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Type Il singular perturbation approximation for linear
systems with Lévy noise

Martin Redmann

Abstract

When solving linear stochastic partial differential equations numerically, usually a high
order spatial discretisation is needed. Model order reduction (MOR) techniques are
often used to reduce the order of spatially-discretised systems and hence reduce com-
putational complexity. A particular MOR technique to obtain a reduced order model
(ROM) is singular perturbation approximation (SPA), a method which has been exten-
sively studied for deterministic systems. As so-called type | SPA it has already been
extended to stochastic equations. We provide an alternative generalisation of the de-
terministic setting to linear systems with Lévy noise which is called type Il SPA. It turns
out that the ROM from applying type Il SPA has better properties than the one of using
type | SPA. In this paper, we provide new energy interpretations for stochastic reacha-
bility Gramians, show the preservation of mean square stability in the ROM by type I
SPA and prove two different error bounds for type Il SPA when applied to Lévy driven
systems.

1 Introduction

Many phenomena in real life can be described by partial differential equations (PDEs). Fa-
mous examples are the motion of viscous fluids, the description of water or sound waves
and the distribution of heat. For an accurate mathematical modeling of these real world ap-
plications it is often required to take random effects into account. Uncertainties in a PDE
model can for example be represented by an additional noise term. This leads to stochastic
PDEs (SPDEs). A possible way is to consider equations driven by Wiener noise. We refer
to Da Prato, Zabczyk [10]; Gawarecki, Mandrekar [14] and Prévét, Réckner [28] who treat
infinite dimensional Wiener processes as well as Wiener driven SPDEs. Dealing with Wiener
noise yields just continuous systems. This has the disadvantage of not covering models with
jumps. Lévy processes, which in general are not continuous, provide a possible solution
to this problem. One can find detailed information regarding Lévy processes in infinite di-
mensional spaces in Peszat, Zabczyk [27], where the work of [10, 14, 28] is extended. They
provide a comprehensive book containing the stochastic analysis of infinite dimensional Lévy
processes and the theory of Lévy driven SPDEs with various examples.

It is necessary to discretise a time-dependent SPDE in space and time in order to solve it
numerically. As a possible strategy discretising in space can be considered as a first step.
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M. Redmann 2

By numerical approximations, an SPDE can be reduced to a finite dimensional equation. A
possibility to do that is the spectral Galerkin method which is for example investigated in
Grecksch, Kloeden [15]; Hausenblas [17]; Jentzen, Kloeden [19]; Bldmker, Jentzen [9] for
Wiener driven systems. Alternatively, finite element methods can be applied. Kruse inves-
tigates this scheme in [21, 22] for SPDEs with Wiener noise. Barth [3] and Barth, Lang [4]
consider finite element approaches for equations with more general noise processes such
as Lévy processes.

Semi-discretising an SPDE in space usually leads to a high dimensional SDE. Solving such
complex SDE systems causes large computational cost which are aimed to be reduced.
In this regard, model order reduction (MOR) becomes a key ingredient. MOR is used to
save computational time by replacing large scale systems by systems of low order in which
the main information of the original system should be captured. A particular class of MOR
schemes is called balancing related MOR. They are based on reachability and observability
concepts and corresponding energy functionals. The idea of balancing a system with inputs
and outputs is to create a system, where the dominant reachable and observable states are
the same. Then, the difficult to observe and difficult to reach states (states producing the
least observation energy and causing the most energy to reach, respectively) are neglected.
A famous representative of this class is balanced truncation (BT). This was considered first
in Moore [25] for linear deterministic system; see Antoulas [1] or Obinata, Anderson [26] for
a thorough treatment of the topic. BT was also established for deterministic bilinear systems
in Benner, Damm [5] and Zhang et al. [33]. An alternative method to obtain a reduced or-
der model (ROM) is the singular perturbation approximation (SPA), see Liu, Anderson [23]
and Fernando, Nicholson [13] for deterministic linear systems and Hartmann et al. [16] for
deterministic bilinear systems.

Recently, BT and SPA have been extended to stochastic systems. BT was considered first
for SDEs with Wiener noise in Benner, Damm [5] and for systems with Lévy noise by Benner,
Redmann in [7]. This is the so-called type | ansatz which relies on a reachability Gramian
P that is defined by the fundamental solution of the system. A second way to generalise BT
to stochastic systems is discussed in Benner et al. [6]; Benner, Damm [12] and Redmann,
Benner [30]. It is based on another reachability Gramian FP,. This new approach, the so-
called type Il BT, is motivated by the aim of achieving an HH .-error bound which cannot be
proven in the ansatz used in [7]. Redmann and Benner [29] studied type | SPA for SDEs with
Lévy noise but so far no work has been done on type Il SPA for stochastic systems. This will
be the main focus of this paper.

In Section 2, we will briefly discuss mean square asymptotic stability in a linear system
with Lévy noise. This section contains results generalising the Wiener case, see Damm [11]
and Khasminskii [20]. Mean square asymptotic stability is a necessary assumption to define
reachability and observability Gramians to a stochastic system. In Section 3, we discuss two
different reachability Gramians P; and P, which were e.g. considered in [5, 7] and [6, 12],
respectively. First attempts to characterise the meaning of P; to the corresponding stochas-
tic system can be found in [5, 7]. The same was done for P in [30]. Unfortunately, all these
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Type Il singular perturbation approximation for linear systems with Lévy noise 3

characterisations are based on a reachability concept involving the mean state of the sys-
tem. Considering the mean state ignores the information in the diffusion term of a stochastic
differential equation. That is why the energy interpretations in [5, 7, 30] might be unsatisfac-
tory. For that reason, we provide new energy interpretations for both P; and P, which involve
the full information of the stochastic system in Section 3. We briefly discuss the meaning of
an observability Gramian () as well. The energy interpretations allow us to characterise the
degree of reachability and observability of a state in the system. Hence, unimportant states
(difficult to reach and observe states) can be identified from these Gramians. In Section 4,
we discuss how to balance a system based on the Gramians P and () (type Il balancing)
and show how the difficult to reach and observe states are removed from the resulting bal-
anced system. From this procedure, we obtain the ROM corresponding to type Il SPA which
is then analysed in detail. It will be shown that type Il SPA preserves mean square asymp-
totic stability which is an extension of the result in [23]. So far, this stability result has not yet
been obtained for the type | ansatz, see [29]. In Section 5, we provide both an H,- and an
Ho-error bound for type Il SPA. The existence of an H,-error bound of the same form is
not given for type | SPA which can be seen from examples in [6, 12]. The H{5-bound will be
proved for a simplified ROM because the ROM has to have the same structure as the original
model. Moreover, the H,-bound relies on the preservation of mean square asymptotic sta-
bility in the ROM which is given here. The J{.-error bound in Section 5 is again an extension
of the work for deterministic systems, see [23]. There, transfer functions are used that are
not available in the more general stochastic case. Therefore, in the stochastic case, the proof
has to be conducted in the time domain. In contrast to the deterministic case, there seems
to be no link between the case of type Il BT (investigated in [5, 12, 30]) and type Il SPA in
terms of the JH-error bound. This makes the analysis more complicated here. Additionally,
we encounter the problem of a change in the structure from the original to the ROM so that
different arguments compared to the standard ones have to be used. Both the J{5- and the
Ho-type error bound of using type Il SPA depend on the n — r smallest Hankel singular
values of the original system and therefore similar conclusions as in the deterministic case
can be made, e.g., type Il SPA performs well if these truncated Hankel singular values are
small which is the case if only unimportant states are removed from the system.

2 Setting and mean square asymptotic stability

We begin with a stochastic stability concept first, where we consider a linear controlled sys-
tem driven by Lévy noise. The corresponding Lévy process M = (M, ..., Mq)T is R9-
valued with mean zero and existing second moments. We investigate

dx(t) = [Az(t) + Bu(t)|dt + N (z(t—)) dM(t), x(0)=xzo, t >0, (1)
where z(t—) := limgy, x(s) A € R, B € R™™ and N : R* — R"*% s a linear

mapping defined by N (z) = [ Niz ... Ny } forx € R™ with Ny, ..., N, € R™*",
Below, x(t, o, u), t > 0, denotes the solution to (1) with initial condition o € R™ and

DOI 10.20347/WIAS.PREPRINT.2398 Berlin 2017



M. Redmann 4

control process u. The control u is assumed to be an adapted cadlag process with

T T
HuHZLQT = IE/O u (t)u(t)dt = E/O [u(t)||3 dt < oo

for every T > 0. Furthermore, by Theorem 4.44 in [27], we know that the covariance function
of M is linear in time, i.e., E[M (t)M™(t)] = Qt. We call Q = (g;;) , covariance
matrix of M.

ij=1,...,

Throughout this paper, we assume that (1) is mean square asymptotically stable, that is
E [|=(t, z0,0)|l; — 0 )

fort — oo and every o € R™. Below, we will analyse this property which is vital for the
considerations in Section 3. The following Lemma is essential for the stability analysis of the
uncontrolled equation (1).

Lemma 2.1. The matrix-valued function E [x(t, x, 0)z” (¢, 9, 0)], t > 0, solves

q
X(t) = AX(t) + X()A" + > NiX()N/ g5, X (0) = woxf, (3)

ij=1
where q;; = E[M;(1)M;(1)] is the ijth entry of the covariance matrix of M.

Proof. We replace x(t, g, 0) by z(t) to shorten the notation in the proof. Using Ito’s formula
in Corollary A.1, we obtain for z(t)z” (t), t > 0:

t t
r(t)z" (t) = zox] +/ x(s—)dz" (s) +/ dz(s)z" (s—) + ([e] z, efa:}t)ij_l .
0 0 e
where e; is the ith unit vector of R™. Inserting the stochastic differential of x(t) yields
t t t
/ r(s—)dz"(s) = / w(s—)zT(s)ATds + / x(s—=)dM™* (s)N (z(s—)) and
0 0 0
t t t
/ dz(s)z’ (s—) = / Az (s)z” (s—)ds +/ N (x(s—))dM(s)z(s—).
0 0 0
Since the Ito integrals have mean zero, we get

E [z(t)z" (t)] = oz +/0 E [z(s)z"(s)] A"ds +/0 AE [z(s)z" (s)] ds
+ (Ele z, e} x),).

