™ T is an m-dimensional standard Wiener process on a probability space (2, F, P).
We denote by {F;} the P-augmentation of the filtration generated by W. It is assumed
that r(t), the vector (u'(t,z),...,u™(t,z))", and the matrix v(t,z) = {v;(t, z)}, t €
to,T], z € RT := {z : ' > 0,...,z™ > 0}, are sufficiently smooth and such that there
exists a unique process X (t) € R, t € [to, T, with X (¢y) € R satisfying (1.1) (for exam-
ple, all the pf, v;; are smooth and bounded). Moreover, we assume that the volatility ma-
trix o (¢, z) = {04;(t, z)} = {¢'v;;(¢, z)} has full rank for every (¢,z), t € [ty,T], z € RT.
From now on we shall not always state explicitly the properties of the originating functions
which we regard as sufficiently good in analytical sense.

We consider a model where the stocks pay dividends to the share holders at a rate
r*(t, X (t)) for the i-th stock and a consumption process C is assumed and defined by
a consumption rate c(t, X (t)), to <t < T,

(1.2) dC = c(t, X (t))dt, C(to) = 0.

The portfolio value V' (¢) of a trading strategy (¢z, ¥:) = (¢, %1, ..., ¥™), i.e. the positions
in bond B(t) and stocks X7(t) respectively, is given by

(1.3) V() =Bl + D viX'(1).

A portfolio (¢4, ;) is called (generalized) self-financing, if its value V'(¢) satisfies

m

(1.4) dV = dB + ) yidX* + zm: ri(t, X (8)) i X (¢)dt — c(t, X (t))dt

i=1



= @, (t) Bdt + zm: YiX e (Wt (t, X)dt + Xm: vii(t, X)dW?(t))

i=1 j=1
+ Em: it X (), X (t)dt — c(t, X (2))dt,
which is equivalent with -
(1.5) Bdy, + Em: X'dii + Em: dpid Xt = Em: ri(t, X ()X (t)dt — c(t, X (t))dt.
i=1 i=1 i=1

Let a European claim at maturity time 7' be specified by a payoff function f which
depends on X (7T') only and let V (¢) be the present value of the claim. Since the model is
Markovian we have

(1.6) V(i) = euB(t) + Zwt = (t, X(1)), V(T) = (T, X(T)) = f(X(T)),

where v is a function of the variables ¢, z!, ..., z™.

Just as in the one dimensional case we may derive a parabolic pde for the function v(¢, z)
(see, e.g., [9]). Due to Itd’s formula we have

Ov Ov 1~
= — R i J
(1.7) du(t, X (£) = 5 dt + Z: 50X+ 2 G dX'dX
= —dt Z—X’;MHZ Zaz dw ( Em: i-ﬂdt
! 2 4= ! 0xidzi
where
a;i(t, x) Zalka]k = ziz! ZVsz]k,
i.e., the matrix a = {a;;} is equal to a = oo '.
Comparing (1.4) with (1.7), we obtain
, , ov , ov
(1.9 i = U X)) = o, X (1), 9(0,2) = s (t,),
and
ov 1 & 0%
1.9 — — (¢, X (¢
(1.9) al +2“2::1“ (1) 557557 b X 1)
= @er(t)B() + Y (b, X ()X (1) — e(t, X(2)).
i=1
Substituting (see(1.6) and (1.8))

0. B(t) = v(t, X (t) Zth’ ) =v(t, X (¢

X'(t),

=1



n (1.9) and taking into account (1.8), we get the following Cauchy problem for the
function v(t, ) :

1 — 0%
( ) ’U(,.’E)‘I‘C(,x) + a’]( x)axzax]

zj:l

+Zb’ (t,z ——r() +c(t,z) =0,

(1.11) u(T,z) = f(z),
where we introduced the notation b* = (r — %)z, b= (b!,...,b™).

Let v(¢, z) be the solution of the problem (1.10)-(1.11). Then the required hedging strategy
(¢, W2, ..., ™) as a function of (¢, X (¢)) is given by

(1.12) ¢ = %(v(t,X(t)) - g;’i (t, X (1) X(t), ¥ = g;’i (t, X (1), i =1,..,m.

The relation (1.5) for this strategy can be checked directly. Indeed

Bdyp; = v—ZXZ dt+dv—ZX’§;

- ; OV . Qv ; - i, OV - ov ;
=-—r(v-) X %)dterv—ZaxidX -y X d(axi)—Zd(axi)dX,

i=1 =1 i=1 1=

- i i_m i, OV
;Xdzpt—;Xd(axi),

- i gvi o = Ov i
;dwth _;d(%)d)(.

Therefore the left part of (1.5) is equal to

(1.13)  Bdy, + ZX dyi + Zd«pth’ —r(v— ZXI%)dt +dv — > o dX*.

Further, see(1.7),

=L v ov 1 & 0%v
dv — dX' = ——dt i dt
' Loy a2 zzl“’axzaxa
and according to (1.10)
o ., = i Ov
d’U— ng ( c+rv— igl('f'—r ).’E %)dt,

which combined with (1.13) gives (1.5).



Remark 1.1. Consider the model (1.1) with now r depending on ¢ and X, i.e., (1.1) with
the first equation

dB = r(t, X)Bdt, B(t) = 1.

Then in general V (¢) depends on ¢, X (t), B(t), i.e., V(t) = v(t, X (t), B(t)). Arguing as
above, we obtain that v satisfies the following equation

m

ov + 1 0tz
ot g Bx’&z:]

1,j=1 =

Zb’ (t,z)=— —i— r(t, x)Bg—B —r(t,z)v+c(t,z) = 0.

But, if the claim depends as before on X (7') only the solution of the above equation
satisfying condition (1.11) is independent of B. So dv/0B = 0 and we obtain Cauchy
problem (1.10)-(1.11) where r = r(¢,z). The formulas for the required hedging strategy,
(1.12), remain the same.

Moreover it is possible to consider the model in which all the coefficients depend on ¢, X
and B and the claim is a function f(X(7), B(T)). In this case we derive in a similar way
the following degenerate problem

ov 1

(114) 8t —|— a,-j(t,:z:,B

m

0%v i
— b'(t
)axlaxf + 12:1: (

i,j=1

0
+r(t, z, B)B% —r(t,z, B)v+c(t,z, B) =0,

(1.15) v(T,z,B) = f(z, B).

