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Abstract

We give an explicit formula for the second variation of the logarithm of the Selberg zeta
function, Z(s), on Teichmiiller space. We then use this formula to determine the asymptotic
behavior as s — oo of the second variation. As a consequence, for m € N, we obtain
the complete expansion in m of the curvature of the vector bundle H 0X, K) > teT
of holomorphic m-differentials over the Teichmiiller space 7, for m large. Moreover, we
show that this curvature agrees with the Quillen curvature up to a term of exponential decay,
O(m%e~'™) where Iy is the length of the shortest closed hyperbolic geodesic.

Keywords Selberg zeta function - Selberg trace formula - Second variation -
Plurisubharmonicity - Teichmiiller theory - Zeta-regularized determinant - Higher Selberg
zeta functions

Mathematics Subject Classification Primary: 11F72; Secondary: 30F60 - 32G15 - 30F30

1 Introduction

Selberg was one of many mathematicians for whom investigating the Riemann hypothesis
would lead to deep results of broad interest, not only in analytic number theory but also in
many other neighboring fields. To wit, Selberg’s trace formula was one of the main inspira-
tions of the Langlands program. The Selberg zeta function is shrouded with a certain mystique
because it is defined in terms of quantities which are in general incomputable, namely the
set of lengths of closed geodesics on a Riemannian manifold,
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2= ] 2z, zy:ﬁ(1—e—’<y>'“+’<>). (1.1)

y €Prim(0) k=0

Here, the geometric setting is a compact Riemann surface, X, of genus g > 2, equipped
with the hyperbolic metric of curvature —1. Let I" be the fundamental group of X. We may
then fix X as the quotient of the upper half plane, H = {z = x 4+ iy, y > 0}, by I, so that
X = I'\H. We say a hyperbolic element, y € I, is primitive if forall yp € I' and k € N
withy = )/(;( it follows that yp = y and k = 1. Then Prim(0) in (1.1) is the set of conjugacy
classes of primitive hyperbolic elements y of I', which is in canonical bijection with the set
of primitive closed geodesics, and £(y) is the geodesic length of the associated conjugacy
class of y.

It is clear from (1.1) that the Selberg zeta function is intimately linked to the Riemannian
geometry of X. What is perhaps not so obvious is that it is also closely connected to the
complex structure of X. To describe this, we fix S, the so-called model surface of genus
g > 2. The Teichmiiller space 7 = 7, of surfaces of genus g is the set of equivalence classes
[(2, ¢)], where X is a Riemann surface, and ¢ : § — ¥ is a diffeomorphism, known as a
marking. On each such surface, X, there is a unique Riemannian metric which has constant
curvature — 1, however in this notation the Riemannian metric is suppressed. The equivalence
relation identifies

(21, 01) ~ (22, 92)

if there is an isometry / : | — ¥ such that [ and ¢ o <p1_1 are isotopic. Hence, from
the Riemannian geometric perspective, these two surfaces are identical, in that they are
topologically the same, and they are equipped with the same Riemannian metric.

One may also consider 7 from a complex analytic perspective. For this purpose, we
recall that a Beltrami differential, u, is a I' invariant 9, ® dz tensor on H; thus, we write
w = u(2)d; ® dz. It is harmonic if u(z) = ¢(z)y2, and ¢ = ¢(z)dz? is a " invariant
holomorphic quadratic differential. Ahlfors [2] showed that tangent vectors in 7; for a point
t = [(X,¢)] € T are represented by harmonic Beltrami differentials. To see this, for a
harmonic Beltrami differential 1, let f# be the solution of the Beltrami equation

fi=n@f, zeH,
fF=n@f, zel, (1.2)
fO0)=0, f()=1, f(o0)=o00,

where L is the lower half plane in C. For a fixed Beltrami differential x of (supremum) norm
1, let ¢ be a small complex number. Consider the Beltrami equation for e with solution
f&. Then, for sufficiently small &, f¢* defines a Fuchsian group I'* = fe#T'(f¢*)~!. The
Riemann surfaces X¢ = I'®\H define a curve in 7 with X 0 — X. Hence, we identify unit
tangent vectors in 7; with harmonic Beltrami differentials of unit norm. Each of these in
turn defines a local one parameter family of Riemann surfaces, X°. In this way we compute
the variation of quantities defined on the surface X corresponding to the point # € 7 in the
directions corresponding to these harmonic Beltrami differentials of unit norm. The stage is
now set to present our main results.

1.1 Main results

Our first main result generalizes [15, Theorem 1.1.2] in which Gon computed a formula for
the first variation of the log of the Selberg zeta function; this may be compared with our
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Proposition 4. The variation is computed, in both our setting and that of Gon, by viewing
the Selberg zeta function as a function on Teichmiiller space, 7, defined for t € 7 as the
Selberg zeta function on the corresponding Riemann surface equipped with the hyperbolic
Riemannian metric of constant curvature —1.

Theorem 1 For N(s) > 1, we have

BudplogZ(s) = Y. 8udulogtNA, )+ Y. (8, log LP(Ay () + By (5)
y €Prim(0) y €Prim(0)
(1.3)
where

[ee}

d d 1 (s +k)e(y)
Ay (s) = sa log Z, (s) + - logz,(s)” = Z Tl — 1’

and

B, (s)

2 d? d? 1 d? 1
(s 7 log Z,, (s) + 25‘@ logz, (s)™" + 42 log 2, (s) )

(S 4 k)2e(s+k)l(]/)

o0
=—y)?ry —
) kX:;) @G0 _1)2

Above z,,(s) and Z,,(s) are as in (3.15) and (3.17), respectively.

To avoid cumbersome notation, we have not included the explicit formulas for the first and
second variations of the lengths of closed geodesics in the second variational formula above.
These are contained in Sect. 3.1, Propositions 2 and 3, respectively.

In our next main result, we prove asymptotics of the second variation of log Z(s) for
N(s) — oo. To state the result, we require the set of systole geodesics,

S(X) :={y € Prim(0) : [(y) = lp}, lo = inf{l(y): y € Prim(0)}. (1.4)

Correspondingly, listing all the systole geodesics as S(X) = {{(y1), ..., [(yn)}, we define

o : e T > @ul(y1), ... 8l (yy)) € CV. (1.5)
and
0,dol* ==Y~ 10l (), (1.6)
S(X)
and } _
00y oglo ==Y 8,0, logl(y). (1.7)
S(X)

Theorem 2 If|9,lo|*> # O, then

a 2
lim 0,0, log Z(s) _ [0,.00]
Rs—00 s2e—sh 1 —e

For the Ruelle zeta function, R(s), which is defined in (2.12),

<0. (1.8)

9udulog R(s) _ [3,lol?

Rs—00 s2e—sh 1—eh

< 0.
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The square of the Hilbert—Schmidt norm of the resolvent, which is defined in Lemma 3,
satisfies

oy Oudull(Ao+ 56 = D)l 19udol’lg
Rs— 00 e—sh 4(1 —e~o)

In case |8Mlo|2 = 0, then we have

8,0, log Z lo -
Ly OndulogZ(s) _ 2:—’0 9,0, logly > 0. (1.9)

Rs— 00 se—slo T 1-

In this case, we also have for the Ruelle zeta function,

lim 90 logR(s) o

Rs—00 se—sh - [ _elo auaﬂ log lO > 0.

The square of the Hilbert—Schmidt norm of the resolvent in this case satisfies

i 0uByull(Do 456 = D)l 153udu loglo
Rs— 00 %e—slo T 41 —e o)

The zeta-regularized determinant, det(Ag + s(s — 1)), satisfies
3,9, logdet(Ag + s(s — 1)) = 3,9, log Z(s),
and therefore analogous results hold for its behavior as s — oo.

It follows from the above theorem that the Hessian 89 log Z(s) for large s € R is not
positive definite on Teichmiiller space, 7. More precisely for each fixed t € 7 let r = r(t)
be the rank of the linear map (1.5). It follows from the result of Wolpert [38, Theorem 8] that
the differential d/ of the length function of one geodesic / is everywhere non-vanishing. In
particular the R¥ -valued differential 3/o defined in (1.5) is non-vanishing,and 1 < r < 3g-3.
It is also known (see [22, Theorem 3], [25]) that there exists ¢t € 7 such that the number
N of systole geodesics is bounded above by 2g, N < 2g, thus the rank r < 2g at t. Our
result states then that if u € 7;(7) is in the subspace Kerdlj then the Hessian 5,1 0, log Z(s)
has positive sign for large s € R, and if y is in the orthogonal complement (Kerdlo)' then
Hessian has negative sign for large s € R, the dimension of the two spaces being r and
3g — 3 — r, respectively.

Assume now that m € N. As a consequence of Theorem 2, we prove that the curvature,
Chern® (11, ), of the vector bundle H%(X;, K;) — t € T of holomorphic m-differentials
over the Teichmiiller space, 7, agrees with the Quillen curvature up to a term of exponential
decay. In particular we obtain the full expansion of the Chern™ (, p) in m.

