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CHAPTER

ONE

INTRODUCTION

Wave phenomena and their understanding are a challenging task in numerical
sciences. A typical prototype of such wave problems are linear acoustic waves,
which are subject to a wide field of research. They model the interaction of
pressure waves with air or a gas at fixed temperature. Waves in solid cannot be
described by the acoustic wave equation, because additional shear waves are
observed. In this case we have to consider the elastic wave equations. Focusing
on real materials, the energy of a seismic wave in a solid is partially transformed
into heat. This attenuation effect is modeled by the Generalized Standard
Linear Solid model (GSLS) and described by the visco-elastic wave equations.
For this equations, we derive a variational setting and prove existence and
uniqueness of the solution.

In chapter 3 we focus on the discretization. Since modern computer facilities
are designed with an enormous number of processor cores, parallel realization
of conventional methods becomes inefficient. The classical methods for solving
time depending partial differential equations (PDEs) are the method of lines
or Rothe’s method. They use first a discretization in space or in time and
then apply standard techniques for the other variable. Since the time can be
interpreted as another spatial dimension, our method treats space and time
simultaneously in a variational manner. We discretize the space with discon-
tinuous Galerkin (dG) finite elements and construct upwind fluxes by solving
a general Riemann problem. In time, we discretize either with discontinuous

ansatz and test functions — resulting in what we call the dG-dG space-time
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method — or continuous ansatz functions but discontinuous test functions —
resulting in the discontinuous Galerkin - continuous Galerkin space-time dis-

cretization, a Petrov—Galerkin method which we abbreviate with dG-cPG.

Space-time discretizations result in huge linear systems. To master this chal-
lenges we introduce adaptive finite element techniques in chapter 4. In ap-
plications, as the solution is of interest only in a certain region, we use dual
weighted residual estimators (DWR) to reduce the total amount of degrees of
freedom without losing accuracy in the region of interest (Rol). We focus on
error indicators which are efficient to compute. To solve the still huge linear

system, we introduce a space-time multilevel preconditioner.

Finally, we perform in chapter 5 several numerical experiments. We begin
with a simple almost homogeneous material, where we can construct an ana-
lytical solution. With this setting, we can investigate the convergence rates for
the dG-dG and dG-cPG methods. Then we focus on heterogeneous materials
inspired by geophysics. The Marmousi II benchmark gives a heterogeneous
material distribution resulting in various velocities for the primary and sec-
ondary wave. Since in applications the wave is measured at certain points
resulting in seismograms, we evaluate the numerical simulations by such point

measurements.

1.1 Prepublication

Parts of the results of this work have been published in advance together with
Prof. Dr. Willy Dorfler, Prof. Dr. Christian Wieners and Dr. Stefan Findeisen
in “Parallel adaptive discontinuous Galerkin discretizations in space and time

for linear elastic and acoustic waves”, see [DFWZ19].

The idea for the discontinuous Galerkin discretization in time has been pub-
lished together with Dr. Fernando Gaspoz, Prof. Dr. Kunibert Siebert and
Prof. Dr. Christian Kreuzer in “A convergent time-space adaptive dG(s) finite
element method for parabolic problems motivated by equal error distribution”,
see [GKSZ18].
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1.3 State of the art

The construction of space-time methods for time-dependent partial differential
equations and their numerical analysis is an active and fast developing field,

see [NSW17] for an overview of recent results.

The contributions include a broad spectrum of space-time methods. Approx-
imation results and solution techniques for parabolic equations are presented
in [Stel5, LMN16], time integration methods with parallelisation in time in
[Ganl15] and multigrid in time in [FFK*14, VLN"18]. One realization of space-
time methods are Trefftz—discontinuous Galerkin methods. For acoustic wave
problems of this method see [KMPS15, MP18] and for Maxwell’s equations
[EKSW15]. Variational space-time methods for the wave equation are treated
in [KB14, BKRS18]. Space-time discontinuous Petrov-Galerkin (DPG) meth-
ods for the Schrodinger equation [DGNS17] and for acoustic waves [GS19] as
well as a tent pitching scheme for hyperbolic systems [GSW17] can be found
in [NSW17]. Regularity results in space and time for linear wave equations are
considered in [MS16].
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1.4 Notation and basic terms

Let N denote the natural numbers and R the real numbers.

We consider functions u: R¥™ x R — R with dim € {1,2,3}, where the last
variable is the time variable ¢ and the remaining variables are space variables
x € RY™  Such functions are elements of the so called Bochner spaces. We
consider u as a function u(t) = u(-,t), which attains a value u(t) that is a
function of x and belongs to a suitable space of functions depending on x.

This means that u(t) represents the mapping x — (u(t))(x) = u(x,t).

We denote the partial derivatives of a function u by

0 0
8t.—§, ad—aimd

Let © be a bounded domain in R4™. We define the inner Ly(Q)-product by
(v, W>Q=/V-de for all v, w € Ly(;R”).
Q

This can be extended to a space-time domain @ := 2 x (0,7 by

T

(v, W>Q:/ /V-wdxdt for all v,w € Ly(Q;R7).

0 Ja

We use the induced norms
-G =1( ) and  [-1G=C,)g-

With 6, we denote the Kronecker delta

1 ifj=k
Sip =

0 else.

The function 1;(y) with an arbitrary interval I = (a,b) denotes the charac-

teristic function

1 ifpel
17(p) =
0 else.
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TWO

HYPERBOLIC SYSTEMS

2.1 General linear hyperbolic systems

Let © be a bounded polyhedral domain in RY™ with dim € {1,2,3} and (0,7)
a fixed time interval. This yields the space-time cylinder Q) = 2 x (0,7"). We

consider first order evolution equations of the following type
Lu=Mou+Au=>b in@. (2.1)

Here M € Lo (Q;R7*/) is a symmetric and uniformly positive matrix, i.e.,
there exists a constant ¢ > 0 such that for all 0 # v € Ly(Q;R7) we get

(Mv, v)q > c|[v]|3 > 0. We assume, that the operator A can be written as

dim dim
Av =3 04(Bsv) = > Ba(0av) € Lo(ShR7), v eD(A) C Ly(;RY),
d=1 d=1

(2.2)

J*J The following definition of hyperbolic

with symmetric matrices By € Ry

systems is given e.g. in [Eval0, Sec. 7.3].

Definition 2.1 (Hyperbolic). A linear system of the form (2.1) is called hy-

perbolic, if for every n = (ny, -+ ,ngim)? € R the J x J matrix
dim
d=1

is diagonalizable with real eigenvalues.
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2.2 Variational setting

Including attenuation effects requires to extend (2.1) by damping parameters
into the operator D. We consider now the space-time differential operator L
defined by

Lu(t) = Moyu(t) + Au(t) + Du(t) . (2.4)

We assume that M, D € Loo(€;RZ/) and M is uniformly positive definite,
whereas D is positive semi-definite. The analysis of the wave problems will be
considered with homogeneous boundary conditions on 9€) which are realized
by the choice of a suitable domain D(A). We assume that the hyperbolic

differential operator A is skew-adjoint in the domain, i.e.,
(Av, W), = — (v, Aw), v,w e D(A). (2.5)

The domain of the space-time operator L is given as

V=D(L)={velCY0,T;Ly(;R))NC0,T;D(A)) : v(0) =0},
where the closure is taken with respect to the weighted graph norm

2 = (M M 'Lv, L .
IVI? = (Mv, v)g + (M~ Iy, Lv)

Then we define W = L(V) C Ly(Q; R7) with the weighted norm
Wl = (Mw, w)q -

We obtain the variational formulation by multiplying Lv with a test function
w € W and integrate over the space-time domain (). This defines the bilinear
form B: V x W — R with

B(v,w) = (Lv, w) (2.6)

Q-
We can establish the standard Babuska setting for this bilinear form which

gives us the following theorem.

Theorem 2.1 (Necas Theorem). Let B: V x W — R be a continuous bilinear
form and W* = Ly(Q; R7) the dual space of W. Then the variational problem

findueV: B(uw)= (b, w), VweW, (2.7)
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admits a unique solution u € V' for all b € W*, which depends continuously
on b, if and only if the bilinear form B satisfies one of the equivalent inf-sup

conditions:

1. There exists § > 0 such that

B) 5 ivil
[[wllw (2.8)
VOo#weW dveV: B(v,w)#0.

VveV sup
weW

2. There holds

b b
inf sup & >0, inf sup & >0. (2.9)
veV wew ||vllv[lwllw weW vev ||vllv[lwllw
3. There exists > 0 such that
b b
inf sup M = inf sup & =0. (2.10)

veV wew [[Vlviiwllw — wew vev [Ivliviiwlw
In addition, the solution u of (2.7) satisfies the stability estimate
[ullv < B7H[bllw- . (2.11)

The theorem and proof can be found in [NSV(09, Theorem 2.2].

We can prove that the bilinear form (2.6) satisfies the first condition of Thm. 2.1
by using [DFW16, Lem. 1].

Lemma 2.1 (Continuity of B). The bilinear form B(v,w) = (Lv, w), with
the space-time operator L defined by (2.4) is continuous on V x W.

Proof. We show that B is bounded and hence continuous, by using Cauchy—

Schwarz inequality

B(v, w)* = (Lv, w)% = (MM~'Lv, w>i2 < |IMLv [wl

< (VIR + IIM LI ) (Wl = VI lTwlfy -
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Lemma 2.2 (Inf-sup condition for B). Assume that A and D are positive
semi-definite. Then, the bilinear form B(v,w) = (Lv, W), with the space-
time operator L defined by (2.4) satisfies the inf-sup condition.

Proof. Since the conditions in Thm. 2.1 are equivalent, we show that the bilin-
ear form fulfills the first condition. We first note that for all v € C1(0, T; Lo(Q; R7)N
C%(0,T;D(A)) with v(0) = 0 we have

IVl = [ (o), vio))g d

= [7 V(D). V(D)o + (M¥(0), ¥(0))
:/()T/Otf)t (Mv(s), v dsdt—2/ / (MOwv(s), v(s))q dsdt
< 2/T /t (MO (s) + Av(s) + Dv(s), v(s)) dsdt
<9 / / M7 Lv(s), Lv(s))” (Mv(s), v(s)y? dsdt
< 27 M L

This yields ||v]jw < 2T||M~'Lv||yw. For ||v||y we get
VI = vl + 1M Lyl < AT2|M L + 00 Ly,

= @T*+ 1)||M ' Lv|}, .
By inserting the special choice w = M ~'Lv € W\{0} into (2.8) we get
B(v,w) _ B(v,M~'Lv) (Lv, M~'Lv),

sup > —
S Wl = IM I M v
= [|M 7 Lvllw > (4% + 1) v]ly
For the proof of the second condition, we refer to [Ernl8, Sec. 3.2]. O]

Remark 2.1. Thm. 2.1 ensures existence and uniqueness of the solution u.
The stability estimate holds with 3 = (472 + 1)~1/2.

The constant 8 of Rem. 2.1 could be improved in [EW19, Lem. 4] to the con-
stant 8 = (T?% +2)~1/2.

The following lemma shows that H'-in-time regular functions v have point-
evaluations v(t) € Ly(Q;R7). We define the space H = Ly(€;R”) equipped
with the norm || - |3, = (M-, ).
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Lemma 2.3. Fort € [0,T] the mapping H* (0, T; Ly(Q; RY)) — Lo(;RY),

v — v(t), is well-defined and allows the bound

[v®)],, = VM), v,

f M+ Sl vemO.T @R,

Proof. For tg € [0,T] \ {t} with |t — ty] > T/2 we define the scaling function
do(s) = (s —to)/(t — to). This yields for v € H'(0, T; Ly (2; R”))

[v(t)||,, = (@) Mv(t), v(t))g — (dlte) MV (to), v(to))q

_ t: 0, (d(s)Mv(s), v(s))g, ds

— 1 /(MV() ds+2/ s)MOsv(s), v(s))q ds

t—to

VAN

Al + 2ol V],

2 T 2
(U A

IN

2.3 Elastic waves in solids

In dynamic models in continuum mechanics, the motion of a material point x
in the reference configuration €2 at time ¢ is described by the deformation vector
p(x,t). The velocity is denoted by v = 0. Elastic waves are determined by

Newton’s law for the balance of momentum
poyv =dive + b,

with the mass density p, acceleration 0;v, and the vector of body forces b,
together with a constitutive relation for the stress o depending on the defor-
mation gradient F' = D¢. For elastic materials a response function f]() exists
so that the stress is determined by the response o = EA)(F) Then the stress

rate is given by
8o = DS (D) (Dv) .
Assuming small strains and ¢ = id, this is approximated by its linearization

oo = Ce(v), g(v) = sym(Dv)
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with the elasticity tensor C = Df](I). The balance of torsional moments
yields that the stress is symmetric and that the stress rate only depends on
the symmetric strain rate. In isotropic media the elasticity tensor Ce = 2ue +
A trace(g)I is characterized by the Lamé parameters A > 0, p > 0. Introducing

2u+3X
3

the compression modulus K = and the deviatoric stress dev(o) = o —

5 trace(o)I we obtain

C(u, k)e = 2udev(e) + rtrace(e)I,
(2.12)

1 1
C Y (u, K)o = oM dev(o) + 3n trace(o)I.

Remark 2.2. To reduce this system form 3D to 2D we can use the approach

of plain strain (€33 = 0) or plain stress (o33 = 0).

The space-time operator L for the elastic wave equation uses the mass and

hyperbolic operators

M = (p 0 ) and A= — ( 0 div(')) . (2.13)
0 C! e() 0

The solution vector is u = (v,o)". Since no damping is included in this model,

the damping operator vanishes, i.e., D = 0.

Lemma 2.4. The operator A defined in (2.13) is positive semi-definite on the
domain D(A) = H{(; RYI™) x H(div, Q; RE™*dim) gnd hence Lem. 2.2 holds

Sym

true.

o
Proof. For all u = (

A%

) € D(A) it holds that

)y = (- (av(e). ) (v, 0) ),

- _/Q(div(a') v+e(v):o)dx

:—/Q(div(o“v)—Dv:ost(v):cr) dx

— _/Q(div(a--v) —e(v):o+e(v): o) dx

:_/div(a-v)dx:— v-ondx =0.
Q o0
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2.4 Acoustic waves

Assuming that shear forces can be neglected, i.e., we consider the limit ;1 — 0.
Then, the stress o = pl is isotropic with hydrostatic pressure p = %trace o,

and compressional waves are described by the system
Oyp = kdivv, pov=Vp+Db.

