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Abstract

We study the iteration of a transcendental entire function, f; in par-
ticular, the fast escaping set, A(f). This set consists of points that
iterate to infinity as fast as possible, and plays a significant role in

transcendental dynamics.

First we investigate functions for which A(f) has a structure called
a spider’'s web. We construct several new classes of function with
this property. We show that some of these classes have a degree of
stability under changes in the function, and that new examples of
functions with this property can be constructed by composition, by
differentiation, and by integration of existing examples. We use a
property of spiders’” webs to give new results concerning functions

with no unbounded Fatou components.

When A(f) is a spider’s web, it contains a sequence of fundamen-
tal loops. We next explore the structure of these fundamental loops
for functions with a multiply connected Fatou component, and show
that there exist functions for which some fundamental loops are ana-
lytic curves and approximately circles, while others are geometrically
highly distorted. We do this by introducing a real-valued function
which measures the rate of escape of points in A(f), and show that

this function has a number of interesting properties.

Next we study functions with a simply connected Fatou component
in A(f). We give an example of a function with this property, which
— in contrast to the only other known functions of this type — has no
multiply connected Fatou components. To do this we also prove a

new criterion for points to be in A(f).

Finally, we investigate the much studied Eremenko-Lyubich class of
transcendental entire functions with a bounded set of singular values.
We give a new characterisation of this class, and a new result regarding

direct singularities which are not logarithmic.
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Chapter 1

Introduction

1.1 Structure of this thesis

The structure of this thesis is as follows. In this introductory chapter we give
some of the history of the study of complex dynamics, along with some parts of
the classical theory of transcendental dynamics used in subsequent chapters. We
give a number of necessary definitions, and various useful and well-known results.

All new results are given in the four subsequent chapters, during which we
introduce additional background results and concepts when these are required.
At the end of the thesis we give a brief chapter containing interesting questions

and suggestions for further study. These questions arise from the earlier material.

1.2 Preliminary material

We first give some notation used throughout the thesis. We denote the com-
plex plane by C, and the Riemann sphere by C=Cu {oc}. For a disc in the

complex plane we define
B((,r)={z:]z—=(| <r}, for(eC,r>0. (1.1)

In Section 5 only, we need to define a disc in the Riemann sphere. In the case



that the centre of the disc is finite we use (1.1), and otherwise we define
B(oo,r)={z : |2| > r}, forr>0.
For an annulus we write
A(ry,me) =4z 1 < |z] < 1o}, for 0 <ry <ro.

We use the following notation for three special domains in the complex plane.
We denote the unit disc by
D = B(0,1),

the punctured unit disc by
D" = B(0,1)\{0},
and the left half-plane by
H = {z: Re(z) < 0}.
We denote the integers greater than zero by N.

We often use phrases such as ‘for r > Ry’. By this we mean that the condition

is satisfied by all values of r greater than or equal to Rj.

If f is a transcendental entire function, then we denote by ", n € N, the nth
iterate of f. If D C C and n € N, then we write f~"(D) to denote the set

{z: f"(=) € D}.

We call a point z periodic if f"(z) = z, for some n € N. We say that z is a
repelling periodic point if, in addition, |(f™)'(2)| > 1.

We frequently need to use the maximum modulus function. This is defined by



M(r, f) = max|f(z)], forr>0. (1.2)

|z|=r
We sometime write this as M (r), provided that it is clear from the context which
function f is being considered. We write M™(r, f) to denote repeated iteration
of M(r, f) with respect to the variable r.

We also use the minimum modulus function defined by

L(r, f) =min|f(z)|, forr >0.

|z|=r

The order p(f) and lower order A(f) of a transcendental entire function f are
defined by

p(f) = limsup og log M(r, /) and A(f) = liminf og log M(r, f)
r—00 lOgT r—00 IOgT

(1.3)
If f is a transcendental entire function, then p(f) = p(f’); see, for example,

35, p.286).
We note from, for example, [62] that if

f(z)= Z a,z",
n=0

then |
) nlogn
=1 _— 14
p(f) S (1.4)
and |
A(f) = maxlim inf Ilp 08 Ttp—1 (1.5)

(np) p—oo log|ay,, |71

We note that, in (1.5), the maximum is taken over all increasing sequences of
positive integers (n,). We note also that it is explicitly shown in [62] that the
maximum is achieved.

Throughout the thesis we use the following well-known facts about the max-

imum modulus function M(r, f) of a transcendental entire function f.

Lemma 1.2.1. Suppose that f is a transcendental entire function, and define
o(t) =log M (€', f). Then the following hold.



(a) M(r, f) is a continuous function of r.

(b)

w—>o<> as r — o0. (1.6)
log r
(c)
ifk>1then%—>ooasr—>oo. (1.7)

(d) ¢(t) is a convex and increasing function of t.

(e) &(t) has a derivative at all but at most a countable set of points.

We also use the following [27, Theorem 2.2], generally with n = 1.

Lemma 1.2.2. Let f be a transcendental entire function. Then there exists
Ry > 0 such that, for 0 < <1< cand alln € N,

M(re, f*) > M(r, f*)¢,  forr > Ry, (1.8)

and

M@, )y < M(r, f°,  forr > RYS. (1.9)

We also use a result similar to Lemma 1.2.2 which applies when f is a poly-

nomial.

Lemma 1.2.3. Let f be a non-constant polynomial, and suppose that 0 < ¢ < c.
Then there exists Ry > 0 such that,

M(r, f) > M(r, f)¥, forr > Ry. (1.10)
Proof. This follows because there exist a > 0, n € N and R’ > 0 such that

1
§a7“” < M(r,f) <2ar", forr>R.



We denote the inverse function of M, when this is defined, by M~!. For sim-
plicity we write M ", for n € N, to denote n repeated iterations of M. Observe
that M~1(r) is defined for r € [|f(0)|, oo) and is strictly increasing. Moreover,
by Lemma 1.2.1 (d) and [65, Theorem 7.2.2], we have that log M ~!(e®) is a con-
cave and increasing function of s. Also, if Ry is the constant from Lemma 1.2.2,
then it follows from (1.8) that

M) < M~'(r)¢, for r > max{M(Ry), |f(0)|}, ¢> 1. (1.11)

1.3 History and background

In this section we give a brief outline of the history of the study of complex
dynamics, and some of the key developments which have motivated the research
in this thesis. Further details are given in subsequent sections.

The origins of the detailed study of complex dynamics lie with Fatou [43-45]
and Julia [61] in the early part of the last century. These early papers all consider
the iteration of rational functions. In this thesis we are concerned only with the
iteration of transcendental entire functions, which was considered by Fatou in
1926 [46]. An introduction to the theory of the iteration of transcendental entire
and transcendental meromorphic functions can be found in [18], and also in [94].

In honour of the two mathematicians noted in the previous paragraph, the
most fundamental objects of study in this field are named the Fatou and Julia
sets. The Fatou set F'(f) is defined as the set of points z € C such that (f"),en is
a normal family in a neighbourhood of z. The Julia set J(f) is the complement
in C of F(f).

After the work of mathematicians such as Fatou, Julia, Lattes (who, for ex-
ample, gave a large family of rational functions for which the Julia set is the
whole complex plane [68]) and Ritt (who also studied the iteration of rational
maps [90]), the field of complex dynamics was relatively quiet in the 20th century
for several decades. An important exception to this observation is that of Baker,
who worked extensively in this area from the 1950s onwards. Baker proved a
number of important results on the iteration of transcendental entire functions,

and we often refer to these in this thesis. A summary of his life and work was



given in [80].

A renaissance in the study of complex dynamics occurred in the 1980s. One
factor in this was, perhaps, the fact that improvements in computer technology
enabled mathematicians to experiment with and to illustrate some of the com-
plicated geometric objects involved in this study.

A second key factor was the introduction of new techniques from other areas
of mathematics, which enabled long-standing problems to be solved. Arguably
the most significant of these was Sullivan’s use of quasiconformal mappings in
[104] to show that it is not possible for a rational function to have a wandering
Fatou component. In other words, for a rational function all components of the
Fatou set are eventually periodic; see Section 1.5 for definitions of these concepts.
This result led to significantly increased interest in the study of the dynamics of
rational functions.

It is possible, however, for a transcendental entire function to have a wandering
Fatou component. Baker gave an example of a transcendental entire function with
this property in 1963 [5], although he did not show that the multiply connected
Fatou component of the function in this paper is bounded and hence wandering
until 1976 [7]. We give an example of a transcendental entire function with a
wandering Fatou component with novel properties in Chapter 4.

A third set which has generated significant interest is the escaping set I(f),
which was first investigated for a general transcendental entire function by Ere-
menko [39]. It is defined by

I(f)=4z: f"(2) > 0 asn — c}.

Eremenko proved that if f is a transcendental entire function then I(f)NJ(f) is
not empty, J(f) = 9I(f), and I(f) has no bounded components. Eremenko also
conjectured that I(f) has no bounded components. This important conjecture —
which we refer to simply as Eremenko’s conjecture — remains open, and attempts
to resolve it have led to significant progress in the study of transcendental dy-
namics. We discuss the escaping set and Eremenko’s conjecture in more detail in
Section 1.6.

In general, one can often gain a better understanding of a set by studying



some of its subsets. Rippon and Stallard, first in [82] and then more fully in [86],
took this approach by considering a subset of the escaping set known as the fast
escaping set, A(f). Much of the work in this thesis relates to A(f). This set was
introduced by Bergweiler and Hinkkanen [25], and can be defined by

A(f) = {z : there exists £ € N such that |f"™(z)| > M"(R), for n € N};
(1.12)

see [86] for this form of the definition of A(f). Here R > 0 can be taken to be
any value such that M(r) > r for r > R. For simplicity, we only write down
this restriction on R in formal statements of results — elsewhere this should be
assumed to be true.

As observed in [86], since |f(2)| < M(r), for |z| < r, the conditions ¢ € N and
n € Nin (1.12) could be replaced by the conditions ¢ > 0 and n > 0. We have
chosen to write £ € N and n € N in order to be consistent with the definition
given in [86].

The arguments in [86] regarding the properties of A(f) were frequently based

on properties of the set
Ap(f) ={z:1f"(2)| = M"(R), for n € N},

where R > 0 is such that M(r) > r for r > R. Many of the arguments use the
fact that Ag(f) is closed, together with the set equality

o0

A = U (An(h).
=0
An important result is the following [86, Theorem 1.1] (see also [82, Theo-

rem 1]).

Theorem 1.3.1. Let f be a transcendental entire function, and let R > 0 be
such that M(r, f) > r for r > R. Then each component of Agr(f) is closed and

unbounded, and hence each component of A(f) is unbounded.

This result provides a partial result regarding Eremenko’s conjecture; since
A(f) < I(f), and since it follows from [39] that A(f) is not empty, then I(f)



certainly has at least one unbounded component. We discuss the fast escaping
set in more detail in Section 1.7.

Many of the results in [86] relate to a structure known as spider’s web, which
is defined as follows. A set F is a spider’s web if E is connected and there exists

a sequence of bounded simply connected domains (G,,)nen such that

0G, C E, Gy CGypy, forneN, and | J G, = C. (1.13)

neN

It was shown in [86] that there are many transcendental entire functions f for
which Ag(f) has this structure; for example, this is the case when f has a multiply
connected Fatou component. As noted in [86] — and see also [83] — there are also
many transcendental entire functions, f, such that f has no multiply connected
Fatou components and Ag(f) is a spider’s web. For example, if f has sufficiently
small growth, then Agr(f) is a spider’s web; see Theorem 1.9.2 (b), below, for a
precise statement of this condition. Bergweiler and Eremenko showed [22] (see
also [23]) that there are functions of arbitrarily small growth — and hence functions
which satisfy this condition — for which the Fatou set is empty.

If Ar(f) is a spider’s web then A(f) and I(f) are also spiders’ webs [86, com-
ments following Theorem 1.4], f has no unbounded Fatou components, see Theo-
rem 1.9.1(d) below, and Eremenko’s conjecture holds. We note that, trivially, the
whole complex plane is a spider’s web. However, if Ag(f) is a spider’s web, then
it cannot equal the whole complex plane since, for example, there exist periodic
points, by Theorem 1.4.1(e). We give details of the intricate topological structure
of an Ag(f) spider’s web in Section 1.9.

In Chapter 2 we give a number of new classes of functions for which Ag(f) is
a spider’s web, including the simple example f(z) = cos z + cosh z.

To understand the structure of Ag(f) spiders’ webs, Rippon and Stallard [86]
introduced fundamental holes and fundamental loops. When Ag(f) is a spider’s
web, we define the fundamental hole Hg, as the component of Ag(f)¢ that contains
the origin, and the fundamental loop Lr by Lg = 0Hg. Since Ag(f) is closed,
we have that Lr C Ag(f). We use the following theorem, which is part of [86,
Lemma 7.2].



Theorem 1.3.2. Let f be a transcendental entire function, let R > 0 be such
that M(r, f) > r forr > R, and let Ag(f) be a spider’s web. Then

fn(HR) = HMW(R) and fn(LR) = LM"(R); fO’f‘ n € N.

Our notation here differs slightly from that in [86]. For R > 0 fixed, Rippon
and Stallard define sets

AR(f) ={z:1f"(=)] = M"™(R), n € N}, form >0,

and define the sequence of fundamental holes to be the components of A% (f)°
that contain the origin. Denoting this sequence by (H],)m>0, we observe that

these notations are related by the equation
Hymgy = H),, form >0.

In Chapter 3 we investigate the structure of these fundamental loops for func-
tions with a multiply connected Fatou component. We discuss spiders’ webs in
more detail in Section 1.9.

Suppose that f is a transcendental entire function and that f’'(z) = 0. Then
we say that z is a critical point, and w = f(2) is a critical value of f. We call a
curve I' : (0,1) — C an asymptotic curve with asymptotic value a if, as t — 1, we
have both I'(t) — oo and f(I'(t)) — a. The set formed by the union of the critical
and finite asymptotic values of a transcendental entire function f coincides with
the set of singularities of the inverse function, and is denoted by sing(f™1).

If f is a transcendental entire function such that sing(f~') is bounded, then we
say that f belongs to the Eremenko-Lyubich class, B. This class was introduced
to complex dynamics in [41]. A particularly important result given in this paper
is [41, Theorem 1] that F(f)NI(f) =0, for f € B.

Examples of functions in this class include functions in the exponential family

{f: f(z) = Aexp(z), A # 0},



and functions in the cosine family

{f: f(z) =cos(az + B), a # 0}.

Functions in the Eremenko-Lyubich class have a number of strong properties
outside a bounded domain which includes sing(f~'). As a result, this class has
been widely studied. Papers which study the structure of the escaping set for
functions in this class include the important paper [91] discussed in Section 1.6,
and Rempe’s paper [77], the results of which explain the observation that there
are striking similarities between the Julia sets of many transcendental entire func-
tions. Papers which concern the dimensions of the Julia set and the escaping
set include Stallard’s result [102] that the Julia sets of functions in this family
have Hausdorff dimension strictly greater than one, and Baranski, Karpinska,
and Zdunik’s paper [12] which generalised this result to show that the Julia sets
of functions in this family have hyperbolic dimension strictly greater than one.
Bishop [29] gave an example of a function in this class with a wandering Fatou
component. Finally, papers studying the value distribution of functions in this
class include [66], which concerns the Nevanlinna deficiency of functions in this
class, [67], which gives results on the fixed points of functions in this class, and [73]
which concerns the Nevanlinna deficiency of the derivatives of some functions in
this class. We refer to the papers themselves for the definitions of some of these
terms.

In Chapter 5 we give a new characterisation of this class of functions.

1.4 The Fatou and Julia sets

Fundamental properties of the Fatou and Julia sets of a transcendental entire
function are given in the following theorem; see, for example, [18, Lemma 1,
Lemma 2, Lemma 3, Theorem 3 and Theorem 4]|. Here we say that a set S is
completely invariant if z € S implies f(z) € S, and f(z) € S implies z € S.
Recall also that a set is perfect if it is closed, non-empty and has no isolated

points.

10



Theorem 1.4.1. Suppose that f is a transcendental entire function. Then the
following hold.

(o) E(f) = F(f") and J(f) = J(f"), for n > 2.
(b) F(f) and J(f) are completely invariant.
(¢c) Either J(f) = C or int(J(f)) = 0.

(d) J(f) is perfect.

(e) J(f) is the closure of the set of repelling periodic points of f.

The first example of a transcendental entire function for which J(f) = C was
given by Baker [6], who showed that, for a suitable value of £ > 0, this is the case
for f(z) = kze®.

A useful sufficient condition for a point to lie in the Fatou set can be obtained
from Montel’s Theorem. There are a number of versions of this result, we use the

simplest; see, for example, [93, p.54].

Theorem 1.4.2 (Montel). Suppose that V is a family of analytic functions on a

domain A. Suppose also that there exist distinct points wy, wy € C such that
g(w) ¢ {wy,wy}, forallg €V andw € A.

Then 'V is a normal family in A.

When f is a transcendental entire function and z € C, then we can often
show that z € F(f) by applying Theorem 1.4.2 with V = {f"},en, and with A a
neighbourhood of z.

A complementary property of transcendental entire functions, which reflects

the chaotic nature of the Julia set, is the following well-known result [83, Lemma 2.1].

Theorem 1.4.3. Let f be a transcendental entire function, let K be a compact
set with K N E(f) = 0 and let A be a neighbourhood of z € J(f). Then there
exists N € N such that f*(A) D K, forn > N.

11



Here
E(f) ={z: 0 (2) is finite} (1.14)

and
O~ (z) ={w: f"(w) = z, for some n € N}.

It follows from the big Picard theorem that the set F(f) contains at most one

point.

1.5 Fatou components

Since F(f) is open, it consists of at most countably many connected compo-
nents, called Fatou components. Suppose that U = U, is a Fatou component.
We denote by U, the Fatou component containing f"(U), for n € N. For n € N,
we have that U,\ f"(U) can contain at most one point [56, Corollary 3|. If U is
bounded, then f": U — U, is a proper map and so U,, = f™(U) [56, Corollary 1].
Note that if U and V' are domains and f : U — V is continuous, then f is a proper
map of U onto V' if and only if the preimage of every relatively compact subset of
V is a relatively compact subset of U. If f is a transcendental entire function and
U and V are bounded domains, then it follows from the open mapping theorem
that f is a proper map of U onto V' if and only if f(0U) = V.

Fatou components may be classified as follows. If U, = U, for some least
p € N, then we say that U is periodic, with period p. If U is not periodic, but U,
is periodic, for some ¢ € N, then we say that U is pre-periodic. The remaining
possibility is that U, = U,, implies that n = m; we call such a component
wandering. These components are often called wandering domains. As noted
earlier, Sullivan [104] showed that it is not possible for a rational function to
have wandering Fatou components. It has further been shown that there are a
number of classes of transcendental entire functions which do not have wandering
Fatou components. For example, Eremenko and Lyubich [41], and also Goldberg
and Keen [48], showed that this is the case for transcendental entire functions for
which sing(f~') is finite, and Stallard [101] showed that this is the case for entire

12



and meromorphic functions of the form
f(z) =z + R(2)e"?),

where P is a non-constant polynomial and R is a non-constant rational function.
Note that the proofs of all these results use Sullivan’s ideas.

There exists a well-known classification of periodic Fatou components; see,
for example, [18, Theorem 6]. We do not need this classification here, as we are
primarily interested in wandering Fatou components.

We distinguish between Fatou components which are simply connected and
those which are multiply connected. The following important result regarding
multiply connected Fatou components was proved by Baker [9, Theorem 3.1]. We
often use this result without comment. Note that we say that a set U surrounds
a set V' if and only if V' is contained in a bounded component of C\U. We also

write dist(z, U) = inf,ep |2 — w].

Theorem 1.5.1. Suppose that f is a transcendental entire function and that U is
a multiply connected Fatou component of f. Then each U, is bounded and multiply

connected, U, 1 surrounds U, for large n, and dist(0,U,) — 0o as n — oc.

An immediate corollary of Theorem 1.5.1 is that all multiply connected com-
ponents of a transcendental entire function are wandering. It also follows that if
U is a multiply connected Fatou component, then U,, = f*(U), for n € N.

Zheng [107] showed that, if U is a multiply connected Fatou component, then
for sufficiently large values of n, U, contains an annulus A(r,, R,), such that
R, /r, — oo as n — oco. This result was strengthened by Bergweiler, Rippon and
Stallard in a recent paper [27] which gave a detailed study of the dynamics of a
transcendental entire function in a multiply connected Fatou component. We use

the following result, which is given in [27, comments following Theorem 1.2].

Theorem 1.5.2. Suppose that f is a transcendental entire function with a mul-
tiply connected Fatou component U = Uy, and let zy € U be fized. Then there
exists a > 0 such that, for large n, the maximum annulus centred at the origin,
contained in U, and containing f™(zo), is of the form

B, = A(r® ') where r, = [f"(20)], 0 < an <1—a<1+a<b, (1.15)

noJ’'n
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We use a number of other results from [27]; see Section 3.2.
The first example of a transcendental entire function with a multiply con-

nected Fatou component was constructed by Baker in [5]. This function has the

f(z):czQﬁ (1+ain).

n=1

form

The sequence of positive real numbers (a,),en is chosen so that the annuli
An = A(CLZ, a?z—&—l)

have the property f(A,) C A1, for n € N. The existence of multiply connected
Fatou components can be shown to follow from this fact; see Figure 1.1 for an
illustration of the dynamics of this function. In this figure a multiply connected
Fatou component, labeled U, is shown being mapped by iterates of f to multiply
connected Fatou components which surround U. All these Fatou components
are shown in grey. The figure is schematic, and it should not be interpreted, for
example, that the boundaries of the Fatou components are smooth. For simplicity,
Figure 1.1 suggests that these Fatou components are doubly connected. However,
it was recently shown by Bergweiler and Zheng [28] that they are in fact infinitely
connected.

Other papers giving functions with multiply connected wandering Fatou com-

ponents include:

e Baker’s paper [10], in which it is shown that multiply connected wandering

Fatou components may occur for functions of any order;

e Hinkkanen’s paper [57], in which it is shown that multiply connected wan-

dering Fatou components may occur for functions of arbitrarily small growth;

e Bergweiler’s paper [20], which is further discussed below (see text before
Figure 1.3);

e Bergweiler, Rippon and Stallard’s paper [27, Section 10], in which examples
of transcendental entire functions with multiply connected wandering Fatou

components of different geometries are given;

14
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Figure 1.1: Multiply connected wandering Fatou components.

e and Kisaka and Shishikura’s paper [63], which gave the first example of a
transcendental entire function with a doubly connected wandering Fatou

component.

A recent paper which gives a transcendental entire function with a multiply con-
nected Fatou component is [30]. The transcendental entire function in [30] has
a Julia set of Hausdorff dimension 1. This resolved a long-standing question
whether, for a transcendental entire function f, it was always the case that the
Hausdorff dimension of J(f) is strictly greater than 1.

An example of transcendental entire function with a simply connected wan-

dering Fatou component is
f(z) =2z—14 e+ 2mi,

which was introduced by Herman, quoted in [103] and described in detail by
Baker [9].

It was shown in [9] that, for n € Z, f has a simply connected wandering
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Fatou component which contains a unique 2nmi translation of the real line. On
iteration of f, each of these wandering Fatou components is translated by 2.
See Figure 1.2 for an illustration of the dynamics of f. In this figure a simply
connected Fatou component, labeled U, is shown being mapped by iterates of f to
further simply connected Fatou components. Each iteration translates a simply
connected Fatou component by 2mi. All these Fatou components are shown in
grey. The figure is schematic, and it should not be interpreted, for example, that

the boundaries of the Fatou components are smooth.

21 n

D
4

2T U \

Figure 1.2: Simply connected wandering Fatou components.

Other functions with simply connected wandering Fatou components include:
e the function f(z) =2 —log2+ 2z — exp(z) discussed in [19];

e a function constructed in [40] using approximation theory, which has a

wandering Fatou component which is not in the escaping set;

e and the function f(z) = z + Asin(27z) + 1, for certain values of A € C,
discussed in [55, p.106].
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We give an explicit construction of a new example of a transcendental entire func-
tion with this property in Chapter 4. Note that the function in [20], mentioned
earlier, has both simply and multiply connected wandering Fatou components;
see Figure 1.3 for an illustration of the dynamics of this function. In this figure
a simply connected Fatou component, labeled V' and shown in black, is shown
being mapped by iterates of f to further simply connected Fatou components.
A multiply connected Fatou component, labeled U and shown in grey, is shown
being mapped by iterates of f to further multiply connected Fatou components.
The figure is schematic, and it should not be interpreted, for example, that the

boundaries of the Fatou components are smooth.

/[ \

\ /

Figure 1.3: Both simply and multiply connected wandering Fatou components.

