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HOLOMORPHIC OPERATOR VALUED FUNCTIONS GENERATED BY
PASSIVE SELFADJOINT SYSTEMS

YU.M. ARLINSKII AND S. HASSI

Dedicated to Professor Joseph Ball on the occasion of his T0-th birthday

ABSTRACT. Let 90t be a Hilbert space. In this paper we study a class RS(91) of operator
functions that are holomorphic in the domain C\ {(—oo0, —1] U [1,+00)} and whose values
are bounded linear operators in 9. The functions in RS(M) are Schur functions in the
open unit disk D and, in addition, Nevanlinna functions in C; U C_. Such functions can
be realized as transfer functions of minimal passive selfadjoint discrete-time systems. We
give various characterizations for the class RS(9t) and obtain an explicit form for the inner
functions from the class RS(9MM) as well as an inner dilation for any function from RS(9).
We also consider various transformations of the class RS(9), construct realizations of their
images, and find corresponding fixed points.

1. INTRODUCTION

Throughout this paper we consider separable Hilbert spaces over the field C of complex
numbers and certain classes of operator valued functions which are holomorphic on the open
upper /lower half-planes C, /C_ and/or on the open unit disk D. A B(9?)-valued function
M is called a Nevanlinna function if it is holomorphic outside the real axis, symmetric
M(N)* = M(\), and satisfies the inequality Im AIm M(X\) > 0 for all A € C\R. This last
condition is equivalent to the nonnegativity of the kernel

M) =MW" cc.uc..
A—fi
On the other hand, a B(91)-valued function ©(z) belongs to the Schur class if it is holo-
morphic on the unit disk D and contractive, ||O(2)|| < 1 Vz € D or, equivalently, the kernel

I — 0" (w)O(2)
1—zw

, z,weD

is nonnegative. Functions from the Schur class appear naturally in the study of linear
discrete-time systems; we briefly recall some basic terminology here; cf. D.Z. Arov [7, §].
Let T be a bounded operator given in the block form

om N
(1) T:[f; j] o — @
K K
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2 YURY ARLINSKII AND SEPPO HASSI

with separable Hilbert spaces 9,91, and K. The system of equations

{ hi41 = Ahy, + B&,

(1.2) O :Chk—i-ka,

k>0,

describes the evolution of a linear discrete time-invariant system T = {T, 9, N, K}. Here M
and 91 are called the input and the output spaces, respectively, and K is the state space. The
operators A, B, C', and D are called the main operator, the control operator, the observation
operator, and the feedthrough operator of 7, respectively. The subspaces

(1.3) Re=span{A"BM: ne€ Ny} and R’ =span{A™"C*N: nec Ny}

are called the controllable and observable subspaces of 7 = {7,901, M, R}, respectively. If
R = R (R° = R) then the system 7 is said to be controllable (observable), and minimal if T
is both controllable and observable. If 8 = clos {R° + RK°} then the system 7 is said to be a
simple. Closely related to these definitions is the notion of 9-simplicity: given a nontrivial
subspace 9 C § the operator T" acting in $) is said to be IM-simple if

span { 7", n € Ng} = 9.

Two discrete-time systems 71 = {77, 9, M, R} and , = {1, M, N, Ry} are unitarily similar
if there exists a unitary operator U from £; onto K5 such that

(14) AQZUAlU*, BQZUB:[, CQZC:[U*, and D2:D1.

If the linear operator 7T is contractive (isometric, co-isometric, unitary), then the correspond-
ing discrete-time system is said to be passive (isometric, co-isometric, conservative). With
the passive system 7 in (1.2) one associates the transfer function via

(1.5) Q. (2) =D+ 20(I —zA)"'B, zeD.

It is well known that the transfer function of a passive system belongs to the Schur class
S(9M, M) and, conversely, that every operator valued function ©(\) from the Schur class
S(9M, M) can be realized as the transfer function of a passive system, which can be chosen
as observable co-isometric (controllable isometric, simple conservative, passive minimal).
Notice that an application of the Schur-Frobenius formula (see Appendix A) for the inverse
of a block operator gives with 9t = 91 the relation

(1.6) Po(I — 2T) "M = (g — 202.(2))"", 2€D.

It is known that two isometric and controllable (co-isometric and observable, simple conser-
vative) systems with the same transfer function are unitarily similar. However, D.Z. Arov [7]
has shown that two minimal passive systems 7; and 7, with the same transfer function O(\)
are only weakly similar; weak similarity neither preserves the dynamical properties of the
system nor the spectral properties of its main operator A. Some necessary and sufficient
conditions for minimal passive systems with the same transfer function to be (unitarily)
similar have been established in [9, 10].

By introducing some further restrictions on the passive system 7 it is possible to preserve
unitary similarity of passive systems having the same transfer function. In particular, when
the main operator A is normal such results have been obtained in [5]; see in particular
Theorem 3.1 and Corollaries 3.6-3.8 therein. A stronger condition on 7 where main operator
is selfadjoint naturally yields to a class of systems which preserve such a unitary similarity
property. A class of such systems appearing in [5] is the class of passive quasi-selfadjoint
systems, in short pgs-systems, which is defined as follows: a collection

7= {T, M, M, K}
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is a pgs-system if the operator 7" determined by the block formula (1.1) with the input-output
space 90T = N is a contraction and, in addition,

ran (T —T7) C M.
Then, in particular, ' = F* and B = C* so that T takes the form

m m
T:{gg]:@—)@,
K K

i.e., T is a quasi-selfadjoint contraction in the Hilbert space $ = M & K. The class of
pgs-systems gives rise to transfer functions which belong to the subclass S%(91) of Schur
functions. The class S?°(9) admits the following intrinsic description; see [5, Definition
4.4, Proposition 5.3]: a B(9)-valued function 2 belongs to S%(9M) if it is holomorphic on
C \ {(=00, —1] U [1,+00)} and has the following additional properties:

(S
(S
(S

1) ( ) = Q(z) — Q(0) is a Nevanlinna function;
2) the strong limit values W (%1) exist and W(1 ) W(-1) < 2I;
3) Q(0) belongs to the operator ball

2 2

W) +2W( Y and with the left and right radii 7 — W) 2W( 1).
It was proved in [5, Theorem 5.1] that the class S%(9) coincides with the class of all
transfer functions of pgs-systems with input-output space 9. In particular, every function
from the class S%°(90) can be realized as the transfer function of a minimal pgs-system and,
moreover, two minimal realization are unitarily equivalent; see [3, 5, 6]. For pgs-systems
the controllable and observable subspaces K¢ and K° as defined in (1.3) necessarily coincide.
Furthermore, the following equivalences were established in [6]:

3 (_W( )WL W) - W(—l))

with the center —

T is M-simple <= the operator F is Tan C* — simple in K
D C
c* F
We can now introduce one of the main objects to be studied in the present paper.

Definition 1.1. Let 9 be a Hilbert space. A B(9M)-valued Nevanlinna function 2 which is
holomorphic on C\ {(—o0, —1] U [1,400)} is said to belong to the class RS(IM) if

—1<Qz)<I, ze€(-11).

The class RS(ON) will be called the combined Nevanlinna-Schur class of B(9)-valued oper-
ator functions.

If Q@ € RS(M), then Q(x) is non-decreasing on the interval (—1,1). Therefore, the strong
limit values Q(+1) exist and satisfy the following inequalities

(1.7) — Iy < Q(—1) <Q0) < Q1) < Iy
It follows from (S1)—(S3) that the class RS(9N) is a subclass of the class S ().

<= the system 7= { { } I, EJJI,IC} is minimal.

In this paper we give some new characterizations of the class RS(9), find an explicit form
for inner functions from the class R(9), and construct a bi-inner dilation for an arbitrary
function from RS(9M). For instance, in Theorem 4.1 it is proven that a B(9)-valued
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Nevanlinna function defined on C\ {(—o0, —1] U [1,+00)} belongs to the class RS(IM) if
and only if
1 —wz

K(z,w) := Iyy — Q" (w)Q(2) —

(Q(z) = " (w))

”—
defines a nonnegative kernel on the domains
C\ {(—o0,—1]U[l,4+00)}, Imz>0 and C\{(—o0,—1JUJ[l,400)}, Imz <O0.
We also show that the transformation
(1.8) RS(ON) > Q= &(Q) = Qa, Qa(2) := (21 — Q)T — 2Q(2))7",

with z € C\ {(—o00,—1] U[1,400)} is an automorphism of RS(M), &~ = &, and that &
has a unique fixed point, which will be specified in Proposition 6.6.

It turns out that the set of inner functions from the class RS(9) can be seen as the image
® of constant functions from RS(OM): in other words, the inner functions from RS(IM) are
of the form

Qun(2) = (21 + AT + 2A)7", A € [~ I, In].

In Theorem 6.3 it is proven that every function 2 € RS(9) admits the representation
(1.9) Q(2) = PnQin(2)[ M = Poy(21 + A)(I + zA) M, A € [~ I, I5),

where z € C\ {(—o00, —1] U [1, +00)} and M is a Hilbert space containing M as a subspace
and such that span {A"9 : n € No} = M (i.e., A is M-simple). Equality (1.9) means that
an arbitrary function of the class RS(91) admits a bi-inner dilation (in the sense of [8]) that

belongs to the class RS(M).
In Section 6 we also consider the following transformations of the class RS(9):

zZ+a
14+ za

(1.10) € ( ) = Qu(2) — Qz2) — Qa(2) := (al + Q)T + a(2)) 7,

ac(—1,1),z€ C\ {(—o0,—1]U[1,400)}.
These are analogs of the Mobius transformation
+
w0 (2) z+4a

- 1+ a2’

of the complex plane. The mapping w, is an automorphism of C \ {(—o0, —1] U [1,4+00)}
and it maps D onto D, [—1, 1] onto [—1, 1], T onto T, as well as C, /C_ onto C, /C_.
The mapping

ze€C\{-a '} (a € (~1,1), a #0)

z+a
1+ za

RS(M) 5 Qs Qu(z) = O ( ) € RS(M)

can be rewritten as

Q— Qow,.

