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Abstract

We consider testing hypotheses about the location parameter of a symmetric
distribution when a finite-dimensional nuisance parameter is present. For local al-
ternatives, we study the power loss of asymptotically efficient tests in this problem,
which is the difference between the power of the most powerful test for a given value
of the nuisance parameter (as if it were known) and the power of the test at hand.
The power loss is typically of order n~! and is closely related to the deficiency of the
test. In particular, we obtain the lower bound for the power loss in a locally asymp-
totically minimax sense similar to that used in the estimation theory and indicate a
test on which this bound is attained. This bound corresponds to the envelope power
function obtained by Pfanzagl and Wefelmeyer (1978) for test statistics of a specific
structure.

1 Introduction

In this paper we study asymptotically efficient tests for hypotheses about a univariate
parameter when a finite-dimensional nuisance parameter is present. This problem was in-
vestigated by Pfanzagl and Wefelmeyer (1978) (see also the review paper Pfanzagl (1980))
who described asymptotically complete classes of tests in this setting. We obtain related
results in a technically simpler way. To simplify the presentation, we treat the case where
the underlying distribution is symmetric about the location parameter of interest. The
main tool is a formula for the difference between the powers of the most powerful (MP)
test for a simple hypothesis against a simple (local) alternative and an asymptotically
efficient test in the same testing problem. Using this formula we do not derive asymptotic
expansions for the powers of tests, dealing directly with the power loss of tests for the
composite hypothesis as compared to the MP test for the case the nuisance parameter
were known. We obtain lower bounds for this power loss and indicate tests on which they
are attained.

Specifically, we consider testing the hypothesis
Hy:0=10,(€Z against H;:0>0y,(€Z
based on i.i.d. real-valued observations Xy, ..., X,, with symmetric Lebesgue density

poc(z) =p(z —0),  pc(z) = pc(—2),

where ¢ = ((1,...,(x) € Z with an open Z C RF. Henceforth without loss of generality
we take 6y = 0. We generically denote by (,(¢,n7) the power of a test for Hy against
the local alternative (n='/2t,n), ¢ > 0. In particular, 3,(0,n) is the test size, and we
restrict ourselves to asymptotically (as.) similar tests satisfying, for a fixed level a > 0,
the condition

sup |5, (0,¢) — af = o(n )
CeK

for any compact subset K C Z.

An immediate way of obtaining an upper bound for the power of an arbitrary as. similar
test is as follows. Consider testing a simple hypothesis (0, {) against a simple alternative
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(n=Y2t,n), ¢,n € Z. Let B,(t,n;¢) be the power of the MP size o test in this testing
problem. Then the power §,(t,n) of any as. similar test is no greater than £,(t,n; () +
o(n™t) for any ¢ € Z. Hence

Bu(t,n) < Bu(t,m) +o(n ), (1.1)

where

ﬁn(ta 77) = i%fﬁn(ta m C)

The minimizer of 3, (¢, n; ) is the least favorable hypothesis for the given alternative. This
bound was derived by Pfanzagl and Wefelmeyer (1978) and Pfanzagl (1980) (E;(n) in their
notation, see (10.2.4)). They do not restrict themselves to symmetric distributions. In
this general case the least favorable hypothesis is randomized (see Pfanzagl (1980), p. 50).
In our special case this randomization is not needed.

In contrast to Pfanzagl and Wefelmeyer (1978) we do not derive an asymptotic expansion
for B.(t,n). Put B:(t,n) = Ba(t,m;n), so that B%(t,n) is the power of the MP test for
(0,7) against (n~*/2t,n), which could be achieved if the nuisance parameter n were known.
Without deriving separately asymptotic expansions for 3%(¢,n) and B,(t,n) we directly
obtain an asymptotic formula of the form

Ba(t,m) = Balt,n) =n ' B(t,m) +o(n ) (1.2)
for their difference (see (3.24) or (3.26)).

Using this formula the asymptotic expansion for 3, can be immediately derived from
the well-known asymptotic expansion for §%(t,n) (see, e.g., Pfanzagl (1980), (9.4.1)).
However the n~! term of the difference 3*(¢,n) — B.(t,n) determines the deficiency of the
corresponding test (see, e.g., Pfanzagl (1980), p. 73), so that this difference is of interest
in its own right. We refer to such a difference as the power loss of the test and deal with
power losses of tests rather than deriving corresponding deficiencies.

It is seen from (1.1) and (1.2) that the RHS of (1.2) provides a lower bound for the power
loss of an arbitrary as. similar test for Hy. In Section 3.2 we construct as. similar tests
on which this bound is attained. However these tests depend on the chosen parameter
point n and the lower bound is attained in a small neighborhood of 7. This resembles
the superefficiency effect in estimation, where a lower risk than the regular (Cramér-Rao)
bound can be attained in a vicinity of a given parameter point at the expense of increase
of the risk elsewhere. This suggests the local minimax approach characterizing a test by
the maximal loss over a small neighborhood in the parameter space.

Denote by S the class of as. similar size « tests and by 32(,¢) the power of a test ¢ € S
at the alternative (n=1/2t,¢). It will be expedient here to normalize the deviation of 6 by

\/nJ¢ rather than /n, where J; is the Fisher information w.r.t.  for fixed ¢ € Z. With
this normalization the powers under consideration converge to a limit depending only on
t, but not on the nuisance parameter.

Thus for given ¢t > 0 and n € Z the power loss of a test ¢ € S at an alternative (t/,/nJ,,n)
is characterized by

7t K) = sup (B(¢/y/ e, €) = Bult/\/ 1 ),
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where K C Z is a neighborhood of 1, and 8%(t/\/J¢, (), as before, is the power of the
MP test for (0,(¢) against ((nJ:)"*/?t,(). We establish an asymptotic lower bound for
nré(t, K) as n — oo and K shrinks to 7, i.e., we show that

limlim inf inf nre(t, K) > B*(t 1.3

lim lim inf inf nry(¢, K) > B*(t, ), (1.3)
where B*(t,n) is given by (4.31). As is to be expected, this bound is no less and, in
general, greater than the bound (1.2) corresponding to the least favorable hypothesis.
In 4.2 we construct tests attaining this bound for any value of the nuisance parameter
(uniformly on compact sets). The corresponding upper bound for the power was obtained
by Pfanzagl and Wefelmeyer (1978) (see p. 57, Theorem 2) in the context of deriving an

as. complete class of tests. They call it the envelope power function. The properties stated
above justify this term.

The treatment in Pfanzagl and Wefelmeyer (1978) is restricted to test statistics of certain
structure (admitting a stochastic expansion). We do not impose any restrictions on the
tests under consideration. The particular form of the family of distributions (symmetric
distributions with a location parameter of interest) was adopted to work out the approach
and techniques in a simplified setting. More general families can be treated along the same
lines.

This study was motivated by the problem of calculating deficiencies of asymptotically
efficient adaptive tests in a semiparametric setup. In the simplest case this problem is
as follows. We want to test hypotheses about the real-valued location parameter 6 given
i.i.d. observations Xi, ..., X,, with Lebesgue density p(z — 6), where p(z) is an unknown
density symmetric about zero, p(z) = p(—z). Suppose we are testing a simple hypothesis
against one-sided alternatives, viz,

Hy:0=0 against H;:60>0.

When p is known (and satisfies certain regularity conditions), the MP test against a local
alternative of the form @ = tn='/2, ¢ > 0, has a nontrivial power (¢, p) bounded away
from o and one. For unknown (symmetric) p one can construct adaptive tests having
asymptotically the same power, i.e., the power £,(t, p) such that

Bi(t,p) — Bu(t,p) — 0 as n — oo.