-_ )
1,9=1,...,n

where we furthermore replaced z(s—) by z(s). This does not impact the integrals since a
cadlag process has at most countably many jumps on a finite time interval (see Theorem
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Type Il singular perturbation approximation for linear systems with Lévy noise 5

2.7.1in [2]). Due to (64) it is clear that only the jumps and the continuous martingale part
of a semimartingale enter in the compensator process Slnce the jumps and the martingale
part of z(t), t > 0, are given by M(¢ fo )) dM (s) (compare (1)), we obtain
that

[ef M, eI M), = [¢] z, €] x];

>

fori,7 =1,...,n. Nowlet (hy),_, , € an orthonormal basis of eigenvectors of Q with
the corresponding eigenvalues ()‘k)kzl,...,q' Then, we can represent the Lévy process as

q

M) = SUM(), he)ah, @

k=1

where the scalar Lévy processes M, (t) = (M(t), hy)s, t > 0, are uncorrelated since

i ) VT
EM,(t)M;(t) = hTQh,t = e

0 ifi#j
Inserting representation (4) yields M (t) = > /_ 1f0 )) hid M (s). Since all noise

processes are uncorrelated, we can apply the result from [7] (Sectlon 2.4) concerning the
mean of the compensator process. It is

Ele/ M, el M];, = zq:E/Ot e; N (z(s—)) hyel N (z(s—)) hyds Ay,
such that we have -
(Blefw,efal), —ZE/ N (z(s=)) he(N (x(s—)) he)"ds Ay
:;E/O N (2(s)) Q¥ (N (2(s)) Q¥ hi)Tds

again using that = has at most countably many jumps. With N (x(s)) Q3 hy = 1 Ni<Q%hk’ ei)or(s) =
>ty Ni(h, Q2¢;),1(s), we obtain

(E[e x, e xly ij=l..m —ZZ / N; thz@z )2x(s )xT(S)Ng‘kavQ%ej)?dS-

k=11,5=1

Changing the order of the summation and using the following elementary rearrangements
1 1 1 1

St (i, Q2e;)a(he, Qzej)e = (Q2e;,Q2¢;)2 = el Qe; = g;; leads to the desired

result. O

The above lemma is vital to state equivalent conditions for asymptotic mean square stability
for equations with Lévy noise. The arguments of proving the following theorem go back to

DOI 10.20347/WIAS.PREPRINT.2398 Berlin 2017



M. Redmann 6

the ones from the case of Wiener noise, studied intensively in [11, 20]. Asymptotic mean
stability is required for the existence of Gramians which we use to characterise reachability
in equation (1) and observability in the corresponding output equation that will be introduced
in Section 3.

Theorem 2.2. The following are equivalent:

(i) The uncontrolled equation (1) is asymptotically mean square stable.

(i) The uncontrolled equation (1) is exponentially mean square stable, that is, there exist
k, 3 > 0, such that

E ||l’(t, o, 0)”3 < Hx0||§ ke_ﬂt :

(ii) The eigenvalues of I, ® A+ A® I, + > .| N; ® N;q;; have negative real parts.

(iv) There exists a matrix X > 0, such that

q
ATX + XA+ ) N/XNjq; < 0.

ij=1

(v) ForallY > 0, there exists a matrix X > 0, such that

q
ATX + XA+ Y NIXNjq; = -Y.

i,j=1
Proof. With Lemma 2.1 we make use of the techniques applied in the Wiener case to prove

the more general case of having Lévy noise [11, 20].

Again, we use z(t) instead of z(t, 2o, 0). From Lemma 2.1 it is known that E [«(¢)27 (t)]
is the solution of the matrix differential equation

X(t) = X(t) AT+AX(t)+iNZ—X(t) NT g;. (5)

i,j=1
Vectorising equation (5) leads to the following equivalent ODE
d q

ij=1

We first show (7i7) = (i7). From (iii) the asymptotic stability of (6) follows. Asymptotic
stability of (6) implies exponential stability, such that

[vec (X (1))]5 < || vec (:onOT)HzKl e Pt = HIEO%T”iKl e Pt < \|zoxy 4 CK1 e Pt

I
2,in
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Type Il singular perturbation approximation for linear systems with Lévy noise 7

for K1, 1, ¢ > 0, where [|-||, ;.4 is the matrix norm that is induced by ||-||,. Since
2 2 2
XD 3,ima < XD = llvee (X @)

holds, equation (5) is exponentially stable and hence (ii) follows. It is obvious that (i7)
implies (7). We now focus on (i) = (zii). From () we conclude that equation (5) is asymp-
totically stable. The asymptotic stability of (6) follows by

lvee (X(0)Il> = IX O < X @)15,5nq

and asymptotic stability of (6) implies (iii). We continue with the proof of (iii) = (v).
Obviously, condition (i) is equivalent to

q
a([n®AT+AT®In+ZNiT®NquZ-j> cC.

ij=1

which, by the considerations above, is again equivalent to the exponentially mean square
stability of the following equation

q
drg(t) = ATzg(t)dt + Y Nl'wg(t=)dM;(t), > 0. (7)

=1
Let ®, be the fundamental solution to the dual system (7), i.e., ®, satisfies

Dy(t) = I, + /t ATd,(s)ds + Z /Ot NT®4(s—)dM;(s).

0

For an arbitrary matrix Y > 0 the integral E [~ ®4(¢)Y ®] (t)dt = X > 0 exists by the
exponentially mean square stability of (7). We set X (t) := ®4(¢)Y ®1(¢) and as in Lemma
2.1, we obtain

t t q t
Xt) =Y+ / X(s)ds A+ AT / X(s)ds + Z NZT/ X(s)ds N;qi;
0 0 Py 0

fort > 0. Letting ¢ — oo and using the exponentially mean square stability of the dual
system, we find

q
Y =X A+ A" X + ) N'X Ng
ij=1
which is the desired result. Since (v) implies (iv), it remains to show that (iv) = (iz). Let
X > 0 such that

q
ATX + XA+ ) N/XNjqy =-Y <0. (8)

ij=1
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M. Redmann 8

So, due to Lemma 2.1, we have
E [2"(t)Xz(t)] =E [tr (Xz(t)z" (t))] = tr (XE [z(t)z" (t)])
=tr <X (:ong +/0 E [z(s)z"(s)] ds A" + A/O E [z(s)z"(s)] ds

+ Z / ] ds NTqZ]>>

i,7=1

— 2T Xag + E { / T () AT X a(s)ds + /0 t xT(s)XAx(s)ds}

v | [ >

7,7=1

(s)N' X N;qijx(s)ds ] :

Inserting equation (8) yields

E [¢"(t)Xz(t)] = z{ Xzo — E {/0 xT(s)Yx(s)ds} :
and hence
g(t) = —E [2" (0)Yz(1)] ,

where g(t) := E [27(t) X z(t)]. Now, let k; be the smallest and k; be the largest eigen-
value of X such that kyv”v < v Xv < kyvTv. Furthermore, we assume ks to be the
smallest eigenvalue of Y, then we obtain

ks

§() < =k [T (D ()] < 22K [+ () Xa(t)] = —g(0)
2 2
By Gronwall’s inequality, we have
T 1 T L r ke _ Ry gk
E [2" (t)z(t)] < _1E [ (1) Xz(t)] < k—lxo Xxge R < k—lxo xoe k2
which yields the required result and concludes the proof. O

Having discussed mean square asymptotic stability we will introduce reachability and ob-
servability Gramians and corresponding energy interpretations in the next section.

3 Characterising reachability and observability using Grami-
ans

Starting from zero (xy = 0) in (1) we investigate how much the noise and the control « can
steer the state away from zero. To do so we introduce two different reachability Gramians
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Type Il singular perturbation approximation for linear systems with Lévy noise 9

below and we will see that they provide certain information about the degree of reachability
of a state. In the context of model order reduction, it is of particular interest to identify the
difficult to reach states (states, where a large control u has to be used to steer the system to
these states). Those states are seen to be unimportant in the system dynamics.

Moreover, we briefly discuss an observability Gramian which allows us to identify difficult to
observe states in a system. These states are unimportant for the system dynamics too.

Reachability Gramian type | ansatz In the following, we introduce an infinite Gramian
P, corresponding to the type | ansatz, compare [5, 7]. It provides necessary conditions for
reachability as we will see later. We define P, := E [ ®(s) BBT®”(s)ds, where P is
the fundamental solution of (1), i.e., it satisfies

O(t)=1,+ /t Ad(s)ds + i /t N;®(s—)dM;(s), t>0.

The infinite integral P, is well-defined due to the asymptotic mean square stability of system
(1), that is condition (2).

The solution x(t), t > 0, to (1) can be expressed using the fundamental matrix &:

x(t, xo,u) = O(t)xo + /Ot (t)d*(s)Bu(s)ds. 9)

The above representation is a consequence of the classical product rule applied to the prod-
uct d(t) f(t), where f(t) := xo + [, ®'(s)Bu(s)ds. Since f is continuous with a zero
martingale part, the compensator processes are zero (see (64)). The Gramian P, has al-
ready been used in [5] (M is a Wiener process) and [7] (M is a vector of uncorrelated Lévy
processes) in a different context. In both references the reachability of the mean state to the
stochastic process

#(£,0,) = /0 B(£)® (s) Bit(s)ds

was analysed using P, where « is a square integrable stochastic process which is not
necessarily adapted. The processes i(t,0,4) and z(t,0,4) coincide if 4 is an adapted
control. If z = Z it does not make too much sense to investigate the reachability of the mean
state because the diffusion term in (1) chancels out when applying the mean. Here we use
this Gramian P; to analyse reachability in (1) including the entire information in this equation.
Furthermore, equation (1) is even more general than the ones considered in [5, 7]. For that
reason, P is the unique solution to a more general matrix equation

q
AP + PIAT + Y N,PIN]q;; = —BB". (10)

1,7=1
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M. Redmann 10

In [5, 7], the mixed terms are ¢;; = 0 (¢ # j). To see the relation in (10), we make use of the
partition B = [ b1 ... by, | which yields ®(t)B = [ x(t,b1,0) ... x(t,by,0) ]
and hence the following identity E [®(¢t)BBT®7 ()] = /" | E [2(t, b, 0)2” (¢, by, 0)].
Applying Lemma 2.1 to every summand leads to

E [®(t)BBT®(t)] = BB” + A/tE [@(s)BB"®"(s)] ds (11)

+ / tE [@(s)BB" ®"(s)] dsA”

+ Y N /Otﬂ-«: [@(s)BB"®"(s)] N q;;.

,5=1

Taking the limit £ — oo in (11) and due to the asymptotic mean square stability the left
side tends to zero. This provides equation (10). Below, we will make use of a solution rep-
resentation to (1). We now analyse the process (z(t,0,u), Z)2, where T € R™. We set
D(t,s) = ®(t)®1(s), t > s > 0. Inserting (9) yields a first bound

E [(x(t,0,u),Z)s| = E =E

/0 (7, B(t, 5) Bu(s))ads /O (BT (1, )7, u(s))ads

gE/O BT (¢, )2, [lu(s)]l, ds.

By Cauchy’s inequality it follows that

E |((t,0,u), )| < (]E/OtHBT(I)T(t, s)inds)é (]E/Ot Hu(s)Hgds);.