1.6 The escaping set and Eremenko’s conjectures

In this section we briefly discuss some important properties of the escaping
set, I(f). Fundamental properties of the escaping set of a transcendental entire

function are given in the following theorem; the first two parts of this theorem
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follow immediately from the definition of I(f), the remainder of the theorem is

proved in the seminal paper of Eremenko [39].

Theorem 1.6.1. Suppose that f is a transcendental entire function. Then the
following hold.

(a) I(f) = I(f"), forn =2.

(b) I(f) is completely invariant.
(c) J(F)NI(f) #0.
(d) J(f) = OI(f).

(e) I(f) has no bounded components.

If U is a Fatou component such that UNI(f) # 0, then it follows by normality
that U C I(f). We call a Fatou component in I(f) escaping. Note, however, that
it is not necessarily true that the boundary of an escaping Fatou component must
lie in I(f). For example, the function f(z) = z 4+ 1 + e~* has an escaping Fatou
component the boundary of which contains periodic points; see [86, remark after
Theorem 1.2].

We recall Eremenko’s conjecture [39] that I(f) contains no bounded compo-
nents. One noteworthy result regarding this conjecture is [85, Theorem 4.1(c)]
that I(f) U {oo} is connected. Hence, if there exists a transcendental entire
function f such that I(f) has a bounded component, then I(f) must be very
complicated topologically.

Fatou [46] noted that for many transcendental entire functions, such as
fa(z) = Asinz, for A € R,

there is a set S of curves with the following property. If I" € S, then f{(z) — oo
as n — oo, for z € I'. He also asked if this was the case in general. Eremenko
made this conjecture more precise in [39], by asking if it was the case that every
point in I(f) can be joined to infinity by a curve in I(f); this is sometimes called

the strong form of Eremenko’s conjecture.
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Arguably the most significant results regarding Eremenko’s conjectures were
given by Rottenfusser, Riickert, Rempe and Schleicher [91]. First [91, Theo-
rem 1.1] they gave an example of a transcendental entire function, f € B, such
that every path-connected component of J(f) is bounded. Together with the
fact that F(f) NI(f) =0, for f € B, this result shows that the strong form of
Eremenko’s conjecture does not hold in general.

On the other hand, they also showed that the strong form of Eremenko’s

conjecture does hold for a large class of functions [91, Theorem 1.2].

Theorem 1.6.2. Suppose that f € B is a function of finite order, or more
generally a finite composition of such functions. Then every point z € I(f) can

be connected to infinity by a curve v such that f"(w) — oo uniformly for w € ~.

1.7 The fast escaping set

In this section we briefly discuss some important properties of the fast escaping
set, A(f). In fact, A(f) has several properties corresponding to the properties of
I(f) given in Theorem 1.6.1.

Theorem 1.7.1. Suppose that f is a transcendental entire function. Then the
following hold.

(a) A(f)=A(f"), forn = 2.

(b) A(f) is completely invariant.

(c) J(f)MA(f) #0.

(d) J(f) = 0A(f).

(¢) A(f) has no bounded components.

The first part of this theorem was shown in [82]. The second part was stated
in [25] and proved in [82]. The relationships between A(f) and J(f) were proved
in [25] and [82]. The fact that all the components of A(f) are unbounded was
proved in [82] and implies that /(f) has at least one unbounded component, as

noted earlier; see also [86] for a detailed account of all these properties of A(f).
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We call a Fatou component in A(f) fast escaping. The following results give
three important properties of fast escaping Fatou components. The first property
is part of [86, Theorem 4.4].

Theorem 1.7.2. Suppose that f is a transcendental entire function and that U
is a multiply connected Fatou component of f. Then U C A(f).

The second is a version of [86, Theorem 1.2].

Theorem 1.7.3. Suppose that f is a transcendental entire function and that
R > 0 is such that M(r) > r for r > R. If U is a simply connected Fatou
component of f that meets Ag(f), then U C Ag(f).

Recall from the previous section that if U is Fatou component in I(f), then
it is not necessarily true that the boundary of U must lie in (f).
The third property, which was also proved in [25], is [86, Corollary 4.2].

Theorem 1.7.4. Suppose that f is a transcendental entire function and that U
is a Fatou component of f with U N A(f) # 0. Then U is wandering.

In the proof of Theorem 4.1.1 we construct a transcendental entire function
with a simply connected fast escaping Fatou component, and no multiply con-
nected Fatou components.

Suppose that 0 < € < 1, and define p(r) = eM(r), for r > 0. Rippon and Stal-
lard proved the following alternative characterisation of A(f) [86, Theorem 2.7].

Theorem 1.7.5. Suppose that f is a transcendental entire function and that

R > 0 is sufficiently large to ensure that pu(r) > r, for r > R. Then
A(f) = {2 : there ewists £ € N such that |f"*(2)| > u"(R), for n € N}.

To prove Theorem 4.1.1 we require a stronger version of this result, in which

€ is taken to be a function of r. This is given in Theorem 4.1.2.

1.8 Cantor bouquets

Before discussing spiders’ webs, we first briefly describe a contrasting struc-

ture, which has been known for much longer.
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Devaney and Krych [36] studied the Julia set of many functions in the expo-
nential family. They showed that the Julia set of one of these functions is a closed
set consisting of an uncountable union of disjoint unbounded curves. Devaney
and Tangerman [37] first used the name Cantor bouquet for this structure, and
showed that there is a large class of functions, including many exponentials such
as f(z) = %ez, for which the Julia set is a Cantor bouquet. For a general study
of Cantor bouquets, including a precise definition, we refer to [11].

All of these functions are in the class B, for which it is known [41] that
I(f) (and hence A(f)) is a subset of J(f). Schleicher and Zimmer [95] studied
the whole exponential family, and showed that every point in the escaping set
of any function in this family lies on an unbounded curve in the escaping set.
Rottenfusser and Schleicher [92] showed that the same is true for functions in the
cosine family. Clearly the strong form of Eremenko’s conjecture holds in both
these cases.

As mentioned earlier, it was shown in [91, Theorem 1.2] that the strong form
of Eremenko’s conjecture holds for a large class of functions in the class B, which
includes functions in the exponential and cosine families discussed above. For
many of these functions the Julia set is a Cantor bouquet containing the escaping
set. In other cases, however, the escaping set and the Julia set are both connected.
For example, for f(z) = e?, it was shown by Misiurewicz [72] that J(f) = C, and,
more recently, by Rempe [78] that I(f) is connected. For all of these functions,
each point in A(f) lies on an unbounded curve in A(f), and all other points in
I(f) and J(f) are endpoints of these curves [79].

1.9 Spiders’ webs

As noted earlier, it was shown in [86] that Ag(f), A(f) and I(f) can have
a structure known as a spider’s web, and that if Agr(f) is a spider’s web then
so are A(f) and I(f) and, in many cases, so is J(f) — see Theorem 1.9.1(c).
We observe that the spider’s web structure has several differences to the Cantor
bouquet structure described in the previous section. In particular, the Cantor
bouquet structure is closed and has uncountably many components with a sin-

gle unbounded complementary component, whereas the spider’s web structure
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is connected with infinitely many complementary components, each of which is
bounded — see Theorem 1.9.1(a). Note that a spider’s web may contain a subset
that is a Cantor bouquet, although no examples have yet been given of functions
for which the Julia set or escaping set is known to be a spider’s web containing
a Cantor bouquet.

Functions for which Ag(f) is a spider’s web have a number of strong dynamical
properties. First, since I(f) is also a spider’s web, I(f) is connected. Since I(f) is
unbounded, it follows at once that Eremenko’s conjecture holds in a particularly
strong way whenever Ag(f) is a spider’s web.

As mentioned earlier, if Ag(f) is a spider’s web then it has an intricate topo-

logical structure, as shown by the following result.

Theorem 1.9.1. Let f be a transcendental entire function, let R > 0 be such
that M(r, f) > r forr > R, and let Ag(f) be a spider’s web. Then the following
hold.

(a) A(f)¢ has uncountably many components, each of which is compact.
(b) A(f)¢ has singleton periodic components which are dense in J(f).

(c) If f has no multiply connected Fatou components, then each of

Ar(S) VI (), A(S) N (), 1(f) N J(f) and J(f)

1 a spider’s web.
(d) The function f has no unbounded Fatou components.

The first of these properties is a combination of [74, Theorem 1.2] and [86,
Theorem 1.6(a)], the second is part of [74, Theorem 1.6]. The final two properties
are [86, Theorem 1.5].

Theorem 1.9.1(d) provides a link between the study of Ag(f) spiders’ webs
and another major open question in the field of transcendental dynamics. Baker’s
congjecture, which arises from [8], is that if the order of a transcendental entire
function f is less than %, then f has no unbounded Fatou components. A survey

of progress on this question was given in [58]. It is known [106] that there are no
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unbounded periodic Fatou components for functions of order less than %, and so
it remains to show that such functions have no unbounded wandering domains.
As described in [58], there are many papers showing that no such domains exist
if the function also satisfies various regularity conditions. We strengthen some
results on these classes of functions in Section 2.7.

The strongest results showing that functions of very small growth have no
unbounded wandering domains were given — subsequent to the survey [58] —in [59]
and [84]. It is still not known, however, whether the result holds even for all
functions of order zero. It was observed in [84] that the techniques used to obtain
all these partial results on Baker’s conjecture were in fact sufficient to imply the
stronger result that Ag(f) is a spider’s web.

It has recently been shown, however, that there are functions for which Baker’s
conjecture holds but Ag(f) is not a spider’s web. In [88] it was shown that if f
is a transcendental entire function of order less than % and with all its zeros on
the negative real axis, then all components of F'(f) are bounded. Moreover, I(f)
is a spider’s web and so Eremenko’s conjecture holds. On the other hand, it was
shown in [87, Theorem 1.2] that there exist functions in this class for which A(f)
is not a spider’s web. We note that the results in [88] do not require a regularity
condition of the form discussed in the previous paragraph.

In view of these strong dynamical properties, it is desirable to determine func-
tions for which Ag(f) is a spider’s web. In [86, Section 8] several classes of such

functions were given. These were derived using the following [86, Theorem 1.9].

Theorem 1.9.2. Let f be a transcendental entire function and let R > 0 be such
that M(r, f) > r forr > R. Then Agr(f) is a spider’s web if one of the following
holds:

(a) f has a multiply connected Fatou component;
(b) f has very small growth; that is, there exist m > 2 and ro > 0 such that

1
loglog M(r, f) < =il

g1 forr >y,

where log™ is the mth iterated logarithm,
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(¢) f has order less than & and regular growth;
(d) f has finite order, Fabry gaps and regular growth;
(e) f has a sufficiently strong version of the pits effect and has regular growth.

A definition of regular growth is given in Section 2.2, along with a number of
new results regarding regular growth. We define Fabry gaps in Section 2.6. For
a definition of the pits effect we refer to [86, Section §].

A further class of transcendental entire functions for which Ag(f) is a spider’s
web was given by Mihaljevié-Brandt and Peter [70].

In Chapter 2 we give several new classes of transcendental entire functions
with this property.

As noted in Section 1.3, the structure of Agr(f) spiders’ webs can be un-
derstood through fundamental holes and fundamental loops. In Chapter 3 we
investigate the structure of these fundamental loops for functions with a multiply
connected Fatou component. We show that there exist transcendental entire func-
tions for which some fundamental loops are analytic curves and approximately
circles, while others are geometrically highly distorted. We do this by introducing
a real-valued function which measures the rate of escape of points in A(f), and
show that this function has a number of interesting properties.

In Section 6.2 we conjecture that there is a family of functions for which

J(f)NA(f) is a spider’s web of positive area, but not the whole complex plane.
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Chapter 2

Entire functions for which the

escaping set is a spider’s web

2.1 Introduction

In this chapter we give several new classes of examples of transcendental entire
functions such that Ag(f) is a spider’s web. Recall that if Ag(f) is a spider’s
web, then so are I(f) and A(f). We show that some of these classes have a
degree of stability under changes in the function. We show that new examples
of functions for which I(f) and A(f) are spiders’ webs can be constructed by
composition, by differentiation, and by integration of existing examples. Finally,
we use a property of spiders’ webs to give new results concerning functions with
no unbounded Fatou components.

This chapter is structured as follows. First, in Section 2.2, we prove several
new results concerning regular growth conditions, which we use in later sections.
These results may also be of independent interest.

In Section 2.3, we demonstrate a technique for constructing new transcenden-
tal entire functions for which Ag(f) is a spider’s web by taking finite compositions
of functions that satisfy a minimum modulus condition and a regularity condition.

In Section 2.4, we show that in certain circumstances when Ag(f) is a spider’s
web, then so is Ar(P(f(Q(2)),z2)), where P, are polynomials, and so also is
Ar(f + h), where the entire function h has smaller growth, in some sense, than

f. These results allow us to construct a large class of functions for which Ag(f)
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is a spider’s web. They also show that the property of having an Ag(f) spider’s
web can be stable under changes in f, unlike many other dynamical properties.

In Section 2.5, we establish a technique for constructing a large class of tran-
scendental entire functions of finite order for which Ag(f) is a spider’s web, by
modifying the power series of a transcendental entire function of finite order.
This technique is a generalisation of the method used to construct some of the
examples in [86]. We show that this class of examples can be extended by dif-
ferentiation or integration. By combining the results of Sections 2.3, 2.4 and 2.5,
we give an unexpectedly simple function for which Ag(f) is a spider’s web.

In Section 2.6, we present a technique for constructing new transcendental
entire functions, of infinite order and with large gaps in their power series, for
which Ag(f) is a spider’s web.

Finally, in Section 2.7, we relate our results to previous work on classes of

transcendental entire functions which have no unbounded Fatou components.

2.2 New results on regularity

In this section we set out conditions which ensure that Ag(f) is a spider’s
web. Many of these conditions require some form of regularity of growth. We
prove several new results concerning forms of regularity of growth, which enable
us to construct examples of functions with an Ag(f) spider’s web later in the
chapter.

A pair of conditions that are together necessary and sufficient for Ag(f) to
be a spider’s web were obtained in [86, Theorem 8.1]. Note that the sequence
(Gy)n>0 in the statement of this theorem is not the same as the sequence (G,)nen
in (1.13).

Theorem 2.2.1. Let f be a transcendental entire function and let R > 0 be such
that M(r, f) > r for r > R. Then Agr(f) is a spider’s web if and only if there
exists a sequence (Gp)n>o0 of bounded simply connected domains such that, for
n >0,

G, D B(0, M"(R, f)) (2.1)
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and
Gp1 is contained in a bounded component of C\ f(0G,,). (2.2)

This result is very general, and so, in order to construct examples, the follow-
ing, more readily applicable, sufficient conditions for Ag(f) to be a spider’s web
were established in [86, Corollary 8.3].

Lemma 2.2.2. Let f be a transcendental entire function and let R > 0 be such
that M(r, f) > r for v > R. Then Ag(f) is a spider’s web if, for some real
number m > 1,

(a) there exists Ry > 0 such that, for r > Ry,

there ezists p € (r,r™) with L(p, f) > M(r, f), and (2.3)
(b) f has reqular growth in the sense that there exists a sequence (1,)n>0 with
rn > M"(R, f) and M(ry, f) > )",  forn>0. (2.4)

We use the following condition, which is stronger than the regularity condition
of Lemma 2.2.2(b), in order to construct a new class of functions with an Ag(f)
spider’s web. We define a transcendental entire function f to be v -reqular if, for

m > 1, there exist an increasing function v, and R,, > 0 such that, for » > R,,,

Um(r) = and  M(Pn(r), f) = (Ym(M(r, f)))™. (2.5)

For given m > 1 we call v,,, a reqularity function for f.

This condition is slightly stronger than one used in [84, Theorem 5] in connec-
tion with transcendental entire functions with no unbounded Fatou components.
That version did not require the regularity function to be increasing. However,
all the regularity functions used in [84,86] are, in fact, increasing.

We also use the following condition, which is stronger than -regularity, in
order to construct several classes of functions with an Ag(f) spider’s web. Sup-

pose that ¢ > 0. We define a transcendental entire function f to be log-regular,
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with constant ¢, if the function ¢(t) = log M (', f) satisfies

o' (t) S 1+c¢

on 2T for large t. (2.6)

By Lemma 1.2.1(e) there may be a countable set of points at which the derivative
¢'(t) fails to exist. At these points we understand ¢'(t) to be the right-hand
derivative.

We say that f is log-regular if it is log-regular with constant ¢, for some ¢ > 0.
We observe also that in our choice of terminology we do not intend to suggest that

a log-regular function is a y-regular function with log as the regularity function.

The condition (2.6) was used by Anderson and Hinkkanen in [3, Theorem 2],
also in connection with transcendental entire functions with no unbounded Fa-
tou components. The name log-regular was suggested by Aimo Hinkkanen in a
private communication. The condition was also used in [86, Section 8] in order
to construct classes of functions with an Ag(f) spider’s web.

We now state three new results concerning w-regularity and log-regularity.

The first concerns the composition of y-regular functions.

Theorem 2.2.3. Let fi, fo,..., fr be transcendental entire functions. Suppose
that, for j € {1,2,....k}, f; is -reqular, each with regqularity function 1, for
m > 1. Let g = fiofyo---of,. Then, for any c > 1, g is Y-reqular with reqularity

function c,, for m > 1.
In particular it follows that i-regularity is preserved under iteration.

Corollary 2.2.4. If f is a ¥-reqular transcendental entire function, then so is
f" forn e N.

The second result relates to the composition of entire functions, one of which

is log-regular.

Theorem 2.2.5. Let fi, fo,..., fr be non-constant entire functions such that,
for some j € {1,2,...,k}, f; is a log-reqular transcendental entire function. Let

g=fi1ofao---0ofy. Then g is log-reqular.
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In particular it follows that log-regularity is preserved under iteration.

Corollary 2.2.6. If f is a log-reqular transcendental entire function, then so is

f" forn e N.

Note that Theorem 2.2.3 requires all functions to be ¥-regular transcendental
entire functions, whereas Theorem 2.2.5 requires just one to be a log-regular
transcendental entire function and the others only to be entire.

The third result shows that if f is log-regular, then so is any transcendental

entire function with similar growth.

Theorem 2.2.7. Let f and g be transcendental entire functions. If f is log-

reqular and there exist ay,as > 1 and Ry > 0 such that
M(r®,g) > M(r, f) and M(r*, f) > M(r,g), forr >Ry,  (2.7)

then g 1s log-reqular.

We need three preparatory lemmas to prove these results. The first lemma is
a version of [89, Corollary 4.3], and gives a necessary condition and a sufficient

condition for f to be log-regular.

Lemma 2.2.8. Let f be a transcendental entire function.
(a) If f is log-regular, with constant c, then there is an Ry > 0 such that, if k > 1
and d = k¢, then

Mr* f)y> M(r, ¥, forr > Ry. (2.8)

(b) If (2.8) holds for some d,k > 1 and Ry > 0, then f is log-reqular.

The second lemma comes from Wiman-Valiron theory, (see, for example, [51]),
which was first used in connection with the escaping set by Eremenko [39]. We
first need to introduce some terminology. Let g(z) = > a,2" be a transcen-

dental entire function. Define
pu(r) = supla,[r™ = lay|rY, forr >0, (2.9)

to be the mazimal term of the power series, and call N = N(r) the central index;
if (2.9) holds for several N, we take N(r) to be the largest of these. Note that
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N(r) is increasing and N(r) — oo as r — oco. Wiman-Valiron theory uses p(r)

to give results about the behaviour of g near points z(r), r > 0, that satisfy
|2(r)| = r and [g(z(r))| = M(r, g). (2.10)

A key result of Wiman-Valiron theory is the following.

Lemma 2.2.9. Suppose that g is a transcendental entire function and o >
For r >0, let z(r) be a point satisfying (2.10), and define

1
3

Dwy:B(dmjﬁéﬁo, r> 0.

Then there exists a measurable set E C (0,00) with
/ 1t dt < o0 (2.11)
E

such that, for r ¢ E and z € D(r),

e N(r)
g(z) = (—) g(=(r)(1 +0) (2.12)

where € = €(r, z) — 0 uniformly with respect to z asr — oo,r ¢ E. In particular,

if  is sufficiently large and r ¢ E, then
g9(D(r)) 2 {w : [w| = M(r,g)}. (2.13)

We use Lemma 2.2.9 to prove a result on the behaviour of the maximum

modulus of the composite of two entire functions.

Lemma 2.2.10. Suppose that f is a non-constant entire function and g is a
transcendental entire function. Then, given v > 1, there exist Ry, Ry > 0 such
that

M(vr,fog) > M(M(r,g),f) > M(r,fog), forr> R, (2.14)
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and
M(vr,go f) > M(M(r, f),g) > M(r,go f), forr> Ry. (2.15)

Proof. We first prove (2.14). Let o > %, and let N(r), E and D(r) be related

27
to ¢ as in Lemma 2.2.9. It follows from (2.11), and the fact that N(r) — oo as

r — oo, that, for sufficiently large r, there exists r’ € (r, ”THT)\E, with
D(r") € B(0,vr) and g(D(r")) D {w : |w| = M(r', g)}. (2.16)

Let w be such that |w| = M(1’, g) and |f(w)| = M(M(r',g), f). Then, by (2.16),
there is a z € D(r’) with g(z) = w. Hence

|(f o g)(2)] = M(M(r',. ), [) > M(M(r,g), f),

since 7 > r and f is not constant. The first part of (2.14) now follows, by the
first part of (2.16). The second part of (2.14) is immediate.

Equation (2.15) follows in the same way if f is transcendental. Otherwise,
suppose that f is a polynomial. Then, for sufficiently large r, since f is not

constant,

f(BO,vr)) D{w :|w| = M(r, f)}. (2.17)

Let w be such that |w| = M(r, f) and |g(w)| = M(M(r, f),g). Then, by (2.17),
there is a z € B (0,vr) with f(z) = w. Hence

(g0 f)(2)| = M(M(r, f), 9).
The first part of (2.15) follows. The second part of (2.15) is immediate. O

In passing, we note a related result discussed by Bergweiler and Hinkkanen [25,
Lemma 1] that, if we also have g(0) = 0, then

M(6r, f o g) > M(M(r,g). ), forr>0.

Now we are ready to prove Theorems 2.2.3, 2.2.5 and 2.2.7.
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Proof of Theorem 2.2.3. Suppose that m > 1. We note first a general result.
Suppose that f is a ¢-regular transcendental entire function with regularity func-
tion 9y, and let A > 1. Then, for sufficiently large r, by (1.7) and (2.5),

M(Xm(r), f) 2 XM (b (r), ) 2 (Mbm (M (r, )™ . (2.18)

Hence A, is also a regularity function for f.

We next claim that the following statement is true. Suppose that g; and go
are i-regular transcendental entire functions each with regularity function ,,,
and that a > 1. Then g; o g is a -regular transcendental entire function with
regularity function at,,.

We note that, for sufficiently large r,

M (at)n, (1), g1 0 g2) > M(M (¢n,(7), 92), 91) by Lemma 2.2.10
> M((m(M(r, 92)))™, 91) by (2.5)
> M(tpm(M(r, g2)), 91)™ by (1.8)
> (P (M (M(r, g2)), 91))™ by (2.5)
> (Y (M(r, g1 0 g2))™ since 1, is increasing
> () (M(r, g1 0 g2)))™ by (2.5).

Hence g, 0 g, is ¥-regular with regularity function a,,, which completes the proof
of our claim.

We now let a = ¢/#~) > 1. We apply the statement above with g, = f;
and go = fy to deduce that f; o f5 is a 1-regular transcendental entire function
with regularity function at,,. Since, by (2.18), we have that ai,, is a regularity
function for f3, we may apply the statement above once again, with g; = f; o fo
and go = f3 to deduce that fio fyo f3 is a @-regular transcendental entire function
with regularity function a?t,,. We continue to apply the statement above, and
after £k — 1 applications in total, we deduce that f; o fo o---o f is a ¢-regular
transcendental entire function with regularity function a*~'4),,. This completes

the proof, since a*~! = c. O

Proof of Theorem 2.2.5. 1t is sufficient to prove the result for £k = 2. Suppose
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then that k£ = 2.
We consider first the case that f5 is a log-regular transcendental entire func-
tion. By Lemma 2.2.8(a) applied to f,, there are k,d > 1 and 7 > 0 such that

M(r%, f) > M(r, fo)*,  for r > ry. (2.19)

We consider the cases that f; is a transcendental entire function and that f;
is a polynomial separately. Suppose that f; is a transcendental entire function.
Choose v such that 1 < v < d, put & = kv > 1 and d' = g > 1. Then, for

sufficiently large 7,

M(Tk,afl o f2) = M(vr, fio f)
> M(M(r*, f5), f1) by Lemma 2.2.10
> M(M(r, f2)*, f1) by (2.19)
> M(M(r, fo), f1)* by (1.8)
> M(r, fi o fo)¢ by choice of k', d’.

Thus fi o f3 is log-regular by Lemma 2.2.8(b).