Corollary 1 The curvature, Chern™ (., w), of the vector bundle H*(X,, ;) — t € T over
the Teichmiiller space, T, has the following expansion,

om(m — 1)+ 1

Chern™ (i, p) =
ern™ (w, ) T

|l l3p + R(m), m — oo. (1.10)

Here, ||[,L||%VP is the square of the Petersson norm of . The remainder

R(m) = O(m*e™0), m — .
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The corollary shows that Chern™ (i, ;1) and the Quillen curvature agree up to an expo-
nentially small remainder term. This improves, in the case of Riemann surfaces, the result
of Ma-Zhang [21] where the first two terms were found. In this sense, our result can be seen
as a variational version of the result of Bismut—Vasserot [10] on the asymptotics of analytic
torsion. It is also closely related to the curvature of the Quillen metric on Teichmiiller space
which has been studied in the general context of holomorphic families of Kihler manifolds

[9].

1.2 Related works

To the best of our knowledge, the first result on plurisubharmonicity of naturally defined func-
tions on Teichmiiller space appeared in [36]. There, Wolpert showed that geodesic length
functions are plurisubharmonic as functions on Teichmiiller space. He has built upon and gen-
eralized those results in [32,37]. More recently, Axelsson and Schumacher [5], using Kédhler
geometric methods, established the plurisubharmonicity of each geodesic length function.
They obtained this result as a corollary to formulas they demonstrated for the first and the sec-
ond variations of the geodesic length as a function on Teichmiiller space. The WeilPetersson
Hession of length was also studied by Wolf [31] at the same time as Axelsson & Schumacher
obtained their results.

Closely related to our work is that of Gon [15]. That context is more general because
the underlying model surface in the definition of Teichmiiller space is of type (g, n), that
is genus g and punctured at n points. Our work is only for (g, 0), so that our surfaces are
not punctured. The main result of [15] expresses the variation 9, log Zr(s) as a sum over
conjugacy classes of primitive hyperbolic elements of certain quantities depending on local
higher zeta functions and periods of the automorphic forms over the closed geodesic. The
formula was obtained with the help of Takhtajan and Zograf’s integral expression for the first
variation of the Selberg zeta formula,

aulong(s):/ Fi()p. (1.11)
X

Above, Fj is a certain Poincaré series constructed from a second derivative of the resolvent
kernel Q,(z, z') of the Laplacian on the surface. More precisely,

82
Fo= Y ——0,zy7)

0707’
y#e,yel’ oz

)

=7

where e denotes the identity element. Using the explicit formulas for Q(z, yz'), Gon was
able to express 9, log Zr (s) via the sum of local Selberg zeta functions [15, Theorem 1.1.2].

Our method is different. Instead of exploiting the integral formula of Zograf and Takhtajan,
we show that it is possible to differentiate the definition of the Selberg zeta function, directly,
as long as it converges. This serves our purposes well, because we are interested in arguments
for which the product (1.1) converges. Next, we use the result of Axelsson and Schumacher [5]
for the variation of the length of a geodesic. Interestingly, although our method is different, we
arrive at the same formula as Gon. Moreover, our approach gives a geometric interpretation
for the automorphic forms appearing in Gon’s formula: the automorphic forms correspond
to the variations of the lengths of the geodesics. Furthermore, with our method we are able
to calculate the second variation of the Selberg zeta function as a sum over primitive closed
geodesics of the surface.
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Consequently, this method is applicable not only for studying the Selberg zeta function, but
also to study all other functions that are defined in an analogous way. In particular, our tech-
niques apply equally well to functions which are defined as a sum or product, over primitive
closed geodesics, of quantities depending on the lengths of closed geodesics. To illustrate the
utility of our method, we compute in Sect. 4.2 variational results for: the trace of the squared
resolvent, the Ruelle zeta function, the zeta-regularized determinant of the Laplacian, and the
hierarchy of higher Selberg zeta functions. For the definition of these higher zeta functions,
see (2.14). These form a real-parameter family Z (s, ¢) of zeta functions which generalize the
notion of the Selberg zeta function. Interestingly, the local version of these higher Selberg
zeta functions also appear in Gon’s formula. Here, we prove directly using their definitions
a variational formula for the whole hierarchy which relates the variation of Z(s, t) to that of
Z(s,t")fort' <t.

We would also like to mention related results obtained by Fay [13], who considered Sel-
berg zeta functions twisted by a representation of I'. It may be possible to generalize our
results to that setting as well, if the key elements in the proofs are amenable to suitable
adaptations. Finally there is a conjecture of Sarnak [25, p. 411] that the analytic torsion is
a Morse function on Teichmuller space; understanding its second variation at critical points
will be important in resolving the conjecture.

1.3 Key elements in the proofs

Initially, we prove the first and second variational formulas, Proposition 4 and Theorem 1,
respectively, by differentiating the definition of the logarithm of the Selberg zeta function and
verifying convergence. As we proceed directly using the sum over closed geodesics, we must
compute the first and second variation of the length of each closed geodesic. To compute the
first variation, although this would follow from [5], we compute in a more classical and direct
way using Gardiner’s formula, obtaining an equivalent but superficially different formula.
However, unlike the first variational formula of [5], one can read-off the terms in Gon’s
formula directly from our Proposition 2.

The asymptotics of the second variation of log Z (s) are obtained by locating the dominant
term in our formula as s — oo. When s = m > 0 is an integer, the variation is the
difference of the curvature of the vector bundle H°(%,, K!") — t € T over the Teichmiiller
space 7 and the Quillen curvature. The Quillen curvature is well known and is given by
a second degree polynomial in m. We therefore obtain the full expansion of the curvature
Chern™ (i, ). Apart from the case of abelian varieties this seems the first case where a full
expansion of Chern™ (11, t) has been obtained.

1.4 Further developments

In a subsequent paper [14] we shall demonstrate an integral formula for the second variation
which holds for f(s) > 1, in the spirit of the integral formula of Takhtajan and Zograf, [39,
Theorem 2] fors = m € N. We shall use this formula to define the curvature, Chern™ (u, 1),
for non-integer m. The Teichmiiller space and the vector bundle HO(IC?') =t € T of
holomorphic m-differentials H 0(IC;”) over the Teichmiiller space can be formulated in the
general setup of relative ample line bundles for fibrations of Kéhler manifolds [6]. In a recent
preprint [30] the third author together with Wan has been able to prove a generalization of
Corollary 2 in this general setup.
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1.5 Organization

In the next section we gather definitions and notations and demonstrate the requisite prelimi-
naries. In Sect. 3 we prove the first variational formula as well as estimates and a convergence
result which will be used to justify convergence of the second variational formulas demon-
strated in Sect. 4. The asymptotics of the second variation for s — oo are computed
in Sect. 5, which are then used to compute the asymptotics of the curvature of a Hermi-
tian holomorphic vector bundle. We conclude with an investigation of the special cases
s =m € {1, 2}. Finally, in the “Appendix” we provide a calculation of the Hilbert-Schmidt
norm of the squared resolvent. Although the formula is known, our particular method of cal-
culation is not contained in the literature to the best of our knowledge and therefore may be
interesting or useful. This calculation is used to compute the variation of the Hilbert—Schmidt
norm in Sect. 4.

2 Preliminaries

We fix notations and prepare the technical tools required for our proofs.

2.1 Hodge and ) Laplacians on Lf" /X

We briefly recall a few known results for certain Laplace operators on Riemann surfaces
which shall be important ingredients in the proofs of our results. Each point in Teichmiiller
space 7 = 7, is canonically identified with a compact Riemann surface, X of genus g > 2,
which admits a unique Riemannian metric of constant curvature —1. Then, X is identified
with the quotient I'\IH, where I" is the fundamental group of X, and H is the upper half plane
in C. The hyperbolic metric in Euclidean coordinates on the upper half plane is given by

p@Idz?, p()=y7? H={z=x+iyeC:3z=y>0}. @.1)
Let Ag = —y?(32 + 83) be the Laplace operator on scalar functions. We note that
aZ
Ag = —4y* ——.
0 Y 0202

For this reason, there are different normalizations of the Laplacian by different authors.
Particularly relevant to our work is the definition in [28], who defined the Laplacian as
? 1
—y2—— = —A,.
d0z0z 4
Let K be the holomorphic cotangent bundle and K the anti-holomorphic cotangent bundle
over X. We also use the standard no_tation that K% = (K*)* is the dual bundle of iC¥. The
scalar product on sections of K ® K! is given by

i _ - —k—
Foghai= [ F @@z naz = [ rgolaa. 2)
X X
The integration above is with respect to the Euclidean measure, dA = dxdy, and is taken

over a fundamental domain of X. In the case of functions, we note that k = [/ = 0, and we
may simply write the integral of a function ¢ on X as f x ®» suppressing the pdxdy.
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Let L,%J(X ) be the corresponding Hilbert space. We write L,%(X ) = L%’O(X ). Denote
by V; the (1,0) part of the Chern connection, V; = V; + V", V" = d.Letd =0 =
(VY*V' + V/(V)* and 0" = 3*3 be the corresponding Laplace operators. The Chern
connection V = V' + § can be extended to sections of K" ® K as (0, 1)-forms with values
in K™. Note that 0" = 8*9 4+ 93* = 99* on (0, 1)-forms.