In Proposition 6.13 it is shown that the fixed points of this transformation consist only of
the constant functions from RS(IM): Q(z) = A with A € [—Ioy, Ion].
One of the operator analogs of w, is the following transformation of B(91):

W, (T)= (T +al)(I+aT)™, ac(-1,1).
The inverse of W, is given by
W_o(T) = (T — al)(I —aT)™".
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The class RS(9M) is stable under the transform W,:
NeRSM) = W,00Q € RS(M).

If T is selfadjoint and unitary (a fundamental symmetry), i.e., T'=T* = T~1, then for every
a € (—1,1) one has
(1.11) W.(T)=T
Conversely, if for a selfadjoint operator T the equality (1.11) holds for some a : —a=* € p(T),
then T is a fundamental symmetry and (1.11) is valid for all a # {%1}.

One can interpret the mappings in (1.10) as Q o w, and W, o Q, where Q € RS(IM).
Theorem 6.18 states that inner functions from RS(9) are the only fixed points of the

transformation
RS(OM) 5 Q+— W_,0Qo0w,.

An equivalent statement is that the equality
Qow, =W, 00

holds only for inner functions € from the class RS(9). On the other hand, it is shown in
Theorem 6.19 that the only solutions of the functional equation

0= (0(;72) o) (a0 (572))

in the class RS(OM), where a € (—1,1), a # 0, are constant functions €2, which are funda-
mental symmetries in 901.
To introduce still one further transform, let

m m
K = Kil K12 . EB — EB
Kl2 K22 H H

be a selfadjoint contraction and consider the mapping
RS(H) 50 — QK(Z) =K + K12Q(Z)(I — KQQQ(Z))_lKE,

where z € C\ {(—o0,—1] U [1,+00)}. In Theorem 6.8 we prove that if ||Ky|| < 1, then
Ok € RS(M) and in Theorem 6.9 we construct a realization of Qk by means of realization
of Q € RS(H) using the so-called Redheffer product; see [17, 21]. The mapping

B(H) 5T w— Ky + KlgT(I — K22T>_1K21 c B(EJJI)

can be considered as one further operator analog of the Mébius transformation, cf. [18].
Finally, it is emphasized that in Section 6 we will systematically construct explicit realiza-
tions for each of the transforms ®(12), €,, and €, as transfer functions of minimal passive
selfadjoint systems using a minimal realization of the initially given function Q € RS(H).
Basic notations. We use the symbols dom 7', ran T, ker T" for the domain, the range, and
the kernel of a linear operator T'. The closures of dom 7', ranT" are denoted by dom T, Tan T',
respectively. The identity operator in a Hilbert space $) is denoted by [ and sometimes by
I. If £ is a subspace, i.e., a closed linear subset of §), the orthogonal projection in $) onto
£ is denoted by Pg. The notation 7' £ means the restriction of a linear operator 1" on the
set £ C domT. The resolvent set of T" is denoted by p(7"). The linear space of bounded
operators acting between Hilbert spaces $) and K is denoted by B($, 8) and the Banach
algebra B($), $) by B($). For a contraction T € B($), &) the defect operator (I —T*T)"/? is
denoted by Dy and ®1 :=Ttan Dr. For defect operators one has the commutation relations

(1.12) TDy = DT, T*Dp. = DyT*
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and, moreover,
(1.13) ranT Dy = ran Dp«T = ranT Nran Dyp-.

In what follows we systematically use the Schur-Frobenius formula for the resolvent of a

block-operator matrix and parameterizations of contractive block operators, see Appendices
A and B.

2. THE COMBINED NEVANLINNA-SCHUR CLASS RS(90)

In this section some basic properties of operator functions belonging to the combined
Nevanlinna-Schur class RS(9) are derived. As noted in Introduction every function Q €
RS(M) admits a realization as the transfer function of a passive selfadjoint system. In
particular, the function Q[ D belongs to the Schur class S(9).

It is known from [1] that, if Q € RS(9) then for every § € [0,7/2) the following impli-
cations are satisfied:

|zsin f +icosf| <1
z # +1

|zsin f —icos ] <1
z # +1

= ||Qz)sinB+icosSI|| <1
(2.1) |
= [|Qz)sin B —icos B1I]| <1

In fact, in Section 4 these implications will be we derived once again by means of some new
characterizations for the class RS(IN).

To describe some further properties of the class RS(9) consider a passive selfadjoint
system given by

(2.2) 7:{[5* g]smimlc}

with D = D* and F' = F*. It is known, see Proposition B.1 and Remark B.2 in Appendix
B, that the entries of the selfadjoint contraction

m
(2.3) T:{Cﬂ g} & = @
K K

admit the parametrization
(2.4) C=KDp, D=—-KFK"+ Dg+Y Dg-~,

where K € B(Dp, M) is a contraction and Y € B(Dg+) is a selfadjoint contraction. The
minimality of the system 7 means that the following equivalent equalities hold:

(2.5) span {F"DpK*, n € No} = K <= () ker(KF"Dy) = {0}.
n€eNg

Notice that if 7 is minimal, then necessarily K = © g or, equivalently, ker Dp = {0}.
Recall from [20] the Sz.-Nagy — Foias characteristic function of the selfadjoint contraction
F, which for every z € C \ {(—oo —1JU[1,400)} is given by

( F+ZDF —ZF)_lDF) r@F
(—F +2(I - F2)([—ZF)_1) [ Dp
= (2l = F)(I - 2F)" ' Dp.
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Using the above parametrization one obtains the representations, cf. [5, Theorem 5.1],
Q) =D+ 2C(I — 2F)'C* = Dg+Y Dy« + KAp(2)K*

(2.6) - L
= Dy-Y Dy + K(2I — F)(I — 2F) 'K*.

Moreover, this gives the following representation for the limit values Q(+1):
(2.7) Q(—1)=—-KK"+ Dg+:YDg~, Q)=KK"+ Dg+Y Dg-~.
The case Q(41)? = Iy is of special interest and can be characterized as follows.

Proposition 2.1. Let MM be a Hilbert space and let Q@ € RS(M). Then the following
statements are equivalent:

(1) Q(1)* = Q(=1)* = Im;
(i) the equalities

(Q(l) - Q(—1)>2 Q1) — Q(—1)

2 2 ’
(28) (Q(l) + Q(—1)>2 _ Q(1) — Q(—1)
2 ) TmT Ty

hold;

(iii) if 7 = {T; M, M, K} is a passive selfadjoint system (2.2) with the transfer function §)
and if the entries of the block operator T are parameterized by (2.4), then the operator
K € B(Dp, M) is a partial isometry and Y? = Ly g+ -

Proof. From (2.7) we get for all f € 9

AP =1QEDFIP = [IfI* = (Dx-Y D« £ KK*) f||* = |(K*(IFY) Dic- f|[+| Dy Dic- f|;
cf. [4, Lemma 3.1]. Hence
K*(I —Y)Dg- =0 K*Dy- = DxK* =0
Q1P =Q(-1)P =Ip<=<{ KI+Y)Dg-=0 <= K*VDy=0
DyDK* = O DyDK* - 0

K is a partial isometry
YzZ[DK* :[kerK* ‘

Thus (i)<=(iii).
Since K is a partial isometry, i.e., K K* is an orthogonal projection, the formulas (2.7)
imply that

Q1) — Q(—l))2 Q1) — Q(—1)

K is a partial isometry <= ( 5 = 5 5

and in this case Dg+Y =Y, which implies that

Q1) + Q(—l))2 2 -1
2 o 2 ‘

Thus (iii) <=(ii). O

Y2 = [DK* = IkerK* < (
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By interchanging the roles of the subspaces I and 91 as well as the roles of the corre-
sponding blocks of T"in (2.3) leads to the passive selfadjoint system

D C
={|& ¢ ko]

now with the input-output space IC and the state space 9. The transfer function of n is
given by
B(z) = F+ 20*(I —2D)'C, z€ C\ {(—o0,—1]U[1,+00)}.

By applying Appendix B again one gets for (2.4) the following alternative expression to
parameterize the blocks of T":

(2.9) C' = DpN*, F=—NDN*+ Dy.XDy-,

where N : ®p — K is a contraction and X is a selfadjoint contraction in ® . Now, similar
to (2.7) one gets

B(1) = NN* + Dy« X Dp«, B(—1) = —=NN*+ Dy« X Dy-.
For later purposes, define the selfadjoint contraction F by
B(—1)+ B(1)
5 :
The statement in the next lemma can be checked with a straightforward calculation.

(2.10) F:=Dy-XDy- =

Lemma 2.2. Let the entries of the selfadjoint contraction

m m
T:[é)* g}:@%@
K K

be parameterized by the formulas (2.9) with a contraction N : ©p — K and a selfadjoint
contraction X in ® n«. Then the function W (-) defined by

(211)  W(z)=TI+:DN" (I~ zﬁ)_l N, zeC\{(—s0,~1]U|L,+00)},

where I is given by (2.10), is invertible and
(2.12) W(z)"'=1—2DN*(I —2F)™'N, z¢€C\ {(~o0,—1]U[L, +00)}.
The function W (-) is helpful for proving the next result.

Proposition 2.3. Let Q € RS(OM). Then for all z € C\ {(—o0, —1JU[1, +00)} the function
Q(2) can be represented in the form

(2.13) Q(2) = Q(0) + DayA(2) (I +2(0)A(2))™" D)

with a function A € RS(Dq)) for which A(z) = 2I'(z), where I is a holomorphic B(Dg(o))-
valued function such that |[I'(2)]| <1 for z € D. In particular, |A(2)| < |z| when z € D.