In particular this applies to acoustic waves in air or in a gas at fixed tempera-
ture. Note that this is only a formal derivation of the acoustic wave equation
using the setting of continuum mechanics of solids.

The space-time operator L for the acoustic wave equation uses the mass and

hyperbolic operators

0 0
M= and A=— v (2.14)
0 k! div 0

Lemma 2.5. The operator A defined in (2.14) is positive semi-definite on
the domain D(A) = Hy(div, Q) x HY(Q) (Neumann boundary condition for the

velocity component) and hence Lem. 2.2 holds true.

Proof. For all u € D(A) it holds that

(Au, u}Q:—/div(v)p—l—Vp-de:/a n-vpdx =0.
0 Q

2.5 Nonlocal material laws
General linear material laws for visco-elasticity have the form

o(t)=0(0)+ /Ot C(t — s)e(v(s))ds,

i.e., the stress o depends on the strain rate e(v) by a convolution kernel C(-)
in time. This yields with C = C(0) for the stress rate

dur(t) = Ce(v(t) + [ "t — s)e(v(s)) ds.

with C denoted as the relaxation tensor. In applications, the relaxation tensor

is adapted to measurements of the wave propagation within a fixed frequency
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range. For the case of generalized standard linear solids [Ficll, Chap. 5|, a
model for a spring combined with G Maxwell bodies (see Fig. 2.1 for a sketch)
can be calibrated to velocity and attenuation of time-harmonic waves for a
number of sample frequencies (f, = (277,)~") using a least-squares approach,

see [BRS95] for details. The corresponding relaxation tensor is then given by

C’(s):—Zexp(—:)Cg (2.15)

g=1 g

depending on a decomposition C = Cy + C; + - - - + C and relaxation pa-
rameters 7; > 0. Introducing the corresponding stress decomposition o =

oo+ -+ og with

o (t) = /Otexp <S _t> Coe(v(s))ds, g=1,...G

Tg

results in the system

pov=V-o0+---+V-06+Db, (2.16a)

(9tao = C()E(V), (216b)
1

0oy, = Cye(v) — — 0y, g=1,...,G. (2.16¢)

g

The space-time operator L for the visco-elastic wave equation in isotropic
materials uses the special choice Cy = C(u, k) defined by (2.12) and C; =
... = Cg = C(urs, k1p) with given attenuation parameters for the shear wave

75 and for the compressional wave 7p (cf. [Zell9, Chap. 2]). Summing up, the

..........

ky ko ks ka
ko

Ui T2 13 Na

..........

Figure 2.1: Schematic diagram of generalized standard linear solids (GSLS)

with G relaxation mechanisms / Maxwell bodies.
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system depends on the parameters p, u, k, 75, 70 and 7,...,7¢. In [Zell9,
Chap. 5] the existence and uniqueness of a solution is proven. We transfer

the visco-elastic wave equations in our setting and get the generalized mass

operator
p 0 . . 0
0 C(u, k)™ :
M=|: C -1 .. 0
(s, k7e) (2.17)
: . 0
0 0 C(urs,krp)"!
- dlag (pa C(:uv H)_lv C(II’LTS7 H'TP)_la SRR C(MT& KJTP)_l) )
the hyperbolic operator
0 div --- div
A=—1 (2.18)
e 0 0
and the damping operator
1 1
D = diag <0, 0, —C(urs, k1) ", ..., —C(uts, I{Tp)_l) . (2.19)
T TG

Lemma 2.6. The operator A defined in (2.18) is positive semi-definite on
the domain D(A) = H§(Q; RYI™) x H(div, Q; RUmxdm)EHL g g hence Lem. 2.2

sym
holds true.

Proof. For allu = (v,0y,...,0¢) € D(A) it holds that
a
(Au, u), = — Z/ div(oy) - v+e(v):oydx

g=0"%
G

= —Z/ divioy,-v) —Dv:o,+¢e(v): o,dx
g=0"7%
G

=— Z/ divie,-v) —e(v):o,+e(v):0,dx
9=0 @

G G
== [div(o, v)dx == [ v.ondx=0.
gzz:o/ﬂ iv(e, - v)dx QEZ:O 8QV o,ndx
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The visco-acoustic wave equations are

G
p@tV:ZVpg+b,

9=0

Opo = KV - v, (2.20)

1
Opg = KTPV - V — —Dy, g=1,...,G.
Tg

These equations fit also into the setting of the space-time operator L with the

operators
M(V7p07p17 e 7pG) = (IOV7 "iilp(); (KTP>7IP1> Tty (ﬂTP)ilpG> ’
A(Vap0>p17 te 7PG) = —(V(po + - +PG)>V Ve ,v . V) s (221>

D(V7p07p17 e 7pG') - (07 O’ (TlfiTP)_lph ) (TGKJTP)_IPG) :

Lemma 2.7. The operator A defined in (2.21) is positive semi-definite on the
domain D(A) = Hy(div, Q) x HY(Q) ! (Neumann boundary condition for the

velocity component) and hence Lem. 2.2 holds true.

Proof. For all u € D(A) it holds that

G a
(Au, u>Q:—Z/div(v)pg+Vpg~VdX:Z/ n-vp,dx=0.
g:() Q g:() o0
[

Remark 2.3. Choosing G = 0 reduces the visco-elastic and visco-acoustic

equation to the simple elastic and acoustic equations.
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THE DISCRETIZATION

We start from the continuous variational formulation: find u € V such that
for all v € W holds
B(u,v) = (b,v).

The idea of the Galerkin method for approximating the solution of this problem
is using a finite dimensional space V), and W},. The discrete problem reads as
follows: find u, € V), such that for all v, € W}, holds

B(uh,vh) = <b, Vh> .

If ansatz space and test space do not coincide, we obtain a Petrov—Galerkin
method. If the ansatz and test space are subspaces of the corresponding con-
tinuous spaces, the method is called conforming, otherwise it is called a non-
conforming method. In the case of a non-conforming method, the bilinear

form has to be extended to a discrete bilinear form
By (up, vi) = (b, vy) .

One possibility for an implementation of such a method is the finite element
method (FEM). For an introduction into FEM we refer to [Cia02, Bral3].

15
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3.1 Discontinuous Galerkin semi-discretization
in space

The semi-discretization in space will be done with the nodal discontinuous
Galerkin method [HWO08]. We assume that 2 is a bounded polyhedral Lip-
schitz domain decomposed into a finite number of open elements K C €2 such
that Q = Ugex K, where K is the set of elements in space. Let Fx be the set
of faces of K € K. For inner faces f € Fi let K; be the neighboring cell such
that f = 0K NOKy, and let ng ¢ be the outer unit normal vector on K. The

outer unit normal vector field on 0f) is denoted by n.

In every time slice, we select polynomial degrees pg, and define the local spaces

Hy o =P, (K;R’7) and the global discontinuous Galerkin space
H), = {vh € Loy(RY): vyl € Hy i for all K € IC}.

For v, € H), we define vy, gk = vi|x € Hj, i for the restriction to K. In the

semi-discrete problem
Lhuh(t) = Mhatuh(t) —+ Ahuh(t) -+ Dhuh(t) = bh<t) y t e (0, T) 3 (31)

the discrete operators My, Dy, € L(H}, Hy,) and the right-hand side by, (t) € Hj,
are the Galerkin approximations of M, D and b(-) defined by

<thh7 Wh>Q == <Mvh7 Wh>Q Vi, Wy S Hh7
<thh7 Wh>Q = <DVh, Wh>Q vy, Wp € Hh, (32)
(br, Wh)q = (b(-), Wr)q wy € Hy .

Note that M), is represented by a block diagonal positive definite matrix and

Dy, is a block diagonal positive semi-definite matrix.

Remark 3.1. We aim to obtain a fully adaptive space-time method combined
with a multilevel preconditioner. To avoid further issues, we restrict our prob-
lems to the case of cellwise constant material parameter. As a result, the

matrix M}, does not depend on time.
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The discrete operator A, € L(Hp, Hy) is constructed as follows: integration
by parts on K € K yields for smooth ansatz functions v and smooth test

functions ¢y

(Av, ¢K) i = (divF(v), ¢k) g
= —(F(v). Vér)x + > (nis-F(v), dx)y -

feFK
We then define for v, € Hy, and ¢y x € Hp, i
(Anvi, O ) e = — (F(Vik), Von k) + fzf: (g F™(vi), éni);
ESK

where ng ;- F3™(v},) is the upwind flux obtained from local solutions of Rie-

mann problems (cf. Sec. 3.2). Again using integration by parts, we obtain

(Apvh, dni) e = (divF(vi k), Onk)

+ > (ks (FR™(vi) = F(Vik)), ni); -
feEFK

On inner faces f = 0K N 0Ky the difference ng ;- (F™(vy,) — F(vix)) only
depends on the jump term [v|k; = Vi x, — Vi i, S0 that ng - (FE™(v) —
F(v)) = 0on all faces f € Fk for v.€ D(A). On boundary faces, we define the
jump term [vp]|g s depending on the boundary conditions. On Hj we define

the operator A, by

(Anvi, dn)e = D (A, Gni) g Vi, On € Hy, .
Kek

By construction, the operator Aj, satisfies the consistency condition
<AV7 ¢h>Q = <AhV7 ¢h>Q ) vV E D<A) M Hl(QvRJ>7 ¢h € Hh7 (33)
since the numerical flux F™™ satisfies

S (g FE(vik), V) =0, v e DA NH(QRY)
Kek

for v, € Hj,.

For our applications we can show in the next section that the upwind flux
together with the correct choice of the boundary flux guarantees that the dis-

crete operator is non-negative and controls the nonconformity, i.e., a constant



18 CHAPTER 3. THE DISCRETIZATION

Cx > 0 exists such that

(v, Vi 2 Ca Y [y - FRm(w) = Flwna)) 20 (34)
f€FK

for all v;, € H},.

3.2 Upwind flux

We decided to discretize the hyperbolic operator A; by an upwind flux scheme.
The main ideas are presented in [LeV02, Chap. 3.8 and 9.9] and summarized in

[HPS*15, Sec. 3.1]. The upwind flux is defined by the solution of the Riemann

problem.

Definition 3.1 (Riemann problem). Let n € RY™ be a given unit vector.
Then RY™ is divided into two open subsets Q = {x € R¥™: n.x < 0} and
QOr = {x € RYM: n.x > 0}. The Riemann problem reads as follows: find a

weak solution u to the discontinuous initial function

) u; forallx e Qp,
UolX) =
ug for all x € Qp,

with uz, ug € R’ and piecewise constant M|q, = My, and M|q, = Mg.

Following the steps in [HPS*15, Sec. 3.1}, we define by (\; 1, w; 1) and (\; g, W, r)
the corresponding M-orthogonal eigenpairs of the matrix B defined in (2.3),

ie.,

BWj7L = )\j,LMLWj,L with WL MLWk,L = 5j,ka

BWj,R = )\j,RMRWj,R with WiR- MRWk,R = 5j,k .

A general solution of the Riemann problem is given by

uy, + Z bj,LWj,L for all x € QL,
u(x,t) = =y 1t>0 (3.5)
up + > bj RW R for all x € Qpg,

x-n—\; pt<0
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for arbitrary coefficients b;;, bjr € R. To obtain a weak solution in RY™
continuity of the flux on the interface 90, NNk = {x € RI™: x - n = 0} is
required, i.e.,
B (uL + > bj,ij,L) - B (uR—i— > bj,ij,R) .
A;,<0 Aj,R>0
This condition is the so called Rankine—Hugoniot condition.

The coefficients b; j, are determined from the jump [ug] = ur —uy, solving the

equations

Wi R: B[U_O] = WiR- Z bj,LBWj,L for all )‘k,R <0.
>\j,L<0

The solution of the Riemann problem defines the upwind flux on 97 N INg
by

n- Fm‘m(uo) =B (UL + Z bj,LWj,L) . (36)

/\ij <0

Upwind flux for visco-acoustic waves

We use the formulation (2.20) and thus have

g=0

-
G
diVF<V7p0)"'7pG) == (vng, diVV7 T diVV) ’

-
G

n-F(v,po,...,pq) = — (ang,v-n,--- ,V-n)
g=0

together with the mass matrix

pIp O
0 k! 0 0
M = 0 (kmp)~*
: : : 0
0 0 e 0 (k7p)~?

In a first step, we focus on the acoustic case (G = 0). This reduces the problem

to find eigenvalues and eigenvectors of Bw. = +cMw. with

M—(pID O) and n~F(V,p)—B(V)——<np).
0 k! p v-n
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The solution is given by the velocity of sound ¢ = +4/k/p together with

K

()G,
n - F"(u) = Buy + ) ( )

o)l
crlp] + kr[v] n(mn>

CRKL + CLKR

~ Bu, - (oa (;]) +as (( ) e (MO~ n) o Cp(])n))

with the coefficients defined with the impedance Z = | /kp

Fen . . . .
Wi = . Inserting them into (3.6) gives the upwind flux

= BuL

1 YAA:
o= =7, My = ——F——,
YT 2L+ Zg T ZL+ Zg

Zg Z
o3 = ————7—, oy = —————.
T 7L+ Zn YT 2+ Zg

This upwind flux can be now extended to the visco-acoustic case. On inner
boundaries K N Ky = f C Q with k = k|x(1 + G7p), kr = K|k, (1 + G7p)

pr = plx and pp = p\Kf we obtain

(An(VhsDohs -+ sDGR), (WK, Gokhs s PakR)) i

€l G
= — <div VEK.h, Z ¢9,K,h> - <Z Vg i hs ¢K,h>
g 0 K 9=0 K
-2

feFK Zx + Zr, ZKf

e e
<Z[pg,h]K,f + Zk, vk [Vilk.f, D Gorcn + L Yrcn - nK,f> -
f

9=0 g=0
On boundary faces f C 02 we want to use the same definition of the upwind
flux as on interior cell faces. The general solution of the Riemann problem at
the boundary is

uL—l—bL Wi, by (35),
u(t,x) =

(Po.oqs - - - » pG@Q)T Dirichlet boundary data,
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or

(t. %) ur, +bi, wir by (3.5),
u(t,x) =
N Neumann boundary data. .

For given Dirichlet values in the pressure component we get the system
T T
(po.r +brklk, pro+brklrTe, ... ,Po.L +brklkTe) = (Posq,---,Pc.00)

Summing over all entries

G G
PL=>_PorL, poo = D Pgoa ki = k|lk(1+ GTp),
g=0 g=0
Poa —PL . .
defines by, = ————. Since on the boundary no K exists, we define K; := K
R,
and obtain
: Krn crn
Buy, — crlpl T ralv] n (i =B |uy+by | "
CRKL + CLKR cr KL,
N crlp] + krlv]-m (K0 poo —pr (Krn
CRKL + CLKR cr, KL cr,
— [p}‘ﬂfL/CL[V]'n:paQ—pL.