It is natural to ask about the rate of this convergence. More precisely, like it is done in
estimation problems, to look for a lower bound for 3} — (3, and, if possible, to construct
tests attaining this bound, which would then be (higher-order) asymptotically efficient.

In this setting the density p can be viewed as an infinite-dimensional nuisance parameter.
The present paper is an attempt to find an approach in the finite-dimensional setup, which
could be extended to the infinite-dimensional case.

This paper is written in an informal style. We do not state regularity conditions and do
not give formal proofs. Rather, we try to demonstrate in the most transparent way how
the results can be derived. The formal proofs will be given in a subsequent paper.

We begin with the case of no nuisance parameter (Section 2). This case is presented to
introduce in the simplest possible setting some notions and results which are then used in
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the nuisance parameter setup. In Section 3 we derive the bound (1.2) related to the least
favorable hypothesis and indicate a test attaining this bound. As we pointed out, this
test depends on the chosen value of the nuisance parameter. The locally asymptotically
minimax bound (1.3) and a test attaining this bound are constructed in Section 4. Section
5, Appendix, contains informal proofs of some auxiliary results.

2 No nuisance parameter case

2.1 LLR and first-order efficiency

We have i.i.d. observations X7, ..., X, with density py(z). In this case we need not assume
6 to be a location parameter (which is assumed in the nuisance parameter setup for some
simplification), so that X’s can take values in an arbitrary measurable space (X,.A4) and
py is their common density function w.r.t. some o-finite measure on X. We test the
hypothesis

Hy:0=0 against H;:6>0. (2.1)

Throughout the paper we use the abbreviation
r=n"12 (2.2)
For any ¢ > 0 we will also consider the simple alternative
H,::0=rt. (2.3)

We denote by P, and P, ; the joint distributions of X = (X4, ..., X,) under Hy and H, ;
respectively. Obviously, they have densities

n

Pro(x) = [[Po(es) and  pua(x) zf[pﬁ(a:i) (2.4)

1

w.r.t. the corresponding product measure, x = (z1,...,z,). The respective expectations
will be denoted by E, o and E, ; (with subscript n dropped when applied to a function of
a single X).

Assume that all measures P, ; are mutually absolutely continuous. Consider the loglike-
lihood ratio (LLR)

dpn,t — IOg pn,t
dpn,O pn,O ‘
We denote [(z) = log p(z) with corresponding indices. Then by (2.4)

An(t) = D _[lre(Xi) — Lo(X5)]- (2.6)

By the Taylor series expansion,

An(t) = log (2.5)

LX) — lo(X:) = (X + 3 (r)1(X) + .. (2.7)

Here and in what follows we denote by the superscript 0 the differentiation w.r.t. 6.
(When the nuisance parameter is present, the differentiation w.r.t. its ith component will
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be denoted by the superscript i.) We omit the subscript when the derivative is taken at
0 = 0. Denote
L) =1 1%X3), LY =1 ["X;)— El",... (2.8)

The sums are centered by the corresponding Fj-expectations; the first sum contains no
centering because Eyl’ = 0. Further, denote by J the Fisher information

J = Ey(I°)°. (2.9)

(We reserve the usual notation I for the Fisher information w.r.t. the nuisance parameter.)
It is well known that Eyl*® = —J. With this notation, putting (2.7) into (2.6) yields

1 1
An(t) = tL2 — 5t2J + ETtQL?LO +... (2.10)

The first two terms in the RHS of (2.10) express the local asymptotic normality (LAN)
of the family of distributions. The omitted terms include the nonrandom term g7¢*Eol°®
and the terms of higher order than 7.

The most powerful (MP) size o test for Hy against H,; rejects Hy when A, (t) > ¢, with
cnt defined by

Pro(An(t) > cnyp) = a. (2.11)
(We tacitly assume continuity of the corresponding distribution.) By the CLT
1
L(An ()| Pap) — N(_itz‘]’ t2J). (2.12)
Hence 1
Cop — ¢ = 1V Juy_o — 5thJ, (2.13)

u1_o denoting the upper a-point of the standard normal distribution. The power of this
MP test is

Br(t) = Pnt(An(t) > cpt)- (2.14)
It is known from the LAN theory that
LA | Pos) — N(%tQJ, 27). (2.15)
Thus (2.13)—(2.15) yield
Bi(t) = B(t) = ¢V — ui_a), (2.16)

where ® stands for the standard normal d.f. and ®(u;_4) =1 — a.

Note that §(t), known as the envelope power function, is not the power function of a
single test. For each ¢ > 0 it is the power of the MP test against H,; based on A,(t).
Thus it provides an upper bound for the power of any test for Hy against H; : £ > 0.

It is well known that there are many (first order) asymptotically efficient tests, i.e., tests
whose power function ,(t) converges to the same limit as §(t). So are, for example,
tests based on L%, on A, (t,) with an arbitrary ¢y > 0, on the MLE 6,,, on a certain linear
combination of order statistics; for 6 location parameter there are asymptotically efficient
rank tests. They can be compared with each other by higher order terms of their power.
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Before proceeding to the higher-order theory, we will derive some simple formulas to be
used in the sequel.

Denote by fo:(z) and f; ¢(z) the limiting densities of A,(¢) under P, o and P, ; respectively,
which correspond to the normal distributions in (2.12) and (2.15). Note that they are
related to each other by e” f +(z) = fi+(z), which follows from the properties of the LLR
or can be verified directly. We will need expressions for fy+(c:) and fy+(c:). Putting (2.13)
into the explicit expressions for normal densities (2.12), (2.15) yields

foule) = %@(ula), fri(er) = %w(ula —tV ). (2.17)

Next, suppose instead of ¢, ; we use another critical value ¢, ;, say, which also converges to
¢ (see (2.12), (2.13)). Then the test A,(t) > c,; has size a;, and power B (t) converging
to o and B(t) respectively. Let us now have two such sequences ¢, ; and ¢, ; converging to
c; with 8, = ¢, ; — ¢, ;, — 0, and we are interested in the differences of the corresponding
sizes and powers up to o(d,). Assuming certain regularity, so that the d.f.’s of A,(¢)
under P, and P,; have Edgeworth expansions, it is easy to see that these differences
are entirely determined by the leading terms of these expansions, because the next terms
contribute at most O(74d,) = 0(d,). The leading terms are the normal distributions we
have just discussed. Thus it is readily seen that

o — oy = By for(er) + 0(6n) = ~2ip(uy ) + 0(B), (2.18)

tvJ

On

t\/jgo(ul_a —tVJ) + 0(6,,). (2.19)

B (8) = 85 (8) = Snfrales) + 0(6n) =

2.2 Second order efficiency

Typically, an asymptotically efficient test statistic (suitably normalized) has the score
function L? as its leading term, so that it has the form

T,=L°+7H, +..., (2.20)

with H,, bounded in probability. For example (see (2.10)) A,(to) is equivalent to T,, =
LY + 37toLY. For rank statistics and linear combinations of order statistics H, can
be written as a quadratic functional of the empirical process (centered and normalized
empirical d.f.).