Following the arguments in Section 4 of [7], we know that E [®(t,7)BBT®T(t,7)] =
E [@(t — 7)BBT®"(t — )], since both functions satisfy the integral equation (11) with
initial time 7 < ¢ < T" which is uniquely solvable. Hence, we obtain

t t
E/ ||BT<I>T(t,T)ng§ds::zTE/ O(t,7)BBT O (t,T)ds &
0 0

t t
= :zT]E/ ®(t —7)BBTOT(t — 7)ds & = jTE/ ®(s)BBT®T(s)ds & < #" P&
0 0
and consequently

1
sup E |[(z(t,0,u),&).| < (2" P1&)? HuHLQT (12)
te[0,T)

If ¥ € ker P, then the left side of (12) is zero which implies that (x(¢,0,u),Z)ys = 0,
t € [0,T], P-a.s. regardless of the control that is chosen. That means that the trajectories
of x are orthogonal to ker P, and thus

P{x(t,0,u) €eim P, te€[0,T]} =1

DOI 10.20347/WIAS.PREPRINT.2398 Berlin 2017



Type Il singular perturbation approximation for linear systems with Lévy noise 11

for every u € L2, so that no state outside im P, is reachable (from zero).

Let (ka)k:me be an orthonormal basis of R"™ consisting of eigenvectors of P;. Then the
following representation
n
£L'(t, 0, u) = Z <$<t7 0, u>7p1,k>2 D1k
k=1
holds. With (12) we can answer the question how difficult it is to reach a state in the direction
of p1 . by analysing the corresponding Fourier coefficient:

1
sup E|((t, 0,u), pri)el < Aj lull gz (13)
t€[0,T]
where )\ j; is the corresponding eigenvalue. Consequently, the Fourier coefficient in (13) is
small (in the L'-sense) if A1k is small assuming that the chosen control u is not too large.
This implies that difficult to reach states have a “large” component in the eigenspaces of P;
belonging to the small eigenvalues.

Reachability Gramian type Il ansatz We now going to study an alternative Gramian P,
which was initially introduced in [12] in order to guarantee the existence of an I, -error
bound for balanced truncation model order reduction based on this Gramian. The type Il
Gramian was furthermore analysed in [6]. In both references, linear systems with Wiener
noise were investigated. Using P, a first result on characterising the energy, when control-
ling the average state of a stochastic linear system, was given in [30], where the driver was a
Lévy process with uncorrelated components. Since considering the average state neglects
the diffusion term of the stochastic differential equation completely, we give another energy
interpretation for P, now.

First of all, we introduce P, in a more general setting compared to [6, 12, 30]. We define it
to be a positive definite solution to

q
APy 4 PUYA+ Y T NP PNy < —Py ' BBT R (14)
i,j=1
An inequality is considered in (14) since the existence of a positive definite solution is not

ensured when having an equality. The existence of such kind of solution in the case of an
inequality goes back to [12]. We state this result again due to the more general situation.

Proposition 3.1. There exists a positive definite solution P, > 0 to inequality (14).

Proof. Since system (1) is assumed to be mean square asymptotically stable, by Theorem
2.2 part (v), we have

q
A"(eP) + (eP)A+ Y NI(eP)N;q;j = —€Y (15)

1,7=1
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M. Redmann 12

for an arbitrary matrix Y > 0 and ¢ > 0, where the matrix P > 0 is positive definite. This
we obtain by multiplying the equation in Theorem 2.2 (v) with €. For a sufficiently small € we
can guarantee that —¢Y < —(eP) BB (¢ P) such that P, = (e P)~! solves (14). O

Remark. We can fix the right side of (15) to Y = I in order to practically compute a solution
to (14). From the proof of Proposition 3.1 we know that I =Y > ePBB* P, where P is
the solution to (15) with Y = I. Hence, we set ¢ = ()\max(PB BTP))f1 to ensure this
property and then obtain a solution given by Py, = )\max(PBBTP)Pfl. Of course, the
maximal eigenvalue of PBB™ P can be fairly large and this solution candidate can be far
from optimal. So, as mentioned in [6], an optimisation procedure for the solution to (14) is
required. So far it is not clear how to do this.

Let us now turn our attention to an energy interpretation of type (13) for the alternative
Gramian P;. Let (p27k)k:17,_7n be eigenvectors of P, such that they represent an orthonor-
mal basis of R™. The corresponding eigenvalues are denoted by ()\Q,k)k:17.,,7n. Then,

E(z(t,0,u), poi)? <)\2kIEZ>\QZ (t,0,u), pas)?

=1

n
_1
E : AZ,? <l‘(t, 07 U), p2,i>2 D2,i
i=1

=Xy E [33(?5, 0,u)" Py ta(t,0, u)} .

2
2

=X E

)

2
2

We can argue like in the proof of Lemma 2.1 to find an equation for E [« (¢, 0, u)z(t, 0, u)” ]
since z(t,0,u) and x(t, xg,0) have the same compensator process. This is because the
additional control term only effects the drift and hence there is no change in the martingale
part or in the jumps, compare (64). To shorten the notation we write (t) instead of z:(¢, 0, u)
from time to time below. So, by the Ito product formula, we have

E [z(t)z" ()] :/0 E [z(s)z"(s)] ATds —|—/0 E [z(s)u”(s)] B"ds
+/0 AE [z(s)z" (s)] ds +/O BE [u(s)z"(s)] ds
/ Z NE [z(s)z" (s)] NquZ-jds,

3,j=1

where the control terms that do not occur in Lemma 2.1 come from additional terms in
Efo —)dz"(s) and Ef(f dz(s)z(s—). Using the trace operator and inserting the
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Type Il singular perturbation approximation for linear systems with Lévy noise 13

above equation, we find
E(z(t,0,u), p2p)3 < Aoy tr (P 'E [z(t,0,u)z(t,0,u)"])

= Aok tr( { [z(s)z"(s)] ATds + /0 tE[w(s)uT(s)] BTds
+ [ AR a6 ds + [ BB [uls)a” 5] s

/ Z NE [z(s)27(s)] N]Tqijdsl) .

Using again properties of the trace operator, we obtain

t
E(z(t,0,u), pax)s < Aok E/ T(s)(ATP Y+ Pyt A+ Z NPy 'Njqi;)x(s) ds
0

,j=1

+2E /t xT(s)PQ_lBu(s)ds} :
0
We insert inequality (14) which gives
Ez(t,0,u), poi)s < AoixE /t 227 (s) Pyt Bu(s) — 2 (s) Py ' BB Py 'a(s)ds
0
= s [ G~ [B7R s) — ) s

Consequently, we have

sup \/IE (¢,0,u), p2)3 < AZy ull 2 - (16)

t€[0,T]

So, by (16), (¢, 0, u) is small in the direction of p . (in the L*-sense) if Ao, is small when-
ever the control u is not too large. This implies that difficult to reach states have a “large”
component in the eigenspaces of P, belonging to the small eigenvalues. Hence, we have a
similar interpretation as in the type | ansatz (compare with (13)) but in a different norm.

Observability Gramian We conclude this section by introducing an output equation

y(t,xo,u) = Cx(t, zo,u), t>0. (17)

corresponding to (1). We recall arguments from [5, 7] below. We aim to characterise the im-
portance of certain initial states in the system dynamics in the uncontrolled situation where

= 0. In an observation problem an unknown initial state x, is supposed to be recon-
structed from the observation y (¢, ¢, 0) on the entire time line [0, co).
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In order to describe the energy caused by the observations of x(, we introduce the observ-
ability Gramian () as the unique solution to the following matrix equation

q
ATQ+ QA+ Y NIQN;q; = —C"C. (18)
ij=1
The definition of () makes sense due to condition (2). With the following relation

E [:E(t,xo, 0)"Qu(t, xo, 0)} = tr(QE [m(t,xo, 0)x(t, xo, O)T]) (19)

we can insert the result of Lemma 2.1. Since we can change the order in a matrix product
within the trace, we then have

E [2(t, z0,0)" Qx(t, 20,0)]

¢ g
= 1t Quo + IE/ (s, z0,0)" (ATQ + QA+ Z NiTQquij> x(s, x9,0)ds.
0

ij=1

We plug in equation (18) and obtain
t
E [x(t,xO,O)TQx(t,xo,O)] = 73 Qo — E/ x(s,20,0)"CTCx(s, 20,0)ds. (20)
0

Because system (1) is mean square asymptotically stable, the left side of (20) tends to zero
if £ — o0. Hence, the observation energy is given by

E / ly(s, 20, 0)|I2 ds = 27 Q. 1)
0

The difficult to observe, and hence unimportant, initial states are those producing only little
observation energy. From (21) we see that the difficult to observe states are contained in the
eigenspaces spanned by the eigenvectors of () corresponding to the small eigenvalues.

Moreover, it is easy to find a representation for (). Inserting the solution representation
Cx(t,x9,0) = CP(t)xq to (21), we then also have

xd E/ T () CTCO(t)dt mp = 18 Quo.
0
Since this is true for every 2y € R", this yields
Q=E / T () CTCd(t)dt. (22)
0

The infinite integral in (22) indeed exists due to the mean square asymptotic stability of the
system.

DOI 10.20347/WIAS.PREPRINT.2398 Berlin 2017



Type Il singular perturbation approximation for linear systems with Lévy noise 15

4 Type Il singular perturbation approximation and stability
preservation

4.1 Balancing related MOR

Before considering singular perturbation approximation (SPA) based on the Gramians P,
and () (type Il ansatz), we summarise the general theory of balancing and discuss how to
find a balancing transformation.

States that are difficult to reach can be characterised by P, cf. (13). These states have
large components in the span of the eigenvectors corresponding to small eigenvalues of
the reachability Gramian P;. Similarly, states that are difficult to observe are the ones that
have large components in the span of eigenvectors corresponding to small eigenvalues of
the observability Gramian (), see (21). Now, balancing a system relies on the idea to create
a system, where dominant reachable and observable states are the same, i.e., reachability
and observability Gramians are simultaneously transformed such that they are equal and
diagonal. Balancing related MOR based on the Gramians P; and () (type | ansatz) was
already studied intensively. Type | balanced truncation (BT) for systems with Wiener noise
are investigated in [5] and systems with Lévy noise are studied in [7]. An alternative balancing
method is type | SPA which can be found in [29].

In this paper, we consider the so called type Il ansatz. This approach is based on the Grami-
ans P, and (). P, characterises difficult to reach states in a similar fashion as P;, see (16).
So, balancing with using P, instead of P; definitely makes sense too. For BT this is done in
[6, 12, 30]. However, the type Il ansatz has not yet been applied to SPA. For that reason, we
will mainly discuss this approach in the following.

We consider a control system consisting of state equation (1) and output equation (17)
q
dx(t) = [Ax(t) + Bu(t)ldt + Y Niz(t—)dM;(t), (23)
i=1

y(t) = Cx(t), t>0,

Recall that the state equation in (23) is mean square asymptotically stable, i.e., property (2) is
satisfied. Introduce a transformation matrix 7" € R™*"™ which is assumed to be non-singular,
the states are transformed as follows:

B(t) = Tuxl(t),
such that system (23) becomes

A

A#(t) + Bu(t))dt + i Niz(t—)dM;(t), (24)

IS
=>
Y
~
N~—
I
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where A = TAT-!, B = TB,C = CT ' and N, = TN,T~". The input-output map
remains the same, only the state and the systems matrices are transformed.

