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Abstract

We discuss statistical properties of phase boundary in the 2D low-temperature Ising
ferromagnet in a box with the two-component boundary conditions. We prove the weak
convergence in C[0, 1] of measures describing the fluctuations of phase boundaries in the
canonical ensemble of interfaces with fixed endpoints and area enclosed below them. The
limiting Gaussian measure coincides with the conditional distribution of certain Gaussian
process obtained by the integral transformation of the white noise.

1 Introduction

The large deviation probabilities for the total magnetization in the two-dimensional (2D) Ising
ferromagnet are known to possess the non-classical asymptotics in the phase coexistence region.
The exponential decay here is of the surface order [25, 9] reflecting the fact that the phase
separation is the main mechanism responsible for this asymptotic behaviour. (Without being
explicitly stated, this fact was essentially presented in the early papers by Minlos and Sinai
(19, 20] where the case of d-dimensional (d > 2) Ising model was rigorously studied.) The rate
function corresponds to the total surface tension of the phase boundary and the limiting shape
of the latter can be described in the framework of the Wulff theory [7, 23]. Particularly, in the
typical configurations, the immersed phase tends to form a unique macroscopic droplet with the
shape and the area close to that of the Wulff droplet, i. e., the solution of the related variational
problem. As a result, the optimal value of the Wulff functional provides the correct constant
on the surface scale of the exponential decay of large deviations probabilities. Note the really
remarkable fact that the last observation is actually true for all subcritical temperatures, i. e.,
in the whole phase coexistence region [15, 16]. ,

The results obtained in [7, 23, 15, 16] describe many interesting properties of the phase
boundary as well as typical configurations in the considered situation. However, they are not
sufficient to deliver the exact asymptotics of the probabilities of large deviations. To this end
one needs more detailed information about the fluctuations of phase boundary with respect to
the limiting Wulff shape, the information that is also of independent interest.

The present paper is an attempt on the way to fill this gap. Namely, we discuss statisti-
cal properties of phase boundary in the 2D low-temperature Ising ferromagnet with the two-
component boundary conditions in the canonical ensemble of interfaces with fixed endpoints
and fixed ”area enclosed below them”. We prove the weak convergence in C|0, 1] of the proba-
bility distributions describing the fluctuations of such interfaces around the corresponding part
of the Wulff shape to certain conditional Gaussian distribution. This limiting measure coin-
cides with the conditional distribution of a Gaussian random process obtained by the integral
transformation of the white noise.

As in the preceding paper [6], where similar problem for a general model of the SOS-type
was investigated, we use extensively the large deviation principle in the strong form [8] combined
with ideas further developed from the original book [7]. These results were announced in [14].

To our knowledge, there were only two mathematical papers ! studying weak convergence
of measures describing fluctuations of the phase boundary in the 2D Ising ferromagnet [13], [5].
Nevertheless, the methods used there were adjusted to the investigation of interfaces with fixed
endpoints (even only horizontal ones in [13]) and are not applicable to the additional volume
constraint discussed here. .

The paper is organized as follows. Sect. 2 contains notions and known facts to be used
later on. The main results are stated in Sect. 3. The basic polymer representation of the

‘partition function is developed in Sect. 4. Then, in Sect. 5 we prove the analyticity of the

Many interesting ideas appeared already in the pioneering paper [10], where however only a particular one-
dimensional distribution of the phase boundary was discussed.



corresponding free energy and discuss some its properties that are used in proofs of limit theorems
in Sect. 6. Convergence of finite dimensional distributions of the considered conditional process
is established in Sect. 7. The proof of the main result is completed in Sect. 8, where the
tightness condition for the sequence of measures is checked. Finally, in Appendix we present
the geometric construction of the solution to the Wulff variational problem corresponding to the
‘discussed situation.

Professor Roland Dobrushin left us forever when the work described in this paper was still
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2 Preliminaries

To fix the notations let us recall briefly certain notions and facts from the theory of the 2D Ising
model (for detailed discussion see, e. g., [7]).

Lattices. Let Z? be the two-dimensional integer lattice and (Z2)* be its dual, (Z?)* = (Z +
1/2)2, both consisting of sites. These lattices are immersed into R? equipped with the usual
Euclidean distance |- |, |z — y| = /(21 — 1)? + (z2 — y2)?, where z = (1, 22) and y = (y1, ¥2).
We call a bond any segment of unit length connecting two neighbouring sites of the dual lattice.

Let s, t be two neighbours in Z2 and f denote the unit segment connecting s and ¢. By
definition, a bond e separates these sites if the segments f and e are orthogonal and meet at
their midpoints.

Fix one of the two directions (1,1) and (1, —1). Any straight line passing through a site in
this fixed direction is called a diagonal. Thus, any site belongs to certain (uniquely determined)
diagonal. By definition, a site s € Z?2 is attached to s* € (Z2)" provided they share the diagonal
and |s — s*| = /2/2. A site s € Z? is attached to a bond e if s is attached to one end of e.

Let e; and e; be two orthogonal bonds that share a site of the dual lattice. We say that e;
and ey form a linked pair of bonds if they belong to the same half-plane in R? determined by
the diagonal passing through their common point.

For a set V C Z2, |V| denotes its cardinality and 8V is its outer boundary,

8V:{36Z2\V:Etveith It — 5| =1}.

A bond e is called a boundary bond of the set V if there exist t € V and s € Z*\ V such that e
separates ¢ and s. '

Configurations. For V C Z? denote by Qy = {—1,1}" the set of all possible configurations
o =0y in V. In the case V = {s} the configuration oy is reduced to the spin at the site s and
is denoted simply by o,. If Viy, N > 1, is the vertical strip in Z? of the width N,

VN={t:(tl,t2)€Z2:0<t1<N}, (2.1)
we denote the corresponding set {—1,1}"~ of configurations by Q.

Fix any V C Z2. A configuration @ = Tz2v in the complement Z? \ V is called a boundary
condition (for V). Two kinds of boundary conditions will be considered mainly in the following:
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the constant plus boundary condition 7+,
gF =1, forallt € Z2\ 'V, (2.2)

and the two-component boundary condition 3%, ¢ € (—7/2,7/2),

—p { 1, if ta > 1 tan p, (23)

of = :
¢ —1, otherwise.

Contours. Let o be a configuration in a set V C Z2 and & be a boundary condition. The
boundary I'(o, ) of the configuration o under the boundary condition 7 is the collection of all
bonds separating the sites in Z2? with different values of spins. Then any site s* of the dual
lattice is the meeting point of an even number of such bonds. If four bonds meet at a common
vertex we split them up into two pairs of linked bonds. This procedure is actually a fixed choice
of the so-called ”"rounding of corners” along the diagonal passing through the common vertex of
these bonds. Apply this procedure at any dual site that is a meeting point of four bonds from
I'(0,7). Then the boundary I'(c, @) splits up into connected components to be called contours.

Let Viyar, M > 1, be the set (cf. (2.1))

Vias = {tz(tl,tz)eVNzl—M<t2<M} (2.4)

and @ = o'. Then every contour of I'(0,7), 0 € Quyar = {—1,1}¥¥¥ is a closed polygon.
For @ = ¥ the boundary I'(c,7) contains one (infinite) open polygon S. In the case M >
[N tan ¢] + 1 this open polygon passes through the points (0,1/2) and (N, [N tan ¢] + 1/2).
Phase boundary. Let o be a configuration in Vi (recall (2.1)) and ¥ be the boundary
condition defined in (2.3). As before, denote by S € I'(0, ) the (infinite) open contour passing
through the points (0,1/2) and (N, [N tan¢] + 1/2). Let A(S) be the points from Z2? N Ry,

Ry = {(CL‘l,iL'z) ER?: 6» [O,N]},

that are attached to bonds of S. The restriction of S to the vertical strip Ry is called the phase
boundary and is denoted also by S.

Let 7, denote the set of all phase boundaries consistent with the boundary condition 7*. Fix
any S € Ty. The point (0,1/2) is the initial point and (N, [N tan ¢] + 1/2) is the ending point
of the phase boundary S. By definition, the height h(S) of S is the difference in the ordinates
of the ending and the initial points of S. Thus, for S € 7 one has h(S) = [N tan ¢].

Assume that M = M(S) > 1 is such that the contour S is covered by the rectangle Ry =
[0, N]x (1—M, M). Then the polygon S splits up the rectangle Ry, into two parts, the ”upper”
and the ”lower” ones, with the areas Q} and Qj respectively. The quantity

- +
o(8) = an(s) = PO (2.5)
is called the area under the phase boundary S. Clearly, this definition does not depend upon
M provided it is sufficiently large, M > M;(S). Observe also that for "nice” contour S that
intersects any vertical line z =k, k =1,2,..., N — 1, at a unique point the quantity a(S) gives
the value of the integral of the piecewise constant function appearing after removing all vertical
~ segments from S. '

Gibbs measures. Let V be a finite subset of Z? and & be a boundary condition. The Gibbs
distribution Py,s(:|7) in V with the boundary condition & is the probability measure in Qy given
by '

Pys(ol7) = Z(V,B,7) " exp{—BH(c|7)}, o€y, - (2.6)



where the hamiltonian #H(o|7) is defined by

H(olg)=—- Z 050 — Z - 050%y (2.7)

s, t €V, s€V,tedvV,
ls—t|=1 ls—t]=1
the partition function Z(V, 8,7) is
Z(V,8,5) = Y exp{—-BH(o]7)}, (2.8)
ocEQy

and 8 > 0 denotes the inverse temperature. In what follows we will always assume that 3 is
sufficiently large. ,

Ensembles of phase boundaries. Consider the box Vi defined in (2.4) and let 3% be the
boundary condition from (2.3). Let Py ar5(-|6%¥) be the Gibbs distribution in Qpp = {—1,1}"¥¥
defined as in (2.6)-(2.8). For M > N tan¢ denote by 7T,, the set of all phase boundaries in
Vs consistent with the boundary condition @@°. The Gibbs distribution Py ar4(:[o%) induces
the probability distribution Py ars,,(:) in T, according to the following formula

Prarp,(S) = PN,M,ﬁ({a € Quae : T(0,5%) > S} ’ E‘P), SeTE,.

Another form of this distribution will be of importance in the following ([7, §4.3]). Namely,
let ®(A) be the function of finite subsets in Z? determined from the cluster expansion of the
partition function Z(Viur, 8,51) ([7, §3.9]), |S| denote the length 2 of the polygon S, and A(S)

is the set of sites attached to the phase boundary. Then, defining the weights wy(S) via
wn() =exp{-2615- > o)} (2.9)
ACVNM:ANA(S)#£D

we rewrite
wNM(S)

Py apo(S) = M’ (2.10)

where E(N, M, ) is the corresponding partition function,

E(N,M,0)= > wyu(S).
SETH

For future references we recall here the following important properties of the function ®(A) ([7,
§3.9,84.3]): ®(A) is a translation invariant function vanishing on non-connected sets A C Z2;
moreover, there exists Gy < oo such that for all 8 > S, one has

|(A)] < exp{—2(6 — Fo)d(A)}, (2.11)
where the function d(A) satisfies the inequality :
d(A) > 2diam(A) + 2 (2.12)

with diam(A) denoting the diameter of the set A, diam(A) = max{|z —y| : ,y € A}. According
to Lemma 3.10 ([7]) estimate (2.11) implies the inequality

> @) < K|S, (2.13)

ACZ2ANA(S)#0

?Observe that two external halfbonds of S did not contribute to |S| in [7] but this does not affect the value
on the right-hand side of (2.10). :



where K = K(f3) is a constant such that K\,0 as 8,7 + co. Therefore, for all sufficiently large
B the weights (cf. (2.9))

w(S) = exp{—2ﬂ|S| - ¥ rI)(A)} ~ (2.14)

A:ANA(S)#0

are well defined.

Let T¥ = UnT#, be the set of all phase boundaries in Vi consistent with the boundary
condition ¥ and Ty = U,T, denote the set of all possible phase boundaries in Vi (the union
here is over all p € (—m/2,7/2)). Due to [7, Theorem 4.8] the quantities

BNV, o) = > w(S), EWN)=Y w(®)

SeTY SETN

are finite (in fact, 2(N) coincides with the partition function Z(N, 0, restr), where Z(N, H, restr)
is the partition function for the restricted grand canonical ensemble of the phase boundaries (see
definition (4.3.16) in [7])). As a result, one can define the probability distributions Py () =
Pn toope(:) and Py g(+) in 75 and Ty respectively via the following formulas

w(S)

Prpo(S) = BN o) SeTy, (2.15)
and w(S)
Pnp(S) = =Ny € Tw. (2.16)

Here again one has the condition 8 > §; > fBcr that is a consequence of apphcatlon of the cluster
expansions technique.