On the other hand, suppose that f; is a polynomial. With the constants v, d, k
and k' defined above, choose d” such that v < d” < d, and set d¥ = k,f,” > 1.
Then, for sufficiently large r,

M(r¥ fro fa) > M(M(r, f2)*, f1) as above
> M(M(r, f5), fr)k by Lemma 1.2.3
> M(r, fio fz)kld# by choice of d*.

Once again, fi o fy is log-regular by Lemma 2.2.8(b). This completes the proof

in the case that f; is a log-regular transcendental entire function.

The remaining case is that f; is a log-regular transcendental entire function
but f, is not. By Lemma 2.2.8(a) applied to fi, there are k,d > 1 and r; > 0
such that

Mk, f1) > M(r, f))*,  for r >r. (2.20)
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We consider the cases that f, is a transcendental entire function and that f5
is a polynomial separately. Suppose that f5 is a transcendental entire function.
Choose v such that 1 < v < d, put ¥ = kv > 1 and d' = g > 1. Then, for

sufficiently large 7,

M(r®, fio f2) =2 M(vr, fio f2)
> M(M(r*, f2), f1) by Lemma 2.2.10
> M(M(r, f2)*, 1) by (1.8)
> M(M(r, fo), f1)* by (2.20)
> M(r, fi0 fo)F by choice of k', d'.

Thus fi o f3 is log-regular by Lemma 2.2.8(b).

On the other hand, suppose that f; is a polynomial. With the constants v, d
and k defined above, choose k” and k% such that k < k" < k# < kd, and set
d* = f—i > 1. Then, for sufficiently large 7,

M@ fio f3) > M@r™ | fi o fo)
> MM, f2), f1) by Lemma 2.2.10
> M(M(r, f2)k> f1) by Lemma 1.2.3
> M(M(r, fa), fi)™ by (2.20)
> M(r, fi o fo) by choice of k¥, d¥.

Once again, f; o fy is log-regular by Lemma 2.2.8(b). This completes the proof

of the lemma. O]

Proof of Theorem 2.2.7. Suppose that f is log-regular with constant ¢, and ay, as
are as in (2.7). Choose k > 1 sufficiently large that k¢ > ajay. Set

d
d=k° K =ajak >1and d = — > 1.
a10asg
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Then, for sufficiently large r,

M@ ) = M7, g)
> M(r**, f) by (2.7)
> M(re, f)* by (2.8)
> M(r, g)* by (2.7)
= M(r,g)¥? by choice of k', d'.
Hence g is log-regular by Lemma 2.2.8(b). O

We now prove several useful corollaries of Theorem 2.2.7. The first relates to

the derivatives and integrals of log-regular functions.

Corollary 2.2.11. Let [ be a transcendental entire function. Then f is log-

reqular if and only if f' is log-reqular.

Proof. Suppose that r > 0, and that z is such that |z| =7 and M(r, f) = |f(2)].
Then

M(r, f) = f(O)].

Hence, by (1.6) and (1.8), for sufﬁ(nently large 7,
M(r®, f) = rM(r, f') + |f(0)] = M(r, ). (2.21)

Next, suppose that r > 0, and that z is such that |z| = r and M (r, f') = |f'(2)].
Then, by applying Cauchy’s estimate on a circle centre z and radius r, we deduce
that M(2r, f)/r > M(r, f'). We deduce that, for sufficiently large r,

M(r* f) > M(2r, f)/r > M(r, f'). (2.22)

The result follows by Theorem 2.2.7, with a1 = ay = 2. ]

The remaining corollaries of Theorem 2.2.7 are used later to give stability
results about Ag(f) spiders’ webs. While they could be combined, they are stated
separately for clarity. The first concerns addition of a function to a log-regular

function.
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Corollary 2.2.12. Let f be a log-reqular transcendental entire function, and let
h be an entire function. Suppose that there exist a € (0,1) and Ry > 0 such that

aM(r,f) > M(r,h), forr > R,. (2.23)

Then g = f + h is log-regular.

Proof. Suppose that r > Ry, and that z¢, 2z, and 2, are points of modulus r such
that M(r, f) = |f(z¢)], M(r,g9) = |g(24)| and M (r,h) = |h(2p)|. Then

(L4 a)M(r, ) = M(r, f) + M(r, h)
= [f ()l + [h(zn)]

> [ (zg)| + | h(z)]
> [g(zg)]
= M(r.g).
Moreover
(1 —G)M(T,f) < M<T7f> _M<T7h)
= [f(zp)] = [h(zn)]
< [f(zp)l = [h(zf)]
< lg(z)]
< lg(z)]
= M(r,g).
The result now follows by (1.8), and Theorem 2.2.7 with a; = as = 2. O

Note that, by (1.6), if & is a polynomial, then (2.23) is satisfied for any tran-
scendental entire function f and any a € (0,1).
The second corollary concerns a case where log-regularity is preserved under

multiplication.

Corollary 2.2.13. Let f be a log-reqular transcendental entire function. Then
g(z) = zf(2) is log-regular.
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Proof. By (1.8) and (1.6), for sufficiently large r, M (r?, f) > M(r, f)> > M(r,g).
Also, for sufficiently large r, M(r,g) > M(r, f). The result follows, by Theo-
rem 2.2.7 with a; = 1 and ay = 2. O

Our final corollary is quite general.

Corollary 2.2.14. Let f be a log-reqular transcendental entire function. Let
P(w, z) be a polynomial of degree at least one in w, and let Q(z) be a polynomial
of degree at least one. Then g(z) = P(f(Q(2)), z) is log-reqular.

Proof. Suppose that

P(f(Q(2)), 2) = af(Q(2))" 2™ + h(z) = go(2) + h(2),

where N is the highest power of w in P(w,z), Ny is the highest power of z
corresponding to f(Q(z2))M, and a # 0. By Theorem 2.2.5, the function z
af(Q(z))M is log-regular. By Corollary 2.2.13, applied N, times, gy is log-regular.
Since, by (1.6), we have

1
§M(r, go) > M(r,h), for large r,

the result follows by Corollary 2.2.12. O

2.3 Using composition to give functions for which Ap(f)

is a spider’s web

In this section we demonstrate that Ag(g) is a spider’s web if g = fio0 fy0- - -0 fy,
and the entire functions f;,j € {1,2,..., k}, satisfy certain conditions. We need a
preparatory lemma before we can state the results. This lemma is a generalisation
of Lemma 2.2.2, in which condition (a) is relaxed slightly although condition (b)

is unchanged. Condition (a) was also used, independently, in [70].

Lemma 2.3.1. Let f be a transcendental entire function and let R > 0 be such
that M(r, f) > r for v > R. Then Ag(f) is a spider’s web if, for some real

number m > 1,
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(a) there exists Ry > 0 such that, for r > Ry, there is a simply connected domain
G = G(r) with

B(0,7) C G C B(0,r™) and |f(z)| > M(r, f), forze€ 0G, (2.24)

and

(b) f has reqular growth in the sense that there exists a sequence (1,)n>0 with

rn > M"(R, f) and M(ry, f) > 'y,  forn >0. (2.25)

Proof. Let m and Ry be as in (a), and choose (r,),>0 satisfying (2.25) with
rn > Rg for n > 0. For n > 0, let G,, = G(r,,).
First, by (2.24) and (2.25),

G, D B(0,r,) D B(0, M"(R, f)), forn >0, (2.26)

and so (G,,) satisfies (2.1).

Second, by (2.24) and (2.25), if z € 0G, then |f(z)| > M(r,, f) > r',.
Thus f(G,) contains B(0,7), ), since f maps points of B(0,M"(R, f)) into
B(0, M (R, f)) € B(0,7",). Now G4 is contained in B(0,r.,;) and so
is contained in a bounded component of C\f(0G,). Thus (G,,) satisfies (2.2).
Hence, by Theorem 2.2.1, Ag(f) is a spider’s web. O

We require one additional lemma in order to establish that certain classes of

functions satisfy Lemma 2.3.1(b), for m > 1.

Lemma 2.3.2. Let f be a transcendental entire function. If f is i-reqular, or if
f is log-regular, then f satisfies Lemma 2.3.1(b), for m > 1.

Proof. Firstly, it was shown in [86, Section 8] that if f is t-regular, then it
satisfies Lemma 2.3.1(b), for m > 1. Secondly, it was shown in [84, Section
7] that if f is log-regular with constant ¢, then f is t-regular with regularity
function v, (r) = rml/c, for m > 1; see also Lemma 2.2.8. These two observations

complete the proof of the lemma. O]
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We note that if P is a non-constant polynomial, then P satisfies Lemma 2.3.1(a)
for m > 1, taking G(r) = B(0,7%), where o € (1, m), and a suitable Ry.

We now state the main results of this section. The first relates to the compo-
sition of ¥-regular functions, and the second relates to the composition of entire

functions, one of which is log-regular.

Theorem 2.3.3. Let fi, fo, ..., fr be transcendental entire functions which sat-
isfy the hypothesis of Lemma 2.8.1(a) for some m > 1. Suppose that, for
J € {L,2,...,k}, f; is -regular, with regularity function 1, for m > 1. Let
g=fiofao---ofr. Then Agr(g) is a spider’s web, where R > 0 is such that
M(r,g) > r forr > R.

Theorem 2.3.4. Let fi, fa,..., fx be mon-constant entire functions. Suppose
that, for 5 € {1,2,...,k}, f; satisfies the hypothesis of Lemma 2.3.1(a) for
some m > 1. Suppose also that, for some j € {1,2,...,k}, f; is a log-reqular
transcendental entire function. Let g = fio fao---o fr. Then Ag(g) is a spider’s
web, where R > 0 is such that M(r,g) > r for r > R.

We need one further lemma before we can prove these results. This lemma

also concerns the composition of entire functions.

Lemma 2.3.5. Let fi, fo, ..., fx be non-constant entire functions. Suppose also
that, for j € {1,2,...,k}, f; satisfies the hypothesis of Lemma 2.3.1(a) with
m = m; > 1. Let g = fio fao---0o fi. Then g satisfies the hypothesis of

Lemma 2.3.1(a) with m = myms ... my.

Proof. 1t is sufficient to prove the result for £ = 2. The result is immediate if f;
and fy are both polynomials. Otherwise, let m; and moy be as given.

Consider first the case that f; is a transcendental entire function; the reader
may wish to refer to Figure 2.1 at this point, which shows a simplified version of a
horizontal slice through some of the domains used in the proof. The boundaries of
the discs constructed in the proof are shown as solid lines, and labeled below. The

boundaries of the simply connected domains constructed in the proof are shown

39



f(0G,) =
0G, f,(0G,) f,0f,(0G;)
N N N N N
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
\ \ \ \ \
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
7 7 7 7 7
/ /7 /7 /7 /7
4 4 4 4 4
7/ 7/ 7/ 7/ 7/
m mim m
r rmi rmim2 M(r, f,)  M(r, )™

M(M(r, f,), f;)

Figure 2.1: A slice through parts of the boundaries of some of the domains used
in the proof of Lemma 2.3.5.

as dashed lines and labeled above. For sufficiently large 7, let Gy = Gi(r) be a
simply connected domain such that

B(0, M(r, f2)) € Gy C B(0, M(r, f)™),

and

(2.27)

|fi(2)| = M(M(r, f2), f1), for z € 0G;.

(2.28)
For sufficiently large 7, let G5 = G(r) be a simply connected domain such that

B(0,r™) C Gy C B(0,r™™2), (2.29)
and

|f2(2)] = M(r™, fy), for z € 0Gs. (2.30)
If fo(z) € OG; then, by (2.27), |z| > r, and so there is a component G3 of f5 *(Gy)

1
which contains B(0,7). We observe that it follows from the open mapping theo-
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rem that
f2<2) € 8G1, for z € 6G3 (231)

If z € 0G5 then, by (2.30) and (1.8),
F(2)] = M(™, £2) = M(r, f2)™,  for large 1. (2.32)

If z € 0G5 then, by (2.27) and (2.31), |f2(2)| < M(r, f)"™. Hence, by the

(r, f2)™. Thus 0G5, N G3 = 0, by
(2.32), and so B(0,7) C G3 C B(0,r™™2), by (2.29). Also, if z € 0G5 then, by
(2.28) and (2.31),

maximum principle, if z € G3 then |fo(z)| < M

[(f1o fa)(2)| = M(M(r, f2), fr) > M(r, fi 0 f2). (2.33)

We note that G5 is simply connected; this follows from the maximum principle
and the fact that Gy is simply connected. Hence fi o f5 satisfies Lemma 2.3.1(a),
with m = myms.

Secondly, we consider the case where f5 is a polynomial. Choose m/ such that
m' > my. For sufficiently large r, let G; and G3 be the domains from the first
part of the proof, and let Gy = B(0,7™). Since f is a polynomial, for sufficiently
large r,

|f2(2)| Z M(Ta fZ)ml, fOI' z € 8G2

As in the first part of the proof, 9Gy N G5 = (), and so B(0,7) C G35 C B(0,r™).
Also, if z € 0G3 then |(fi o f2)(2)] = M(r, f1 o f2). Hence fi o fy satisfies

Lemma 2.3.1(a), with m = m/ > my, in particular with m = myma. O

In particular it follows from Lemma 2.3.5 that the property of satisfying

Lemma 2.3.1(a) for some m > 1 is preserved under iteration.

Corollary 2.3.6. If f is a transcendental entire function that satisfies Lemma 2.3.1(a)

for some m > 1, then so is f™ forn € N.
We are now able to prove Theorems 2.3.3 and 2.3.4.

Proof of Theorem 2.3.3. By Lemma 2.3.5, ¢ satisfies Lemma 2.3.1(a) for some
m > 1. By Theorem 2.2.3, g is ¢-regular. Hence, by Lemma 2.3.2, it satisfies
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Lemma 2.3.1(b) for m > 1. The result follows by Lemma 2.3.1. O

Proof of Theorem 2.3.4. As in the proof of Theorem 2.3.3, g satisfies Lemma 2.3.1(a)
for some m > 1. By Theorem 2.2.5, g is log-regular. Hence, by Lemma 2.3.2, it
satisfies Lemma 2.3.1(b) for m > 1. The result follows by Lemma 2.3.1. O

Rippon and Stallard [89, Example 6.1] gave an example of a t-regular func-
tions which is not log-regular. This example has order zero, and so satisfies
Lemma 2.3.1(a) for some m > 1; see Lemma 2.5.2. This shows that there is a
situation in which Theorem 2.3.3 can be applied, but not Theorem 2.3.4.

Finally, we note that the conditions of Theorem 2.3.4 are satisfied by many
of the examples in [86, Section 8|, and all the examples in this chapter (see
Sections 2.5 and 2.6).

2.4 Stability of Ag(f) spiders’ webs

Many known dynamical properties of a transcendental entire function f are

unstable under relatively small changes in f. For example, the functions
f 1 (Z ) = eiz7

fg(Z) = fl(Z) + 2z 4+ 2wt — 1,

and
f3(2) = fulz) + 2 + 1,

all have very different Fatou sets (see, for example, [18, Section 4]). In this section
we prove results which show that, in certain circumstances, Ag(f) spiders’ webs

can be very stable. The first result concerns composition with polynomials.

Theorem 2.4.1. Suppose that f is a log-reqular transcendental entire function
which satisfies Lemma 2.3.1(a) for some myg > 1. Let P(w, z) be a polynomial of
degree at least one in w, and let Q(z) be a polynomial of degree at least one.

Let g(z) = P(f(Q(2)),2). Then Ag(g) is a spider’s web, where R > 0 is such
that M(r,g) > r for r > R.
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Proof. By Corollary 2.2.14, ¢ is log-regular. Thus, by Lemma 2.3.2; it satis-
fies Lemma 2.3.1(b) for m > 1. Hence we need only prove that ¢ satisfies
Lemma 2.3.1(a) for some m > 1.

As in the proof of Corollary 2.2.14, let

9(2) = af(Q(2))M=2"™ + -,

where Nj is the highest power of w in P(w, z), and Ny is the highest power of
z corresponding to f(Q(z))™. By Lemma 2.3.5, f o Q satisfies Lemma 2.3.1(a).
Hence, there is an m; > 1 such that, for sufficiently large r, there is a simply
connected domain G = G(r) with B(0,7™) c G  B(0,7™") and

1F(Q(2)| = M(r™, foQ), forzedG. (2.34)

Hence, when z € 0G, for sufficiently large r,

1
lg(2)| > é\a]M(rml,f o Q)N by (2.34) and (1.6)
> 2|a|M(r, f o Q)™r™ by (1.8)
> M(r,g) by (1.6).
Thus g satisfies Lemma 2.3.1(a) with m = m?, so the proof is complete. O]

The second result concerns addition of an entire function to a transcendental

entire function with an Ag(f) spider’s web.

Theorem 2.4.2. Suppose that f is a log-reqular transcendental entire function
which satisfies Lemma 2.3.1(a) for some m > 1, and that h is an entire function.

Suppose also that there exist a € (0,1) and Ry > 0 such that
aM(r, f) > M(r™ h), forr > Ry. (2.35)

Let g = f+h. Then Ar(g) is a spider’s web, where R > 0 is such that M (r,g) > r
forr > R.

Proof. First we note that, for sufficiently large r, aM (r, f) > M(r, h). Hence, by
Corollary 2.2.12, g is log-regular and so, by Lemma 2.3.2, it satisfies Lemma 2.3.1(b)
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for m > 1. Thus, by Lemma 2.3.1, it remains to prove that g satisfies Lemma 2.3.1(a)
for some m > 1.

By hypothesis, for sufficiently large r, there is a simply connected domain

G = G(r) with B(0,r™) ¢ G c B(0,r™) and
|f(z)] > M(™, f), forze€dG. (2.36)

Thus, when z € 0G, for sufficiently large r,

9(2) = [f(2)] = | (2)]

> (1—a)M(r™, f) by (2.35), and (2.36)
> (1+a)M(r, f) by (1.8)
> M(r, g).

Hence g satisfies Lemma 2.3.1(a) with m replaced by m?, so the proof is complete.
O

Remark 2.4.1. Using the same method of proof it can be shown that in The-
orem 2.4.2 the function h can also be of the form h(z) = f(z)/(z — ¢), where

f(c) = 0. First we note that, for large values of r, we have
1
§M<Tag) < M(T, f) < QM(TLQ)

The fact that g is log-regular then follows by Theorem 2.2.7. The fact that g
satisfies Lemma 2.3.1(a) for some m > 1 follows from the observation that, for

large values of r, we have

gM(r7h) < M(T,f) SQTM<T,h)

Finally, we note that the conditions on f in Theorems 2.4.1 and 2.4.2 are
satisfied by functions in many of the classes given in [86, Section 8], in particular
functions which satisfy Theorem 1.9.2 parts (c), (d) and (e); this follows from

remarks in [86, Section 8]. These conditions are also satisfied for all the examples
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in this chapter. It can be shown that these conditions are also satisfied by the
functions in [70]. So we can produce new functions for which Ag(f) is a spider’s

web by taking these known examples and applying Theorems 2.4.1 and 2.4.2.

2.5 Functions of finite order for which Ax(f) is a spider’s

web

In this section we develop a technique which enables us to take a transcenden-
tal entire function of finite order, modify its power series, and produce a class of
transcendental entire functions of finite order for which Ag(f) is a spider’s web.
From the exponential function we obtain a class of such functions (Example 2.5.1)

which contains the function

n

1 e.9]
f(z) = é(cos 27 + cosh zi) = HZ:O (4Zn)' (2.37)
given in [86, Section 8], together with the related functions
f(Z)Zi L pgen, p/cz<1 (2.38)
(gn)!” 7 2’

n=0

suggested by Halburd and also mentioned in [86, Section 8]. We obtain another
class (Example 2.5.3) from the error function (see [1, p.297])

2 - —1)" 2n+1
arf(z) = 7 nzzo %z . (2.39)

Recall that the order p(f) and lower order A(f) of a transcendental entire
function f are defined in (1.3).

We use the following three lemmas, all discussed in [86, Corollary 8.3 and the
following remarks]. The first is from [58, p.205], and gives a sufficient condition

for a transcendental entire function to be log-regular.

Lemma 2.5.1. If f is a transcendental entire function of finite order and positive

lower order, then f is log-reqular.
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The second is from, for example, [4, Satz 1].

Lemma 2.5.2. If f is a transcendental entire function of order less thcm , then
f satisfies Lemma 2.8.1(a) for some m > 1.

The third follows from Lemma 2.5.1, Lemma 2.5.2 and Lemma 2.3.1.

Lemma 2.5.3. If f is a transcendental entire function of order less than % and

positive lower order, then Agr(f) is a spider’s web, where R > 0 is such that
M(r, f) >r forr > R.

We use the following operator to produce classes of functions which satisfy
the conditions of Lemma 2.5.3. For n,m € N, let T, ,, be defined by

1 e 27rzk
Tom(f = — 2.40
A = 53 5 2.0)

where f is an entire function, and we choose a consistent branch of the mth root
for each term in the sum.

If f is a transcendental entire function, then the 7, ,, operator extracts from
the power series of f only those terms with exponents which are multiples of m,

and these exponents are multiplied by n/m (see (2.41) below). For example, if
f(2) = €*, then

22 24

La(f(2) =14 gy 4+
We note in passing that the 7, ,, operator has some appealing properties; for
example, T4 ,, 0 T, = T}y, and also 1), ., (f(2™)) = f(2").
The following result concerns a key property of this operator, namely its effect

on the order of a function.

Theorem 2.5.4. If f is a transcendental entire function of order p(f) andn,m €
then T, m(f) is a well-defined entire function of order at most p(f).

Proof. First, we consider the action of T}, ,, on the power series f(z) = Y 7, w2".
Since we have a consistent choice of the mth root, the sum of the complex roots

of unity is zero, and with p = {/m, we obtain

Tom(f(2) = % i i aleZﬁkZz% = alzlﬁn Z —eQ%kl Z apm 2", (2.41)

8
3
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Hence the value of T, ,,,(f) is independent of the choice of the mth root, and this
power series has infinite radius of convergence.
We deduce from (1.4), with & = pm, that

) pn log pn
Thm = limsup ————
AT, () = timsp LB,

< limsup (kn/m) 10g(/€11/ m)
k—oc0 log |ax|~
n .. klogk
= —limsup ————
m koo log |ak|

=~ p(f).

as required. O

We now seek to use this operator, together with Lemma 2.5.3, to generate
transcendental entire functions for which Ag(f) is a spider’s web. It is possible
for the function 7),,,(f) to be simply a polynomial when f is a transcendental
entire function. For example, if f(z) = zexp(z?) then T12(f(2)) = 0, because
the power series of f has only odd powers of z which are eliminated by the 7} 5
operator.

Even if T}, ,,,(f) is transcendental, T, ,,(f) may not have positive lower order
when f does. For example, if g is a transcendental entire function of order less
than 1 and lower order zero, then f(z) = g(2?) + z exp(z?) has both order and
lower order 2, but T12(f(2)) = T12(g(2?)) = g(2) has order less than 1 and lower
order zero, reasoning as in the previous paragraph.

The following lemma gives two sufficient conditions for T}, ,,(f) to have posi-

tive lower order.

Lemma 2.5.5. Let f(2) = Y7 a,2" be a transcendental entire function, and

let n,m € N.

(a) If
..o plogp
liminf ————
p—=oo 108 [apm| ™t

>0, (2.42)

then T,,.m(f) has positive lower order.

(b) If Tom(f) has positive lower order, and g(z) = 37 °° b,2" is a transcendental
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entire function with |b,| > |a,| for p sufficiently large, then T, ,(g) has positive

lower order.

Proof. For part (a) we note, by (2.41) and with n, = np in (1.5), that

| -1 1
AT (f)) > lim inf np log(n(p ) = nliminf POEP > 0.
’ p=oo 10g |apm| ! o0 10g |apm| )
Part (b) follows immediately from (1.5). B

We now give some explicit examples of classes of functions for which Ag(g) is

a spider’s web. The first example includes (2.37) as a special case.

Ezxzample 2.5.1. Let g = T,,,,(f), where f(z) = exp(z) and where m > 2n.
Then Ag(g) is a spider’s web, where R > 0 is such that M(r,g) > r for r > R.

Proof. The exponential function has order 1, and satisfies (2.42) form > 1. Thus
g has order less than % by Theorem 2.5.4. The result follows by Lemma 2.5.5(a)
and Lemma 2.5.3. [

The second example illustrates the use of both parts of Lemma 2.5.5.

Exzample 2.5.2. Let g = T, ,,(f), where f(2) = zexp (2%)+exp(z), m > 4n and
m is odd. Then Ag(g) is a spider’s web, where R > 0 is such that M (r,g) > r
for r > R.

Proof. The function z +— zexp (2%) has order 2, and satisfies (2.42) when m is
odd. Thus g has order less than % by Theorem 2.5.4, and the result follows by

Lemma 2.5.5(b), with comparison function z — zexp (2%), and Lemma 2.5.3. [J

The technique of this section can be applied any transcendental entire function
of finite order, provided its power series satisfies (2.42) for some m € N. We

illustrate this with the error function.
Ezxample 2.5.3. Let g = T,,,,,(f), where f(z) = erf(z), m > 4n and m is odd.
Then Ag(g) is a spider’s web, where R > 0 is such that M(r,g) > r for r > R.