If this problem has a solution v = v(t, z, B), then a hedging strategy is given by

1 " Qv ;
= g (06 X0, BO) = 3 550 X0, BOIX©),
; ov )
¢t: %(t,X(t),B(t)), ’Lzl,...,m.

Remark 1.2. We note that a Cauchy problem is considered in spite of the fact that
the variable z belongs to R7 = {z : ' > 0,..,2™ > 0}. This is possible because
every solution X(t), X(to) € R, of system (1.1) evolves in R during the whole time
interval [ty,7]. Consider a stock model with prices evolving in an open parallelepiped
M={z: 0<7 <2z'<m,.,0< 1" <z™ < 7}, where nf, 75, k =1,...,m, are
constants (it is possible to consider cases when some of 7y are equal to co). For example,

dX* = (X' = m)(mh — XY (it X)dt + > vy (t, X)dW (L)), t > to, i =1,...,m,
j=1
with suitable coefficients p* and v;;.

For such a model the construction of a hedging strategy leads to a corresponding Cauchy
problem as well (not to a boundary value problem).



Remark 1.3. Let us consider a model consisting of a cash bond B(s) and a stock X(s)
(we take only one stock for notational simplicity), where the price of the stock satisfies
the equation

(1.16) dX = p(s, X)ds + o(s, X)dW (s).

Let 0<m <o, m <& <o, T="Tey,="TANInf{s:X;,(s) ¢ [m,ma), t <s<T} (we
put inf to be equal oo for an empty set). We now consider an example of a barrier option.
The option is specified by a payoff equal to zero if 7 < T" and equal to f(X;,(T)) if r =T,
where f(z) is a function defined on [my, 3]. We note that a more rigorous notation for
(1.16) would be

dX = 1sap(s, X)ds + Lirsg0(s, X)dW (s),

but we use the simplified notation as long as it doesn’t lead to any confusion. In addition,
we assume that f(z) is equal to zero in some neighborhood of m; and m respectively.
Then, it is not difficult to show that the portfolio value V' (¢) of the hedging strategy is
equal to v(t, X (t)) where v(t, z) satisfies the following boundary value problem

ov 1, 0%*v Ov
(1.17) 5t +50 (¢, x)axz +T(t)$8:z: rt)v=0, to <t <T, m <z <o,
(1.18) v(T,z) = f(z), v(t,m) =v(t,m) =0

and as before we have
V(t) = v(t, X(t)) = ¢:B(t) + . X (1),
with
1 ov ov
o= B VX (O) — 5o XO)XO), b= 5 (6 X(0),

Note that for this example we did not use the multipliers X (see (1.1)) in the stock model.

2. Evaluation of a hedging strategy

Frequently, works in numerics for finance (see, e.g., [13] and references therein) are de-
voted to the evaluation of a portfolio value v(¢,z). Of course, in case v(¢,z) is known, it
is possible to find Av(t,z)/0z* approximately as

[v(t,z!, ...,z + Az ... z™) —v(t, 2, ..., 2%, ..., z™)]/Az® (or as [v(t, 2, ..., 2+ A, ..., ™) —
v(t,zt,...,x" — Azt ...,z™)]/2Az") but such an approach requires very accurate calcula-
tions for v. In this sequel we give special attention to the probabilistic evaluation of the
deltas Ov(t, z)/0x" and other Greeks.

Usually, in many-dimensional cases (in reality for m > 3) it is impossible to find v(¢, z)
for all (¢, z) because of the complexity of problem (1.10)-(1.11). However, for constructing
the hedging strategy we only have to find at any instant ¢ the individual values v(¢, X (¢))
and Ov(t, X (t))/0x', i = 1,...,m, where X (¢) is the known state of the market.

The probabilistic approach for the evaluation of a particular value v(¢, z) is well known.
It turns out that for specific (¢,z) the values dv(t,z)/0x', i = 1,...,m, can be found
effectively by a probabilistic approach as well. Let us recall the probabilistic representation
for the solution of the Cauchy problem (1.10)-(1.11), where now we take r(¢,z) in (1.10)
instead of r(t).



In fact, the solution to problem (1.10)-(1.11) has various probabilistic representations:
(2.1) v(t,2) = Elf(Xe2(T)) - Yiga(T) + Zizao(T)], t <T, @ € R,

where X;.(5), Yizy(S), Zizy.(s), s > t, is the solution of the following system of
stochastic differential equations:

(2.2) dX = (b(s,X) —o(s, X)h(s,X))ds + o(s, X)dW (s), X(t) =z,
(2.3) dY = —r(s,X)Yds +h' (s, X)YdW(s), Y(t) =y,
(2.4) dZ = c(s,X)Yds, Z(t) = z.

Here h(t,z) = (hi(t,z),...,h™(t,z))", h' are fairly arbitrary functions, Y and Z are
scalars. In what follows we assume that all the coefficients in (1.10)-(1.11) and in (2.2)-
(2.4) and the solution of (1.10)-(1.11) are sufficiently smooth and satisfy necessary growth
conditions for large |z|, so that we may apply the theory of weak methods for numerical
integration of SDEs. The usual probabilistic representation (see, e.g., [1], [2]) follows
from (2.1)-(2.4) for h = 0. The representation for A # 0 is a consequence of Girsanov’s
theorem.

We introduce the notation

8Uk(t z), k=1,..,m.

The functions v and ug, k = 1, ..., m, satisfy the Cauchy problem for the following system
of m + 1 linear parabolic equations consisting of (1.10)-(1.11) and

(2.6) %+12a”( 6“’“ Zbl ——r(tm) uk

(2.5) uk(t, z) =

o 2 & Ortori
2,j=1
1 e 8u] ”. Ob; ov  Or Jc
+3 Z 3 o (bh2) 5 — 5 (6o) vt s (t2) =0,
of
2. T, =1,..
(27) u(T,2) = 5% (@), k= 1,0m

The Cauchy problem (1.10)-(1.11), (2.6)-(2.7) belongs to the class of problems, which so-
lutions has probabilistic representations given in [8] . However, we obtain a representation
from (2.1)-(2.4) directly by differentiating (2.1) with respect to z;. We get

(2.8) uk(t, ) = =

= B3 L (X, (1)) - 6. (T) - Yima (T) + F(Xeu(T)) -6 (T) + 8 2(T)| |

ox’
=1
where
(29) 0 X (3) = 6kXt’$(S) = #, (5kY(S) = 6]6}/;5,3;,1(3) = — ta,‘,l;t,( ),
0 5
0xZ(8) := 0k Zt21,0(8) t,a,xll;o() t<s<T