Surface tension, free energy, Legendre transformation. For any fixed ¢ € (—7/2,7/2) denote
by n = n(p) = (—sin ¢, cos @) the unit orthogonal vector to the straight line ¢, = ¢; tan ¢ in R?.
Let the box Vya, M > N tan, be as in (2.4) and Z(Vyu, 8,7) denote the partition function
in Qs corresponding to the boundary condition @. By definition, the surface tension in the
direction of n is given by ‘

—p
T3(n) = — lim lim COS(‘DI Z(Vyu, B,7%)

N—oo M=o BN 7 Z(Vyum,B,071) (2.17)

where the boundary conditions ¥ and &+ are defined by (2.3) and (2.2) respectively.
The surface tension is closely related to another important function, the so called free energy.
To define it we fix any § > 0 and for any complex number H satisfying the condition

|RH|<2-6/8 (2.18)
we introduce the partition function
2(N,H) = }: exp{BHA(S)}w(S) (2.19)
S€ETNn

with h(S) denoting the height of the phase boundary S. The limit

Iog (N,H)

(2.20)

is called the free energy corresponding to the height A(S) of the phase boundary. According to
Theorem 4.8 [7] this limit exists and is an analytical function of H in the domain (2.18).
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The free energy F (H) defined in (2.20) is dual to the surface tension 74(-). Namely ([7,
Theorem 4.12]), one has :

7p(n) = %F*(ﬁtan ) cos p, (2.21)

where f*(-) denotes the Legendre transformation of the real convex function ® f: R — R,
f*(p) = sup(pz — f(z)).
The following property of the Legendre transformation will be used below.

Property 2.1 Let f(-) be a strictly convez twice continuously differentiable real function defined
in a region U C R™, m > 1, and f*(p) be its Legendre transformation, f*(p) = sup,((z,p) —
f(z)), p € R™. Assume that the values ¢ € U and p € R™ are related via V f(z) = p. Then the
following relations hold ,

f*(p) = (z,p) — f(),

V§(p) ==, | (2.22)
Hess f*(p) = (Hess f(z)) " |

Observe that in the considered case the matrix Hess f(z) of the second derivatives f(z) as
a function of z € R™ is strictly positive definite at z.

This duality property of the Legendre transformation can be verified directly or induced from
the known facts ([24, Chap. 5]).

Wulff shape. Let 153(¢) = 75(n) be the surface tension defined in (2.17). Using the symmetry
properties of the lattice Z2 we easily have

m(0) =T5(n/2 - 0),  Ta(v) = T(—¢)

and thus 75(n) can be defined for all unit vectors n € S*.

Denote by D the set of all closed self-avoiding rectifiable curves v C R? that are boundaries
of bounded regions (thus, boundary of any bounded convex region belongs to D). Recall that
any such rectifiable curve has finite length and has a tangent at its almost every point. To each
v € D we assign the quantity

W) = Ws(7) = / a(ni)ds, (2.23)

where ds denotes the length element and n, is the unit outward vector to the curve v at the
point s € . The functional (2.23) is called the Wulff functional corresponding to the surface
tension 75(:).

For any v € D denote by Vol(y) the area of the enclosed region. By definition, the Wulff
shape wg is a solution to the variational problem

Ws(y) — inf : v€D, Vol(y)>1.
Alternatively, one defines
Waa = Ngest {:1: €R?: (z,n) < /\Tﬁ(n)} ,

where (-, -) denotes the usual scalar product in R?, n is a unit vector, and 75(-) is the surface
tension defined in (2.17). Then the Wulff shape wg coincides with the boundary of the set W »,,

3Here and in the following we omit restrictions near the signs like upper bounds, sums, integrals etc. when the
appropriate operation is going over the whole set of possible values of parameters, summation indices, integration
variables respectively. '



where )¢ is determined from the condition Vol(Wj,) = 1. The Wulff shape is known to be
unique up to translations in R? [26, 27]. Due to positiveness of the stiffness, * 75(¢p) + ad—:ﬂﬂ(w),
the Wulff shape is a smooth strictly convex closed curve in R? and inherits the natural symmetries
from Z? [7, §2.20, §4.21].

Wulff profile. The main goal of the present paper is to study the statistical properties of phase
boundaries of the 2D Ising ferromagnet in a bulk with the two-component boundary conditions
&%. More precisely, we investigate the limiting behaviour of probability distributions Py g ,(-)
(Pwn,m8,0(-) resp.) in the canonical ensemble of phase boundaries S € 7§ (T3, resp.) with
fixed value of the area (recall (2.5))

an(S) = Nqy, gy = q as N — oo,

~ enclosed below them. The phase boundary here is an open polygon; thus, its limiting behaviour
is closely related to the corresponding piece of the Wulff shape to be called below the Wulff
profile. ‘

To construct the Wulff profile we use the following geometric algorithm. 5 Let ! be a non-
vertical straight line intersecting the Wulff shape at two different points O and A (we denote
by A that of them that is to the left; see Figure 1,a)). The segment OA splits up the interior
of the Wulff shape into two parts, the "upper” one @} and the "lower” one Q; with the areas
|Q;f| and |Q; | = 1 —|Q;f| correspondingly. Clearly, Q;" and Q; are convex sets having tangents
at all their boundary points except O and A.

o 1
b)

Figure 1: Geometric construction of the Wulff profile

We say that the line [ generates a (g, ¢)-cutting of the Wulff shape if the following two
conditions hold: a) the line / has the slope angle ; b) the area |Q;"| (|@;| in the case ¢ < 3 tan )

satisfies the equality
tanyp

@l =la—-—
with |OA| denoting the length of the segment OA (and thus |OA|cos ¢ is its horizontal projec-
tion). Due to the strict convexity of the Wulff shape wpg, for any ¢ € R and ¢ € (—n/2,7/2)
there exists a unique (g, ¢)-cutting of ws (for ¢ = %tan¢ the points O and A coincide and [
becomes a tangent to the Wulff shape). If, in addition, the limiting value g is relatively small,

- |OA|?cos? o
|-

lq — % tan cp' < Qolv) ' (2.24)

“Here we treat the surface tension 75(-) as a function of @ (recall that n = (—sin ¢, cos ¢)).
5The analytical expression for the Wulff profile in terms of the free energy F(-) from (2.20) is given in (3.14)
below. See also Appendix for more detailed discussion of the problem in a framework of a general 1D SOS model.



(with Qq(¢) easily identified in terms of the Wulff shape), all the tangents to Q; at its boundary
points (different from O and A) have uniformly bounded slope angles. Then the simple trans-
formation (reflection + scaling; see Figure 1,b)) of the arc OA gives the corresponding Wulff
profile (in the degenerate case ¢ = %tan © the Wulff profile becomes a segment O'A").

It what follows we will always assume the validity of condition (2.24) (which in particular
will make possible the SOS approximation of phase boundaries for sufficiently large values of
the inverse temperature ).

3 Results

Let Ty be the set of all possible phase boundaries in Viy and P(-) = Py g(-) denote the probability
distribution from (2.16). Let E(-) = Eyg(-) be the corresponding operator of mathematical
expectation.

Fix any S € Ty and for all k =0,1,..., N define

g7 (k) = max{t, : (k,t;) € S}. (3.1)

Let gi(z), = € [0, N], be the piecewise linear interpolation of the values gf; (k) Denote by £7;(2),
t € [0, 1], the random polygonal function

En(t) = g (Nt) — g3 (0). (3.2)

Our aim here is to describe the statistical properties of trajectories £7;(¢) conditioned by fixing
the values of the area ay(S) and the height h(S).
More precisely, let Ay be the random vector

Ax = (Y, hy), (3.3)
where hy = hy(S) is the height of S € Ty and
1
YN = NGN(S) . (34)

is the normalized area under S (recall (2.5)). For H = (Hy, H), denote by L, (H) the loga-
rithmic moment generating function of the random vector Ay (recall (2.16)), A

L, (H) = logEexp{ﬁ(H,AN)} = log E(N, A, H) — log E(N), . (35)
where the partition function Z(N, A, H) is calculated via
E(N,AH) = > exp{-20]S| + BHoYy + BHihw = Y @(A)}. (3.6)
SeTn A:ANA(S)#£0 :

- We will show below (see Remark 5.1.1) that the last expression is finite provided the real part
RH of H = (Hy, H;) belongs to the set

D5 = {(HD)HI) €R®:|Hy| <2—6/6,|Hi+ Ho| <2 - 5/3} (3.7)

with some 6 > 0 and 8 > By(4).
Consider any sequence of real vectors Ay = (Nqy, Nby) such that 2N%gy and Nby are
integer numbers and '

N1'Ay — A= (g,b), 2q # b, | (3.8)
in such a way that

N-'Ay—A= o(\/-%)

8

as N — co. ‘ (3.9)



Definition 3.1 Let § be a positive number. Any sequence Ay satisfying (3.8)-(3.9) is called
(An,6)-regular if the following conditions hold:
1) for any N > 1

P(Ay = Ay) > 0; (3.10)
2) for all N > 1 there exists a solution Hy € D? of the equation
1YLy, (H ‘ = Ay; | .
ﬁ H AN( ) H=Hpy N, (3 11)

3) there ezists a solution H = (Q, H) € D? of the equation

1
I(H) = §~'V /0 F(Hy+H)dy| =4 (3.12)

Here D? is the set from (8.7), Vu denotes the gradient with respect to H = (Hy, H;) and F(-)
is the free energy from (2.20).

Remark 3.1.1 It can be checked directly that (3.10) is true provided Nby and 2N2gy are integer
numbers of the same parity.

Remark 3.1.2 The condition Hy € D2 for all N > 1 is a technical one; namely, we will show

below (see discussion after (7.5)) that the inclusion H € D? implies Hy € D? for all sufficiently
large N.

Remark 3.1.3 Using the strict convexity of the function F(-) one can show that the relations
2q # b and @ # 0 are equivalent (see also discussion in Appendix below).

Fix any (A, d)-regular sequence Ay and consider the conditional random process
0% (t) = (€3 ()| An = Aw) (3.13)

with &5(¢) defined in (3.2). Applying arguments similar to those used in [7] one can prove the
law of large numbers for the process 67 (). Namely, the distribution of the process tends weakly
in the space C[0, 1] of continuous function on the segment [0, 1] to the distribution concentrated
on some deterministic function é(¢), ¢ € [0,1]. The function é(t) presents the solution of the
following variational problem (cf. (2.23), (2.21))

Wi = | BB (1)) b — i,
fe {g € AC[0,1] : g(0) = 0,9(1) = b,/olg(t) dt = q}

(here AC[0,1] is the space of absolutely continuous functions on [0,1]) and can be computed
explicitly, '
é(t) = (F(H+Q) - F(H +Q - Q1))/8Q, (3.14)
where (Q, H) is the solution of (3.12). Observe that due to Remark 3.1.3 one has Q # 0 and
thus é(t) is well defined. Moreover, in view of the inclusion (Q, H) € D? the derivative of &(t) is
uniformly bounded in [0, 1].
Consider the random process

1 . , ‘ :
00 - V), tefo1) (3.15)

and denote the corresponding measure in C[0, 1] by u}y = u}’*. The following theorem formulates
the main result of the present paper. ' '

On(t) =



Theorem 3.2 Let a (Ay,0d)-regular sequence Ay be as described above. Then there ezists
Bo = Bo(6) < oo such that for all B > By the sequence of measures uh, converges weakly to
some Gaussian measure p* in C[0,1]. The limiting measure p* coincides with the conditional
probability distribution of the random process é(t), t €[0,1], obtained by the integral transfor-

mation of the white noise dws, ' :

HOE = /Ot(F"(H +Q — Qs)? dw,, t € [0,1],

conditioned by the conditions

A= /01 £(t)dt =0 and  €(1) =0.

Remark 3.2.1 The random vector Ay from (3.3) has zero mean and the variances of its com-
ponents are of order N (see Lemma 6.1 below). Therefore, the condition 2¢ # b means that the
events {Ay = Ay} are in the large deviation region for the distribution Py g(-).

Plan of the proof of Theorem 3.2. The proof of our main result follows the same scenario
used in the case of random walks [6] with necessary modifications.

Namely, for any natural number k£ and a set S of real numbers s;, 0 < 51 < 83 < ... <5 <
1 = sj41 consider the random vector

On = (Y, Xn(s1)y .+, Xn(se), Xn(1)) € R¥2, (3.16)
where Yy was defined in (3.4), and Xx(t), t € [0, 1], are calculated via (cf. (3.2))
Xn(t) = g (INVt]) — g5(0), , (3.17)
with [Nt] denoting the integral part of Nt. Let M52 £ =0,1,..., be the set

MI;V+2 = {M = (mo, Myy.e..y mk+1) : {2Nm0, my,y... ,mk+1} C Zl} (3.18)

Then for any My € M52 of the kind My = (Nqy,mL, ..., mk, Nby) one has the relation

POy = My)

P(Xn(s1) =mk,..., X =mk | Ay = Ay) = =—"— "2,
(Xw(s1) =my v(sk) =my | Ay = Ay) B(Ay = Ax)

(3.19)
Here Ay = (Y, Xn(1)) is the vector from (3.3) and Ay = (Ngqw, Nby) is the (Ay, §)-regular
sequence fixed above.

First we investigate the asymptotical behaviour of the numerator and the denominator in
(3.19) and obtain the central limit theorem for the finite dimensional distributions of the random

process
On(t) = (Xn(t) | Av = An). (3.20)

Then we prove that the difference between the conditional process 83 (t) (recall (3.13)) and
©n(t) has uniformly bounded exponential moments in some neighbourhood of the origin. This
observation implies immediately the same central limit theorem for the corresponding finite
dimensional distributions of the process 8% (¢).