P and (), the reachability and observability Gramians of system (23), which satisfy (14)
and (18) can be transformed into reachability and observability Gramians of the transformed
system (24):

B,=TRPT" and Q=T""TQT "

The above relation is obtained by multiplying (14) and (18) with 7"~ from the left and 7!
from the right. The Hankel singular values (HSVs) o1 > ... > 0, where 0; = 1/ \i(P2Q)
(z =1,...,n), of the original and transformed system are the same. The above transfor-
mation is a balancing transformation if the transformed Gramians are equal and diagonal.
Such a transformation always exists if () > 0 (observation energy is always non zero for
every xo # 0). We also need that P, > 0 but this is automatically given by Proposition 3.1.
A balanced system is obtained by choosing

T=>"2UTLT and T '=KVY 2,

where ¥ = diag(oy,...,0,) > 0is the diagonal matrix of HSVs. Y, Z, L and K are
computed as follows. Let P, = KK”*, Q = LL" be square root factorisations of P, and
Q, then an SVD of KTL = VXUT gives the required matrices. With this transformation
]52 = Q = 2. This implies that X characterises both the reachability and observability in
system (24). The smaller the diagonal entry of X2, the less important the corresponding state
component in the system dynamics of (24).

Below, let T’ be the balancing transformation as stated above, then we partition the coeffi-
cients of the balanced realisation as follows:

TAT = [4ndz]. TB=[B]. o7 =[], TN = [N e ],

where Aj; € R™" etc. Furthermore, by setting & = [3} |, where 1 () € R", we obtain the
transformed partitioned system

i =L an 1o ][5 JroJars S N N 1 ) Joneae
(25)

yty=[C1 Cs ] { 28 } , t>0. (26)

From this system we aim to obtain a approximating system with reduced dimension r < n.
The ROM is of the form

dx,.(t) = [Ayx.(t) + Bru(t)dt] + Zq:[NMmr(t—) + B u(t—)]dM;(t), (27)

i=1
yr(t) = Cra.(t) + Dyu(t), t>0,
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Type Il singular perturbation approximation for linear systems with Lévy noise 17

where A, N;, € R™", B, E; ., € R™™, D, € RP*™ and C, € RP*". In equations (25)
and (26), the difficult to reach and observe states are represented by x5, which correspond
to the smallest HSVs 0,11, . . . , 0y, but of course 7 has to be chosen such that the neglected
HSVs are small (0,11 < 0,).

For BT the second row in (25) is truncated and the remaining xo components in the first row
of (25) and in (26) are set to zero. This leads to a ROM having the same structure as (23).
For BT the corresponding matrices are

(Ara Bra Cra Dra Ei,ra Ni,r) = (Alla Bl> Cla 07 07 Ni,ll)-

We refer to [5, 6, 7, 12, 30] for more details on BT for stochastic systems.

An alternative method is SPA which has been studied already in [29] using the reachability
Gramian P;. From [29] it is known that the reduced coefficients are given by

(Ara Br7 Cra Dr7 Ei,ra Niﬂ”) = ("Zla B7 C, D7 Ei> NZ)7 (28)
where we set

A= All — A12A2_21A21, B = By — A12A2_21B2, C =C — CQAQ_QIA21’
D = —02142_2132, E; = _Ni,12A2_21B27 N; = N1 — N¢,12A2_21A21-

Hence, we see that this ROM has a different structure than (23) since D, and E;, are
non-zero. The matrices (28) of the ROM using SPA are obtained by setting dzo(t) = 0 in
(25). One then solves for x5 in the resulting algebraic constraint and inserts the result in
(25) and (26). This straight forward ansatz is based on observations from the deterministic
case (N; = 0). There, x5 represents the fast variables, i.e., 92;2(15) ~ 0 after a short time.
Consequently, assuming Z2(t) = 0 can lead to a good approximation, see [23].

This ansatz of setting the increments dx5 equal to zero for the stochastic system is rather
unsatisfactory, since this might be false, no matter how small the HSVs corresponding to x-
are. Despite the fact that for the motivation, a maybe less convincing argument is used, this
leads to a viable model reduction method with reasonable properties as we will see later.

An averaging principle would be a mathematically well-founded alternative to this naive ap-
proach. Averaging principles for stochastic systems have for example been investigated in
[31, 32]. A further strategy to derive a reduced model in this context can be found in [8].

We conclude this subsection by introducing a simplified ROM based on SPA. It relies on the
idea that the structure of the original model (23) should be preserved. It has already been
discussed in [29] and is obtained by setting B, = 0 in (28):

(AT7 BT? C’I‘u -D7’7 E’i,T; Ni,'r) - (Aa B17 év 07 07 N’L) (29)

In the rest of this paper, properties of ROMs with matrices (28) or (29) are analysed. This
means that we investigate type 1l SPA, a balancing related model order reduction technique

DOI 10.20347/WIAS.PREPRINT.2398 Berlin 2017



M. Redmann 18

based on the Gramians P, and (). Advantages of using P, instead of P; can be seen in
Subsections 4.2 and 5.2. So, the choice of P, guarantees the existence of an H . -type
error bound (Subsection 5.2) which is not true for the type | ansatz. Mean square asymptotic
stability is also preserved for type Il SPA (Subsection 4.2) which is still an open problem
when the system is balanced based on P; and (), see [29].

4.2 Preservation of mean square asymptotic stability for type Il singu-
lar perturbation approximation

In this subsection, we discuss mean square asymptotic stability in the ROMs (27) with co-
efficients (28) or (29). In the stability analysis it does not matter whether the reduced order
matrices (28) or the simplified version (29) is considered. This is because the uncontrolled
case is considered and only the matrices A and N; (i = 1,. .., q) characterise the stabil-
ity, compare Theorem 2.2. We will see that some ideas of proving asymptotic mean square
stability can be adopted from the deterministic case, compare [23]. This is not true for type |
SPA (reachability Gramian P; is used) which is explained in [29].

For simplicity we assume that the original model (23) is already balanced, i.e., the following
relations hold true:

q
ATST 4 ST A+ Y D NIE T Nyg;; < -S7'BBTS T (30)
3,j=1
q
ATS+ XA+ ) NISNq,; = -C7C, (31)
i,j=1

where the Gramians coincide with the diagonal matrix X > 0 of HSVs. We multiply A=7
from the left and A~! from the right in equations (30) and (31). Hence, we get

q
ATST 4 ST A+ Y NI T Njg; < —ATTSTBBTS AT <0, (32)
3,j=1

q
ATS+TA+ ) NTNq; = -C"C <0, (33)

i,j=1

where A = A~1, N; = N;A ' and C' = C A~!. From Theorem 2.2 part (iv) it can be easily
seen that the stability of the system with the transformed coefficients Aand NZ- is equivalent
to the stability of the system with matrices A and V;. In the following theorem it is proven
that mean square asymptotic stability is preserved when considering the ROM with the left
upper blocks 12111 and Ni,n of the transformed matrices A and Ni. This is the case of type
II BT, where the stability preservation is investigated in [6]. The problem that is considered
here can be reduced to the situation in [6] as we will see below.
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Theorem 4.1. Let A;;, N, ;11 € R™" be the left upper blocks of A and N, respectively. If
o, # 0,41, then equation

q
dr,(t) = Apx,(t)dt + Y Ny, (t=)dM;(t), t >0,

i=1

is mean square asymptotically stable.

Proof. We transform a term that appears in (30) and (31) such that our problem is reduced
to the case of Wiener noise. Let ¢; be the ith unit vector of R?. We then have

q
> NS Ny = ZNTZ 'N;efQ2Q%¢;

2,0=1 2,7=1
q q
= ZN > N Z<Q%€i7€k>2<géejaek>2
ij=1 k=1
q q
= ( (Q2ez,ek ZN Q2ej,ek 2).
k=1 i=1

We define ¥, == >"7 | Ni<Q%ei, ex)2 and insert the above rearrangement. With (30) and
(31) we apply the stability result in [6] and thus

q
IL @ An+An @1, + Z W11 @ Wi
k=1

has only eigenvalues with negative real parts, where W, 1; is the  x r left upper block of
W,.. With Theorem 2.2 this is equivalent to

q
A?IX + XA11 + Z \Ijan\Pk,ll <0

k=1

for a positive definite matrix X > 0. Since

q q
Z\Ij;ﬁllX‘I’k,n = Z ZNzll Qze;, ) )X ( Z QZe],ek> )
k=1

k=1 =1 j=1

q

_ T \7

= § Ni,nXNj,llq%'jv
ij=1

the claim of this theorem follows by Theorem 2.2 (iv). O

The next Corollary states that type Il SPA preserves mean square asymptotic stability.
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Corollary 4.2. If o, # 0,1, then for the following ROM of order r
— q —
dz,(t) = Az, (t)dt + > Nix,(t—)dM;(t), t>0,
i=1
is mean square asymptotically stable, where A and N; are defined below (28).

Proof. Since one can show that

A { At —Af11A12(A22 - 14211417111412)_1 (34)

—1427211421121_1 (Aga — AzlAfllAlz)_l ’

we have 12111 = A ' and Ni,ll = szl_l. Using the result in Theorem 4.1 and using the
equivalent condition in Theorem 2.2 (iv) yields

q
ATX + XA+ Y ATNIXN;A g < 0

,j=1

for a matrix X > 0. Multiplying A” from the left and A from the right provides

q

,j=1

and hence the result of this Corollary follows. O

5 Error bounds for type Il SPA

In this section, we establish two error bounds namely an Hs-type and an H,-type error
bound. The JH,-error bound is proven in Subsection 5.1 for the simplified type 1l SPA with
matrices defined in (29). For the existence of this bound the stability result in Subsection 4.2
is vital. Moreover, the reason to analyse the JHy-error bound for the simplified scheme is that
we need to have the same structure in the ROM as in the original one. Then the solution
representation in (9) can be applied.