QRL Rr,

For homogeneous Dirichlet boundary conditions in the pressure component we
have to set [pynlk,f = —2pgn and [Vi]k s - ng s = 0. For Neumann boundary
conditions in v we obtain the equation gy = n - vy + byc;, which we compare

to the definition of the upwind flux on interior boundaries
. Krn crn
BllL — CR[p] + KR[V] n L =B uy, + bL L
CRKL + CLKR cr KrL,

. crlp] + kr[v] - n (,%Ln) _gn—vp-m (KJLI’I)

CRKL + CLKR cr, Cr cr,

co/krlpl +[v]'n _gn—vi-n
ZCL Cy, ’

to obtain the correct choice for homogeneous Neumann boundaries [pg 4]k, = 0

and [Vh]KJr ‘N = _2VK,h "N r.
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Lemma 3.1. Using a discontinuous Galerkin discretization with upwind flux
for visco-acoustic equations guarantees that the discrete hyperbolic operator is

non-negative, i.e., (3.4) holds.

G
Proof. Using the notation p;, = ggopgﬁ, Zx = /KK prk and ZKf = /FK; PK;

we have

<Ah(Vhap0,h7"' ;pG,h), (Vh,po,ha"' 7pG,h)>Q
= Z — / divvg nprn + Vv Vpk dx
= K

1
— > ————(Ipalk.s + Zrmk s - Vil Prp + ZKVER - DK
FeFn ZK+ZKf < f >f
—Z Z me VK, Ile>f
K feFk
1
- m <[ph]K,f + ZKan,f : [Vh]K,fa Prh T ZKVER nK,f>f

1
= Zg, 2 2 2) >0
P ZK+Z (2, Zcllfonlx, F 4 plsll}) =

Here, we use [Vh]K,f = _[Vh]Kf,fa [ph]K,f = _[ph]Kf,fa Ng = —Ng; f,
1 [vn] ke, = —([Vilks DK, Vir DK g);
- <[Vh]Kf,f "NKf VEs b an,f>f )
ol sllF = = {lnlic.r: prca)y = {[onlicy 5. Py,

ZK
Z Z —Prhy V- l’lK,f>f - m ([Pnlk.ps Vich - nK,f>f
f

ZKf
St S O ’
T + ZKf < K.f [ h]K,f pK,h>f
ZK
:Z _ﬁ <pK,h+ [ph]KJ", VK,h'nK,f>f
K feFxNQ KT ZKk;
ZK
- m (g p - (Vien + Vil ), prcn) g
:Z _L <pKf,h7 VK,h'nK,f> — Zl(f<nK,f'VKf,hypK’h>
K ferano  4x 2K I Zk + Zk, f



3.2. UPWIND FLUX 23

and on the boundary

1 1
> 5 (prn + [Prlx sy ViR - nK,f>f 5 (s (Ven + [Vilks), pK,h>f
fEFKNIN

1 1
= Z ) (P = 2DPKhy Vih - nK,f>f ~ 5 (Nre s Vi, PK,h>f
fEFKNIN
Dirichlet b.c. in p
1 1
+ Z D) (P hs Vich - nK,f>f D) (ng s (VEn —2Vin), pK,h>f
fEFKNON
Neumann b.c. in v
1 1
= > T3 (Phs ViR D f) ;= 5 (MK Vich Prh);
fEFKNIN
Dirichlet b.c. in p
1 1
+ Z b <pK,h7 VKh-* l’lK,f>f + 2 <1’1K,f * VK.h, pK,h>f
FEFKNIN
Neumann b.c. in v

=0.

Upwind flux for visco-elastic waves

We again start with the elastic case (G = 0). We denote by +cg = \/%
the velocity of shear waves and by +cp = ,/WT?’J”\ the velocity of pres-

sure waves, which are both eigenvalues. The corresponding eigenvectors are

tesT +cpn ) )
and , where 7 is a unit tangent vector.
prn' +n7h) 2unn’ + AI

Remark 3.2. In 3D there exist two unit tangent vectors, consequently the
corresponding eigenspace for the shear wave has dimension two. The following

proofs will be restricted to 2D.

We follow the steps as in the visco-acoustic case and finally lump the hyperbolic

operator with upwind flux for the visco-elastic wave equation together with

ZP,K = PKCPK , ZP,Kf = PK;CP,Ky »

Zs Kk = PKCSK Zs Ky = PK;CS K,
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as

(An(VisTon, s 0an), (Wkh Prom,  PEGH)) K

a
<Z diveo ¢Kh> - <€<VK,h)7 > ‘PK,g,h>
K

g=0

FeFK ZPK + ZP K

G G

Ng,r Zag, h K K f, DK f - Zsng,han>
: g 0 f
G
Z Oy,

nli K f, K, f - ¢K,h)>
f
ek,

_I_
Zp i + Zp K,

G
ng ;- [Valr,ps Dy - Z SOK,g,hHK,f>
g=0 f

Zek Lpk;
ZPK+ZPKf

K
Zp K <

+ " — (ngy;-

Zpk + Zp K, =

N s [Vilrf, Zp k0K, ;- ¢K,h>
!

fEFK ZSK + ZS Ky

G G
TK.f" Z[Ug7h]K7an7f7 TK,f* Z ¢K,g7hnK,f>
g=0 g=0 f

Zs Kk + Zs K, =0

- Zsk;

+
Zsk + Zs i,

G
TK,f" [Vh]K,fa TK,f" Z CPK,g,hHK,f>
g=0 f

ISk ZsK;
Zs ik + Zs K,

Zs K <
+ <7' Y lognlkmey, Trf- ¢K,h>
!

TK,f* [Vh]K,fa TK,f" ¢K,h>
f

We can follow the same steps as for the visco-acoustic case and conclude that
on boundary faces f = 0K N0, we set [vi]x s = —2vk,y and [og4]k,r = 0

for Dirichlet boundary conditions in the velocity component.

Lemma 3.2. Using a discontinuous Galerkin discretization with upwind flux
for wvisco-elastic equations guarantees that the discrete hyperbolic operator is

non-negative, i.e., (3.4) holds.

Proof. The proof will be done for 2D.

To simplify the notation we define
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N S o = PrE
1 == ; 2 - )
Zp g + ZP,Kf Zp ik + ZP,Kf
oK = Zp K, oK Zp i Zp K,
3 = ; 4 - )
Zp ik + ZP,Kf Zp i + ZP,Kf
of = b of = sk
5 — ) 6 - )
Zs.x + Zs x; Zs ik + Zs i,
oK = Zs 1, WK = Zs i Zs 1
7 - 3 8 == —— .
Zsx + Zs x; Zs i+ Zs ki,

K K
We want to note that aff = a3’ and off = a7 7.

On each K it holds using o) = ZgGZO o,nand 1 =aoff +af = ol +af

(Orh €VER) e +(diVorn, Vir) o = (Tkh, VVER) ¢+ (diVOR L VL)

= Z <0'K,hnK,f7 VK,h>f
feFk

= Y (ks (Oxplkys) D s Vih),
feFK
+ (T (OrmKS), TKS VKR

= > a3 (ng - (oK), Dk - Vich),
fer K

"ty (ngg - (Gkamky) DK Vich),

+ag (Try- (Traks), Tif - Vich),

K
+tag ' (Tr (OxunKs), Try ViR

= > a3 (ngs- (k) Dk - Vich),

fEeF
"oy (g (Orank ), MK Vi)
+ag (Tr - (Gxak ), Tir - Vicn),

+ar (Trp- (Trak ), Tif - Vich),
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and therefore

(Apuy, up)q
== {okn eVrn)) g + (diVorn, Vin)
K

+ > o (k- ([Onlk MK f), N s - Otk )
F€FK K
+ oy (nky - ([on]kmrp) i s Vin),

+ag (g s [Valk s, N r - Ok f),

[
[Vilx s DKy - VK,h>f

(
+ay (g
oy (s ([Onlk i f), Trs- Trpli ),
+ag? (Tios - (onli i), Tip Vin),
+ar (Tg - [Vilk s, Tiy - OranK ),

+ o (Tiy - Vil Tiy - Vi)

==> > of (k- ([on)kmr ), Dk Traniy)

Bl (nig - (u i) nics - Vicn) ;
+ Oé( <IIK,f "VK;hy DK f O'K,hnK,f>f
+ay (g Vil s - Vicn)
o (Trys - ([Onlr i) Try Tl ),
+af <7'K,f (O, pOKf), T VK,h>f
+ af <7'K,f "VKphy TEf" O'K,hIlK,f>f
+ag (Trp [Vl T Vin), -

On inner faces f € Fx N Q we have ng ; = —ng, ; together with aff = aff

K¢
and off = a7’ we get

0 2045( <nK,f ‘ (O'Kf,hnK,f)y Ng.f- VK,h>f + Oé;{,( <nK,f “VEK;h K f - O‘K,hnK,f>f

+ Oécls( <7'K,f ) (UKf,hnK,f)a TK,f " VK,h>f + 045 <7'K,f Vi hy TKf ch7hnK,f>f
K K
+ ! <an,f : (O'K,hnK,f)> Nk, f- VKf,h>f + a3 ! <HKf,f “VKh, MK, f - O'Kf,han,f>f

Ky Ky
+ Qg TKsf- (UKhnK,f)v TKsf- VKf7h>f + oy <TKf7f *VKh TKyf* O-Kfvhan7f>f :

For boundary faces f € Fx N 02 with Dirichlet boundary conditions for the
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velocity component we get

0=ay (ng s (([onlks + Trp)Ks) N s Vin)
+ag (g g (Vilros + Vion), Dk s - Ok f)
+ag (T ([onlks + orn)nKs), T Vicn),

+ar (Tr - (Vs + Vin), Tiy - Trplif),

1
=5 My (Orpnis), Dry - Vien)p = 5 Bk View Nk - Txalkg) g
1 1
+ 5Ty (Oranky), Try Vi) = 5 (T Vich T OrplKs)g -

With
s - [Valwsll7
= - (HK,f : [Vh]K,fa Ng 7 VK,h>f - <11Kf,f : [Vh]Kf,ﬁ Ny f- VKf,h>f
1755 - [Val 7
= - (TK,f : [Vh]K,f> TK,f" VK,h>f - <7'Kf,f : [Vh]Kf,f7 TKsf- VKf,h>f
and
Ing.s - ([on] k) ll7

= — (ngs - (lon]kmkys), g - (Oranky))

— (ni, s - ([Onlk, muc;p), nc f - (UKf,han,f)>f

175 - (lon] k. mu )7

= — (s (onlk, mi, ), Ti, g (UKf,han,f)>f

—{(Tx,s - (on)i, muc,p) Ticys - (UKf,hﬂKf,f)>f

we conclude and get

(Apuyp, uy)q

1
=5 Yo > otk (lonle mr )l +af ng s - [Valk s}
K feFk

+af Itk s - (lonlkmu )7+ of 7w - [ValksllF
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3.3 Space—time discretizations

We extend the spatial discretization of the previous section to space-time dis-
cretizations based on tensor product space-time meshes. The first method
uses ansatz functions which are discontinuous in space and time. The second
discretization uses discontinuous ansatz functions in space, but continuous in
time, combined with test functions discontinuous in space and time leading to

a Petrov—Galerkin method.

3.3.1 Full discretization: discontinuous Galerkin in space

and time

Let Q@ = Uper R be a decomposition of the space-time cylinder into space-
time cells R = K x I with K € K and I C [0,7] an interval; R denotes
the set of space-time cells. For a fixed mesh K in space and a time series

0=ty <ty <--- <ty =T, the space-time mesh is defined by

= U Ru,  Ra={KxIL I =t t, KK}
For every R € 'R we choose local ansatz and test spaces
Vi = Wihr =P, (K;R?) @ P, (I,; R’) C Ly(R; R)
and define the global space

Vh = Wh = {Vh S LQ((O,T); LQ(Q;RJ)): ViR = Vh|R c Vhﬂ} .

In the following, we introduce the discontinuous Galerkin space-time scheme
dG(q) of degree g, where dG(0) corresponds to the well known implicit Euler
scheme.

Starting with the continuous variational formulation (2.7), i.e.,
(MO + Au+ Du, z), = (b, z), ueV,zeW
we get for smooth z with z(7') = 0 and using partial integration in time

—(Mu, 8,z), — (Mu(0), z(0)),, + (Au+ Du, z),

(3.7)
= (b, z),
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For u;, € Vj, we use the notation u,,, = w|r,. By [u,], , forn=1,...,N

we denote the jump [u,], , = uf, ; —u;,_; of u, across t,_1, where we
+ T - .

use w4 = limgy, , uply, () and uy,, = uplr, (t,). We choose to use ho-

mogeneous initial conditions u(0) = 0. Therefore we have to define the value
u,,:=0.