Proof. By (2.39) and (1.4), f has order 2, and satisfies (2.42) when m is odd. Thus
g has order less than 3 by Theorem 2.5.4. The result follows by Lemma 2.5.5(a)
and Lemma 2.5.3. O

48



Our final example combines earlier results to give an unexpectedly simple

function with an Ag(g) spider’s web.

Ezxzample 2.5.4. Let g(z) = cos z+ cosh z. Then Ag(g) is a spider’s web, where
R > 0 is such that M(r,g) > r for r > R.

Proof. This follows from Theorem 2.3.4 and the function f defined in (2.37), since
g(z) = 2f (). O

[lustrating the A(g) spider’s web for this function is difficult. We note that
any point which iterates to the real line is certainly in A(g); this is because g
achieves its maximum modulus on the positive real line, and all points on the
real line map under g to the positive real line. In Figure 2.2 points in black rep-
resent those which iterate close to the real line, and so these points approximate
a subset of A(g). Indeed, in much of the figure A(g) appears to have non-empty
interior, particularly near the origin. This is an artifact of the level of approxima-
tion required to obtain visible details elsewhere in the figure, and should not be
interpreted as being the case. The scale of this figure has both real and imaginary
parts between 0 and 5.

Our goal in this section has been to produce a class of log-regular transcen-
dental entire functions of order less than %, which, by Lemmas 2.5.2 and 2.3.1,
have an Ag(f) spider’s web. Finally, we show that this class can be extended by
differentiation or integration, thus giving a further method of constructing Ag(f)

spiders’ webs.

Theorem 2.5.6. Let f be a log-reqular transcendental entire function of order
less than %, and let g be the derivative of f or an integral of f. Then Agr(g) is a
spider’s web, where R > 0 is such that M(r,g) > r forr > R.

Proof. We observe that g has the same order as f, and is log-regular by Corol-
lary 2.2.11. By Lemma 2.3.2 and Lemma 2.5.2, the hypotheses of Lemma 2.3.1
are satisfied. The result follows by Lemma 2.3.1. ]
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Figure 2.2: An approximation to part of A(g), where g(z) = cos z + cosh z.

2.6 A function of infinite order with gaps for which Ag(f)

is a spider’s web

We recall that a transcendental entire function f has Fabry gaps if

f(z) = Z apz"*
k=1

and ni/k — oo as k — oo. By a result of Fuchs [47], an entire function f
of finite order with Fabry gaps satisfies Lemma 2.3.1(a) for m > 1. This fact
was used by Wang in [105, Theorem 1] to describe a class of entire functions

with no unbounded Fatou components. Thus if f is also log-regular then, by
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Lemma 2.3.2 and Lemma 2.3.1, Ag(f) is a spider’s web. This fact was pointed
out by Rippon and Stallard in Theorem 1.9.2(d). They gave an example of such
a function [86, Example 1], shown to be log-regular by using Lemma 2.5.1.

It was also pointed out in [105] and in [86, Section 8] that, by a result of
Hayman [50], Lemma 2.3.1(a) holds in the case of certain functions of infinite

order with gaps:

Lemma 2.6.1. Let f(z) =Y ;- agz™ be a transcendental entire function where,

for some a > 2,
ng > k logk (loglog k),  for large k. (2.43)

Then f satisfies Lemma 2.3.1(a) for m > 1.

Wang [105, Theorem 2| used this result to show that if f satisfies (2.43)
and has a property equivalent to log-regularity, then f has no unbounded Fatou
components.

Suppose that g is a transcendental entire function of infinite order generated
by omitting terms from the power series of another transcendental entire function,
f say, and g satisfies (2.43). If g is also log-regular, then Ag(g) is a spider’s web,
by Lemma 2.3.2 and Lemma 2.3.1. If f has infinite order, then it does not seem
straightforward to check that such a function ¢ is log-regular. In this section we
demonstrate a method for achieving this, and then give an explicit example of
such a function.

We start with a general result.

Theorem 2.6.2. Suppose that f(z) = >~ an2" is a log-reqular transcendental

entire function and there exists Ng € N such that
0<apsy1 <ap,, forn>N. (2.44)

Suppose also that g is a transcendental entire function with

9(2) = an 2", (2.45)
k=1
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where, for some M > 1 and o > 2,

1< DL M,  for large k, (2.46)
Nk
and
ng > klogk(loglogk)*,  for large k. (2.47)

Then g is log-reqular and Ag(g) is a spider’s web, where R > 0 is such that
M(r,g) >r forr > R.

Proof. By Lemma 2.6.1, g satisfies Lemma 2.3.1(a) for m > 1. To complete the
proof, we use Theorem 2.2.7 to show that g is log-regular.

Without loss of generality, by adding a polynomial, we can assume by Corol-
lary 2.2.14 that Ny = 0 and (2.46) holds for k > 1. Because a,, > 0 for n > 0,

M(r, f) = f(r) > g(r) = M(r,g), forr>0.
Thus it remains to show that there exist a > 1 and Ry > 0 such that
M(r® g) > M(r, f), forr > R,. (2.48)

Choose @’ > 1 and K > 1 sufficiently large such that

Nk41
g

!/

1
< 5(1 +d)<d, and K™ >ngy —ny, fork>1. (2.49)

Now let 1 = 3(a’ — 1) > 0, and define

M(r”, g) = Z A, Ay = ap, 7™, (2.50)
k=1
anl—l 0o

M(r, )= ™+ Bi By =™ + oo+ ay,, ™0 (251)
n=0 k=1

Because the a,, are decreasing,

By < (ng41 — ng) ap, ™+, forr > 1 and k > 1. (2.52)
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Thus, if 7 > max{1, Ki}, then, by (2.50) and (2.49),

B, < (nk+1 — nk) Tnk+1_a/nkAk < Knk’l“_nk“Ak < Ak, for k > 1.

Thus, by (2.50) and (2.51),

anl—l
M(Ta/,g) > M(r, f) — apr”, forr > max{l,Ki}.

n=0

Finally, for any a > a’ we can choose r sufficiently large such that

M(r,g) = 2M(r"  g) by (1.7)
anl—l

> 2M(r, f) — 2 Z anr" by (2.54)
n=0

> M(r, f) by (1.6).

This proves (2.48) as required.

(2.53)

(2.54)

]

In the rest of this section we construct an explicit example of a transcendental

entire function f of infinite order, defined by a gap series, for which Ag(f) is a

spider’s web. First we need a simple result about functions of infinite order.

Lemma 2.6.3. Let f and g be transcendental entire functions, and suppose that

f has infinite order. If there exist a, Ry > 0 such that
M(Ta,g)ZM(T,f), fOTTERm

then g has infinite order.

Proof. By (1.3),

log log M (r® 1 log log M 1
o(g) = lim sup 2318 (r,9) > L im sup 10818 (r, f)
300 log r@ a4 rooo log r a

and the result follows.

The next lemma is needed in the construction of our example.
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Lemma 2.6.4. Let g(z) = Y " an2" be a transcendental entire function, with
a, € R forn >0, a; <1, and

0<(n+Dayy <na,, forn>1. (2.55)
Then f(z) = exp(g(z)) has power series f(z) = >~ b,z", where
0<bpi1 <b,, forn>1. (2.56)

Proof. Clearly b, > 0 for n > 0. Since f'(z) = ¢'(2)f(z) we have

> (A Dbpyrz” =) (b + Darsa2® Y b2l (2.57)
n=0 k=0 =0

Equating powers of z gives

n

(n+1)bpyg = Z(n +1—1ay14b, forn >0. (2.58)
1=0

Hence, for n > 1,

n—1
(n+ )by = (n4+1="0Day 1 + arb, (2.59)
1=0
n—1
< (n = Dau_ib; + by, by (2.55) and as a; <1 (2.60)
1=0
= nby, + by, by (2.58), (2.61)
which proves that (2.56) holds. O

Finally, as promised, we give our explicit example.

Theorem 2.6.5. Let
f(z) =exp(e®* —1) = anzn and  g(z) = an22n2.
n=0 n=0

Then g is a log-regular transcendental entire function of infinite order, and Agr(g)

o4



is a spider’s web, where R > 0 is such that M (r,g) > r for r > R.

t

Proof. We can see that f is log-regular because ¢(t) = log M (€', f) = (e — 1)
and

(Z&) > el > %, for t > 1.

Conditions (2.46) and (2.47) are satisfied, and the coefficients b, are decreasing

because the function z — e* — 1 satisfies the conditions of Lemma 2.6.4. Hence,
by Theorem 2.6.2, g is log-regular and Ag(g) is a spider’s web.

Finally, f has infinite order. We see from the proof of Theorem 2.6.2 that f
and g satisfy (2.48). Hence, by Lemma 2.6.3, g has infinite order. []

Clearly this approach can be used with the function f of Theorem 2.6.5 to give
a class of functions with Ag(f) spiders’ webs, by suitably selecting terms from
the power series of f. We can also use Lemma 2.6.4 to find other transcendental
entire functions which can be manipulated in this way to give further classes of

examples.

Remark 2.6.1. We note in passing that, in Theorem 2.6.5, b, = B,,/n!, where
(B,,) are the Bell numbers (see, for example, [17]). Thus, by (2.56), we have

B,i1 <(n+1)B,, forn>1.
In fact the more precise estimates
2B, < Bpy1 < (n+1)B,, forn>2

hold (see [32, Corollary 8]). These can be deduced in a straightforward way from
the identity

Bii =) (Z) By, forn >0, (2.62)

k=0
which follows from (2.58).
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2.7 Transcendental entire functions with no unbounded

Fatou components

As mentioned in the introduction, Baker [8] posed the question of whether
the Fatou set of a transcendental entire function of sufficiently small growth
can have any unbounded components. By Theorem 1.9.1(d), all the examples
in this chapter have no unbounded Fatou components. In this section we give
two results on functions with no unbounded Fatou components, which generalise
existing results of this type.

Our first class of functions with no unbounded Fatou components consists of

functions formed by composition of ¢-regular functions.

Theorem 2.7.1. Let fi, fo,..., fr be transcendental entire functions which sat-
isfy Lemma 2.3.1(a) for some m > 1. Suppose that, for j € {1,2,...,k}, f; is
W-reqular, with regularity function i, form > 1. Let g = fi0 fao---0o fr. Then
every component of F(g) is bounded.

Proof. By Theorem 2.3.3, Ag(g) is a spider’s web, and the result follows by
Theorem 1.9.1(d). O

To compare Theorem 2.7.1 to previous results, we need the following lemma,
which is part of [84, Theorem 6]. This gives a sufficient condition for a transcen-
dental entire function to be ¢-regular. We note that although the full statement
of [84, Theorem 6] supposes order less than %, in order to establish a part of the
result we do not use, finite order is sufficient for the proof of the part of the result

we do use.

Lemma 2.7.2. Let f be a transcendental entire function of finite order. Suppose
that there exist n € N and q € (0,1) such that

M(r, f) > exp"™((log" r)9), for large 7. (2.63)
Then f is y-reqular with reqularity function given, for m > 1, by

Ym(r) = exp”((logr)?), where pg > 1.
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The next result now follows from Lemma 2.7.2 and Theorem 2.7.1.

Corollary 2.7.3. Let fi, fao,..., fr be transcendental entire functions of finite
order which satisfy Lemma 2.3.1(a) for some m > 1. Suppose that there exist
n €N and q € (0,1) such that, for j € {1,2,...,k},

M(r, f;) > exp"*!((log" r)9),  for large r. (2.64)

Let g= fio foo---o fr. Then every component of F(g) is bounded.

Rippon and Stallard, in [84, Theorem 6], showed that if f is a transcendental
entire function of order less than %, which satisfies (2.63) for some n € N and
q € (0,1), then f has no unbounded Fatou components. By Lemma 2.5.2 this is
included in Corollary 2.7.3, with k& = 1.

Corollary 2.7.3, with n = 1, includes a result of Singh in [96, Theorem 1]. (We
note that the statement of [96, Theorem 1] omits the requirement of finite order,
but this was assumed in the proof of [96, Lemma 1].)

Our second class of functions with no unbounded Fatou components consists

of functions formed by composition of entire functions, one of which is log-regular.

Theorem 2.7.4. Let fi, fa,..., fr be entire functions. Suppose that, for j €
{1,2,...,k}, f; satisfies Lemma 2.5.1(a) for some m > 1. Suppose also that,
for some j € {1,2,...,k}, f; is a log-reqular transcendental entire function. Let

g=fiofao---0 fr. Then every component of F(g) is bounded.

Proof. By Theorem 2.3.4, Ag(g) is a spider’s web, and the result follows by
Theorem 1.9.1(d). O

As noted in Section 2.2, this result differs from Theorem 2.7.1 in that only
one function in the composition needs to satisfy the regularity condition and be
transcendental.

The final result follows from Theorem 2.7.4 and Lemma 2.5.2.

Corollary 2.7.5. Let fi, fa,..., fr be transcendental entire functions of order

less than % Suppose that, for some j € {1,2,...,k}, f; is log-regular. Let

g = fiofao---o fr. Then every component of F(g) is bounded.
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This corollary generalises a result of Anderson and Hinkkanen in [3, Theo-
rem 2|, which states that if a log-regular function has order less than %, then
it has no unbounded Fatou components. Anderson and Hinkkanen’s result is
included in Corollary 2.7.5 with k = 1.

Cao and Wang [33] developed a similar result to Corollary 2.7.5, concerning
composition of transcendental entire functions. They set ¢ = f; o fo o -+ o fg,
where f1, fa,..., fr are transcendental entire functions of order less than %, at
least one of which has positive lower order, and showed that g has no unbounded
Fatou components. By Lemma 2.5.1, Cao and Wang’s result is included in Corol-
lary 2.7.5. We note that it is possible to construct a class of log-regular functions
of lower order zero and any given finite order, in particular order less than %
This shows that there are situations in which Corollary 2.7.5 can be applied but

not the result of [33].
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Chapter 3

On fundamental loops and the

fast escaping set

3.1 Introduction

As noted in Section 1.3, the structure of Ag(f) spiders’ webs can be un-
derstood through fundamental holes and fundamental loops. Recall that, when
ARg(f) is a spider’s web, we define the fundamental hole Hg as the component of
ARr(f)c that contains the origin, and the fundamental loop Lg by Lg = 0Hpg.

By Theorem 1.9.2, Ar(f) is a spider’s web whenever f is a transcendental
entire function with a multiply connected Fatou component. In this chapter we
give the first results on the properties of fundamental loops in this case. The first

of these gives information on the location of some fundamental loops.

Theorem 3.1.1. Suppose that f is a transcendental entire function. Then there
exists R' = R'(f) > 0 such that the following holds. If U is a multiply connected
Fatou component of f, such that U surrounds the origin and dist(0,U) > R', then
there exist 0 < Ry < Ry such that

(G) L, = 0nU;
(b) LR2 - aoutU;

(¢) if Lg is a fundamental loop such that L NU # (), then Ly C U. Moreover,
this condition occurs if and only if Ry < R < Rs.
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Here Oy U is defined as the boundary of the unbounded component of C\U,
and 0, U is defined as the boundary of the component of C\U that contains the
origin. The related set 0i,,U is defined in [27] as the boundary of the component
of C\U that contains the origin.

These subsets of the boundary are illustrated in Figure 3.1. A multiply con-
nected Fatou component U is shown in grey, with the origin at the centre of the
diagram. Here 0, U is shown dashed and 0,,;U is shown dotted. The set 0;,, U
consists of d;, U, plus the boundary of the ‘pinch’ shown at the bottom of the
inner boundary. Note that 0,,U does include the boundary of the ‘pinch’ shown
at the top of the outer boundary. It is not known if it is possible for a multiply
connected Fatou component to have a ‘pinch’. Note also that, in this figure, U
surrounds a component of the complement of U which does not contain the origin;
the boundary of this set lies outside Oy U U OipnU.
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Figure 3.1: Subsets of the boundary of a multiply connected Fatou component.

Recall that, in general, if U is a Fatou component, we write U,, n > 0,
for the Fatou component containing f"(U). Note that, by Theorem 1.5.1, if V'

is a multiply connected Fatou component then there is an N € N such that,

60



for n > N, V,, is a multiply connected Fatou component which satisfies the
hypotheses of Theorem 3.1.1.

Using Theorem 3.1.1 we prove the following result.

Theorem 3.1.2. Suppose that f is a transcendental entire function and that Ly
is a fundamental loop of f. Then either Ly C F(f) or Lr C J(f).

We observe that both alternatives in the conclusion of Theorem 3.1.2 are
possible. This follows from Theorem 3.1.1.

A second consequence of Theorem 3.1.1 is that when a fundamental loop lies
within a multiply connected Fatou component, U, it is often possible to say more
about the nature of this set. In fact, there is a close relationship between some
fundamental loops of f and some level sets of the function h that was introduced
by Bergweiler, Rippon and Stallard in [27], and used to prove many geometric
properties of multiply connected Fatou components. The function h is defined
by

b — i ELC)
n—o0 log | f™(20)]
It is shown in [27, Theorem 1.1] that this limit exists, and that the function A is

non-constant, positive and harmonic. As observed in [27], the function h defined

, for z € U, some z, € U. (3.1)

in (3.1) depends on the choice of zy. However, if 2, is replaced by another point
2y € U, then the resulting function is just h scaled by a positive factor equal to
1/h(z).

Our result is as follows.

Theorem 3.1.3. Suppose that [ is a transcendental entire function. Then there
exists R = R'(f) > 0 such that the following holds. If U is a multiply connected
Fatou component of f, such that U surrounds the origin, dist(0,U) > R', and h
is as defined as in (3.1), then

(a) if Lr C U is a fundamental loop, then h(z) is constant on Lg and so Ly is

a piecewise analytic Jordan curve;

(b) if T is a level set of h, then T' has a component v which surrounds the origin

and there is a fundamental loop Lr such that Lr C 7.
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The situation of Theorem 3.1.3 is illustrated in Figure 3.2. A multiply con-
nected Fatou component U is shown, with a fundamental loop Lr which is con-

tained in U. The function h is constant on Lg.

Figure 3.2: A fundamental loop contained in a multiply connected Fatou compo-
nent.

It follows from these results that the fundamental loops of a transcendental
entire function can have very varied geometrical properties. For example, consider
the transcendental entire function f given in [27, Example 3]. The construction of
this function is too intricate to give here, but it is shown in [27] that this function

has a multiply connected Fatou component U with the property that

max{log|z| : z € OoutUn}
n— 00 mln{log ‘Z| 12 E aouthn} B

By Theorem 3.1.1, there is a fundamental loop of f which coincides with Oy U,
and so is far from circular for large values of n. However, there are also fun-
damental loops of f which lie inside U, for each n € N. By Theorem 3.1.3(a)

these are analytic Jordan curves, and by [27, Theorem 7.1] can be approximately
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circular.

A key tool in the proofs of these theorems is a function Ry, defined in (3.22)
below, which for a point z is the largest R such that z € Ar(f). In general this
function can only be defined in a subset of A(f). In Section 3.7 we show that,
subject to a certain normalisation, this definition can in fact be extended in a
natural way to the whole complex plane. We show that, in this case, there is an
alternative characterisation of A(f). We also show that the function R4 has a

number of interesting properties.

The structure of this chapter is as follows. First, in Section 3.2, we state a
number of results required in the proof of our main theorems. With the exception
of Lemma 3.2.4, these are all known results. n Section 3.3 we give some results
regarding the hyperbolic metric, used only in this chapter. In Section 3.4 we
prove a new result, which states that if a transcendental entire function has a
certain property with respect to a nested sequence of bounded simply connected
domains, then there is a fixed point which has a certain ‘attracting’ property.
This may be of independent interest. In Section 3.5 we show that the function
R4 can be defined in certain multiply connected Fatou components, and prove
several preparatory lemmas. In Section 3.6 we prove Theorems 3.1.1, 3.1.2 and
3.1.3. Finally, in Section 3.7 we state and prove several results regarding the case

when R4 can be defined in the whole complex plane.

3.2 Background results

We require a number of additional results from [27] concerning multiply con-

nected Fatou components. We require part of [27, Theorem 1.5].

Lemma 3.2.1. Suppose that f is a transcendental entire function with a multiply
connected Fatou component U, and let zy € U. For large n € N, let r,, a, and
b, be as defined in (1.15), and let a, denote the smallest value such that

{Z : |Z| = T%n} ﬁainn(]n 7é @
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Then there ezxist a € [0,1) and b € (1,00] such that, as n — oo,

a, —a, a, —a, and b, —b. (3.2)

n

We also need the following [27, Theorem 1.3] which shows that any compact

subset of U eventually iterates into the maximal annulus B,,.

Lemma 3.2.2. Let f, U, zy be as in Lemma 3.2.1. Forlargen € N, letr,, a,, b,
and By, be as in (1.15). Then, for each compact set C' C U, there exists N € N
such that

fM(c)cc,cB,, forn>N, (3.3)
where
C, = A (rant2mn pbu(=8700)Y " aith 6, = 1/1/log 7. (3.4)

Figure 3.3 gives a useful illustration of these sets. A multiply connected Fatou
component U, is shown. The annulus B,, has a dashed boundary, and the slightly

smaller annulus C), has a dotted boundary.

Figure 3.3: Annuli within a multiply connected Fatou component.
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We also need the following, which shows that within C,, the modulus of f is
very close to the maximum modulus, for large values of n. This is summarised
from [27, Theorem 5.1(b)].

Lemma 3.2.3. Let f, U and zy be as in Lemma 3.2.1. For large n € N, let
Tny, Gn and by, be as in (1.15), and let 6,, = 1/\/logr,. Then, there exists N such
that forn > N, and m € N,

log|f™(2)| > (1 —0,)log M(|z], ), forze A (rfL’LJFQ’T‘S”,Tb’L_Q”‘S”) . (3.5)

n

The following is a consequence of these lemmas.

Lemma 3.2.4. Let f and U be as in Lemma 3.2.1, let z € U and let 0 < ¢ < 1.
Then there exists N € N such that

[T ) = M (), forn= N, meN. (3.6)

Proof. Fix 29 € U, and let 3, = 1 — 1/y/logr,, where r,, = |f"(20)]|, for n € N.
Choose R > 1 sufficiently large that M™(R) — oo as n — oo and also, by (1.6),
that M(r) > r?, for r > R.

Now, as mentioned in Section 1.7, we have that U C A(f). Hence there exists
¢ € N such that r,., > M"(R), for n € N. Since M"(R) > R*", for n € N, we

have
1

Vdiogr,

< 2%(6_"), for large values of n.

We note that .
log(l—2)> -2z, forO<z< o (3.7)

It follows that
log B, > —22="2)  for large value of n.

Hence, we can choose N € N sufficiently large that

Z log B, > logc,
k=N
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or equivalently that

I8 > (3.8)
k=N
Now let z € U. We can further assume that N is sufficiently large that
|f"(2)|° > Ro, forn > N,
where Ry is the constant from Lemma 1.2.2. We note, by (3.2), that
b, — 218, > b,(1 — 3wd,), for large values of n,

and so

C, C A (rgnt2mn phn=2m0n) = for large values of n,

where C), is defined in (3.4). Hence, we can assume, by Lemma 3.2.2 and
Lemma 3.2.3, that N is sufficiently large that

log | /"1 (2)| = Balog M(|f"(2)]), forn > N. (3.9)
Hence, by (3.9) and (1.9),
) = M) > M(|f*(2)]P),  forn > N. (3.10)
By repeated application of (3.10) and (1.9), and by (3.8), we have that
()] = M| ()= k) > M (| f7(2)[€), for n > N, m €N,

as required. O
We also need the following [86, Theorem 2.3].

Lemma 3.2.5. Let f be a transcendental entire function and let n > 1. There
exists R, = Ry(f) > 0 such that if r > Ry, then there exists

2 e A(r,nr) NA(f)
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with
|f"(2)] > M™(r, f), forn €N,

and hence

2 e A(f) and M(nr,f*) > M"(r,f), forneN.

3.3 The hyperbolic metric and hyperbolic distance

In this chapter, we use the hyperbolic metric and hyperbolic distance; a de-
tailed account of these topics can be found in, for example, [64], and we give here
only the detail we require. We say that a domain V' is hyperbolic if OV contains
at least two points. For a hyperbolic domain V| we write [w, z] for the hyper-
bolic distance between w and z in V', and we let py denote the density of the

hyperbolic metric in V. We use the following results, which are well-known.

Lemma 3.3.1. Suppose that U is a hyperbolic domain and that U’ is a domain

contained in U. Then
(w, 2y < [w, 2]y, forw,z € U'.