Proof. To prove the statement, let the function €2 be realized as the transfer function of a
passive selfadjoint system 7 = {T;9, 9, K} as in (2.2), i.e. Q(z) = D + 20(I — 2F)~'C*.
Using (2.9) rewrite Q2 as

Q(2) = D+ 2DpN*(I — 2F)""NDp = Q(0) + 2Dy N*(I — 2F) "' N Dgyg).
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The definition of F in (2.10) implies that the block operator

=~ @ — @

is a selfadjoint contraction (cf. Appendix B). Consequently, the B(® p)-valued function
-1
(2.14) A(2) := zN* (I,c - ZF) N, z€C\{(—c0,~1 UL, +00)},

is the transfer function of the passive selfadjoint system

0 N*
Toz{[N ﬁ];Qn(O),@Q(O),K}

Hence A belongs the class RS(Dq)). Furthermore, using (2.11) and (2.12) in Lemma 2.2
one obtains

[ +Q(0)A(z) = I + 2DN* (1 - zﬁ> TN =)

and
(I+Q0)A(2)) ' =W(2)"' =1 —2DN*(I —2F)"'N

for all z € C\ {(—o00,—1] U [1,+00)}. Besides, in view of (2.9) one has F — F = NDN*.
This leads to the following implications

N (I - ﬁ>_1 N — N*(I — 2F)"'N = 2N* (I - 13) T NDN(I - 2F)IN
— :N* (I - ﬁ)_l N (I = 2DN*(I — 2F)"'N) = 2N*(I — 2F)"'N

= A2) (I +QO0)A(2)) " = 2N*(I — 2F)"'N

— Q(2) = Q(0) + DayA(z) (I + Q0)A(2)) " Day.

Since A(0) = 0, it follows from Schwartz’s lemma that ||A(z)|| < |z| for all z with |z| < 1. In
particular, one has a factorization A(z) = 2I'(z), where I is a holomorphic B(®q(0))-valued
function such that ||I'(2)]| < 1 for z € D; this is also obvious from (2.14). O

One can verify that the following relation for A(z) holds
(2.15) A(2) = Diz) (2(2) = 2(0))(I = Q(0)2(2)) ™ Dagoy,

where Déz_(é)) stands for the Moore-Penrose inverse of Dgqq).

It should be noted that the formula (2.13) holds for all z € C\ {(—o0, —1]JU[1,+00)}. A
general Schur class function 2 € S(9, ) can be represented in the form

Q(2) = Q(0) + Dag)-A(2) (I +Q(0)°A(2)) " Do), 2 €D.

This is called a Mobius representation of Q2 and it can be found in [12, 14, 18].
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3. INNER FUNCTIONS FROM THE CLASS RS(9)

An operator valued function from the Schur class is called inner/co-inner (or x-inner)
(see e.g. [20]) if it takes isometric/co-isometric values almost everywhere on the unit circle
T, and it is said to be bi-inner when it is both inner and co-inner.

Observe that if 2 € RS(IM) then Q(z)* = Q(z). Since T \ {—1,1} € C\ {(—o0, —1] U
[1,4+00)}, one concludes that 2 € RS(9N) is inner (or co-inner) precisely when it is bi-inner.
Notice also that every function Q2 € RS(9) can be realized as the transfer function of a
minimal passive selfadjoint system 7 as in (2.2); cf. [5, Theorem 5.1].

The next statement contains a characteristic result for transfer functions of conservative
selfadjoint systems.

Proposition 3.1. Assume that the selfadjoint system T = {T; M, M, K} in (2.2) is conser-
vative. Then its transfer function Q(z) = D + 2C(Ix — 2F)~*C* is bi-inner and it takes the
form

(3.1) Qz2) = (zln + D)(I;p + 2D)™,  2€ C\ {(—o0,—1] U1, +00)}.

On the other hand, if T is a minimal passive selfadjoint system whose transfer function is
iner, then T is conservative.

Proof. Let the entries of T"in (2.3) be parameterized as in (2.9). By assumption 7' is unitary
and hence N € B(Dp, K) is isometry and X is selfadjoint and unitary in the subspace ® y+ =
ker N*; see Remark B.3 in Appendix B. Thus NN* and Dy+ are orthogonal projections and
NN* + Dy« = I which combined with (2.9) leads to

(Ix —2F)" = (N(I + 2D)N* + Dy+(I — 2X)Dy-)""
= N(I +2D)'N* + Dn-(I — 2X) "' Dy,
and, consequently,
Qz2) =D+ 20(Ix — 2zF) ' C*
=D+ 2DpN* (N(I +2D)""N* 4+ Dy-(I — 2X)"'Dy+) NDp,
=D+ 2(I +2D)'D3, = (2loy + D)(Ipn + 2D) ",

for all z € C\ {(—o0, —1]U[1, +00)}. This proves (3.1) and this clearly implies that Q(z) is
bi-inner.

To prove the second statement assume that the transfer function of a minimal passive
selfadjoint system 7 is inner. Then it is automatically bi-inner. Now, according to a general
result of D.Z. Arov [8, Theorem 1] (see also [10, Theorem 1], [4, Theorem 1.1]), if 7 is a
passive simple discrete-time system with bi-inner transfer function, then 7 is conservative
and minimal. This proves the second statement. 0J

The formula (3.1) in Proposition 3.1 gives a one-to-one correspondence between the oper-
ators D from the operator interval [— Iy, Ion] and the inner functions from the class RS(ON).
Recall that for Q2 € RS(9M) the strong limit values 2(41) exist as selfadjoint contractions;
see (1.7). The formula (3.1) shows that if 2 € RS(9) is an inner function, then necessarily
these limit values are also unitary:

(3.2) Q(1)* = Q(—1)* = Iy.

However, these two conditions do not imply that Q € RS(OM) is an inner function; cf.
Proposition 2.1 and Remark B.3 in Appendix B.

The next two theorems offer some sufficient conditions for 2 € RS(9M) to be an inner
function. The first one shows that by shifting £ € T (|{] = 1) away from the real line then
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existence of a unitary limit value Q(£) at a single point implies that 2 € RS(IM) is actually
a bi-inner function.

Theorem 3.2. Let Q be a nonconstant function from the class RS(OM). If Q) is unitary
for some & € T, & # +£1. Then Q is a bi-inner function.

Proof. Let 7 = {T; 9,9, L} in (2.2) be a minimal passive selfadjoint system whose transfer
function is © and let the entries of 7' be parameterized as in (2.4). Using the representation
(2.6) one can derive the following formula for all £ € T \ {£1}:
2 * * *
[ Dae)hl|” = 1Dapie K AII* + | Dy Dic-hl|* + (D Ap (§)K* — K*Y De-) b

cf. [4, Theorem 5.1], [5, Theorem 2.7]. Since Ag(§) is unitary for all £ € T\ {£1} and Q(&)
is unitary, one concludes that Y is unitary on ® g+ and (DgAp(§)K* — K*Y Dg«<)h = 0
for all A € 9.

Suppose that there is hy # 0 such that DgAp(&y)K*hy # 0 and K*Y Dg+hg # 0. Then,
due to DxAp(&)K*hg = K*Y Dg+hg, the equalities Dg K* = K* Dk, and

ran D Nran K* =ran Dg K* = ran K* D+,

see (1.12), (1.13), one concludes that there exists ¢y € D g+ such that

AF(SO)K*hO = K*QOQ

Y Dy+ho = Do '
Furthermore, the equality Do) = Do,y = 0 implies (DxAp(§)K* — K*Y Dy« ) h = 0
for all h € M. Now Y Dg-hg = Dg-pg leads to Ap(&)K*hy = K*@g. It follows that

Ar(Eo) K hy = Ap ()K" ho.
Because Ar(&) = Ap(&)* = Ar(&)7", one obtains (I — Ap(&)?) K*ho = 0. From
Ap(&) = (&l — F)(I = &F)™
it follows that
(1 =&\ —&F) (I — F*)K*hg = 0.

Since ker Dp = {0} (because the system 7 is minimal), we get K*hy = 0. Therefore,
DgAp(&)K*hg =0 and K*Y Dg+hg = 0. One concludes that

DKAF(go)K*h — 0
K*YDg«h =0

The equality ranY = D g« implies K* Dy« = D K* = 0. Therefore K is a partial isometry.
The equality DxAp(&)K* = 0 implies ran (Ap(&§)K*) C ran K*. Representing Ap (&) as

Ap(&o) = (bl = F)(I = &F) K™ = (&I + (§o — &) — &F) ™) K7,

we obtain that F'(ran K*) C ran K*. Hence F"Dp(ran K*) C ran K* for all n € Ny. Because
the system 7 is minimal it follows that ran K* = ©p = I, i.e., K is isometry and hence T
is unitary (see Appendix B). This implies that Dqe) = 0 for all ( € T\ {—1,1}, i.e., Qis
inner and, thus also bi-inner. O

Theorem 3.3. Let QO € RS(M). If the equalities (3.2) hold and, in addition, for some
€ (=1,1), a # 0, the equality

(3.3) (Qa) — aly) Iy — aQ2(a))™' = Q(0)

18 satisfied, then ) is bi-inner.

Vh € 9.
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Proof. Let 7 = {T;9%, 901, K} be a minimal passive selfadjoint system as in (2.2) with the

transfer function 2 and let the entries of 7" in (2.3) be parameterized as in (2.4). According

to Proposition 2.1 the equalities (3.2) mean that K is a partial isometry and Y? = I g
Since Dy is the orthogonal projection, ran Y C ran D+, from (2.6) we have

Q2) =Y Dg+ + K(2I — F)(I — 2F) ' K*.
Rewrite (3.3) in the form
(3.4) Q0)(Igm — af2(a)) = Q(a) — aloy.
This leads to
(—-KFK* +YDg.) (Im — a (Y D + K(aI — F)(I — aF)"'K*))
=YD+ K(al — F)(I —aF)'K* — aly,

(~-KFK*+YDy) (I —aY)Dg + K(I —a(al — F) (I —aF)') K*)
= (Y —al)Dg- + K ((al — F)(I —aF)™" —al) K*,

—~ KFK*K (I —a(al — F)(I —aF)™")K*+Y(I — aY)Dg-
= (Y —al)Dg+ + K ((al — F)(I —aF)™' —al) K*.