Let 6, X = (6x X, ...,0,.X™) 7. The functions 6, X (s), 0;Y (s) and 6;7(s) satisfy the fol-
lowing system of first order variation associated with (2.2)-(2.4) (we remind that we keep
k fixed),

& O(b(s,X) — (s, X)h(s,X)) z
(2.10) do X = 12:1: 5l O X'ds
~ 9o (s, X) :
+lz_1: T ) 5ledW(3)7 5le(t) = 07 if [ 7£ ka and 5ka(t) = ]"
— Or(s, X)
211) a5 = =30 X s (s, X s

Oh'(s,X) & 5t yaw BT (s. X)6,.YdW (s). 6,V () =
+Z S5 XYW (s) + B (5, X)0Y AW (s), 5Y (8) =,

" X
(2.12) A6, 7 = Z % 6 X' Yds + c(s, X)6Yds, 8 Z(t) = 0.
=1

We underline here that there is an opportunity of parallelizing: one can consider m
problems (2.8), (2.2)-(2.4), (2.10)-(2.12) for every fixed k = 1, ..., m separately.

Remark 2.1. The solution of the boundary value problem (1.17)-(1.18) for the barrier
option has the following probabilistic representation

(2.13) v(t,2) = Elgr, =1y [f(Xe2(T)) - Yiwa (T,
where
(2.14) dX = (r(t)X —o(s, X)h(s, X))ds + o(s, X)dW (s), X(t) =z,
dY = —r(t)Yds + h(s, X)YdW(s), Y(t) =1,
and
Bv of
(2.15)  9U(1,0) = Blinacry | 9 (XealT)) - 5X(T) - Yiga(T) + F(Xea(T)) 0¥ (T)]

where the equations for 6 X (7") and §Y(T") are analogous to (2.10), (2.11).

The option under consideration is known as nullified barrier option [6]. For more general
barrier options the boundary value conditions are nonzero and instead of (1.18) we have

(2.16) v(T,z) = f(z), v(t,m) =vi(t), v(t,me) = va(t).

Let I' denote the set where the condition (2.16) is specified. Then (2.16) can be written
as

(2.17) vir=g,

where g(T, z) = f(z), g(¢,m) = vi(t), g(t, m2) = va(¢).

Instead of (2.13) we may write

(2.18) v(t,z) = Eg(T10, Xto(Ti2)) * Ve (Te2)]-



o

We note that in this case there is no expression for dv(t, z)/0z such as (2.15) because the
dependence on z is more complicated now due to the presence of 7, and the problem of
effective numerical construction of a hedging strategy requires special examination.

Thus, to find v(¢,z) and dv/0z*(t,z) we need to evaluate the expectations (2.1) and
(2.8). Let us consider (2.1). Usually it is impossible to simulate the random variables
Xi2(T)), Yeur1(T), Zip1,0(T) directly and we are forced to simulate some approximate
random variables X; (7)), Yiz1(T), Zt210(T). To this aim we may use weak methods
for numerical integration of SDEs (see [5], [7]). The error of such a weak approximation
is of order of O(h?) where p is the order of weak convergence, depending on the specific
method, and A is a time discretization step. For simplicity we consider equidistant parti-
tions of the time interval [t,T]: ¢t =ty < t1 < ... < t;, = T with step size h = (T —t)/L.
For example, the Euler method with simplified simulation of Wiener processes applied to
system (2.2)-(2.4) gives

(2.19) X(t) =z, X(t141) = X(t) + (b — o) - h + o1 - GVh,
Y(t)=1,Y(t) =Y () —rY () -h+h Y () GVh,

Z(t) =0, Z(ti) = Z(t)) +aY(t)-h, 1=0,...,L—1,

where b;, oy, h;, r, and ¢; are values of the corresponding functions (scalar, vector or
matrix) at (t;, X (t)) and & = (¢}, ...,¢™) " is a vector of two-point random variables ¢/
distributed by the law P(Clj = +1) = 1/2 and independent in j = 1,...,m; [ =0,..., L —1.
We obtain the usual Euler method if ¢/ are simulated as N(0,1)-distributed random
variables. In either case the order of weak convergence is equal to 1, i.e., the following
relation

[v(t, @) — E[f(X(T)) - Y(T) + Z(T)]| = O(h)

is fulfilled for a sufficiently large class of functions f.
Among methods with a higher order of weak convergence let us consider the Talay-
Tubaro extrapolation method [16]. We denote an approximation (2.19) with step size
h by Yh, Yh, A According to the Talay-Tubaro method we have in particular,

~h/2 —h/2 —h/2 —h —h —h
[u(t, @) — 2E[f(X(T) - Y (D) + Z" (D) + Ef (X (T))- Y (T) + Z (T)]| = O(h*).
The value E[f(X(T))-Y(T) + Z(T)] can be evaluated by the Monte-Carlo method

(220)  EIFX) V(@) + Z(1)] = + SFED @) - ¥ 1) + 27,

where X (1), Y™ (tr), AR (t;), n =1,..., N, are independent approximate trajectories
(generally in weak sense) of the solution of system (2.2)-(2.4).

The statistical error in (2.20) is usually defined by (DE(T)/N)*/2, where £(T) = f(X(T))-
Y(T) + Z(T).



Thus, we have

(221) oft, @) ~ BIF(X(D) - V(T) + Z(7)] = - SFE @) - ¥ 1) + 2 (7).

n=1

The first approximate equality in (2.21) involves an error due to the approximate inte-
gration, whereas the second approximate equality involves a statistical error due to the
Monte-Carlo method.

Of course the same consideration holds with respect to the evaluation of dv/dz*(t, z).

3. Variance reduction

This section is concerned with two methods of variance reduction in connection with
the Monte Carlo approach for the linear parabolic Cauchy problem: with the method of
importance sampling [3], [7], [10], [11], [17], and with the method of control variates [10],
[11] (for the initial-boundary value problem see [7], [12]). We consider variance reduction
for the evaluation of the portfolio as well as for the evaluation of the deltas.

We introduce the variables

(3.1) £(s) = v(s, X10(5)) * Vi1 (8) + Ztw1,0(5),

(3.2) m(s):= ‘ gvl (8, X12(8)) - 0 X*(8) * Yiun(s) + v(s, Xia(s)) - Y (s) + 6. Z(5).
Clearly

(3.3) §:=E&(T) = f(Xeo(T)) - Yien(T) + Zizno(T),

(3.4)

M = (T Z

=1

) - 8 X (T) - Vyw1(T) + f(Xea(T)) - 6:Y(T) + 61 Z(T).