Let HO(K*) = Kerd be the space of holomorphic k-forms, k > 0, and H ©.1) (xcky
the d-cohomology of (k, 1)-forms, k < 1. Elements in H©-D (C~!) are represented by the
harmonic Beltrami differentials 1 = 1(z)(dz)~'dZ and are identified with H°(K?) via the
duality,

¢(2) = p(@Du@) =y p@, ¢:=¢R)d2)* € H (X, K. (23)

The following Lemma is a consequence of the general well-known Kodaira—Nakano-type
formulas [12, Chapter VII, Section 1]. For completeness, we provide an elementary proof.

Lemma 1 Onthe space L%’ 1 (X) of (0, 1) forms with coefficients in Kk the operators (V')*V',
V' (V)Y*, and O" = 39* are related by

k—1 -
(V/)*V/ _ v/(vl)* + T — 55*.

Proof The Chern connection V'’ (also called Maass operator) is given by V’ ( f@ (dz)* dZ) =
Yy 23(f(2)y*)(d2)k*1dz and 3 ( f(2)(d2)¥) = 8 £ (z)(dz)*dz. Thus their adjoints are

(V)" (£ (@) *1dz) = =507 f () (do)dz

and
@ (F(@2kdz) = —y* FaH f )@,
We have thus
V)V (f@ED4dz) = 35" (f (Do) dz) = gD dz,
8@ ==3 (»*a0™ F@n).
and

V/(V)* (f(z)(dz)de) = h(z)(d2)*dZ, h(z) = —y 2k Dj (yz““”é(yzf(z») :

The operators f = f(z)(dz)kdz — g = (V)*V'f,and f +— h = V/(V')* f then differ by
a constant. More precisely

_ _ k
8(z) = —y*39f(2) —iyd f(2) +ikyd f(z) — 5@,
2k

-1
f(@

h(2) = =y*80f (@) = iyd () +ikyd f(2) = —

and g(z) = h(z) + /‘2;1 f(z). This completes the proof. O

@ Springer



Annals of Global Analysis and Geometry (2020) 57:23-60 31

2.2 The Weil-Petersson metric on Teichmiiller space

We introduce the Weil-Petersson metric following [29], and we take the opportunity to recall
as so nicely done there the origins of this metric. Petersson introduced an inner product on
the spaces of modular forms of arbitrary weight in the context of number theory. Observing
that modular forms of weight two are precisely holomorphic quadratic differentials, André
Weil remarked in a letter to Lars Ahlfors that Petersson’s inner product should give rise to
a Riemannian metric on Teichmiiller space. This is indeed the case, and Ahlfors went on to
prove [1] that the holomorphic sectional curvature and the Ricci curvature of 7 with respect
to this metric, known as the Weil-Petersson metric, are both negative. However, this metric
is not complete, which was demonstrated by Wolpert [33].

Ateach point t € 7, we may identify the holomorphic tangent vectors at ¢ with harmonic
Beltrami differentials, . The Weil-Petersson metric is defined by

(o 1) = (e W = /X Il = fX W@ PRP@AA).

This defines a Hermitian metric on 7, which taking the real part defines a Riemannian metric
on 7, but we shall only be interested in the Hermitian Weil-Petersson metric on 7.

2.3 The curvature of vector bundles on Teichmiiller space

For each pointt € 7 = 7, the Teichmiiller space of marked surfaces of genus g, we denote
the corresponding Riemann surface as X,;. When it is clear from context, we may simply
write X. The holomorphic tangent vectors at eacht € 7, u € T,(l'o) (7), are identified
with harmonic Beltrami differentials 1 € H®D(X;, K~!). We may also identify X~! with
K, with the observation that (3,)*(d;) = 1 = dz ® .. Thus we write in terms of a local
coordinate, z,

1T 3 1 = pu(z)dze,.

The coholomogy H @V (X,, K1) is identified further with H°(X;, K?) as in (2.3). In this
way, we have an anti-complex linear identification between T,(l’o) (7") with the holomorphic
quadratic differential H°(X,, k2), namely the dual of T,"** (7)) with HO(X,, K2).

Let m > 1. The map HO(X,, K") /= t € T can be used to define a holomorphic
Hermitian vector bundle over the Teichmiiller space 7. More precisely, p : X — 7 is a
smooth proper holomorphic fibration of complex manifolds of (complex) dimensions 3g —2
and 3g — 3, respectively, such that for each point ¢ € 7, the fiber over ¢ is the surface, X;. In
the language of [7], Y = 7, and the relative (complex) dimension, n = 1. We then consider
the holomorphic line bundle £ — X such that £|y, = IC';:I = IC;. It is well known that
L — X is equipped with a smooth metric of positive curvature; the positivity follows from
[35, Lemma 5.8]. Moreover, Wolpert also showed in that work that X is equipped with a
Kihler metric.

The direct image sheaf of the relative canonical bundle twisted with £,

P«(L+ Kx/1)
is then associated to the vector bundle, E, over 7, with fibers

E = H(X. Kx, + LIx,) = H' (X, K}).
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Thus, an element in E; is a holomorphic (1, 0) form, u, on X; with values in L|x,. The
Kodaira—Spencer map at a point ¢ € 7 is a map from the holomorphic tangent space to the
first Dolbeault cohomology group, H%1(X,, T1-9(X,)) of X, with values in the holomorphic
tangent space of X;. The image of this map is known as the Kodaira—Spencer class, K. This
class has a natural action on u € E;, which is denoted by K, - u. If k; is a vector-valued (0, 1)
form in K;, then

Kiou:=1[k-ul e HOD (X, K. (2.4)

In this setting, we note that the harmonic Beltrami differential, u, is in the Kodaira—Spencer
class, K;, so we may take k;, = p above. Then, the action u - u is well-defined defined via
ky - u.

We recall the curvature formula of Berndtsson [6,7] for general relative direct image
bundle specified to our case above. Interestingly, it is precisely the curvature of this bundle
which shall appear in our second variational formula for the logarithm of the Selberg zeta
function at integer points. Fix X = X; and denote

F) = (14 0p) ul? (2.5)

where (g = 29*9 is the Laplacian on functions. Although 1(z) is not a well-defined point-
wise function, |u|? = | ,u(z)|2|d2|2|81|2 is indeed well-defined pointwise. Similarly for an
element u € E;, |u|? is also a well-defined pointwise function.

Proposition 1 The curvature R (u, 1) of the bundle H°(X,, K"y = t € T is given by

(R (w, wyu, uy = [p - ull®, form = 1. (2.6)

Above, [l - u] is defined in (2.4), and the norm is with respect to the natural Kihler metric
on the bundle E induced by the Kdihler metric on X. The norm is taken with respect to the
unique harmonic representative in the class [ - u]. For m > 2, the curvature

(m) 2 m—1 7 m—1 !
(R (u,mu,u>=<m—1>/xf(u>|u| PP (0 ) e w).
2.7

Above, 1" = 89* = (V')*V' is the 9-Laplacian acting on (m — 1, 1)-forms w-u in Lemma 1.
i

Letting {u; & | be an orthonormal basis of H 0 (K™), the curvature,

Chern™ (i, jt) = Tr R™™ (11, 1)
is given by

dmn

Chern™ (. ) = ) [l -ujll?, form =1,
j=1

where the norm is the same as in (2.6). For m > 2, the curvature
Chern™ (u, p) = 17 + 11

with
dm
1 = (m 1)Z/Xf(u)luj|2
j=1
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and

dp —1
m—1 m—1
11<m>:72 §:<<D”+2 ) (u-uj),u~uj>
j=1

form > 2.

Proof Form = 2, this curvature formula is due to Wolpert; see [35, Theorem 4.2]. The results
are proved in [6,7] for the general setup, and we specify them to our case. We also show
how the result in [27] for our case is a consequence of the general results. The fibration is
now the Teichmiiller curve, denoted X" above; X is the natural fiber space over Teichmiiller
space, 7 = T,. The fiber, A, for t € T is the Riemann surface X = X,. The line bundle
£ = K"~ whose restriction on each surface X is IC')'(’_I. The metric, indicated by e~ ?in[7]
on K is in our case p~! = y? on each fiber X. More precisely, on each fiber, X the metric
is p(2)|dz|?, with p(z) = y_2, defined via the identification of X = I'\H. The harmonic
Beltrami differential u here is a representative of the element k; in the Kodaira—Spencer class
as described above. The first formula (2.6) for m = 1 is now an immediate consequence of
[7, Theorem 1.1].

To state the curvature formula in [7, Theorem 1.2] for m > 2 we recall that the metric on
Km=lise™V = y?"=2 with y = (m — 1)¢. The complex gradient Vy, of ¥ with respect
to the fixed potential ¢ (see [7, p. 1213]) can be chosen as Vi, = V. The corresponding
Kodaira—Spencer class k,(mfw’ is represented by 5V¢ restricted to the fiber space and is thus
also k;, so that

k"D = k.

Weputn = —k;-u = —p-u,a(m—1, 1)-form. The curvature formulain [7, p. 1214-1215]
reads as follows

(R™ (. 1w, u) =/Xc(<m— D)lu?e™ + Il — €11,

Here, & is the L2%-minimal solution of the 3 equation,
g = —V'n.