Lemma 3.3.2. Suppose that U is a hyperbolic domain, and that f : U — f(U)

15 analytic. Then

f(w), f(2)]pwy < [w, 2]y,  forw,ze U,

with equality if and only iof f is conformal.

We also use the following, which is well-known and follows in a straightforward
way from [52;, Theorem 9.14].

Lemma 3.3.3. Suppose that U is an unbounded hyperbolic domain. Then there
exist R > 2 and C > 0 such that

C
>_ -
pU(Z) - |Z| IOg |Z|7

for |z| > R.
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3.4 A map on a nested sequence of domains

In this section we prove a result about the existence and properties of a fixed
point for certain transcendental entire functions. This may be of independent

interest. The main result of this section is as follows.

Theorem 3.4.1. Suppose that f is a transcendental entire function, and that

(Gn)n>0 is a sequence of bounded simply connected domains such that
Gn C Gnyy and f(0G,) = 0Gpyy, forn=0,1,2,---. (3.11)
Suppose also that
UJéG.=c (3.12)
n=0

Then there exists o € Gg, a fized point of f, such that, if K C Gqg is compact,
then
[, " (2)]G, — 0 as n — oo, wuniformly for z € K.

To prove Theorem 3.4.1 we require the following lemma, which is a new result.

Lemma 3.4.2. Suppose that (By,)n>0 is a sequence of analytic functions from D
to D. Suppose also that there exist a € D and A € (0, 1) such that

B,(a)=a and |B,(a)| <A, forn=0,1,2---. (3.13)
Then, if K' is a compact subset of D,
B,o---0By(z) = a asn — oo, uniformly for z € K'.

Proof. By conjugating with a Mobius map if necessary, we may assume that

a = 0, and so we may define functions C,, : D — C by

B,
Cn(z) = (Z), forn=0,1,2,---, z € D.
z
We note that
1C(0)] = |B.(0)| < A<1, forn=0,1,2---. (3.14)
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By Schwarz’ lemma applied to B,,, we have that
|ICn(2)| <1, forn=0,1,2,---, z € D. (3.15)

It follows from (3.15), by Montel’s theorem, that the family {Cy}nefoq,} is a
normal family of maps from D to D.

Suppose that K’ C D is compact. By a normal family argument, and by
(3.14), it follows that there exists ¢ < 1 such that

|ICn(2)| < p, forn=0,1,2,---, z€ K',
in which case

|B,(2)] < pz, forn=0,1,2,---, z€ K. (3.16)
The assertion of the lemma follows at once from (3.16). [

We note that an alternative proof of this lemma, which uses a result of Bear-
don and Carne [15, p.217], is given in [99].

We now prove Theorem 3.4.1.

Proof of Theorem 3.4.1. By (3.11), the triple (f, Go, G1) is a polynomial-like map
in the sense of Douady and Hubbard [38]. (Explicitly, this means that f is an
entire function, and Gy and G; are domains such that f is a proper map of
Gy onto GG1. See Section 1.5 for the definition of a proper map.) Since every
polynomial-like map has a fixed point [13, Lemma 3] (see also [42, Lemma 3]),
there exists a point @ € Gy such that f(a) = a.

Forn=0,1,2,---, let ¢, : D — G,, be a Riemann map such that ¢,(0) = a.
By Lemma 3.3.2 we have that

[, f"(2)]g, = [0,¢," o f"(2)]p, for z € Gy. (3.17)

Hence it suffices to show that [0,¢. ' o f"(z)]p — 0 as n — oo, uniformly for
z e K.
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Define functions B, : D — D by
Bn:¢;ilof0¢n, forn=0,1,2,---.

Then B, is a proper map, by the definition of a proper map, and since ¢, and
¢ny1 are conformal. Moreover, B,(0) = 0. It follows that, for n =0,1,2,---, we
have that B, is a finite Blaschke product

Pn . Mk.n
B (z) = cpz™ H (M) , forzeD, (3.18)

k=0 1= @z
where p, € {0,1,2,---}, ¢n,min €N, || =1, 0 < |ag,| < 1, and ay, = agp
implies that k = &/, forn € {0,1,2,---},and k € {0,1,--- ,p,}. (These facts are
given in, for example, [54, p.35].)
Let ¢ be the multiplicity of the fixed point of f at «. Since B,, is conformally
conjugate to f, we have that ¢ is also the multiplicity of the fixed point of B, at

the origin; see, for example, [14, Lemma 2.6.1]. It follows that
gn=1¢q, form=0,1,2,---. (3.19)

We claim that there exists N € {0,1,2,---}, such that p, # 0, for n > N.
This follows from (3.12) and (3.19), and from the fact that f is transcendental
and so cannot be ¢ to 1 in the whole complex plane. Without loss of generality,

we may assume that N = 0.
We claim that there exists A € (0,1) such that

|B,(0)| <X\, forn=0,1,2,---. (3.20)

Suppose first that ¢ > 2. Then B/, (0) =0, forn =0,1,2,---.
Suppose, on the other hand, that ¢ = 1. Then

pn

1B, (0)] = [ laxnl™" <1, forn=0,1,2,--. (3.21)
k=0

Forn=0,1,2,--- ;and k= 0,1,2,- -+, p,, set agn = @n(arn). Then f(ag,) = a,
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and so ¢;i1(ak7n) is a zero of B, 1. By renumbering the sequences if necessary,

we can assume that
Qg n = O pnt1 = ¢n+1(ak,n+1)7 for n = 07 17 27 Tty k= 07 17 27 Y %

Now, by (3.11), [kn, &G, > [0kn+1,Alc Hence, by Lemma 3.3.2, we have

n+1l"°

that |akni1] < |aknl-
Moreover, my,, and my ,4+1 are both equal to the multiplicity of the zero oy,

of f(z) — «, and so My, = My ny1. Thus, by (3.21),
|B;L+1(0)| S |B;L(O)|7 fOI'TL:O71,2,--- .

This establishes (3.20).
Let K C Go be compact. By Lemma 3.4.2, applied with K’ = ¢5*(K), we
obtain that

[0,B, 10---0ByoByog¢y'(z)]p — 0asn — oo, uniformly for z € K.
The result follows by (3.17), since
Bn,_10---0BjoByogyt=¢. o f"
O

Remark 3.4.1. In our application of Theorem 3.4.1, the hypothesis (3.12) holds.
However this hypothesis is actually not necessary in Theorem 3.4.1 as it can be

deduced from (3.11) by using a normal family argument; we omit the details.

3.5 The function R, defined in a multiply connected Fatou

component

The main role of this section is to introduce the function R4, which plays a
key role in the proof of Theorem 3.1.1. Before stating and proving a sequence of

lemmas, we outline how these results are used.
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Suppose that U is a multiply connected Fatou component which surrounds
the origin. We show that if U is sufficiently far from the origin, then we can
define a real-valued function R4 which, for each z € U, is the largest value of
R such that z € Ag(f); see (3.22) below. It turns out that this function has a
close relationship to fundamental loops. Indeed, where defined, R4 is strictly less
than R in Hg, and is at least equal to R on Lg. We then prove that the function
R4 has certain continuity properties, and shares level sets with the function A
defined in (3.1). These facts allow us to show that;

(a) on Oy U, Ra is equal to its infimum in U;
(b) on JouU, R4 is at least equal to its supremum in U;
(¢) Ra does not achieve a maximum or a minimum in U.

Because of the close relationship between the function R4 and the definition of
fundamental loops, properties (a), (b) and (c) above can then be used to prove
Theorem 3.1.1 parts (a), (b) and (c) respectively. Theorems 3.1.2 and 3.1.3 then
follow quickly.

We start with a simple lemma.

Lemma 3.5.1. Suppose that f is a transcendental entire function and that Ag(f)
1s a spider’s web. Then f has a fized point.

Proof. Suppose that Hg is a fundamental hole of f. By Theorem 1.3.2 we have
that the triple (f, Hg, f(Hg)) is a polynomial-like map. The result follows be-
cause, as noted in the proof of Theorem 3.4.1, every polynomial-like map has a
fixed point. O]

The following lemma is central to our results.

Lemma 3.5.2. Suppose that [ is transcendental entire function. Then there
exists R' = R'(f) > 0 such that the following holds. Suppose that U is a mul-
tiply connected Fatou component of f, which surrounds the origin and satisfies
dist(0, U) > R'. Define G, as the complementary component of U, which

contains the origin, forn =0,1,2,---. Then

(a) G, C Gpiy, forn=0,1,2,---;
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(b) f(aGn) = 8Gn+17 fOT n= 07 17 27 Ty
(c) for all z € U there exists R = R(2) such that z € Ag(f).

Proof. First we note by Theorem 1.9.2 that there exists Ry > 0 such that Ag, (f)
is a spider’s web. Hence, by Lemma 3.5.1, f has a fixed point «.

We now use properties of multiply connected Fatou components to establish
a suitable value for R'. Let V be a multiply connected Fatou component of f.
By Theorem 1.5.1 there is an N; € N such that f¥ (V) surrounds both the origin
and «, and also f"™(V) surrounds f*(V) for n > Nj.

Choose Ry > 0 such that M™(Ry) — 0o as n — 0o. Then, by Theorem 1.7.2,

there is an Ny € N such that fM2(V) C Ag,(f). Set N3 = max{Ny, N2}, and let
R = max {|z] : z€ fN(V)}.

Suppose that U is any multiply connected Fatou component such that U
surrounds the origin and satisfies dist(0,U) > R'. It follows from our choice of
R’ that U surrounds f%3(V); see Figure 3.4. We now show that the results of the

lemma follow from this fact.

fN3(V)

Figure 3.4: The construction in the proof of Lemma 3.5.2.
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Since U surrounds «, then U; = f(U) surrounds « by the argument principle.
Moreover, U; cannot meet either fY3+1(V) or U, since OU; C J(f). Hence, by
the maximum principle, U; surrounds both fY*1(V) and U. Inductively, Uy
surrounds both fM**(V) and Uy_;, for k € N. Parts (a) and (c) of the lemma
follow from this fact and the choice of N3.

Finally we establish part (b). Choose n =0,1,2,---. Since f(G,,) is open and
connected, and its boundary is in J(f), it cannot meet the boundary of G, .
Now, a € G, and so f(G,) N Gpy1 # 0. Hence 0f(G,,) must lie in G, 1, and so

f(0G,) C Gpia.
Moreover, f is a proper map on the Fatou component U,,, and so
f(0G,) C f(OU,) = dU,4.

Thus 0f(G,) = 0Gy11, as required. O

Suppose that U is a multiply connected Fatou component which surrounds the
origin, and that dist(0,U) > R, where R’ is the constant from Lemma 3.5.2. Sup-
pose that z € U, and let X, = {R>0: 2 € Ag(f)}. We see by Lemma 3.5.2(c)
that X, is not empty. Moreover, if R ¢ X,, then z ¢ Ag(f) and so there is an
n € N such that |f"(2)] < M"™(R). It follows by Lemma 1.2.1(a) that we may

choose € sufficiently small that
/" (2)] < M™(R =€),

and so z ¢ Ar_.(f). We deduce that X, is a non-empty closed interval.

We may, therefore, introduce a new function R4 defined by
Ra(z) =max{R:z € Ar(f)}, forzeU. (3.22)

We note that it is possible here to define the function R4 in a larger set.
However, for our current purposes a definition only in U is sufficient. We explore
a definition of the function R4 in the whole complex plane in the next section.

The function R4 has some strong continuity properties, and shares level sets
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with the function h.

Lemma 3.5.3. Suppose that f and U are as in Theorem 3.1.1, and that R
is as in (3.22). Then Ry is upper semicontinuous in U and continuous in U.
Moreover, if h is as in (3.1), then there ezists a continuous strictly increasing
function ¢ : R — R such that

Ra(z) = ¢(h(z)), forzeU. (3.23)

Proof. We first prove that R4 is upper semicontinuous in U. Suppose that z € U
and that € > 0. By the definition of R4, we have that z ¢ Ap,(.)+(f). Hence
there is an N € N such that |fV(2)] < MN(Ra(z) + ¢€). By continuity, there
exists a 0 > 0 such that

N < MY (Ra(2) +¢€), for 2 € B(z, §).

Hence Ra(2') < Ra(z) +¢, for all 2/ € U N B(z, §). This completes the proof

that R4 is upper semicontinuous in U.

To prove that R4 is continuous in U we need to prove that R, is lower
semicontinuous at z € U. Suppose, to the contrary, that R4 is not lower semi-
continuous at z. Then there exists € > 0 such that the following holds. If A C U
is a neighbourhood of z, then there is a 2’ € A such that R4(2) —e > Ra(?), in
which case 2’ ¢ Ag,(:)—c(f). There exists, therefore, a sequence (2 )ren of points

of U, distinct from but tending to z, and a sequence (ny)ken of integers such that
|f™ (zx)| < M™ (Ra(z) —€), forkeN.
Hence, for each k£ € N,
/™ (z0)| < M™(Ra(2) — €) < M™(Ra(2)) < [f™(2)],

which implies that

log M (Ra(2)) __ log|™(2)|
log M7 (Ra(2) — )~ log |f+ ()]

for k € N. (3.24)
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We now establish a contradiction by showing that the right-hand side of (3.24)
has an upper bound which tends to 1 as £ — oo, but the left-hand side is greater
than some ¢ > 1, for sufficiently large values of k. Note that we can assume that
n, — 0o as k — oo.

We may assume that e is sufficiently small that M"(Ra(z) —€) — oo as
n — oo. Hence we can choose N large enough that M~ (R4(z) — €) > Ry, where

Ry is the constant from Lemma 1.2.2. Set

log M™(R4(2))
log r

r=M"(Rs(2) —¢) and c= > 1.

It follows by repeated application of (1.8) that we have
log M™(r¢) > clog M™(r), for m € N.

Hence
log M™+N(Ra(z)  log M™(r9)

log MmN (Ry(2) —€¢)  log M™(r)
This establishes our claim regarding the left-hand side of (3.24).

>c>1, formeN.

To establish our claim regarding the right-hand side of (3.24) we use some
techniques from [81], though we give the full details for completeness.

Choose any wy,ws € J(f) with wy; # wy, and put G = C\{wy,ws}. Note
that, by Lemma 3.3.1 and Lemma 3.3.2,

[z, 21y = [f™(2), £ (26)] ey = [f™(2), [ (2)] 6 = / pa(z)|dz|, for k €N,

Ty

where I'y is a hyperbolic geodesic in G joining f™(z) to f™(z;). Let R and C
be the constants from Lemma 3.3.3 applied with U = G.
Choose K sufficiently large such that

[f" ()] > [f™ ()] > 2R, for k > K.
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We then have, by Lemma 3.3.3,

gy log |7 (2)]
2, z2uly > 2) ldz ZC’/ — =1 (—) 3.25
O R C L ELy - oglfr(a)] ) B2
Hence ! -
og]/"(2)| < exp([z, zk]u/C), for k€ N. (3.26)

log | f7*(z)]
As k — o0, 2z, — z and so [z, 2]y — 0. Hence the right-hand side of (3.26) is
indeed bounded above by a term tending to 1 as k — oo. This completes the

proof that R4 is continuous in U.

Finally we need to prove that there exists a real function ¢ which satisfies
(3.23). Our method of proof is as follows. Suppose that w,z € U. We claim that
h(w) < h(z) if and only if R4(w) < Ra(z). This, combined with the fact that
both h and R, are continuous in U, proves that Ra(z) = ¢(h(z)), for z € U,
where ¢ is continuous and strictly increasing.

Let w, z € U. Suppose first that Ra(w) < Ra(z) = r, say. Then, there is an
N € N such that

lf"(2)] > M"™(r) > |f*(w)], forn>N.

Assume also that N is sufficiently large that |f"(w)| > Ry, for n > N, where Ry

is the constant in Lemma 1.2.2. Set

~ log M™N(r)

= gl w) "

Then, by (1.8),
M) = MR @) = M W) 2 ), for m e .

Hence

1 N+m 1 N+m
o gl dog £ )
h(z) ~ m—oc log|fNTm(z)| T m=oo log [MN+m(r)|

<

1
- <1,
C
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and so h(w) < h(z). This completes the first part of the proof.

Suppose next that h(w) < h(z). The proof is complete if we can show that
Ri(w) < Ra(z). Choose ¢ such that h(w)/h(z) < ¢ < 1. Choose N’ sufficiently
large such that

/") > " (w)], forn > N".

By Lemma 3.2.4, there exists N > N’ such that
() > M (Y (2)]),  form e N.

Hence
Ra(fY(2)) > [Y(2)|° > [ (w)] > MY (Ra(w)). (3.27)

Set R = M~N(|fY(2)|¢), and note that R > R,(w) by (3.27). Then
|fN+m(Z>| > Mm(’fN(Z”c) = MN+m(R), for m € N.

Hence Ra(z) > R > Ra(w) as required. This completes the proof of the lemma.
[

Remark 3.5.1. In fact, with the conditions of Lemma 3.5.3, the stronger result
holds that R4 is continuous in U\aoutU . This follows from Lemma 3.5.4 below,
but is not pertinent to the proofs of the results of this chapter.

We use Lemma 3.5.3 to prove the following result regarding the values of
the function R4 in U. The reader may wish to refer to Figure 3.1 to recall the

boundary sets involved in this lemma.

Lemma 3.5.4. Suppose that f and U are as in Theorem 3.1.1 and that R4 is as
in (3.22). Set

Ry =Ri(U)=inf Ry(2) and Ry= Re(U)=sup Ra(z). (3.28)

zeU zeU

Then

(a) Ra(z) = Ry, for z € OU\OoutU;
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(b) Ra(z) > Ry, for z € OpuU;
(¢) Ry < Ra(z) < Ry, forz € U.

Proof. First, suppose that z € 9, U. Choose w € U. By Lemma 3.2.2 applied
with C' = {w}, there exists N € N such that |f"(w)| > |f"(z)|, for n > N, in
which case Ra(z) < Ra(w). Hence Ra(2) < Ry. Equality follows by the upper
semicontinuity of Ry at z € U.

We now show, more generally, that Ra(z) = R for z € U\ 0o U, by showing
that R4 is constant on this set. Suppose also that there exist points z1, 29 €
OU\OputU with

Ra(z1) = R > p > Ra(z), for some p.

Choose N € N such that MY (p) > Ry, where Ry is the constant from
Lemma 1.2.2. Set ¢ = log MY (R)/log M™(p) > 1. Then, for all sufficiently
large n € N, we have by (1.8),

[ (22)]° < (M"(p))* = (M"N(M"(p))) < M"N((M"(p))°) = M™(R) < |f"(21)].
(3.29)

We now claim that, for sufficiently large values of n,

n

rin < |f"(2)| < rin, for z € OU\OouiU, (3.30)

where a,, is as in Lemma 3.2.1. This fact is in part of the proof of [27, Theorem
1.6], but we give a brief justification for completeness. Suppose that K is a
component of U\ U and v is a Jordan curve in U that contains K in its
interior int(vy). For large n we have, by Lemma 3.2.2, that f"(y) C C, C By,

where C), is the annulus defined in (3.4); see also Figure 3.3. Hence

frnt(y)) € {21 |2 <mr ),

and (3.30) follows by the definitions of a,, and a,, and the fact that f"(z) ¢ By,
for z € OU\OuuU. This completes the proof of our claim regarding equation
(3.30).

Now, by Lemma 3.2.1, both @, and a,, tend to a as n — co. Hence, for large
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values of n € N, by (3.30),
[f"(22)|* Z rte = = | " (2)], (3.31)

which is a contradiction to (3.29). This completes the proof of part (a) of the

lemma.

Next, suppose that z € 0y, tU. Choose w € U. By Lemma 3.2.2 applied with
C = {w}, there exists N € N such that |f"(z)| > |f"(w)]|, for n > N, in which
case Ry(z) > Ra(w). Thus R4(2z) > Ry and this completes the proof of part (b)

of the lemma.

Finally, suppose that there exists z € U such that R(z) = Rs, in which case
R 4 achieves a maximum in U at z. Then h also achieves a maximum in U at z, by
Lemma 3.5.3. This is a contradiction, because h is harmonic in U. For a similar
reason, R, cannot equal Ry and so achieve a minimum in U. This completes the

proof of the lemma. O]

3.6 Proofs of Theorem 3.1.1, Theorem 3.1.2 and Theo-
rem 3.1.3

In this section we prove Theorem 3.1.1, and then show that this can be used
to prove Theorem 3.1.2 and Theorem 3.1.3. We begin by proving the following
result. Recall that Ry = Ry (U) = inf.cy Ra(2).

Lemma 3.6.1. Suppose that f and U are as in Theorem 3.1.1, and let G be the

complementary component of U containing the origin. Then Gy C Ag, (f)°.

Proof. Suppose, to the contrary, that there exists zg € G such that zo € Ag, (f).
Recall that U,, = f*(U), G, is the component of C\U,, containing the origin, and
OntUp = 0G,,. Let r, = dist(0,0,U,) and let z, = f™(z) € Gy, for n € N.
The reader may wish to refer to Figure 3.5 at this point.
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Figure 3.5: The construction used in the proof of Lemma 3.6.1.

In view of Lemma 3.5.2(a) and (b), we can apply Theorem 3.4.1, with G,, as
above and with K = {z,}. We obtain that f has a fixed point a € Gy such that

[, zn]G, — 0 as n — oo.

We claim that there exists N € N such that |z,| < r,/2 for n > N. Suppose,
to the contrary, that |z,| > r,/2 infinitely often. For these values of n, let 7, be

a curve in G,, joining o and z, such that
2o ala, = [ pe(w)ldul
Tn

Recall (for example, [34, Theorem 4.3]) that

1

> .
pan(w) = 2 dist(w, 0G,,)’ for w € Gy
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We can assume that n is sufficiently large that |a| < r,/4. Let
v = N B(0,1,/2).

Note that dist(w, 0G,) < 2r,, for w € 7/,. Moreover the length of ~/ is certainly

at least equal to r,/4. Hence

1 1 r 1
2, 2lc, > dw| > — [ |dw| > ——" = —,
o zlo, 2 [ o (wlaul 2 g [ w2 2T =

which is a contradiction. Thus our claim is established.

We now set n = 3/2 and 7 = ry/2. By Lemma 3.2.5 and the above, there
exists N € N such that the following conditions both hold. Firstly, there exists
2" € A(1,n7) such that 2’ € A, (f). Secondly, |zn| < T.

We have supposed that zg € Ag, (f), and so this second condition implies that
MY (R;) < 7. Suppose that there exists w € 9y Uy N A, (f). Since w = fN(w'),
for some w’ € 0y, U, then

w' € Ap-nin(f)-

This is impossible since MY (7) > Ry, but Ra(w') = Ry, by Lemma 3.5.4(a).
Hence we have that 0., Uy N A,(f) = (. This is a contradiction because Oy, Uy
surrounds 2’, but A.(f) has no bounded components by Theorem 1.3.1. ]

We now prove Theorem 3.1.1.

Proof of Theorem 3.1.1. First we let R’ be the constant from Lemma 3.5.2. Sup-
pose that U is a multiply connected Fatou component of f, such that U surrounds
the origin and dist(0,U) > R'. Let Ry = R;1(U) and Ry = Ry(U) be the constants
from (3.28). Part (a) of the theorem, that 0,cU is the fundamental loop Lg,,
follows because 0, U C Ag,(f), by Lemma 3.5.4(a), but the bounded component
of C\OtU is in Ag,(f)¢, by Lemma 3.6.1.

Part (b) of the theorem, that JyU is the fundamental loop Lg,, follows im-
mediately from Lemma 3.5.4(b) and (c).
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Finally we prove part (c) of the theorem. Suppose that L is a fundamental
loop, and that z € Lp,NU. Now z € Ag(f), and so Ra(z) > R. Moreover,
Ra(w) < R, for w € Hp N U. Hence, by the continuity of R4 in U, Ra(z) = R.
Thus, by Lemma 3.5.4(c), Ry < Ra(z) = R < Ry.

Recall that R4(w) = Ry, for w € OU\OoyU. It follows, by the upper semi-
continuity of R4 in U, that L N OU\OewlU = 0.

It remains to show that Lr N O,U = 0. Suppose, to the contrary, that
Lg intersects OgU. We recall from Theorem 1.3.2 that, in general, if L, is a
fundamental loop then f(L,) = Las). By Lemma 3.2.2, applied to any closed
subset of Lr MU, there exists N € N such that Ly NC, # (0, where C,, is the
annulus defined in (3.4), for n > N.

Next choose n > 1. We can assume that N is sufficiently large that, for
n > N and z € U,, we have that |z| > max{Ry, R}, where Ry is the constant
from Lemma 1.2.2 and Ry, is the constant from Lemma 3.2.5. We can also assume
that N is sufficiently large that the conclusions of Lemma 3.2.3 can be applied.