Because D¢ (D) is close to DE (D7,,), the error of a Monte Carlo evaluation of v(t, x)
depends on the variance of the random variable &, see (2.1) whereas the Monte Carlo error
of an evaluation of u(t,z) = Ov(t,z)/0z* depends on the variance of n;, see (2.8).

The method of evaluating v(¢,z) by importance sampling coincides with the method
described in [7]: it is clear that E£ does not depend on the choice of h. At the same
time, the variance D¢ = F¢2 — (E€)? does depend on h. Therefore it is natural to regard
h',...,h™ as controls and to choose them such that the variance D¢ is minimal. This
problem is solved in [7]. It turns out that the variance can be reduced to zero.

Proposition 3.1. Let the solution v(t,z) of the problem (1.10)-(1.11) be positive. Let

) 1 — ov
3.5 h=—= o;—.
( ) ,Uigl:o-]axz



1U

Suppose that for any (t,z), to < t < T, x € R7, there is a solution of the system
(2.2)-(2.4), with W as in (3.5), for t < s < T. Then, & in (3.3), computed according to
(2.2)-(2.4) with h as in (3.5), is deterministic, i.e., D€ = 0.

Proof. By using It6’s formula and taking into account Lv + ¢ = 0 we derive

" v .
d[v(s, X12(5))  Yia1(s) + Zigr0(s)) = (Lv+¢) - Yds — Y 5 (0h) - Yds
=1

- Em: % Y (0dW (s))" +v-YhTdW (s) + Em: % (oW (s)) - YATdW (s)

— Ox'
=1
ov “
=Y- T =Y- NdW?
( 8xl(adW( 5)) 4 vh dW (s ;”%8 + vh?)dW(s),
whence
(3.6) v(s,Xtx(8)) * Yiwa(s) + Ziw1o(s) = v(t, ) / z; 21:0”8 + vh?)dW7.
ki %

For h in (3.5), equation (3.6) becomes an identity with respect to s, z, w (w € Q),
(3.7) €(s) =v(s, Xt () - Yeua(s) + Zizao(s) = v(t, z),

i.e., &(s) is deterministic. Moreover, £(s) is independent of t < s < T'. In particular, by
(1.11), we get for s =T,

(3.8) ET) =& =f(Xea(T)) Yia1(T)+ Zi g1 o(T) = v(t, x).

The proposition is proved.
>From the proof of the proposition above we obtain the following corollary.

Corollary 3.1.For an arbitrary h (of course, the usual conditions of smoothness and
boundedness are supposed) the variance DE(T') is equal to

Dg(T):E/ Y2 1(s) ZZ% + vhi)?ds,

t 7j=1 =1

where the functions o;;, Ov/8z*, v, h? have s, X; ,(s) as their arguments.

Remark 3.1. Of course, the h?, j = 1, ..., m, cannot be constructed without knowing the
function v. Nevertheless, the obtained result establishes that, in principle, it is possible to
reduce the variance D¢ arbitrarily by conveniently choosing the functions A?. The results
can be used, e.g., in the following situation. Let all the parameters of the considered
problem be close to those one for which the solution is known and equal to vy. By taking
h’ as in (3.5) equal to

. 1 = ng
3.9 hW=—— ey
( ) Vo ;0-'78.’171

the variance D¢, although not zero, will be small. Also, it is shown in [15] that in
certain situations it is optimal to precompute a rough approximation for the solution of
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the Cauchy problem by some finite difference method and next to proceed with variance

reduced Monte Carlo where the controls A/ are computed from the rough approximation.
Remark 3.2. If the condition v > 0 in Proposition 3.1 is not satisfied, but e.g., if
v > —K, K >0, then we consider v = v + K as a solution of the problem

Lv+ Kr+c¢=0,9(T,z) = f(z) + K

and consider instead of (2.4),

dZ = (Kr(s, X) +c(s,X))Yds, Z(t) = =.
Next, taking

in (2.2)-(2.3) leads to £ = (F(Xio(T))+ K) - Yip1(T) + Zs 4.1 0(T), as being a deterministic
variable.

A remarkable fact now is that the variables nmz, k = 1,...,m, for hY as in (3.5) are
deterministic as well.

Proposition 3.2. Under the hypotheses of Proposition 3.1 the variables m, = ni,(T), k =
1,...,m, in (3.4), computed according to (2.2)-(2.4) and (2.10)-(2.12) with h as in (3.5)
are deterministic.

Proof. By differentiating (3.7) with respect to z* we get

ov T )
S 52) = D7 (5, X1 (5)) 84X (5) - Via(5) + (5, Xoa(s)) - 56Vima(5) + 85 Zumn(5).
i=1

Thus, we have proved that the variables 7 (s) (see (3.2)) are deterministic (moreover they
do not depend on s, t < s < T). Therefore all n(T) are deterministic. Proposition 3.2 is
proved.

We now proceed to the method of control variates. In (2.2)-(2.4), we consider h to be
fixed and introduce the new random variable

m

(3.10) £n(T) = £(T) + / Vir(s) - S Fy(5, Xoa(5))dW3(s),

i=1
where Fj(s,z) are rather arbitrary functions depending on (s, z).

Clearly, the expectation E{r(T) is equal to E£(T') and does not depend on the choice of
F. At the same time, the variance DEr(T) does depend on F. Also in this situation it
turns out that the variance can be reduced to zero.

Proposition 3.3. Let h in (2.2)-(2.4) be a fized function. Then for
“ ov - )
(3.11) Fi(s,z) = —(lz:; Uij(s,x)%(s,x) +u(s,z)W (s,z)), 3 =1,...,m,

the variable £p(T) is deterministic, i.e., DEr(T) = 0.
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Proof. The proposition is a consequence of the following equality (see (3.6))

m

6r(T) = f(X1a(T)) - Yiga(T) + Zeas(T) + / Viea(s) - 3 Fy(5, Xoal(s)) AW (s)

j=1

:v(t,x)—l—/ Yiza(s) Z awa + vhi)dW (s) + /Ym1 ZFdWJ
t

7j=1 =1
where the functions o;;, Ov/dz, v, h¥, F7 have s, X;,(s) as their arguments.