Together with the smooth z mentioned above with z(ty) = z(T") = 0 and the
discrete version of the operators M, D, and Aj, from the last sections, we

have

T
/ — <Mh Uy, 8tz>Q dt
0

tn
/ — (Mhuh,m 8tz>ﬂ dt

tn—1

Il
™=

1

3
Il

Il
NWE

tn
/t (Mydyty s, 2)gy At — My, 2(t)), + (Mawi, . 2(ta)),
-1

n

1

3
I

I
M=

tn
/t B (MyOupp, z)q dt + <Mh [un],,_:, Z(tn—1)>Q

1

3
I

(Mpdywy, 2)g dt+ 3 (M [,y 2(ta 1)), + (Mg, 2(to) )

|
S~
S

n=2 @
(3.8)
Combining (3.7) and (3.8) we define the discrete bilinear form
Bj‘f(uh, wp) = (Myopy, + Apuy, + Dyuy, Wh>Q
S L )y
and the variational problem: find u; € V}, such that
Bl(u,, wy,) = (b, W) o for all wy, € W, (3.10)

Remark 3.3. This formulation can be generalized to arbitrary initial con-
ditions by adding them to the right hand side resulting in the variational
problem: find u;, € V}, such that

Bil(up, ws) = (b, wi) o + (Mu(0), wi(0))g, -

Conforming reconstruction in time

uy, is allowed to be discontinuous in time across the nodal points g, ..., txy_1

and hence in general u, ¢ V, cf. Lem. 2.3. In order to construct from uy
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a conforming function, we recall that the dG(gq) schemes are closely related
to Runge-Kutta—Radau ITA collocation methods, see [MNO6, Lem. 2.3]. The

corresponding Radau ITA quadrature formula with abscissae ¢, ..., c,11 and
weights wy, ..., wg41 is exact of degree 2¢, cf. Sec. A.1. In fact, we have
q+1 1
S w;Ple;) = / P(t)dt  forall P € By, (3.11)
=1 0

We define G € V, Gig = Ulg € P, (K;RY) ® P,1(I,;R’) as the piecewise
interpolation of uy, at the local Radau ITA points t/ := ¢, 1 + c;T, With 7, =

tn - tn—la i.e.,
Up(t!) =ug(t), j=1,...,q+1. (3.12a)

The continuous embedding of V' in C°(0,7; D(A)) (cf. Lem. 2.3) additionally

enforces U(t,-1) = w,,, ;. We relax this request for the adaptive case to
U(ty,1) =, (3.12b)
where II,,: Hp,,,—1 — H},, is the Lo-projection in space with
Hyp = {wi, € Lo(GR?): wiic € P, (K;RY) for all R=1, x K € R"}

defined by
(Mpll, 2,1, 2n) o = (MpZpn—1, Zy)q (3.13)

for all z,, € Hy,, and z,,_1 € Hj,,—1 . Hence U is uniquely defined by

q+1
f—t, |
aly, = > Lo (1> Moun(t))  fort €I, (3.14)
=0

Tn

with the Lagrange polynomials

s+1

S — Cj .
g;ﬁl(s) =] - J' € Py, j=0,...,qg+1 (3.15)
i=0 1 J
i#]

and ¢ := 0 defining t2 = t,,_; .

Lemma 3.3 (Lem. 2.2 in [MNOG6]). The following representation of Ivy, — vy,
is valid

t— tn—l

(Zva = va) I1, (t) = [Laval,_, Lo <H
n — ‘n—1

) forall tel,.
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Proof. (fvh — Vh) (t)|7, is a polynomial in time of degree ¢ + 1 vanishing at
the Radau points #/ for j = 1,..., ¢+ 1 since I,V = Vi . The claim follows

from

The reconstruction operator 7 with the restriction on a space-time cell
Zlr: Vor = Vig = Py (K;R?) @ Pyyi(I,; R?) as introduced in [MNOG,

Lem. 2.1] has the properties mentioned above.

Lemma 3.4. u|g := fuh|R € XAfh’R satisfies in R = K X (t,_1,t,)

~

uh(tn—l) = Il uy (tn—l)

and

tn
/ (Mydytiy, W) o dt (3.16)

tn—1

tn
= [ (B wn) et (M (1) = i () W (),

for all wi, € Wi, g.

Proof. Integrating (3.16) by parts we get

t’ll
/ <Mhatﬁh, Wh)K dt

tn—1

tn
= _/t <Mhﬁh, 8twh>K dt
+ My (1), Wy (tn)) = (MaGf (b 1), Wi (ta 1))

tn

= — <Mhﬁh, atWh>K dt

tn—1

+ <Mhu,:(tn), W;;(tn)>K - <Mthuh(tn—1>7 W;J{(tn—l)>

tn
= _/t <Mhﬁh, 8twh>K dt
n—1

K

K

+ <Mhug(tn), W;(tn)>K — <Mhuh(tnfl>7 W;Lr(tnfl)>

K
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and

[ M, widc 4 (M () = w0 (1)), w3 ()

tn—1 K

= — /tt” <Mhuh, (9tWh>K dt
+ (Mg (), W (0)), = (Mo (ta), Wit (1))
+ (M (0 (1) = Wy (b)), W (E0o1))

tn
= —/ <Mhuh, (9tWh>K dt

tn—1

(Mg (8), wi (8))— (Mg (tar), Wi (£o))

K

K

X
Note that up(t,,) = u;, (t,,) and with the exactness of the Radau integration
rule on [, we get

q+1

tn . .
/t <Mhuh, (9twh>K dt = Tn Z <Mhuh(t%), Gtwh(tfl)>K
n—1 j=1
at! , . tn
= Tn Z <Mhﬁh(t%), atwh(tfl)>K = /t <Mhﬁh, 8twh>K .
j=1 n—1

]

Using Lem. 3.4 we observe that (3.9) can be formulated equivalently by defining

a new space-time operator Zh by
<Zhuh, Vh>Q = <Mh8tfuh + Apuy, + Dyuy, Vh>Q ) (3.17)
This defines the variational problem: find uy € V}, such that
<Ehuh, Wh>Q = (b, Wh>Q for all w;, € W,. (3.18)
We use the norms
- By, = (Mie, g and (1115, = I~ I, + 1M5 Ly - [lw,

on the discrete spaces. With this, we can prove discrete inf-sup stability, but

at first we need an auxiliary result.

Lemma 3.5 (Lem. 4.4 in [Finl6]). For every ¢ € Ly(0,T) it holds that

[ etasar= [ aroar

with weight function dr(t) =T —t > 0.
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This can be verified by Fubini’s theorem.

Theorem 3.1 (discrete inf-sup condition). Assume that
(MpOyVn, dr(vi —Vi))g =0 forall v, €V},

and

[Villw, < Cq ||thHWh for all vy, € V.

Then the bilinear form

be(uh,wh) = <Zhuh, Wh>Q

33

(3.19)

(3.20)

is bounded and inf-sup stable in Vi, x Wy, with 8 = (1 + 4T2C§)_1/2 and hence

for given b € Ly(Q;R7) there exists a unique solution u, € V), solving the

variational problem (3.18).

Proof. First we have a closer look at the conforming reconstruction regarding

the jumps in time, i.e.,

(M9, (tar), 93 (bae1)) o = (Mai (bar), 97 (),

(3.21)

= <thh,n71(tn71>7 Vh,nfl(tnfl»g - <Mthvh,n71(tnfl)> anh,nfl(tnfl»g

= 1M Vi1 ()l = MR T Vi () [
Since II,, is a projection, we have for the case Hy ,—1 C Hp,,
124V (bl = 13 *TLaVh o ()l
but in general it holds that

My 51 (ta) e > 1M TV (1)l -

With the estimate for the jumps in time (3.21) and without loss of generality
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we assume t € [~ and get
1 2 o112
alllvhllwh < [IZvalliw,
= / thh( ) Vh(t)> dt

-/ [ 9 ), 90 s+ (U 50, FE50),

_/ / Mth ) (S)>Q dS+<MhGZ(tﬁ—1> i\’z@ﬁ 1)>Q

+ Z/ s (M4 (s), ¥ (s))q ds

tn—1

— (M5 (), ¥ (), + (M (b r), 9 (8a)) ) dlt
- /T /t Dy (MyFn(s), 1 (s)),, ds
+ Z (M3 (1), 9 (80)), + MV (1), ¥ (8)),,

tn<t

< /O /0 0, (My¥1(s), ¥4(s))q ds dt

T t

—9 / / (M0514(s), ¥a(s))g, ds dt
0 0

— 2 (M09, dr¥),g

In the next step, we apply assumption (3.19). Since D, is positive semi-
definite and the hyperbolic operator is non-negative, guaranteed by the use of
the upwind flux (cf.(3.4)), we can additionally insert 0 < ((Ap + Dp)Vh, Vi)q-
This yields

Vil < 2C, (My0,%n, drvidg
<20, <Mh5thh(t) + Apvi + Dypva, dTVh>Q

< 2TC, | My, Livallw, [[vallw, -

Hence we achieve ||v|lw, < 2TC,||M; *Lyvs||w, and for the discrete norm in

Vi we get [Vallt, = Ivalliy, + 1M, Luvalliy, < (1+4T°C3)|| My Lavalf3y, -
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Inserting the special choice of wj, = M, 'L,vy into the estimate results in

o By e )y (T M5 v
wrLEW), ‘Wh‘wh wrEW), Hwh’wh HM{thvhHWh
| L
- Pl 2 e

h

The bilinear form is bounded by

\B;; (wp,, )| = ‘<zhuh7 Wh>Q‘ = ’<Mth_1Ehuh; Wh>Q'

< IMy Lyws|w, Wallw, < laallv, wallw, -
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O

Lemma 3.6. Let v, be the conforming reconstruction of vi,. Then the as-

sumption (3.20) holds.

Proof. We will prove, that the constant C, depends only on the polynomial

order in time ¢ of the discretization, but not on the mesh refinement and

therefore not on N.

We observe that the integrals can be decomposed into space and time, i.e.,

qr+1 qr+1
<thh7 Wh>R = <Mh Z E Wh(tj) Z Zlfkwh(tﬁ)>
J=1 k=1 R=KxI,
qr+1gr+1 ‘
=D Z/ L Lin At (Myw(t), wi(th))
7j=1 k=1
for a space-time cell R = K x I, and
qr+1 qr+1
<thh7 Wh>R — <Mh Z £4R+1 Z £QR+1 >
7=0 R=KxI,
qr+1lgr+1 )
Z Z/ ,CqR+1£qR+1 dt <MhWh(t1]qj), Wh(tfz)>K
7=0 k=0

This motivates the definition of the vectors

ve = (1% <>...,M1/2vh<tz+1>)T,
(ML), MYPva(h), ., MY vy (et))

Ur
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and the matrices A", B defined on R = K x I, by

A= [ o) oo ar
1
=Tn /0 40 (t) L3F () dt = 7, ATp e Rr+)x(ar+1)

Bl = [ it Lt ar

o [ L L ) de = B € ROw s
0

with the transformed Lagrange polynomials

t—t,—
Lo (t) = L1 <1> .

tn - tn—l

B is the local mass matrix and therefore positive definite. We obtain

q+1

IVillh, = 3 [ vr ARugdx < Y Aar(4%) 3 (vm, vr),
ReR’K RER k=1
q+1
<Y Al A") Y (B, Bm)
RER k=0
< Ama(AR) Ain(BF) ! / or BRog dx
ReR K

R Ry—1{|5. |12
< s A (A A (BY) 94,
Since
)\max<AR>)\min(BR)71 = )\max<TnAqR))\min(TanR>71 = )\max(AqR))\min(BqR>71
we conclude that the constant C, is given by

C?=  max  Apin(AD)Apax(B) .

q 4d=(qmin;---» gmax

Here ¢, denotes the lowest polynomial degree in time and ¢.x the highest
polynomial degree in time used by the discretization.

]

Lemma 3.7. Let v, be the conforming reconstruction of vi,. Then the as-
sumption (3.19) holds for ¢ =10,...,5.
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Proof. In a first step, we prove the case ¢ = 0. In this case we have

VhlIn = Vh,n )

N tp, — 1 t—1th—1
VhlIn = ninnvh,nfl + —
tn - tn—l

1
tn - tnfl

Vhn
tn - tn—l

at\Afhhn = (Vh,n - anh,nfl) .

This results in

(Mp0OVy, dr(vi — Vh))g = Z (MpOVp, dr(vh — Va)) g

ReER
1 ~
= Z <MhH(Vh,n - anh,n—l)a dp (Vh,n—l - Vh|1n)>
RER n " tn-l R
1 ~
= Z <MhH(Vh,n - anhm—l)a dT (anh,n—l - Vh|In)>
RER n " tn-l R
1 t, — 1t
- Z Mhﬁ(vh,n - anh,n—l)a dTW(Vh,n - anh,n—l)
RER n — ‘n—1 n — ‘n—1 R
S MoV — Vi) v ) [ L g ot g
= Vian = UnVan-1); Vhn — UnVhn-
ReR e ot " Pl K In tn - tnfl Ttn - tnfl
1
— Z <Mh(vh,n - anh,n—1)7 Vin — anh,n—1>K 7<3T - tn - 2tn—l) Z 0.
ReR 6

We use that (Myw, w), > 0and 7' > t, > t,_1.

For a more general approach we transfer the estimate from an arbitrary space-
time cell R = K x I,, with interval I, = (t,,_1,t,) to the reference time interval
(0,1). For polynomial order ¢ = gg in time we define by £f, j =1,...,¢+ 1,
the j-th Lagrange polynomial of degree ¢ with respect to the quadrature points
of the Radau ITA integration rule with ¢+ 1 points shown in Tab. A.1. By ,C?H
we denote the Lagrange polynomial of order ¢ + 1 by adding the quadrature
point at zero.

A function vy, can be written with tJ :=+t, | + c;T, and 7, =t — 1, as

g+1 ' t— tn—l
w@mhzzw@wﬂ>

i=1 Tn

and the conforming reconstruction by adding the integration point t° = ¢,

g+1

. t—1t,—
w@ﬁmzzmmwmw<ﬁ.

=0 Tn
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We start with the argument by writing

q+1

(MpOyVp, dr(vi — Vi) p = Y aijby;

1,j=0

with bij = <Mthvh(tf~b)7 anh(tgz»K and
tn t— 1 t— 1
=  dp®)aLitt | ) (L% — L) [ 21 ) dt
Qg5 /tnl T()t ) <tn_tn1 ( J J ) tn_tnfl
1
_ / Tt (Tas + 1o )OLE () (£ — £27) (5) ds.
0

Here we set L{(-) = 0. Considering for 0 < s <1

0 < 7dr(mns +tn1) = (T — th1 — Tps) = T—Tzn_l (1 — T—Tr7lfn_15> <1
with
. to—t,
| L<

T_tn—l B T_tn—l o

we interpret the first factor as a scaling of the matrix and conclude, based of

the continuity of the integral, that we have to investigate the two matrices
Jo (L=0)@ LGN (LGt [y (1 =) (DLE)(L] — L1 at

(@) = | Ba=0@Lr™ (L5 at (1= 0@Lt™)(ef - L5 at

and
Jo QLT (LIt [y (0LE) (LT — £ dt

(a3) = | JH@LI ) (—Lg ™yt [H@LI (L] — £ dt

based on the identity

Tn
(ais) = 77— —

- tn—l

(a}j) + <1 — TTn> (afj) = A.

- tn—l

With the symmetric positive semi-definite matrix B = (b;;) we get A : B =
A:B"=AT:B=4(A+ A"): B. If the matrix A is positive semi-definite,
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we can use singular value decomposition of A and B and get by the Frobenius

inner product and its induced norm
(A+A") :B=U YU : UsSpUp = UgU %4 : SpUpUy,

= \/XpURU /34 : VEBURU /34 = ||\/XBUsU 1 \/Sallz > 0.

Hence, for the proof of (M,0,v, dp(v — \Af)>Q = > (Mo, dr(v—v))p >0
RER
) and (aj;) are positive semi-

1
2

1

it is sufficient to prove that the matrices (ay;

definite.