In 70-ies expansions in 7 to terms of order 72 were obtained for the power functions

Bn(t) of various asymptotically efficient tests. The purpose was to study the deficiencies
of the corresponding tests, which we will briefly discuss later on. Writing down such
expansions in an explicit form required very involved calculations. For “parametric” test
statistics first a “stochastic expansion” of the form (2.20), but containing also the 72 term
was derived. It was used to obtain the Edgeworth expansions (briefly, E-expansions) for
the distributions of 7, under P, and P,;. (For rank statistics a different technique
based on a certain conditioning was used by Albers, Bickel, and van Zwet (1976).) The



E-expansion under P,, was used to obtain an expansion in 7 for the critical value a,
defined by P, (T, > a,) = a. Then the E-expansion for

/Bn(t) = Pn,t(Tn > a'n)
was derived by the substitution of the expansion for a, into the E-expansion under P, ;.

Though the E-expansions for the distributions of various asymptotically efficient test
statistics and of A, (t) differ by terms of order 7, it was observed that their powers G, (t)
differ from each other and from 37 (t) by o(7) (and typically by O(7?)), so that “first-order
efficiency implies second-order efficiency”, the latter meaning that the power agrees with
B%(t) up to terms of order 7. The approach of comparing the expansions for % and
B, described above gave no insight into the nature of this phenomenon. A simple and
intuitively clear proof of this general property was given by Bickel, Chibisov, and van
Zwet (1981). We outline here that proof adapted to the present setup.

The idea was, first, to treat directly the difference 8% (t) — 3,(t) and, secondly, to adjust
the test statistic to the LLR (rather than to adjust test statistics and the LLR to L?), so
that the difference

App = Ap(t) — Sny (2.21)

is small. For example, (2.20) as a test statistic is equivalent to
1,
Spit =tT, — =t°J
' 2
and then (see (2.10))
1
A= 7(57t2L9P —tH,) + ...

(We state this expression to show that A, is of order 7 and do not need its particular
form.) Throughout the rest of this section we mostly suppress the subscript and argument
t. Let ¢, and b, be the corresponding critical values defined by

Poo(An > cn) = Pro(Sn > by,) = a. (2.22)
Then the corresponding powers are
ﬁ; = Pn,t(An > cn); /Bn = n,t(Sn > bn)

Their difference is

Bn — Bn = / AP — / dPn; = / dPp; — / dPy 1, (2.23)
{An>0n} {Sn>bn} A+ A

Ay ={A, > ¢, Sn < bn}, A ={A,<cn Sy >0bn} (2.24)
Since dP, ; = eA"dPn,o and

where

/ dpmg—/ dpn’():()
{An>cn} {Sn>bn}

by (2.22), we can rewrite (2.23) as

Bn = Bn = (A+ - /;L)(eA" — €™ )dPpp. (2.25)
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Using (2.21) rewrite (2.24) as
Ar={c, <A < b, — Ay}, A_={b,— A, <A, <cp} (2.26)

Since A,, is of order 7, so is the difference of d.f.’s of A,, and S,,, hence so is ¢,, — b,,. Thus
A, in (2.25) varies in the layer (2.26) having width of order 7. Moreover, the integrand
in (2.25) vanishes on one side of this layer, namely, on the surface A, = ¢,, so that it
remains O(7) in the domain of integration. Its integration over the thin layer results in

By — Bn = o(7). (2.27)

An argument of this type was used in Bickel, Chibisov, and van Zwet (1981) to obtain
(2.27) under very general conditions, in particular, on the magintude of A. When A is

of order 7, it is seen from the above argument that the difference in (2.27) is likely to be
O(7?).

2.3 Power loss

The difference 5:(t) — B,(t) is closely related to the deficiency of the corresponding test,
which is the number of additional observations needed for this test to achieve the same
power as the MP test. This notion was introduced by Hodges and Lehmann (1970).
Deficiencies of various tests were extensively studied in 70-ies by Albers, Bickel, and van
Zwet (1976) (for rank tests), by Chibisov (1983), Pfanzagl (1980) (for "parametric" tests)
and others. When the limit

B(t) = limn(B5(t) — Bu(£)) (2.26)

exists, the asymptotic deficiency is finite and can be directly expressed through this limit.
We will not state this relationship here. Rather, we will directly deal with the quantity
(2.26), which we will refer to as the power loss. This quantity was actually the object of
the studies on deficiency. As we pointed out, its derivation was very involved.

An elaboration of the argument given in the previous subsection leads to the following
formula for the power loss. Suppose that A, as in (2.21) is of order 7 in a somewhat
stronger sense then it was meant before. Namely, assume that (y/nA,, A,) converges in
distribution under P, to a certain bivariate r.v. Denoting II,, = y/nA,, we write it as

(I, A) 228 (11, A). (2.27)

In all regular cases A is a normal r.v. (see (2.12)). Denote its d.f. and density by Fy(z)
and fo(z). Let ¢ be the limiting critical value defined by Fy(c) =1 — a. Then

1
limn(8: — B,) = iecfg(c) Var[IT | A = ¢]. (2.28)
(Note that e®fo(c) = fi(c), where f; is the limiting density of A,, under P, ;.) In the above

argument we assumed that the tests have exactly size a (see (2.22)), but the formula (2.28)
remains valid when the sizes converge to a and equal each other up to o(7?), i.e.,

Poo(Ap > ¢n) — Poo(Sy > by) = o(7?). (2.29)
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The formula (2.28) demonstrates, in particular, that the power loss (hence the deficiency)
is determined by the terms of order 7 of the (asymptotically efficient) test statistic.

We give an informal proof of (2.28) in 5.3. This “proof” was first presented in Chibisov
(1982). Its justification, however, depends on the structure of 7,,. The formula (2.28)
was proved by Chibisov (1985) for statistics admitting a stochastic expansion in terms of
i.i.d. sums (which is typical for “parametric” problems and applicable in the setting of this
paper). Bening (1995, 1997) proved formula (2.28) for rank statistics, linear combinations
of order statistics and U-statistics.

3 Least favorable hypothesis

3.1 Local lower bound for the power loss

Now we consider i.i.d. real-valued observations Xi,..., X, with density

Poc(z) = pe(z = 0), (3.1)
where ¢ = ((1,...,¢) € Z C RF and p¢(z) = pe(—z) for all (. We test the hypothesis
Hy:0=0,( € Z against H;:0>0,( € Z. (3.2)

The main distinction from the no nuisance parameter case is that the test size depends
now on unknown (. Thus we will look for as. similar tests with size approximately equal
to a in some asymptotic sense.

For some ¢t > 0 and n € Z (not to write ¢ with additional indices like (y) consider the
sequence of simple local alternatives

Hypy 2 (6,€) = (1t,m). (3.3)

If n were known, we would have a location family p,(z — ), which was considered in the
previous section. Denote by (3%(¢,n) the power of the MP test for (0,7) against (7¢,7).
Since any as. efficient as. similar test for the problem (3.2) is an as. efficient test for
this testing problem, we can evaluate the difference between its power, 8,(t,n), say, and
B (t,n) by the formula (2.28). As we pointed out, such difference is treated much easier
than the power itself.

We will consider as. similar tests which have size a+0(72) uniformly over compact subsets
of Z. This requirement can be written as

sup 18(0,¢) — & = o(r?) (3.4)

for any compact set K C Z. A lower bound for the power loss of any as. similar test can
be obtained as follows. Let 5,((;t,n) be the power of the MP size « test for a simple
hypothesis (0, () against a simple alternative (7¢,n). Then the power (3,(t,n) of any as.
similar test is no greater than 8,(¢;t,n) + o(r?) for any ¢ € Z. Hence, up to o(7?), it is
no greater than

Bn(t,n) = irgfﬂn(C; t,n). (3.5)
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We do not specify the domain over which inf is taken. It is intuitively clear that the least
favorable hypothesis where this infimum is attained lies in a small neighborhood of 7.