Clearly,

(3.12) DERT) = B [ Y2u,(5)- (D ousprs + oh + Fyds
¢ 1 =1

; Y ox

j=1 1
which is equal to zero for F; according to (3.11). Proposition 3.3 is proved.
Of course, a remark similar to Remark 3.1. applies here as well.

The method of control variates in the case h = 0 was first considered by N.J. Newton
[10]. Following [10], let us look for F' = (Fy,..., F, ) of the form

(3.13) 20’1 S, Zc,xyr s, )
r=1

where v, = (7},...,4™), 7 = 1, ..., 1, are known row vectors and ¢, are constants. According
0 (3.12) we have

T m m o l ‘ .
DEp(T) = E/ ORI Uij[% +) il + vh!)ds.
t j=1 i=1 r=1

However, determination of ¢, directly by minimization of the right-hand-side of this rela-
tion is impossible because the functions v and Gv/dz* are unknown. But by using

v(s, Xia(s)) = E(E(T; 5, Xia(s)) | Xta(s)),

(8, X12(5)) = E(mi(T; 8, Xeo(5)) | Xea(5)),
where

§(T5 8, X1.0(8) = (X x00(5)(T)) * Yo x0 0091 (1) + Zs %, o (),1,0(T),
ni(T; 8, X10(5)) = O 7o (Xax0)(D)) - 6: X5 x, (D) Yexoa(s)1(T)

F (X x0005)(T)) 055 x4 o (s)1 (1) 4 6:Z5 %, o(5),1,0(1),
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it is not difficult to show that the mentioned minimization problem is equivalent to the

following one

(3.14) / Y2 (s Z Z oij[mi(T; ) + Z ervi] + E(T; )W )2ds — crlmr}:l :

j=1 =1
where the functions oy, i, £(T;-), m(T;-) have s, X;.(s) as their arguments.

The solution of the problem (3.14) provides optimal values for ¢ and leads to reduced
variance.

To conclude we consider the following system

(3.15) dX = (b(s,X) —o(s, X)h(s, X))ds + o(s, X)dW (s), X(t) =z,
(3.16) dY = —r(s,X)Yds+h' (s, X)YdW(s), Y(t) = 1,
(3.17) dZ = c(s,X)Yds + F' (s, X)YdW(s), Z(t) =0,

and the random variables £(s), mx(s) according to (3.1), (3.2). Of course, the equation
for 0;,Z becomes of the following form (instead of (2.12))

(3.18) d@Z:Ej@%¥9~@X%Y@+daxmﬁws
Z
=1

" OF T (s, X
=1

Note that the variables £(s) and nx(s) depend on h and F' and a more correct notation
would be, for example, &, #(s) instead of £(s) but the accepted notation does not lead to
any confusion.

The following proposition can be proved analogously to the previous ones.

Proposition 3.4. Let h and F be such that

(3.19) Zo—ija—;ﬂhupj:o, ji=1,.,m

Then &(T) from (3.3) computed according to (3.15)-(3.17) andni(T) in (3.4) computed
according to (2.10)-(2.11), (3.18) are deterministic.

Example 3.1. Let all the parameters r, u', v;;, ¢, r* be independent of z, i.e., they are
known deterministic functions of ¢, and let the payoff function be a sum

FX(T)) = A(XHT)) + .. + fm(X™(T)).
Then the system (2.2)-(2.4) becomes of the following form (we put h = 0):
dX'= X" (r(s) —r'(s))ds + X" - Xm:V,-]-(s)de(s), Xt)=z2' i=1,..,m,
j=1

dY = —r(s)Yds, Y(t) =1,
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dZ =c(s)Yds, Z(t) =0, t <s<T.
We derive explicitly

XiulT) = (0 - exol |3 vs()aW(5) = o' () - expla’ (),

where

B0 = exol [ (r(6) = ri(s)ds = 5 [ 3w,

Ailt) = ( / >_vi(s)ds)'”,

and o' is a normal random variable with zero mean and variance 1.

>From (2.1) we obtain

m

(t, 2. 2™) =) B [fi(X] (D)) Yiea(T) + Zig0(T)]

i=1

= \/% Z/_oo fi(xki(t) exp(ai(t))) - exp(—a?/2)do - eXp(_/t r(s)ds)

T T
—I—/ c(s) exp(—/ r(s')ds")ds,
t s
whence the derivatives 9v°/8z¢, i = 1, ..., m, can be found explicitly as well.

In case the parameters of an original problem do not differ too much from the considered
ones above, we can use the recommendation of Remark 3.1 and, for example, take h’
according to (3.9) with F; =0 or ¥ =0 with F; = —Y_7" | 0;(s,2)00°(s, ) /0"

4. Gamma, vega, theta

Clearly, differentiation with respect to z/ in (2.8) gives the probabilistic representation
for the gammas 8%v(t,z)/0z*0z7, i,k = 1,...,m. The representation involves along with
the first variations 6, X*?, 0Y, 0xZ the second ones

92X} (s) 0%Y; ».1(5) Zy21,0(5)
a\8) o T te1S8) o gy P talo\S) o
Orkdzs * M (5) Oxkdzi N (5) oxkoxi W~ 5=

Let us write down the system for these variables. For notational simplicity we restrict
ourselves to the case m = 1. In this case X, b, h, o and W in (2.1)-(2.4) are scalars. We
have for the delta

(4.1) u(t,z) = %(t, T)

df

dz

5iji(S) =

= B | (X (1)) - 6X(T) - Vi (T) + F(XealT)) - 8Y (T) + 2(T)|
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where (together with (2.2)-(2.4))

(4.2) d6X = Ob(s, X) = (;(;’X)h(s’X)) - 5Xds + M;;X) SXdW (s), 6X(¢) = 1,
(4.3) sy = —8’"(8;;)( ) 5X . Yds — (s, X) - 6Yds

+% 6X - YAW (s) + h(s, X) - 6YdW (s), 6Y () = 0,
(4.4) a7 = 22 X) 55 s+ e(s, X) - 5vds, 62(t) = o.