Let P be an orthogonal projection from K onto ran K*. Since K is a partial isometry, one
has K*K = P. The equality Y? = Iy, implies V(I — aY)Dg+ = (Y — al)Dg-. This leads
to the following identities:

K(—FP (I —a(al — F)(I —aF)™ )~ (al — FY(I —aF)™! + al) K* =0,

KF(Iyy — P)(I — aF)'K* =0,

PF(Iyy — P)(I —aF)™'P =0.
Represent the operator I’ in the block form

D — D

F— |:F11 Fio '
ran (I — P) ran (I — P)

ran P ran P
FYy F22]

Define
@(Z) = F11 + ZFlg([ - ZFQQ)_IFI*2.

Since F' is a selfadjoint contraction, the function © belongs to the class RS(ran P). From
the Schur-Frobenius formula (A.1) it follows that

(I = P)I —aF)™'P =a(l — aFy)'Fy(I — aO(a)) " P.
This equality yields the equivalences
PF(Iyy — P)(I —aF) 'P =0 <= Fio(I — aFy) ' Fiy(I —aB(a))'P =0
= Fio(I — aFy) 'Fiy =0 <= (I — aFy) V?F, =0+ F}, = 0.

It follows that the subspace ran K* reduces F. Hence ran K* reduces Dy and, therefore
F"Dpran K* C ran K* for an arbitrary n € Ny. Since the system 7 is minimal, we get
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ran K* = K and this implies that K is an isometry. Taking into account that Y? = Iy .,
we get that the block operator T is unitary. By Proposition 3.1 €2 is bi-inner.

For completeness we recall the following result on the limit values Q(41) of functions
2 € S¥(M) from [5, Theorem 5.8].

Lemma 3.4. Let 9 be a Hilbert space and let Q € S¥(IMN). Then:
(1) if Q(N) is inner then
(Q(l) - Q(—l))2 _ 91 -9(-1
2 2 7
(1) + Q(=1))"(2(1) + Q(=1)) = 4l — 2 (2(1) = Q(=1));
(2) if Q is co-inner then

(Q(l) - Q(—l))2 _ o) -9a(=1)

(3.5)

(3.6) 2 N 2 ’
(Q(1) + Q(=1) (1) + Q(=1))" = 4lom — 2(Q1) — Q(-1));

(3) if (3.5)/(3.6) holds and §2(&) is isometric/co-isometric for some & € T, £ # +1, then
Q is inner/co-inner.

Proposition 3.5. If Q2 € RS(IM) is an inner function, then
Q(21)2(22) = U22)Qz1), Vz1,29 € C\ {(—00,—1]U[1, +00)}.
In particular, Q(z) is a normal operator for each z € C\ {(—o0, —1] U [1, +00)}.
Proof. The commutativity property follows from (3.1), where D = Q(0). Normality follows
from commutativity and symmetry Q(z)* = Q(z) for all z. O
4. CHARACTERIZATION OF THE CLASS RS(9)

Theorem 4.1. Let Q2 be an operator valued Nevanlinna function defined on C\ {(—o0, —1]U
[1,4+00)}. Then the following statements are equivalent:

(i) Q belongs to the class RS(IM);
(ii) Q) satisfies the inequality

Im Q(z)
—OF _ _ 2 > .
(4.1) I—"(2)Q(z) — (1 — |z]%) T, 2 0, Imz#0;
(iii) the function
1 —wz

K(z,w):=1—Q%(w)(z) —

15 a nonnegative kernel on the domains
C\{(—o0,—1]U[l,400)}, Im2z >0 and C\ {(—oc0,—-1]U][l,+00)}, Imz < 0;
(iv) the function
(4.2) T(z) = (21 —Q(2)) (I —2Q2))"", zeC\{(—o00,—1] U1, +00)},
is well defined and belongs to RS(IMN).
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Proof. (i)==(ii) and (i)==-(iii). Assume that Q@ € RS(M) and let Q2 be represented as the
the transfer function of a passive selfadjoint system 7 = {T; 901, 9%, K} as in (2.2) with the
selfadjoint contraction 7" as in (2.4). According to (2.6) we have

Q(z2) = Dg+YDg+ + KAp(2)K*, 2z € C\ {(—00, —1] U [1,+00)}.
Taking into account that, see [20, Chapter VI,
(I = Ap(w)Ar(2))g, 9) = (1~ w2)(I — 2F) "Dy, (I — wF) ' Dy)
and

(Ap(z) = Afp(w))e,¥) = (z —w)((I — 2F) "' Dpp, (I —wF) ™' Dpy),
we obtain
R[> = [12)A|[> = [|[K*h]]* = |[Ap(z) K*h|[?
+||DyDKJz||2 + ||(K*Y Dy~ — DKAF(Z)K*)hH2
= (1= [2)I|(I = 2F) ' DpK*h||* 4 || Dy Dgc-h||?
"—H(K*YDK* — DKAF(Z)K*)}I‘P
Moreover,
Im (2(2)h, h) = Im z||(I — zF)_lDFK*th
and
Im z(||k]|* = [|Q(2)h][*) — (1 — |2[*)Im (Q(2)h, h)

=1Im 2 (|| Dy Dy-h||> + ||(K*Y D+ — DxAp(2) K*)R|[?) .

Similarly,
|- @
(43) (K(zw)f.9) = (T = (A .0) ~ = (=) ~ 2" ()], 9)
= (D3 Dg+f, Di+g) + (D Ap(2) K* — K*Y D) f, (D Ap(w)K* — K*Y Dge+)g) .
It follows from (4.3) that for arbitrary complex numbers {2}, C C\{(—o00, —1]JU[1, +00)},

Imz, >0, k=1,...,no0r {z}, CC\{(—oo,—-1JU[l,+00)}, Imz, <0, k=1,...,n and
for arbitrary vectors { fi}72, C 9 the relation

n 2

D (K (2 2m) fis fn) =

k=1

+ 1Y (D Ap(zr) K* = K'Y D) fi
k=1

DyDg-» fk
k=1

holds. Therefore K (z,w) is a nonnegative kernel.

(iii)==(ii) is evident.

(ii)==(iv) Because Imz > 0 (Imz < 0) = ImQ(z) > 0 (ImQ(2) < 0), the inclusion
1/z € p(Q2(z)) is valid for z with Im z # 0. In addition 1/x € p(Q2(x)) for z € (—1,1), x # 0,
because 2(x) is a contraction. Hence Y(z) is well defined on 9t and Y*(z) ( ) for all
z € C\ {(—o0,—1]U[1,400)}. Furthermore, with Im z # 0 one has

Im Y (2) = (I —20%(2))" [Imz(I — Q*(2)Qz)) — (1 — |2[*)Im Q(z)] (I — 2Q0(z)7"
while for z € (—1,1)
I—Y%(z)=(1—2®) (I —2x)) " (I - Q%)) (I — 2Q(z)) ™"
Thus, T € RS(M).
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(iv)==(i) It is easy to check that if T is given by (4.2), then
Q2) = (21 = T(2)) (I — 2Y(2))"", 2 € C\ {(—00, -1 U[1, +00)}.
Hence, this implication reduces back to the proven implication (i)==-(ii). O
Remark 4.2. 1) Inequality (4.1) can be rewritten as follows
2
(=2 RS — T @D 20, e £0, ] €m
Let 5 € [0,7/2]. Taking into account that
|zsinB+icos B =1 <= 1—|2]* = £2cot BIm 2
one obtains, see (2.1),
|zsin B +icosfB] =1
z# +1
|zsin f —icos B =1
z# +1
2) Inequality (4.1) implies
I—Q2)Qz) — (1 —2*)Y(2) >0, x€(~1,1).
3) Formula (3.1) implies that if 2 € RS(IM) is an inner function, then

1—wz

= ||Q(z)sin B +icosBI|| <1

= [|Q(2)sin B —icosfI|| <1

I - (w)Qz) —

(Qz) — Q*(w)) =0, 2 # .

Z—w
In particular,

=1-Q0)Qz2), ze€C\{—o0,—1]U[l,+00)}, 2 #0,

V(0) = I — Q0)2

This combined with (2.15) yields A(z) = zlog,, in the representation (2.13) for an inner
function Q € RS(IM).

5. COMPRESSED RESOLVENTS AND THE CLASS Ng,[—1, 1]

Definition 5.1. Let 9 be a Hilbert space. A B(9M)-valued Nevanlinna function M is said
to belong to the class N9 [—1,1] if it is holomorphic outside the interval [—1,1] and

Jim EM(€) = I,

It follows from [3] that M € N9, [—1,1] if and only if there exist a Hilbert space )
containing 2N as a subspace and a selfadjoint contraction 7" in ) such that T' is 9-simple
and

M(§) = Pu(T — €)7o, €€ C\[-1,1].
Moreover, formula (1.6) implies the following connections between the classes NJ,[—1, 1] and
RS(M) (see also [3, 5]):
M(E) € Ny [-1,1] = Q(z2) ;=M1 (1/2) +1/z € RS(M),
(5.1)
Q2) € RS(M) = M(&) = (AU1/§) — ) € N[-1,1].
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Let Q(z) = (21 + D)(I + 2D)~! be an inner function from the class RS(9M), then by (5.1)
§I +D
1—¢
The identity Q(2)*Q(z) = Iy for z € T\ {£1} is equivalent to
2Re (EM(§)) = —Im, &€ T\{£1}.
The next statement is established in [2]. Here we give another proof.
Theorem 5.2. If M(£) € N3,[—1,1], then the function
M~1(E)
g1

O(2) = (21 + D)(I + 2D)~" => M(€) = £eC\[-1,1].

56@\[—1,1],

belongs to N9 [—1,1] as well.

Proof. Let M(¢) € NJ[—1,1]. Then due to (5.1) the function Q(z) = M~1(1/2) +1/z
belongs to RS(M). By Theorem 4.1 the function
) =

T(2) = (21 —Q(2)) (I —2Q(2))"", 2€C\{(~o00,-1] U1, +00)}
belongs to RS(M). From the equality

—2Y(2)=(1—=22) (I —2Q(2))"", zeC\{(—o0,—1]U[L,+0)}
we get
1 I —2Q(2)

1 — 22

(I —2T(2))"
Simple calculations give
M
(T(1/§) =&~ = @21 ¢eC\[-11].