An explicit solution representation is not needed when proving the H ,.-error bound in Sub-
section 5.2. There, the error between the full model and the type 1| ROM with coefficients (28)
is investigated. The bound is shown by removing the HSVs step by step. Since the structure
of the ROM with the matrices (28) differs from the structure of the original system, two cases
have to be studied. So, we prove the case of removing the smallest HSV first and then we
investigate the error of two ROMs of different dimensions.
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5.1 Hsy-error bound

In this subsection, we provide an error bound between the original system (23) (rq = 0) and
the output of the simplified ROM from using type |l SPA, that is

dz,(t) = [Az,(t) + Byu(t)]dt + zq: Nz, (t—)dM;(t), .(0) =0, (35)
y,(t) = Ca,.(t), t>0, :

where the above matrices are defined below (28). Let us now exploit the explicit solution
representations for the full state variable x, see (9). Since ROM (35) has the same structure
as the original model, we have the same representation for the ROM, too. We consequently
obtain for the corresponding outputs that

y(t) = Ca(t) = C /0 B(t, 5) Bu(s)ds.

yr(t) = Ca,(t) = C’/ ®,.(t,s)Biu(s)ds,

0

where ®(t,s) = ®(t)®'(s) and ,.(t,5) = ®,.(t)P, (s), t > s > 0. Here, ® and D,
are the fundamental solutions to the full system and the ROM, respectively. Simple calcula-
tions give

E ly(t) =y ()], = E Hc/ot B(t, 5) Bu(s)ds — C/Ot B, (t, 5) Byuls)ds

2

< E/O |(C®(t,s)B — CP,(t,s)B) u(s)H2 ds
< E/O |C®(t,5)B — G, (t,5)By| , u(s)], ds.

where ||-|| - denotes the Frobenius norm. Using Cauchy’s inequality, it holds that

¢ 1 ¢ 1
= 2
Bl - w0l < (2 [ ov.9s - co.wamlias) (5 [ i)
0 0
Applying the arguments that are used in Section 4 of [7], we know that

E [®(t,s)BBT®"(t,s)]
E [®,(t, s)Bi1B] @, (t,s)]
E [®(t,s)BB] @," (¢, s)]

E [®(t — s)BBT®"(t - 5)],
E [®,(t — s)BBI®,"(t — s)],
E[®(t — s)BBI®,"(t — 5)] .
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The above identities yield

[ ds

/HCCI)tsB C,(t, 5) By ds = E /||C<I>t—s)B C,(t— 5)B,

_]E/ |CD(5)B — Co, ( Bl||Fds§IE/ |CP(5)B — C,(s) B[, ds
0

= tr (C’PlCT) + tr (C’PMCT) — 2 tr (CPgOT) ,
where
P = E/OO ®(t)BBT T (t)dt
0
is the type | reachability Gramians of the full model solving equation (10). We further set
P,=E / h o(t)BBI oL (t)dt, P, =E /0 h (t)B, BT T (t)dt.
0

P, and the type | reachability Gramians P, ; of the ROM exist since mean square asymptotic
stability is preserved under the assumptions of Corollary 4.2 (o, # 0,41 and X > 0).
Practically, P, ; is computed by solving

q
AP,y + P, AT + Z NiPT,leTQij = -B,B] (36)

ij=1

and the matrix P, is derived from solving the following equation:

q
AP, + P,A" + 3" N;P,N!q;; = —BBY. (37)

4,j=1

The identity in (37) can be shown as the relations for P, and F, ; (see first paragraph of
Section 3). For more details we refer to [7], where this identity is proven for a similar case. In
summary, we have

sup Bly(t) (0], < (tr (CP.CT) + tr (CPuCT) =2 tr (CP,C™))* [l -
te[0,T
(38)

Itis an obvious observation that the type Il reachability Gramians P, and P, » do not enter the
first bound (38) directly, even though we balance based on F,. However, P; enters indirectly
in the consideration since balancing based on P, ensures that asymptotic mean square
stability is preserved, see Subsection 4.2. As argued above this is vital for the existence
of P, and P,; and hence the existence of the bound in (38). For type | SPA the stability
preservation has not been shown yet in general, see [29]. Another representation for (38)
will be proven below. The n — r smallest HSVs of the system will enter there. Consequently,
the dependence of the error bound on P, can then be seen better.
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From now on we assume that system (23) is balanced. Hence, for the type Il Gramians it
holds that P, = Q = ¥ = diag(X4, X2), where 31 = diag(oy, ..., 0,) contains the
large and ¥y = diag(o,41,- . .,0,) the neglected small HSVs. We partition the balanced
realisation as follows

N;i11 N;
A=[4nde], B=[B], Ni= [vnlz] c=laal, (39)

where all matrices are of suitable size, i.e., A;; € R™" etc. The next theorem contains the
main result of this subsection. We specify the bound in (38), where the resulting represen-
tation can be used to emphasise the cases in which type Il SPA performs well. In particular,
we obtain a bound that depends on the matrix X5 of neglected HSVs.

Theorem 5.1. Let system (23) be balanced. Under the assumption of Corollary 4.2 the error
bound in (38) exists and can be represented as follows:

tr (CPCT) +tr (CP,,C") =2 tr (CP,CT)
=tr (EQ(BQBg — Q(Aggpgz + A21Pgl)(A2_21A21)T))
q
+ tr (EQ 2 Z (Ni,QQPgQ + Ni721Pgl)(Nj721 — Nj’22A2_21A21)TQij)

ij=1

q
—tr (22 Z (Nio1 — Ni,QzAg_glAzl)Pr,l(Nj,Ql - Nj,22A2_21A21)TQij> ;

=1

where Pg1 is the matrix of the first r and sz the matrix of the last n — r rows of ;. Moreover,
qij represents the ijth entry of the covariance matrix Q of the Lévy process M.

Proof. Below, we make use of Einstein’s summation convention which we indicate by writing
.. _ _ _ 1
q" instead of g;;. We define € := (tr (CP,CT) + tr (CP,,CT) — 2 tr (CP,CT))>2.

We easily see that

tr (CP,CT) = tr (P,CTC) = —tr (P (ATE + ZA + NISN;¢7))
= —tr (B(AP, + PLA" + N;PIN¢7)) = tr (B"SB)  (40)

using the properties of the trace operator and inserting equations (31) and (10). From the
partitioned error expression, we obtain

e—u([pr B1™ 2] +u@pacmy —2u (o o) || or
1 2 22 B2 T‘,l 1 2 sz
= tr(B; X2By + B %1 B + CP,,C" — 20, P,C" — 20, P2CT).

We now use the partitions in (39) fmd the rep_resentation (34) for the inverse of A. In order
to find equations for the matrices C*'C; and C'T'Cs, we multiply (31) with A=7 from the left.
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The left and right upper block of this equation are then
—A_TéTcl :El —|— A_T[ZlAll - AglAngEQAgl
+ NIE1Nj1167 + (Nig1 — NiaaAzy Aor) SN o1¢7],
—A_TOTOQ :A_T[ElAlg - AglAQ_QTZQAQQ
+ NZTZle,quij + (Ni21 — N¢,22A2_21A21)TEQNj,zzqij]-

We multiply A7 from the left and thus

—C_'TCl :ATzl —|— ZlAll - AglAQQTEQAgl (41)
+ NiTlej,nqij + (N1 — Ni,22A521A21)T22Nj,21qija
—OTCQ :ElA12 - AglAQ_QTEQAQQ (42)

+ NS1N; 1267 + (Nigr — Niga Ay Ao) 5 Nj 2047

From the partitioned equation (37)

A Ap Pgl Pgl i, [Ninn Nin Pgl T i B, Bf
[Aﬂ Ap| P2 TP A T N N |22 T By

we obtain
AnP) + APl + PYA" + N; Py NI ¢7 + N; 15PN ¢ = — BB (43)

by evaluating the first line. Now, plugging in (42) yields

tr(—C’ngzC_’T) = tr(—C_’TCQP;)

= tr([S1A12 — A5 A5y S Any + NI S1Nj 1267 + N5y 22 N; 22471 P?)

= tr(A12 P75 — AJ A S A P2 + Ny P2NT 17 + Ny S Nj 02 PrgY),
where we set N; 21 = Njg1 — N Asy Agy. With equation (43), we obtain

tr(—CoP2CT) =tr(— A3 Ay 32 A9 P2 + Ny 5o N0 P2 gV
—tr([B1B] + P, A" + AnP} + Ny P} N/ ¢"]%y).

Moreover, using equation (41), we have
tr([P} A" + AnP) + Ny Py N ¢7151) = tr([A"S) + S1 A1 + N/ SN 17 P))
= —tr(CTC1P) + Ny SoN;o1 Py g7 — (A% Any) ' S2451 P))
and hence, inserting all derived identities yields

&% =tr(BIv,By, — BI'Y\ B, + CP,,C7)
+ 2 tr(Ng2122Nj722P;qij — (A521A21)T22A22P;)
+ 2tr(N/5 BaNj 21 Py g7 — (A3 As1) 52451 P)).
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Therefore,

& =tr(Xy(ByBY — 2(A22P92 + A21P;)(A2_21A21)T))
+ tr(QZQ(NrL"QQP; + Ni,21P;>N§21qij)
+tr(CP,,CT — BI'S, By). (44)

Analogous to equation (40), we get tr(C' P,;CT) = tr(B{ Q, B;), where the ROM observ-
ability Gramian satisfies

ATQ, + Q,A+ N/Q,N;q" = -C"C. (45)
When inserting this into (44), we see that it remains to analyse the term tr(BY(Qp —

¥.1)By). We use the partition in (39) for equation (33). We evaluate the left upper block of
(33), make use of the representation in (34) and then obtain

ATS + S1A+ NS N;¢7 = —(C"C + Nl 5o N;0147).
With (45) we thus know that
AT(Q, — 1) + (Qr —Z)A+ N (Qr — Z1)N;q7 = NfglEzJ\_fj,mq”- (46)
Applying equations (36) and (46) yields

tr(BY (@r — X1)B1) = — tr([AP.; + Pr,y‘_lT + Nz’Pr,leTqij](QR —3))
= — tr(Poa[(Qr — Z1) A+ AT(Qr — T1) + N (Qr — B1)N;q"])
= - tr(Pr,1N32122Nj,2lqij)~

We apply these results to (44) and obtain

82 = tI‘(EQ(BQBg — 2(A22P92 + A21Pgl)(A2—21A21)T))
(285 (Nizo Py + N@QlP;)Nﬁlqij) - tr(zzNz’,mPr,lezlqij),

which gives the required result. O

From Theorem 5.1 it can be seen that the JH,-type error bound can be written as an ex-
pression depending on X, the matrix of the n — r smallest HSVs o,1,...,0, of the
original system. These values correspond to the truncated state components. If these com-
ponents are unimportant, i.e., they are difficult to reach and difficult to observe, then the
values 0,1, ...,0, are small. Consequently, the error bound would be small which indi-
cates that the ROM from applying type Il SPA has a good quality.
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5.2 H.-error bound

An H .-error bound for deterministic systems (N; = 0,7 = 1, ..., q) can be found in [23],
which uses tools that are not available in the more general stochastic case such as transfer
functions. Using transfer functions the link between SPA and BT is shown, so that the H -
bound for SPA can be directly concluded from the J{_.-bound of BT. In the stochastic case,
the proof has to be conducted in the time domain. Moreover, in terms of the JH . -error bound,
there seems to be no link between the case of type Il BT (investigated in [5, 12, 30]) and
type 1l SPA. This makes the analysis more complicated here. Additionally, we encounter the
problem of a change in the structure from the original to the ROM such that the arguments
in the first paragraph below can not just simply be repeated when removing the HSVs step
by step. Hence, the consideration of a second case, where the error between two different
ROMs is studied, is needed. When comparing these two ROMs, we can not rely on having
matrix inequality (30) for the ROM too. This can be seen by evaluating the left upper block of
(32). For that reason, we will link to the full matrix inequality (30) in our proof, although we
compare two systems in the second paragraph that are reduced already.

Before we start with the actual proof of the JH ,-error bound, we introduce two straight for-
ward results which are frequently needed below.