For the case ¢ = 1:
The Radau ITA quadrature rule has the integration points ¢o = 1/3 and ¢; = 1.

Therefore we have

t—1 t—1/3 t—-1
t—1/3 t—0 t—1
1(4) — 2(4) — . 2(¢) = —
t—0 t—-1/3
Eg(t):1—o'1—1§3’ OL3(t) = 3t—0.5.

We solve the integrals with Maple, a computer algebra system (CAS), resulting

for ¢ = 1 in the matrices

oo

120 80 240
The matrix (a;;) has the eigenvalues \j = A} = 0 and A\; = 19/15 and the
matrix (a7 ;) the eigenvalues \j = A} = 0 and A3 = 7/4. Therefore, both are

positive semi-definite.

Bouo1 I
30 20 60 5 "1 1

X 91 63 2l ) 3 9 3
.. p— —_—— — —_—— d .. P— —_— J— —_
(a:7) 10 80 80 and — (a;) i1 3 8
38 1

1 8 8

The proof for polynomials with higher degree is done with the use on a com-

puter algebra system and are available online at [Sub]. O]

Lemma 3.8 (Galerkin orthogonality). Let u € V' be the exact solution of
problem (2.4) and let u, € V}, be the discrete solution of problem (3.18). Then
the Galerkin orthogonality

B, (u—up,wy) =0 (3.22)
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holds for all w;, € W), .

Proof. The Galerkin approximation (3.2) and the consistency of the discon-
tinuous Galerkin method (3.3) together with the cellwise constant material

parameters (cf. Rem. 3.1) yield that

(Mpu, wp) = (Mu, wp)q ,

(Dpu, wp) o, = (Du, wp)q
and

(Apu, W), = (Au, wy), .
Hence we conclude that

B (u, wy) = By (u, wp)

Mz

= (Myopu + Apu+ Dy, Wh <Mh [ul,_,, Wh,n(tn—1)>

Q

n=1

= <Mh8tu + Ahu + Dhll, Wh>Q

= (Moyu + Au + Du, Wh>Q
= B(u,wy) = (b, W), = B (ap, wy) .
[

Theorem 3.2. Let u € V be the solution of (2.7) and uy, € V), its approzima-
tion solving (3.18). Then it holds that

lu—uplly, <@+ 87" inf [lu—wvyuly,.
vREV,

If in addition the solution is sufficiently smooth, we obtain the a priori error

estimate
lu—wlly, <C (ax”+at) (||0F i + D ullg)
> i > — < mi < mi .
for Ax > max diam(K), At > max ty—tp_1, p< min pg and q < min gr

Proof. With Galerkin orthogonality (3.22) and that the bilinear form is bounded,
we achieve that for all v, € V}, and w;, € W,

By (up — vi, Wp)

v, < sup
wrEWR HWhHWh

Bi(u — vy, wp)

Bllap — v

< [[u—wally, -
wpEW), HWhHWh "
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The last step is a triangle inequality, i.e.,
o —uplly, < llu—wvallv, + [lvie = wnllv, -
Now we assume that the solution is regular, i.e.,
u € HIN(0, T Lo (Q; RY)) N Ly (0, T HPHH(Q; RY))

The proof of the a priori estimate for the special case of a spatial mesh with
triangles is provided in [Bral3, Sec. I1.6].
O

Remark 3.4. Since the problems (3.9) and (3.18) are equivalent, the first
version should be implemented. The computation of the conforming recon-

struction is done only in a postprocessing step.

3.3.2 Full discretization: continuous Petrov—Galerkin
in time and discontinuous Galerkin in space

This discretization uses again the same decomposition of the space-time cylin-

der @ into the tensor product space-time mesh R. The discretization is dis-

continuous in space but uses continuous ansatz functions in time. In contrast

to this, we use a test space which is discontinuous in space and time. There-

fore we name this discretization discontinuous Galerkin — continuous Petrov

Galerkin method (dG-cPG).

We choose local test spaces Wy, g = P, (K;R7)@P,,,_1(I,; R”) and define the
global test space

W, = {wh € Lo(Q;R’): Wir=wilr € Wh,R}
which is discontinuous in space and time. The global ansatz space
Vi = {vn € B0 Ti Lo R”)): vir = vl € Vi
uses the local ansatz spaces

Vg = {vh,R e Ly(R;R7) :

t, —1 t—th—1
— VX, tho1) + ——m—
tn - tnfl h( 1) Zfn - Zfnfl

vy € Vh|[0,tn_1] , Whr € Wh,R7 (X,t) cR=Kx In}.

Vi r(X,t) = wyr(x,1),
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Hence Vj, is continuous in time and vy, € P, (K;R’) @ Py, (I,; R’) for all
Vh,R c Vh,R .
We define the discrete bilinear form l§h(-, -) on Vi, x W, by the discrete space-

time operator Ly

~

Bh(Vh,Wh) = <Lth, Wh>Q = <Mhach + Ath -+ Dth, Wh>Q (323)
which is inf-sup stable with respect to the discrete norm
IValls = lIvalliy, + 1M Lavally, -
By construction, the bilinear form gh(~, -) is bounded in Vi, x Wi, ie.,

Bi(Vi, wi) = (Lpvi, Wi)q

< |M  Lyvillw [Wallw,, < vallg, [Wallw,, v € Vi, wi € Wi

Lemma 3.9 (Lem. 4.1 in [DFW16]). With a tensor product space-time dis-

cretizations the bilinear form éh(-, -) is inf-sup stable in Vi, x Wy, with b =
1/vV1+4T2, ie.,

By (v, w _
sup Bl wn) > Bllvallg vy, €Vy.

wWrEW HWhHWh "

The proof can be found in [DFW16]. For a more detailed version, we refer to

[Fin16, Thm. 4.1, Lem. 4.5, Lem. 4.6].

Remark 3.5. Thm. 2.1 asserts existence and uniqueness of a solution u;, € Vh

for a given b € Ly(Q;R”) to the variational problem.

Theorem 3.3 (Thm. 4.3 in [DFW16]). Let u € V' be the solution of (2.6) and
w, € Vj, its approzimation solving gh(uh, wp) = (up, wh)Q , W € Wy . Then,
we have

lu—wplly, <1 +57) inf [lu—wvlg -
vRLEV)

If in addition the solution is sufficiently smooth, we obtain the a priori error

estimate
1
la— g, <C (ax? +at?) (|07 ullg + D" ullg)
for Ax > III(léL’}C( diam(K), At > {lngajzfc th—tn_1, p< glel% pr and g < glel% qR -

Remark 3.6. The polynomial order in space is fixed for every K € K and
therefore pg = px for n = 1,..., N. The extension to arbitrary pgr needs an

additional projection in space.
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3.3.3 Difference in time between discontinuous Galerkin

and continuous Petrov—Galerkin

We illustrate the difference between the two methods by comparing the lowest
order implementations in time: dG(p)-dG(0) and dG(p)-cPG(1) for a fixed

polynomial order p in space.

Starting with dG-dG(0) we have ansatz functions which are constant in time

Vh(t)

In = Vhn

on an interval I, = (t,_1,t,] with the length 7, = t,, — t,,_1 . The conforming

reconstruction that is linear in time

t, — 1t t—1,_
= Vin—1t 7n1Vh,n-

Zvi(t)lr, = ——
n n—

tn - tn—l

Applying the space-time operator L, and integrating over the time interval I,

gives

/ Ehvh dt
In

= /[ Mhativhm + (Ah + Dh)th dt
t, — 1 t—1,_

= /I M0, (th,n—l + 1Vh,n) + (Ap + Dp) v, dt
n ~— tn-1

n tn - tn—l
— / by dt
In

= My(Vhn — V1) + Tn(An + Dp) Vi, = Tobpn -

The lowest order in time for dG-cPG are linear ansatz functions in time, e.g.,

t, — 1 t—tn_1

Whon—1 + Whon -
tn - tnfl

wh(l)|r, = P—a—
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The dG-cPG method needs application of the space-time operator L,
/ LhWh dt
In
tn — t t - tn—l
= [ Mo | ———Wpn1+ ——Win
/In e <tn - tn—IVVh7 1t tn - an—lVVh7 )

t, — 1 t—1,_
+ A <nwh,n—1 + nlWh,n)

tn - tn—l tn - tn—l

t, — 1t t—t,—1

Dy| ————whp1 + ————wyp,, | dt
T (tn - tn—IVVh7 ' tn - tn—1Wh’ )
— / b dt
In
Tn
= Mp(Whn — Whpn-1) + E(Ah + Dp)(Whpn + Whin—1) = Tnbpn -

The dG-dG(0) method corresponds to the backward Euler method in time in
contrast to the dG-cPG method, which is equivalent to the implicit midpoint
rule as time integrator. Focusing the evaluation of the right hand side in the
variational formulation, both methods test the continuous function b with test

functions constant in time. This implies that b,, is the mean value in time of
b in both methods.

In the tensor-product case with fixed polynomial degrees pr = p in time and
pr = Pk in space only depending on K C 2, the discontinuous Galerkin in
space continuous Petrov—-Galerkin in time method is equivalent to the Gauss
collocation method, where as the discontinuous Galerkin in space and time

method is equivalent to the Radau ITA collocation method, see [Huy09].



CHAPTER
FOUR

ADAPTIVE FINITE ELEMENT TECHNIQUES

The introduced space-time discretizations are an extension of classical finite
element methods by interpreting the time as an additional variable. This
results in very large systems which must be solved. We engage the problem
of reducing the computational effort with adaptive techniques. The standard

adaptive finite element method iterates the steps
SOLVE — ESTIMATE — MARK — REFINE (4.1)

giving a sequence of discrete solutions converging to the exact one. We will

introduce the steps in reverse order.

4.1 (General principle of adaptivity

h-adaptivity

The h-adaptivity is the most widely used adaptive method. The mesh is locally
modified whereas the polynomial degree is kept fixed. The mesh modification

can either be refinement of the cells or coarsening.

The typically used techniques are red refinement (allowing hanging nodes),
red-green refinement (red refinement with conform closure of hanging nodes)
or in case of simplices the use of bisection. Which grid refinement is used
depends on constrain to the quality of the mesh (degeneration of elements and

allowing hanging nodes or the need of nested meshes) and construction effort.

45
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Adaptive h-refinement is superior to uniform h-refinement except for “nice”
problems with smooth solutions [Mit89, Sec. 5]. The rate of convergence (in
energy) with respect to the number of degrees of freedom for smooth solution
is limited by a fixed polynomial degree [BSK81, Sec. 6.4].

p-adaptivity

This method is introduced in [BSK81]: “In the p-version of the finite element
method, the triangulation is fixed and the degree p, of the piecewise polynomial
approximation, is progressively increased until some desired level of precision
is reached.”

For analytic solutions, the rate of convergence with respect to the number of
degrees of freedom is not limited by a fixed polynomial degree. For nonsmooth

solutions, the p-refinement has at least the same rate of convergence as the
h-version [BSK81, Sec. 6.4].

hp-adaptivity

The h-adaptivity and p-adaptivity can be combined to the hp-adaptivity. The
idea is to use h-refinement, where the solution is estimated to be rough. This
could be for example near discontinuities. If the solution is estimated to be
analytic, the polynomial degree is increased. The combination of both methods
allows to achieve exponential convergence rate with respect to the number of
degrees of freedom [MM14].

Remark 4.1. To avoid the disadvantage of hanging nodes and deformation
(cf. Fig. 4.1) as well as the fact, that h-refinement produces more degrees of
freedom than p-refinement (cf. Fig. 4.2), we aim to the second method and
develop an adaptive strategy for the selection of the local polynomial degrees in
space and time (pg, qr) to reduce the total degrees of freedom without loosing

accuracy.

Increasing the polynomial degree yields the problem of using the correct quadra-
ture rules with a main focus on the faces of the cells. Therefore we implemented
an adaptive quadrature rule selection depending on the maximum polynomial

degree in space and time.
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Figure 4.1:  TIllustration of h-adaptive mesh refinement in 2D with squares
(top) and triangles (bottom). Starting with a uniform mesh (left) the central
cell is marked for refinement. Using red refinement results in a mesh with
hanging nodes (middle) or red-green refinement (right) bisecting cells with

hanging nodes.

Figure 4.2: Difference between h-adaptivity and p-adaptivity in 2D: starting
on the left with linear dG elements the mesh in the middle results from uniform
h-refinement and on the right by p-refinement. Every dot represents one degree

of freedom.
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Remark 4.2. Common practice are implementations using adaptive time step
size control. Since we deal with space-time discretizations, they can be inter-

preted as a special case of "h-adaptivity’ in space-time.

4.2 Marking strategies

Marking strategies base the decision of marking an element for refinement or
coarsening on given error estimators or indicator for each element ng. Three

different marking strategies are implemented. These are in particular:

Maximum marking strategy

The maximum strategy marks a set M C R depending on the maximum

estimator Npax = max. 1g and a fixed given value 6 € (0,1) such that all
€

elements are marked for refinement, if the estimator is greater than the critical

value Neit = OMmax:
VR E M : ng > Nait and VR € R\M : nr < Neis -

Elements are marked for coarsening, if the estimator is sufficiently small. This

means for a fixed given value 0 c (0,1) we have ng < gncrit.

Equidistribution strategy

This strategy uses the same algorithm as the maximum marking strategy but
with the difference in computing the critical value. This is done here by com-

puting the mean value of all estimates, i.e.,

1

/’7 it = =
Cr1 |R’ =

MR -

Dorfler marking

The idea of this marking strategy is presented in [D6r96]. A set M is marked,

such that a certain ratio 6 € (0, 1) of the total estimation is marked, i.e.,

Z URZQZ MR -

ReM RER

Additionally it is demanded that M has the lowest possible cardinality.



4.3. ERROR INDICATORS AND ERROR ESTIMATORS 49

4.3 Error indicators and error estimators

There are various types of error indicators or estimators. The simplest is
a gradient-based indicator, which is used if more rigorous a posteriori error
estimators are too difficult or even impossible. The indicator computes the
Lo-norm of the gradient of the discrete solution on each element. This indi-
cator is the simplest to implement but gives poor benefits for the numerical

analysis of convergence properties.

Hierarchical error estimators rate the local error by the difference to a second
discrete solution. This one is computed on a finer mesh or with higher order
polynomial degree. Hence, the computation of the estimators has a larger

computational cost than solving the partial differential equation itself.