Let us introduce some notation. We write [ = log p with the same arguments and indices,
so that, for example, Iy = logpg¢. The differentiation w.r.t. # and ¢; is denoted by the
superscripts 0 and ¢, i = 1,...,k, e.g.,

0 : 0 0
19, ==1 Iy, = =1 10 = | 3.6
0, o0 0,¢» 0, 8Cz 0,¢» 0,¢ 8928C1 0,¢» ( )
etc. We omit the subscript 0 when 6 = 0, so that we write I¢, ¢, ... instead of lo¢,If ¢, .. ..
We denote by J; and I, the Fisher information (matrix in the latter case) w.r.t. 6 and ¢
respectively,

Jo=Ec(10)? I = (Iei;) with Iz = E(ILL). (3.7)

The symmetry of py¢ about 6 implies that I and [ are odd functions, while [° and I,
i=1,...,k, are even. Hence [ and lgj are uncorrelated with [f and 1%, 4,5 =1,...,k,

Ec(I91%) = E¢(I1°) = E(11%) = E;(171) = . (3.8)

For simplicity of presentation, we will treat ( as a univariate parameter, stating only final
formulas for the vector case. Differentiation w.r.t. this parameter will be denoted by the
superscript 1.

In general, without the symmetry assumption (when I} and I} are correlated), the least
favorable hypothesis to the alternative (3.3) deviates from n by a quantity of order 7
(proportionally to the deviation of §). In the symmetric case this main term vanishes, so
that we will seek the minimizer in (3.5) in the form ¢ = n+ 72b.

The MP test for (0, () against (7t,7n) is based on the LLR

Pn,t Prin(Xi)
An(Cit,m) = log Pntit — 1og T Bt i) 3.9
(G5t,m) = log 2 = log J| P22 (3.9)

(We use the notation for the product density similar to (2.4).) It can be written as
An(C5t,m) = An(n;t,m) — An(n; 0, ) with

An(mit,m) = log 2282 A (5:0,¢) = log 220€. (3.10)
n,0,n pn,O,n

Here A,(n;t,n) is the LLR of distributions differing only by the location parameter with
n fixed, hence the formulas in 2.1 are applicable. Using notation (2.8) with obvious
modifications, we have by (2.10)

An(m5t,m) = thy, — 570y + 578 Ly, + . (3.11)
In a similar way we obtain for ( = n + 7%b
An(n;0,m+ 72b) = 7bL,,  — 37261 + . .. (3.12)

Hence
An(n+ 7205t m) = tL?W — 1T, + T(%t2Lg?n — bL}W) + ... (3.13)
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This test rejects the hypothesis when
A (n+ 726 t,m) > c,(b) (3.14)
(suppressing the other arguments like ¢, on which ¢, depends) with
Pronpiezs(An(n+72b5t,m) > c,(b)) = a (3.15)
(or a + o(7?)).
Its power is

Bu(n + 7265t,m) = Poriyirzs(An(n + 7205 t,m) > c,(b)). (3.16)

In particular, for b = 0 this formulas are related to the MP test for (0,7n) against (7¢,7).
We denoted the power of this test by 5%(¢,n7). We can regard the test (3.14) as an as.
efficient test for the same testing problem. Then the difference between the two powers
could be directly found by the formula (2.28) if these tests had the same size (up to o(7?)).
However the (0, 7n)-probability of (3.14) to be denoted by o/, differs from o (which is the
(0,7 + 72b)-probability of the same event) by a quantity of order 72. Namely, we have

a—a, = 7_2g0(u1,a) h+o(7?), (3.17)
2t/ 7,
where
. . . tug_ g, .
h=h(b,t) = bia — 26TL,b, ' = 2B, (1) + =% Eo , (19)%L). (3.18)

vy

This formula is stated for the case of a vector nuisance parameter, meaning the summation
over the repeated index 7. In this case I, is the (k x k) Fisher information matrix.

The formula (3.17-18) will be derived in 5.1. Using this formula we obtain here an
asymptotic formula for B (¢t,n) — B.(t,n) (see (3.5)).

Denote by 3 (t,n) the power of the MP test for (0, ) against (7¢,n) (based on A,(n;t,7))
of size a},. Then this test has the same size as the test (3.14), hence we can apply the
formula (2.28). Comparing (3.11) with (3.13) we see that A, as in (2.21) equals 7bL,, ,,
so that denoting by (Ly, L;) a bivariate normal r.v. to which (L, , L;,,) converges in

n,n?
distribution under P, we see that (2.27) holds with
1
M=bL,, A=tly—t", (3.19)
Due to (3.8) Ly and I, are independent, so that the conditional variance in (2.28) equals

the unconditional one, which is b" I,,b. Thus by (2.28) and (2.17)

, 1, 1
“(t,n) — B, 2hit, ) = — 72— o — VI . 3.20
By (t,n) — Bu(n + 7°b;t,m) 57 tﬁw(ul VI, (3.20)

Comparing (3.17-18) with (2.18) we see that the tests based on A,(n;t,n) of sizes a and
o satisfy (2.18) with 6, = 372h. Hence by (2.19)

Bi(t,m) — By (t,m) = %#tjjnso(ula TR+ o), (3.21)
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where h is given by (3.18).
Thus we obtain from (3.20) and (3.21)

By (t,m) = Bu(n + 7201, 1) = %7—2?5\/17"%0(“1—11 — /) (h+bTLb) +o(r?).  (3.22)

It is seen from (3.18) that h(b)+b71,b is a quadratic function of b. It attains its maximum

at 1

by = 5In—la, (3.23)
where a = a(t) is given in (3.18), and its maximal value is }a” I, 'a. Since G in (3.22) does
not depend on b, maximization of (3.22) corresponds to minimization of 3,(n + 72b;t, 7).
Therefore (see (3.5))

B (t.m) — Balt,m) = %#%ml_a —tI)at L a + or?). (3.24)

Recall that the power (3,(t,n) of any as. similar test is no greater than 3,(¢,n) (see the
argument before (3.5)). Hence the RHS of (3.24) provides a lower bound for the power
loss B%(t,n) — Bn(t,n) of any as. similar test.

Remark. It is seen from (3.23), (3.18) that h(by,t) = 0, i.e., &/ = a + o(7?) for b = by,
where o is the size of the test based on A, (n+72bo; ¢, n) (see (3.14), (3.17)). One can check
that this test is as. similar (i.e., of size a+ o(72)) on any neighborhood (n—C7?%,n+ C7?)
of n shrinking at a rate of 72.

For convenience of comparison with the bound given in the next section, restate (3.25)
for the alternative (7¢//J,,n) rather than (7t,n) (this normalization will be essential for
derivation of that bound). Denote d = (d, ..., d*) with

d' = d'(t,n) = tEy,(I0°1L) + u1—o B (1)) (3.25)

Then for the power (3,(t,n) of an arbitrary as. similar test we have

Bt/ Jy,n) = Bult/ [ y,m) = T2 Bu(t,m) + o), (3.26)

where ;
Bi(t,n) = ﬁgo(ul,o, —t)d" I d. (3.27)
n

3.2 A test attaining the local bound

Here we demonstrate an as. similar test on which the above bound is attained at a given
alternative (7¢,n). Note that this test depends on the chosen alternative and is not even
first-order efficient against alternatives with { # n. For simplicity of presentation we treat
only a univariate parameter (.

In the previous subsection we derived the lower bound for the power loss as the power
loss of a specific test, namely, the one based on the LLR A, (n+7%by;t,n). As pointed out

12



in Remark 3.1, this test retains the size a + o(7?) on small neighborhoods of n shrinking
at a rate of 7>. We will show that this test can be modified to become as. similar (i.e., of
size a + o(7?) uniformly on compact subsets of Z) retaining the power loss at (7t,7).