Define ¢, = b, — 270, — 62, for n € N. We can further assume that N is
sufficiently large that we have both

bN(l — 37T(SN) <cy < by — 27T(SN

and
nr?\][v(lf&r&]\;) < r]C\;V(l*(;N) '

The first inequality is easy to satisfy since, by Lemma 3.2.1, b, — b > 1, as

n — 0o. The second can be satisfied since

bn (1—3m0n)

nr® b (1—378,)+logn 62

:Tn s

and
cn(1—6,) = bu(1 — (27 /by, + 1)6,) + 6227 — 1+ 6,,),

and since 0, - 0 and b,, — b >1 as n — oo.

Consider the fundamental loop Ly (gy. Since Ly gy N Cn # 0, there is a
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point on Ly~ gy of modulus less than r?\J,V(l_‘g”éN )

. Hence
MY (R) < plp=3mn), (3.32)

Moreover, by assumption we have that L MN( )N OoutUn # 0, and so there is

a point on Ly~ gy of modulus greater than TN Hence Ly~ gy surrounds points

in Uy which lie at all radii in (r?\f,\’(l smon) b ). In particular, there exists a point
z € Hynvg NUy,  such that |z] = ri. (3.33)

Then, by Lemma 3.2.3, Lemma 1.2.2 and Lemma 3.2.5, we have that, for m € N,

[ ()] = My, fm) oy
>M( en(1-6n) fm )>M( bN(l 3moN) L )
> Mm( by (1— 3W6N),f)~

Hence z € A,(f), where p = rbN(l 8moN)

z ¢ Ay (f) by (3.33). This completes the first half of the proof of part (c).

This is in contradiction to (3.32), since

Finally, suppose that Ry < R < Ry. Then, by the continuity of R4 and the
definitions of Ry and Ry, there exists z € U such that Ra(z) = R. Hence the
fundamental loop Lyr must intersect U, and so Lg C U. This completes the

proof. n

Next we prove Theorem 3.1.2, which states that if f is a transcendental entire
function and that Lg is a fundamental loop of f, then either Lr C F(f) or
Lr C J(f).

Proof of Theorem 3.1.2. Suppose first that z € Lg N U, where U is a simply
connected Fatou component of f. Since Lr C Agr(f), we have that U C Ag(f),
by Theorem 1.7.3. This is a contradiction since L = 0Hgr and Hgr C Ag(f)°.
Hence Ly cannot intersect any simply connected Fatou component of f.

Next suppose that z € Lg N U, where U is a multiply connected Fatou
component of f. Then there exists N € N such that dist(0,Ux) > R’, where R’
is the constant from Theorem 3.1.1 and Uy = f¥(U). Then f¥(Lg) = Ly~ g is
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a fundamental loop which intersects Uy and so, by Theorem 3.1.1, is contained
in Uy. The result follows. O

Finally we prove Theorem 3.1.3, which relates fundamental loops lying in U

to level sets of h.

Proof of Theorem 3.1.3. First suppose that Lr C U is a fundamental loop. Then,
because of the continuity of R4 in U, we have R4(z) = R, for z € Lg. Hence,
by Lemma 3.5.3, h is also constant on Lgr. This completes the first part of the
proof.

Suppose next that I' is a level set of h. By Lemma 3.5.3, I" is also a level set
of Ra, and so R4(z) = R, say, for z € I'. Now R; < R < Ry, where R; and R
are as in (3.28), and so, by Theorem 3.1.1, there is a fundamental loop Lr C U.
The result follows, since Lr C I, again by Lemma 3.5.3. [

3.7 The function R4 defined in C

The function R4 played a key role in proving Theorem 3.1.1. In general,
however, R4(z) cannot be defined for many values of z € A(f); consider, for
example, f(z) = e* and z = log 2w + i7/2. In this section we show that, with a
certain normalisation of f, the definition of R4(z) can be extended in a natural
way to all z € C. The function R4 then has several interesting properties.

First we adopt the normalisation f(0) = 0. We observe that, by Lemma 3.5.1,
all transcendental entire functions for which Agr(f) is a spider’s web have a fixed
point and so, in this case, this normalisation is merely a change of coordinates.
This suggests that this normalisation is not entirely unnatural when Ag(f) is a
spider’s web. Even when f does not have a fixed point the normalisation f(0) =0
is not as limiting as it might seem. If f(z) has no fixed point, then f(z) has the
form f(z) = z + exp(h(z)), for some entire function h. It then follows from
Picard’s Theorem that f? has fixed points. We choose «, a fixed point of f2, and
replace f by g where g(z) = f?(z + @) — a. Then ¢(0) = 0, and the sets A(f)
and A(g) differ only by a translation, since A(f?) = A(f) by Theorem 1.7.1(a).

Suppose that f is a transcendental entire function and that f(0) = 0. Suppose
that r is such that M™(r, f) — oo as n — oo. Clearly M (r, f) > r, and so, by
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Lemma 1.2.1(a), we may choose € > 0 such that M (r — e, f) > r. It follows that
M™(r —e€, f) — oo as n — oc.
Consider the set

Yy={r>0:M"(r)» oo asn— oo}

Clearly Yy # 0, and it follows from the previous paragraph that Y} is closed.
Thus Yy has a maximum.

Hence, with the normalisation f(0) = 0 we can define
Ry =max{r >0: M"(r) » oo as n — 0o}. (3.34)

The following gives an alternative characterisation of A(f) as a continuous limit
of the closed sets Ag(f).

Theorem 3.7.1. Suppose that f is a transcendental entire function, that f(0) =
0, and that Ry is as defined in (3.34). Then

A(f) = U Ar(f). (3.35)

R>Rf

Proof. 1f z € UR>Rf ARg(f), then z € Ag(f) for some R such that M"(R) — oo
as n — 00, and so z € A(f) by definition.

Now, suppose that z € A(f). Then, by (1.12), f(z) € Ag(f), for some
R > Ry and some ¢ € N. Note next that, since f(0) = 0, we have that M ~"(r)
is defined for all » > 0 and n € N. Hence we can set R = M~*(R), and we note
that R’ > Ry. Then z € Ap/(f) and so z € UR>Rf ARr(f), as required. O

For a transcendental entire function f with f(0) = 0, we extend the definition

of R4 to the whole complex plane by setting

Ra(s) = max{R:z € Agr(f)}, for z € A(f), (3.36)
Ry, for z ¢ A(f).

The existence of the maximum, for z € A(f), follows from Lemma 1.2.1(a) and

(3.35), in the same way as the existence of the maximum in (3.22).
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We require the following result.

Lemma 3.7.2. Suppose that f is a transcendental entire function and that f(0) = 0.
Then
M"™(Ra(2)) = Ra(f"(2)), forze A(f), neN. (3.37)

Proof. Choose n € N. Suppose that z € A(f), and set Ra(z) = p; and
RA(f"(z)) = p2. By the definition of R4(z) we have that

D= 1@ = M (o) = M™ (M (p)),  form €N,

and so ps > M™(py). It follows that M ~"(p2) is defined and greater than or equal
to p1. By the definition of R4(f™(z)) we have that

[F = 1" (2] = M™ 7 (pg) = M™(M™"(ps)),  form > n,

and so p; > M~"(py). The result follows. O

If f satisfies the normalization f(0) = 0, then a stronger version of Lemma 3.5.3
holds.

Theorem 3.7.3. Suppose that f is a transcendental entire function and that
f(0) = 0. Then

(a) Ry is upper semicontinuous in C;

(b) Ry is nowhere continuous in A(f) N J(f);

(c) Ry is constant in a simply connected Fatou component of f;
(d) Ry is continuous in A(f)°U F(f).

Proof. Part (a) follows in exactly the same way as the first part of the proof of
Lemma 3.5.3, and so we omit the details.

Now we prove part (b). Observe that, in general, if w € A(f), n > 1 and
fM(w'") = w, then

Ra(w') = M~™(Ra(w)) < M~ (Ra(w)) < Ra(w). (3.38)
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Suppose that z € A(f) N J(f) and assume first that z ¢ FE(f), where E(f)
is as defined in (1.14). Let A be a neighbourhood of z, sufficiently small that
AN E(f) = 0. Then, by Theorem 1.4.3, there is an n > 1 such that f"(A) D A.
Hence, since z cannot be periodic, there is a 2/ € A with 2’ # 2z and such that
f™(2') = z. Hence, by (3.38),

Ra(2) < M7 (Ra(2)) < Ra(2). (3.39)

This shows that R4 is not continuous at z in the case that z ¢ E(f), since A was
arbitrary.

In the case that z € E(f), we first observe that f(z) ¢ E(f). Let A be
a neighbourhood of z, sufficiently small that f(A) N E(f) = (. By the same

argument as above, there is a 2z’ € A such that

Ra(f(2)) < M™H(Ra(f(2))) < Ra(f(2)). (3.40)

Equation (3.39) now follows from (3.40) and (3.37). This completes the proof of
part (b).

Next we prove part (c¢). Suppose that U is a simply connected Fatou compo-
nent and that z;, zo € U are such that r = R4(z1) > Ra(z2). First we observe that
z1 € A.(f). Hence U C A,(f), by Theorem 1.7.3, and in particular z, € A.(f).
From this it follows that R(z2) > 7, which is a contradiction. This completes
the proof of part (c).

Finally we prove part (d). The result when z € A(f)° is immediate from
part (a), and the fact that R4 achieves its global minimum of Ry everywhere
in A(f)e. If z € A(f) N F(f), then we can assume that z is in a multiply
connected Fatou component of f, since in a simply connected Fatou component
R4 is constant, by part (c), and so continuous. The proof follows in exactly the

same way as the second part of the proof of Lemma 3.5.3. O

In a multiply connected Fatou component, we can say more about the prop-

erties of the function R4.

Theorem 3.7.4. Suppose that f is a transcendental entire function and that
f(0) = 0. Then the function v = —log R4 is subharmonic in F(f).
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Remark 3.7.1. It follows from Theorem 3.7.3(d) and Theorem 3.7.4 that 1/R4
is in the class PL in each component of F(f). Here (see [16]), a function u in
a domain D is said to be in the class PL if u is continuous and non-negative
in D, and logu is subharmonic in the part of D where u > 0. This class is
a generalisation of functions of the form |¢|, where ¢ is analytic in D. The
weaker result that 1/R 4 is subharmonic in F(f) also follows from Theorem 3.7.4,
since 1/R4(z) = exp(v(z)) and by [76, Corollary 2.6.4], which states that if u is

subharmonic in a domain then so is exp o u.

Remark 3.7.2. It seems natural to ask if v is harmonic in F'(f). This cannot be
the case in general. For, by the last statement of Lemma 3.5.3, if v is harmonic
in a multiply connected Fatou component U which satisfies the conditions of

Theorem 3.1.1, then there is a continuous function ¥ : R — R such that
v(z) =Y(h(z)), forzel. (3.41)

If v is harmonic, then — since h is also harmonic — we can differentiate (3.41) to
obtain that ¢"(h(z)) = 0, for z € U. Hence v is a linear function of A in U.
Now, v is finite in U. In [27, Example 2 and Theorem 1.6] it is shown that there
exist transcendental entire functions such that h is unbounded in U. For these
functions the relationship between h and v cannot, therefore, be linear, and so v

is not harmonic in U.

In order to prove Theorem 3.7.4 we need three further lemmas. The first

concerns repeated iteration of the function M 1.

Lemma 3.7.5. Suppose that f is a transcendental entire function and that f(0) =
0. For each n € N, define the function v, by

vp(2) = —log M "(|f"(2)|), forze D,={z:f"(z)#0}. (3.42)

Then v,, is subharmonic in D,,.

Proof. Since 1(s) = log M~!(e*) is a concave and increasing function of s, we
have (see, for example, [65, Theorem 7.2.1]) that

47 (s) = log M~"(c")
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is also a concave function of s, for n € N. Now, for each n € N, log |f"(z)| is a

harmonic function of z in D, since f"(z) # 0 in D,,. The result follows since

vn(2) = —log M~ (exp(log | f"(2)])) = —¢" (log | /" (2)]),

is a convex function of a harmonic function; see e.g. [76, p.47], which states that

a convex function of a harmonic function is subharmonic. O

Note that, if f(0) =0, then 0 ¢ A(f) and so v,(2) is defined for all z € A(f)
and n € N.

The second lemma gives an alternative characterisation of the function R4 in
A(f). Here we say that a sequence of real numbers, (t,)nen, is non-increasing if
tni1 <t,, forn € N.

Lemma 3.7.6. Suppose that f is a transcendental entire function and that f(0) =
0. Then, for each z € A(f), (M~"(|f™(2)]))nen is a non-increasing sequence, with
limit Ra(2).

Proof. Suppose that z € A(f). Since M(|f™(z)]) > |f""(z)| we have that
M= (2))) = MO (2))),  forn € N. (3.43)

Hence the sequence (M ~"(|f"(z)|))nen is non-increasing. In addition, since
|f™"(2)] > M"™(Ra(z)), for n € N, we have that

M™(|f"(2)]) > Ra(z), forn eN.

So limy, 0o M™(|f"(2)]) exists and is at least R4(z). It follows from (3.43) and
the definition of Ag(f) that if this limit is R, then z € Ag(f). This completes
the proof. n

We also need a result on subharmonic functions. Suppose that D is a domain,
and u : D — [—00,00) is a function which is locally bounded above in D. The
upper semicontinuous regularization of w is the function u* : D — [—00,00)
defined by

ut(z) = limjup u(w).
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It can be shown that u* is the least upper semicontinuous function on D such that
u* > u; see, for example, [76, p.62]. The result we require is the following [76,
Theorem 3.4.2(a)].

Lemma 3.7.7 (Brelot-Cartan Theorem). Suppose that D is a domain, that 'V is
a family of subharmonic functions on D and that u = sup,cy v is locally bounded

above on D. Then u* is subharmonic on D.

We now give the proof of Theorem 3.7.4, that the function v(z) = —log Ra(z)

is subharmonic, for z € F(f).

Proof of Theorem 3.7.4. Suppose that z € A(f)°N F(f). The result follows be-
cause R4 is constant in a neighbourhood of z. On the other hand, suppose that
we have z € A(f)NF(f), and let U be the Fatou component containing z. Since
R4 is constant in any simply connected Fatou component, we can assume that
U is multiply connected. Observe that, by Lemma 3.5.4, applied, if necessary,
to Uy for some large N, there exists R; > 0 such that Rx(z) > Ry, for z € U.
Hence v is bounded above in U.

Let v, be as defined in Lemma 3.7.5. Then, by Lemma 3.7.6 and Lemma 3.7.5,
v, is a non-decreasing sequence of subharmonic functions, converging pointwise in
U to v. Hence, sup,,cy v, = v. By Lemma 3.7.7, applied with V = {v,, :n € N},
v* is subharmonic in U. By Theorem 3.7.3 part (d), v is continuous in U, and so

v* = v there. This completes the proof. ]

Another advantage of the normalisation f(0) = 0 is that, if this condition is
satisfied, then the conclusions of Theorems 3.1.1 and 3.1.3 hold for any multiply
connected Fatou component which surrounds the origin, without the additional
restriction of being a sufficient distance from the origin. This fact follows from

the proof of Theorem 3.1.1 and from the following version of Lemma 3.5.2.

Lemma 3.7.8. Suppose that f is a transcendental entire function and that f(0) =
0. Suppose that U is a multiply connected Fatou component of f which surrounds
the origin, and define G, as the complementary component of U, which contains

the origin, forn =0,1,2,---. Then

(a) Gn C Grpq, forn=0,1,2,---;
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(b) f(aGn) = 8Gn+1; fOT n= 07 17 27 Ty
(c) for all z € U there exists R = R(2) such that z € Ag(f).

Proof. Parts (a) and (b) follow as in the proof of Lemma 3.5.2, since the origin
is a fixed point of f. Part (c) follows from Theorem 3.7.1. O

Given a transcendental entire function f and N € N, it is not hard to show
that there is a point z € A(f) such that |f"*1(2)| is small compared to |f"(z)],
for n < N. Hence R4(z) can be much smaller than |z|. It does seem reasonable,
however, to expect that M™(Ra(z)) should be comparable to |f"(z)], for large

values of n € N. We use results from [27] to prove the following.

Theorem 3.7.9. Suppose that f is a transcendental entire function, that f(0) =

0, and that z is in a multiply connected Fatou component of f. Then

: log | f"(2)]
2% Tog Mo (Ra(2))

= 1. (3.44)

Proof. Let U be the Fatou component containing z. It follows from (3.37) that
we need to prove that

ol f(2)

n—oo log Ra(f™(2))
By definition |f"(2)| > Ra(f™(z)), for n € N. Suppose that, contrary to (3.45),
there exists 0 < ¢ < 1 and a sequence of natural numbers (ny)geny such that
|f™(2)|¢ > Ra(f™(2)), for k € N, and ny — oo as k — oo. Then, by the
definition of R4, for each k& € N there exists m; € N such that

~ 1. (3.45)

|t ()] < M™(|f™(2)[°), for m > my,. (3.46)

Since nj — oo as k — 00, we see that (3.46) is contrary to Lemma 3.2.4. This

completes the proof of Theorem 3.7.9. O

Remark 3.7.3. If f is a transcendental entire function and f(0) # 0, then
the conclusions of Theorem 3.7.4 and Theorem 3.7.9 still hold for a multiply
connected Fatou component U which satisfies the conditions of Theorem 3.1.1.

This is readily seen from a review of the proofs of these results.
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The relationship between h and R4 may be closely related to the growth of
M (r) for values of r close to Ry, and so it seems unlikely that, in general, there
is a simple form for the function ¢ defined in (3.23). It is possible , however, to
obtain bounds on the relationship between R4 and h. In the following result we
consider only the case when h(z) > 1. The case when h(z) < 1 is similar, and it
follows from Lemma 3.5.3 that Ra(z9) = Ra(z) when h(z) = 1.

Lemma 3.7.10. Suppose that f is a transcendental entire function with f(0) = 0,
that U is a multiply connected Fatou component of f with z, zy € U, and that h
is defined as in (3.1). Suppose also that h(z) > 1 and that Ra(zo) > Ry, where
Ry s the constant from Lemma 1.2.2. Then

log Ra(z0) < log Ra(2) < h(z)log Ra(zo). (3.47)

Proof. Since h(z) > 1 we have that |f"(zo)| < |f™(z)|, for large values of n € N.
Hence log Ra(z0) < log Ra(z), and equality is impossible by the last statement
of Lemma 3.5.3.

To prove the right-hand inequality, we proceed as follows. For each n € N,

set
_ log|f"(2)]

Ap = )
log | f™(20)]
and so a,, — h(z) as n — oo. Since h(z) > 1, there is an N € N such that
a, > 1, for n > N. Hence, for n > N, by repeated application of (1.11),

log M™"([f"(2)) = log M™"(| /" (20)|*") < canlog M7"(|f"(20)]).  (3.48)
Observe that the smallest term to which we apply (1.11) has r replaced by
M=O=D(| 2 (z0)]) = M(M (| f"(20)])) > M (Ra(20))-

This explains the condition R4(z9) > Ry in the statement of the lemma. The
result follows by letting n — oo in (3.48), and by Lemma 3.7.6. O

The following simple result shows that, in a sense, if we replace z and z in
(3.47) with f"(z) and f"(zp), and take the limit as n — oo, then the central term
tends to its upper bound.
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Lemma 3.7.11. Suppose that f is a transcendental entire function with f(0) = 0,
that U is a multiply connected Fatou component of f with z,zy € U, and that h

is defined as in (3.1). Then

log Ra(f"(2)) ~ h(z)log Ra(f"(20)), as n — oo.

Proof. By Theorem 3.7.9 we have

o loglfz)l . log Ra(f"(2)
1= nh—>nc}o log Ra(f"(20)) nooo log | f(2)]
o loglfn(z0)] . log Ra(f"(2)

= Tog [/ (2)] o Tog Ra(f7(20))

1 log Ra(/"(2)

h(z) o log Ra(f"(20))

(3.49)

and the result follows. Note that the existence of these limits follows from The-

orem 3.7.9 and the existence of the function h defined in (3.1).
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Chapter 4

Simply connected fast escaping

Fatou components

4.1 Introduction

In this chapter we give an example of a transcendental entire function with a
simply connected fast escaping Fatou component, but with no multiply connected
Fatou components. We also give a new criterion for points to be in the fast
escaping set.

As noted earlier, the first example of a simply connected fast escaping Fatou
component was given by Bergweiler [20], using a quasi-conformal surgery tech-
nique from [63]. This function also has multiply connected Fatou components.
In fact, in [20], the properties of the multiply connected Fatou components are
used to show that the simply connected Fatou components are fast escaping. A
similar example was given in [75, Example 6.3].

This prompts the question of whether a transcendental entire function can
have simply connected fast escaping Fatou components without having multiply
connected Fatou components. We answer this in the affirmative, using a direct

construction and Theorem 1.5.2 to prove the following.

Theorem 4.1.1. There is a transcendental entire function with a simply con-
nected fast escaping Fatou component, and no multiply connected Fatou compo-

nents.
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To prove Theorem 4.1.1 we require a new sufficient condition for points to be

in A(f), which may be of independent interest.

Theorem 4.1.2. Suppose that f is a transcendental entire function. Suppose
also that there exists Ry > 0 and a nonincreasing function € : [Ry, 00) — (0,1)
such that

e(M™(r)) > e(r)"*,  forr > Ry andn € N. (4.1)

Define n(r) = e(r)M(r), for r > Ry. Then there exists Ry > Ry such that
A(f) = {z : there exists £ € N such that |f"™(2)| > n"(R'), forn € N},

for R > Ry.

Note that this is a generalisation of Theorem 1.7.5, which is obtained from

Theorem 4.1.2 when € is constant.

4.2 The definition of the function

In this section we define a transcendental entire function, f, which has all the
properties defined in Theorem 4.1.1. Since f is very complicated, we first outline
informally the construction of f, starting with simpler functions which only have
some of these properties. We then give the full construction. A detailed proof of
Theorem 4.1.1 is given in subsequent sections.

Consider first a transcendental entire function defined by a product;

o] 2
g(z):zn(l—i-i) , O<am<ap <o+,

a
k=1 k

The sequence (ay,)nen can be chosen so that the following holds: we can define
another sequence, (b,)nen, such that b, is approximately equal to a,,, —b, is close
to a critical point of g, and g(—b,) is close to —b,11. It can then be shown that a
small disc centred at —b,, is mapped by g into a small disc centred at —b,,.1. By
Montel’s theorem, these discs must be in the Fatou set of g. Moreover, these discs
cannot be in multiply connected Fatou components of ¢ since, by [27, Theorem

1.2], any open set contained in a multiply connected Fatou component of g must,
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after a finite number of iterations of g, cover an annulus surrounding the origin.
Finally, it can be shown, by comparing |g(—b,)| to M (b,, g) = g(b,), that these
discs are contained in fast escaping Fatou components of g.

However, g does not have all the properties asserted in Theorem 4.1.1. In
particular, by considering the behaviour of ¢ in large annuli which omit the zeros
of g, it can be shown that ¢ has multiply connected Fatou components. Thus g
has very similar properties to the example in [20].

We note that no zero of g can be in a multiply connected Fatou component,
since 0 is a fixed point. In order to prevent the existence of multiply connected
Fatou components, we add further zeros to the function, along the negative real
axis. This requires some care. The addition of too many zeros — for example,
spaced linearly along the negative real axis — leads to a breakdown of other parts
of the construction. The addition of a zero with modulus insufficiently distant
from a,, leads to a similar breakdown.

We use Theorem 1.5.2 to show that only a relatively small number of addi-
tional zeros are required. In particular, suppose that h is a transcendental entire
function with h(0) = 0 and with zeros of modulus 0 < 79 < r; < rg < ---.
Then, by Theorem 1.5.2, h has no multiply connected Fatou components if
limy_, o log ri11/ log 7y exists and is equal to 1.

To use this result, we need to understand the behaviour of log a,, 1/ log a,, for
large n. From the recursive definition that we use to ensure that the sequences
(@n)nen and (b,)nen have the required properties, (see (4.35)), we find that, for
large n, loga,1/loga, is close to n®. See (4.36) for a precise statement of how

3

the term n° arises here.

3/m for n € N. To simplify some

This suggests the following. Define p,, = n
displays we set i, = p', and observe that p,o =1 and fi,,,, = n3, for n € N.

We now define a more complicated transcendental entire function

oo k—1 2
z
hz:z”” 1+—, O<agy<ax<---.
) kllo( agk’l) P

The sequence (a,)qen in this definition is not the same as in the definition of g,

but serves the same purpose, and is chosen similarly. This function has zeros of
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modulus

H Hny2 Hn,n—1 Hntl
5y Oy, anna ann ) 3 annn y g1y, Gpiq

Since it is readily seen that u, — 1 as n — oo, this function does not have
multiply connected Fatou components. However, two further adjustments are
required. Firstly, the zero of modulus ah,™" " is sufficiently close to the zero of
modulus a,; that the original construction breaks down. We resolve this by
omitting this zero. Secondly, the value of loga,1/loga, is not close enough to
n?, for large n, to ensure that limy_,. log a1/ log aZ"‘k’z = 1. We resolve this by
adding one additional zero, which serves no other purpose in the construction.
This zero is defined using two additional sequences, (ay,)neny and (3,)nen, which
we choose to keep log a, 1/ log a, sufficiently close to n?.