M~H(E)
P— belongs to NJ,[—1,1]. O

Now in view of (5.1) the function

6. TRANSFORMATIONS OF THE CLASSES RS(91) AND N, [—1, 1]
We start by studying transformations of the class RS(9) given by (1.8), (1.10):
RS(ON) 2 Q= B(Q) = Qg (2) := (21 — Q2))(I — 2Q(2)) 7",

+
RS(IM) 3 Q 3 Ba(Q) = Qu(2) == O ( © a) , ac(-1,1),
1+ za
and the transform
(61) RS(H) 50— H(Q) = QH(Z) . Kll + KuQ(Z)(I - KQQQ(Z’))_lKi},
which is determined by the selfadjoint contraction K of the form
m m
K:[gf ?2}: e = D ;
12 22 H H

in all these transforms z € C\ {(—o0, —1] U [1,400)}.
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A particular case of (6.1) is the transformation IT, determined by the block operator

al V1—a?l| m m

K, =

i.e., see (1.10),
RS(M) 3 Q(2) = Qu(z) := (al + Q=2))I + a2(z)) .

By Theorem 4.1 the mapping ® given by (1.8) is an automorphism of the class RS(9),
®~! = ®. The equality (3.1) shows that the set of all inner functions of the class RS(9) is
the image of all constant functions under the transformation ®. In addition, for a,b € (—1,1)
the following identities hold:

I, 0T, — T, 0T, — TI,, =08, — 8,08, — 5, where ¢ =~
pbOlly = a©lly = ) Sp 08y = S O 8 = Sy Werec_l-'-ab.
The mapping I on the class NJ,[—1, 1] (see Theorem 5.2) defined by
M—l
62) NG, 1) M(E) 5 Mr(e) = g € N (1,1

has been studied recently in [2]. It is obvious that I'"* = T.

Using the relations (5.1) we define the transform U and its inverse U~! which connect the
classes RS(9M) and N, [—1,1]:

(6.3) RS(ON) 5 Qz) S M(E) == (A1/¢) — ) e NY[-1,1], £eC\[-1,1].

(6.4) NO[-1,1] 3 M(€) T Q(2) := M~Y(1/2) +1/2 € RS(M),

where z € C\ {(—o0,—1] U [1,400)}. The proof of Theorem 5.2 contains the following
commutation relations

(6.5) Ud=TU, U '=U"T.

One of the main aims in this section is to solve the following realization problem concerning
the above transforms: given a passive selfadjoint system 7 = {T"; 0, 9, K} with the transfer
function €2, construct a passive selfadjoint systems whose transfer function coincides with
O(92), E,(Q), II(R2), and I1,(Q2), respectively. We will also determine the fixed points of all
the mappings @, I', E,, and I1,.

6.1. The mappings ® and I"' and inner dilations of the functions from RS(IN).

Theorem 6.1. (1) Let 7 = {T;9M,9M, K} be a passive selfadjoint system and let 2 be
its transfer function. Define

m m

(6.6) Ty = [Tl II PuDr) o f g
Dy T

D1 D1

Then Ty is a selfadjoint contraction and Qg (2) = (21 — Q(2))(I — 2Q(2))7! is the
transfer function of the passive selfadjoint system of the form

Td = {T@a ma i)ﬁa ©T} .

Moreover, if the system T is minimal, then the system Te is minimal, too.
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(2) Let T be a selfadjoint contraction in ), let I be a subspace of $ and let

(6.7) M(€) = Pn(T — €1)"' 190
Consider a Hilbert space 5% =MD H and let ﬁgn be the orthogonal projection in 5%
onto M. Then
M~(€)

w1 - T e,

where T is defined by (6.6).
(3) The function

Qz) = (2 = Ts)(I — 2Ts)~", ze€C\ {(—o0,—1] U1, +00)}
satisfies
Q(z) = PpQ(2) ] M.

Proof. (1) According to (1.6) one has

Po(I — 2T) M = (Ign — 2Q(2)) "
for z € C\ {(—o0, —1]JU[1,+00)}. Let

Qp(2) = (21 — Q(2))(I — 2Q(2)) 7.
Now simple calculations give
(6.8) Np(z) = (z — %) (I —20z2)"" + [7932 = Py(zl = T)(I — 2T)" ' M.

Observe that the subspace D7 is invariant under 77 cf. (1.12). Let $ := 9 & D7 and let
T be given by (6.6). Since T is a selfadjoint contraction in 9t @ K, the inequalities

(-G = (] 7)) =oemea s

hold for all ¢ € 9 and f € Dp. Therefore T is a selfadjoint contraction in the Hilbert
space $) and the system

S =PRT M PyDr|
T@_{|: DTrm T :|7m7m7©T}

is passive selfadjoint. Suppose that 7 is minimal, i.e.,

span {T"M, n € No} =MD K <= [ | ker(PnT™) = {0}.
n=0

Since

D7 © {span {T"DrM, n € No}} = (] ker(PnT" Dr),

n=0
we get Span {1" D9 : n € No} = ©7. This means that the system 71 is minimal.
For the transfer function Y(z) of 7 we get

— P (=T + 2D2(I — 2T)~1) [ M
= Py(zI —T)(I —2T)7'1 90,
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with z € C\ {(—o0, —1] U [1,4+00)}. Comparison with (6.8) completes the proof.
(2) The function M (&) = Py (T — &)~ 9 belongs to the class N, [—1, 1]. Consequently,

Qz2) .= M1 (1/2) +1/2 € RS(M). The function © is the transfer function of the passive
selfadjoint system

T=AT;9M M, K},
where K = $H oM. Let T = &(Q) and M = U(T). From (6.2)-(6.5) it follows that

VO = 55,

As was shown above, the function T is the transfer function of the passive selfadjoint system
Te = {Te; M, M, H},
where T is given by (6.6). Then again the Schur-Frobenius formula (1.6) gives
M(§) = Pu(Ts — 1) 1M, € C\[-L,1]
(3) For all z € C\ {(—o0,—1] U[1,4+00)} one has
Q(z) = (z - 1) (I —2Ts)"" + 5

z z

£eC\[-1,1].

Then

z
= (2l — Y(2)) (I — 2Y(2)) " = Q(2).
This completes the proof. O

Notice that if Q(z) = const = D, then Y(z) = (21 — D)(I — 2D)™!, 2 € C\ {(—o0, —1] U
[1,400)}. This is the transfer function of the conservative and selfadjoint system

_ ([-D Dp
Y= {|:DD D } ,W,WK,@D}.
Remark 6.2. The block operator Ts of the form (6.6) appeared in 2] and relation (6.7) is
also established in [2].

Theorem 6.3. 1) Let M be a Hilbert space and let Q@ € RS(M). Then there exist a Hilbert

space M containing M as a subspace and a selfadjoint contraction A in I such that for all
z € C\ {(—o0,—1]U[1,400)} the equality

Po€(z)] 9 = (z - 1) (Iop — 20 (2)) " + %Im

(6.9) O(2) = Po(zlg + A)(Ig, + zA) 7
holds. Moreover, the pair {ﬁ, Z} can be chosen such that A is M-simple, 1.e.,
(6.10) span { A" : n € Ny} = M.

The function € is inner if and only ifﬁ = I in the representation (6.10).
If there are two representations of the form (6.9) with pairs {9My, A1} and {9Ms, Ao} that
are M-simple, then there exists a unitary operator U € B(9My, My) such that

(6.11) UM = Iy, AU =UA.
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2) The formula

1

(6.12) Q(z) :/fj;do—(t), 2 € C\ {(~o0, ~1J UL, +00)},

~1

gives a one-one correspondence between functions 2 from the class RS(9M) and nondecreas-
ing left-continuous B(IM)-valued functions o on [—1,1] with o(—1) =0, o(1) = In.

Proof. 1) Realize Q) as the transfer function of a minimal passive selfadjoint system 7 =
{T; 0, 9, K}. Let the selfadjoint contraction Te be given by (6.6) and let 90t := M H D
and A := —Tg. Then the relations (6.9) and (6.10) are obtained from Theorem 6.1. Using

Proposition 3.1 one concludes that €2 is inner precisely when 9t = 91 in the righthand side
of (6.10). Since

Pu(zlg, + A1) (Igy, + 2A) 7 [ = P2, + As) (I, + 245) 71 1N
= Pullg, +24) 7 1M = P(Ig, + 2A5) 10N,

the M-simplicity with standard arguments (see e.g. [3, 6]) yields the existence of unitary
U € B(9My, M,) satisfying (6.11).

2) Let (6.9) be satisfied and let o(t) = PpE(t)] 9, t € [—1, 1], where E(t) is the spectral
family of the selfadjoint contraction A in 9. Then clearly (6.12) holds.

Conversely, let o be a nondecreasing left-continuous B(9t)-valued function [—1, 1] with

o(—1) =0, o(1) = Ipn. Define Q by the right-hand side of (6.12). Then, the function € in
(6.12) belongs to the class RS(IN). O

Remark 6.4. IfQ is represented in the form (6.9), then the proofgf Theorem 6.1 shows that
the transfer function of the passive selfadjoint system o = {(—A)s; M, M, D 3} coincides
with Q. Moreover, if A is M-simple, then cg is minimal.