Consider the statistic
S, = Sn(t,n) = LY +1(tL°°—iL1) (3.28)
n = OnB )= Sy T T\ o g S ) |
It differs from A, (n + 72bg;t,n) (see (3.13), (3.17), and (3.23)) by dropping the terms of
order 72 and by additive and multiplicative constants. As we pointed out, the power loss
is determined by the terms of order 7 in the stochastic expansion of the test statistic,
so that the test based on S, has the same power loss under (7¢,7) as the test based on

An(n + T2b0; ta 7))

Denote ¢q(¢) = (Ec(lg)z)_lp. Let ¢, be the maximum likelihood estimate (MLE) for (.
As the first step, we studentize S,,, i.e., we consider

Sn1 = Sna(()- (3.29)
It is well known that under P, ¢
o =CHTITLL + .. (3.30)
Putting this into (3.29) yields
Sn1 = Sn(q(C) + Tq'(C)IC’IL;’C) + ... (3.31)
Next define
Sn2 = Sp1 — 7Snd' (n) I, 'Ly, . (3.32)

It is seen from (3.31) and (3.32) that S, under P, differs from S,q(n) by terms of order
72. We will construct a statistic S,3 differing from S5 by terms of order 72 of its stochastic
expansion, which determines an as. similar test. Hence the test based on S,,3 is as. similar
and the statistic S,3/q(n) coincides under P,,, with S, as in (3.28) up to (including)
terms of order 7. Therefore this test has the same power loss for the alternative (7t,7n) as
the one based on S, thus attaining the lower bound for this alternative. Thus the test
based on S,3 will have the desired properties.

To construct the required correction of S,, consider its stochastic expansion. We have
from (3.28), (3.31), and (3.32) that under P,

1 a -
Sn2 = Q(C)L?L,T] + 57—Q(C) (tLEL(,)T] - FLT]:L,T]) - Tq,(n)ln lLiL,r]LEL,r]—i_
n
+7¢ () Ly Ly 4 - - (3.33)

The key argument is that the 7-term in the corresponding E-expansion vanishes, so that
the E-expansion has the form

Pro¢(Sna < z) = ®(z) + 7°Q(, {)p(x) + o(7?). (3.34)
Indeed, since [ is odd and [)” and [} are even, the third moment of I) vanishes and L,

is uncorrelated with L)’ and L, under P, for any ( € Z. Hence our claim follows

from the form of the one-term E-expansion given in 5.2. Now (3.34) can be rewritten as
Pro(Snz — 7°Q(2,¢) < ) = ®() + o(7?). (3.35)
Then Sp3 = Sps — 72Q(x, fn) has the required property.

13



4 Local asymptotic minimaxity in terms of the power
loss

4.1 The lower bound

The bound given in the previous section can be attained by some tests, which, however,
depend on the chosen 7. This resembles the superefficiency effect in estimation, where a
lower risk than the regular (Cramér—Rao) bound can be attained in a vicinity of a given
parameter point by estimators tuned to this point at the expense of increase of the risk at
some other points. Like in estimation, this suggests the minimax approach where a test
is characterized by the maximal loss over a neighborhood in the parameter space. Hence,
for a fixed ¢t > 0, we characterize an as. similar test with power £,(t, () at the alternative

(¢/+/ 74, m) by
ralt, K) = sup (B1(t// e, ©) = Bult// T, Q) (4.1)

where K C Z is a (small) neighborhood of n and B(¢, (), as before, is the power of the
MP test for (0,() against (7¢,(). For a univariate ( we take K to be a finite interval.

We normalize ¢ by ,/J¢ in order to exclude the effect of variation of J; on the power loss
when taking the supremum. Later on we will point out where this normalization comes
into effect techically. For notational convenience, denote ¢(() =t/,/J;.

Let 7(d¢) be the uniform distribution on K (though many arguments to follow remain
valid for more general 7). Then, obviously,

(LK) = [ (8, — Bu(t(€), €))m(dC). (4.2)
Denote by A(«) the class of tests with average size «, i.e., tests such that
[ 80, )(dc) = o (43)
Let 3,(t,¢) be the power of the test in A(a) maximizing

/ Bn(t (d¢). (4.4)

Denote this maximal average power by 37(t). The size of any as. similar ‘test satisfies
(4.3) with o+ o(7?) in the RHS. Hence its average power is no greater than 87 (t) + o(7?).
Thus for r, (¢, K) related to an arbitrary as. similar test we obtain by (4.2), (4.4) the lower

bound
ralt, K) > [ B3(0C),Om(dS) = Br(t) + o(r). (4.5)

Denote by P, and P, ;¢ the probability measures with densities

Proc(x) = [lpoc(z

Pric(x) = IpPmoc(zi), x=(21,..., ).
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(We keep t fixed and suppress it in the notation of the alternative densities and distribu-
tions.) Let

Paa() = [ puac(x Pro®) = [ Puoc(x)m(dC). (4.6)

Denote by Py, Pyo, Ey 1, By  the corresponding distributions and expectations. It is seen
from (4.3), (4 4) that the test maximizing Br(t) over A(a) is the MP size a test for the
simple hypothesis P;, against the simple alternative F7,. This Bayes test is based on

the LLR

P 1(X)
A7 (t) = log — , X =(X1,...,Xn). (4.7)
pn,U(X)
While this test has size a w.r.t. Py, its size B.(0,¢) w.r.t. P,oc differs from o by a

quantity of order 72. We will show that A™(¢) can be amended in terms of order 72 so

that the average power (7(t) changes only by o(7?) and the corresponding test is as.
similar. In other words, we will construct an as. similar test with power Bn(t, ) such that
the corresponding average power 37 (t) equals 87 (¢) up to o(7?),

Br(t) = Br(t) = o(7?). (4.8)

Therefore the lower bound (4.5) can be restated as

ralt, K) = [ (B(H($), Q) = Bult(0), O)m(dC) + o(r). (4.9)

Then the difference in the integrand can be evaluated by formula (2.28).

In this way we will obtain that

Br(t(€), Q) = Ba(t(€),¢) = T*B*(t,€) + o(7?),
with B* given by (4.31).

Like in the estimation theory, to obtain a lower bound for the power loss at a given point
n we pass to a limit as n — oo in the bound (4.9) for nr,(¢, K) with K taken to be an
interval containing n as an interior point, and then we pass to a limit as K shrinks to 7.
Under appropriate regularity conditions B*(t, () is continuous in ¢, so that the average
value of B* converges to B*(t,n) when K shrinks to n. Thus, denoting by S the class of
as. similar tests and by B%(t, () the power of the test ¢ € S we obtain

lim lim inf inf supn ;';(t/\/jc, ¢) — ﬁfl’(t/\/jc, ¢)) > B*(t,n). (4.10)

Kln n—=0 ¢€S ek

To carry out the program outlined above, we derive a stochastic expansion for A™(¢) given
by (4.7). We assume that the “true value” of the nuisance parameter is some 7, interior
to K. Write py; (X) (see (4.6)) as

Pri(X) = Pnpy(X) g,1(X),

where

52(%) = [ oxp (Tiog 200 ) rac) (.11

Tt(n),n
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Similarly, we write

Pro(X) = Pno.n(X) g7 o(X),
where g ,(X) is defined by (4.11) with ¢ = 0. Thus the LLR (4.7) can be written as

™ pn717n(X‘) q;lr I(X)
AT(t) = log ————~2 +1 d )
A =los ) T )

Note that the first term in the RHS of (4.12) is the LLR of the distributions with densities
Pn,in and pn,, which determines the MP test for (0,7) against 7¢(n),n. This is the test
which we would apply if n were known and relative to which we calculate the power loss.