The function c((m —1)¢) is linear in m — 1 by its definition [7, (1.2)], and so we have c((m —
1)¢) = (m — 1)c(¢). Moreover, as explained in [7, p. 1217], it follows from Schumacher’s
formula [26, Proposition 3] that

@) =1 +00) 7 ul = f(.
The equation for £ is now solved by
£=—(0"0)"'9"V'np = —03%00%) "' V'n.
Thus
1§17 = —(6"(33%) "' V'n. §) = ((83%) "' V', V')
Now by Lemma 1 we have 99* = V/(V/)* + % on the (m, 1) form V’'n and

__ —1\! _1\!
(aa*)flv/ _ (V/(V/)* + m . ) vV =V ((V/)*V/ + m . )
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on the (m — 1, 1) form 5. Hence,

—1\! —1\!
HEES <V’ <(V/)*V/ + mT> n, V’n> = <<(V’)*V’ + mT> n, (V’)*V’n>

and finally
—1 -1
2 , m—1 P | m—1 ,  m—1
- = 5 V V A I e D = A~ 9 ’
1™ — 1€ 5 <(( VA — ) U] n> 7 t— .1
using again Lemma 1. This completes the proof. O

Remark 1 Since the sum ) j |u|§ in 7 is the Bergman kernel, its expansion [20] for large

m € N could be used to compute the expansion of Chern™ (11, 11). Here we instead com-
pute the explicit formula for the second variation of the Selberg zeta function because it
contains much detailed geometric data. In this way we obtain the asymptotic expansion
of Chern™ (i, ) in m as m — oo as a corollary. We note that in [27] the second term
’”T_l((lj” + mT_l)_ln, n) above appears as (m — 1)((A + m — 1), n) where A is the
d-Laplacian, [”. The discrepancy with our formula is due to our definition of the norms on
the L2-spaces of (m, 1) forms, so with this consideration, our formulas agree.

2.4 Zeta-regularized determinant, analytic torsion, Ruelle and higher zeta functions

Letdet(Ag + s(s — 1)) be the zeta-regularized determinant of the Laplacian on scalars. This
is defined through the spectral zeta function. For R(s) > 1 and R(z) > 1, this spectral zeta
function is defined by

(@)=Y (+sts—1)7%,

keN

where {\t}ren are the eigenvalues of Ag. In the special case s = 1, the sum above is only
taken over the nonzero eigenvalues of Ag. It is well known that the spectral zeta function
admits a meromorphic extension to z € C which is regular at z = 0. The determinant is then
defined to be exp(—¢'(0)).

This determinant is closely related to the Selberg zeta function (1.1). By [24, Theorem 1]
the determinant, det(Ag + s(s — 1)), and the Selberg zeta function, Z(s), are related by

E—s(s—1) Ta(s)?

2¢—2
') (27T)S) , N(s) > 1. (2.8)

det(Ap +s(s — 1)) = Z(s) <e

Above, g is the genus, [ (s) is the Barnes double gamma function, defined by the canonical
product

1

o0
1 k
T Q)22 | | (1 + i) e=$5%/2k 5, is Buler’s constant,
2 (s

k=1 k

and

I 1 1
E=————-log(2 2 — —log(4) ).
7~ 5 lo8@m)+ (12 og( ))
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Above, A is the Glaisher—Kinkelin constant.! In the special case s = 1, we have

det(Ag) = Z/(l)e(Zg—Z)(—l/(IZ)—Z10g(A)+(10g(2n))/2). (2.9)

2.4.1 Holomorphic analytic torsion

Holomorphic analytic torsion, or d-torsion, as Ray & Singer originally introduced in their
pioneering work [23], is a complex analogue of analytic torsion. To define it, let D?-? be the
set of C* complex (p, g)-forms on X. Then the exterior differential d splits as

d= d/ + d”,
where

d : DP9 s prha,
d’ - pPd s pratl

Let D, , be the corresponding Laplacian,
D,, =xd xd"+d" xd'*: DP9 > DP9,

We note that defined in this way, as in [23], the eigenvalues of this operator are non-positive.
Thus, they defined the associated spectral zeta function,

D, () =Y (=An)"*

An#0

for 9i(s) large. This zeta function may also be expressed in terms of the Mellin transform of
the heat trace. In this way, using the short time asymptotic expansion of the heat trace, one
can prove that {p, , extends to a meromorphic function in C which is regular at s = 0. One
may therefore make the following

Definition 1 Foreach p =0, ..., N, where N is the complex dimension of X, the holomor-
phic analytic torsion, T, (X), is defined by

1 N
log 7, (X) = 5 > (=1qzp, (0).
q=0

In our case, N = 1, and so there are two holomorphic analytic torsions,

~38py, O —%cgu(m_

To(X) =e and T1(X)=e¢e (2.10)

It is well known that the nonzero eigenvalues of Dy ; coincide with those of Dy = Ag as
do those of Dy ;1 [8]. We therefore have

To(X) = /det(Ag) = Ti(X). @2.11)

! The term with 1]—2 — log(A) comes from the derivative of the Riemann zeta function at —1.
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2.4.2 Ruelle and higher zeta functions

We shall also consider the Ruelle zeta function. For f(s) > 1, the Ruelle zeta function is
Rs)= [] (1 —e*”(V)>. 2.12)
y €Prim(0)

Above, Prim(0) denotes the set of conjugacy classes of primitive hyperbolic elements in I".

The last type of zeta functions which are relevant to our present work are the higher Selberg
zeta functions, the first of which was introduced and studied by Kurokawa and Wakayama
[19]:

oo
—k
Z(s) == l_[ 2y (8), zy(s) = l_[ (1 - e_l(y)'(s+k)> . (2.13)
y €Prim(0) k=1

More generally, this notion of higher Selberg zeta function was generalized in [16] who
defined a whole procession of higher Selberg zeta functions. For ¢t € C and %i(s) > 1, let

00 1+k—1
w0 =[] w60, 260 ::H(l—e*’W'@*k))( AT

y €Prim(0) k=0

3 First variation

In this section we compute the first variation of log Z (s). We start by computing the variation
of the length of an individual closed geodesic, 9,,/(y).

3.1 Variation of the length of a closed geodesic

We shall demonstrate a variational formula for the length of a closed geodesic in Proposition 2
using [5, Theorem 1.1]. There, Axelsson & Schumacher worked in the more general context
of families of Kéhler—Einstein manifolds. Here, we note that by [2, Theorem 5], for a neigh-
borhood (with respect to the Weil-Petersson metric) in Teichmiiller space, the corresponding
family of Riemann surfaces, each equipped with the unique hyperbolic Riemannian metric
of constant curvature —1, form a holomorphic family. Thus, we are indeed in the setting of
[5]. Related works include [4,34], and [15].

Here we shall prove our variational formula, Proposition 4 using Gardiner’s formula, [18,
Theorem 8.3]. This formula states that the variation 9,,/(y) is given by?

1
Oul(y) = (M ;Gy) (3.1
where ®,, is [18, p. 224]
Oy = Y (@,0K) - (K).

ke(y\I

2
Above, w, (z) = (%) , where a, b € 9H are the fixed points of y, (y) is the cyclic
subgroup of T" generated by y, and «’ denotes the derivative of x. We also recall (c.f. [15])

2 'We note that in [18, Theorem 8.3], they considered the real variation, so they have N (,u, %G)y). We are
taking the complex variation, and so we have the formula above for the variation.
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that for any y € T', the vector field

9
qy(2) = (2 +d —a)z — byo- (3.2)
satisfies

© 44y (@) = gy-1,5(2), Yo € PSL2,R).

In particular, the integral

Yz0 Y20
/ 9(2)(d2)*qy (2) = / 9(2)(cz* + (d — a)z — b)dz. (3.3)
20 20

is independent of both the path and the starting point zo for any weight 4 holomorphic
modular form, ¢ for I'. We may therefore use this integral to define the period integral as in
[15, Definition 1.1.1].

Definition 2 For any weight 4 holomorphic modular form ¢ for I" and a hyperbolic element
y € I', we define the period integral a(y, ¢) by (3.3).

Proposition 2 The variation of the length [(y) is given by

9 1 —2 oy, ¢)
—1 == 1))z(t t)ydt = —————.
o ) 2[/#(2( Nz(@) p(z()) Tsinh((y)/2)
Above, 7 = z(t) is a parametrization of the geodesic representing y with ||z(¢)|| = 1, and

the integration is over the footprint of y in X. We note that the variation is independent of
the choice of parametrization, and ¢ is defined via | as in (2.3).