Remark 6.5. The functions from the class S¥(OM) admits the following integral represen-
tations, see [5]:
1 1— t2

@(z):@(O)—i—z/_ll_tz

where G(t) is a nondecreasing B(IM)-valued function with bounded variation, G(—1) = 0,
G(1) < Iy, and
2

‘((@(0) +/_11th(15)) £ g) <((I-GANL ) (I-G(1)g,q), f.gem

Proposition 6.6 (cf. [2]). 1) The mapping ® of RS(IM) has a unique fized point

dG(t),

6.13 Qo(z) = — 2 with Qi) = .
(613) oz) +vio= o(?) 14+2

2) The mapping I' has a unique fized point

I 1
(6.14) Mo(g):—% with Mo(i):%.
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3) Define the weight function p(t) and the weighted Hilbert space $)o as follows
(6.15)

t) = L ! t 1,1
pO( ) - ;\/17_—1527 S (_ ’ )7 t )
= La((-1.1] 9 u(0) = La(-1 11 ) @30 = {1005 | B < oo

Then $g is the Hilbert space with the inner product

10000, = 7 G0 a0ty =+ [LOL g

Identify 9 with a subspace of Ho of constant vector-functions {f(t) = f, f € M}. Let

1
(f(t), h)am
Ko:=5Ho M= t) € :/7dt:()‘v’h€im
0= %o {f( ) € $o | =
and define in o the multiplication operator by

(6.16) (Tof)(t) = tf(1), [ € $o.
Then Qo(2) is the transfer function of the simple passive selfadjoint system
7o = {To; M, M, Ko},

while

My(€) = Pw(Tp — 1)1 N,
Proof. 1)-2) Let Qy(z) be a fixed point of the mapping ® of RS(IM), i.e.,

Qo(2) = (2] — Qo(2)) (I — 2Q(2))"", ze€C\ {(—00,—1]U[L,+00)}.

Then

(I —2Q0(2))* = (1 — 22)Ion.

Using Q2 € RS(M) and the Taylor expansion Qy(z) = > - Ciz" in the unit disk, it is seen
that € is of the form (6.13).

It follows that the transform My = U(£) defined in (6.3) is of the form (6.14) and it is
the unique fixed point of the mapping I in (6.2); cf. (6.5).

3) For each h € M straightforward calculations, see [13, pages 545-546], lead to the
equality

i _E/L;dt
JeE1 n) i

-1

Therefore, if T} is the operator of the form (6.16), then
Mo(€) = Po(To — 1)1 O
It follows that € is the transfer function of the system 74 = {T4; 9, 9, Ko} O
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As is well known, the Chebyshev polynomials of the first kind given by
To(t) =1, Ty(t) := V2 cos(narccost), n > 1

form an orthonormal basis of the space Lo([—1,1], po(t)), where po(t) is given by (6.15).
These polynomials satisfy the recurrence relations

~ 1 ~ ~ 1 ~ 1~
(T,(0) = §Tar () + gua(D), 72

Hence the matrix of the operator multiplication by the independent variable in the Hilbert
space Lo([—1,1], po(t)) w.r.t. the basis {T,,(¢)}2, (the Jacobi matrix) takes the form

S _
0 — 0 0 0
V2
10100
NG 2
JZO 101O
2 2
001010
2 2

In the case of vector valued weighted Hilbert space 9 = Lo([—1,1],9, po(t)) the operator
(6.16) is unitary equivalent to the block operator Jacobi matrix Jo = J @) Ion. It follows that
the function €y is the transfer function of the passive selfadjoint system with the operator
Ty given by the selfadjoint contractive block operator Jacobi matrix

S ]
B Lrn 00 1O §Im10 ot
: V2" SIm 0 Shw 00
| L _ 1 1
Th=| po cdo=1 0 iy 0 Ziy 0
2 Jo 2 2
1
: 0 0 Shw 0 Sl 0

6.2. The mapping II and Redheffer product.

Lemma 6.7. Let H be a Hilbert space, let K be a selfadjoint contraction in H and let
Qe RSH). If ||K|| <1, then (I — KQ(z))™" is defined on H and it is bounded for all
z€ C\ {(—o0,—1]U][1,+00)}.

Proof. If |z| <1, z # +£1, then ||K|| < 1 and ||Q2(2)|| < 1 imply that ||[KQ(z)|| < 1. Hence
(I — KQ(z))™! exists as bounded everywhere defined operator on H.

Now let |z] > 1 and z € C\ {(—o0,—1] U [1,+00)}. Then there exists § € (0,7/2)
such that either |zsin 8 —icos 3| = 1 or |zsin 5 +icos f| = 1. Suppose that, for instance,
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|zsinf — icos | = 1. Then from (2.1) one obtains ||2(z)sin 5 — icos fly|| < 1. Hence
S :=Q(z)sin B — i cos Bl satisfies ||S|| < 1 and one has

S+icosfly
W) =5
Furthermore,
KS+icosf K 1 . _
I-—KQ(z) =1- S —Smﬁ((smﬁl—zcosﬁK)—KS)
= S,iﬁ(sinﬁl—icosﬁl() (I —(sinfBI—icosBK)'KS).
i
Clearly

K 2
|(sinBI —icos BK)'K||* < — ]| <1,
sin” 5 + || K| cos? 8

which shows that ||(sin 8T —icos 8 K)"'KS|| < 1. Therefore, the following inverse operator
(I —(sinfB1—icosBK)KS) " exists and is everywhere defined on H. This implies that

(I - KQ(z)) "' =sinp(I— (sinﬁ]—z’cosﬁK)_lKS)_l (sinBI —icosBK)™".

O
Theorem 6.8. Let
m m
K= Kil K12 TP = D
K12 K22 H H

be a selfadjoint contraction. Then the following two assertions hold:
1) If || Kal|| < 1, then for every Q € RS(H) the transform

(6.17)  O(2) := K11 + KioQ2)(I — KpQ(2)) 'K}y, z€ C\ {(~00,—-1]U[1,4+00)},

also belongs to RS(IM).
2) If Q € RS(H) and Q(0) = 0, then again the transform © defined in (6.17) belongs to
RS(M).

Proof. 1) It follows from Lemma 6.7 that (I — K2Q(2))™! exists as a bounded operator on
H for all z € C\ {(—o0, —1] U [1,+00)}. Furthermore,
O(z) — O(2)* = K12Q(2)(I — KouQ(2)) 'Ky — Kio(I — Q(2)* Ka2) 7 'Q(2)* K5,
= Kip(I — Q(2)" Ko) ™' (I = Q(2)" K22)2(2) — Q(2)"(I — K29(2))) (I — K229(2)) 7' K7y
= Kip(1 = Q(2)" Ka) ™ (Q2) = Q(2)") (I = E2(2)) ™ K.
Thus, © is a Nevanlinna function on the domain C\ {(—o0, —1] U [1, +00)}.

Since K is a selfadjoint contraction, its entries are of the form (again see Proposition B.1
and Remark B.2):

Ky = NDg,,, K{y = D, N*, K11 = —NKyN"* + Dy«LDy-,
where N : Dg,, — M is a contraction and L : Oy« — Dy is a selfadjoint contraction. This
gives
O(z) = N (=K + Di,, z) (I — K»Q(2)) ' Dg,,) N* + Dy« LD -
Denote

O(2) := — Ko + Dppy QU2) (I — K959(2)) ' D,
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Then

O(2) = Dy, (Q(z) — Ka2)(I — K5o2(2)) ' Dicyy = Dy (I — Q(2) Ko) 1 (Q2(2) — K22) Dy

-1
22
and
O(z) = NO(2)N* 4+ Dy«LDy-.
Again straightforward calculations (cf. [18, 4]) show that for all f € D,,,

1112 = [10()FI* = || = E22(2)) ™" Dicyo f11> = [192) (I = K22(2)) ™ Dy, £,
and for all h € 9,

121" = 11©(=2)Ahl|*
= |IN*Al[* = |O(z)N"A||* + | DL Dy-h|[* + [[(DyO(2) N* — N*LDy- )b |*.

Since Q(z) is a contraction for all |z|] < 1, z # £1, one concludes that O(z) and, thus,
also O(z) is a contraction. In addition, the operators ©(z) are selfadjoint for x € (—1,1).
Therefore © € RS(9M).

2) Suppose that Q(0) = 0. To see that the operator (I — K2§2(2))! exists as a bounded
operator on H for all z € C\ {(—o0,—1] U [1, +00)}, realize 2 as the transfer function of a

passive selfadjoint system
0 N
U_{[N* S:|7H,H,IC},

ie, Qz)=zN(I —25)"'N*. Since
H H
T = L\(f)* ]g} S0 - &
K K

is a selfadjoint contraction, the operator N € B(K, H) is a contraction and S is of the
form S = Dy+«LDy~, where L € B(Dy-+) is a selfadjoint contraction. It follows that the
operator N*Ky N + S is a selfadjoint contraction for an arbitrary selfadjoint contraction
Ky in H. Therefore, (I —2(N*KyN +8))™" exists on K and is bounded for all z €
C\ {(—o00,—1] U [1,400)}. Tt is easily checked that for all z € C\ {(—o0, —1] U [1,400)}
the equality

(I = 2KpuN(I — 28)'N*) "' = I + 2K N (I — 2(N*EKpnN + S)) " N*
holds. Now arguing again as in item 1) one completes the proof. O

Theorem 6.9. Let

H H m m
S:{é*g}:@%@,K:{gf ?2}:@%@
K K 1222l g H

be selfadjoint contractions. Also let 0 = {S, H, H,K} be a passive selfadjoint system with
the transfer function Q(z). Then the following two assertions hold:

1) Assume that ||Kel| < 1. Then ©(z) given by (6.17) is the transfer function of the
passive selfadjoint system

T={T,M, M K},
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where T = K o S is the Redheffer product (see [17, 21]):

_ * _ i)ﬁ m
(6.18) T = Ky + K A(I — Kp»A) 1K12 Kio(I — AKy) 'B B oo
' | B - End) 'K G+ B Kn(l - Alp)B]* 0 7 2

2) Assume that A = 0. Then the Redheffer product T =K oS is given by

m o om
T — Ky KB SN
B'Kj, G+B'KnB|' e

and the transfer function of the passive selfadjoint system ™ = {T, 9, M, K} is equal to the
function © defined in (6.17).