Finally, we check the following inequality

E|0% () — 0% (s)|* < CJt — 5|7/

with some constant C' > 0 uniformly in s,t € [0, 1] and sufficiently large N. This implies the
weak compactness of the sequence p} and finishes the proof by applying known results on weak
convergence of measures in C[0,1] ([11]). a
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Similar result holds also for the random process
Oy(t) = (Ex()lAw = Ay),  te€[0,1],
induced by the lowest points of intersection (cf. (3.1)),
gy (k) = min{ts : (k,ts) € S},
via
¢n(t) = gy (NE) — gy (0).
Let uy™ denote the probability distribution in C|0, 1] corresponding to the process (recall (3.15))

O (0) = <05 - o),  te(01)

Theorem 3.3 For the sequences of measures u," the statement of Theorem 3.2 holds true.
Moreover, for any sequence of real numbers ay, ay — 0 as N — oo one has the convergence

an(05(t) — 05 (&) — 0 (3.21)
in probability as N — co. |

Clearly, the formulated results are valid also for the measures uﬁ} describing the statistical
properties of the phase boundaries S € 75,, in the box Vs with the boundary condition ¥,
provided only M > (maxcjo,1) |é(t)| + )N with any fixed & > 0. This follows immediately from
the observation that the events {max;cpo,1]|N"10%(t) — é(t)| > £} belong to the large deviations
region for the measures 43, and thus have exponentially small probabilities as N — oco.

4 Basic representation of the partition function

We start with discussing the statistical properties of the vector © x of joint distribution (recall

(3.16)), »
On = (Yo, Xn(s1),- -+, Xn(sk), Xnv(sk41)) € REF2, (4.1)

where k is a natural number, the quantities s; satisfy the condition 0 < 1 < ... < 8 < Sg41 =1,
the normalized area Yy is defined in (3.4), and the process Xy(t), t € [0, 1], is determined via
(recall (3.17))

Xn(t) = gn((Ve]) — 9x(0). (4.2)
For future references we consider more general situation. Namely, fix any natural number &
and a collection R = {ry,...,rx4+1} of natural numbers (they can depend on N, i. e., 7; = r; )

such that for all sufficiently large N > Ny(R) one has the relation
O<7‘1<...<T‘k<7‘k+1=N.

Denote (cf. (4.2))
X (rs) = gy(r:) — gu(0) o (43)
and consider the random vector

@N,R, = (YN, X(Tl), . ,X(Tk),X(Tk+1)) € RF2, (44)

For any complex vector H = (Hy, Hy, ..., Hpy1) € C*+2 we denote by Ly (H) the logarithmic
moment generating function of the random vector Oy %,

LN,'R,(H) = IOgE exp{ﬁ(H, @N,R)}'
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Observe that the last equality can be rewritten in the form (cf. (3.5))

Ly (H) = logE(N, R, H) - log &(N), » (45)
where ;
(N, RH) = Y exp{-20/S|+ B(H,0nz) = Y. (M)} (4.6)
SETw A:ANA(S)#D

As we will show below (see Theorem 5.1) the last expressmn is finite provided RH belongs to
the set :

B = {H = (Ho, Hu, .., Hen)) € B 1 Hy € (~ gy, @ + )

(4.7)
|H;| < =1,k |He — H| <

__6__}
4ﬂ(k+2) 4p(k+2) 1’

where (Q, H) is the solution of (3.12) and ¢ is the positive number fixed in Definition 3.1 above.
Since the partition function Z(NN, R, H) contains all the information about the statistical
properties of the random vector Oy %, we will study it carefully in the remaining part of this
section. Following [7], we split up every phase boundary S € Ty into pieces that are typical
at low temperatures ("tame animals”) and pieces to be interpreted as excitations appearing at
non-vanishing temperatures ("wild animals”).
Let us recall briefly the necessary considerations ([7, §4.4]). Denoting

U(A) = exp{—B(A)} -
we observe that there exists By < oo such that

B Sep(-2- AN} (49

for all 8 > B, and any finite set A (cf. (2.11)—(2.12)). In particular, ¥(A) vanishes on non-
connected sets A.

Denote by Cy the set of all collections C = {S, Ay, ..., A;}, where S € Ty, finite sets A; C Z?
are connected and satisfy the condition A; NA(S) #0,i=1,...,5; 7 =0,1,...; here A(S) is
the set of sites attached to the phase boundary S. Then the partition function Z(NV, R, H) can
be rewritten in the form

E(N,RH) = Y exp{-2615| + A(H, @m)} T (@) +1)

SeTw : A-AnA(S)#@

(4.9)
= > exp{~26IS| + B(H, O ) }H‘P(Az)
Celn .

Fix any C = {S,A4,...,A;} € Cy. We say that the collection C is regular in the column
m € N if the line {(z,y) € R? : £ = m} intersects the set SUA; U...UA; at a unique point.
Let1<my <mg<...<m <N-1,1=1C) € {0,1,...,N — 1}, be the set of all m,
1 <m < N — 1, such that the collection C is regular in the column m. Denote
={(:c y) e R iz <my},

={@y) ek my < o <mal,
AII{((B y)ER2 mi— 1<$<ml}7
Ay = {(z,y) eR® :my <z}

(in the case | = 0 we have A; = R?). By definition, the animal &, i = 1,...,1 + 1, is the
collection ,
Ei = {Si,Ajl, PR ’A‘js},
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~ where ' :
S; = SNA,, {Ajl,...,Ajs}z{AEC:ACAi}.

Let (mi, ) = SN {(z,y) € R : z =m;}, i =1,...,I. We put also (mg,y) = (0,1/2) and
(Mus1, Yip1) = (N, h(S) + 1/2). For any animal & we define the following quantities: the length
|&;| that coincides with the length of the polygon S;; the base J(&) = (mi—1, my]; the width
|J(&)] = mi — my_1; the height h(&) = yi — yi—1 with (ms_qy,%i—1) and (ms,y;) denoting the
beginning and the end of the animal &. Then, we define the area a(§;) below &; as

(&) = 5(a7 o)

where a; and a] denote the areas of the lower and the upper parts of the rectangle [m;_, m;] X
[yi1 — M, y;_1 + M] that appear after cutting it along S; (clearly, this definition is independent
of M provided it is sufficiently large, M > My(S); cf. (2.5)). Finally, for r € J(&;) = (m;—1, m;]
we denote by h(r,&;) the height of the animal ¢; in the r-th column,

h(r, &) = gy (r) — gy (mi1).
Direct computations give us the following relations
I+1

i(r)-1
X(r) = Z h(&) + h(r,&(r), (4.10)

I+1

a(S) =) _(al&) + (N = mi)h(&:))

=1
with j(r) denoting j such that r € J (&;). Define the activity of &; via

k41

Uyrulé) = exp{—Qﬁl&l + Bh(&) ((1 — F) Hy + Z Liicjtr)y Hn )
| - o (4.11)
+ 0 Z 1(izj(ra)} Hn h(?‘n, Ej(rn)) + BHy— a(g-"z } H (A
n=1 A€E;

where 1fcjr,)y and lg—j(r,)} denote the indicator functions of the relations i < j(r,) and
¢ = j(r,) correspondingly. Then the partition function Z(N, R, H) can be rewritten in the form

E(N RH)= H\IINRH &). (4.12)

CeCy i=1

Fix any animal £&. An animal £ is called vertically congruent to £ iff it can be obtained by
- shifting all components of § on the same distance in vertical direction. Let f denote the class
of all animals that are vertically congruent to &. Clearly, all £ € £ have the same length, base,
height etc. and thus have the same activity ¥ N,R,H(é). Observe that any collection C € Cy can
be rewritten in the form {&,...,&41} such that the class & has the base J(&) = (mi_1,m]
and 0 = mg < my < ... < myy; = N. On the other hand, to any such collection {51, e ;él+1}
corresponds a unique C € Cp; therefore, there exists a one-to-one mapping between Cp and
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the set Ky of all ordered collections {51, .. .,él+1} described above. As a result, (4.12) can be

rewritten in the form
+1

ENRH) = Y J[¥nru@). (4.13)

’ {€1,nbipr}ely =1

In a similar way we consider the set /E(a,,,], (a,b] € [0,N], a, b € N, of ordered collections
{&,...,&} of the equivalence classes &; such that J(£) = (m;_1,m;] and a =mo <my < ... <
mi41 = b. Using the activities from (4.11) we introduce the partition function

1+1
£((a,b], N,R,H) = > JIRIZR)] (4.14)
(€1, b1}l a5 =1
(In the case a = b we put as usually Z(0, N, R, H) = 1.) Relations (4.13) and (4.14) will be the
starting point of our considerations.
It follows from estimate (2.13) that the weights w(S) from (2.14) coincides asymptotically
as B — oo with exp{—20|S|}. Therefore, the probability distribution (2.15) is "close” to the

distribution concentrated on the polygons S € 7% of minimal length. It is convenient to consider
slightly larger set of phase boundaries

Tne={S€Ty:|SN{(z,y) :z=m}|=1,YVm=0,...,N} (4.15)
and the probability distribution
_ exp{-28|5|}

PN’ﬂlm(S) - E(N,ﬂ, OO) ) S € 7-'N,OO) (4.16)
with the partition function
E(N,B,00) = > exp{—26|5}. (4.17)
S€TN,

Note that according to definition (4.15) every S € Ty is regular in any column m, m =
0,...,N. Therefore, any animal £ corresponding to S € 7Ty, has unit width and is called a
tame animal. The probability distribution Py g oo(") from (4.16)—-(4.17) is called the ensemble of
tame antmals. Any animal that is not tame is called wild.

For any S € Ty, one has |S| = |&1] +. ..+ |&n|. Moreover, for any tame animal £ one easily
gets |J(&)| =1, |&]l = |h ()| + 1, a(&) = h(£)/2 and therefore (cf. (4.10))

X(r) =3 _m&),  al8) =3 (N—j+1/2h().

As a result, the distribution (4.16)—(4.17) coincides with the distribution of a homogeneous |
random walk with the generating function Z(H) of one step,

Z(H) = Eexp{SHh(£)} = Q(H)/Q(0),

where

+o0 i
QH) = Y exp{-28(lk| +1) + BHE} =% Cosh(zzl)n ll(ifihwm-

k=—o0

(4.18)

Thus, the limiting behaviour of the phase boundary S in the ensemble of tame animals with
fixed values X (N) = Nby and a(S) = N2?gy can be described by Theorem 2.3 from [6], where
such asymptotics for a general random walk was investigated. To extend that result to the case
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of the probability distribution Py g(-) (recall (2.16)) in the ensemble of phase boundaries S € Ty
(i. e., to prove Theorem 3.2) is the main goal of the present paper.
In the ensemble of tame animals the partition function (4.6) is reduced to

E(V,R,H,00) = 3. exp{—z,a|5|+ﬁ(H,eN,R)}. (4.19)

SE€TN, 0

We rewrite it in the form

E(N, R, H, c0) = H Q(Hy ), | (4.20)

where Q(-) was defined in (4.18) and the quantities Hy j, j = 1,..., N, are calculated via

° k+1
Hy;=1-(—1/2)/N)Ho + Z Holg<r,) (4.21)

n=1

For future references we define also the partition function (cf. (4.14))

Z((a,b], N, R, H, c0) H Q(Hy;), (4.22)

j=a+1

where (a,b] C [0, N] is a segment with integer endpoints a, b. Here again E(0, N, R, H, c0) = 1.
Observe that the function Q(-) is finite for all H such that |[RH| < 2. Moreover, if for some

d > 0and B > [Bo(6) > 0 one has
IRH| < 2—6/28, (4.23)

then

| cosh(H )| < cosh(|RH|B) < cosh(243 —4/2) < o0/

: cosh(28) — cosh(28) —  cosh(2p) (424)
if only 8 > B,(8) > 0 and therefore
tanh(2,6) 4l < cosh(26 — d/2) —s/4 (4.25)

eQ(H) |~ cosh(26)

As a result, log Q(H) is well defined and unlformly bounded for all real H satisfying (4.23) with
any fixed ﬁ > Bo(8) > 0.

Consider arbitrary H € D¥+? (recall (4.7)). Then any H ~,; from (4.21) satisfies (4.23) and
therefore the function N1 log_(N ,R,H, c0) is bounded uniformly in N and any such H. Since
the asymptotical properties of the partition function Z(N, R, H, o) are well understood ([6]),
we can reduce the investigation of the partition function (N R,H) from (4.6) to the study of
the relative partition function

=(N, R, H)
E(N,R,H,00)

E(N,8,R,H) = (4.26)

In the remaining part of this section we develop the so-called polymer representation of this
partition function and obtain certain estimates for the polymer weights. All the considerations
will be applicable also to the relative partition function

E((a, b], N, R, H)
E((a,8], N, R, H, 00)

Z((a,b],N,R H) (4.27)
(recall (4.14), (4.22)) for any interval (a,b] C (0, N] with integer endpoints.
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Substituting (4.13) and (4.20) into (4.26) one easily obtains ®

+1

BWARD - Y [[(7na(é) IT Q). (4.28)
{er)bir}eky =1 jed(&)

For any segment I = (a, b} C [0, N] denote

Xnru() = (HQ(HN,J-))_1 > Tnru@). (4.29)

jel EJ(d)=I
Then (4.28) can be rewritten in the form

(N/2]

é(N,ﬂ,R;H) Z Z H)?N,R,H(Ii): (4.30)

a=0 {I1)12| sIO!} i=1

where the inner sum is taken over all families of mutually disjoint intervals I; = (a;, b;] C [0, N]
such that |I;| > 2. Observe that |I| = 1 implies Xy zu(I) = 1.