Proof We can assume y is the diagonal matrix y = diag(e%, e_%) with/ = I(y). We choose
Fo={zeH; 1<z <¢}

as a fundamental domain of the cyclic subgroup (y). Gardiner’s formula (3.1) can now be
written as (see [18, Theorem 8.3, pp. 226-227])

1
8,l(y) = 7/ ﬁd dy ¢(Z)y dxdy.
7 Jp 22 P2
Writing in polar coordinates z = e’e?, 0 < 0 < 7,0 < ¢ <[, dxdy = e>'drdf, we have
a1/ 1 ¢(Z)y t .10 (e[(\ 19)2 2t
olly) = — = — ¢(e e ) drdo
a Fo (Z)2 19)2

(3.4)
— _77\/ / ¢(etele)(1 210)2 2tdtd9

Consider the segment, Ry, defined by z(r) = e’e’, 0 < ¢ < [. Then the vector field

q(z) = g, (2) from (3.2) is
_ I(y)) d
9@ = 2( nh = ) dr

d)(Z)(dZ)z — ¢(etei9)62t62i9 (dt)z.

and the quadratic form
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Hence,

aly, ¢)=/ ¢ (2)(d2)?*q(2) = (sl h%)/ pee®ee?%dr.  (3.5)

With the small observation that (2(r))? = (z(¢))?, we also have

, 1 . 1 .
- Lf’) == / (1)) (E(1)dr = = / nzO)EN) pz)de.  (3.6)
4(sinn ") 2 )y 2Jy

Note that the integral in (3.5) does not depend on the path nor the starting point. Consequently,
for any 6 € (0, ),

! l
f¢>(ef 10ye2e20dr = /qa(efi)ez’dt = C,
0 0

and
aly,¢) = -2 (smh @) 3.7)
Substituting C into (3.4), we obtain
l(y) = —ffcf (1 —e%)2e2i049 = 7%C(—2n) ==
By (3.4), (3.6), and (3.7)
dul(y) = %C = —#ﬁ;/z) = %/ FG(t) 2(0) dt = fu(z(t))z(t) p(z(t))dt.

[m}

Remark 2 Our approach to compute the variation of the length may be compared to Wolpert’s
in [35].

We also recall the second variation formula of Axelsson—-Schumacher [5, Theorem 6.2].

Proposition 3 The variation éu oul of 1 =1(y) is given by

_ | PR D> NN
Op0ul = 5/ o+ D™ (ul?) + _ﬁ+2 (W +7|3;Ll| .
14

Here % is differentiation along the geodesic y.

An immediate consequence of [5, Corollary 1.7] is

Corollary 2 There exists a constant C > O which is independent of y such that

10, < Cllpllool (), and 13,9,1()| < Cllllzl ().
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3.2 Convergence

In order to rigorously justify our variational formulas, we must demonstrate the convergence
of a certain sum.

Lemma?2 Forn € N, the sum
K- 1(y)
> WO Y g T
y €Prim(0) k>1

converges absolutely and uniformly on compact subsets of R(s) > 1.

Proof Let ¢ > 0 satisfy
K" <e* ke N\{0}. (3.8)

First, we consider only geodesics whose lengths, L, satisfy L > max(1, ). This implies
el CHOHO—1 5 1 a3 9i(s) + k > 1, and hence

OO+~ _ 1y 5

and
W )+h) _ o ol)-Ols)+)—1 (3.9)

It follows from (3.8) and (3.9) that

k" - k" - e
[l -G+ — 1] = )G+ — 1 — el () kM) —ek”

(3.10)

Note that

1 1 1o 1 -
kz ARG —k — )R kz =0 = dome g _1- 1D

>1 >1

The geometric progression converges because [(y) — & > 0, hence ¢/)~¢ > 1. Combining
(3.10) and (3.11) with [9,I(y)]| < %”MH -1(y), we obtain

K" 1(y) 1 I(y)?

————— | < e|lull - E = =

NG _ | € _ [ IR
y€Prim(0).1(y)>L

AU
k=0

y €Prim(0),/(y)>L

1 I(y)*
< ﬁe“/‘”fw ) Z el () 9Gs)
y €Prim(0),/(y)>L

where [y denotes the length of the shortest closed geodesic. Recall that [11, p. 33],

> el (3.12)

y €Prim(0)

converges absolutely for X(sy) > § = 1. Choose €1(L) > 0 such that l()/)2 < elMal) for

I(y) = L.
I(y)? 1
> M) = > ol () Ms)—e1(L)) G.13)
y€Prim(0),1(y)>1 y €Prim(0)
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converges for N(s) > § + &1 (L). We are left with [(y) < L. As there are only finite many
such geodesics, it is obvious that the series

- 1(y)
S ) (3.14)
el G+ _ 1 ) (s+k) —
y€Prim(0), [(y)<L k>0 e 1

converges absolutely for any fixed s € C.

The last step is to consequently take L larger and larger, allowing us to make &;(L)
arbitrary small. This shows that the series converges absolutely and uniformly on compact
subsets of NR(s) > 1. ]

3.3 First variational formula of Z(s) for s > 1

We introduce the local zeta function as in [15],
k

o6 =[] (1 _ e—“w“‘“‘))_ . (3.15)
k>1
We also recall the local Selberg zeta function for convenience here,
Z,) =[] (1-0). (3.16)
keN

We define further the higher local zeta function,

ZV (5) == 1_[ (1 _ efl()/)(‘wk))_k2 . (3.17)

k=1
We now have requisite tools to prove the first variational formula.
Proposition 4 Suppose R(s) > 1.

d d
dulogZ(s)= > 9 logl(y)<s—logZ () + - log 2y ()" )
y €Prim(0)

Above, alofli(y) =1(y)"! al(y) and dl(y) is given by Propositions 2 and 3.

Proof We compute by deﬁnltlon of Z (s) and Lemma 2 which allows us to differentiate

termwise,
dplog Z,(s) = Z Z A (log(l - e’l(V)(”k)))
y €Prim(0) keN

DY 3, (L(¥)) (s + ke L GHD

1 — e~l()G+h)
y €Prim(0) keN

+k
> Dk Z(”)ez(y>s(v+k>

yePrim(0) keN

By Lemma 2, this converges absolutely and uniformly on compact subsets of Ji(s) > 1.
Recalling the definition of the local Selberg zeta function (3.16), and the local zeta function
(3.15) we compute in a similar fashion that

d _ L(y) d -1 _
o log Z,, (s) = % TG0 — 1 and & logzy, (s)”" = % JOGH 1
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Therefore, we have

d sl(y) d 4 k
SalogZy(S):Zm and EIOgZy(S) :Zm (318)
keN keN
Hence,
! d d
dulogZy(s)= Y =+ @) < 82y () + - logz, (9)” )
. I(y) \'ds
y €Prim(0)
d d
= Z 9, (logl(y)) logZy(v)—i- logzy(v)
y €Prim(0)

4 Second variation
We prove here the second variational formula for the log of the Selberg zeta function as well
as first and second variational formulas for: the Ruelle zeta function, the zeta-regularized

determinant of the Laplacian, the square of the Hilbert—Schmidt norm of the resolvent, and
the higher zeta functions,

4.1 Second variation of Selberg zeta function

In preparation for the proof, we note first the following differentiation formulas

d2 Z(y)(f+k)

T l0gZ, () = ~t(y)* Zm’
& kel (s+k)

Tlogz, ()7 = —t(y)? Zm’
’ o0 kZGZ(J/)(S+k)

I _
o7 e H O =’ Y. G
k=0

Hence, we see that

d? d? d?
2d log Zy (5) +25 5 10g 2 (5) + 7 log 2, (s)
) (s + k)2et6+0
=—t()’* ) NG+ )2 @D
keN

Proof of Theorem 1 We perform the differentiation 5# on the result obtained in Proposition 4,

_ _ d d
0,0, log Z(s) = 0, Z 0y log £(y) s— log Z, (s) + log 2y (s)
y €Prim(0)
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By Leibniz’s rule, this is

_ d d _
> udulogl(y) (salogZy(s)-l-alogzy(s) 1)

y €Prim(0)

d d
+ Z 0 logZ(y)au <sd logZy(s)—f— logzy(s) >
y €Prim(0)

= > udulogl(y)A,(s)

y €Prim(0)

_ [/ d d
+ aulogE(y)aM<d log Z, (s) + - log 2 (5)” )

y €Prim(0)

Thus, it only remains to consider the second term. For this, we compute

_ d d _
BM( o log Z,, (s) + logzy(s) ) =0, A, (s)

Sl Hh) _ | Sl 1 G+ _ 1)2

_3, Z s +heQy) _y (aﬂay)(s 1k L)+ k)2(’_)ﬂ£(y)ef()/)(s+k)>

Thus, we have for this second term,

- . s+k L(y) (s + k)2t 6+h
Budy () = 9ut() ) GHD 1 T (@G )2
keN

Hence, the expression becomes

- - s+k
dudulogZ(s) = Y dudulogl(y)Ay(s)+ Y dulogl(y)d, e(y)z e

Tk _
y €Prim(0) y €Prim(0) 1
L(y)(s + k)?et6HH
— (ez(y)(s+k) _ 1)2
The second term above is
- s+k L(y) (s + k)2t 6+h
PX:(O) BH log e()/)au@()’) ];\:I (eﬁ(y)(s+k) 1 - (ef(y)(5+k) — 1)2
y €Prim S
= Y oty (s +REy) Ly (s +h)PefPEHH
- £ o n 108 £y A Gz NG+ )2
y €Prim €
(s + k)ZCf(V)(-&'-&-k)
= D 1dulogl()PAy(s) = Y 19ulog )Py (@wm_l)z :
y€Prim(0) y €Prim (0) keN
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where we have used the simple fact 9, log E(y)éuﬁ(y) = |0, log L) 2(p). By our pre-
liminary calculation (4.1),

) , s (s +k)26€(y)(s+k)
3 Jaulog )P kZNm
€

y €Prim(0)
d? d? d?
= Z |0, log e(y)|2 (32@ log Z, (s) + 2ks@ logz, (s) + 2 logz, (s))
y €Prim(0)
= Y 10 log b By(s).
y €Prim(0)

Thus, the total expression is

udulog Z(s) = Y 9,0, logL(y)Ay(s) + 18, log £(y)*(Ay (5) + By (5)).
y €Prim(0)

Finally, we note that convergence follows from the estimates in Corollary 2 and Lemma 2. O

4.2 Applications to further variational formulas
The following formula for Tr(A 4 s(s — 1)) ~2 may be proven as a consequence of the Selberg

trace formula for the divided resolvents [17], [24, p. 118]. We have a somewhat different proof
which may be of independent interest; this proof comprises “Appendix” section.