Proof. By definition
Q(2) = A+2B(I — 2G)'B*, 2¢€C\ {(-o0,—-1]U][l,+0c0)}.
1) Suppose that ||K|| < 1. Since
@(Z) = Kll + Kng(Z)([ - KQQQ(Z))_IKE = Kll + Klg([ - Q(Z)KQQ)_lg(Z)Kikz,
one obtains
O(2) — ©(0) = Kio(I — Q(2)Ka2) ™" (2(2) — Q(0)) (I — K29(0)) " K,
— 2Kyy (I — AKyy — 2B(I — 2G) ' B*Ky) ™ B(I — 2G) "' B*(I — KpnA) 'K},
Furthermore,

(I — AKy — 2B(I — 2G) ' B*Ky) " B(I — 2G) ™!
= (I — AK») ™t (I — 2B(I — 2G) "' B* Koy (I — AKy) ™))" B(I — 2G)™*
= (I — AKyp)'B(I — 2(I — 2G) ' B*Kpy(I — AK»)'B) ™" (I — 2G)!
= (I — AKy) "B (I — 2(G + 2B*Kno(I — AK3)'B))™"
and one has
@(Z) = K11 + K12A(I - KQQA)_lKikz
+ ZKlg(I - AKQQ)_lB (I —Z (G + ZB*KQQ(I - AK22>_IB))_1 B*(I — KQQA)_lKik2.
Now it follows from (6.18) that ©(z) is the transfer function of the system 7.

Next it is shown that the selfadjoint operator T given by (6.18) is a contraction. Let the
entries of S and K be parameterized by

B*=UDy,B = DjU* K12 =V Dy, Ky = Dy, V*
G =—-UAU*+ Dy«Z Dy’ K1 = —VEKpV*+ Dy Y Dy«

where V,U,Y, Z are contractions acting between the corresponding subspaces. Also define
the operators

(I)Kzz (A) = —Ky + DKQQA(I — KQQA)_lDKQQ,
(I)A<K22) =—A+ DAKQQ(I — AK22)_1DA.



26 YURY ARLINSKII AND SEPPO HASSI

This leads to the formula

T Vo D, (A) Dy (I — AKy) tDal [V* 0
T |0 Ul |Da(I — KynA)" ' Dg,, D4 (Ka) 0 U*
" Dy+Y Dy« 0
0 Dy«ZDys |’
The block operator
J = (I)K22 (A) DKzz (I - AK22>_1DA
DA(I — Ky A)"'Dy,, D4 (Ka2)

is unitary and selfadjoint. Actually, the selfadjointness follows from selfadjointness of the
operators A, Koy and @, (A), 4(Kss). Furthermore, one has the equalities

AP = @ (A) fI? = [1Da(I — K22 A) ™' Dy, f1%,

1g[1? = [[@a(K22)g]|* = [| Diay (I — AK22) " Dagl|*,

(Preyy (A)f, Dicyy (I — AK59) "' Dag) = (Da(l — K A) ™' (A — Ka2)(I = K2 A) ' D, f,9)

(Pa(K22)g, Da(l — Koo A) ' Dicyy f) = (Dicay (I — AK22) ™ (K22 — A)(I — AK9) ' Dag, f).
These equalities imply that J is unitary.

Denote
V 0 Y 0
w=ly o 5[5 9

Then
T = WIW* + Dyys X Dyy-,

and one obtains the equality
121> = [|TA|[* = || Dx Dy

Thus, T is a selfadjoint contraction.
The proof of the statement 2) is similar to the proof of statement 1) and is omitted. [

6.3. The mapping Q(z) — (al + Q(2)) (I +aQ(z))".

Proposition 6.10. Let
A B
7:{{3* G],im,sm,/c}

be a passive selfadjoint system with transfer function Q. Let a € (—1,1). Then the passive
selfadjoint system

S {[ (al + A)(I+aA)™t V1—a2(I+aA)'B
VI =-a2B* (I +aA)™t G —aB*(I+aA)"'B
has transfer function
Qu(2) = (aI + Q) +aQ(2)", z€C\{(—o0, ~1]U[L, +00)}.
Proof. Let

2 + || (W*X — Dy IW*)h|[%.

];W,W,IC}

K — al V1—a?l|
V1= a2 —al )

208
1
298
=@ 3

g_[4 B o
ST B Gl e

K
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Then the Redheffer product K, e S (cf. (6.18)) takes the form

T — { (al + A)(I + aA)™t M(I—I-GA)_lB . A

m
V1—a’B*(I +aA)™ G—aB*(I+aA)'B|" ;‘é - ;‘é '

(6.19)

On the other hand, for all z € C\ {(—o0,—1]U[1,400)} one has
K+ K19Q(2)(I — K9uQ(2)) 'Ky, =al + (1 —a®)Q(2)(I + aQ2(z)) ™!
=(al+Q2)I +aQ(z))".
This completes the proof. O
z+a
14+ za
Hilbert space and a complex number a, |a| < 1, define, see [20],
S, = (S —al)(I —aS)™".

The operator S, is a contraction, too. If S is a selfadjoint contraction and a € (—1,1), then
Sq is also selfadjoint. One has S, = W_,(5) (see Introduction) and, moreover,

Dsa =+1- a2(I — CLS)_lDS,

6.4. The mapping Q(z) — ( ) and its fixed points. For a contraction S in a

-1
_ 1 _ _ zZ+a
(6.20) (I=25)" = 15 ;U —ad) (I 1—i—azS) ’
-1
_ _ 4, [ zta B _ zZ+a
(21 — S,)(I — 25,)~ ' = <1+azl S) <I 1—|—azS> :
where z € C\ {(—o00, —1] U [1,00}. Let the block operator
m m
(6.21) T [é) g} & — O
K K

be a selfadjoint contraction and let Q(z) = D + 2C(I — zF)~'C*. Then from the Schur-
Frobenius formula (A.1) and from the relation

1—a?

T,=(T—al)(I—al)'=
it follows that T}, has the block form

- (Q(a) — al)(I — aQ(a))™" (1 —a®)(I — aQ2a))"'C(I —aF)™"
(6'22) T, = (1 —a*)(I —aF)"'C*(I — aQ(a))™" Fo +a(l —a*)(I —aF) 'C*(I — aQ(a))"'C(I — aF)fl]

Theorem 6.11. Let c
D
T:{{C* F],SUI,QJT,IC}

be a passive selfadjoint system with the transfer function Q. Then for every a € (—1,1) the

B(9M)-valued function
<z+a)
1+az

1s the transfer function of the passive selfadjoint system

B Q(a) V1—a2C(I —aF)™!
Ta = { [\/1 —a(I — aF)"'C* F,

1
I—al) ™t —~1I
a (I —aT) a

}zmzmic}
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Furthermore, if 7 is a minimal system then 1, is minimal, too.

Proof. Let

C=KDp, D=—-KFK"+ Dg+Y Dg~,
be the parametrization for entries of the block operator T', cf. (2.4), where K € B(®Dp, K)
is a contraction and Y € B(®g+) is a selfadjoint contraction. From (2.6) and (6.20) we get

1

+ + +

(2% = pevDe+ K (27— F) (1= 222 F) K
1+az 1+ az 1+ az

= DiYDy-+ K (21 — F,) (I — 2F,) " K*
with z € C\ {(—o0, —1] U [1,00}. The operator
~ [—KFaK* + Dg+Y Dg- KDFG]

T, =

Dr. K* F,
B Q(a) V1—a2C(I —aF) | één . één

is a selfadjoint contraction. The formula (2.6) applied to the system 7, gives
Q,.(2) = Dg-Y Dy + K (21 — F,) (I — 2F,) ' K*.

z+a
Hence 2, (z) = Q (1 n az) for all z € C\ {(—o0, —1] U[1,00}.

Suppose 7 is the minimal system. This is equivalent to the relations
span { F"DpK*M: n € Ng} =K
e () ker(KF"Dyp) = {0}
= Pk K(I - 2F) "Dy = {0},

Using the formulas (6.20) one obtains

z+a
ﬂ‘z‘d ker K(I — 2F,) ' Dp, = ﬂ|z|<1kerK <I 1

F) h Dp(I — aF)

az
= (I —al") (<1 ker K(I — uF)'Dr = {0}
or, equivalently,
span {F,'Dp, K™, n € No} = K.
This shows that the system 7, is minimal. ([
Remark 6.12. 1) Let T in (6.21) be represented in the form
_|K 0 K* 0 Dg+YDg+ 0
(IR O S e e
see Remark B.3. Then
—KF,K*+ Dg+YDg~ KDpg,| Q(a) V1—a2C(I —aF)™!
Dp, K* F, V1 —=a2(I —aF)tC* F,

_KOJ K*0+DK*YDK*O
— o I|TFel o0 T 0 0"
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2) Let the transformation V, with a € (—1,1) be defined by
[D o} Ve 5 _ { Q(a) \/WC(I—aF)—l} '
cr F * = \VI= &I - aF)"'C* F,
Then for all a,b € (—1,1) one has the identities
a+b
1+ab
z+a
14 za

V,oV,=V,0V,=V_., wherec=

Proposition 6.13. The fized points of the mapping 2(z) + €2 ( ), a€(—1,1),a#0,

consist only of constant functions.

Proof. Suppose that for some a € (—1,1), a # 0, the equality

~ ( Z+ a) Q)
1+az
is satisfied for all z € C\ {(—o0, —1]U[1, +00)}. Then, in particular, Q(0) = Q(a). Therefore
from Theorem 6.11 one obtains the equality K FK* = KF,K*. Now

F—F,=aD%(I —aF)™!

leads to
(I —aF) Y?DpK* =0.
Taking into account that ran K* C D p, we get K* = 0. This means that Q(z) = Q(0). So,

+
the fixed points of the mapping Q(z) — Q ( crd
1+ za

Remark 6.14. A. Filimonov and E. Tsekanovskii [16] considered J-unitary operator colli-
gations that are automorphic invariant w.r.t. a subgroup G of the Mobius transformations
of the unit disk and its representations in the channel and state spaces. The characteristic
function W (z) of such a colligation satisfies the condition

Wi(g(z)Vy,=V,W(2), VzeD and Vged,
where {V,} is a representation of G in the channel space.

6.5. Th ing () > (¢ N (10 (Z5)) and its fixed
5. e mapping Q(z) — T as a a T as and its fixe

) are the constant functions only. 0J

points.

Proposition 6.15. Let 7 = {T;9, M, K} be a passive selfadjoint system with transfer
function Q. Then the passive selfadjoint system n, = {T,; 9, M, K}, a € (—1,1), has the
transfer function

2= (2(252) o) (a0 (229))

If 7 is minimal then n, is minimal, too.