Formula (4.30) is a particular case of the polymer representation of the partition func-
tion ([17], [7]). To apply cluster expansions technique we need the following estimate (cf. [7,
Lemma 4.7]).

Lemma 4.1 Let H € C*+2 be such that RH € 53”'2 and a real number v satisfies the condition
0<y<d/8.

For any interval I C (0, N| with integer endpoints put

Xnra(l) = (HQ (Hn,j) )_1 > Uyru()exp{v[€]}-

JjeI EIé)=I

Then there exists 8 > 0 depending only upon the value By from (4.8) and on the constant §
such that for all 8 > B and all intervals I C (0, N] under consideration one has

Xwrm(l)] < exp{-4(8 - B)(|I| - 1)} (4.31)
The functions }’—ZINRH(I ) depend analytically on such H.

Remark 4.1.1 Putting v = 0 we obtain estimate (4 31) for the polymer weights X ~nrH(I) from
(4.29).

Proof. We start with the following observation. Let £ be a wild animal with the base J(£) =
(m',m"] and let a natural number m satisfies the condition m’ < m < m”. Since £ is not
regular in the column m at least one of the following two events can occur: 1) the vertical line
{(z,y) € R? : z = m} intersects the corresponding part S = S¢ of the phase boundary at least
at three points; 2) a point from some set A € £ belongs to the column m and thus at least
two boundary bonds of the set A are intersected by this line. Therefore, for any wild animal
€ =(S,Ay,...,A;) one has the inequality

] =1 < 3 (Mu(S) — (7(8)] — 1) + 3 d(w)),

Aet

6Here and below j is always an integer number; therefore, j € J(£) means j € J ()N Z!. For a.ny segment
= (a,b] C [0, N] with integer endpoints we denote by |I| its length I} =b—a.
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where N, (S) denotes the number of full horizontal bonds in S, the functlon d(-) satisfies (2.11)-
(2.12) and J(S) = J(§). As a result,

ST d(8) = 3(1J(S)| - 1) = Na(S).

Aeg

Denote

X(8)= > exp{—2(8 — o) Y _ d(As)} (4.32)
kAL Al ANA(S) £ i=1

Yk d(A)>3(]J(S)|-1)-Nk(S)

and fix any B; > 0. As it was shown in [7] (see equation (4.7.11)), there exists a function

e =¢(B1), €(B1)\0 as f1 /oo, such that
X(S) < exp{~6(8 ~ £2)(|J(5)] - 1) +2(8 = BINA(S)} exp 5]} (4.33)

with 85 = By + B1. Define

XvruS)= ) [Tnruf) (4.34)
§:5¢=8

where the sum is taken over all wild animals £ with fixed S; = S. We prove below the following
estimate '

Xwru(S) < exp{—26|S|+ (28 — 6/2)N, ()} X(5S) . (435)
with N,(S) denoting the number of vertical bonds in S. Then (4.31) follows directly.
Indeed, for any H, RH € D12, one has (recall (4.25))

|Q(Hy,;)| ™" < €2P+%s

with some (3 = (3(0o, ). Therefore the inequality

Roem)| <[[JeE)| ¥ Znzu@)e®

jer S:I(S)=1I, yin(5)=0

(here y,,(S) denotes the y-coordinate of the initial point of S) can be rewritten in the form

‘ pqup—y I)( < @~ (48-602+285)(11|-1) 264285 o~ (20~e~7)

Z exp{(28 — 262 — (28 — € — 7)) Nu(S)}
§:1(S)=1I, yia(S)=0
exp{(—6/2+¢+v)N,(5)},

where the identity |S| = N,(S) + Nn(S) + 1 was used. Let 8; be such that € = ¢(6;) < §/8 and
B2 = Po+ P12 Bs. Then
l;—;mH( [)1 < e A2 ST NSNS/ (4.36)
S:I1(S8)=I,

y;n(S)=0

where we used the obvious inequality 20, + 203 < 2(82 + 83)(|I] — 1) (recall that for any wild
-animal £ one has |J(§)| > 1) and denoted B4 = 202 — € — 7. It remains to observe that the last
sum was shown to be bounded (7, page 119],

3 e PINR(S)=8N(8)/4 < R(B, 5)VI(1 — R(B4, 6)) ",  (4.37)
5:I(8)=I, yin(S)=0 ’ A

17



provided By is large enough, 84 > 54(5), to guarantee the estimate

4 o—d/4
R(fs,8) = 2@"[3“‘1—}:—_572 <1
As a result, (4.31) follows directly from (4.36) and (4.37).

It remains to establish (4.35). To do this we cut the polygon S into pieces by any vertical
line z = m, m € N. Then S splits up into certain collection of zigzag fragments f,, consisting
of two horizontal half-bonds and (possibly) a vertical segment of S. The ordering of f, in S
determines in a unique way the initial and ending points of f,. Define the height A(f,) of f, as
the difference between ordinates of ending and initial points of f,. Clearly,

hE) =D h(fa),  N(&) = In ol (4.38)

fn€& fn€é;

Define the midpoint ¢, of the fragment f, as the midpoint of the vertical segment belonging to
fn (provided it is not empty) or as the midpoint of the fragment f, itself (otherwise). Let d,
denote the distance from c, to the vertical line z = m; passing through the ending point of the
animal & (recall that J(&) = (mi—1, ms]). The direct geometric considerations give the equality

a(&) = dah(fa). (4.39)
fn€éi
Now (4.38) and (4.39) imply the relation (cf. (4.11))
m; 1 m; — dn
he) (1 - TF) + ~a(6) = fze; hf) (1 - =) (4.40)

Then, the inclusion RH € ’D’“Jf2 and the inequality
1/2<d, < |I| -1/2 < my (4.41)
imply the estimate (recall (3.7), (4.7))

%{ﬁh(&) ((1 — —N—) Hy + Z Liici(n) }Hz + Hk-l—l) =+ ﬁHO (5@)} (4.42)
= < (26 - 36/4)N, (5)

On the other hand, from the inclusion RH € D¥*? and the obvious inequality |h(r, &wmy)| <
Ny(S¢,,,,) one easily obtains

k
§
%{ﬂ > Yimia Hah(ra, £j(r,,))} < 7 No(Se)- (4.43)
n=1

Finally, (4.35) follows immediately from (4.34), (4.11), (4.7), (4.42) and (4.43). Estimate (4.31)
is proved.
It remains to observe that the uniform estimates obtained above imply the analyticity of

XNRH(I) as a function of H, RH ¢ Dk+2. O

Corollary 4.2 Let the polymer weights X nru(l) be defined as in (4.29) with the activities
\IINRH(&) replaced by (cf. (4.11))

k41
m;

Tnlés) = exp{ ~26161 + pr(e) (o (1- T2) + > H, Ls<itean))

k+1

85 Hah(ra, &) Limir | TT W(A):
n=1 As€E;

(4.44)
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Then there exist constants fo and Ny = Ny(fo) such that for all B > By, N > Ny and all
segments I = (a,b] C [0, N], b — a < log® N, with integer endpoints one has the estimate

|Zrmm(l) = Rygm(D)] < 2(e25' VY — 1) exp{-4(8 — o) (1] - 1)}. (4.45)

Proof. We start with the following simple observation. There exists B > 0 (probably different
from B in (4.31)) such that for all ay > 0 and all 8 > 8 one has

-1 N . _
](H Q(HN,j)) > \IIN,R,H(E)‘ < gen /8= 4B-A)ITI-D), (4.46)
jel E1(d)=I
Ny(§)>an

Indeed, using the relation (cf. (4.37))

3 o~ Ba(NA(S)H1) 8N (5)/4
S:J(8)=I, yin(5)=0,
Ny (S)>an
< e—JaN/S Z e—ﬁ4(Nh(S)+1)_6Nv(S)/8
S:J(S)=I, yin(S)=0

< e B R(B,, 6/2)"1(1 — R(B,6/2)) ™"

one easily deduces (4.46) from (4.36).
Now,

[Rw ) - Zuga(| [T1QCEN)
Jjel

< Z I\I[N’RH(E) -~ E’N,’R,H(é)l
EJ(E)=I, Ny(€)<log? N : (4.47)
+ Z Uy ru(f)|+ Z "iNRH(E)I

&J(é)=I, &J(é)=I,
Nu(§)>log? N No(€)>log? N

Then, using the simple estimate |a(§)| < |I|N,(€), definitions (4.11) and (4.44) one obtains

"I’NRH(E) — {IVINRH(é)b < (gﬂ!ll%s—’ - 1) “I’NRH(é)‘

< ( o2Blog* N/N _ 1) “FN,R,H ( é)’, (4.48)

provided |I| < log? N and N,(S) < log? N. Finally, substituting (4.48) into (4.47) and using -
(4.46) to evaluate the last two sums in (4.47) one easily deduces (4.45) from Lemma 4.1 for all
sufficiently large V. } a

5 Cluster expansion and limiting properties of the par-
tition function

We establish here the cluster expansion for the relative partition function g(N ,6,R,H) and
investigate some asymptotical properties of the corresponding free energy to be used later. The
following statement presents the main result of this section.
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Theorem 5.1 There ezists a constant By depending only on 6 and the constant By from (2.11)

such that for all B> By, N, and H, RH € D5*? (recall (4.7)), the partition function E(N, R, H)
is finite (i. e., the defining series is absolutely convergent) non-vanishing analytical functzon of
H satisfying the bond

- o N
logE(N, 5, R, H)| = |logZ(N, R, H) — 3. log Q(Hv,) 65
< Nexp{-4(8- )}

There ezist functzons @y u(l) of intervals I = (a,b] C (0, N| with integer endpoints such
that

[@wpa(D)| < exp{-4(8 - Bo)(1] - 1}, (5.2)
and
logE(N, 8, R, H) = Y dyru(l). (5.3)
Iclo,N]

Finally, the functions ®yru(l) depend analytically on polymer weights X vru(l), I' C1I,
and the following inequality holds
{ 0%y u(l)
BXN vl H(I')

Remark 5.1.1 For k = 0 one has Z(N,R,H) = Z(N, A, H) (recall (3.6)) and therefore this
partition function is finite for all H, RH € D? (recall (3.7)).

< (] = 1I'| +1)° exp{|I'| exp{~4(8 — Bo)}}- (5.4)

Proof. In view of the polymer representation (4.30) and Lemma 4.1, expansion (5.3) and
estimates (5.2) follow from any of numerous versions of cluster expansions for polymer models
(see, e. g., [18], [17]).

Then, (5.1) follows directly from (5.2) and the inequality

12 @NRH(I)j Z(z+1 exp{— 4(5 Bo)i} < exp{—4(8 — Bo)}, (5.5)

I:IoCT

that is valid for some By < oo and arbitrary Iy = (a,a + 1] C [0, N], a € Z.
It remains to check (5.4). Due to the Mdbius inversion formula (see, e. g., [18, §2.6], [7, §3.8],
[8, §3.3]) the cluster weights @y (/) can be calculated from (recall (4.27))

Syvru(l)= >, (- 1)|f\f‘llogu(1* N,R,H), (5.6)
I*:QAI+CI

where again I* are intervals with integer endpoints. According to Proposition 3.6 ([8]) the
functions logH(I *N,R,H) depend analytically on the polymer weights X NRH(I N, I' C I*.
Moreover, using (4.30) and (5.3) one has”

dlo éI*,N,R,H .._,I* I’NRH : ) )
g A( ’ ) _ (H \* p{— Z (I)N,R,H(I)}'
0Xnru(l') ‘ E(I*, N, R, H) T=(a,b):ICI*
Inr#p

"In the case I* \ I = I U I with disjoint intervals Iy aﬁd I, we denote

E(L UL,N,R,H) =E(I;, N,R, H)E(L, N, R, H).
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As a result, (5.5) implies directly that

~

dlog=(I*, N, R, H)
XN ru(l')

< exp{||e™40-Fo)}, (5.7)

with some fp depending only on fy. It remains to observe that for any pair I, I', I' C I,
of intervals with integer endpoints there exists no more than (|I| — |I'| 4+ 1)* such intervals [
satisfying the condition I' C I C I. Finally, (5.4) follows immediately from (5.6), (5.7) and the
last observation. O

Remark 5.1.2 We have proved (5.4) using only the polymer representation (4.30) of the parti-
tion function E(NV, 8, R, H) and the estimate (4.31) of polymer weights Xy u(I) (recall Re-
mark 4.1.1). Since the explicit form of these polymer weights was not used, our result is valid
for any partition function defined via (4.30) with any collection of polymer weights satisfying
(4.31).

In the remaining part of the present section we obtain some corollaries of Theorem 5.1 to be
used later on. ,

Let first k = 0, R = {r1}, 1 = N and H = (0, H) € C?. Then the partition function
E(N, R, H) from (4.6) coincides with the partition function E(N, H) (recall (2.19)) for the height
h(S) of the phase boundary S. Define E(NV, H) similarly to (4.26). The following result was
obtained in [7].