X

We introduce the notation

1x(e) = el gy i Pemal) ) P miall)
and obtain for the gamma
(4.5) w(t,z) = %(t, z)=E %(Xt,z(T)) [6X(T)]2 - y;,z,l(T)]
+E %(Xt,m(T)) [y X(T) - Vi (T) +26X(T) - 0Y (T)] + f(Xeo(T)) - vY(T) + vZ(T)] ,
where
(4.6) ayx = 2 X) - ((’9(; YR X)L xas + 2752 L xaw(s)

L O(b(s, X) —ggfj Ohs X)) 15 xpds + 782“8(;;)( ) o X]2dW (), X (8) = 0,

(4.7) dvY = _or(s,X) -vX -Yds —r(s,X)-vYds+ Oh(s, X) X - YdW (s)

+h(s, X) - yYdW(s) — %[5}(12 -Yds — 2%5}( -8Yds

02h(s, X) 0 Oh(s, X) B
T [BXP VAW () + 272 6X - VAW (s), 7Y (1) = 0,
(4.8) dvZ = 86(;’)() ¥ X -Yds +c(s, X) - vYds
T
2
% 6x12 - vds + 2290 %) sy svds, 6z(1) = o,
4

Thus, to calculate the gamma one needs to evaluate the expectation (4.5) by virtue of the
system consisting of equations (2.2)-(2.4), (4.2)-(4.4)), and (4.6)-(4.8).

One can prove that the gammas for A’ as in (3.5) are deterministic as well.
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Clearly, if the problem under consideration depends on some parameter «, then v =

v(t,z; ) and it is possible to find dv(¢,z;)/0a in the same way as above. Let us
find, for example, the vega du(t, z;a)/0a in the case of the one-dimensional model (1.1)
(m = 1), where instead of o(t,z) = zv (¢, z) we have o(t,z; a) = azv(t,z). We have
(19) o(t,230) = BIf(Xia(T30)) - Vi (T50) + Zomso(T5 ),

where

(4.10) dX = (b(s,X) —o(s, X;a)h(s, X;a))ds + o(s, X;a)dW(s), X(t) =z,

(4.11) dY = —r(s,X)Yds + h(s, X;a)YdW (s), Y(t) = v,
(4.12) dZ =c(s,X)Yds, Z(t) = z.
Therefore
ov d
(4.13) £(t, ;o) =F é(Xm(T; a)) -0, X(T;0) - Yip1(T; )

+E[f (X1 (T; @) - 0aY (T 0) + 6. Z(T; )],

where
Xi.2(; Y; ; Z ;
6aX(3; a) _ 8 t,;isj a)’ (5aY(8’ a) _ 8 t,xé]_a(s; a), (5aZ(8, a) _ 8 t,l‘,é,;(s; a)
satisfy the following system
(4.14)
9(b — oh) do d(oh) do
X=——"""0,X — - 0, X — X(t) =
ddq 5% 0o Xds + o 0o XdW (s) — 50 ds aadW( s), 0o X (t) =0,
or
(4.15) donY = e 0 X - Yds—1-6,Yds
T
Oh Oh
+8_ 0o X - YdW (s) + hé,YdW (s) + £YdW(s), d.Y (t) =0,
0
(4.16) 46,7 = 8—6 6o X - Yds + c8,Yds, 0,Z(t) = 0.
T

Let us now point out how to find theta; up,1(¢, z) := Ov(t,z)/0t. The above way of
differentiation under the expectation sign is now impossible because of the nondifferentia-
bility of X}, (s) with respect to ¢ (e.g., the problem dX = dW(s), X(t) =z, s > t, has
the solution X;.(s) = z + W (s) — W (t) which is evidently nondifferentiable with respect
to t). Of course, one can evaluate theta by to the initial equation (1.10) after finding the
deltas and the gammas. But if we do not need the gammas, this way is irrational. It
is better to consider the system of m + 2 parabolic equations consisting of (1.10)-(1.11),
(2.6)-(2.7) and

m

Oumyr | 1 m 8 m
(4.17) % +3 Z a;i(t, x) 158:;1 + Zb’ Gmil r(t, ) - Umt1

2,7=1
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1 8u or Oc
- (¢, 2 — —(t —(t,z) =0
+2i]z::1 %) 5 83:’ g (Lo vt 5 (62) =0,
1 — i
(4.18) Um i1 (T, ) = —5;1 ai; (T, ) &E ax] Zb

+T(T7 .’L') ' f(.’L') - C(Ta .’I?) = g(.’L’),
and to use the probabilistic representations from [8] consequently.

Let us consider a model in which the coefficients v;; (and consequently a;;) do not depend
on t. In such a case we have a system of parabolic equations consisting of two equations
for v and w1 only. Namely, (1.10)-(1.11) and the following equation

8um,—l—l 8 Um+1 z 8um+1
(4.19) s Z aij(t, 7) 52 Zb —r(t,T) U

i,j=1

. 9b; ov  Or dc
- — —(t . —(t =0
+; 5 (12)5 o = o (42) vt 5 (te) =0,

(4.20) umt1(T, z) = g(z),
with g(z) as in (4.18) and a;;(T, z) = a;;(z).

The probabilistic representation for the solution of the Cauchy problem (1.10)-(1.11),
(4.19)-(4.20) has the following simple form (see [8]). Introduce the system of stochastic
differential equations

(4.21) dX = (b(s, X) — (s, X)h(s, X))ds + o (s, X)dW (s), X(t) = =,
(4.22) dY' = —r(s, X)Y'ds — %;X)Y?ds + kT (s, X)YHdW (s), Y(t) = ¢,
(4.23) dY? = —r(s, X)Y?ds + h' (s, X)Y2dW (s)
o5, 020y T2 o), v2) = 7,
(4.24) dZ = c(s, X)Y'ds + %sz, Z(t) =0,

and the random variable

(4.25)  &roprye = f(Xew(D)) - Vigyr 2 (T) + 9(Xea(T)) - Vi 12 (T) + Zigy 42,0(T),
where Y! and Y2 are scalars.

Then the required solution v(t, z), um+1(t, z) can be found from the relations

(4.26) v(t, ) = E210 5 Umi1(t, %) = E&ppa -

This fact can be verified in the following way. We show by It6’s formula that

(4.27) V(8, X10(5)) * Vg1 42 (8) + i1 (8, Xeo(8)) + Vi1 42(8) + Ziagr y20(8)



_U(t’ .’13) ' yl - um-l-l(t: IL‘) ' Z/2

= / [F (9, Xi0(9) - Vi 1 o (9) + Fy (39, X o(0) - V72

te,yly
t

where Fy and F3 are some known vector-functions. From this the relations (4.26) follow
immediately.
5. The Jamshidian LIBOR rate model

In this section we drop the assumption of an instantaneous saving bond numeraire and
consider a system of assets (we now use the notation from [4] which differs a little from
the one used in the previous sections)

(5.1)

dB; -
B = ,u,idt +0;0 dW = ,u,idt + ZO’idek, to S t S T, 1= 1, ., m
' k=1

under the arbitrage free condition [4]:
wi=r+o;0p, i+=1,..,m,

for some processes r and ¢. We assume that the system is nondegenerate, i.e., rank(o; o
0;) = m almost surely.