(4.12)

We will return to this test later on, and now we consider the second term in the RHS of
(4.12). Denote the exponent in (4.11) by M,(¢,{,n),

Mo(t,¢,m) = Y (lri() ¢ (X3) = Lrsiny o (X5))-

The LLR M, has a nontrivial limit when the deviation of { from 7 is of order 7. Hence
we make the substitution { —n = 7z. Then the domain of integration w.r.t. z extends at
a rate of y/n, and the tails of the integrand decrease sufficiently fast, so that with high
accuracy the integration can be extended to the whole real line.

The difference ¢(¢) — t(n) for ( =n+ 72z is

1
Tt/\/jg = 7'15/\/777 = —§T2tan_3/2J; + o(7?).

(As before, the superscript 1 of J,, means the derivative w.r.t. n.) By the Taylor series
expansion around 7 we obtain

1 gy
Mn(t, n—+r7z, 77) = _iTZtZ—J;}Z Z l?'t(n):’?
n

1 1
1 2 11 3 111
T2 Z th(Tl)ﬂl + 5(7-2) Z l'rt(n),n + 8(7_2) Z l'rt(ﬂ),ﬂ + ...
Next we use the Taylor expansions
lgt(”)”’ - lg,n + Tt(n)lg?n +..
Dim = o+ T, + 722 + ...,
By = B, +7tmE +...,

111 _ g
Lt = log -
Similarly to (2.8) we denote by L), L)’ ... the centered and normalized sums of the
corresponding derivatives. Note that
Eonloy = Eoploy = Eoglo =0, Eoyloy, =—Jy,  Eoplon = —1y. (4.13)
Denote Moo1 = EO,nlg?nl- Then
1 I
M,(t,n+T12z,m) = — §TZtJ" Jp Loy + 57’zt 7,
zt I
Ll LOI - e
+ =z ”’”+T\/7,7 ny T ZTZJanOI

1 1 1
§z21n + 57’z2L}:,, + 67z3m111 + ...
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Thus the integrand in (4.11) is

exp (—%ZZI77 + thm) (14 7(2Up, (1) + %zzLi:n + %23m111)] +..., (4.14)
e Up.n(t) Ly LY+ 1t2J; P S L2 (4.15)
n, =———%L, —t*—+ —L, ——Mygo1- .
" 2327 gy g 2

Integrating w.r.t. m(d¢) we obtain the ratio g7 ;(x)/qy ;(z) in the form

()  A+74 AL — Ay
: = =147—...,
aolz)  A+TA A

(4.16)

where A and A; are the integrals of the main term and the order 7 term in (4.14) and A,
is obtained from A; by putting ¢ = 0. The terms in (4.14) not containing ¢ cancel when
taking the difference A; — Ay and the calculation of (A; — Ag)/A reduces to writing down
the mean value of the corresponding normal distribution, which yields

q::l(x) LT]’-LU
DT Y, () + 417
() I ) )

The logarithm of this ratio to be used in (4.12) is just the 7-term in (4.17) (up to terms
of higher order).

Denote the first term in the RHS of (4.12) by

An(t(n),n) = log %- (4.18)

As we pointed out, this is the LLR of the two distributions for n given, with which we
compare our test statistics. In view of (4.17) we can rewrite (4.12) as

1

AT(t) = An(t(n),n) + TLI”’” Upp(t) + ... (4.19)

n

This relation could be used for the application of the formula (2.28) (see (2.21), (2.27)),
if the test based on A (t) were as. similar. We will show that it can be made as. similar
by a correction in terms of order 72 which do not affect its power.

For that we need a stochastic expansion for AZ(¢), which is obtained by writing down
that for A,(¢(n),n) in (4.19). The latter LLR can be treated as in the case of a univariate
parameter. Hence by (2.10) it is

An(t(n),m) e el —tZLU0 +
n 1) = nn o =T n
T VI, M2 2 g
Thus by (4.7), (4.12), and (4.17)
A”(t)——t e (t) + (4.20)
n _\/jn nn T g TVnn ceey .
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where, with U, ,(t) given by (4.15),

Vo) = Logoo Ly (4.21)
n,n - 2J7] n,n IT] n,n ' ’

We denote the power of the Bayes test based on A™(t) by 87 (t),
Ba(t) = PT(AR(E) > cn),

where ¢, is such that this test is of size a w.r.t. P,

Pro(AT(E) > ¢,) = /K Paoc(AR(t) > ea)(dC) = . (4.22)

Now we will construct an as. similar test of the form S, ; > ¢ with power Bn(t, ¢) whose
test statistic differs from AZ(¢) by terms of order 72. Since AZ(¢) is the LLR statistic in
testing PT; vs P7,, by the formula (2.28) the power

n,l’

CHOR WISLIS (4.23)

satisfies (4.8).

To this end, consider the E-expansion for the distribution of A7 (¢) under P, . The main
term is the normal distribution N(—3t?,¢?). Denote its d.f. and density by Fy,(z) and
fot(z). (It is important that the main term Fp, of the E-expansion does not depend on ¢,

which is due to the normalization of ¢ by y/J;.) The term of order 7 in this E-expansion
vanishes because it consists of the term with the 3rd moment of [, vanishing since this
is an even function and the conditional expectation

E(Ve(t) [t1 71 - 2 = c) (4.24)
where V;(t) depends on a zero-mean normal vector
(L¢, Lg, L, L) (4.25)

to which (L ., Ly, ¢, Ly’s, L) converges in distribution in the same way as V;, ¢(t) depends
on (LY (,...) (see (4.15), (4.21)). (The formula for the one-term E-expansion of a statistic
like (4.20) is given in 5.2.) Due to the symmetry properties (see (3.8)), L¢ is independent
of LY and L¢ is independent of (L¢, L{'). Using these relations it is readily verified that
the conditional expectation (4.24) vanishes.

Denote by c¢ the (1 — a)-quantile of Fy, viz., ¢ = tuj_o — 5t*. Then
Proc (AR(t) > ¢) =1 = Fos(c) — 7 fou(e)ge(c) + o7?), (4.26)

where 1 — F;(c) = o and g¢(c) is a certain polynomial in the E-expansion evaluated at
T =c.

The particular form of g¢(c) is immaterial, we only need that it is a sufficiently smooth
function of ¢ (under certain regularity conditions). It is seen from (4.26) that

Pooc (AL() +7°9(C) > ¢) = ar+ o(7?). (4.27)
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Obviously, this relation will continue to hold if we replace g(¢) by g((,), where ¢, is any
consistent estimator of {. Hence setting

Sne = AT(t) + 729(C) (4.28)

we have
Bn(0,8) = P c(Sny > ¢) = a+ o(7?)

for any ( interior to K, so that this test is as. similar. As we pointed out above, the
averaged power (4.23) for

Bu(t,0) = Pai¢(Sns > ¢)
differs from B,(t, ) by o(7?), i.e., it satisfies (4.8).
Now we obtain an asymptotic formula for the integrand in (4.9), 8%(t, ) — Ba(t, ¢). Recall
that 8%(t,¢) is the power of the MP size a test for P, vs P,1¢, which is based on

An(t(¢),C) given by (4.18), and Bn(t, ¢) is the power in this testing problem of the test
based on the statistic (4.28) having the same size up to o(7?). Hence by (4.19)