Lemma 5.2. Let a,by,...,b, be R%-valued processes, where a is adapted and almost
surely Lebesgue integrable and the functions b; are integrable with respect to the mean zero
square integrable Lévy process M = (Mj, ..., M,)T. If the process x is given by

da(t) = a(t)dt + i bi(t)d M,

then, we have

d q
EE [xT(t)x(t)] = 2K [xT(t)a(t)} + Z E [biT(t)bj (t)} ij-
ij=1
Proof. We define the matrix-valued process b := [by, . .., b,] and apply Corollary A.1 to get

T (H)z(t) = 27(0)z(0) + 2/0 27 (s—)dx(s) + Z[efz, ey ;.

k=1
Inserting the differential of x and taking the expectation yields

t

E [z"(t)z(t)] = E [z7(0)z(0)] + 2/0 E [z"(s)a(s)] ds + E

k=1

Z[BZZE, ef:z:]t] )
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With the arguments in the proof of Lemma 2.1 and lto’s isometry it can be shown that

d t 2 t 1112
Z eix,eix],| =E / b(s)dM(s)|| = E/ b(s)Qz|| ds
e 0 2 0 F
t
- ]E/ tr (b7 (s)b(s)Q) ds = / Z b} (5)b;(s)qijds,
0 2,7=1
where Q denotes the covariance matrix of M. This concludes the proof. O

Proposition 5.3. Let Ay, ..., A, bed, x dy matrices and K = (k;;); j—1,.. , be a positive
semidefinite matrix, then

q
i,0=1

is also positive semidefinite.

Proof. Let x be an arbitrary vector in R%, then
q q L
= Z (Az)" Ajak;; = Z(Aix)TijeiTKﬁKiej
i =1 7.]_1

q
= Z (A;z)T A, xz K2ez,ek> <K2e],ek.>

4,j=1 k=1

q
ZAx K2ez,ek ZA:BK2e],ek))>O

k=1 =1 7j=1

Error bound of removing the smallest Hankel singular value In this paragraph, we
determine a bound for the error between the full model and the ROM of only removing one
HSV. This represents the first step of proving the general HH .-error bound for type Il SPA in
Theorem 5.6.

We recall the original model that we aim to reduce:
q
dx(t) = [Ax(t) + Bu(t)ldt + > Nw(t—)dM;(t), z(0) =0, (47)

y(t) = Cx(t), t>0,
where the matrices and vectors above are partitioned as follows

A=[daz] e=(n), B=[R] M= [N02] C=lac).
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To simplify the notation, we assume that system (47) is balanced already, i.e., we applied
the balancing transformation from Subsection 4.1 already. Hence, the Gramians P> and
() are equal and coincide with the diagonal matrix > = diag(X,Y5), where ¥ =
diag(oy,...,0,) is the matrix of large and ¥ = diag(o,.1,...,0,) the matrix of ne-
glected small HSVs. Consequently, the matrix (in)equalities (30) and (31) hold. To show the
error bound below, we do not need the equality in (31). It can be replaced by a more general
inequality.
The following ROM is supposed to be compare with the original model (47):
— — q — —
dz,(t) = [Az,(t) + Bu(t)]dt + > [Nz, (t=) + Bu(t—)] dMi(t), ,(0) =0,
i=1
(48)
yr(t) = C(t) + Du(t), t=>0,

where the matrices are defined below (28). The next theorem deals with the error of removing
the smallest HSV, i.e., we consider the case of X5 being a multiple of the identity matrix.

Theorem 5.4. If>9 = o1, then
ly — vl 3, < 20 [lull -

Proof. We sometimes omit the time dependence of the functions in this proof to keep the
notation as easy as possible. For the same reason, we make use of Einstein’s summation
convention which we indicate by writing ¢* instead of qi;- Inserting for y and y,. yields

—Elly -yl = —E||Ci[z1 — @] + Colzs + Agj Aniz, + Az_leW]Hz

T
T1 — Tp T X1 — Ty
=—-K _ c'c _ .
<|: To + A221(A21IT + BQU) :| |: To + A221(A21IT + Bgu) :|>
The partitioned matrix (in)equality (31)
Ay A1T[S > Ay A Nia1 Ni2]' e Nj11 Njaz2] 4
5 R N i PV B | A R e )

leads to
2
—E Hy - yrHQ >

T —
E (2 [$1—Ir] ¥ [An A12] |:x2+A;21:E(i42T;T+BQu)]

T
T1—Tr T1—Tr ..
+ ([N%“ N2 | [x2+A;21(A21xT+Bzu)D =1 [Nin Nz [£2+A;21(A21xr+32u)} a”

-1 T T1—Tr
+ 2 [CE2+A22 (AleT+Bgu)] Yo [Agl Ao ] |:m2+A;21(A211T+BQU):|

T
T1—Tp T1—Tr |
—+ ([Nz,Zl Nz722] |:x2+A2—21(A211T+32u) i| ) Yo [Ng,21 Nj,22] |::B2+A2_21(A21:Br+32u)] q ) .
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We define with the above summands:

Ty =E (2o ]" 51 [0 ] [y agfCimee i |)

2 [xl—xr]T 1 [A11w1+A12$2—A$r+(Bl—B)U]) )

T
T1—Tr T1—Tp »
N; N; —_ N N; _ ]
[ 4,11 1,12 ] [x2+A221 (A21IT+BQU) :| > 21 [ 3,11 3,12 } |::L‘2+A221 (A21£L‘T+B2u) :| q
_ _ T _ _ |
[Ni711x1+Ni,12x2—Nixr—Eiu] 1 [Nj}llxl-i—Nj,lsz—ijr—Eju] q" ) R

Tr1—Tp

(
=
=
Ty 1 = B (2 ozt Crms 5o |7 3 [ 4] [yt )
gl
gl

_ T
2 [962+A221(A21IT+BQU)] P [A21x1+A22I2+B2U]> ,

T
X1 —Tr T1—XTpr ..
) . . . 3 ij
[NZ’QI NZ‘22 ] |:172+A2_21 (Aglzr—i-Bzu) i| ) Yg [ NJ721 NJ’22 } |:12+A221 (A21:E7«+BQ'U4) ] q
_ B T _ -~ g
= ([ Nz‘,21x1+Ni,221‘2—Ni,21xr+Ni,22Agngzu] P [Nj,21501+Nj,22902—Nj,21$r+Nj,22A221Bzu] q" ) ,

where Nim = N; 91 — NZ»722A2_21A21. Since, we have

d(z1(t) — 2,(t)) =[Apa(t) + Avwa(t) + (By — B)u(t) — Az, ()]dt

+ i[lexl(t) + Ni1awa(t) + —Eu(t) — Niz,(t)]dM;(t)

by Lemma 5.2, we obtain

%E ((21(t) — 2, (0) Sy (21 (1) — 2,(8))) = Ty + T

The variable z, obeys

d]?g (t) = [A21$1<t) + AQQQ?Q (t) + BQU(t)]dt + i[Ni,lel(t) + Ni’gzl’g (t)]dMZ(t)
i=1 50)

Again with Lemma 5.2, we have

%E (22(t) " Sowa(t)) = 2E (23 ()Xo (As1a1(t) + Asawa(t) + Bau(t)))
+ E ((Niz121(2) + Nigawa(t)) " Sa (N1 21 () + Njaawa(t))q”) -

This yields
d
a]E (.TQ(t)TZQ.QfQ(t)) = [73 — Q]E([A;;(AgerrBzu)]T D0 [A21I1+A22x2+32u])]

_ — T -
+ |:‘T4 — 2 ([N¢,22A22132U*Ni,21$r] 3o [Nj,lel"‘Nj,Q?m?] lI”>

— = T _ = -
—E <[Ni,22Agng2u—Ni,21$r] 2 [Nj,22A22132u_Nj,211'r] q* )i| .
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Summarising the above computations, we obtain

By~ il 2 ((11(6) — (1)) Ea(oa(t) — (1) + B (w6 Sama(t)
+2E <[A;21(A2m+32u) 1" s [A21x1+A22z2+B2u]>
+2E ([NLQQA;;BQqumeT]T Do [ Njz1@1+Nj 220z | qij>
+E ([Ni,mA;;Bgu—Ni,mxr]T Do [ Nja2Azy Bou—Njoiar | qu’> :

Using Proposition 5.3 and the assumption that > = o[ provides

T T
E/ Hy(t) — yr(t)Hg dt < — 202 |:E/ [Aggl(Azlxr+B2u)]T 5! [A21I1+A22332+32U] dt
0 0

T
_ T y
—HE/ [Ni,22A2_2132u—Ni,21$r] 22_1 [Nj,21$1+N7‘,221’2] q" dt:| .
0

(51)
Inequality (30) and the Schur complement condition on definiteness implies
Ts—1 -1 T _1N' ij E_lB
[A 5 +EB,T42+1NZZ 34 ¥ }so. (52)

T1+Tr T T1+Tr

If we multiply |:ng221(A21:rT+Bgu) from the left and {xQAml(Angngu)} from the right
2u 2u

to matrix inequality (52) and furthermore take the expected value, then we get
2 T 1 T1+Tr
AE [jul}3 2E (2 [arar 7 50 ([an ] [ oy asf o s | +250)
T
_ _ ZT1+Tr -1 _ ) T1+Tr i
-+ <[Nz,11 N1,12] |:$27A2721(A21m+32u) ]) 1 [N],u Nj,u] [$2*A;21(A21wr+32u):| qv
1 T _1 T1+Tr
+ 2 [ 22— A (Aniz,+Bou) | 35 ([A21 Az ] [x2_A2—21(A21xT+Bzu) +2Bau
Nooi N Z1+Tr T 1 [N ot N 1+ i
+ [ 1,21 1‘22] .1’2—142_21 (AQl.Z’»,»—‘ngu) 22 [ 3,21 24,22 ] x2 —A2_21 (Aglmr-i-BQu) q :

The above terms are used to define

-1 Z1+Tr
2 x1+xr ([ An Al?] |:;r2—A2_21 (A21$r+32u)i| +2B1u ))

E 2 1‘1+33r 21*1 [A11x1+A12m2+Amr+(Bl+B)u]),

T _ _ ..
z 11$1+N2 12$2+N1$7~+E1u] El 1 [Nj’l1$1+Nj,121‘2+NJ‘I7-+E]‘u] qzj ) 9

E
E
E

T
T1+Tr 1 ] ) T1+Tr
( 3,11 Vi 12 [x2_A2—21(A21xr+BQU) }) N [N],u Nj 12 } |:x2—A2_21(A21xr+B2u)] q

T T1+Tr
2 x2 Ay (A21xr+32u)} b [A21 Azz] [x27A2*21(A21xT+Bzu):| +2Bau ))
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T
E (2 [xQ—A;21(A21xT+Bgu) ] 22_1 [A21x1+A2212+Bzu]) s

T
) ) T1+Tr 1 ) ) 14T .
([ Ni21 Njo22 ] |:I2—A;21(A21IT+BQU) } ) 5 [NJ,21 Nj 22 } [x2—A;21(A21xT+B2u) ] g%

_ B T _ _ L
([Ni,21$1+Ni,221"2+Ni,2190r—Ni,22Agng2U] 221 [Nj,21r1+Nj,22$2+Nj,21$r—Nj,22A221B2U] qw> .