4.2.1 Variation of the resolvent

Lemma3 Let Ns > 1. The squared resolvent (Ag + s(s — D) 2is of trace class, and the
Hilbert—Schmidt norm of the resolvent is given by its trace,

1
—1,2 _ -2 —
[1(Aog +s(s — 1) lgs = Tr(Ao + s(s — 1)) —kEEN Ot 56D
_(g—Dr? 2 (g—=1 (g—Ds n
= (1 +tan“(ra)) + dos? oz nél 522 L~log Z(s),

e — 1 d
where above o = s — 1/2, and the operator L := T ds-

Lemmas 2 and 3 immediately imply

Corollary 3 ForR(s) > 1, the first and second variations of the square of the Hilbert—-Schmidt
norm of the resolvent are, respectively

3ull(Ag +s(s — D)) MIHg = —L?8, log Z(s),
30 1(Ag + s(s — 1))} = —L%8,9, log Z(s).
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4.2.2 Variation of the Ruelle zeta function

Proposition 5 For N(s) > 1, we have the first and second variations of the Ruelle zeta
function

—1
dulogR(s) = Y. 8, U(se™ (1-e710)
y €Prim(0)

Z 0 (L(y))s (e”(m _ 1)—1

y €Prim(0)

Z A0 (L(y))s (1 — e—Sl(y))71

y €Prim(0)

-2
= 2 )P (10— 1)

y €Prim(0)

8,0, log R(s)

4.2.3 Variation of the determinant and torsion

Proposition 6 The first and second variations of the log of the determinant, logdet(Ag +
s(s — 1)), are equal to the corresponding variations of log Z(s), that is, for R(s) > 1,

0, logdet(Ag +s(s — 1)) = 9, log Z(s),
0,0, logdet(Ag + s(s — 1)) = 9,9, log Z(s).
For the case s = 1, we have
9, log det(Ag) = 9, log Z'(1),
3,9, log det(Ag) = 3,9, log Z'(1).
Proof The proof follows immediately from (2.8). O
As a corollary, we obtain the variation of the holomorphic analytic torsion.

Corollary 4 The first and second variations of the logarithm of the holomorphic analytic
torsion, To(X), defined in (2.10), are, respectively,

1
2
_ 1-

9,0, logdet(Ag) = Eauau log Z'(1).

9 log To(X) = =, log Z'(1),

4.2.4 Variation of the higher zeta functions

We conclude this section by computing the variation of the higher zeta functions.
Lemma 4 For a fixed point s € C with R(s) > 1, we have
9 d d - _
—logz(s) = Y dulog(y))- (s logz,(s) — —logZ,()™"),
I - ds ds
y €Prim(0)

where

o0
Zy (s) — H(l _ efl(]/)-(S‘Fm))fmz.
m=1
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The sum in the right-hand side of the equation above is absolutely convergent.

Proof First compute

9 ,
—(logz,(s)) =Y 9, (—klog(l — e ')(s+hyy)
e g2y g " g

k(s + k)e ! ()-(s+h) 3 (L(y)) - k(s + k)
= g —0u((y)) - e lnGth) Z N Mel(y)-<s+k) 1
_ Z O (logl(y)) - 1(y) - k(s + k)

NG _ |

k>0
Second,
d _ d —1(y)-(s+k) _ —k - I(V)
5, (g2, () = - Z—klog(l—e ) —ZW-
k>0 k>0
Third,
d o N 2 —1)G+0) | _ k2 1y)
35 logZy (™) =+ gk log(l—e ) —§m~

To finish the lemma, we need to prove that we can change the order of differentiation with
respect to w (or s) and the summation over the set of primitive closed geodesics, that is

K2 1(y) k-l(y)
D wlONY gormn o7 <% D Wl g —g <
k=1 kz1

y €Prim(0) y €Prim(0)
4.2)
m}

Lemma5 For any fixed point s € C with R (s) > 1 and t > 1, we have

t—1

d d d .
@logz(&f)z E Sglogzy(&t)—i- E EIOgZV(SJ—]) s
y €Prim(0) j=1

The sum in the right-hand side of the equation above is absolutely convergent in R(s) > 1.

Proof The proof follows the termwise differentiation of 3% log z(s, t). First we compute

9 t+k—1 s
@(logzy(s))=Za,L (( . )log(l—e 1) +k>)>

k=0

(z+l]c€— 1) (s + k)efl(y)~(s+k)

=Dl
k>0

_y gl 1) (e +k

NG _

k=0
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The differentiation is justified because (’+k 1)(s + k) is a polynomial in k and hence the
right-hand side of the previous equation converges for fi(s) > 1 by Lemma 2. For j € Z,
0<j<t,

d . d t+k—j—1 —I()-(s+k)
g(logzy(s,t—]))_g Z( ‘ >log<1—e )

k>0

1‘+k j 1) l()/)
Z el(y) b —1 °
>
and especially for j = 0,

Z (r+k 1) l()/)

d
;dogzy (. 0) =) T

k>0

As before, the differentiation is justified by Lemma 2. Note that
t+k—1 t+k—1 t+k—1
( x )(s-l—k):s( v >+< k1 )
By the Christmas stocking identity,

trk—1) t-l-k—j—
k+1 ‘ ’

j=
[}

Remark 3 1t is straightforward to repeat the calculations for the Selberg zeta function to
compute the second variation of these zeta functions as well; this is left as an exercise for the
reader.

5 Asymptotic behavior as fis — oo

We begin by estimating the terms A, (s) and B), (s) when Jis — oo.
Proposition 7 We have for each y

Ay(s)eSl(V)(l — el B
95— 00 sl(y) B

Proof We write
A (s) = sl(y) 1 l()/) Z
4 - eSl()/) =0 ekl()’) — e*Sl(V) eT[()/) ek]()/) —e~ sl(y) "
Hence, we define

1 k
AOEDD T — el e = > k() — oSl
k>0 k>0

Since we are interested in the behavior as 9is — 0o, we may assume that
In(2)
lo =

Ns >
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Then we have

iy L et ! k()
0<|e |<§§ ) Vk >0 —= m<2e s
hence
2
—kl(y) —
0 < lla()l = Y2740 = .

k=0
More generally, by the absolute convergence of the series, the function

1
f@=Y" HD

k=0
is continuous for |z| < 1. In particular, it is continuous at z = 0. Hence, using
e Sl — 2z

we have

2 O =l = SO = T

Next, we estimate the /1, term,

d 2e!)
—kl(y) _ _~» = —kx _
0 < |11,(s)| <2I§ke = 2dxk§e = Ty
= = x=1(y)
Consequently,
A Sl (1 — e~ 1) 11 1 —e~ !
lim y () ( ) = lim I,(s)(1 — e—l()/)) + M =1
Rs— 00 sl(y) Rs— 00

In a similar way, we compute the asymptotic behavior of B, (s) as s — oo.

Proposition 8 We have for each y

B, (s)e!!'M (1 —e ')
Ns— 00 I(y)2s? -

1.

Proof The proof is quite similar to that of the preceding proposition. We write

(s+K)(y) keGHOI(y) K2eHIK)
[ e e
By (s) = —l(]/)2 5 E X z +

Y =0 (eGHRIY) — 1)2 = (el+hIY) — 1)2 = (eGHRIG) —1)2

‘We therefore define three terms,

(s+k)(y) (s+k)I(y)
e ke
Bo =Y =y ke
+0I(y) — 1)2 (s+h)Iy) — 1)2
P (e 1) pre (e 1)
and
K2e(s+HRI()
() =) ——e—.
+OIy) — 1)2
k>0 (e 1)
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We begin by computing that

1
Ip(s) ="
(s+K)I(y) — — e—(s+K)I(y)
=5 I —1)(1 — e~ (H0I)

3 1
= el % () — eI (1 — e—6F0I()”
z

‘We note that
lim 1 —e 6O — 1 vk >0,

§—>00

and that

1 nQ2
1 —e 6O >~ forallk >0, whenNRs > L
0

S}

The function

1
f@ = /g ) — 2)(1 — ze=KW))

is continuous for all |z| < 1. In particular, this function is continuous at z = 0. We therefore
have with

7 =e )
1
; — —kl(y) _
lim f(2) = f(0) =3 e T
k=0
Hence, we see that
lim e 1,(s)(1 —e ') = 1. (5.1)
Ns— 00
We shall estimate the other two terms,
0<|I] = k
< ()l = esl(y) % (e ¥) —e=sl) (1 — e~ 6+RIM))
>
= v1]<y) P e = i)
e’ prerd (e — e st
=Il(y)
= l() Zk = I( te 1)\2"
esly = et (1 — e~ 1)
We therefore see that i)
I11,(s)e'YY
lim O (5.2)
Ns—o00 S

Next,

1 k? 4 2kl

— —kl(y)
0 <O = 1500, ]; (@R — eI (1 = o GHRIIm) | = jerl)] ,;k ¢
e 2

We compute the sum
e 22

k2 7kx_ 7kx_ .
Z dZZ I—CX)2+(1—67X)3

k>0 k>0
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Hence,

el 2e—21() )

4
0<|IIL(s)] < 10| <(1 —eln)2 + (1 —e101)3

In particular,

I11,(s5)es! )
"f% —0. (5.3)

Ns— 00

Recalling that
By (s) = —1(y)* (s> Ip(s) + 2511y (s) + I 1 I(s)) ,
by (5.1)—(5.3) we see that

B, (s)es! (1 — =11
lim ——~
Rs— 00 l()/)2S2

21 I(5)es' M (1 — e~

= lim Ip(s)e' (1 —e ) 4
Rs—o00

+IIIb(s)e”(V)(l —e ')

5 1.