Proof. Let T be a selfadjoint contraction in the Hilbert space $) and let a € (—1,1). Due to
(6.20) for all z € C\ {(—o0,—1]U[1, 00} one has

(I — aT) (I— Z”T)_l.

14+ az

(I —=2T,) " =

14+ az
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Moreover,
z+a - z+a ! z+a !
(I —al) I — T =(7—- T —al (I — T
1+az 1+az 14+ az
—1 -1
+ 1+ 1+ +
_ [_z aT ta Za[—a za [_z aT
1+az z+a z+a 14 az
1 1— a2 -
. +zal+z( a)(l_ z+aT) |
z4+a z4+a 1+ az
and

1 14 1—a? + -
([—zTa)_l _ <CL ZQI+Z( a ) (]_ zZ+a T) )
14+ az zZ4+a zZ4+a 14+ az

_ e 2(1 — a?) [_Ete -
z+a  (z+a)(l+az) 1+az

Let § =M@ K. Since Poyp(I —2T)" 1M = (I — 2Q(2)) ", we get

a 2(1 — a?) z+a z4a\\ "
Poy(I — 2T,)"1m = 1 Iy — Q
(L = =10) 1 z+am+(z+a)(1+a2)<m 1+az <1+az))
-1
1 z4+a z+a z+a
= Iy —af) Loy — Q )
1+az<Sm ¢ <1+a2>)<m 1+az <1+az>)
Now consider the passive selfadjoint system
Mo = {To; M, MK}, T,= (T —al)(I—al)",

and let €, be the transfer function of n,. Then from Poy(I — 2T,) M = (I — 22, (2)) *
we get

1 z+a z+a z4+a\\
Ion — 20 = Iy — a2 Iy — Q .
(I = 22, (2) 1—i-az<gjt ¢ (1+az)) (zm I+az (1+az))

Hence,
—1
zZ+a zZ+a
Q =(Q —al Iop — a2 .
w0 = (2 (555) i) (a0 (550))
Since
-1
z+a
N ker (Py(I — 2T,)™") = ) ker | Py <I — T) (I — aT))
z€D z€D 1+ az
= (I —aT)™' N ker (Py(I — uT)™1),
peD
we conclude that if 7 is minimal then also 7, is minimal. 0

Corollary 6.16. Let 7 = {T; 90, MM, K} be a passive selfadjoint system with transfer function
Q. Let a € (—1,1) and suppose that o, = {T (a); M, M, K} is a passive selfadjoint system

zZ—a
with transfer function ) (17) ; see Theorem 6.11. Then the passive selfadjoint system

Co = {(T(a))a; M, M, K}, (T(a))a = (T(a) — al)(I —aT(a))™
has the transfer function
Qe (2) = (2z) —aD)(I —aQ(2))™!, 2€ C\ {(~00, -1 U1, 400)}.
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If T is minimal then (, is minimal, too.
The next result shows that the Redheffer product K_, e V,(T') coincides with W_, (7).

Proposition 6.17. Let the block operator T in (6.21) be a selfadjoint contraction, let 2(z) =
D+ z2C(I — 2F)~'C*, and denote

5 O(a) MTT?CU—aFfl'Z?_}gI
and
K :{ —al \/1—a2[}.g_)?
V1—a? al m m
Then the Redheffer product K_, T, satisfies the equality
(6.23) K ,oT,=T,(=(T—al)(I —al)™).
Proof. Tt follows from (6.19) that the mapping K_, e 7, : M & K — M @ K has the form
K e f _ [ (al — Q(a))(I — af2(a))™* (1 —a*)(I — aQ(a))"'C(I —aF)™*!
—a a (1—a®C*(I —aF) (I —aQa))™" Fu+a(l —a*)(I —aF)"'C*(I —aQa))"'C(I —aF)™ "
Comparing this with (6.22) leads to (6.23). O

Theorem 6.18. 1) If the function Q from RS(IN) is inner, then the equality

o o= (0(2) o) (man(£22))

holds for all a € (—1,1) and z € C\ {(—o0, —1] U [1, +00)}.
2) If Q € RS(M) and (6.24) holds for some a € (—1,1), a # 0, then Q is an inner
function.

Proof. 1) If Q € RS(9M) is an inner function, then it takes the form (3.1) and D = Q(0).
The equality (6.24) can be verified with a straightforward calculation.
2) Suppose that (6.24) holds for some a € (—1,1). Then the equality

+ +
o2 _ar=0@) (r-a0 (=12
1+az 1+az
holds for all z € C\ {(—o0, —1] U [1,+00)}. Letting z — +1, we get the equalities Q(1)* =

Q(—1)? = Iyy. Moreover, with z = 0 we get from (6.24) the equality
(Qa) — alpy) (I — aQ(a)) ™" = Q(0).

Then by applying Theorem 3.3 one finally concludes that €2 is an inner function. O
z—a z—a -

6.6. The functional equation Q(z) = | Q —aly ) | Im—af) .
1—az 1—az

Theorem 6.19. Leta € (—1,1), a # 0. Then the equality

(6.25) Q(z) = (Q <1Z__:Z) - alm) (Im —ad <1Z:aa2> )_1

holds for all z € C\ {(—o0,—1] U [1,+00)} and for some Q € RS(M) if and only if Q is
identically equal to a fundamental symmetry in IN.
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Proof. We will use the M&bius representation (2.13) for Q € RS(IM),
(6.26) Q(z) = Q(0) + DayA(2) (I +Q(0)A(2)) " Doy, 2 € C\{(—o0, 1] U[1,+00)},
with a function A € RS(Dqp)) such that A(z) = 2I'(2), where I' is a holomorphic B(Dgq))-
valued function with ||T'(2)|| < 1 for z € D; see Proposition 2.3.

Equality (6.25) is equivalent to the equality
zZ+a
1+ za

(Q(2) — aly) (Ion — aQ2(2)) "' = Q ( ) Vz e C\ {(—o0,—1]U[1,4+00)}.

Now, with z = 0 this gives the equality
(2(0) — alm) (Im — a2(0)) " = Q(a) <= Q(0) — Qa) = a(Im — 2(a)Q(0)).

Denote Q(0) = D. Assume that ©p # {0} and represent Q € RS(M) in the form (6.26).
Furthermore, we use that A(z) = 2I'(z). This leads to

—CLDD(F(CL)([ + CLDF(CL))_lDD =a ([gm — (D + CLDD(F(CL)(I + CLDF(CL))_lDD) D) .
It follows that

~T(a)(I + aDT(a))"" = I — al(a)(I + aDT(a))"'D
& (I +al(a)D)'T(a) = al'(a)D(I + al(a)D)"" — I
— (I +al(a)D)'T(a) = al(a)D(I + al(a)D)"" — I
e ([ +al(a)D)'T(a) = —(I + al(a)D)""

— TI'(a)=-1.
Since I'(z) belongs to the Schur class in 9, we get
I(z)=—-1I, ze€C\{(—o0,—1JU[Ll,400)}.
Hence for all z € C\ {(—o0, —1] U [1,+00)},
Q(z)=D —zDp(I —z2D)'Dp = (D — 2I)(I — zD)!

However, the function (D — zI)(I — zD)™! belongs to the class RS(OM) if and only if it is a
constant function. In other words, one must have ®p = {0}. This means that Q(z) = D, in
C\ {(—o0,—1]JU[1,+0c0)}, and here D is a fundamental symmetry in 9 (D = D* = D7 1).

U

Appendices

A. THE SCHUR-FROBENIUS FORMULA FOR THE RESOLVENT

Let
m m
I/l:{g i}:@%@
9 9

be a bounded block operator. Then the resolvent Ry (\) = (U — AI)™' of U (the Schur-
Frobenius formula) takes the following block form:

—V=t(\) VY A)CRA(N)

AL BN = p 0BV Ra(N) (I — BV-LNCRAN)|

A€ pU) N p(A),
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where
(A.2) V(A):= Aoy — D+ CRs(AN)B, X € p(A).
In particular, A € p(d) N p(A) < V1()\) € L(OM) and (A.1) and (A.2) imply
(PRy(N) 9™ = D — CR4(N\)B — M.
B. CONTRACTIVE 2 X 2 BLOCK OPERATORS

The following well-known result gives the structure of a contractive block operator.
Proposition B.1. [11, 15, 19]. The block operator 2 x 2 matriz

m N
T:[gg}:@%@.
K L

is a contraction if and only if D € B(O,N) is a contraction and the entries B,C, and F
take the form

B=NDp, C=DpG,
F=—-ND*G+ Dy-LDg,

where the operators N € B(®p, L), G € B(K,Dp+) and L € B(Dg,Dn~) are contrac-
tions. Moreover, the operators N, G, and L are uniquely determined by T'. Furthermore, the

following equality holds for all f €M, h € K:
Dp:G f
NDD —ND*G + Dn«LDg| |h

= ||[Dn(Dpf — D*Gh) — N*LDgh||* + || DL Dch|)?.

Remark B.2. If M =M, L=K , then T € BM @& K) is a selfadjoint contraction if and
only if D= D*, B=C*, G = N*, L= L*,

Remark B.3. Let F' be a selfadjoint contraction in the Hilbert space IC, then the operator
given by the block operator

2

B D D
Jr = £ Dr e = D
Dr F C C

18 selfadjoint and unitary: Jp = Jp = J}l.
Let MM be a Hilbert space, let K € B(Dp, M) be a contraction and let
K0 Dp m
i E e — D .
K K

Then for any selfadjoint contraction Y € B(Dk~) the block operator

T_KO—FDF K*0+DK*YDK*O
|0 I||Dp F 0 I 0 0

I

N DpK* F K

K
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18 selfadjoint contraction. Conwversely, any selfadjoint contraction

m m
T::[éi iq o = D
K K

has the representation

0 I 0 I 0 0

with some contraction K € B(D g, M) and some selfadjoint contraction Y € B(Dg~). More-

over, T is unitary if and only if K is an isometry and Y = Y* = Y ~! in the subspace
D = ker K*.

T {K 0} I, [K* 0} . [DK*YDK* o}
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