‘J'gl E
E

Using Lemma 5.2, exploiting the following equation
d(x1(t) + 2,.(t)) =[Apz1(t) + Aprs(t) + (By 4+ B)u(t) + Ax,.(t)]dt

q
i=1
and with (50), we the first of all find that

CE (@) + () S @alt) + 2:(1) = Ts +

and secondly obtain the following identity

d
aE (1'2 (t)T22_1$2(t)) = [77 + 2E([A;21 (A212,+Bau) ]T 5t [A21x1+A22x2+B2u]):|

_ = T g
+ [(Ig —+ 2E ([N@QQAQ;BQ’MfNZ‘,ler] =5 1 [Nj,21w1+Nj,22:Jc2] q4 >

_ - T _ - y
- E <[ N¢,22A22132u7Ni721Zr } 22 L [Nj722A22lBgquj7212r ] q” >:| .
This all then provides

B ()} > B ((0r(0) + 7, ()75 @a(8) + 20(6))) + B (22(6)7 S5 0a(0)

—9E ([A;;(Amerngu) 1" o5t [A21x1+A22x2+B2u]>
—2E ([NLQQA;QlBQqui,gle]T S5t [ Njzizi4Njazws | qij)
+E <[Ni,22A2_2lBgu—Ni721$r}T S5t [ Nja2Az,) Bou—Nj o1, | q”') )
Since the last summand is non-negative because of Proposition 5.3, we find that
T T
4]E/ u(t)|5dt > — 2 [IE/ [ A3} (Asizr+Bow) |7 5570 [ Asiwr+Asswa+ Bau ] di
0 0

T
_ T -
+]E/ [ngA;QlBgqui,gle] E;l [Nj,21961+Nj,22902] q" dt} .
0

Combining this inequality with (51) leads to the claim. O
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Error bound for neighbouring reduced order models In this paragraph, an error bound
between two particular ROM is analysed since this is the second ingredient of proving an
H o-error bound for type Il SPA in Theorem 5.6 later.

We now use a even finer partition than above, where all matrices are of suitable size:

A11 A1z Ais By Nij1 N2 Nijs
A= [Azl Ao A23i| = |:Bzi| , N; = | Niz1i Nig2 Nias |, C' = [01 Ca 6’3] . (53)
A3z1 Azz Asz 3 N; 31 Ni32 N;33

The diagonal and equal Gramians are then of the form
P
Y= |: 3o :| . (54)
33

We want to compare two ROMs of different dimensions. The ROM of removing >3 only is
given by

a[20] = [A[20] + Buw)] @+ 3 [M[ 269 + Bate-] avo),

i=1

gty = C [ 20| + Du(t), ¢>0,
where [i;gg;] = [9] and the matrices are defined in the sense of (28):

A=[ana2] - [4e] Az [an 4], B= 3] - [42] A3 Bs,
M= [N ] = [N ] A5 [0 aw), € = (01 ca] = Gy [ 4],
D = —C3A3Bs, E; = — [%ﬁ;i} Azl Bs.
The above ROM is going to be compared with a smaller ROM, where X5 and >3 are re-

moved. The corresponding state x,- has the same dimension as x in the larger ROM above.
We consider

dz,(t) = [Az,.(t) + Byu(t)|dt + Z [N,z (t=) + Eru(t—)] dM;(t), x,(0) =0,
U (t) = Cox,(t) + Dyu(t), t>0.

For the definition of the above matrices, we set
~ ~ -1
A— {111 {112 ,: Ay Asg
Ay Ay Azy Asg '
It can be shown that
A— [ Ay 3 —A2_21~A23/~122 }
—A§31A32A11 Asy 7
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where AH = (AQQ_A23A§31A32)_1 and AQQ = <A33—A32A2_21A23)_1. Now, the matrices
are of the form described in (28):

Ay = An — (Aig[An A ] [42] + A [An 2] [§21])
By = By~ (Au[An 2] [22] + Aty [ ) [2])

_r,i = 1Vi11 — (Ni,12 [Au AH] [ﬁgﬂ + Ni,13 [Am A??] [ﬁiﬂ) )
Cr=C1 — (CoAn Au] [42] + C3 A 4] [42]),

Dy = — (Cy[An A ] [ 2] + C5 [ Az 4] [22]),
Eri=—(Nia2 [An Aw] [ 2] + Nias [An 2] [2]) -

Below, we investigate the error between y and y, when the corresponding ROMs are neigh-
bouring, i.e., they are chosen such that >3 = o in (54).

Theorem 5.5. If>5 = ol in (54), then
15— 5l 3, < 20 [lull,s -

Proof. We mostly omit the time dependence of the functions below to keep the notation as
easy as possible. We also make use of Einstein’s summation convention which we indicate
by replacing g;; by the notation ¢* with upper indices. We insert for ¢y and v,- and obtain

1 A
=-E HCliCl + CQZ'Q — 03A§31(A31$’1 + Aggl‘g + Bgu)
~Cue+ Cy [ A ] ([ ] 2 + [ ] 0) + Ca [ ] ([42] 2 + [F] W)

1
_ T _
T1—Tr T1—Tr
= K |:x2+k1i| OTO |:x2+k1i| ,
ko+ks ko+ks3

where ky = [Ai; Ay | ([ﬁgﬂ Ty + [gg} u) ky = —Azd (Asixy + Azpwy + Bsu) and
ks = [An An | ([ 42 ] 2 + [ 32] w). Since —C”'C'is bounded from below as follows

A1 Az A3 1T 134 31 A1y Age Ags
|:A21 Az A23i| |: 2 ] + [ 2o i| [A21 Azz A23:| (56)
A3z Az2 Ass 33 33 A3z Az2 Asz
N; 11 Nij12 Nii3 T N Nj11 Nji12 Njas . T
=+ | Ni21 Nio2 Njo23 [ DI :| Nj 21 Nj22 Njo3 qlJ < —C C,
N; 31 N;32 Nj33 33 Nj 31 Nj32 Njs33

we consequently have

—E|g -5 >
T T1—Tr
E <2 [m—xr] 31 [Au Aio A13] |:902+k1]
ko+k3
z1—zr T\ 1 T1—Tr
+ ([Ni,ll Ni 12 Ni,lS] [zg-‘rk’l :|> 31 [Nj,u Nj12 Nj,lB] [962+/€1:| q“
ko+ks ko+ks3
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T T1—Tp
+ 2 [$2+k1] b)) [A21 Azo Azs] [x2+k1 }

ko+k3
T1—Tp T XT1—Tr -
-+ <[Ni,21 Nj 22 Ni,23] |:£L“2+k1 i|) Yo [Nj,Ql Nj 22 Nj,23] |:902+/€1i| q¥
ko+ks ko+k3
T T1—Tr
+ 2 [k2+k3] X3 [A31 As2 A33] za+ky
ko+k3
11—y T 11—y B
+ <[Ni,31 Nj 32 Ni,33] |:502+k1 ]) 33 [Nj,Bl Nj 32 Nj,33] |:502+k1 ] qv ] .
ko+ks ko+k3

In the following, the terms depending on .3 can be neglected. For the last summand this is
because it is non-negative by Proposition 5.3 and the penultimate term vanishes since

[A31 Asz2 A33] [%éi%:} = Az ([L’l — l‘r) + Aszoxo + Aszzks + Aszsky + Assks.
2+k3
Inserting for ko yields
[A31 Aszz ASS] [%éi%:} = —(Agll'r + BgU) + A32k1 + A33k3.
2+k3

We plug in k1 and k3 and use (55):

A32k1 + A33k53 = (A32 [An zzhz] + A33 [Am Azg ]) ([ﬁi” T, + [gi} U) (57)
(L Azt Asss] + [asaos st ]) ([22] 20 + [ 2] )
=[o1] ([ﬁiﬂ T, + [gﬂ u) = A3z, + Bsu.

T1—Tp
Hence, we have [ As Asy Ass | [izﬂgl] = 0. Furthermore, we know that
2+ks3

dry = [([4n A] — A Agy [An 42]) [31] + (B1 — A13Az3 Bs) ] dt
q

+ Z [([Nivn N“Q] - Ni,lSAg:gl [A31 A3z ]) [ﬁ;] — Ni,13A§3lBgu] dMZ(t)
=1
q
= [[An A12] [ﬁ] + Algkg + Blu] dt + Z [[Ni,ll N¢,12] [i;] + Niylgk‘g} dMl(t)
=1

(58)

By the definition of k£, and k3, we have

q
dz, = [Anx, — Aok — Aizks + Biu] dt + Z [Ni11@, — Nijioky — Njasks] dM;(t)

=1
(59)
and hence by Lemma 5.2, we obtain
d —zr
a]E ((.Il — xr))TEll(arl - mr)) =E (2 [wl—ﬂ?r}T ¥ [An A1z A13] [%%ié}
T1—Tr T T1—Tr
+ ([Ni,ll Ni 12 Ni,13] [$2+k1 i|) b [Nj,n Nj12 Nj,lg] |:a:2+k1i| qii> )
ko+ks ko+ks
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such that overall, it holds

CE g - 5)2 > LE (21 — )81 (1 — )

dt
T T1—Tr
E (2 [$2+k1] o [A21 Aga A23] [Iz-Hﬁ :|
ko+ks
T1—Tp T T1—Tp
+ <[Ni,21 Nj 22 Ni,23] [x2+k‘1 }) P [Nj,21 Nj 22 Nj,23] [:E2+k1 } qJ .
ko+k3 ko+k3

So, it remains to analyse the terms depending on X2. First of all, it holds that
dxy = [([Azl A22] — A23A§31 [A31 A3z ]) [i;] + (BQ — A23A§3133) u} dt

q
—+ Z [([Ni,m Ni,22] — NZ'723A531 [A31 Asz2 ]) [%] — NZ‘,23A§3133U] dMZ(t)
=1

q
= HA21 A22] [i;] + A23k2 + BQu] dt + Z [[Ni,Ql N¢,22] [i;] + Ni723]€2} dMi@),

=1
so that by Lemma 5.2, we have
d x
EE (ZE%EZTQ) =K (2 T 32 ([Am A2z A23} [ié} + Bgu) (60)
Z1 T 1 .
. . . . . . T i,
+ ([ Ni21 Nij22 Ni23 ] [i; i| > 3% [Ng,21 Nj22 Nj,23 ] [k; } qv ).