1
Ll
I,

U, C( ) . (4.29)

where U, ((t) is given by (4.15). Therefore (2.27) is fulfilled with

I = LéU() A——LO e

where Uc(t) is given by (4.15) with L ., and L', replaced by the corresponding com-
ponents of the limiting vector (4.25). In our case e“fo(c) in (2.28) is efy:(c) with
fou(c) the density of N(—3t?,¢%) and ¢ the (1 — a)-quantile of this distribution, so that
e“for(c) = t Lo(ui_a —t) (cf. (2.17)). The condition A = ¢ becomes L = ui_ov/Js.
Thus by (2.28) )

Ba(t,¢) = Bu(t, Q) = T°B*(t,¢) + o(7?), (4.30)
where

B*(t,¢) = —go(ul o —t) Var LU | LY = uy oV |-

By a routine computation of the conditional variance we obtain for ¢ € R*
¢ B y D0 . .
B*(t,() = 2 J2g0(u1,a —1) [dTIC '+ 4I7 (J E(1F17) — B )E(lglg’))] . (4.31)
where d = d(t,¢) is given by (3.25), I = (Iéj), and E stands for Ey .
By putting (4.30) into (4.9) we arrive at (4.10).
It is seen that B* given by (4.31) differs from B; given by (3.27) by the term of the form

I (JE(%1%) — E(°I°)E(I°1%)) > 0

by a version of the Cauchy—Bunyakovsky inequality. Hence B* > By, i.e., (4.10) provides
a more accurate lower bound than the one in Section 3. In the next section we indicate
tests for which it is attained.
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4.2 Locally asymptotically minimax tests

The bound (4.10) was obtained as the power loss of the test based on the statistic S, ;
given by (4.28). This test, however, depends on the chosen point ¢, see (4.20), (4.21),
and hence attains the LAM bound (4.10) only at this point (. Here we construct an as.
similar test which attains the LAM bound for any { € Z.

Note that both the bound and the test depend on the (local) alternative in terms of the
parameter of interest specified as § =t/,/Jen, t > 0. The alternatives (t/,/J¢n,(), ( € Z
form the "level surface" of asymptotically equal power in the parameter space.

To construct the required test, we start with the statistic (cf. (4.20))

t
= 77,
Up to the nonrandom term %tQ this statistic has the same stochastic expansion to within

the terms of order 7 as A, (¢(¢),¢) in (4.20) with V,, () substituted by V;, ¢(t) given by
(4.21), where U, ((¢) is to be replaced by

S, (¢) Ly o + V(1) (4.32)

_ 1,JE 1¢2 t J; t
U, c(t) = §t27§ + g7 mon = Unc(t) — (—ijTC/QLg,C + \/—ng{C) (4.33)
¢ ¢

(cf. (4.15)). Now we substitute the MLE ¢, for ¢ in S,(¢). Using the stochastic expansion
for ¢, as in (3.30) and applying the Taylor formula to S,((,) we obtain the leading term
as in (4.20) and the two terms of order 7 which were dropped when replacing U, ¢(t) by
Un () (see (2)). Together with 7V, : (t) = 7V, ¢(t)+77(...) they constitute the stochastic
expansion to within terms of order 7 as in (4.20) (up to the dropped constant 3¢?), which
we aimed at. By an argument similar to the construction of S, ; (see (4.24)—(4.28)) we
can correct Sn(fn) in terms of order 72 to obtain an as. similar test.

5 Appendix

5.1 Proof of (3.17-18)

Here we outline the proof of the formulas (3.17-18) for the difference a — o/, where

a = Pn,0,77+TZb(An(n + TZb; ta 7)) > cn(b))a
o/ = Paog(An(n+7°b5t,m) > cn(b))
(see (3.15) and the definition before (3.17)). Since n and b are now fixed, we will often
suppress the corresponding indices. In particular, we will suppress the subscript n of
LY, J, etc. For simplicity we write P, g = P, and P, = P, g, 2. By (3.13), the event
An(n+ 72b;t,m) > c,(b) is equivalent to Ty, > a,, where
Tn = An(n+ 72038, m) + 31°J = tL) + T(3°L; — bLy,) + ... (5.1)

and a,, differs from ¢, (b) by 3t2J. The effect of the omitted terms in (5.1) on the difference
a—a' is o(1?), so that they can be neglected (though their effect on each of the probabilities
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a and o' is of order 72). Denote for brevity A, = A,(n+ 72b;t,n) (see (3.10), (3.12)). By
(3.10)

Then
a—a = (Pup— Poo)(Tn > an) = Enpl{T, > an} (eA" — 1) )

By (3.12) et — 1 ~ 7bL% + 1726% ((L})? — I). Let g, (2, z*,2%) denote the joint density
of (LY, L, L%). Then

1
o— o = / / / (rbat + 570 (@))? = D)an(a’, ', 2%)dada’ da™,  (5.2)

{Tn>an}

where according to (5.1) the domain of integration is understood as

{tz° + 7(3t°2" — bz") > a,}. (5.3)

Denote by q(z°, !, 2%) the density function of the limiting normal vector (L°, L', L%),
and by q(z°), g(z*, %), etc, the corresponding marginal densities. By (3.8) g(z°, z*, %)
q(z%)q(x', z°°). The second term in the integrand (of order 72) contributes o(72). For
within this accuracy the domain of integration can be replaced by {tz° > a,}, so that the
integral of this term factorizes into the product of the integrals w.r.t. z° and (z*, z%°). In

the second integral z%° integrates out, so that this integral becomes

/ ((x1)2 = I) q(z")dz' = 0.

Hence we can consider only the term 7bz! in the integrand of (5.2).

Let Qn(y,z',2%) = [;° ¢a(2°, ', 2°°)dz". Taking into account (5.3) we integrate (5.1)
w.r.t. z° to obtain

a—a = // Qnlan/t — T(%t.’L‘OO — bzt /t), 2t %) bz dxt dz®.

Obviously, %Qn(y, rt, 2%) = —q,(y, z', z°°). Thus we have

o — Ol, = Al + A2, (54)

where
A = Tb// Qnlan/t, z', %)z dz' dz, (5.5)
Ay =T12b // gn(an/t, =, %) (2ta* — bz' /t)dz' dz™. (5.6)

Consider A;. The variable 2z integrates out, and returning to the expression of @,
through ¢, we rewrite A; as

Ay =1b // z'q, (20, z')dzdz’. (5.7)

{wo>an /1)
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Here we need the one-term Edgeworth expansion for g,(z° z'). Denote by ¢y(z) and
¢1(z) the densities of L° and L', which are the normal densities of N(0,J) and N(0,I).
Then

w(y, ) = @o(y)ei(z)

+ 3 [+ 3B ((I)%") (—Dy)?eo(y)(—Da)r () + .. | + o(7),

where D, and D, denote the differentiation operators w.r.t. y and z respectively. When
substituted into (5.7), the integrals of each term factorize into the products of the respec-
tive integrals w.r.t. z° and z!. The main term integrates to zero because one of the factors
is the mean value of ;. The terms of higher order than 7, obviously, contribute o(7?) into
(5.7). The suppressed terms of order 7 either vanish or integrate to 0 in (5.7). A generic
term in brackets contains the derivatives of ¢y and ¢!, totally of order 3, multiplied by
the corresponding product moment. The term with coefficient E(I°)® vanishes since [° is
odd, while the remaining terms contain the 2nd and 3rd derivatives of ¢;(z) giving rise
to the 2nd and 3rd order Hermite polynomials orthogonal to z' in (5.7) (the first order
Hermite polynomial).