An alternative are residual estimators. The local error estimators are com-
puted with a suitable norm of its residual with respect to the strong form
of the differential equation. Residual estimators are efficient and have been
proven to lead to an error reduction on the whole computational domain for a

number of problem classes.

Since we are only interested in a small part of the solution we use a goal oriented
method. This kind of methods are based on duality techniques introduced in
[BR96].

4.3.1 Duality based goal-oriented error estimation

We follow the framework in [Finl6, DEW16, DEFWZ19] and are interested in a
linear goal functional EF € W’ with compact support within a certain region of
interest (Rol), define the adjoint problem and solve the dual problem. Then,
the error is estimated in terms of the local residual and the dual weight leading

to the dual weighted residual estimators (DWR).

Definition 4.1 (Adjoint operator). Let L: V' — V* C W be the bounded,
linear space-time operator defined by (2.4). The adjoint space of V' can be
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defined by

V* = {w € W: there exists a unique z € W such that
(Lv, W), =(v,2), foral veV }.

The operator L*: V* — V which satisfies
(Lv, W), = (v, L'w), forall veV and weV”*
is called adjoint operator of L.

Note that the space V' has incorporated homogeneous initial conditions. They
are transferred to homogeneous final conditions in V*, i.e., v*(T') = 0 for all
vie V.

For hyperbolic evolution equations with space-time operator L = M9, + A,

the adjoint operator L* is given by
L*=-Mo, + A",
where A* is the adjoint spatial operator of A. Moreover, it yields that
A*=-A on D(A)ND(AY)

and therefore L* = —L, cf. [Finl6, Lem. 5.1].

If we consider attenuation effects, we have to handle the space-time operator

L= M09, + A+ D. The operator D is symmetric and therefore
L*=-Mo,—A+D # —L.

Let u € V be the primal solution of a given problem Lu = b and u, the
discrete approximation obtained either by the dG-dG or dG-cPG method.

Definition 4.2 (Dual problem). Let u € V' be the primal solution of a given
problem Lu = b. The dual problem is defined as: find the dual solution
u* € V* of

(L*ua*, w)

E, w) forall we W

Q:< Q

for a given (linear) functional E (represented in Ly).
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Remark 4.3. We assume that the dual solution u* is sufficiently smooth for
the following arguments. In particular we assume that u*(-,t)|; € La(f;R7)

for all faces.

Inserting the consistency of the numerical flux yields for all w;, € W, N V*

(B, u—up), = (u—uy, L"), = (u, L'u*), — (u, L"u"),
= (Lu,u"), — (u,n-F(u")),

Q Q
— Z ((Luh, U*>R - <uh, ng- F(U*)>8R
B (], ow), )
= <f7 U*>Q - Z (<Luh,R7 u*>R - <uha Ng - F(u*)>ln><8K
R=I,xK€eR X
In:(t:—lin) + <M [un], ;. u >K>
= Z (<f — Lup g, u*)p + (ng - Flupr), u) ok
e + (M [un,_y s w7
= > (<f — Lup g, 0" — wi)p + (ng - F(upr), 0" = wi) o
R:InXKER *
In:(tnflvtn) + <M [[uh]]n_l ’ u - Wh>K

We insert as special choice the discrete solution wj, = uj of the dual problem

and we obtain the estimate

[(B,u—w)o| < > (If = Lupgrlrlu” — ;s
ﬁil(?:ffizz) + |Ing - F(upr)|lrxox ||u” —up ||l rxox

I Tl Dl = Wil )
(4.2)
4.3.2 Computational error indicators for DWR

The identity (4.2) cannot be evaluated numerically since the function u* is

unknown. Let uj € W}, be a numerical approximation of the dual solution of
Bh(vh,u};) = <E, Vh>Q s vy € Vh

to a bilinear form By,: Vi, x Wi — R or By,: Vi, x W), — R.
Since the quantities of ||u* —uj||gr and |[[u* —u}||;xox cannot be evaluated, we

need local error indicators ng which approximate them by using the discrete



52 CHAPTER 4. ADAPTIVE FINITE ELEMENT TECHNIQUES

solution and combine it with a projection or interpolation operator Z: W —
W,,. This leads to the local indicators

nr =||f — Lupg||r||uj, — Zuj||r
+ [Ing - F(up,r) || 1, xox 0], — Zuj || 1, <ok

+ [|M [un],_ ltn_ryxoxluy — Zupll g, yxox -

Remark 4.4. Since the dG-cPG method is continuous in time, there are no
jumps in time, i.e., M [u,], , =0 foralln =0,..., N. This reduces the local

error estimators to

nr = |f — Luy gl rllw;, — Zup| g + 0k - F(upr) ||, <ox [0), — Zuj || 1, xox

Remark 4.5. Let the adjoint problem be defined by L* = —L. Then the
adjoint discrete solution can be obtained by using the negative transposed

system matrix of the primal discrete variational problem.

Higher-order approximation

One possibility to estimate the interpolation error u* —Zu* is to compute the
dual problem on a refined mesh or with higher order polynomials in space and
time. The operator Z would then project or interpolate the dual solution back
to the space W,.

The downside of this method is, that the computation of the dual solution be-
comes very costly. Since higher order polynomials are used, the computational

effort can exceed the effort for the primal problem.

Higher-order interpolation on patches

The dual solution is computed on the same discretization as u, and has there-
fore the same computational effort. Furthermore the system matrix of the
primal problem can be reused.

The idea of this method is to coarse the mesh R, in space and time giving
the mesh Rpy. On the coarse mesh we use a discretization with higher order
polynomials. A patch is defined as all cells of the fine mesh which are a
subdomain of one cell of the coarse mesh. The interpolation operator can then
be defined locally on every patch. Further details and numerical experiments

are presented in [Finl6].
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Mean value error indicators

For the purpose of estimating the interpolation error u* — Zu*, the face jumps
are meaningful even for the case of piecewise constant approximations. This
motivates the local error indicators using the spatial Ly-projection @, in K for
the dG-cPG method:

ne = |If — L[l rhil®|[Quuj]k - nic

1
+§ Z (H[uh]K,an”Ixf
feFK

IxOK

Qi - HKHIXf) :

Q) denotes the piecewise Ly-projection in space to Po(K; R7). The terms of the
error indicators contain the given data function f and M and are computed by
a quadrature formula. Alternatively, a term ||f —f;, — (M — M},)0yuy || g could be
separated for the control of this data error, but usually, this error contribution
is of minor importance. This is especially the case in our numerical examples.
Numerical experiments with this indicator are shown in Sec. 5.2.4. Main ad-
vantage of this method is, that only one discretization and computational mesh

is needed.

Remark 4.6. We decided to use the mean value error indicators due on their
numerical efficiency. The higher-order approximation is excluded because of
the high computational cost. The method of higher-order interpolation on
patches restricts the number of adaptive steps. The number of adaptive p-
refinement steps must be less than the highest order of implemented shape

functions. The mean value error indicators overcome this constraint.

4.4 Solving the space-time system

In our numerical examples we use the p-adaptive strategy described in Algo-
rithm 1 including computation of the mean value error indicators ng combined
with a maximum marking strategy following the iteration steps (4.1). The
marking depends on the parameters 6, 0 € (0,1), for the adaptive selection

criterion for increasing or decreasing the polynomial degree in space and time.

Remark 4.7. It is highly suggested to write dump files of the polynomial

orders in space and time. We implemented this at the beginning of every loop
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Algorithm 1 Adaptive algorithm.
1: choose low order polynomial degrees on the mesh, i.e., (p,q) = (1,1)

2: while maxg(pr) < Pmax and maxg(qr) < Gmax do
3:  compute uy

compute u; and the projection Qpuj,

compute ng on every cell R

if the error is small enough STOP

mark space-time cells R based on maximum strategy

increase or decrease polynomial degrees on marked cells by one in space
and time
9:  redistribute cells on processes for better load balancing

10: end while

before allocating the memory for the system matrix. The memory consumption
of space time methods can be very high. In our numerical experiments, this
could go up to several terabytes. These dump files give the possibility to
restart the algorithm on hardware with more memory without recomputing

the previous steps.

First we will give an idea of the structure of the system matrix. Since we
use the space-time multilevel preconditioner introduced in [Fin16, Chap. 6] to
solve the primal and the dual problem, it will be presented in the next section.

Afterwards we explain the used load balancer.

4.4.1 Structure of the system matrix

Now we consider the structure of the linear system in the special case of a ten-
sor product space-time mesh. Using the time slices R" = {]n X K: K € IC}
gives the total space-time mesh R = UY_, R™. On this mesh we use variable
polynomial degrees pgr, qr in every space-time cell R. Let {Q,D%J- }iz1..dim Wi n
be a basis of W), g and define W}* = span { Urern U?izni VR zp}‘%,j}. The solu-
tion uy, € V}, is represented by finite element functions up € W', n=1,..., N.
Together with uj) = 0 we obtain for the dG-cPG discretization
t, — 1

tn - tnfl

t— tn—l

uzfl (tnfla X) + ﬁ

uy(t,x) = uj (t,x), (t,x) € I, x K.
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By v = (u!,...,u™)" we denote the corresponding coefficient vector of the
y ) b
solution, where u" € R¥™Wi' is the coeflicient vector of
dim Wp, r
n __ n n
wy= ) > uph;
RER®  j=1

With respect to this basis, the discrete space-time system for dG-dG (3.18)
and dG-cPG (3.23) have the matrix representation Lu = b with the block

matrix

—

Q19
S

CN*I DN
The matrix entries for dG-dG are

tn ~
Divions = [ [ En(#s (630 Jhos(t. 0 dxdt,  RR € R

ooy = [ M (W alta-1:%) = Wk (ba1,%) ) (1) dx
ReR"' R eR"

and for the dG-cPG method
tn _
Divsns = [ [ 1n(=2= tn L (43) )W) dxdt, R ER”

tn
Crpry = / / (t i ¢ Mt 1,X)>¢%/7k(t,x) dx dt,
ReR"™, ReR".
The right-hand side is in both cases b = (b',...,b™)T with bir = (b, Y% ;)o.r

Remark 4.8. The matrix entries C™ in the case of a dG-dG discretization
reduce to an integral only in space. Since only base functions of space-time
cells connected by a face in time have a common support, there is no coupling
with neighboring cells in space. Therefore it results in a matrix, which is more

sparse and gives a speedup in comparison to the dG-cPG discretization.

Sequentially, this system can be solved by a block-Gauss—Seidel method (cor-
responding to implicit time integration)

DNUN :bN o CN—luN—l

Qlulzbl, Q2Q2ZQQ—Q1Q1, e DNu C u ’

provided that D™ can be inverted efficiently.
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4.4.2 Space-time multilevel preconditioner

For space-time multilevel preconditioners we consider hierarchies in space and
time. We define by Ry the coarse space-time mesh. By [ = 1,..., lax
uniform refinements in space and k = 1, ..., k., refinements in time we obtain
the space-time mesh R; ;. Let Vj;, be the approximation spaces on R;; with
arbitrary polynomial degrees pr and gr Let L;; be the corresponding matrix
representation of the discrete operator.

The multilevel preconditioner combines smoothing operations on different lev-
els and requires a transfer between the levels. Since the spaces are nested,
we can define prolongation matrices Bﬁfl,k and Bf:ﬁ_l representing the natural
injections Vi1, C Vj; in space and V; ;1 C Vi in time. Correspondingly, the
restriction matrices Eﬁfu{ and Eﬁ::_l represent the Lo-projections or interpola-

tions in space and in time of the test spaces Wi D Wj_1 and Wi D Wji_;.

Remark 4.9. In contrast to the dG-cPG discretization, the restriction and
prolongation can be done locally on the single patches for the dG-dG discretiza-
tion. The transfer can be done matrix-free. Such a version is implemented.
The transfer matrix on the finest level would need nearly as much memory as
the system matrix. This is avoided by using a matrix-free version using nodal
interpolation for prolongation and restriction. If during the restriction a node

lies on a face of the child cells, we build the mean value there.

Figure 4.3: Restriction as interpolation operation: sketch in one dimension for

a polynomial with degree p = 2.

Remark 4.10. The restriction and prolongation for dG-dG can be done locally
on every patch. This is an important advantage concerning the computational
effort.

For the smoothing operations on level (I, k) we consider the block-Jacobi pre-

conditioner B' = B}, or the block-Gauss-Seidel preconditioner B! = B3
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(where all components corresponding to a space-time cell R build a block)

Q;{ ) = Oy block diag(Ly,) ™",

B = 6, (block_lower(Lyy) + block_diag(Liy))

with damping parameter 6, € (0,1]. The iteration matrices are given by
S‘]k = Id;, — Blkle for the block-Jacobi preconditioner and Slk =1d;, —
B Ll & for the block-Gauss—Seidel precondltloner The number of pre- and

post smoothing steps are denoted by 17} and VpOSt.

The multilevel preconditioner E%L is defined recursively. On the coarse level,
—1

we use a parallel direct linear solver 53% = (Lo,o> , see [MW11, MW16],

or GMRES with a block-Gauss—Seidel preconditioner. Then, we have two

options: restricting in space defines B L by

Id; ), — B Lz k

post
l k

= (- 55, (1 — P B R 1) (1 — BESL
Wik — Dy Lk LI st ¥ o 5 FAUy el )\ A — Dy Lk
with Gauss—Seidel smoothing and restricting in time yields

I — B v Ly,

post
Yk

Yk Lk
= (Idz,k - BlS,%Ll,k) (Idl k Pz k— 13%\% 1Rz k— 1Ll,k) (Idl,k - BZS,Z[LZ,k>
where we must decide which smoother to use. [Finl6] suggests Jacobi smooth-
ing. The numerical experiments prove them to be the correct choice for the
dG-cPG discretization. If the choice was made for the dG-dG discretization,
we made numerical tests and suggest to use again Gauss—Seidel for smoothing

in time.

Tests in [DFW16] indicate that it is advantageous to start with refinement
in time and then refinement in space, i.e., we use the sequence of meshes
R0.0,Ro1s - -+ s Rodmacs Rl domans - - - » Rimaekmas (5€€ Algorithm 2 for the recursive

realization of the multilevel preconditioner).

Remark 4.11. The smoother on the different space-time levels ([, k) and the

base solver depend on the corresponding matrix representation of the discrete
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Algorithm 2 Multilevel preconditioner ¢, = B}\%zl,k with Gauss—Seidel

smoother E;QHZI = ﬁfks in space for [ > 0 or Jacobi smoother 53’1\,2[ = Eg’k in time
for dG-cPG. The dG-dG discretization uses always Gauss—Seidel smoothing.