A portfolio (¢, B) is said to be a self-financing trading strategy when
m t

(5.2) VO = Y h B0 = VO + [ (sl
k=1 0

We consider self-financing trading strategies (¢, B) where ¢ has the form ¢ = 9(¢t, B). So
the corresponding portfolio value is of the form V = V (¢, B) as well and we have

1%
5.3 Bi— =V,
(53) > Bigg,

1% l w— 0%V
5.4 Mo+ -3 -2V 4BdB; =o.
(5.4) ot "2 24 5B,

1,]=—
Indeed, the self-financing property implies Ek Bidy, = 0 and consequently

o i O,
Z Brdyy) Z By diy) Z Z Bka—B';dBl Z Z By 8Bk, dBy)

k=1 [=1 E=11=

_ Z Z ?é’j v g?, dBdB, Z o100y ZBkawk ZBk g?l dt.

kk =111'=1 L'=1

Then by non-degeneracy it follows that ), B0y /0B; = 0, or,

O(YeBr) OV
5.5 = I=1,..,m,
(5.5) = Z 9E, 3E,
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which gives (5.3). Next, by expanding dV by It6’s formula, by the self-financing property
and (5.5) we get (5.4). From (5.3) we conclude that the value of this self-financing portfolio
is homogeneous of degree 1 in B, i.e.

V(t,aB) =aV(t, B) a>0.
Therefore it is clear that any path-independent self-financing portfolio must satisfy this
homogeneity condition [4].

We now assume in addition that the process B is an Ito diffusion, i.e. p and o are functions
of (¢, B), hence

dB.dB; = B;B;T;(t, B)dt,
where I';;(¢, z) :== (0; - 0)(t,z). Then (5.3)-(5.4) can be rewritten in the form

174
5.6 i— =V,
(5.6) ) Tigy
=1
OV 1 <& 02V
5.7 — 4= liizit;——— =0,
(5.7) o0 2; %5 gz,

We assume also that
(5.8) oi(az) = oi(z),

forala>0,z>0,i=1,...,m.

The (abstract) LIBOR process is defined as the m — 1 dimensional process given by
B;

Biy1

where the constants d; are so called "daycount fractions”. For the LIBOR dynamics we
can derive straightforwardly (an empty sum is defined to be 0)

Li = (5-71(

(2

—1), i=1,..,m—1,

m—1
0;LiLjyi 07,
(5.9) dL; = — LTI dt 4 Liry; o (¢ — op)dt + Lyy; 0 dW,
]Zi;l (1+6;L;)
where
(510) Yi = 61_1Ll_1(1 + (SZLZ)(O'Z - 0','_|_1).

It is possible to write

dL; = (Li +6; ')(0i — 0iy1) © (¢ — 0uy1)dt + (Li + 6; ) (03 — 0ig1) 0 dW
but we prefer the representation (5.9) since the class of LIBOR market models, specified
by deterministic or even constant +; is of high practical importance.

Since the value V' (¢, B) of a path-independent portfolio is homogeneous of degree 1 in B,
we assume a payoff function g(B(T')) to be homogeneous of degree 1 as well. The function
V (t, B) can be expressed as

V(t, B) = By(t)u(t, L)



and therefore

9(B(T)) = Bm(t)f(L(T))

for some functions v(+,:) : RxR™ ! - R and f(-) : R™! - R
Hence,
V(t,2) = V({21,000 @) = B0 (t, 6,1 (2 — 1), oy 6,0, (2221 — 1))
o) m
= .’Em’U(t, Yty - ym—l) = xm'l)(t, y);
where (yx corresponds to L)
g =07 (2 —1), k=1,.,m—1,
Tk+1
and
v(T,y) = f(y)-
Let us derive a partial differential equation for v.
Using (5.6), we deduce from (5.7) straightforwardly
v 1= 82V
5.11 oSN ()T ——— =0,
(5-11) o " 22& i) g o,
where
i =Tij = Tim — Ujm + U = (00 — 0m) © (05 — o).
For 7,7 < m we have
B ~— O OYx
83:1 N 2:: © OT;
and
8°V — v Oy d = v &
:xmz U OYr OYk xmz_v Yk
Oz;0z; e OYyrY1 8:5] ox; c— Oy, Oz;0x;
Hence (5.11) yields
TN oy Oy, Oy T2 ov

15 a0
1,,7=1
or
v 1T2 92w T
h d;;
5 2};1 T 2121 i(@)

Oy Oy, 1 Tl oy X
i B B T3 2 gy 2 P (@)
J k=1 2,,J=1




Next observe that

Oy, 0 Oy, 0 Jy, 0

et 7)ei; ax] or; Ox; Oxy, 0xy 1 Oy
oyr Oy oy Oy
i) — 4+ ® =
L1 (Z)TiTpp1 = Y + @y o1 (T) 1 T OT1r1 OTera
6. 16, oz
[Pre(z) — Prar k(@) — Prpga(2) + Prop s (z)] "t =
Tr+1Z141
1+9 149,
(01 — 0141) © (0% — Uk+1)( k) ) =YY Ye oM
010;
and
m—1
g Yk 0? Yk
N q)z — q) i q)zz
Z i ”’axax] Z i(z)zie ]8x8x]+ Z z(9:1:
1,,J=1 1,,J=151<g
O Yi 1 O*Yi
=& — =  + -
ket 1(T)TeThp 0zr 0T + 9 k11 (2 )-’L'k+1a %+1
Z _
= [~ Pepa(@) + Prorern ()]0 = =8, (14 8) (0% — 0ks) © (k1 — Om)
k1
m—1 5 Yol
k
= —Yk V& © (Oht1 — Z Y © (0p — Op1) = — Z #:;pyp%"%-
p=k+1 p=k+1
We thus find
m—1 m—1 m—
Ov 6pypyk
= 0.
Z Z EE S ay 8y S YR TR O =

=k+1 kl 1

Note that because of assumption (5.8) ~; are functions of y indeed.