Corollary 5.2 ([7], Theorem 4.8) Let H satisfies the condition
|RH| <2-46/28. (5.8)

Then all statements of Theorem 5.1 are valid for the pdrtz’tz’on function §(N ,H). Moreover, the
functions ®yru(l) do not depend on N, ‘

Py ru(l) = 2x(|1]),

where |I| denotes the length of the interval I, and there exists a limit

N logB(N, H
F(H):f}l_)nolo———-—Og ](V, ),

(5.9)

that presents an analytical function of H in the region (5.8). Finally, one has the ezpansion

F(H) = Z@H(i) (5.10)
and the estimate N
|F(H)| < exp{—4(8 — Bo)}, | (5.11)

where B > By with sufficiently large Go.

Remark 5.2.1 Due to (4.27) one has E(I, N,R,H) = 1 for any I C [0, N] such that |I| = 1.
Thus, (5.6) implies ®x(1) = 0 that explains the absence of ¢ = 1 in (5.10). The expansion from
(5.10) plays an important role in the following considerations.
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Remark 5.2.2 Tt follows from (5.9), definitions (4.26) and (4.20) that the limit (recall (2.20))

F(H) = lim log E(N, H)

N—oo N

exists, is an analytical function of H in the region (5.8), and satisfies there the following identity
([7, page 120]) |
F(H)=F(H)+1logQ(H).

To study the asymptotical properties of the area ay(S) below the phase boundary S we put
k+1=01in (4.1). Denote the corresponding partition function by Z(N, H, area) and define the

relative partition function E(V, H, area) as in (4.26).

Corollary 5.3 Assume that H satisfies (5.8). Then §(N , H, area) is a non-vanishing analytical
function of such H. Moreover, there exists the limit

~ . logZ(N, H, area LR
Parea(H) = lim 285 ] ) / F((1 - 2)H) da, (5.12)
oo - 0 :

where ﬁ() is the free energy from (5.9) corresponding to the height h(S) of the phase boundary
S. Finally, there exist constants By and Ny such that for all N > Ny and 8 > [y

1 .
log B(N, H, area) — N / F((1~ 2)H) da| < exp{~3(8 — fo)} log® N, (5.13)
0
Remark 5.3.1 Due to the integral representation in (5.12) the function Farea(-) is an analytical

function of H in the region (5.8).

Remark 5.3.2 The derivatives of N~!log E(N , H,area) with respect to H converge to the corre-

sponding derivatives of Farea(H). In this case estimate (5.13) is also true with possibly another
constant Gy.

The following simple property of real functions Will be used below.

Property 5.4 Let f(-) be a smooth real function, f : U — R, where U is some open convez

set in RF. Assume that for anyi=1,...,k one has
‘——31‘ D <a (514
(9:6,' e=y

uniformly iny € U. Then for ally,z € U

IF(W) = F) <D ailys — zl- | (5.15)

i=1

Proof. Define g(t) = f(z +t(y — z)). Then

(t)—za (z+ty—2) - (v — )

i=1

and therefore (recall (5.14))
£6) ~ £)| =190~ @) < [ 190Nt <>l -
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Proof of Corollary 5.3. The analyticity of log é(N , H, area) with respect to H in the region
(5.8), the cluster expansion

logé(N,H,area)z z ®n,m,area(l) (5.16)
IC[o,N]

and the estimates for @y g area(l) of the type (5.2) and (5.4) follow directly from Theorem 5.1.
It remains to establish (5.13).

We will check below that there exists a constant C; = Ci(, Bo) such that for all 8 > (B, and
all intervals I = (m/,m"] C [0,N], |m' — m"| < log® N, with integer endpoints the following
inequality holds

log® N

1‘I’N,H,area(f) - ‘1’(1-m"/N)H(lI|)‘ S Cy exp{—3(8 — o)}, (6.17)

where the quantities @5 (k) coincide with the elements of expansion (5.10). Then (5.13) will
follow directly from (5.17).
Indeed, using (5.16) we obtain

: 1
,logE(N,H,area)—N/ F((l—:c)H)da:'
0

< Z !ﬁ((l —m"/N)H) — Z ‘I’N,H,area(f)l (5.18)

mi=1 [:(m,m”]:lg(ﬂ,mu]
1 —~ N o~
+|N/ F(1-z)H)dz - F((1 —j/N)H)l,
0 j=1

where in view of (5.10),

F(1-3/N)H) =) ®ajmu(k). (5.19)
k=2
Let us estimate every term on the right-hand side of (5.18). First of all, due to analyticity of

F(-) there exists a constant Cy = Cy(8, 8) > 0 such that for all 8 > f and H in the region (5.8)
one has '

1 N .
|N/ R - o)) de - Y F(a - Dym)| <o
Then, (5.11) and analog of (5.2) imply

Ry = ‘ﬁ((l — m”/N)H> - > ‘I’N,H,area(f))
I=(m,m"}:1C(0,m"] (520)
< exp{—4(8— o)} + exp{—4(8 — Bo)} = C3 < oo.

Finally, for any m” > log® N we rewrite (recall (5.19))

Ry = 'ﬁ((l - m”/N)H) — Z ‘I)N,H,area(f)‘
I=(m,m"}:1C(0,m"]
< Z |<I>N,H,area(1) - Qa- “/N)H(I)]

I=(m,m"]:IC(0,m"]
|m” —m|<log? N

X (@wmareaD)l+ [Ba-myma(D)]).

I=(m,m/"]:IC(0,m"]
|m/! —m|>log? N
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Applying (5.17) to estimate every term in the first sum and using (5.2) for all other terms we
obtain

- s
Ry <log? N - 0,2 N exp(—3(6 — 60}
+2 Z exp{—4(8 — Bo)k} (5.21)
k>log? N .
logt?

N exp{=3(6  fo)}.

for all sufficiently large N. Finally, applying (5.20) for m” < log® N and (5.21) in the oppbsite
case, logZ N < m" < N, we obtain

o
< Cy

1
log 2(N, H, area) — N/ F((1-2z)H)dz
0

10

1 N
< Cylog’ N + Cy(N — log? N)=2-— exp{~3(8 — o)} + Ca

< Csexp{—3(8 — o)} log" N

with some constant Cs > 0 for all sufficiently large N.

Thus, it remains to prove (5.17). Fix any I = (m',m"] C [0,N], |m" — m'| < log? N,
with integer endpoints. Recall that the partition function g(N , H,area) corresponding to the
normalized area Yy is expressed in terms of activities

Uy marea(é) = eXP{—ZBIéiI +BH (1 - —‘) h(&) + BH— a(fz } H U(A,),

As Efi

where the animal &; has the base J(&) = (m;_1, m;]. Define (cf. (4.29))

XNHarea(I)—(HQ((l—J/N )) Y Uymareald), I'CL

jer EI(€)=I"

For all £ with J(€) C (m/, m"] consider also new activities

T mareald) = exp{ ~2618] + 02 (1 - 22 )n(H)} TT w(A)

As€éi

(with the same value m” for all such animals £) and polymer weights

XNHarea,(I)—— (HQ( (1—34/N) )) Z Uyparea(f), I'CL

jer EI()=1"
Clearly, the polymer weights iN, marea(+) satisfy (4.31). Moreover, for all I', I' C I, one has
’)? vaarea(l’) — iN,H,area(I ')‘
< 2(es' VIV — 1) exp{—~4(8 - A)(11] - 1)} (5.22)
< 4p" B N gorest v oo (g~ )11 - 1)},

provided N and g are sufficiently large, 3 > 8 and N > N,. In the second inequality above we
have used the simple inequality e* — 1 < ze® that is true for all z > 0.
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Let ®x marea(l) and @y, garea(l) be the cluster weights generated by X ~,marea(l’) and

~I>{Z—N,H,m¢ea(I’), I' C I, correspondingly. In view of Remark 5.1.2 we apply (5.4) and (5.15) to
obtain

v"I’N,H,area(I) — 6N,1=I,are.et(l)l
< Z gll'le=*#=Fo) -log* N - ‘)?N,H,area(f') — Xu,marea(l’)].
rrct

Then, using (5.22) one gets

]‘I)N,H,area(f ) — @n,marea(l )J

log® N , om0
< 40 O%V 2Plog* N/N Z e~ 4(B=Bo)(IT'|=1) g|I'|e*(FF0)
r.rcr
8
Lo N s-p)
- N
| provided NV is sufficiently large and 0 > G > 0. It remains to observe that due to its definition
@N,H’area(f) coincide with @(l—m”/N)H(I)~ |
Finally, consider the random vector ©y from (4.1)—(4.2),

@N = (YN, XN(S]_), ey XN(Sk),XN(l)) € Rk+2,
where the collection & = {si,...,8k+1} is such that 0 < s; < ... < sg41 = 1. Denote
R(S) = {(Nsi], .., [Nse], N }.
Then the corresponding partition function E(N, R(S), H) is given by (4.6) with R replaced by
R(S). For any H, RH € D;*?, define

k+1

H(z)=(1—2)Ho+ Y Hilpcy) (5.23)
=1 “

Corollary 5.5 The partition function §(N, R(S),H) is a non-vanishing analytical function of
H, RH € DE*2. There exist the limit

~ . logE(N,R(S),H

/0 ' F(iH(a)) do, (5.24)

where ﬁ() is the free energy from (5.9) and H (z) was defined in (5.23). Finally, there exist
constants Ny and By such that for all N > Ny and B > [

log (N, R(S),H) — N /0 1 F(H(z)) d:n‘ < log™® N exp{—3(8 — ()} (5.25)

Remark 5.5.1 Due to the integral representation in (5.24), the free energy ﬁn(s)(H) is an ana-
lytical function of H, RH € D} *2.

Remark 5.5.2 The analog of (5.25) holds for any partial derivative of the function
log Z(NV, R(S), H) as a function of H, RH € D}*?, with possibly different constant S.
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Proof. Arguments similar to those used in the proof of Corollary 5.3 imply the following estimate
Sigi . : :
[ [ Bl do - 10gB((r i), N, R, 1)

< log" N exp{-3(8 — o)}

forany ¢ =0,1,...,k and N > Ny with s =79 =0, r; = [Ns;], i =1,...,k+ 1. On the other
hand, :

(5.26)

log 2N, R(S), H) - N /0 B @) daf

+ Zk: Z l“PN,ﬁ(S),H(I)‘-

i=1 I:(r;,ri+1]CIC[0,N]

Therefore, (5.26) and (5.5) imply the inequality

llogé(N, R(S),H) = N /0 1 F(H(z)) dz‘

< (k+1) 108" N exp{—-3(8 — fo)} + k exp{—4(8 — o)}
< log" N exp{—3(8 — fo)}

for all sufficiently large N and 3 > . ; a

6 Limit theorems for the joint distribution

We study here the asymptotical behaviour of the probabilities P(©y = My) and P(Ay = An)
entering the right-hand side of (3.19).
Let an integer number k > 0 and a set S of real numbers s;, {0 < s1 < ... < 8§ < 1= 8y
be fixed. Denote
R={ri:r=[Ns),i=1,...,k+1}

and for H € ﬁ?” consider the logarithmic moment generating function Ly g (H) corresponding
to the random vector Oy = Oy from (4.1)-(4.2),

Lyr(H) = log Eexp{8(H, Onr)}. (6.1)
For any H € ﬁ?“ we introduce also the random vector @y z u with H-tilted distribution,

P(@N,’R,,H = M) = exp{ﬁ(M, H) — LN,R(H)}P(@N,R = M), ] (62)

where M € M52 (recall (3.18)). Observe that the mean vector E@y » m and the covariance |
matrix CovOyr u of Oy u can be calculated via )

ﬁE@N,R,H = VHLN,'R:(H), ﬂchV@N,‘R,H = HessLN,R(H), (63)

where Vg denotes the gradient and HessLy (H) is the Hessian (the matrix of the second
derivatives) of Ly r(H) as the function of H = (Hy, Hy, ..., Hr+1) '
Assuming that H and M are related via

AM = VuLyxz(H)
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one easily obtains (recall (6.2), (4.5))

2(N, R, H) B
\...(N) P(@N,R,H - M) (64.)

= exp{~Lyr (M)} P(Onru =M)

P (GN’R, = M) = exp{ ﬂ(M H)}

with L} »(+) denoting the Legendre transformation
vr(M) = sup(ﬂ(M, H) - LN,R(H))'

In view of (6.4) the problem is reduced to the 1nvest1gat10n of the asymptotical behaviour of the
probability P(Oy zu = M).
For any H € D¥*? define the matrix

' Hess Ly (H) (6.5)

%N,R(H) = ﬂ2N

and introduce the quadratic form By z u(T), T = (to, 1, - . .}, tpy1) € RFH2
Byzu(T) = (Byr(H)T,T).
Consider also the quadratic form
Bru(T) = (Br(H)T,T)

corresponding to the matrix (recall (5.24))

B (H) = ’%Hess f 1(1og Q + F)(H(x)) da, (6.6)

where Q(-), F(-), and H(z) were defined in (4.18), (5.9), and (5.23) respectively.