1:
2:

10:

11:

12:

13:

14:
15:
16:
17:
18:

19:

if | ==0and k == 0 then
0,0 = Eg%ﬁo,o
return ¢

end if

pre-smoothing
forv=1,...,v7°do

Wy, = Bls,yﬂl,k

Ci = Cp + W and g =0Tk — Ll,kwl,k
end for

1k _ pLk
i1k = Ezfuﬂfz,k for { >0 or Tok—1 = Eo,kflio,k

_ ML _ pML

ik =Bl g1k for | >0 or ¢yr1 =By 1701
= pi* for [ > 0 — pk*

Wy = L7591 G,k 10T Or Wor = L 1C0k—1

G =Cp T Wy and g =0Tk — Ll,kwl,k

post-smoothing

t
forv=1,...,1,”" do
_ pSM
Wy, = El,k Tk

Ci = C i+ W and e =0Tk — Lz,kwl,k

end for

return ¢,

solve

restriction
PC-cycle
prolongation

correction
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operator. Since we will handle heterogeneous materials, this leads to some
problems. The resolution of the given data for the material parameters could
be finer than the computational resolution of the space-time mesh. This means,
that different problems are treated on every level. This leads to the failure of
the space-time multilevel preconditioner. To avoid this, we fix the problem
on the coarsest mesh R by cell wise constant material parameters. This
problem could be addressed using homogenization techniques, which we will

not handle in this work.

Since the polynomial degree in the space-time cells on the computational mesh
can be arbitrary distributed based on the adaptive algorithm, one has to decide
how to treat this on the coarser levels. The simplest way is to fix the polynomial
degree for the different levels independent for the computational level. A more
adapted version would be to use on the coarse discretization for every cell the
highest polynomial degree of all cells corresponding to the patch of the finer
mesh. We decided to use a low order preconditioning, viz., the polynomial
degrees in space and time is coosen as (p,q) = (0,1). This allows multilevel
preconditioning in space, at least some kind of, even for the case of space-
time meshes only refined in time (Rgp, Ro 1) during the adaptive refinement

process.

4.4.3 Load balancing

A simple distribution and load balancing algorithm is the recursive coordinate
bisection (RCB), see, e.g., [MW16]. This geometric partitioning algorithm
was extended to space-time in [Finl6, Chap. 7.2]. Since every space-time cell
R € R has a unique geometric midpoint, we can use them to distribute a mesh
R on P € N processes.

The geometric coordinates are first partitioned into two balanced parts, based
on weights. This weights can be the amount of degrees of freedom of a space-
time cell. This guarantees that the total weight in each part is balanced, rather
than the number of space-time cells. The partitioning continues recursively in
each part until the desired number of balanced parts has been created.

The importance of weighted load balancing becomes clear when looking on the

degrees of freedom of a space-time cell. Let’s consider the dG-dG discretization
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for the visco-elastic wave equation in 2D with three damping mechanisms. This
means a cell with (p,q) = (0,0) has 14 degrees of freedom on the other hand a
cell with (p,q) = (4,4) has 1750 degrees of freedom. Not only the actual work
load for the CPU should be balanced to minimize the processor idle time, but
also the data and therefore the memory consumption.

The RCB algorithm partitions the domain recursively in space and time by
bisecting the computational mesh as presented in Alg. 3. Therefore the possible
use of total processes is restricted to P € {2°,2!,---}. To overcome this issue
we combined the RCB algorithm in space with a distribution onto time-slices.
The total number of processes must be a multiple of a power of two, e.g.,
P = p; - 272, Using the time slices R" = {In x K: K € IC} gives the total
space-time mesh R = [J)_, R™. In a first step the time slices are divided in p;
partitions containing equal amount of cells. In Alg. 4 we present a weighted
version. In a second step on every partition the weighted recursive coordinate
bisection algorithm in space is applied po-times. This algorithm is presented
in Alg. 5.

Intel designs their central processor units (CPU) apparently with an arbitrary
number of computational cores. On the contrary, the number of computational
cores in CPUs produced by AMD are a power of two. Since most high per-
formance clusters rely on Intel processors, this method allows to use the high
performance clusters in an efficient way. and was implemented with a focus

on uniform convergence experiments.



4.4. SOLVING THE SPACE-TIME SYSTEM 61

Algorithm 3 RCB_ st(cells R, weights W, factor m, bisections b, sort c)

recursive coordinate bisection in space and time

Require: m,b € N, c € {t,z,y, z}
1: if b == 0 then
send cells in R to process m distribute cells
return
. end if

sort and bisect set of cells

: split R into Ry and Rs such that

2:

3

4

)

6: sort R by coordinate ¢
7

8 Y Riery Whi R XRyery Whs

9 define coordinate for next bisection
10: if ¢ == 2 then

11:  c:=1

12: else if ¢ ==y then

13:  if dim == 3 then

14: c:=z

15: else

16: c:=1t

17:  end if

18: else if ¢ == z then

19:  if dim > 1 then

20: c.=y
21:  else

22: c:=1
23:  end if
24: else

25: cC: =

26: end if

27: recursive call
28: RCB_st(Ry, W, m, b—1, ¢)

29: RCB_st(Ra, W, m+ 271 b—1, ¢)
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Algorithm 4 newLB(cells R, weights W, processes p, space_processes §)

start load balancer with stripes in time and RCB in space
Require: s € {20,222 ...} and p/s € N

L n:=p/s

2: b:=log(s)/log(2)

3: sort R by coordinate ¢

4: split R into R4, ..., R, such that

5: Yriery Wr X ... =D g cr, Wk,
6: fort=1,...,ndo

7. RCB_space(R;, W, (i — 1)s, b, x)
8: end for

Algorithm 5 RCB_ space(cells R, weights W, factor m, bisections b, sort c)

recursive coordinate bisection only in space
Require: m,b € N, c € {z,y,z}
1: if b == 0 then

2 send cells in R to process m

3 return

4: end if

5: sort R by coordinate c

6: split R into R, and R, such that
7 2 Riery Whi B 2Ryer, Whe
8 if ¢ == z then

9 cC:=x

10: else if ¢ ==y then

11:  if dim == 3 then

12: c:=z
13: else

14: c: =z
15:  end if

16: else if ¢ ==z and dim > 1 then

17: c:=yy

18: end if

19: RCB_ space-time(Ry, W, m, b — 1, ¢)

20: RCB_ space-time(Ry, W, m + 271, b—1, ¢)




CHAPTER
FIVE

NUMERICAL EXPERIMENTS

The implementation is put into practice using the software framework M++
[Wiel0]. The software is written in C++ and provides a modular structure
with access to all important parts of a finite element discretizations such as
mesh-refinement, load-balancing, FEM basis functions, quadrature formulas

and preconditioning.

5.1 A simple benchmark experiment for the

acoustic wave equation

The first numerical example is specially designed for a convergence test and the
solution can be calculated analytically. We use the time interval (0,7") = (0, 4)
and the spatial domain Q = (—2,4) x (0,2) C R? with piecewise constant
parameters
1 T < 0,
plr1,22) =41/2 0<azy <1, and  k(x)=1/p(x).

2 1<x

Starting with

_1 . ) )
uy(x) = A(z) | 0 for  Alw) = cos((z1 — 1)m/2) 2<12, <0,

1 0 else

63
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results in a plane wave solution with

uy(z1 —t,9) 1 <0,
u(t, zy,z2) = uy(0.5x; — t, x5) 0<az <1,

110(0.5 + 2($1 — 1) — t,ZEQ) 1 § xI1 .

2

Figure 5.1: Simple benchmark experiment: The initial wave will travel from

the left to the right. Sketch of the impulse (left) and pressure component of

the space-time solution (right).
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Table 5.1:  Simple benchmark experiment solved with dG-cPG: Convergence

of the error e, = u — u, with respect to the norm || - || for uniformly refined

15,
space-time meshes and different polynomial degrees.
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dG-cPG with linear trial function: p=¢ =1

level | st-cells st-DoF | |lu— uh||§h EOC | |lu —upllw EOC | |lu—ullo EOC

2 1536 18432 | 2.5916 4.7499e-1 6.0851e-1
0.78 0.79 1.18

3 12288 147456 | 1.5041 2.7514e-1 2.6856e-1
0.95 1.41 1.64

4 98304 1179648 | 7.7718e-1 1.0320e-1 8.6048e-2
0.99 1.83 1.92

5 786 432 9437184 | 3.9002¢-1 2.9005e-2 2.2754e-2

dG-cPG with quadratic trial functions: p=¢ =2

level | st-cells st-DoF | |lu— uh||‘7h EOC | |lu = up|jlw EOC | |lu—ullo EOC

2 1536 82944 | 9.8408e-1 8.8313e-2 8.4593e-2
1.82 2.78 3.23

3 12288 663552 | 2.7963e-1 1.2834e-2 9.0414e-3
1.95 3.10 3.52

4 98304 5308416 | 7.2221e-2 1.4956e-3 7.8550e-4
1.99 3.02 3.18

5 786432 42467328 | 1.8196e-2 1.8470e-4 8.6713e-5

dG-cPG with cubic trial functions: p =¢q =3

level | st-cells st-DoF | |lu— uh||§h EOC | |lu —upljlw EOC | |lu—ullo EOC

2 1536 221184 | 2.9737e-1 2.0766e-2 1.3046e-2
2.84 4.17 4.53

3 12288 1769472 | 4.1620e-2 1.1517e-3 5.6661e-4
2.96 4.03 4.06

4 98304 14266776 | 5.3454e-3 7.0549e-5 3.3887e-5

dG-cPG with quartic trial functions: p =q =4

level | st-cells st-DoF | |lu— uh||§} EOC | |lu—upljlw EOC | |lu—ullo EOC

2 1536 460800 | 7.7530e-2 3.4526e-3 1.7966¢e-3
3.85 5.07 5.16

3 12288 3686400 | 5.3845¢-3 1.0275e-4 5.0259¢-5
3.96 4.97 4.99

4 98304 29491200 | 3.4543e-4 3.2733e-6 1.5770e-6

dG-cPG with quintic trial functions: p =¢ =5

level | st-cells st-DoF | |lu— uh||/v\.} EOC | lu—up|lw EOC | ||lu—uallg EOC

2 1536 829440 | 1.8300e-2 5.5690e-4 2.7030e-4
4.85 5.90 5.98

3 12288 6635520 | 6.3672e-4 9.3380e-6 4.2904e-6

Table 5.2: Simple benchmark experiment solved with dG(p)-cPG(p): Conver-

gence of the error e, = u — u;, with respect to the norms || - ||y, || - [|[w and
| - llo- The experimental orders of convergence (EOC) for uniformly refined

space-time meshes is given for different polynomial degrees.
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dG-dG with linear trial functions: p=¢ =1

level st-cells st-DoF | |lu —ug|lw EOC | ||u—1u|lw EOC

2 1536 36864 | 5.1717e-1 5.1161e-1
1.43 1.43

3 12 288 294912 | 1.9195e-1 1.9023e-1
2.21 2.22

4 98 304 2359296 | 4.1348e-2 4.0853¢-2
2.59 2.61

5 786 432 18874368 | 6.8498e-3 6.6726e-3
2.45 2.48

6 | 6291456 150994944 | 1.2573e-3 1.1996e-3

dG-dG with quadratic trial functions: p = g = 2

level st-cells st-DoF | |lu —up|lw EOC | ||u—1u|lw EOC

2 1536 124416 | 1.2138e-1 1.2073e-1
3.39 3.39

3 12288 995328 | 1.1584e-2 1.1485e-2
3.55 3.56

4 98 304 7962624 | 9.8915e-4 9.7150e-4
3.09 3.10

5 786432 63700992 | 1.1582e-4 1.1346e-4

dG-dG with cubic trial functions: p=q =3

level st-cells st-DoF | |lu —up|lw EOC | ||u—1ux|lw EOC

2 1536 294912 | 1.9124e-2 1.9080e-2
4.58 4.58

3 12288 2359296 | 8.0018e-4 7.9627e-4
4.07 4.07

4 08304 18874368 | 4.7572e-5 4.7312e-5

dG-dG with quartic trial functions: p = ¢ =4

level st-cells st-DoF | |lu —up|lw EOC | ||u—1u|lw EOC

2 1536 576000 | 2.5533e-3 2.5506e-3
5.17 5.17

3 12288 4608000 | 7.0984e-5 7.0884e-5
4.90 4.90

4 98304 36864000 | 2.3825e-6 2.3796e-6

dG-cPG with quintic trial functions: p=¢=5

level st-cells st-DoF | |lu —up|lw EOC | ||u—1u|lw EOC

2 1536 995328 | 3.8184e-4 3.8171e-4
5.97 5.97

3 12288 7962624 | 6.1037e-6 6.1015¢-6

Table 5.3: Simple benchmark experiment solved with dG(p)-dG(p): Conver-
gence of the error e, = u — u;, and the error of the conforming reconstruction
€, = u — U;,. The experimental orders of convergence (EOC) for uniformly

refined space-time meshes is given for different polynomial degrees p = q.
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dG-dG with linear in space and constant in time trial functions

level st-cells st-DoF | |[u—u|lw EOC | |[u—1u|lw EOC
2 1536 18432 | 1.2105 1.2155
0.28 0.29
3 12288 147456 | 9.9359e-1 9.9267e-1
0.39 0.39
4 98 304 1179648 | 7.5782¢-1 7.5512e-1
0.52 0.52
) 786 432 9437184 | 5.2828e-1 5.2570e-1
0.66 0.66
6 6291456 75497472 | 3.3466e-1 3.3286e-1
0.78 0.78
7 50331648 603979776 | 1.9470e-1 1.9362¢-1

dG-dG with quadratic in space and linear in time trial functions

level st-cells st-DoF | |lu —upllw EOC | ||u—1,|lw EOC

2 1536 82944 | 2.8961e-1 2.8150e-1
2.14 2.19

3 12288 663552 | 6.5768e-2 6.1648e-2
2.64 2.85

4 98 304 5308416 | 1.0523e-2 8.5736e-3
2.49 2.99

5 786432 42467328 | 1.8784e-3 1.0780e-3
2.20 3.00

6 6291456 339738624 | 4.0776e-4 1.3455e-4

dG-dG with cubic in space a

nd quadratic in time trial functions

level st-cells st-DoF | |lu —upllw EOC | |Ju—ux||lw EOC

2 1536 221184 | 3.1559e-2 2.9442e-2
4.07 4.66

3 12288 1769472 | 1.8783e-3 1.1606e-3
3.28 4.43

4 98304 14155776 | 1.9357e-4 5.3787e-5
3.04 4.11

) 786432 113246208 | 2.3489e-5 3.1150e-6

dG-dG with quartic in space and cubic in time

trial functions

level st-cells st-DoF | |[u —u|lw EOC | |ju—1u|lw EOC

2 1536 460800 | 3.0382¢-3 2.7790e-3
4.83 5.28

3 12288 3686400 | 1.0665e-4 7.1716e-5
4.28 4.97

4 98304 29491200 | 5.4760e-6 2.2944e-6

dG-cPG with quintic in space and quatric in time trial functions

level st-cells st-DoF | [lu—u|lw EOC | [[u—u|lw EOC
2 1536 829440 | 4.0151e-4 3.8419e-4
5.81 5.97
3 12288 6635520 | 7.1810e-6 6.1159¢-6
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Table 5.4: Simple benchmark experiment solved with dG(p)-dG(p-1): Conver-

gence of the error e, = u — u;, and the error of the conforming reconstruction
€, = u — u;,. The experimental orders of convergence (EOC) for uniformly

refined space-time meshes are given for different polynomial degrees.
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The computed experimental orders of convergence for the dG-cPG method are
shown in Tab. 5.1 and plotted in Fig. 5.1. We observe the expected order of
convergence as predicted in Theorem 3.3 for sufficiently smooth solutions in
the V,-norm. Using the W-norm, we gain one order.