Now we are able to indicate the form of the function f in Theorem 4.1.1. Let

f be the transcendental entire function;

00 ~ 208 k9 5 2
f(Z) = ZH (1 + W) H (1 + W) 5 (42)
k=3 ay, 1=0 Ay
where 0 < a3 < ay < -+, «a, € {0,1,2,...}, 5, € R, for n € N. Again, the

sequence (ay)nen in this definition is not the same as that in the definition of
g or h, but serves the same purpose, and is chosen similarly. The related se-
quence (by)nen, discussed after the definition of g, is defined for f by (4.34). The
sequences (a,)nen and (B,)nen are the two sequences mentioned at the end of
the previous paragraph. In Section 4.6, at the end of this chapter, we give the
definition of the various sequences in (4.2), and we prove a number of estimates

on the modulus of the zeros of f.

The structure of the proof of Theorem 4.1.1 is as follows. In Section 4.3, we
show that there are no multiply connected Fatou components of f. In Section 4.4
we show that there are intervals on the negative real axis each contained in some
Fatou component of f. Finally, in Section 4.5 we prove Theorem 4.1.2 and then
use this to show that these Fatou components of f are fast escaping. It is clear

that Theorem 4.1.1 follows from these results.

98



Remark 4.2.1. Rippon and Stallard asked [86, Question 1] if there can be
unbounded fast escaping Fatou components of a transcendental entire function.
It can be shown that the Fatou components of the function f are all bounded.
Indeed, it is straightforward to prove that the number of zeros of f in the disc
{z: |z| < r}is O(logr), and hence that log M(r, f) = O((logr)?). Tt follows,
by Theorem 1.9.2(b) and Theorem 1.9.1(d), that the set A(f) is a spider’s web

and that f has no unbounded Fatou components.

4.3 There are no multiply connected Fatou components

In this section we prove the following result.

Lemma 4.3.1. The transcendental entire function f does not have multiply con-

nected Fatou components.

Proof. Observe that, for large n, in the closed annulus A(a,,, a,1) there are zeros
of f on the negative real axis of modulus a,, a*",an™*, ..., ay""* and a, ;. Note

also that 0 is a fixed point of f, and so all zeros of f lie in A(f)¢. Now, by (4.36),
a/nJrl S a23+2/n < (agn,n—2>ﬂn,2+2/n.

Hence, for large n, there is at least one zero of f in any annulus A(r, r#n2+2/m),
for a, < r < a,41. Note that p,»+2/n — 1 as n — oo. It follows that, given
d > 1 there exists R > 0 such that

Alr,r Y M A(f)c # 0, forr>R. (4.3)

Now, by Theorem 1.5.2, if f has a multiply connected Fatou component, then
there is a d > 1, and a sequence (r;);en, tending to infinity, such that the annuli
A(r;,rd) are contained in multiply connected Fatou components of f. This is
a contradiction, by (4.3) and Theorem 1.7.2. Hence there can be no multiply

connected Fatou components of f. O
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4.4 There are simply connected Fatou components

Next we show that f has simply connected Fatou components.

Lemma 4.4.1. Define B, = {z : |z + b,| < ,b,}, where 6, = n~°. Then, for
large n, we have f(B,) C Byi1, and By, is contained in a simply connected Fatou

component of f.

Proof. Suppose that z € B,,, in which case z = —b,, + wb,, where |w| < 4,. We
assume throughout this section that n is sufficiently large for various estimates
to hold.

We consider the quotient of f(z) and —b,,1, gathering together the terms in
the product for f(z) which also occur in the product for b,,1, and the terms in
the product for f(z) which do not occur in the product for b,.;. By (4.2), (4.34)
and (4.35),

f(Z) == 11[2, (44)
_bn+1
where
b\ ﬁ o\ ’ﬁ b\
Ilz(l—w)(1+w - > <1+w—n> (1+wu7—n> ;
an — bn k=3 af’“ — bn 1—0 Clkkl — bn
(4.5)
and

n—2 5 2 oo 5 20k 0o k-2 5 2

B
=1 k=n a,* k=n-+1 =0
To consider the terms I; and I, we make use of the facts that, as z — 0, we

have
log(1+ 2) = z + O(|z]*), (4.6)

and

log(1+ 2) = O(2). (4.7)

Here we take the branch of the logarithm with argument close to zero.
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First we consider I;. It follows from (4.5) and (4.6) that

log Iy =1+ O(v),

where
bn n—1 bn k—2 bn
n=—-w|1+2 +22{0ék—+ ik, ’
( bn — Gp =3 bn — afk —0 bn — ak“
and
2
bn 2 n—1 bn k—2 bn 2
L= |w|? 1+2( ) +22 ak<—5) + (—#)
b — an k=3 bn — @ * = \bn— @

Now, for large n,
n—1 k—2
bn bn bn
R (e e

+
nz—l aﬂk k=2 a
= |w| |1 =T, +2 ap | 1+ —E— | + (1+’“—M’>
a b, — agk P by, — a,™
n—1 aﬁk k—2 a“k’l
= 2|w| Z ak# + Z # by (4.29)

n n—1 n—1
ﬁn—l Hn—1,n—3
Q1" a,"
< 4n®|uw| ( L g in_l,n_3> by (4.34)
Ap — Gy q Ap — Qp_4
< 8n?|w| (exp(—e(”_l)/2) + exp(—e("_l)m)) by (4.39)

< |w|exp(—e™™).

Note that the cancellation in the second line occurs because, due to the choice of
b, and T,,, —b, is very close to a critical point of f.
We next consider . We observe that b,/(a, — b,) = T,,/2 < n3. Hence, for
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b, 2

< |wl? <1—|—2n + 120 (1 #nlm 3/%)2) by (4.34)
(
"1

Mn 1,n—3
< |w]* {14 2n° + 12n* (1+4L)>
Qn

+ 2n° + 24n*) by (4.39)

It follows that

I, =1 <n™ ' for large n. (4.8)

Now we consider I5. For large n we have

oo oo k-2
z 2
log I = 2 (Zlog <1+ - l) + ) aylog (1 + W) + YD log (1 + m))
n ay, k=n+1 1=0 @k
i ER S E]
(S yalle y S0 by (17
tn - M k=nt1 1=0 "k
aga > g
n kUn n
~o(S eyt 30 S ) b (130
=1 dn k=n %k k=nt1 1=0 Yk
o0 . oo k .
=0 (nexp(—e"/Q) + Z ak;z + Z i) by (4.38)
k=n+1 %k ket
o (079 kam TL + k)a”
=0 ( nexp(—e™?) + Z ( _— Fah o )) by (4.36)
-0 (TL eXp(—en/Q) + Z (a;ngk/2k+l(an+k L k)))
k=1
=0 (n exp(—e”/Z)) by (4.37).
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Thus, for sufficiently large n,
I, — 1| < exp(—e"?).

This, together with (4.8), establishes the first part of the lemma. It follows from
Montel’s theorem that, for large n, B, is contained in a Fatou component, which

must be simply connected by Lemma 4.3.1. O]

Remark 4.4.1. Let V,, be the Fatou component containing B,. These Fatou
components are distinct. For, suppose that V,, = V,, with m # n. Because all
the coefficients of z in (4.2) are real, the Fatou set F'(f) must be invariant under
reflection in the real axis. Hence, all points on the negative real axis between B,
and B,, must be in V,,, as otherwise V,,, would be multiply connected. This is a

contradiction since these points include the zeros of f.

4.5 The simply connected Fatou components are fast es-
caping
In this section we first prove Theorem 4.1.2, and then we use this result to
prove the following.

Lemma 4.5.1. Let V,,, n € N, be the simply connected Fatou components defined
at the end of Section 4.4. Then V,, C A(f), for large n.

Proof of Theorem 4.1.2. Fix ro > Ry such that M(r) > r, for r > ro. Whenever
r > 1o there is a unique n € N such that M~ !(ry) < r < M"(ry). Hence, since
€ is nonincreasing, by (4.1) and (1.6)

e(r)r > e(M™(ro))M" (ro) > e(ro)" T M"™ (ry) — 00 as n — oo.

Hence

e(r)r — oo as r — oo. (4.9)

By (1.6) and (4.9) we see that, given & > 0, we can ensure that

log M (e(r)R)

k, forl R>r. 4.10
log(c(r) F) >k, forlarger, R>r (4.10)
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A little algebra shows that this is equivalent to
— log e(r)

M (e(r)R)®eec@r > ¢(r)~*, for large r, R > r. (4.11)

In (1.8) we replace ¢ with log R/ log(e(r)R), and replace r with e(r)R. We obtain,
using (4.11) with k& = 3, that there exists R; > Ry such that

M(R) > e(r)*M(e(r)R), for R>r > Ry. (4.12)

We can assume that R; is sufficiently large that M (r) > r, for r > R;/e(r), and
also, by (4.9), that n(r) > r, for r > R;.

We claim next that we have
0" (r) > e(r)* MF (e(r)r) > M*(e(r)r), forr > Ry, k€N. (4.13)
This can be seen by induction. When k = 1 we have, by (4.12),
0(r) = e(r)M(r) > ()2 M(e(r)r), for 7 > Ry.

Hence, by induction, for r > Ry,

0 (r) = e(n®(r)) M (1" (7))
> e(M*(r)) M (n* (1)) as € is nonincreasing
> e(r) " M(n*(r)) by (4.1)
> e(r) M (e(r)* M (e(r)r)) by (4.13)
> e(r) e(r) 3R M (e(r)r) by repeated use of (4.12)
> E(T)_(kﬂ)_leH(ﬁ(T)T) as required.

(Note that in the penultimate step above we have also made use of the fact that
e(r)yr < M(e(r)r), for r > Ry.)
It follows from (4.13) that, for r > Ry, n™(r) — oo as n — co. Define

A'(f) = {z: there exists £ € N such that |f"™(2)| > n"(R') for n € N},

104



for R" > R;. We complete the proof by showing that A’'(f) = A(f).
First, suppose that z € A(f), in which case for some ¢ € N we have

|f"(2)] > M™(R), forn €N,

and some R with M(r) > r, forr > R. Choose K € Nsuch that MX(R) = R’ > R;.
Then
| ()] > MR (R) = M™(R)) > n*(R'), forn € N.

Hence z € A'(f).
Conversely, suppose that z € A’'(f), in which case for some ¢ € Nand R’ > R;

we have

| (2)| > n"(R), forn €N.

Choose K € N so that M (e(R')R') = R > R;. Then, by (4.13).
[T 2 (R = MR (e(R)R') > M"(R), forn e N.

Hence z € A(f). O
Finally, we give the

Proof of Lemma 4.5.1. For some large R, define, for r > Ry,

€(r)

= T8 o a1 (14 0p1) <7 < ap(146y), (4.14)
n

where §,, = n™? as in Lemma 4.4.1. Define also n(r) = e(r)M(r), for r > Ry.
Suppose that ' € B, "R C V,,, for some n, where B,, is as defined in the
statement of Lemma 4.4.1 . We can assume that n is chosen sufficiently large for

the various estimates in this section to hold. We claim that 2’ € A(f), and so,

by Theorem 1.7.3, V,, C A(f).

Our approach to proving this claim is as follows. Set x = —a’, recalling that

105



x > 0. We first show that

1
144nS

f ()] = M (z). (4.15)

It follows from this, and since f(z') € B,+1 NR, that
/™" > n™(x), form e N. (4.16)

Second, we show that e satisfies (4.1). Thus, by (4.16) and Theorem 4.1.2,
x’ € A(f), as required.

First we need to establish (4.15). We consider the quotient of |f(2')| and
M (x) = f(x), gathering together the terms in the products for these quantities

prior to the nth term, the nth term, and the remaining terms. We obtain

|/ ("))
= J1JoJ. 4.17
where
n—1 aPr oy 2k k=2, gy o 2
n=T] (’“ ) H(,’ikl ) ,
k=3 a +a o \@% T
an—z\°
ne ()
an +
and
2ay — Qap N—
J ﬁ ag’“—x * ’ﬁ(a:k’l—x)Q (aﬁ”—x)Q " 2<aﬁn’l—x)2
3= n ’
kot apt + 1—0 @+ an” + x e an™ +
We consider these three terms separately. We note that
1— 1
10g1+i > —4x, for0 <z < 7 (4.18)
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Hence, for large n,

k=3 k=3 1=0
n— akaik n—1 k-2 Zk 1
> —8 .
> -+ > - by (4.18)
k=3 k=3 1=0
n—1 B n—1 k—2 Pkl
> —16 .
(Z ot - ) by (4.34)
k=3 k=3 1=0
an n—1,mn—2
> —16n? (O‘"‘lan‘f + =y 3)
Qn Qn,
> —16n2 exp(—e™1/?) by (4.39).

It follows that by choosing n large we may assume that J; > %

Secondly, recalling that x = b, + wb,,, with |w| < §, = n~%, we have for large
n, by (4.26),

a, — b, — wb, 2 2 —uwT, 2 1\? 1
Jy= [ ) > > .
ay, + b, + wb,, 2T, +2+wT,, ) — \3T,) — 36nS
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Thirdly we have, for large n,

1 - 1—a/a 2 1 —az/a*
—log Js = aplog | —E ) + ) log [ ——%—
2N 2 (k g(lw/ai’“) 2 e

k=n+1

1—:15/&5") = (1—1’/&%”’1)
+aplog | —— |+ log | —F——
g (1 + l’/ann 2:: g 1 + x/aZn,l

k=n+1 Ay,

> orr kx ant T

n

Y,
i
NE

pika,  (n+k)ay, QpQy, an,
6 +k + + 6n + n Hn
k=1 \ n+tk Ontk an n

e
> —8exp(—e™?)
> —8exp(—e™?)

> —8exp(—e™?)

> —8exp(—e"?)

> —exp(—e4).

Thus, for large n, we have J3 > % This establishes our first claim.

To complete the proof of the lemma, we need to show that e satisfies (4.1).

We claim that, for large n,

ﬁn-&-k

a
ntk n+k

a

(n+ k4 1) exp(—e™9/2) 1 op exp(—e"/2)>

Y (n+k+1) In_ 4 op
1 Ontk—1

0o ok=1)

> (n+k+Da ) +4n
k=2

> _1

Z(n +k+1a,;, |+ 4n>

k=2
00

Z(n +k+ 1) exp(—e™™*71/2) +4n
k=2

M(an,(1+0,)) < apyo.
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To do this, we consider the quotient of f(2b,) and a,1, gathering together
the terms in the products for these quantities prior to the nth term, the nth term,

and the remaining terms (which occur only in the product for f(2b,)). We obtain

2b,,
f( ) - KlKQKg, (419)
Ap41

where )

n—1 B\ 2 k=2 N

2b, + a 2b, + a,
Kl - = k < ) )
g (bn—ag’“> ZH by — !

2T a, \° 2bn \ 2
Ky = 14+ 20
2 Tri1 +2 (an—bn) ( + an> ’

I~ 20k |9 2 20, N—2 2
2b,, 2b,, b, " 2b,,
s T (i) T e) () (e 20)

k=n+1 1=0 =1

It follows by (4.34) and (4.39) that each term being squared in the product
in K, is less that 4. Hence, by (4.25) we have that K; < 212",

It follows by (4.26) and (4.34) that Ky < 50n°.

A calculation almost identical to that for I5 shows that K3 < 2; we omit the
details. It follows that f(2b,)/ans1 < 224", Hence, by (4.34), (4.36) and (4.37),

M(an(l + 571)) S M(an) = f(2bn) < 224”4(171—1—1 S a12q,+1 S Ap+2, (420)

as required.
Suppose then that r is such that a,_1(1 + 6,-1) <7 < a,(1 + 9,). Since € is

nonincreasing, we deduce that, for £ € N,

e(M"(r)) = e(M*(an(1 + 6n))),
€(ansar), by (4.20)

1 |
— > — k’-i-].'
T44(n 1 2 = (1adnoyirt — <)

v

Thus e satisfies (4.1). This completes the proof of Lemma 4.5.1 and hence the
proof of Theorem 4.1.1. O
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4.6 Appendix: defining the sequences

In this section we first define the sequences (ay,)nen and (5,)nen, and then

define the sequences (a,)neny and (b,)nen.

Recall from Section 4.2 that p, = n*™ and ju,,, = p™; we also define, for
n >3,
n—2 I , — 1
n = il = iy 4.21
o ;u - (4.21)

We define (av,)nen to be a sequence of integers and (8, )nen to be a sequence of
real numbers. Assume that N is even and chosen sufficiently large for subsequent

estimates to hold. Set

;

0, for n < Ny,
N3 +2N2 + 6Ny + 2, for n = Ny,
2, =4 " 0 ’ ° (4.22)
3n? +n + 6, for n > Ny, n even,
3n? +n +4, for n > Ny, n odd.

Note that o, is an integer, for n € N. Set

0, for n < Np,
Bn=1q +(n*—oa,), for n > Ny, n even,

n

i(% —0,), forn >Ny, n odd.

We observe that these choices imply that

2
Tn = E (Q‘nﬁn + Un) (423)
satisfies
2n, for n > Ny, n even,
Tn = (4.24)
2n — 1, for n > Ny, n odd,
and

20, =3n*+n+3+7, — Ty, forn>N,. (4.25)
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We also define a sequence of integers (7),)nen by

n® +2n —3, for n even,
T, = (4.26)
nd 4 2n — 2, for n odd.

Next we prove a result which gives various relationships between these sequences.

Lemma 4.6.1. The following all hold for the choice of sequences above:

3 2
Qy ~ §n2, B ~ gnQ, as n — oo, (4.27)
2 ap=n*+2n* +4n+2+7,, forn> Ny, (4.28)
k=3

n—1 n—1 k—2
1+2Zak+ 2=n+71,1=1T,, forn>N,, (4.29)

k=3 k=3 1=0

and

Hn,2 < /Bn < Hnn—3, fOT lar’ge n. (430)

Proof. The first half of (4.27) is immediate from (4.22). Now, by (4.22), (4.23)
and (4.24),

2 n
B ~ “n (n - U—3> , asmn — oo. (4.31)
n
We have that )
g <log(l+z) <z, for0<z< 3 (4.32)
Putting x = p,, — 1, we obtain
3 6
—logn < p, —1 < —logn, forlarge n. (4.33)
n n
Hence, by (4.21),
n n nn—2 1 1
n® fpn e — 1 o (pon, — 1) logn
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and the second half of (4.27) follows by (4.31).
We can see that (4.28) holds by induction. For, it is immediately satisfied
when n = Ny. When n = m > Ny we have, by (4.25) and (4.28) with n =m — 1,

m m—1
QZak:2am+22ak:m3+2m2+4m+2+7'm.
k=3 k=3

Finally (4.29) follows from (4.24), (4.26), and (4.28), and (4.30) follows from
(4.27). O

Next we define the sequence (a,),en recursively, and for each n € N put

2 T
b =aq, — = n i 4.34
n an Tn+2a’l’b Tn+2an ( 3 )

Choose a3z and N large, and set a,,1 = aﬁg, for 3 <n < N;. We assume that as
and N; are chosen sufficiently large for various estimates in the sequel to hold.
For n > Ny, we define

20ék k—2

(Toyr + 2) ( bn)”_l b, ( b, )2
Upp1 = —— b, [1 -2 . J—_
+1 Tn+1 a, /H), aik ll_!): al}:k,l
(4.35)

Finally in this section we prove a set of inequalities which concern the growth
of the sequence (a,), and the ratios of these numbers to the modulus of the other
zeros of f. Note that (4.27) and (4.37) imply that the product in (4.2) is locally

uniformly convergent in C ; see, for example, [2, Theorem 6 p.192].

Lemma 4.6.2. The following inequalities hold for the sequence (a,) defined

above. Forn > 3,

a”’ A <y < T (4.36)

a, > exp(e”), (4.37)

112



and, for large n,

Qp n plp, n

a%n < exp(—e /2)7 agn < exp(—e /Q)a (438)
Hn,n—2 Bn

n < exp(—e"/?), I < exp(—e™?). (4.39)
An+1 An41

Proof. First, assume that (4.36) holds for 3 < n < m. Equation (4.37) follows
for 3 < n < m by a simple induction. Hence, for sufficiently large m, by (4.27),
(4.33), (4.36) and (4.37):

Am e m m/2\.
P a, ' < exp(e™(1 — pm)) < exp(—e / )i
Ay,

< 377120L,1n_’”2/2 < exp(—e™?);

af&”

It remains to prove (4.36). We can assume, by taking N; sufficiently large, that
(4.36) holds for 3 < n < m — 1, for some large m. We can assume also that
m is sufficiently large that (4.29), (4.30) and various other estimates used in the
following hold. We need to prove that (4.36) holds for n = m. Now, by (4.35),

(Tm—l—l +2) b':nm <1 B b_m)2 1 L1

Am+1 =
Tt a 20y B TTF—2 20k,
mE " res  Thio a
k a”mm Ll
- vm 20m—1Bm—1 m—3 2,Ufmfl,l T
A1 =1 A1 L2
akm L1
. el (4.40)
_ ) .
af,;n_ 1) Tm—1 L2

where, by (4.34),
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k=3 1=0
m—2 k—2
=a? ai(HakﬁHZl:l i 1) by gathering powers
k=3
m—2
3
= |]a™™ by (4.21) and (4.23),
k=3
and, by (4.29),
m—1 m—1 k—2
Fm =142 g+ Q=mi 41, 1 =T
k=3 k=3 (=0

Note that the calculation of L; in the first step follows by writing terms of (4.35)

such as
in the form

We now estimate the terms in this equality. Firstly, by (4.26), and noting that
(Th /(T +2))" > 1/€?, we obtain
6

1
§m"3 < k,, <8m™".

Secondly, by (4.36), with n =m — 1,

2 -1 4
(-Gt T

—1)3
(m )Sam < am

m—1
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and so, by (4.24),

ATy, AT,
aTH)’Lm Fm=Tm—-1— (anl)l 777/3_(77LL—1)if m3*%
— a =aqa > qa
(m—1)3r_y = dm ™ m
m—1
Similarly, by (4.24) and (4.36),
arm m34L
UL am ™.

(m=1)37p_1 —
m—1

Thirdly, we consider L. For large m we have

m—1 m—1 k-2 uk,z
logL1—2Zozklog<1——> QZzlog( )

k=3 1=0 b
,Bm—l Hm—1m—3
a a
> 2ma,_1 log <1 — 7;;_1 ) + m?log (1 — %)
Bm—1 Hm—1,m—3
S P 2 W P R by (3.7)
bm bm
Q _1a6m—1 aﬂm 1,m—3
> —8m——m=L 2l by (4.34)
A, A,
> —8m? exp( e’ 1) by (4.39).
It follows that, for large m, we have % < L;<1.
Finally, we consider L,. For large m we have
m—3
Ly = a a2t s T a2
k=3
< agn 1aij(;n 2)37 72a£3t( 3)3Tm—3)(m—5)
< ap,_yant,aly by (4.24)
< al yaian by (4.36)
<ap™
< abm by (4.36)

2
Hence 1 < Ly < a%/m.
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Thus, by (4.40), for sufficiently large m,

3_1 64

60/2 m  m2 Z

Ayl = —M

16
and similarly,

— m —
Ame1 < 8m Gam ™ < Qm

This completes the proof of Lemma 4.6.2.
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Chapter 5

A new characterisation of the

Eremenko-Lyubich class

5.1 Introduction

Recall from Section 1.3 that the Eremenko-Lyubich class of transcendental
entire functions consists of those with a bounded set of singular values. In this
chapter we give a new characterisation of this class of functions. We also give a
new result regarding direct singularities which are not logarithmic.

Note that this chapter is of a slightly different character to the rest of the
thesis; although the Eremenko-Lyubich class of functions has been much studied
in complex dynamics, here our domain of study is complex analysis.

As elsewhere in this thesis, we assume that f is a transcendental entire func-
tion. An important property of functions in the Eremenko-Lyubich class is that

they are expanding, in the following sense. Define
Dr={z:|f(2)| > R}, for R>0.

If f € B, then it follows easily from [41, Lemma 1] that there is a constant Ry > 0
such that

MO og|f(z)| —lo or z
‘Zf(z) ‘ > 47r(1 g|f(2)| —log Ry), fi € Dg,. (5.1)

This property has many applications in complex dynamics and value distribution
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theory; for example, it was used in [41] to show that functions in the Eremenko-

Lyubich class cannot have escaping Fatou components.

f'(2)
fGE 1

It follows from (5.1) that if f is a transcendental entire function in the Eremenko-

Define also

z

ny = lim inf (5.2)

R—o0c0 z€Dp

Lyubich class, then n; = oo. The first main result of this chapter is the following,

which shows that this property has a strong converse.