We have
(—=Da)r(z) = I M(z/VT)p(z/VT)

with ¢(-) being the standard normal density. Hence we obtain
/xl(—D;)gol(xl)dxl ~1.

Similarly,

L Do)y = (D)oo, = T (77) |

It is seen from (5.1) that a, — a = tv/Ju;_, and this limiting value can be substituted
for a, with error o(72). Thus

A = %TZleE (0O1) wy aplus o) + o(7?). (5.8)

Now we consider A,. Since the expression (5.6) contains factor 72, we can replace g, by
the limiting normal density ¢ and a, by a. As we saw,

qn(a/t,z, 2°°) = po(a/t)q(z", ).
Since @o(x) = J~2p(x/v/J) we have wo(a/t) = T 20(u;_q).
Hence we obtain from (5.6)

1 b
A =76 P (uy_q) litE(l"Oll) - ;I] +o(7%). (5.9)

Putting (5.8) and (5.9) into (5.4) we obtain (3.17-18) for a univariate nuisance parameter
n. The case of a vector-valued nuisance parameter is treated in a similar way.
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5.2 One-term Edgeworth expansion

For the sake of completeness we recall here the formula for the one-term Edgeworth expan-
sion for a statistic admitting a stochastic expansion and present its informal derivation.
Suppose we have i.i.d. p + 1-variate random vectors

(Typically we have i.i.d. observations X7, ..., X,, and p+ 1 functions on the range of X's,
so that the vector (Yy;,Y;) is formed by these functions of X;.) Denote by (S,,T,) the
normalized sums of these vectors,

Sn:TZYE)i, r]:‘n:Tz:YvZ
i=1 i=1
We are interested in the one-term E-expansion for the distribution of a statistic

Zn = Sp + Th(Syn, Thp),

where h(-) is a polynomial of p + 1 variables.

We assume that Yj; has mean zero, variance o and a finite third moment pu3 = EY{],

moreover, its distribution is non-lattice. The moment conditions on the other components
and conditions on the joint distribution of the entire vector depend on h(-). The most
general moment conditions are given in Chibisov(1980-81); for h(-) a quadratic function
(as is the case in (4.20)) a sufficient moment condition on Y} is that Yii, ..., Y}, have zero
means and finite second moments. Assuming this, denote by ¥ the covariance matrix of
(Y01, Y1). Then by the Central Limit Theorem

(Sp, Tn) -5 (S, T) (5.10)

where (S, T) is a normally distributed random vector in RP*! with mean zero and covari-
ance matrix X.

Denote by Fy,(z) the d.f. of S,, F,(z) = P(S, < z). Then for F,(z) the one-term
E-expansion holds,

Fo.(z) =®(z/o) — T%Hz(d?/O’)QD(.’E/O‘) + o(7), (5.11)

where Hy(z) = 22 — 1, and ®(+) and ¢(-) denote the standard normal d.f. and density.

To derive the E-expansion for Z,, assume that S, has a density p,(z). Then by the
formula for total probability

P(Z,<z)= /P(Th(y, T,) <z —y|S, = y)pa(y)dy. (5.12)

The right-hand side of (5.12) can be rewritten as

Fa(@) + [IP(rh(y, Ta) < & = ylSw = 4) ~ Lo~ Wipalw)dy,  (5.13)
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where 1,4(-) denotes the indicator function of the set A. By the change of variables
x —y = 7z the last integral becomes

T /[P(h(x —72,Tp) <z|Sy =2 —72) — Lo,00)(2)]pn(z — T2)d2. (5.14)

By (5.10) p,(z) — (1/0)¢(z/0o), and the formal passage to the limit yields that the
integral in (5.14) converges to

o lp(1/0) /[P(h(x, T) <z|S=2)— Lo (2z)dz. (5.15)
Integrating by parts shows that the integral in (5.15) equals
—E(h(z,T)|S =z) (5.16)
(see Feller (1971), Chapter 5, §6, Lemma 1). Combining (5.11)—(5.16) we obtain

P(Z, < 2) = 8(z/0) — To(/0) [ 22 Hy(z/o)+

603

+07 B(h(z,T) | S = )] + o(7). (5.17)

5.3 The formula for the power loss

Here we give an informal proof of the formula (2.28). Since parameter ¢ has no special
meaning here, we denote the two sequences of probability measures corresponding to
hypotheses Hy and H; by P,y and P,;. We compare the MP test for H, against H;

based on the LLR
dP,

dP,

with the test based on a statistic S,, of the form

A, =log

S, = A,, — 711, (5.18)

(cf. (2.21) and the notation introduced before (2.27)). The tests reject Hy for A, > ¢,
and S,, > b, respectively with

Puo(An > ¢n) = Pag(Sn > b,) = o (5.19)

(see (2.22)). We assume that (II,, A,) converges in distribution under P,  to a nonde-
generate bivariate r.v. (II, A) (see (2.27)) and that A,, under P, has d.f. and density F,
and f, o converging to Fy and fy. The powers of the two tests are

Br = Pnoi(An >c¢,) and B, = Pn1(Sn > by).
Using (5.19) their difference can be written as
ﬁ:; - ﬁn - n,O(eAn - 6bn)(]-(cn,oo)(An) - l(bn,oo)(sn)) — An + Bn; (520)

where
An = Enp(e™ — ) (1 sop)(An) = 1(—oocn)(An)), (5.21)
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B, = Enp(e™ — ) (1 oopn)(Sn) = 1 oopn)(An))- (5.22)
Denote d,, = ¢,, — b,. We will show that

d, = —TE[Il|A = ¢] + o(7), (5.23)
A, = —%diecfo(c) + o(7?), (5.24)
B, = %T S BI2|A = dfo(c) + o(r?). (5.25)

Combined with (5.20) these relations immediately imply (2.28).

Proof of (5.23). Denote the d.f. of S, by Fs, (z); recall the we denote the d.f. of A,, by
F,o(z). Using (5.18) we establish similarly to (5.20)—(5.24)

Fs (z) = Foo(z) — TE[II| A = z|fo(z) + o(T). (5.26)

In view of (5.19) this equality implies, in particualar, that b, — ¢ and ¢, — ¢ as n — oo,
where c is defined by Fy(c) =1 — a. Put z = b, in (5.26) and replace Fs, (b,) by Fy, 0(cn)
according to (5.19). Then we obtain

Fro(cn) — Fuo(bn) = —TE[IL| A = ¢ fy(c) + o(7). (5.27)

On the other hand,

Fro(cn) = Fno(bn) = dn(fo(c) + o(1)). (5.28)
Now (5.27) and (5.28) imply (5.23).
Proof of (5.24). Rewrite (5.21) as

bn
g = [T (et = 1)dF0(y).

Since d,, = O(1) by (5.23), we have

eV =14y —b,+0(7), y € [cn, by]
and therefore ,

A= [ (g = ba) faod(y) + o(7?) =

1
= —§ecf0(c)di + o(7?),
which proves (5.24).
Proof of (5.25). By the formula for total probability rewrite (5.22) as
By = e [/ = 1)[P(rlly < by = YA = 9) = 1o ()} nolv)dy
By the change of variables b,, — y = 7z this becomes
By =re [(e77 = 1)[P( < 2[An = by = 72) = L0 () fmo(bn — 72)d2.

The conditional distribution of II,, is essentially concentrated in a bounded domain. Hence

e ™" — 1~ —72. By a formal passage to a limit we obtain
By = =72 fo(c) [ AP < 2| A = c] = 1g,09 (2)}dz + o(r).

Integrating by parts yields (5.25).
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