N

We are now poised to complete the proof of Theorem 2.
Proof of Theorem 2 'We first assume, recalling (1.6),
18ul (o) > # 0.
This immediately implies
3 logl(yo) #0 = |9, logl(y0)|* # 0.
For all y with [(y) > Iy, we note that by Propositions 7 and 8,

A6 B, ()
Ns—00 B}/o (s) T s> B},O (S)

Hence, we see that by Theorem 1,
0u0ulog Z(s) .
Ns—o00 B)/o (s) -

This together with Proposition 8 for the asymptotics of By, (s) as fis — oo completes the
proof of the theorem in this case.
Next, we assume that

dulo =0.
This shows that the coefficient of By, (s) vanishes. By [5, Corollary 1.3]
3udul(y) #0, Vy €T,

Hence, the term with the slowest exponential decay as s — o0 is A, (s). We similarly see
that for all y with [(y) > lp = [(yp) that

By (s) 0= Ay (s)
gis—00 Ay (s) fs—00 Ay (s)
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We therefore have by Theorem 1,

0,0, log Z(s) .
Ns—o00 A % (s) N
The proof is then completed by the asymptotics of A, (s) as s — 00 given in Proposition 7.
The statements for the Ruelle zeta function follow immediately upon noting that log R(s) is
simply given by the k = 0 term in log Z(s).
For the Hilbert—Schmidt norm of the squared resolvent,

3011 (Do + s(s — D) V(35 = —L?8,,8, log Z(s).
Recalling the definition of L from Lemma 3, we compute that

2 d 1 a2

L*=— — —.
(2s —1)3 ds + (2s — 1)2 ds?

In the case IE),LI()/O)I2 # 0, the asymptotic behavior of 5M8MII(A0 + s(s — 1))’1||12{S as
Ns — oo is therefore given by the dominant asymptotic behavior of

|a/LZO|2 . 2 g + 1 iz S‘26—5‘/0
l—e \ 2s—13ds (2s—1)2ds2)’
|3;Jo|2 2 (2se_”0 — szloe_”o) sl sl
T U—ely2s 02| %1 26770 — 2slpe ™

—2slpeh0 4 szlge*-%]
|9,lo[1ge 00
T 4(1—e o)
We therefore have in this case
Budull(Bo + (s = D) NiFgd( —e)
Rs— 00 |8Mlo|2136_x10 B

(1+06™h), %s — .

In the case 9, /o = 0, the asymptotic behavior of 5# Ol (Ag+s(s— I |12—[S asNs — oo
is given by that of

—sl
2% Sl()e Sto
—L79,9, logly <1 o h

_ 9,0, logly 2 (ef‘do B losef‘do)
—eh \Qs—1)

1 —slo —slp 2 sl
_m (—loe —lpe + [yse )
lgeﬂlo 9.0y log o .
= s —oley (LT O0/s) s~ oo

We therefore have

- 3Bl (Ao + (s = D)) NIgds(1 —e) |
fis—o00 I5e=5109,0, logly
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5.1 Curvature asymptotics
We now consider the special case when s = m € N, beginning by recalling

Proposition 9 [39, Theorem 2] The second variation
_ 1
9,0, log Z'(1) = — Chern'V (u, 1) + Ton MES (5.4)
Let m > 2. Then, the second variation
6(m—1D>+6(m—1) +1
127

9,0, 10g Z(m) = — Chern™ (s, p) + el 3vp- (5.5)

The curvature Chern™ (1, i) has been known to admit an expansion of the form com? +
cym +co + - - - for large m.3 In [21] the first two coefficients have been found explicitly for
general fibration of Kéhler manifolds. We determine ¢ and the remainder in Corollary 2.

Proof of Corollary 2 We use (5.5) to write

3,0, log Z(m) = — Chern™ (u, 1) + llel3p-

We have proven that

i 8,9, log Z(m)e™o (1 —el0)
m — =
m—00 12m213,, loglo|?

This shows that

om(m — 1) + 1 mo 1313, logIo|?
lim (_ Chern™ (11, ) + M”m@\m) ¢ _ M

— 127 m2  (1—eh) ~
Hence,
— Chern™ (1, ) + %nun%«? = O(m*e"0), m — oo,
which shows that
Chem™ ., ) = = DE L+ 0e ), m oo

[m}

Remark 4 1In a recent preprint [30], the third author together with Xueyuan Wan has been
able to prove a general result in the setting of families of Kéhler manifolds. The result shows
that the leading three terms of the curvature Chern™ (i1, i) and the Quillen curvature agree.
In the case of Riemann surfaces, this can be proved independently using the Bergman kernel
expansion [20] and Berndtsson’s curvature formula in Proposition 1.

3 We began by computing the coefficients of m K fork e N using the expression of the curvature given in
Proposition 1. These coefficients become increasingly complicated expressions at an exponential rate, and
in the end, they vanished in each increasingly lengthy calculation. Indeed, our results show that there are no
further nonzero coefficients ckmk for k € Z with k < —1, because the remainder is O(k*N ) forany N € N
as k — oo.
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5.2 Thecasesm =1, 2

Here we consider the special cases m = 1, 2. For m = 1 we show that there are surfaces and
harmonic Beltrami differentials for which the second variation is strictly positive, as well as
surfaces and harmonic Beltrami differentials for which the second variation is strictly nega-
tive. In [35, Lemma 4.6], Wolpert obtained an upper estimate of — ﬁ for the curvature
— Chern® . We shall use Wolf’s pointwise estimates [31] for solutions of the Laplace equa-
tion to find a shz}rper estimate, — @. This might also be kn0\fvn to experts. Consequently
we find also estimates for the variation of the Selberg zeta function.

Proposition 10 Let m = 1.

(1) Let the genus g > 3. Then there exists t € T, such that the corresponding Riemannian
surface, X = X, is hyperelliptic. Moreover, there exist harmonic Beltrami differentials,
W such that 3,9, log Z'(1) > 0.

(2) Let g > 2. At any point t € T, there exists a Beltrami differential w such that for the

corresponding Riemannian surface, X = X, 9,9, log Z'(1) < 0.
Proof If X is hyperelliptic, then there exist harmonic Beltrami differentials x such that
(R(p, wu, u) =0

for all u € HO(K). This follows for example from [7, Lemma 3.3 & Proposition 3.4]. Thus
by Propositions land 9, we have

3,0, log Z'(1) > 0.

To prove the second statement, for any Riemann surface, X, let w be any nonzero abelian
differential of norm 1. Then w? is a holomorphic quadratic differential. Let u = p~'@? be
the corresponding harmonic Beltrami differential. We compute the curvature Chern” (s, 1)
using Proposition 1. To do this, let {;} be an orthonormal basis of H°(K), and fix w; = .
The sum ||[x - w;]||? is

Dol ol = (- w, @)

and
(u-w,d) = /x p @ ow = o |I* = ||l
Thus
—Chern™ (i, 11) < —lllyp,
and

_ 1 1
9,9, log Z'(1) = — ChernV — el < [ =1+ — 2 0.
110 10g (D ern’ (u, 1) + 121 ||M||WP = + 121 ||M||WP <

m}

The case m = 2 is of special interest because H°(KC?) can be viewed as the dual of the
tangent space of Teichmiiller space. Moreover, the negative of the curvature, — Chern® is
therefore the Ricci curvature of the Weil-Petersson metric. This object has been studied
intensively for quite some time; see for example [35]. We demonstrate elementary upper and
lower estimates of the variation in this case.

@ Springer



Annals of Global Analysis and Geometry (2020) 57:23-60 53

Proposition 11 Let m = 2 and B = B be the Bergman kernel in this case. We have

13
Oudulog 2(2) = e livp = 117 I Bl L2y = Il Bl x,

and

_ 13 1
3,0, logZ2) < [ — - —— 2.
o log Z(2) < (127_[ 67 (g — 1)) Il llsyp

Proof In this case we have
- @) 12
0,0, log Z(2) = — Chern'” (i, 1) + S ||M||wp-

We shall prove the estimates by demonstrating upper and lower estimates for Chern® (s, 1)
in this case. In this way, we are also simultaneously demonstrating lower and upper estimates
for the Ricci curvature of the Weil-Petersson metric.