Lemma 6.1 Let ,6’ > Bo with By fized in (5.11). Then unzformly inH e Dk+2 and T € RF+2,
|T| =1, one has
BN,R,H(T) - BR,H(T) as N — oo. (67)

Moreover, there ezist positive constants b, Ny, and § depending only on By from (5.11) and &
such that uniformly in H € Di*%, N > Ny, and § > § one has

Bru(T) > bT|?,  Byzu(T) > TP (6.8)

Proof. In view of (6.5), (4.5), and (4.26) one easily obtains

B .2 (H) = ——Hess log Z(N, R, H, 00) + ——Hess log E(N, 8, R, H). (6.9)

1
BN p*N

The first term on the right-hand side of (6.9) presents the normalized covariance matrix for the

ensemble of tame animals. Due to (4.20) the corresponding quadratic form Qu r u(T) satisfies
the relation

QN,??,,H( ) Or H(T) + O( 1)|T’2 as N — oo, ’ (6.10)

where the limiting quadratic form Qr u(T) is calculated via

k+1

QR,H(T) _ % -/O (log Q)H(fj(:p)) ((1 —z)to + Z 1{:n<sl}tl) dz. (6.11)‘
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Let F, ~nru(T) be the quadratic form corresponding to the second term on the right-hand side
of (6.9). According to Remark 5.5.2 one has

log!® ¥
N

Frma(T) = Fru(T) +0( exp{~3(6 — fo)})|T[* as N — oo (6.12)

with the limiting quadratic form (cf. (6.11))

k+1

Fru(T) = % /0 (FY'(H(z)) ((1 —z)to+ Y 1{z<3,}t1>2 dz.

=1

As a result, (6.7) follows immediately from (6.10) and (6.12).
It remains to prove the inequalities in (6.8). First, observe that

Bru(T) = Qzru(T) + ﬁR,H(T)-

We will show later that the function 8-2(log Q + F)"(H) is uniformly bounded from below (and
above) by two positive constants uniformly in H, |H| < 2 — 3§/40, provided g is sufficiently
large, B > Bo. Then the first inequality in (6.8) follows from the observation that the quadratic

form
E+1

/ ((1 Y EDD 1{m<s,}t,) dz
0 =1
is a positive continuous function of T = (%, ...,%x+1) on the unit sphere |T| = 1, and thus is
bounded from below by some positive constant Cf.

To prove that the function 8~2(log @ + F)"(H) is bounded uniformly in H, |H| < 2 — 36/48,
we observe that due to (4.18)

52 _ cosh(2p) cosh(HB) — 1 |
B20H? log Q(H) = (cosh(28) — cosh(HB))*

and thus (recall (4.24))

—g5¢0sh(25) — 1 < cosh(26,) — 1 coéh(Hﬁ)
cosh(26,) ~— cosh(2B,)  cosh(28)
2

- ﬂQaHZ

o8/t
H) < ———s
a5 108 Q(H) < @17
if only B > B, and H € R! satisfies (4 23). On the other hand, due to Corollary 5.2 for any fixed
Hy, |Ho| < 2 — 36/48, the function F(H) is analytic in the disk of radius §/40 with the center
at Hy. Applying the Cauchy formula and estimate (5.11) one obtains

s D] < O0) expl{-4(8 - B},

where C(8) > 0 is a constant depending only on §. The needed inequality follows immediately
provided g is such that

ﬁCOSh(éﬁg) -1

C(s) exp(~4(8 - )} < 5 ¥ T Z = a1

Put b = ¢;C1/2. Since the convergence in (6.7) is uniform in H € ﬁ§+2, the last inequality
in (6.8) follows for all sufficiently large N, N > N,. - a
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Let © be the Gaussian random vector with zero mean and the covariance matrix Bx(H)
(recall (6.6)). Denote its characteristic function by Xg(T),

1
Y (T) = exp{——EBR,H(T)}, T € RE2, (6.13)

Since the matrix B (H) is positively definite, the distribution of © is non-degenerate and has
the density py(X), X € R¥+2,

Theorem 6.2 Let a sequence of vectors Hy € ﬁ?“ satisfy the condition Hy — H € ﬁ’;“
as N — oco. Consider the random vector

1
:/_[——v' (@N7R7HN

Then for all B > Bo with sufficiently large By the distribution of ©% converges weakly as N — oo
to the distribution of the random vector © with the characteristic function Xg(T).

e*N - EG)N,R)HN)' (6'14)

Proof. Let xn(T) be the characteristic function of the random vector Oy % my,

_,(N R, Hy + z,B“lT)

Then the characteristic function x%(T) of the random vector ©% equals
. 1 i
logxy(T) = —EBN;R:HN (T) - WRN’ (6.16)
where
RN Z tlt tpm lOg C‘..(N, R, H) (617)
lm,p 0 ﬁ‘/_

with some w = w(Hy, T), 0 < w < 1. Since the convergence in (6.7) is valid for T belonging to
any compact set in RF+2? (uniformly in H € D§?), it remains to prove that

Ry =0o(N*?) as N — . 7 (6.18)

Let xnzu(T) be the characteristic function of the random vector Oy u, H € ﬁf”, (ct.

- (6.15)) ‘

. E(N,R,H+1871T)
E(N,R,H)

We will show below that the function log xnz,1(T) can be extended to an analytical function of

T in the region {T € C**2, 3% |St;| < §/4}. Then, applying the Cauchy formula one obtains -

XN,R,H(’T) = (6.19)

e,

< .
atzatmatp log XN,R’H(T), - 0(5) o IIOg XN’R’H(T)I (6 20)

(H,T)eG(%)
for all such T, where (recall (4.7))

k+1
G(S) = {(H, T): HeDEP, TeC2,) st < 5/4}.

=0

and the constant C(6) depends only on 8. This will give us the needed estimate for the remainder
Ry.
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Using (4.26) we rewrite (6.19) in the form

§(N R,H+i7'7T)
E(N,B,R,H)

XvH(T) = X¥ru(T) ,  (621)

where X% g(T) denotes the correspondmg characteristic function in the ensemble of tame
animals (recall (4.20), (4.18)),

Hy 131t .
X¥ru(T) = HQ( é(};ﬁ) tN”), | (6.22)

and the quantities ¢y ; are calculated via (cf. (4.21))

k+1
=(1-@U- 1/2)/N)to + ) talgicry-
' n=1
It follows from (5.1) that
(N, R,H +i8~'T
( BT < oN exp{—4(8 — o)} (6.23)

E(N, 8, R, H)

uniformly in (H, T) € G(8) provided 8 > By with By = $y(26/3) > 0. On the other hand (see
(4.10.18) in [7]), the inequality

llog Q(Hy ; + Bty ;) —log Q(Hy ;)| < C(6)ePC-HNiD < C(5)e /" (6.24)

holds uniformly in N, j = 1,..., N and (H,T) € G(8). Then, (6.21), (6.22), (6.23), and (6.24)
imply the estimate 5
|log xn.ru(T)| < C(6)Ne 394 (6.25)

for all N, (H, T) € G(6) provided 8 > (,(26/3) > 0. Finally, the analyticity of logxnru(T)
follows directly from (6.25), definitions (6.21), (6.22), (4.18), and Theorem 5.1.
Since (6.18) follows directly from (6.17), (6.20), and (6.25), one has the convergence

Xv(T) = Xu(T), asN-—oo (6.26)

that is uniform in T belonging to any compact set in RF*2 provided 3 is sufficiently large. O

Let Hy, Hy = H ¢ ﬁ,’;“ be the sequence of vectors from Theorem 6.2. For any N define

1
Ey =EO = =VyL H
N NRHy = GVH ~r(H) _—
and for any My € M%F? (recall (3.18)) put
Xy = —(MN —Ew).

N

Theorem 6.3 Uniformly in My € M52 and Hy € ’Df“ Hy —+He DHZ, one has
POy, = My) —5g(Xn) =0 as N — oo,

where Py (+) denotes the density of the random vector © from Theorem 6.2, provided 8 > By with
sufficiently large By > 0.
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Proof. Using the well-known inversion formula for the Fourier transformation we rewrite the
difference

PN = =N+ P(@NRHN My) — Pu(Xw)

in the form 1
pN = WLXE(T)C_Z(T’HN) dT
6.27
s [ KT o
(27)5+2 frrta ’
where

A = {T:: (to,...,tk+1) S R*+2 . Itol < 271'N3/2,‘[t[| S?T\/N,l = 1,2,...,k+1}.

Following the standard proof of the local limit theorem (see, e. g., [12, §43] we evaluate the
right-hand side of (6.27) by the sum of four terms,

@r) " D (L + T+ T3+ a),

where for some positive constants A and A
h= /Qi |X*J:V(T) - —X—H(T)I dT, oy = [_A> A]k+2’
1

Jo= [ Xu(T)dT, 2 =R\,

Ao

5= [ b(DIT,  p=34,
Ap

with
={TeR*"?: |t <AVN,I=0,1,...,k+1}\ 2,

Ag=A\ (A UAs).

Fix any € > 0. We will show in the following that the constants A and A can be chosen in
such a way to imply J, <e/4,p=1,...,4,if only B > B, (and N > N;) with sufficiently large
Bo>0 (and Ny > 1)

First, due to (6.26) one has J; — 0 as N — oo for any fixed A > 0 and all 8 > 3, provided
Bo is sufficiently large.

Then, since the distribution of the random vector © is non-degenerate, one has J; — 0 as
A — oo for all 8 > By with sufficiently large Gg.

To estimate J; fix any T € 3. Then |T| < A4/N(k+2) and for any N one gets (recall
(6.17), (6.20), and (6.25))

k+1

 |Ry| € CL(8)Ne~3/4 (2 Ita] ) < Cy(8)N exp{—36/4}(k + 2)3/2’|T|3

< C1(6)N*/? exp{—36/4}(k + 2)*A|T|%.

Consequently (recall (6.16)),

‘long(T) + EBN,R,HN(T)’ {6N3/2RN| ——— ¢ 3 /4A|T;2.
Let A > 0 be such that CL(5\(k ) ;
—l(——)—%ji)—exp{—%/él}A < 1
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with the constant b from (6.8). Then

* 1 b b

Rlogxy(T) < _EBN,’R,,HN(T) + 21'|T|2 < —ZITIZ

and therefore
X (T)| < exp{R1og x(T)} < exp{-b|T[*/4}
for all T € 23 uniformly in N > Ny and 8 > 3 (with Ny and 8 from Lemma 6.1). As a result,
Js= [ |x4(T)|dT g/ eMTPAIT N0 as A M.
A3 . Ao
Finally, fix any T € 24 and rewrite |} (T)| in the form (recall (6.21), (6.14))

e (NRHN+zT/ﬁ\/—)|
E(N, R, Hy)|

X (T)| = [XF Ry N /2T) (6.28)

The arguments, similar to those used in the proof of Theorem 4.2 from [6] imply the existence of

a constant C = C(R, 4, f) > 0 such that for all T € 24, H € Dk+2, B > Bo, and N suﬂimently
large one has '
IXNRH(N_1/2T)| < exp{—-CN}.

Then, applying (5.1) to estlma,te the partition functions on the right-hand side of (6.28) one
immediately gets

[xn(T)| < exp{—N(C — 2exp{- 4(ﬁ ﬁo)})}
Therefore, for all sufficiently large B, B > By, one obtains

Jo= | |xy(T)|dT < / e~CN/2 4T = (2r)***N"F" exp{—CN/2} \, 0
Ay A
as N — oo that finishes the proof of the theorem. o

In the arguments above the Gaussian density y(-) can be replaced by the density of zero-
mean Gaussian distribution with the covariance matrix By r(Hy) (recall (6.5), (6.16), and
(6.26)). In particular, one has

Corollary 6.4 There ezist positive constants Ny, Bo, co, and Cy such that for all N > Ny and
B = Bo e c
}iv"-ﬂ? < (det Hess Ly, (I—IN)> P(Anzy = An) < 225, (6.29)

where Ly, (-) was determined in (3.5) and Hy - in (3.11).
For future references we formulate also the following simple statement.

Corollary 6.5 Let all Xy be uniformly bounded. Then under the conditions of Theorem 6.3

one has
k44

P(Oyruy = My) = —N"_Z—?H(XN) (1+o0(1)),

where the estimate o(1) is uniform wzth respect to the considered sequences Hy € D’”‘z and Xy,
provided only [ is sufficiently large.
Moreover, there ezist positive constants By, c;, C;, i = 1,2, and a number Ny such that

2% < 1P (Xw) < NJC_#P(@N,R,HN =My) < Cipu(Xy) < C85F2 (6.30)

uniformly in N > Ny and the sequences Hy, Xy under consideration, provided only 8 > (o.
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4 Convergehce of finite dimensional distributions

We prove here the convergence of finite dimensional distributions of the conditional random
process (recall (3.15))

03, (1) = %wm ~Ne),  te[o1],

to the corresponding distributions of the Gaussian measure p* from Theorem 3.2.
Consider first the vector Ay of conditions (3.3) with the logarithmic moment generating
function Ly, (H) from (3.5). Assume that H belongs to the set D? defined in (3.7). Then

10
log N)’ (7.1)

— VyLy, (H) = Z(H) + o( -

N B
where Z(H) was defined in (3.12) and the estimate O( ) is uniform in H € D2. Indeed, it follows
from (3.5) and (4.26) that

B Vg La,(H) = 5 1Vy (log._,(N AH) +log E(N, A, H oo)) (7.2)

Then, due to Remark 5.5.2 one has

1
——VH IOgE(N,A,H)— —1-VH/ F((l —m)Ho‘l'Hl) dSL"

. 10
< o~36-fo)log_ NV
- N

On the other hand, the analyticity and uniform boundedness of log@Q(:) in the region (4.23)
imply the estimate

ﬂVHlog._.(N A H, 00) — EVH/ logQ((1 — 2)Hy + Hy)do = O(N-Y).  (7.4)

Finally, (7.1) follows directly from (7.2)—(7.4) and definition (3.12).