Taking into account that
[A21 Azz A23] [;’z;r} = (AQZ [Au AIQ] + Ags [AQI 12122]) ([ﬁ;i] Ty + [gi} U) - A21xr

= ([A22A~11 7A23A22] —+ [*A23A§31A32A11 Az Az ]) ([ﬁi] T, + [gi] u)

— Ay,
:[10}([£§1]$r+[gi]u)—Amxr:Bgu, (61)
we see that
2o d T d T
—Ellg =4l 2 E (21— 2)) S0 (21 = 2,)) + s (23 Sax2)
E (2 k1 T Y2 [A21 Azo Azs] |:9x6;:r£::|
ko+k3
—z,INT .
+2 ([N,-,21 Niz22 Nizs ] [ k1 ]) S [ Nj21 Njz2 Njos | [m%] qii
kg k2
—Zr T —Tr
—+ <[Ni,21 N 22 Ni,23] |: k1 :|> 3o [Nj,21 Nj,22 Nj,23] [ k1 :| qﬁ)
k3 k3
and thus with Proposition 5.3 and > = o, we obtain
T T R
E/ Hy(t) —yr(t)Hgdt < —20* |iE/‘ k1T22_1 [A21 A2 A23] [$;+k1:| dt
0 0 k2+k3

T — 2 T T
—HE/ ([Ni,Zl Nj 22 Nz‘,23] |: k1 i|) 22_1 [Nj,zl Nj 22 Nj,23] [ié] q% dt:| . (62)
0

ks 2

DOI 10.20347/WIAS.PREPRINT.2398 Berlin 2017



M. Redmann 36

Below, we make use of inequality (52) and insert the partitions in (53) and (54). Multiplying
itz T z1+T,
{i;‘ﬁ;} from the left and {i;‘ié} from the right to matrix inequality (52) and taking the

2u  d 2u
expectation leads to

xr1t+Tr
4E Hu“g EE <2 [:c1+xr]T 2;1 ([All A12 Alg] |:$;—k!1i| +231u)

ko—ks
14z, T\ T it
—+ ([Ni,u Ni 12 Ni,lS] |:1’2—k’1 :|> El_l [Nj,ll Nj 12 Nj,13] |:902—k1:| q¥
ko—k3 ko—ks3
T L T1+Tr
+ 2 [xz—k1] paiy [A21 Ago A23] x2—Fk1 | +2Bau
ko—ks
1+, T 1+, -
—+ ([Ni,21 Nj 22 N¢,23] xo—k1 E;l [Nj,Ql Nj 22 Nj,zs] ro—k1 | ¥
k‘g*kg kQ*kB
T i T1+Tr
+2 [k‘2—k3] x5 [Aal Aza A33] z2—k1 | +2Bsu
ko—ks
site, NT witar ]
-+ ([Ni,Sl N 32 Ni,33] ro—k1 b [Nj,Sl Nj 32 Nj,33] xo—k1 | q¥ | .
k‘Q—k‘g k2_k3

Again, we can neglect the terms depending on X3, since the last summand is non-negative
by Proposition 5.3 and the penultimate term vanishes, because

r1+T,
[A31 Aszz A33] [i;—]ﬁl] = A31(ZL‘1 + l’r) + Aszoo + Aszky — Aszoki — Assks.
2—ks

Inserting for ko yields

xr1+Tr
[ASI As2 A33] [i;—?] = As1x, — Bsu — (Aggkl + A33k3).
2—R3
Tr1+T,
Using (57), we have [ Asi Asy Ass | [i;—il} + 2B3u = 0. Combining (58) and (59) and
2—R3

applying Lemma 5.2 yields

g (21 +2,) 57 (21 + 2,))

dt
T T1+Tr
=K <2 [961+96r] 21_1 ([An A2 AIS] |:1‘2—k1] + QBlu)
ko—ks3
o1tz T\ T vitzr]
—+ ([Ni,ll Nj 12 Nz‘,13] |::E2*k1 i|> 21_1 [Nj,u Nj 12 Nj,13] [932*k1i| qv ] .
k:z—kg k’2—k3

Analogous to (60), we get

OB (455 ")
=K <2I2TE§1 ([Am Ao A23] [%3} + Bgu)
x1 T z1
+ ([Ni,Ql Nj 22 Ni,23] |:i2 i|) I [Nj,zl Nj,22 Nj,zs] [?] q% )

2 2
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T 14T
=K (2 T2 22_1 ([A21 Ao A23] |:362*k1] + QBQU)
ko—ks
T T T .
+ ([Ni.m N; 22 Ni,23] |:i2 }) E;l [Nj,21 Nj 22 Nj,23] [22] qv ] .

2 2

The last equality above is obtained by (61). Hence,

d d
4E Hqu EEE ((wl + xT))TZl’l(wl + xT)) + EE (nggle)
x1+x,
—2IE <k1 T 22_1 ([A21 Azo A23] [mé*kl] + QBQU)>
ko—ks

— T T
— 2K (([Ni,Zl Ni 22 Ni,23] |: k1 ]) 251 [Nj,21 Nj 22 Nj,23] [?] q%

k3 2

ZTr T Tr
+E <[N¢,21 Nj 22 Ni,23] [—21 ]) P [Nj,zl Nj 22 Nj,23] [—21} i .

—R3 —R3

Due to Proposition 5.3 the last term can be omitted. Moreover, we insert (61) for Bou and
then obtain

T T e
4/ E HU(t)H;dt > — Q]E/ [kl ngl [A21 Aazz A23] [$;+k1:|
0 0

ko+ks

_ T
Tr 1 .
<[Ni,21 Ni 22 Ni,23] [ k1 }) E;l [Nj,21 Nj 22 Nj,zs] [?} q”:| dt.

k3 2

We plug in this result to (62) and obtain the result of this theorem. O

Main results
Theorem 5.6. /f2(0) = 0 and z,.(0) = 0, then for all T > 0, we have
1y —wellz <2001+ 02+ +6) lull

where vy is the output of the original system (47), y, is the output of the type Il SPA approach
ROM (coefficients as in (28)) and 6+, 04, . .., G, are the distinct diagonal entries of Yo =
diag(oyy1,...,0,) = diag(611, 091, ...,6,1).

Proof. This proof relies on Theorems 5.4 and 5.5. We will use the common idea of removing
the Hankel singular values step by step. The error between the outputs y and v, can be
bounded as follows:

Hy - yT”LQT < Hy - yTuHL?T + Hym - yTWlHL?T +...+ ||y7’2 - yr||L2T )
where the dimensions r; of the corresponding states are defined by 7,1 = r; + m(&i) for

i=1,2...,v — 1. Here, m(d;) denotes the multiplicity of &; and 7y = r. In the reduction
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step from y to y,,, only the smallest Hankel singular value &, is removed from the system.
Hence, by Theorem 5.4, we have

v = v 2, < 26, [l 5

The reduced order outputs y,, and y,,_, are neighbouring, i.e., only the Hankel singular
value 5rj_1 is removed. Thus, by Theorem 5.5, we obtain

Hy'/'j - yTj_1HL2T < 25—7‘]’—1 ||u||L%

for 3 = 2, ..., v. This provides the claimed result. O

Since the bound in Theorem 5.6 involves only the sum of distinct diagonal entries of 3.5, the
result is of course also true when using the sum of all diagonal entries instead.

Corollary 5.7. Ifz(0) = 0 and z,,(0) = 0, then for all'T" > 0, we have

Iy = vrllig < 20000+ 0nia+ -+ on) llull g

where y is the output of the original system (47), y, is the output of the type Il SPA approach
ROM (coefficients as in (28)) and 0,1, . . . , 0, are the diagonal entries of 3.5.

Since the H . -type error of using type || SPA depends on the n — r smallest HSVs of the
original system, the same conclusion as from Theorem 5.1 can be made. So, when neglect-
ing the difficult to reach and observe states only, the values 0,1, ..., 0, are supposed to
be small which leads to a good approximation by Corollary 5.7.

6 Conclusions

We have analysed the concept of mean square asymptotic stability for Lévy driven systems
based on the stability analysis for the Wiener case. This concept was needed to introduce
reachability and observability Gramians which are used to identify difficult to reach and dif-
ficult to observe states in a Lévy driven system. We provided new energy interpretations
for two different reachability Gramians, PP, and P, that allow a better characterisation of
reachability of a state in a stochastic system. So far, only energy interpretations have been
available that neglected the diffusion term of stochastic differential equations. Based on the
reachability Gramian P, and the observability Gramian () balancing of stochastic systems
was explained in this paper (type Il balancing). In the resulting balanced system, the unim-
portant states can be easily identified, because dominant reachable and observable states
are the same. We explained in which sense the state components, that contribute only little
to the system dynamics, are neglected. This particular approach is called type Il singular
perturbation approximation (SPA). It generalises the deterministic setting which was studied
first. Furthermore, type Il SPA provides an alternative to type | SPA. This type | ansatz is
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based on the reachability Gramian P, and was developed for stochastic systems as well
but it has worse properties than the type Il approach. This is what we pointed out through-
out this paper. So, we showed the preservation of mean square asymptotic stability in the
reduced order model by type Il SPA which has not been shown for type | SPA yet. More-
over, we proved an Hs-type and an H.-type error bound for type Il SPA which allow to
find the cases in which the approximation performs well. In particular, the JH .-type error
bound represents an extension of the error bound in the deterministic case. To prove this
generalised bound completely different techniques were needed since some tools are not
available anymore in the stochastic setting. An H-bound for the type | ansatz could already
be shown too but an H,-bound does not exist. The existence of an H.-error bound is the
main advantage of the approach considered here.

A Ito calculus

Let all stochastic processes appearing in this section be defined on a filtered probability
space (2, F, (F¢)+>0, P)'. We denote the set of all cadlag square integrable R-valued mar-
tingales with respect to (F;);>0 by M?(R).

Let Z1, Z5 be scalar semimartingales. We set AZ;(s) := Z;(s) — Z;(s—) with Z;(s—) :=
limys Z;(t) for i = 1, 2. Then the Ito product formula

Z0()Za(t) = 71(0)Z(0) + /0 Zy(s—)dZs(s) + /0 Zo(s—)dZy(5) + |21, Zols
(63)

for t > 0 holds, see [24] or [2] for the special case of Lévy-type integrals. By [18, Theorem
4.52], the compensator process [Z7, Zs] is given by

(21, Zole = (MY, M5), + > AZy(s)AZs(s) (64)

0<s<t

for t > 0, where M¢, M$ € M?(R) are the continuous martingale parts of Z; and Z (cf.
[18, Theorem 4.18]). The process (M, MS) is a uniquely defined angle bracket process
that ensures that M{MS — (M7, M) is an (3;):>0- martingale, see [24, Proposition 17.2].
As a simple consequence of (63), we have:

Corollary A.1. Let Y be an R%-valued and Z be an R™-valued semimartingale, then we
have

Y(t)ZT(t):Y(O)ZT(O)+/O dY(s)ZT(s—)+/O Y (s=)dZ" (s) + ([Vi, Z;]¢) i=1...

Jj=1,...,

forallt > 0.

'(F4)1>0 shall be right continuous and complete.
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Proof. Considering the stochastic differential of the ijth component of the matrix-valued
process Y(t)ZT(t), t > 0, and using (63) gives the result, see also [7]. O
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