We introduce

m—1

OpYpYk
)‘k(tay) = - Z Lf)/k © Yp,
p=k+1 1+5pyp

(L, Y) = Ykl Ye © V-

So the Cauchy problem for v reads,

o =
(5.12) o+ kz; )\k(t,y + Z Mt y) 5

(5.13) v(T,y) = f(y).

kayl

&1



Next, we will derive a representation for the hedge quantities ;. For ¢ < m we have

oV T2 o Oy Ov Ti 1 Ov 1
5.14 =T Y e = — 5= ma—0; !
( ) oz; ! kz; Oy Oz Oy; 1 = a? v oYy ' Tip
A [ O |
=0 (o) || 7o+ o0 | =t
Oyiy ! 3 1i-1) g 1+ 60y Oy; kgl 1+ 0wy eilt,y)
and
8‘/ m— m—1m—1
(5.15) i v(t,y) — — Z x, 8:1: ,Y) — Z H (14 0ryr)i(t,y) :== em(t, y).
¢ i=1 k=i

Therefore the hedging strategy is constructed by
(5.16) V()= @it L(t))Bi(t).
i=1

According to (5.14) and (5.15), for calculating ¢;(¢, L(t)), ¢ = 1,...,m, we have to find v
and Ov/dy;, i = 1,...,m — 1. Clearly they can be found by solving the Cauchy problem
(5.12)-(5.13) in the same manner as it was done in the previous sections.

Set

ov
U; == )
Oyi
then differentiating with respect to y; yields
(5.17)
BuZ — 2 au, 0Nk Oug,
(t (¢, =0.
Z y Zay, 3yl+ Zn’“l ya Ye Ui

k=1 k=1

If we have a Cauchy problem (5.12)-(5.13) for v, we have also a Cauchy problem for the
U; .

(5.18) wi(T,y) = of

83/;"

6. Applications to European LIBOR derivative claims

Now, in practice we are given a fixed time tenor structure 77 < Ty < ... < T,,, where
0; = T; — T; 1 and a system of zero-coupon bonds B; which mature at T; with B;(T;) = 1.
In [4] it is shown that when (¢, L) are measurable, bounded and locally Lipschitz in
L, such a zero-coupon bond system always exists. However, although this system is not
uniquely determined it turns out that the price and hedge of LIBOR derivatives does not
depend on a particular choice of the bond system. Moreover, it is not difficult to see that
it is possible to identify a system of bonds which is an Ito diffusion and thus Markovian.
Indeed, for given B,,(ty) > 0, define B,, as follows (an empty product is defined to be 1):

1

B (t) = ag(t) Bm(to) + a1 (t) HT:_ll(l +0;L;(t))’

tSTIa




a9

Bm(t) - amfl(t)Bm(Tmfl) + am(t)a Tmfl <t S T’ma

where the functions «;(t), 0 < j < m, are smooth and such that for any t, <t < T,

a(t) >0,  j=0,..m, > o(t)=1,
§=0

Then the system B = (B, ..., By,) where
m—1
B;=Bn [[(0+6L;(t), to<t<T,i=1,..,m-1,
j=i
is arbitrage free and satisfies B;(7;) = 1 (see [4]). In addition it is easily seen that the

system B thus constructed is an Ito diffusion on the probability space given by the L
process.

The developed general probabilistic method for the price and hedge of a European claim
can be applied to certain European LIBOR derivatives. We discuss two examples: the
"swaption” and the "callable” reverse floater. For a LIBOR market model, in [14], one
factor analytical approximation formulas are derived both for the swaption and for the
callable reverse floater. Clearly these analytical approximation can be used for variance
reduction in the Monte Carlo method presented in this sequel.

6.1. The European swaption. A swap contract with maturity 77 and strike x on a loan
of $1 over the period [T}, T;,] obliges to pay a fixed coupon « and receive spot LIBOR at
the settlement dates 75, ..., T;,. From a standard portfolio argument it is obvious that the
present value of this contract is equal to

m—1
Swap(t) = By(t) — Bn(t) —£ Y §;Bj(t), ty <t < Th.
j=1

The swap rate S(t) is now defined as that fixed coupon which sets this contract value to
zero:

Bi(t) — Bu(t)
>y 0Bal(t)

A swaption contract with maturity 77, strike x and principal $1 gives the right to contract
at T to pay a fixed coupon k and receive spot LIBOR at the settlement dates 15, ..., Tp,.

S(t) :=



Equivalently, one can contract for receiving the 77 —swaprate and one can show that the
payoff of the swaption is equivalent to a 77 cashflow of

m—1

(6.1) Swpn(Ty) = Y 1aB;1(T1)(L;(Th) — K)6;

j=1

where A denotes the Fr, measurable event {S(71) > k} and the swaprate S(7}) is given
by (see [14])

STy = Bi(Ty) = Bm(Th) _ =1+ [T (1 + 6:Li(Th))
T eBa(h) S 6 T (U aiLi(T))

>From (6.1) we see that the swaption cashflow is homogeneous of degree one. Therefore we
may compute the swaption price and the corresponding hedge by Monte Carlo simulation
of the probabilistic representations for (5.12), (5.17) with final value conditions (5.13),
(5.18), with f given by

(62) 1) = Y 1)~ 035 T 1+ dean)

where

1+ (144
A={y: m71+ kanli(l + Ok Yk) Sk
k=1 Ok Hi:k+1(1 + 8iyi)
and, for instance, use variance reduction from a one factor approximation formula derived
in [14].

6.2. The callable reverse floater. Let K, K’ > 0. A reverse floater (RF) contracts for
receiving L;(T;) while paying max(K — L;(T;), K') at time T;,; for i = 1,..,m — 1, with
respect to a unit principal. A callable reverse floater (CRF) is an option to enter into a
reverse floater at 77. In [14] it is shown that in a LIBOR market model the reverse floater
can be evaluated analytically and for K’ = 0 the reverse floater contract is equivalent
with a 77 —cashflow of

m—1
(6.3) RF(Th) = Bi(Ty) — Bu(Th) — Y Bin(Th) Fi(Th, K),

i=1
where F;(T1, K) is known explicitly as a Black-type formula, only involving 77, K and the
deterministic y;, i = 1,...,m — 1, [14]. So the payoff of the CRF, being

CRF(T}) = max(RF(T}),0),

is clearly homogeneous of degree one and the reverse floater price and hedge may be
computed by Monte Carlo simulation of the probabilistic representations for the system
(5.12), (5.17) with final value conditions (5.13), (5.18) and f given by an expression similar
to (6.2). Moreover, in [14] a one factor approximation formula is derived which can be
used for variance reduction.
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