Let Hy and H be the solutions of (3.11) and (3.12) respectively. Applying the implicit
function theorem to Z(-) and taking into account estimate (7.1) one easily obtains

10
Hy - H| = ﬁ—lo(l—ogTvﬂ) +BLO(NTAy — A), (7.5)

where the estimates O(-) are uniform in Hy € D2, and N™'Ay € Z(D%) respectively (here

§ > 0 is any fixed number and Z(D2) denotes the image of the region D%). Thus Hy — H
as N — oo and therefore all Hy with sufficiently large N belong to the region D? from (3.7)
(recall Remark 3.1.2).

Let Oy be the random vector from (3.16),

| On = (Y, Xn(s1), -, Xn(sk), Xn(s41)) € RE+2,
For Hy = (HY, H},) determined from (3.11) we introduce the vector
0 = (HY,0,...,0,HY) € R,
Clearly, the sequence HY, Cénverges to _
| H = (Q,0,...,0, H) € R¥?,
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where H = (Q, H) denotes the solution of (3.12); thus, all H}, with sufficiently large N belong
to the region DE+? from (4.7). Denote (recall (6.1), (6.3))

E} = E@N,R,Hg, = (Nqw, ey, .. €8s NbN)
with
19
B 0H;
Similarly to (7.1) one easily obtains the relation (recall (7.5))

Bév = 6N(S1;) = LN,R(H) l

H=HY,

1 10

Sen(s) = é(s) + 50 (5 ) + 0N Ay — 4), (7.6)

where (cf. (3.14))

£(s) = 3 / F((1-2)Q+ Hyds = (F(H+Q) — F(H+Q - Qs))/BQ  (1.7)

and the estimates O(-) are uniform in s € [0, 1] provided g is sufficiently large.
For any My € M5 (see (3.18)) of the kind

My = (NqN,m}V,...,m’fv,NbN)

we put

Ty = —=(my — eYy), i=1,...,k.

vN
Let 7, (-) denote the probability distribution of the Gaussian random vector © = (7, £y, . . ., €xy1)
with the characteristic function Xgo(T) from (6.13). Then
- Pe(X°)
Po(0) ’
presents the density of the conditional distribution (&y,...,&|7 = 0,&+1 = 0). Finally, define
the random process (recall (3.20), (7.7)) .

pr(z', ..., z%|0) X’ =(0,2%,...,2"0) e R*"?,

L
vN

Theorem 7.1 Let a natural number k and a collection of real numberst;, 0 <t < ... < tx <1,
be fized. Then for all B > [y with sufficiently large By the distribution of the random vec-
tor (O%(t1),...,ON(tr)) converges weakly to the Gaussian distribution with the density Pi(-|0).
This limiting distribution coincides with the corresponding distribution of the measure u* from
Theorem 3.2. '

O3 () = ——(On(t) — N&(t)). (7.8)

The proof of Theorem 7.1 can be obtained by literal repetition of that of Theorem 5.2 in [6].
It is based on the following simple observation that follows immediately from Theorem 6.3 (cf.
Lemma 5.1 in [6]). '

Lemma 7.2 Let all 7% be uniformly bounded. Then

P (@N(sl) = TI’L}V, ey @N(sk) = m'jv) = N_%ﬁk(.'l,‘}v, ceey LL‘?V‘O) (1 + 0(1))

as N — oo if only B is sufficiently large, B > By > 0; the estimate o(-) is uniform in such z'.
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Denote (cf. (4.3))

A X = 0 X(S) = gx(5) — 95 (G — 1)
and choose any p, B :
0<p<§/12 | (7.9)
with § fixed in Theorem 3.2.

Lemma 7.3 There exist positive constants C, By, and Ny such that for all B > By, N > Ny,
and all j=1,...,N one has

Bexp{pld; X[} | A = Ax) < C. (7.10)

Proof. Fix any j € {1,2,...,N} and a phase boundary S € Ty. Applying to S the animal
decomposition described in Sect. 4 we observe that A;X is uniquely determined by the animal
¢ satisfying the condition J(£) 2 (j — 1, 7]. Denote by {{} the event

{€} = {S € Ty : the animal decomposition of S contains £}.

Then one has

E(e”® ¥ Ay = Ay) = exp{p|0; X (E)[}P{E}H An = An), (7.11)
E" N
where the summation is going over the whole set of disjoint events {€} such that J(§) =
(mi-1,mi] 2 (j — 1,j]. Relation (7.11) will be the initial point of our reasoning.
We start with the followmg simple observation. Let Z(N,R,H), H € ’D'c+2 be the partition

function from (4. 13) and € € iCx be the animal fixed above. Denote by ICN(E) C Ky the set of
all collections from ICN that contain &,

Kn(é) ={{&,....&n}eky: £ {é, ..., &)}

Clearly, the sets }/C\N(EA) form the partition of Ky labeled by € under consideration. Define
(cf. (4.13))
I+1

ENV,RHE)= > [[¥wrad)

{€1,mbip ek (€) =1 (7.12)
=E(N,R,H|§) - Twzru(é)-
Then for all H € Dk+2 and sufficiently large § one has
5(N, R, H|§) : |

< 2 13
(N, R, 1) < exp{(26 + Qs + p)|J ()1}, - (1.13)

where J(€) is the base of the animal ¢ and (recall (4.25))
Qs = max |logQ(H) + 28| (7.14)

H:|H|<2-5/28

To check (7.13) observe that the cluster expansion of log Z(N, R ,H | ) contains only the
cluster weights depending on I = (a,b] C (0, N]\ J(€). Since the same weights appear in the
expansion for log 2(N, R, H) one easily obtains (recall (4.26), (4.20), (4.21), and (5.5))

log E(N, R, H |€) —1ogE(N, R, H) + > logQ(Hny)| < KV()] (7.15)
i€t (@) '
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for all H € §§+2 and sufficiently large 3, where the constant K = K(8) \( 0 as 8 * co. Thus,
(7.13) follows directly from (7.15), (7.14), and the inequality |Hy,;| < 2—6/28 (cf. (4.7), (4.23))..
We will show below that for some constant C' > 0 and all sufficiently large 8 one has

2 _ _ P(Ay = An; {€}) ,
P{HAn = An) = P(Ay = Ay) (7.16)
< Cexp{(26 + Qs + 20)| T ()] + pIALE] ¥ w11 (£),

where
AJE] = (alé), HED) = (ran(@) + (1~ T2 (@), h(6))
(recall that J(€) = (m;_1, ms]), Hy is the solution to (3.11), and (cf. (4.11))

Uyau(f) = eXp{—2ﬂ|§| + ﬂh(f)((l - @) Hy + H1)

N
1 R
+ fHow-a(d)} Aﬂémg
.€
= exp{ -261¢] + (A8, B} T] w(a,)
Aseé
with H € DZ. Then (7.10) follows directly.
Indeed, accordingly to (4.42)
BAIE], H) < (28— 35/4) N, (§) (7.17)
for any H € D2. Then, the inequalities
@ < N(@),  1a@I ST N(E),  TE)] <m (7.18)
imply |a[é]] < N, (€) and therefore
AL < lalé]] + RN < 20, (). (7.19)
As a result, using the simple observation
D (GIESAGE | (7.20)

one obtains (recall (7.9))
E(exp{p|A; X[} | Ax = Ax)
< CZ o~ 2BIE1+(28+Qs+2)(E)|+(26-5/2) o (6) H T(A,)
€ Ase€ (7.21)
_ (;Zemwmmm S emliras-s2%@ T w(a,)
&J()=I A€
where ), denotes the summation over all I = (a,b] C (0, N] such that I D (j — 1,j]. Asin
Sect. 4 (recall (4.32)—(4.35)) we estimate the inner sum via
3 e~ 2BlE+2B-5/2N. (O K (5)
S:I(S):[, yin(s):0
< e~ 8(B=A)(11-1)+2(52~h) Z ' e—JNu(S)/4_ﬁ3(Nh(S)+1)’

S:I(S):I, yin(s)—_‘o
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where 83 = 203, — € and [, in (4.33) is sufficiently large to imply e(f2) < 0/4. Evaluating the
last sum by help of (4.37) one easily obtains (7.10),

E(e/%X | Ay = Ax) < C Z(n+ 1)e=*B=Fa)n ————(ﬂ 3(’[3) 5 <C, (7.22)
n=1 3
for 8 > 4 and some constant C, where we set 84 = (6082 + Qs + 2p)/4 and C = C exp{Qﬁz +

Qs + 2p}.
It remains to establish (7.16). First, we apply the analog of (6.4) to rewrite

P(Ay = Ani {&)) _ E(V,Hw, 48) PlAwgm, = 4n)
P(AN = AN) E(N) HN) A) P(AN,HN = AN)

with Hy denoting the solution of (3.11). The first fraction on the right-hand side of (7.23) can
be estimated by help of (7.12)—(7.13),

E(N,Hy,A;§)  E(N,Hy,A|E)

(7.23)

Uy g (€)

Z(N,Hy,A)  E(NV,Hy, A) (7.24)
< exp{(202 + Qs + p)|J (&) [} ¥w a1, (£)-
On the other hand, similarly to (7.13) one obtains
|57 (108 20V, Hov, A1§) ~ 10g 2N, H, )| € @ + O] (720
with (recall (4.24))
sinh HB
= —1 H) =
@s1 H:]Hrlri%}—cé/zﬁl Joze) og Q( )I H:]Hrlréaé}fé/w cosh 28 — cosh Hf
sinh(28 — §/2) < e92 e
~ cosh2B —cosh(28 —6/2) = 1 —e=%/¢ i/t —1
for all B > By(d). Thus, taking into account the simple identity
) B ) )
I—B-VH log Uy a,u(§) = Af¢]
(that can be obtained by direct computations) one deduces immediately that
BAygn, = 5VulogS(N, H, 4;4) -
satisfies the estimate . A
By — Av = AE)| < Qs+ )T (7.26)

It remains to evaluate the last fraction in (7.23). Let first |J ()| < AVN with some fixed
constant A > 0. Observe that the analog of (7.25) for the second derivatives can be obtained in a
similar way; therefore, the analog of (5.24) for our special case R = { N} imply the convergence

1 s !
ﬁzNHess logE(N,H, A; &) — ,Bleess/ F((1—z)Hy + Hy) dz

for any 8 > Bo(6) uniformly in H = (Hy, Hy) € D?. Thus, the limiting properties of the random
vector (Ay;{€}) are the same as that of Ay. In particular, if |A[§]] < BvN with any fixed
constant B > 0, one can apply Corollary 6.4 to obtain (recall (7.26))
P(AN;E,HN = AN)
P(Anmy = Anw)
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provided g is sufficiently large. In the opposite case, |A[£]] > B+/N, one has (recall (6.30))

P(Ayen, = An) 1 - CyN? : ~
& < < o < Cyerldlll, 7.28
P(Avuy =An) ~ PAyuy =Ay) — 82 = ° (7.28)
Finally, for [J(£)| > Av/N one gets
P(AN-EHN = AN) 1 C’zNz = £
i < < < CyefV @I, 7.29
P(Anuy = An) — P(Awuy =An) = 82 = ° (7.29)
Now, (7.16) follows immediately from (7.23), (7.24), and (7.27)-(7.29). O

Observe that this proof can be applied to any local variable that satisfies the analog of (7.20)
with the right-hand side of the kind CN,(¢), where C > 0 is any fixed constant; then (7.9)
should be replaced by ’

0<p<é/12C.

In particular, one has

Corollary 7.4 Let the constants C, By, and Ny be as determined in Lemma 7.3. Then
E(exp{plg3(7) — ow(5)[} | Av = Ax) < C

for dllj =1,2,...,N provided only N > Ny and 3 > ,60.

For future references we formulate here the following corollary of Lemma 7.3 that could be
obtained directly from (7.16) using calculations similar to those in (7.21)—(7.22).

Corollary 7.5 Fiz a number j € {1,2,...,N}. For any phase boundary S € Ty apply the
animal decomposition and denote by £(j) the animal satisfying J((3)) 2 (j — 1, j]. Then there
exists B < co such that for all 3 > B and all | > 1 one has

P(|J(EG)] = 1+ 1Ay = Ax) < exp{—4(8 - )i}
Another consequence of Lemma 7.3 is the following

Theorem 7.6 For all B > [y with By determined in Theorem 7.1 the finite dimensional dis-
tributions of the random process 0%(t), t € [0,1], have the same limiting behaviour as that of

o (1).
Proof. In view of the observation (recall (3.15), (3.20), (7.8), (3.17), and (3.2))

Nt}

0y — O3 (1) = \/]iv} (65N + 1) — g4 (V) | Aw = Ax)

the statement of the theorem follows immediately from (7.10). For details see [6, Theorem 5.4].
D .
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8 Proof of main theorems

To complete the proof of our main result we need to check the weak compactness of the sequence
of measures p}. We obtain it here as an implication of Theorem 2.2 from [11, Chap. 9] which
provides the sufficient condition for the weak compactness of measures in C[0, 1]. The following
statement verifies the assumption of the mentioned theorem.