Theorem 5.1.1. Suppose that [ is a transcendental entire function. Then, either
ng=o0 and f € B, orng =0 and f ¢ B.

It is clear that if f has an unbounded set of critical values, then 1y = 0. Thus
the proof of Theorem 5.1.1 requires detailed analysis of the behaviour of functions
with an unbounded set of asymptotic values. Since every asymptotic value of f
gives rise to a transcendental singularity of f~!, we need a number of results on
singularities of the inverse function. In particular we require the following result
on the density of transcendental singularities of a certain type, which may be of
independent interest. Definitions of terms used in the statement of this theorem

are given in Section 1.3 and Section 5.2.

Theorem 5.1.2. Suppose that f is a transcendental entire function, with a di-
rect non-logarithmic singularity with projection a € C. Then at least one of the

following holds:
(i) a is the limit of critical values of f;

(ii) every neighbourhood of this singularity contains a neighbourhood of another
transcendental singularity of f=! that is either indirect or logarithmic, and

whose projection is different from a.

We observe that Theorem 5.1.2 is complementary to the following result of
Bergweiler and Eremenko [24, Theorem 5], which has almost the same hypothesis
although in this result the projection of the transcendental singularity must be
finite.
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Theorem 5.1.3. Suppose that f is a transcendental entire function, with a direct
non-logarithmic singularity with projection a € C. Then every neighbourhood of
this singularity is also a neighbourhood of other direct singularities of f=1 with

projection a.

Taken together, these results show that if a € C is the projection of a direct
non-logarithmic singularity and is not the limit of critical values, then there is an
infinite number of singularities both over a and over points arbitrarily close to a.

We mention two examples of transcendental entire functions with direct non-

logarithmic singularities which illustrate some of the possibilities described above.

Example 5.1.1. Heins [53, p.435] gave the example f1(z) = e”sin(e?), which has
precisely one direct non-logarithmic singularity over co. Since the set of critical
values of f; is unbounded, case (i) of Theorem 5.1.2 holds for this function. This

example also shows that Theorem 5.1.3 cannot be strengthened to a € C.

Example 5.1.2. Herring [56] gave the example fo(z) = [ exp(—€) dt. This
function has no critical points. It follows from results in [56] that f, has a direct
non-logarithmic singularity over oo, every neighbourhood of which contains a left

half-plane. It also follows that within each set
A ={z:Re(z) > 0,|Im(z2) — 2kn| < w/2}, forkeZ,
there is a neighbourhood of a logarithmic singularity with projection
ar = a + 2kmi, where o € C is constant.

Moreover, each neighbourhood of the direct non-logarithmic singularity over oo
contains neighbourhoods of these logarithmic singularities. Hence case (ii) of
Theorem 5.1.2 holds for fs.

The structure of this chapter is as follows. In Section 5.2 we give details
of Iversen’s classification of singularities. We then prove Theorem 5.1.2 in Sec-

tion 5.3. Finally, in Section 5.4, we use Theorem 5.1.2 to prove Theorem 5.1.1.
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5.2 Singularities of the inverse function

We recall Iversen’s classification of singularities; see, for example, [21], [24],
and [60]. Note that the definitions of this section coincide with those in Sec-
tion 1.3, but we require slightly more detail to classify transcendental singulari-
ties.

Suppose that f is a transcendental entire function, and suppose that a € C.
For each r > 0, we can choose a component U(r) of f~(B(a,r)) so that r; < 7y

implies that U(r) C U(rg). Then we have two possibilities:
(a) Ny=oU(r) consists of a single point w, say, or
(b) Nr=oU(r) = 0.

In the first case, if f'(w) = 0, then w is a critical point of f, a is a critical value
of f, and we say that the singularity is algebraic. A simple example is when
f(z) = exp(2?). This function has a critical point at the origin, with critical
value equal to 1.

In the second case we say that the choice r — U(r) defines a transcendental
singularity of f~!, and we say that a is the projection of the transcendental
singularity or equivalently that the transcendental singularity is over a. Any of
the sets U(r) is called a neighbourhood of the transcendental singularity. Note
that, by a compactness argument, we have that dist(U(r),0) — oo as r — 0.
A simple example is when f(z) = exp(z). This function has a transcendental
singularity over the origin.

We say that a transcendental singularity over a point a is direct if there exists
r > 0 such that f(z) # a, for z € U(r). Otherwise we call the transcenden-
tal singularity indirect. A simple example of a direct singularity occurs when
f(2) = exp(z), which has a direct singularity over the origin. An example of an

indirect singularity occurs when

which can be seen to have two indirect singularities over the origin.
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In order to give a more detailed classification of direct singularities, we need an
additional definition. Suppose that V' and W are domains, and that ¢ : V — W
is an analytic function such that the following holds. For each w € W there exists
an open neighbourhood of w, A C W, such that each connected component of
»~(A) is mapped conformally by ¢ onto A. Then we say that ¢ : V — W is a
COVETING map.

We call a direct transcendental singularity over a point a logarithmic if, for
some r > 0, the restriction f : U(r) — B(a,r)\{a} is a covering map, and U (r)
is simply connected. If a transcendental singularity is direct but not logarithmic,
we use the term direct non-logarithmic.

Recall from Section 1.3 that a curve I : (0,1) — C is an asymptotic curve
with asymptotic value a if, as ¢ — 1, we have both I'(t) — oo and f(I'(t)) — a.
Given a transcendental singularity over a point a it is possible to construct an
asymptotic curve with asymptotic value a, and wvice versa; see [21, p.356] for
details.

5.3 Direct non-logarithmic transcendental singularities

In this section we prove Theorem 5.1.2. We need the following theorem of
Heins [53, Theorem 4'].

Theorem 5.3.1. Suppose that f is a transcendental entire function, D C C is a
domain, and W is a component of f~Y(D). Then either fy, the restriction of f
to W, has finite constant valence in D, or else there is at most one point of D at

which the valence of fw s finite.

Here the valence of a point a € D is the number of solutions of f(z) = a, for
z € W. It follows from Theorem 5.3.1 that there cannot be two distinct points
a,a’ € D such that f(z) € {a,a’} has no solutions, for z € W.

We also need the following result, and two corollaries of it. This seems to be
well-known, and follows from results such as [71, Example 4.2]. See also [108,
Theorem 6.1.1] for a detailed proof.

Theorem 5.3.2. Suppose that W C C is a domain, and that g : W — D* is a

covering map. Then exactly one of the following holds:
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(i) there exists a conformal map ¢ : W — H such that g = expo ¢;

(ii) there exists a conformal map ¢ : W — D* such that g = (¢)™, for some
m € N.

The first corollary is similar to [108, Theorem 6.2.2], and differs from that
result in that it specifies the location of the neighbourhoods of the singularities,
which is necessary for the proof of Theorem 5.1.2. We give a proof for complete-

ness.

Corollary 5.3.3. Suppose that f is a transcendental entire function with a tran-
scendental singularity which is not logarithmic, over a point a € C. Then at least

one of the following holds:
(i) a is the limit of critical values of f;

(ii) every neighbourhood of this singularity contains a neighbourhood of another

transcendental singularity of f=1 whose projection is different from a.

Proof. Suppose that, contrary to the conclusion of the corollary, we can choose a

sufficiently small » > 0 such that there are no critical points of f in

W =U(r)\{z: f(z) = a},

and all transcendental singularities of f~! with a neighbourhood contained in U ()
have projection a. It follows that the restriction of f, fiy : W — B(a,r)\{a} is
a covering map.

Let h be a conformal map from B(a,r)\{a} to D*. We apply Theorem 5.3.2
with g = ho fy. If case (i) of the theorem holds, then W is simply connected, and
the singularity is logarithmic, which is a contradiction. If case (i7) of the theorem
holds, then the conformal mapping ¢ has a punctured disc in the Riemann sphere
as its domain, and at the puncture ¢ has a removable singularity. Hence, since

fw = h7to (¢)™, the singularity is algebraic; this is also a contradiction. O]

The second corollary of Theorem 5.3.2 is similarly straightforward, and we

omit the proof.
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Corollary 5.3.4. Suppose that f is a transcendental entire function with a log-
arithmic singularity over a point a € C. Then there ezist a netghbourhood of
the singularity, W = U(r), and conformal maps h : B(a,r)\{a} — D* and
¢ : W — H such that ho f =expo ¢.

We now prove Theorem 5.1.2.

Proof of Theorem 5.1.2. Suppose that f has a direct non-logarithmic singularity
over a point a € @, and that a is not the limit of critical values of f. The existence
of transcendental singularities, over points other than a, in any neighbourhood
of this direct non-logarithmic singularity follows from Corollary 5.3.3; we need
to show that in any neighbourhood of this singularity there are singularities over
points other than a, which are either logarithmic or indirect.

The structure of the proof is as follows. We assume the contrary, and con-
struct a sequence of direct non-logarithmic singularities the projections of which
have a limit. We show that this limit is itself the projection of a direct non-
logarithmic singularity, and use the comment after Theorem 5.3.1 to obtain a
contradiction. Figure 5.1 illustrates the points and sets constructed, and is in-
tended to be consulted alongside the text. On the right-hand side of the figure we
see some of the asymptotic values constructed in the proof, and discs surrounding
these. In particular D is the disc with centre o', shown with dashed boundary.
Contained in D is a disc with centre ay, shown with dotted boundary. On the
left-hand side of the figure, using corresponding styles of lines for the boundaries,
are the components of the preimages of these sets used in the proof; for example
f(W) = D. We also show the asymptotic curve I' constructed in the proof.

Let 79 > 0 be such that there are no critical values of f in B(a,rq) and also,
since the transcendental singularity is assumed to be direct, such that f(z) # a,
for z in the neighbourhood U(rg). Suppose also that ry is sufficiently small that all
transcendental singularities, over points other than a and with a neighbourhood
contained in U(ry), are direct non-logarithmic.

Let (R,) be any increasing sequence of positive real numbers such that R, — oo
as n — oo. Recalling the definition of a neighbourhood of a transcendental sin-
gularity from Section 5.2, we construct a sequence of neighbourhoods of direct

non-logarithmic singularities W, (r,,), with projection a,, say, such that, for n > 0,
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Figure 5.1: The construction used in the proof of Theorem 5.1.2.

Wii1(rng1) C Wa(rn) C U(ro);

Whi1(rng1) N B(0, Rpyr) = 0;

° B(an+1,7’n+1) C B(an;rn>;

Ant1 7 G

the equation f(z) = a, has no solutions for z € W,,(r,);

e r, — 0asn— oo.

We set Wy(ro) = Ul(ro), ag = a, note that ry and Ry are already defined, and
then construct this sequence inductively. By assumption, W,,(r,) is a neighbour-

hood of a direct non-logarithmic singularity. Hence we can use Corollary 5.3.3
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to choose a transcendental singularity with projection a,; say and with neigh-
bourhoods W,,1(r), r > 0, such that

Wti1(r), 1) C Wy(ry), for some 7, >0,

and also such that 0 < |a,41 — a,| < 1,/2.

Next, recalling from Section 5.2 that dist(W,11(r),0) — oo as r — 0, we
choose 7/, > 0such that W, (rl, 1 )NB(0, Rut1) = 0. By assumption W,,1(17, )
is a neighbourhood of a direct singularity with projection a, 1. Hence, there ex-
ists .1 with

0 < rpyr <min{ry g, 7y, [@nsn — anl/4}

such that f(z) = a,41 has no solutions for z € W, 1(r41). Finally, both
m C B(an,rn) and a,41 # a, by the choice of a,1 and r,;. This
completes the construction.

Let o/ = lim,,_, a,, which exists by our choice of r,,. Note that, by construc-
tion, a’ # a. Let T" be a curve produced inductively by joining a point in W,,(r,)
to a point in W,,41(r,41) using a curve lying in W, (r,). By construction, I' is
an asymptotic curve with asymptotic value a’. Hence o’ is the projection of a
transcendental singularity of f~! which, by assumption, is direct non-logarithmic.

Choose r > 0 sufficiently small that D = B(d’,r) C B(a, ), and such that
f(z) = a has no solutions in W, where W is the component of f~!(D) which has
unbounded intersection with T".

Now, by construction, o’ € B(ay,r,), for n € N, and so there is an N > 0
such that a’ € B(ay,ry) C D and also a’ # ay. Note that Wy (ry) C W, since
the intersection of I' and Wy (ry) is unbounded. Then a’ and ay are two distinct
points in B(ay,rx) such that f(z) € {da’, ay} has no solutions in W (ry), which

is contrary to Theorem 5.3.1. O
5.4 Proof of the main result

In this section we prove Theorem 5.1.1. We need the following, [34, Theo-
rem [.2.2].

125



Theorem 5.4.1. Suppose that W C C is simply connected and OW has more
than one point. Let 1 be a conformal map from W to D, and let I be a Jordan
arc in W except for one endpoint zy € OW. Then the curve ¥(I') terminates in

a point so € D, and v~ (s) — 29 as s — sg inside any Stolz angle at so.

Here a Stolz angle at sy € D is a set of the form;
{seD:|arg(l —35ps)| < o, |s — so| < d}, for0<a<m/2, d<2cosa.

We also need the following result, which is a version of [21, Theorem 1] that
includes some assertions that appear only in the proof of that result; see also, [108,
Theorem 6.2.3].

Theorem 5.4.2. Suppose that f is a transcendental entire function with an in-
direct singularity with projection a € C. Suppose that a is not the limit of critical
values of f. Then there exists a sequence of asymptotic values (ay,), which con-
verge to a, a sequence of disjoint unbounded simply connected domains (Uy,) such
that D,, = f(U,) is a disc with a, € 0D, and a sequence of asymptotic curves
(T'y) such that T, C U, f(I'y) is a radius of D,, ending at a,, and f is univalent
m U,.

Finally, we need the following lemma.

Lemma 5.4.3. Let f be a transcendental entire function. Suppose that for every
R > 0 there exist r > 0, ag € C with |ag| > R, an asymptotic curve T with
asymptotic value ag, W a simply connected neighbourhood of T, and an analytic

map ¢, univalent on W, such that ¢(I") is an interval (—oo, xg), and
f(2) =re®™ +ay,  forzeW. (5.3)

Then ng = 0.

Proof. Suppose that ny # 0. Then there exist €, R > 0 such that

f'(2)
/()

z

‘ >e¢€, for |f(z)| > R. (5.4)
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Choose ag such that |ag| > 2R, let h = ¢~ and put t = ¢(z). Then, as z — oo
along I, by (5.3) and (5.4),

. Z¢’(z)7‘6¢(2) it & (h(t))re! _ h(t)ret N h(t)re* (5.5)
re?® + aq ret + ag R'(t)(ret + ap) W (t)ao
Hence, for sufficiently large negative values of ¢,
h'(t) ‘ 2re!
< ) 5.6
h(t) | €lao| >0

Without loss of generality, by choosing an unbounded subset of I and relabeling,
if necessary, we can assume that (5.6) applies for all ¢ € (—o0, ) and that 0 ¢ .
Since W is simply connected, we can define a branch of the logarithm, L, in W.
Then, by (5.6),

2 t
‘ d ‘ re (5.7)

ZL(h(1))| <

We set ¢ = L(h(t)) and integrate (5.7), to obtain

2 xo xo
o etdt > / / dg‘ . (5.8)
elaol J-oo —o0 L(I)

Now, L(I") is an unbounded curve, and so the right-hand side of (5.8) is infi-
nite. However, the left-hand side of (5.8) is finite. This contradiction completes
the proof. n

€|@0|'

%L(h(t))‘ dt > ‘/Oo %L(h(t)) dt‘ —

We now prove Theorem 5.1.1.

Proof of Theorem 5.1.1. As mentioned in the introduction, it is clear that if
f € B then ny = co. Suppose, then, that n; # 0. It is immediate from (5.2) that
the set of critical values of f is bounded. To complete the proof, we show that
f cannot have an unbounded set of finite asymptotic values, and so f € B, and
hence 7y = oo. To achieve this we show first that f cannot have an unbounded
set of projections of logarithmic singularities. We then show that f cannot have

an unbounded set of projections of indirect singularities. Finally, we show that
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f cannot have an unbounded set of projections of direct non-logarithmic singu-
larities.
Our first claim then is that f cannot have an unbounded set of projections

of logarithmic singularities. Figure 5.2 illustrates some of the sets and functions
f
~~

~'e
N

Figure 5.2: The sets and functions used in part of the proof of Theorem 5.1.1.

used in the next part of the proof.

Suppose that, for every R > 0, f has a logarithmic singularity with projection
ag € C, such that |ag| > R. Noting that g is finite, we apply Corollary 5.3.4
to obtain a simply connected neighbourhood, W = U(r), of the singularity, and
a conformal map ¢ : W — H such that (5.3) holds for some r > 0. Let I' be an
asymptotic curve in W associated with the logarithmic singularity.

Put t = ¢(z) and let
1-1

T

s =o(t)

Then ¢ = 0 o ¢ is a conformal mapping of W to . Moreover (") is a curve in
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D tending to —1.

We now construct another curve to oo in W which satisfies the hypotheses of
Lemma 5.4.3. Let I" = ¢! ((—00,0)). Then v = ¢(I”) is a curve in D tending to
—1 within a Stolz angle. By Theorem 5.4.1, ¢~ *(s) — oo as s — —1 along v, and
so I'" is an asymptotic curve. Moreover, re! + ag — ag as t — —oc along ¢(I"),
and so I has asymptotic value ag. A contradiction follow by Lemma 5.4.3, since
we have assumed that |ag| > R. This establishes our initial claim.

We next show that f cannot have an unbounded set of projections of indirect
singularities. Suppose that, for every R > 0, f has an indirect singularity with
projection a € C, such that |a| > 2R. By Theorem 5.4.2, f has an asymptotic
value ag, with |ag| > R, an asymptotic curve I associated with ag, and an
unbounded simply connected domain W containing I"” such that f is univalent
in W. Moreover, f(W) is a disc, D, with ag € 9D, and f(I"”) is a radius in D
ending at ag.

Without loss of generality, by composing with a rotation if necessary, assume
that the centre of D is at ag + €™, for some zy € R. Define a branch of the
logarithm, L;, such that )(w) = Li(w — ag) is a univalent map on D. Let ¢
be the univalent map ¢ = ¥ o f. Note that ¢(I') = (—o0, ), and (5.3) holds
with 7 = 1. A contradiction follows by Lemma 5.4.3, since we have assumed that
lag| > R. This establishes our second claim.

Finally we show that the projections of direct non-logarithmic singularities are
bounded. This follows immediately from the fact that the projections of other
types of transcendental singularities are bounded and from Theorem 5.1.2. This

completes the proof. O

Remark 5.4.1. It seems possible to generalise the result of Theorem 5.1.1 to
transcendental meromorphic functions with direct tracts (see, for example, [26]
for more background on this concept). We have not done this here, for reasons
of simplicity. However, the proof seems to work similarly, although a number of
results used in this chapter need to be generalised. In addition, we need to replace
Theorem 5.3.1 with [31, Corollary 1], and [41, Lemma 1] with [26, Lemma 6.3].
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Chapter 6

Questions for further research

6.1 Introduction

In this final chapter we briefly consider three areas of further study, which

arise from or are closely related to the work in this thesis.

6.2 Some families of transcendental entire functions

For n € N, let w, = €>™/" be an nth root of unity. Consider the collection of

families of transcendental entire functions defined by

n=1

where

E,={f:f(2) =) arexp(wz), where aj, #0 for k=1,2,--- ,n}, forne€N.
k=1

The collection € forms a natural generalisation of the families £; and E», the

dynamics of which have been studied extensively. The family F; is the well-known

exponential family, defined in Section 1.3. The family F, consists of functions of

the form

f(z) =ae”+ e, a#0, f#0,
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and so, up to a conjugacy, is the same family as the cosine family, also defined in
Section 1.3. It can be shown that

ENB=FEUE,.

The size of the Julia sets of functions in F; and Es was considered by Mc-
Mullen [69]. In particular he proved the following results. Here dimy V' denotes

the Hausdorff dimension of a set V.
Theorem 6.2.1. If f € Fy, then dimy J(f) = 2.
Theorem 6.2.2. [f f € Fy, then J(f) has positive area.

In fact, it can be seen from the constructions in [69] that these results hold,
more strongly, with J(f) replaced by J(f) N A(f). The following question is
suggested by an analysis of McMullen’s proof of Theorem 6.2.2.

Question 1. Is it true that if f € E,, for n > 2, then J(f) N A(f) has positive

area?

We recall from Section 1.8 that Schleicher and Zimmer [95] showed that if
f € Ey, then J(f) N I(f) is contained in a Cantor bouquet. Rottenfusser and
Schleicher [92] showed that the same is true when f € E;. In Example 2.5.4,

however, it was shown that for the function
g(z) = cos z + cosh z,

we have that Ag(g) is a spider’s web. We observe that g € F4. This suggests the

following question.
Question 2. Is it true that if f € E,,, for n > 3, then Ag(f) is a spider’s web?

We note that it can be shown that all functions in € are log-regular. Hence, by
aremark in [89], functions in € do not have multiply connected Fatou components.
Suppose that f € E,, for n > 3. It follows that if Question 2 is answered in the
affirmative, then, by Theorem 1.9.1(c), both J(f) and J(f) N I(f) are spiders’
webs. Moreover, if Question 1 is also answered in the affirmative, then J(f) is a

spider’s web with positive area.
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In a forthcoming paper, we hope to give positive answers to both Question 1
and Question 2, and so give the first result concerning the size of a spider’s web
Julia set.

Schleicher and Zimmer [95] showed that if f € E; then the Julia set of f
contains dynamic rays. Roughly speaking, a dynamic ray is an unbounded curve
of points which escape to infinity in a precisely defined manner. Rottenfusser
and Schleicher [92] showed that if f € F5 then the Julia set of f contains a set
with similar properties. If f € E,, for n > 2, then in very large parts of the
plane f behaves similarly to a function in E; of large modulus. This suggests the

following question.

Question 3. Suppose that f € &. Is it possible to define unbounded curves,
contained in J(f)NI(f), with some of the properties of the dynamic rays discussed
in [92] and [95]?

If Question 2 and Question 3 were both answered in the affirmative, then this
would show that it is possible for a spider’s web Julia set to have a subset with
some of the dynamical properties of a Cantor bouquet.

The following question seems to be a natural consequence of Question 3.

Question 4. Suppose that f € €. Is it the case that the strong form of Eremenko’s

conjecture holds for f7

6.3 A partition of the fast escaping set

The definition of the fast escaping set leads to a natural partition of A(f) into

two completely invariant components. Firstly we define
A'(f) ={z € A(f) : there exists N € N s.t. [f""(2)| = M(|f"(2)]), for n > N}.

The set A’(f) consists of points which, after at most a finite number of iterations,
always achieve the maximum possible growth. These points can perhaps truly be
described as escaping ‘as fast as possible’.

It is possible to construct functions for which A’(f) is not empty. For ex-

ample, suppose that fy(z) = Xe?, for A > 0. It is easy to see that there exists
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B = B(A) > 0such that
A'(f\) ={z: fl(z) > B, for some n € N}, (6.1)

and so A’(fy) consists of an unbounded interval of the real line together with all
the preimages of this interval. Indeed, any transcendental entire function which

has only positive non-zero real coefficients in its power series expansion satisfies
(6.1), for some S > 0.

Question 5. Is it the case that A’(f) consists of, at most, a countable union of

analytic curves?

It is also possible to construct functions for which A’(f) = (). For example,
if f(z) = ie®, then f achieves its maximum modulus only on the positive real
axis, but the image of any point on the real axis is imaginary. It follows that
A(f) =0,

Finally, it may be possible to show that A’(f) can have unexpected properties.
Hardy [49] introduced the function

f(z) = exp(e” + sin 2).

Question 6. Is it the case, as seems likely, that A’(f) is totally disconnected, in

which case A’(f) — in contrast to A(f) — may contain bounded components?
Finally, we define
A'(f) = AGNA).

The set A”(f) can be described as the set of points which escape quickly, but not

quite as fast as possible.

Question 7. Is it the case that if f is a transcendental entire function, then

A'(f) # 07

Question 8. Is it possible to use the properties of A’(f) and A”(f) to obtain
further information on the structure or properties of A(f) and I(f)?
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6.4 The behaviour of M"(R4(z)) as n — o0

In Theorem 3.7.9 we showed that if f is a transcendental entire function with

f(0) =0, and z is in a multiply connected Fatou component of f, then

L loglf(e)]

=1.
w5 Tog M (Ra(2))

The only known examples of functions with simply connected fast escaping
Fatou components are given in [20], [75] and Chapter 4. It can be shown that,
for the example in Chapter 4, if z is in one of the simply connected fast escaping

Fatou components, then we have the stronger result that

L)

i Ry~ 1. (6.2)

The example in [20] is not given in an explicit form, so it seems harder to check

if (6.2) applies in this case. However, the following question does appear natural.

Question 9. Does a result similar to (6.2) hold, in general, for simply connected

fast escaping Fatou components?
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