By Proposition 1

dy

Chem® (1, 1) = /f(M)B+Z (O + D7 ), ),
j=1

with
Fw) = (1400l

By the Cauchy—Schwarz inequality

‘/X f(w)B

We have the operator estimates (OJy,1 + D! < 1,and Dy + 1)~! < 1. In this case,
we actually have the unitary equivalence of [l ; and Uy via the natural identification of
f(z)dz®@dz with f(z)y?, as the metric tensor y~2dz ® dZ is globally defined. Consequently

= 20 1B L2 (x)-

2 2
1F @2y < 13200 = el Fa gy
Hence,

dp
Chern® (11, 1) < il a1 Bl 2y + D (- - uj).
j=1

As for the second term, this is just

d

D wug ) :f lul*B,
X

j=1
so we have the lower bound
13
udy log Z(2) = fnunévp — 740 1Bl 2oy = il Bll i) -

This implies the lower estimate.
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To prove the upper estimate, we select one of the basis elements, u ;, to be the corresponding
quadratic form of p. So, for example, we set

1

uyp =
lellwe

PILs
We therefore have
Chern® (1, p) > /X(Do + D7 (B A (@ + D7 e w) e w)
> fxmw1>—‘(|u|2)|u1|2+<(D1,1+1)—‘(u-u1),u-u1>.
It follows from the unitary equivalence of the operators Uy ; and Uy that

Chern® (11, 1) > (1 + 00l 1n?) (5.6)

2
||,“||Wp

We proceed to estimate using [31]. On [31, p. 30], we see that in Wolf’s notation, our
n= %. We also note that the operator denoted A there is equal to —Ag = —20Jy in our
notation. Hence, the statement of [31, Lemma 5.1] is in our context

1 2 |M|2
0<v=<-2(-200—-2) |ul", v= 3
Of course, this is equivalent to
2
0< WTl < @o+ D7
We use this estimate in (5.6) to obtain
@) 2 1 4
Chern™(u, u) = = ——— [ Il (5.7)
3lpliyyp Ix

The Cauchy—Schwarz inequality gives

szfxwm - /er‘z(/sz)z(/Xl)_l.

So, recalling the fact that the volume of our surface is 47 (g — 1), we have the lower estimate

1
el > llllfyp——.
/x WPar(g—1)

Consequently, putting this estimate into (5.7),

Chem® (. oy = #4lve_
Wz e

O
It would be interesting to find some more effective estimates for the variations in terms of
the eigenvalues of [J,,,—1,1 and the geometry of the Riemann surface. The related questions

of estimating the Weil-Petersson sectional curvature have been studied extensively; see [38]
and references therein.
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Appendix A: The Hilbert-Schmidt norm of the squared resolvent and its
variation

Proofof Lemma 3 Let
Niy)=e", a=s5-1/2, B=s—1/2, c(r) =rtanh(zr).
For non-prime y, with
Yy =kyp, vp € Prim(0), Np(y) := N(yp).

Recall that by the Gauss—Bonnet Theorem, the area of our Riemann surface is 47w (g — 1).
By the Selberg Trace Formula,

1 1
R(s,s") == -
(.59 Zr2+0{2 2+ p?

n>0 "
o [ 1§ g Ny(ING)™
=(g 1)/R<r2+a2 r2+,32>c(r)dr+2ol};c I=N(@y)™

1 log Ny(IN(G) ™
265 1-N»™

Here note that we are taking y not necessarily primitive, that is y € £ rather than L.
Hence, N(y) = et&y) = k() The eigenvalues,

A = 1A s(s =), A 1/4 =k, 0(80) = {aluen.
Thus, the spectrum of the operator
(A0 +5(s = 1) = {hn +5(s = Dlnen = {ry + o Jnen.

Then, the spectrum of the inverse,

b=l
o((Ag+ss—=1)"")={———=71.

2 2
rpt+o

Hence, the square of the Hilbert—Schmidt norm

1
(A0 + s — 1) Es =Y

2 2y2°
n>0 (rn+O[ )
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We divide the expression for R(s, s”) by s —s” and lets” — s, thereby obtaining the derivative
with respect to s. Thus, we obtain

. R(s,s)
lim

s'—>s §—S

1 12
:—ZaZWZ—ZOZIl(Ao-FS(S—l)) s

n>0

By the Selberg Trace Formula, this is equal to
—2er tanh(zr) -1 log(N(y)H)N(y)™ 1 log(N (»)*N (y)*
(& - 1) T 22 Z vy e TN 12

2 +a?? =N 24 (N -1)?
Note that in terms of «,
1 d
20 ds
Moreover,
log Z(s) = _log(1 = N(»)™).
yel
Hence,
1 log N(y)N(y)~*
Llog Z(s) = e Z %.
a7 1=NW)
Thus,

—2a|[(A +s(s — D)) Mg =

1)/ 2artanh(7”’)d _%L(logZ(S))~

(r* + a?)?
Dividing by —1/2« we then have

(A 456 — D) Eg dr + L*(log Z(s))

—(g— 1)/ —2ar tanh(r)

(rz 2)2
r tanh(nr) 2
=(g— ) 2)2d r + L=(log Z(s)).
We consider the integral. Let
ztanh(mrz)
f@)= @+

If |z] — o0, | f(2)| = O(|z]~?), thus we can compute the integral over R using a large half
disk contour together with the residue theorem. The estimate shows that the integral on the
curved arc of the half disk is vanishing as the radius of the disk tends to infinity. Hence,

/f(z)dz_2m > Res(f:2).
3(2)>0

We compute the residues. The hyperbolic tangent has simple poles wherever the hyperbolic
cosine vanishes. For J(z) > 0, this occurs at

z=in+1/2), neZ, n=>0.
Moreover, there is also a pole of order two at z = i«. The residues at the simple poles are

. z—i(n+1/2) zsinh(mz)
i )
—im+1/2) cosh(mwz) 72+ a?)?

@ Springer



Annals of Global Analysis and Geometry (2020) 57:23-60 57

The first part converges to

1 —in+1/2) = 1 -
e ) = i T 12)

cosh(zz)"’
The second part converges to

i(n+1/2)(=1)"
(@2 — (n+1/2)%)%*

Thus the residues at these poles are

i(n+1/2)
T(@? — (n+1/2)2)2°

The residue at the pole of order 2 is F'(ia), where F(z) := (z — i) f(z). Hence, we
compute the derivative of

_ ztanh(mz)
F(z) = Crin?
, (z 4 io)?(tanh(7z) + wz(1 — tanh®(7rz))) — 2(z + i)z tanh(7rz)
F'(z) = — :
(z+ia)
Hence,
f s tanh(ira) + ira(l — tanh?(ita)) _ 2iatanh(ima) . _ 5.
F'(ia) = ia)? 2ia) = —Zia(l tanh“(imra)).

We have by the Residue Theorem,

i(n+1/2)
m(a? — (n+1/2)%)?

r tanh(srr)
R (r? +a?)?

T
dr = @7i) | — (1 — tanh?(i
r = 2mi) 2m( an (ma))+;)

>

n+1/2
(@ = (n+1/2)%)%

= (1 4 tan N-2)]
= an“(wrw))

n>0
This is due to the fact that
tanh(ira) = itan(ra), «a € R.

To achieve a bit more simplification, we use the fact that in general

1 1 1 -1
@+ B)2a—B)? ((a+ﬂ)2 - (a—ﬁ)2> dap’
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Then we have for the sum,

Z n+1/2)
(@4 (n+1/2)2(a — (n + 1/2))?

n>0

o~ —(+1/2) 1 1
- Z>:0 da(n+1/2) ((a +n+1/22  (a—(n+ 1/2>>2>

1 1 1
- _Enz <(2(s —1/2) 42+ 1/2)2 Qs —1/2) =20+ 1/2))2)

>0

1 1 ~ 1 )
- &Z <(2s+2n)2 (25 —2(n + 1))2

n>0

1 1 1
:_EZ<(n+s)2 B (n+1)—s)2>

n>0

1 1 1 1
T 4as?  4a Z(n+s)2+z(m—s)2

n>1 m>1

1 1 -1 1
T 4as? +Ez(n+s)2 + (n—s)?’

n>1

and

1 —1 n 1 _ 1 Z 4dns
4o — n+s2 m-—52 4da n? —s2)2°

n>1
Thus, the sum part simplifies to
1 s n
T 4as? T o Z (n2 —s2)2°
n>1
Hence, we have computed the Hilbert—Schmidt norm square,
(A0 +s(s = 1)l
=1 [ 2+ underay —2 [ - 1Sy
=(g— — an“(ra)) =2 | ——— + — —_—
# o 4as? (n? — s2)2

n>1

— L?log Z(s).

2
— %(1 + tan?(ra)) +

g—1 2(g—1Ds n
2a B Z

2
) ” 2572 — L~ log Z(s).

n>1
Consequently we find also the variational formulas for the norm square
0, 11(Ag +s(s — 1) MEg = —8,8,(L* log Z(s)) = —L* (3,8, log Z(s))

with E_)M 0, log Z(s) being given in Sects. 4 and 5 . O
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