Theorem 8.1 There exist positive numbers (, Bo, and Ny such that
B9} (8) — 03 (s)|* < Clt — s[4
wniformly in N > Ny and all segments [s,t] C [0,1], s < t, provided only 8 > f,.
As in [6] we consider two cases, A = Ay = [t — 5| < N7%% and A > N~/ separately.
Lemma 8.2 There exist positive numbers Cy and Ny such that
El0y(t) = Ox(s)|* < Cult — o[/

uniformly in [s,t] C [0,1], A < N=8° if only N > N; and B > By with By determined in
Lemma 7.3.

The proof is based on estimate (7.10) and can be obtained by literal repetition of that of
Lemma 6.2 from [6].

Lemma 8.3 There exist positive numbers Cg; B2, and Ny such that
Elo3(t) - Ox (s)I* < Calt — sf? (8.1)
uniformly in [s,t] C [0,1], A > N=%9, if only N > N, and 8 is sufficiently large, 8 > 5.
Proof. Denote (recall (3.2))
(v = E4(2) — &4 (s) = gh (VE) — g7 (N's)
and introduce the random vector (cf. (3.3))
An = (Yu, b, Cu/VA)
with the logarithmic': moment generating function L, , (H), H € R®, (cf. (3.5))
ZAN(H) = logEexp{,B(H, KN)} = log E(NV, A, H) — log E(N). (8.2)
For Hy = (HY, H},) determined from (3.11) we define
HY, = (Hy, Hy,0)

and

~ 1 ~
EN = BVH 10gE(N, A, H) 0 = (NqN,NbN,éN), (83)
. . N
where similarly to (7.6) one obtains the relation (recall (3.9))

éx = N(&(t) — &(s)) + Ao(vVN),
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As a result, for all sufficiently large N one has

E(ei(t—)\/_—g’—(?l)4 < 2;@ + 1)‘%% > | Ay = Aw). (8.4)
We will show below that for all N > N, and’ B > [, with sufficiently large N; > 0 and 83 > 0
one gets the estimate &
P(l¢y — enVA| > kV'NA| Ay = Ay) < fu(k), (8.5)
where |

D; exp{—a1k?}, if |k|] <evNA,
Dy exp{—ay N8|k}, if |k| >eVNA,
and Dy, Ds, ay, oy, € are some fixed positi\}e constants. Thus, the series in (8.4) is convergent

and (8.1) follows immediately.
It remains to establish estimates (8.5)—(8.6). To do this we introduce the vector (recall (8.3))

(8.6)

fn(k) = {

Zy = (Nqy, Nby, &y + kvV'N) = Ey + (0,0,kVN) (8.7)

and determine Hy = Hy (k) = (HY (), HY (k), H%(k)) from the equation

L VulogE Z(N, A, H) = Zn. (8.8)

ﬂ H=Hy

It follows from (8.2) and the implicit function theorem that provided & in (8.7) is of order vV NA
the quantities HY (k) — HY, Hx (k) — HY, and H2(k)v/A are of order A. Therefore, there exist
e =¢(p) >0, N3 > 0, and B3 > 0 such that for all k, |k| < eV NA, all 3> f;, and all N > N,
the following inequalities hold true ‘

(k) — HYl < pd,  |ER(E) - Byl <pp,  |Hy(k)| < pVA.

Thus, ‘applying arguments similar to those used in the proof of Lemma 6.1 one obtains the
inequality (cf. (6.8))

(Hess Ly, (H)T, T) > CB*N|TJ (8.9)

H=Hy (k)

for all k, |k| < ev/NA, all T € R3, 8 > B4, N > Ny, where C, B4, and N, are some positive
constants depending only on € and (B, from (5.11). For future references we fix such value of
e > 0.

Assuming that {y —éxy+v/NA > 0 (in the opposite case the estimates are similar) we rewrite

P(CN > éN\/Z-f— kv NAI Ay = AN)
_ P(Av=An, (v > EnVA +kvVNA)

B(Aw = An) (8.10)
. e~ Liy (Zn) Py, (Av = An, (v > CN\/_+ kv N )

where L% () and L} () denote the Legendre transformations of the functions La, () and Ly, ()
correspondingly, Hy was determined in (8.8), Hy - in (3.11), and Pg (), Puy(-) denote the
tilted distributions of the random vectors A ~ and Ay with parameters H ~ and Hy respectively.
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Let us evaluate first the difference E}‘\N(ZN) — L}, (Ax). It follows from (8.2), (8.3), (3.11)
and the duality relations (2.22) for the Legendre transformation that

L; (Ex) = L}, (Aw) and 8L, (En) =0,

where 82ZXN(-) denotes the derivative of the function Zj‘\N (zo, 21, z2) with respect to z;. Con-
sequently (cf. relation (A.5) in [6]),

- o~ S kN -
Ly (@) - Ty B) = [ WVF —0)@) I3, Waw, Nowoy +9)dy (811)
0

and one needs to evaluate (82)237\”(-) from below. Denote

EY, = Ey +(0,0,3) = (Nqw, Nby, &y +). (8.12)

We will show below that in the case |k| < ev/ NA there exist positive constants oy = a4(e) and
Bs such that for all y, |y| < kv/N, one has

(02T, (BY) > ea/N. (8.13)

Then (8.11) implies o L
Ly (Zy) = L}, (By) 2 oak? (8.14)

provided |k| < ev/NA and due to the convexity of L% +(+) (see also Property A.2 in [6])
L3y (Zw) - L}, (Ex) 2 202NV k| (8.15)

in the opposite case, |k| > eV N A. Thus, it remains to prove (8.13). To do this determine
HY = (HY(y), Hy(y), H%(y)) from the condition (recall (8.12))

1
B

and consider the matrix Hess Ly, (HY). Since it is positive definite (recall inequality (8.9)) there
exists Cs = Cs(g) > 0 such that for all y, |y| < kv/N < eNv/A, one has

() 005 Bt~ ()| yz . 20

On the other hand,

VHLAN (H) IH*Hy ~ By

det Hess EAN(H)| < CsN? (8.17)
H=HY,
uniformly in such y with some fixed constant Cg > 0. Since due to the duality relations (2.22)
the value of the derivative (32)25* (EY) coincides with the ratio of the left-hand sides in (8.16)
and (8.17), one immediately obtains (8.13).

It remains to evaluate the last fraction in (8.10). Consider first the case |k| < &v/ N A.
Let Ayg, be the random vector with the distribution induced by Pg (-) and L, g, (H),
H = (H,, Hl) be its logarithmic moment generating function,

Ly, g, (H) =log (ZME e, eﬁ(HM)PﬁN (Ay = M))
= Day (y + (Ho, Hy,0)) — Ly (Ew).

41



Note that this function is strictly convex and satisfies the condition

det Hess Ly, @y (H) Heo 0)2 CsN? (8.18)

(since the expression on the left-hand side of (8.18) coincides with the left-hand side of (8.16)
with y = kv/N). As a result, applying analog of (6.29) one gets

Pg,(Ay = Ap) < ‘Aﬁ52-

On the other hand, the denominator Pu, (Ay = An) can be evaluated from below via the analog
of (6.30). Thus, there exist positive constants C7, 87, and Ny such that for all N > N, 8 > 3,
and |k| < eV NA one has

< Ch. 8.19
Pu, (Ay = An) ~ Pay(Av =Ay) — ! (8.19)

In. the opposite case, |k| > eV NA, one easily gets (recall (6.30))

Pg, (Ay = An,{n > énVA + kV/NA) - 1
Puy(Any = An) ~ Puy(Anv = Aw) (8.20)
2
S oGSO exp{aa N'/8|k|}.

It remains to observe that (8.5)~(8.6) follow immediately from (8.10), (8.14), (8.15), (8.19),
and (8.20). O

Proof of Theorem 3.2. The statement of the theorem follows directly from Theorems 7.1, 7.6,
8.1, and Theorem 2.2 from [11]. O

Proof of Theorem 8.3. The first part of the theorem can be obtained in the same way as
Theorem 3.2. The convergence in (3.21) follows from Corollary 7.4. a

A Waulff construction in 1D models of SOS type

The 1D SOS model is the simplest interface model. In view of its simplicity it is very popular
in the physical literature and is used mainly as a ”"toy model” for discussing the statistical
properties of interfaces. In particular, the Wulff construction for this model is well understood
([1, 21)).

On the other hand, the interfaces appearing in the 1D SOS model present sample paths of
1D random walk of the special type (see, e. g., [6, Sect. 3]) and therefore the Wulff construction
here follows immediately from the known facts of the sample paths large deviations theory ([3,
Chap. 5|, [22]). Using the probabilistic interpretation one can investigate much general case of
random walks than those usually appearing in the physical literature in the context of 1D model
of SOS type (see, e. g., [2] for a list of typical examples). In this sense, the random walks provide
the most general model of SOS type and for this reason we will use the probabilistic language
in the present section. We will restrict ourselves to the discrete case, though the generalization
to the continuous one is straightforward [6, Sect. 2].

Let &; be a sequence of independent integer valued random variables having the same non-
degenerated distribution that is concentrated on the lattice Z'. Then the interface is described
by the sequence of partial sums, Sy = 0, S = Zle &;, of the corresponding random walk.
Denote by

L(h) = logEexp{h&}
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the logarithmic moment generating function (the free energy) of a single step of this random
walk. Assume in addition that L(-) is a finite function (and thus analytical) in some open
neighbourhood of the origin. ® Finally, for any n > 1 and ¢ € [0, 1] define a random polygonal
function (a piece-wise linearly interpolated interface)

[nt]

Tn(t) = Sy + {nt}nger = Z & + {nt}mg+

i=1

with [nt] and {nt} denoting the integral and the fractional parts of nt correspondingly.
Then the distribution of n™'z,(t) satisfies the large deviations principle with the rate function
([22], [4), [3, Chap. 5)

/1L*(f'(t))dt, if f € AC[0,1], f(0) =0,

+o0 otherwise,

J(f) =

where AC|0, 1] is the space of absolutely continuous functions on [0, 1] and L*(:) is the Legendre
transformation of L(-),
L*(z) = sup(zh — L(h)),
h

that is well defined due to the strict convexity of L(:). In particular, for any admissible pair
(g,b) (i. e., satisfying condition (A.4) below) one has

log P(a(1) € (b,b+¢), J 2a(t) dt € (g,0+¢)) _

lzy Y, n ~70
where f(-) presents a solution of the variational problem:
1
J() -~ O =0, f=b [ fOdt=q (A1)
0

Note that the functional J(-) is closely related to the Wulff functional with naturally defined
surface tension (see, €. g., [6, Sect. 3]), and therefore the function f(-) is the Wulff profile in the
considered situation. A :

Lir) 7(t)
J b/ &

0 h

o' 1 ¢
a) 7 b)

Figure 2: Wulff construction in a general 1D model of SOS type

8This is a usual conjecture in applications; moreover, typically one demands the existence of all exponential
moments for § (see, e. g., [2]). V
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It turns out that the variational problem (A. 1) can be solved expll(:ltly Namely, define the
quantltles ho = ho(q, b) and hy = hl(q, b) from the equations ,

/ L,(ﬁl + yi&o) dy = b,
0

1 R R (A'2)
/ yL'(h1 +yho) dy = q.
0
Then the Wulff profile f(-) is defined via ([6, Sect. 2])
) (EChs + ho) = L(bs + (1= 2)ho) ) /ho, it o #0,

X (A.3)
L'(h)t=bt otherwise. ~

The relations (A.2)-(A.3) have a simple geometnc interpretation. Namely, rewriting (A.2)
in the form (cf. [21, Theorem 3])

(b + ho) = L(hr)) /ho =,

1 /f'o (L(ﬁl + ho) + L(h)
h2 2

— L{h1 +y)) dy=q—b/2

we infer that these conditions prescribe to find two points A(hy, L(h)) and O (kg +ho, L(hy+ho))
on the graph of the function L(:) such that (see Figure 2,a)): 1) the straight line passing through
O and A has the slope coefficient b; 2) the area Q;(ho) of the figure bounded by the segment OA
and the arc of the graph of L(-) with the endpoints A and O equals (g—b/2)ho?, where hy denotes
the horizontal separation of the points A and O (in the case ¢ < b/2 one should interchange
these points). Then the Wulff proflie f(-) is obtained by simple transformation (reflection +
scaling) of the arc OA (see Figure 2,b)). In the critical case 2¢ = b the points O and A coincide
and due to the second line in (A.3) the corresponding Wulff profile is reduced to the segment
O'A’ (Figure 2,b)). '

Due to the strict convexity and analyticity of the function L(-) the normalized area Qy(ho)/ho®
is an increasing function of hy and Qy(ho)/ ho? — 0 as hg — 0. In particular, the conditions
ho = 0 and 2q = b are equivalent (recall (A.3)). As a result, equations (A.2) have at most one
solution. Such solution clearly exists for every pair (g, b) satisfying the condition °

lg —b/2| < sup Qu(h)/h. (A.4)

Here the supremum corresponds to the most ”upper” limiting position of the secant O A; thus,
(A.4) means that the real secant should be below the limiting one (if such exists).
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