In Tab. 5.1 we observe the convergence of the dG-dG method with same poly-
nomial degree in space and time. The convergence order is expected to be
min{p + ¢,q + 1} which is confirmed by the numerical tests. We obtain the
same convergence rates but a slightly smaller error, if we use the conforming
reconstruction of the discrete solution.

In Tab. 5.1 the polynomials in time are one order lower than in space, i.e.,
dG(q)-dG(q — 1). This reduces also the order of convergence for the error
|lu—up||w to order q. If we use the conforming reconstruction, the convergence
can be improved by one order, obtaining the same convergence as the dG-cPG

method with the same amount of degrees of freedom.

5.2 Marmousi II: a geophysical benchmark in

heterogeneous media

Marmousi II [MWMO6] is an elastic upgrade of Marmousi [Ver94]. It is a
benchmark problem for geophysical purposes which provides realistic struc-
tures in two space dimensions with heterogeneous media, see Fig. 5.2 for the
density distribution in this benchmark configuration.

Marmousi I was created 1988 and used for acoustic finite difference with syn-
thetic data. The extension included a water layer on the top and the data for
shear wave velocity for the elastic case.

For the numerical experiments, we simulate maritime measurements in seismic
exploration with a local source initiating a wave by a smooth pulse in space of
width ws = 100 [m] located at x5 €

cos’ <7T|XS_X|> x5 — x| < wg,
ATIR

¢(x) = (5.1)

0 else.

and a Ricker wavelet in time

V(t) = (1= 2%(t — )2 £7) exp (—72(t — £.)°f?)
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Figure 5.2: Density distribution for the Marmousi II benchmark: The graphic
shows the full Marmousi II benchmark with 17 km x 3.5 km. In blue we sketch
the domain of Marmousi I. The red subdomain 10km x 3km is used in the
adaptive numerical experiments and the smaller yellow subdomain 3 km x 3 km

for the convergence tests in space and time on uniform discretizations.

with frequency f and time delay t; > 0. We sketched a Ricker wavelet, also
called Mexican hat wavelet, with frequency f = 10 [Hz] and a delay t; = 0.15
[s] in Fig. 5.8. This results in the right-hand side b(t,x) = ¥ (t) ¢(x) e with
e=(0,1,0,...,0) € REm++L iy the acoustic case, and e = (0,13,0,...,0) €
RAM 5 Rim > dim 5 ... 5 RAim*dim for elasticity.

In our tests, the solution is compared for different discretizations by the re-
sulting pressure evaluated at the receivers positions x,; € €, i = 0,..., N,.

This defines a seismogram s € Ly(0, T; RM), i.e., s;(t) = p(t, x,4)-

S S Ry -+ R

Ry
~

4

Ry

Figure 5.3: Marmousi II: Sketch of location of source and receivers for the
uniform computations used in the first numerical experiment on the left and

for the adaptive computations used in the second experiment on the right.

Material parameters The Marmousi model defines a density distribution
p € (1010,2627) [kg/m3] (cf. Fig. 5.5) and reference values for the velocities

of shear waves vg € (0,2802) [m/s] (cf. Fig. 5.7) and compressional waves
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vp € (1028,4700) [m/s] (cf. Fig. 5.6). This defines the parameters y = pv?
and Kk = pvd — %u for isotropic elasticity. We fix this material parameters
cellwise constant on a spatial mesh with mesh size 125 [m], c¢f. Rem. 4.11.

For the viscous extension with G > 0, we use the reference values from [Kurl2,

p. 168]. We set ko = ﬁ and K1 = -+ = kg = KoTp with 7 = 0.1, and

we set g = 1+‘éTS and g = -+ = pug = po7s with 79 = 0.1, Furthermore, we

use the relaxation time 7, = ﬁ with reference frequencies f; = 0.151 [Hz],
g

fa = 1.93 [Hz], and f3 = 18.9 [Hz], cf. [Kurl2, p. 115] for G = 3 and f; = 10
[Hz] for G = 1.

The quality factor is dimensionless and characterizes the damping of the gen-
eralized standard linear solid (GSLS) depending of the wave frequency. The
equation for the quality factor can be found in [FOGG17, eq. (3)], i.e.,

w212

G
g
1+ Z 1+w2727—*
g:l g

Q(wv Tg) T*) =

WTg

G

> —45T
2.2 Tx

g=1 1+werg

Fig. 5.4 illustrates that using more damping mechanisms ensures damping for

a broader frequency bandwidth.

100 100
<> 90 <> 90 L/
10 20 30 10 20 30
w [s7'] w [s7']

Figure 5.4: Quality factor of GSLS for 7p = 7¢ = 0.1 with one damping

mechanism G = 1 and 7, = 20% on the left and three damping mechanisms

G = 3 with f; = 0.151, fo = 1.93 and f3 = 18.9 on the right.
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Figure 5.5: Marmousi IT: density [1010kg/m3-2627kg/m?]

BN .

Figure 5.6: Marmousi II: velocity primary wave [1028m/s-4700m/s]

A

S \\\\\

Figure 5.7:  Marmousi II: velocity secondary wave [0m/s-2802m/s]

1 o

0.5 |
—0.05 o.ow 0.15 \(7/0.25 0.30 0.35

—05 !

Figure 5.8: Ricker wavelet in time with f = 10 [Hz| and delay t; = 0.15 [s]
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5.2.1 Acoustic equation: convergence in space and time

of the continuous Petrov—Galerkin in time method

In this numerical test we investigate the convergence properties on uniform
discretizations with respect to the mesh size h; = 277hg, the time steps size
Aty = 27FAty, and polynomial degrees p and ¢ in space and time for the
acoustic model (G = 0). Here, we use from the full Marmousi II benchmark
configuration the subdomain Q = (4000, 7000) x (—3000,0) C (0,17000) x
(—3500,0) [m?] (see Fig. 5.2) and the time interval (0,7) with 7' = 1.5 [s]. We
use a coarse mesh in space and time with hy = 1000 [m] and Aty = 0.1 [s]. The
initial pulse is located at x5 = (5500, —250). The seismograms are measured
at the receivers positions x,; = (5500, =750 — 125¢) for ¢ = 0, ..., 14. The seis-
mogram for mesh levels (j, k) in space and time and polynomial degrees (p, q)
is denoted by s; ., We estimate the convergence properties by comparing
the seismograms for different discretization parameters. All quantities in this
test are normalized with respect to the reference value ||sg 32| (0,7)-

The evaluation of the numerical test suite is presented in Tab. 5.5-5.8 and can

be summarized as follows:

Convergence in time Asymptotically, we observe nearly forth order conver-
gence for the two-point Gauss collocation method to the space-discrete
solution and nearly sixth order convergence for the three-point Gauss
collocation method (Tab. 5.5).

Convergence in space The results are summarized in Tab. 5.6 for the con-
vergence test in space. We observe fourth order convergence with polyno-

mials of order four in space and second order for quadratic polynomials.

Convergence in the polynomial degrees of the discretization We ob-
serve fast convergence by increasing the polynomial degrees, cf. Tab. 5.7.
Here an evaluation of the convergence quality is more involved since the
relation to the dimension of the ansatz space is not linear. Nevertheless,
it is clearly observed that the convergence for p = ¢ = 2 is very slow and

that higher order ansatz spaces are much more efficient.

Estimated accuracy of the finest solution Since we observe convergence

in the seismograms in space and time, we can construct a better approx-
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imation of the discrete solution by extrapolation. Here we choose fixed
polynomial degrees (p,q) = (2,2), so that the discretization is of second
order in space and time. Then, the error of the finest solution sg 499 is

estimated by first extrapolating in space

4 1

= - ) ke {2,3,4}.
k 41— 136,k,2,2 1 155,k,2,2 { }

We can determine the convergence rate in time with the extrapolated
15 — s5% |07
185 — 8§/ (0,1)
trapolated in space and the convergence rate in time, we can extrapolate

. With the seismograms ex-

seismograms in space by f =

in time
ISjk22 —s*or) | 7=5 =6 ||[sf—s*[on
k=2 0.7483 0.7908 0.8048
k=3 0.1443 0.1528 0.1675
k=4 0.1333 0.0335 0.0105
geX — f g _ X
-1t f=17

Together, the extrapolated error estimate yields for the finest solution

an accuracy of approximately 3%.

Efficiency of the approximation The relative error with respect to the ex-
trapolated value is shown in Tab. 5.8. We observe an accuracy in the seis-
mograms of 15% on space level j = 6 with approximately 239 Mio. DoF
using 120 time slices with (p,q) = (2,2), or 179 Mio. DoF with 60 time
slices with (p,q) = (2,3). On level j = 4 we require polynomial of order
p = 4 in space and of order ¢ = 3 in time resulting in a system with only
31 Mio. unknowns but a relative error of 11%.

An accuracy in the seismograms better than 5% is achieved only with
the finest computation with approximately 478 Mio. degrees of freedom

on space level j = 6.
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j=4 (r,q)=3,1) | (p,g) =(3,2) | (p,g) =(3,3) | (p,g) = (4,2)
I85.2,p.4ll 0.1 0.9145 0.9522 0.9485
l18;,3,p.q1l 0,7 0.8134 0.9510 0.9537 0.9951
18,4941l 0.1 0.9131 0.9535 0.9537 0.9989
lI83,5,p,4ll(0.7) 0.9456 0.9537

[84,3,p.0 — S4,2,p,4ll0,7) 0.6311 0.0474 0.7451
3.03 5.63 2.55
84,40, — Sa,3.p.qll 0,y | 1.1111 0.0774 0.0010 0.1275
0.79 3.88
I84.5.p.0 = Sa.4.p.qll0,7) | 0.6446 0.0053

Table 5.5:  Convergence in time for k € {2,3,4,5} for different polynomial

degrees (p,q) and fixed level j = 4 in space. The convergence rate of the
185k.p.0 — Sik—1pall0.1)

k
1Sjk+1.0.0 = Sjkpall07)

seismograms is estimated by mj, = log,

k=3 (p,q) = (2,2) (p,g) = (4,1)

183,30/l 0,1) 0.4271 0.7460

184,30/l 0,1) 0.7320 0.8404

185,3.0,4ll 0,7) 0.9647 0.8446

HSG,S,p,qH(o,T) 1.0000
1S4,3,0.0 — S3.3p.4ll0.7) 0.5762 0.3210

4.02
185.3..0 = S1.8.p.all07) 0.4762 0.0198
2.24

186,00 — S5,3.p.4ll(0,7) 0.1008

Table 5.6:  Convergence in space level for j € {3,4,5,6} for different polyno-
mial degrees (p, q) and fixed level £ = 3 in time. The convergence rate of the
18)kp.g = Sj=1kpall01)

ISj+1,k.0.0 — Sikpall01) ‘

seismograms is estimated by my , . = log,

‘ ”Sj,k:,2,2||(0,T) 181331 (0,1) ||Sj,k,4,4||(0,T)
j=3, k=3 0.4271 0.6472 0.8538
j=4, k=3 0.7207 0.9522 0.9991

Table 5.7:  Convergence in polynomial degrees in space and time for p,q €

{2,3,4} on fixed space-time meshes.
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i (pq) B | k=2 DoF | k=3 DoF | k=4 DoF | k=5 DoF
4(3,1) 48 85% 26542080 | 29% 53084160
(3,2) 96 17% 26542080 | 20% 53084160 | 20% 106168 320
(3,3) 144 17% 39813120 | 20% 79626240 | 20% 159252480
(4,2) 150 | 79% 20736000 | 14% 41472000 | 6% 82944000

(4,3) 225 | 11% 31104000 | 6% 62208000

(4,4) 300 | 6% 124416 000

5(2,1) 27 88% 59719680 | 31% 119439360
(2,2) 54 | 5% 29859840 | 14% 59719680 | 13% 119439360 | 14% 238878720
(2,3) 81 | 13% 44789760 | 14% 89579520 | 14% 179159040

(3,2) 96 | 79% 53084160 | 15% 106168320

(3,3) 144 | 12% 79626 240

6 (1,2) 24 | 66% 53084160 | 29% 106 168 320

(1,3) 36 | 29% 79626240 | 29% 159252480

(2,2) 54 15% 238878720 | 3% 477757440

(2,3) 81 | 12% 179159040

Table 5.8:  Relative error ||s; 4 — 8| (0,r) With respect to the extrapolated

value s together with the necessary degrees of freedom.

5.2.2 Acoustic equation: convergence of the adaptive al-

gorithm with the Petrov—Galerkin in time method

In the second experiment with heterogeneous media, we test the efficiency of
the adaptive scheme for the acoustic model with respect to a reference solution
computed with a time stepping scheme on a uniform mesh.

Here we choose the domain ©Q = (4000, 13000) x (—3000,0) < (0,17000) x
(—3500,0) [m?] and the time interval (0,7") with 7" = 3 [s]. The source is
located at x, = (7000, —250), and the receivers positions are x,; = (9000 +
1255, —250) for j = 0,...,16. For the adaptive simulations we use the goal

functional
1
jacoustic(vap) = / de
|QROI‘
Qrorx{T'}
evaluating the mean value in a region of interest Qro = (8750,11250) x

(=400, —100) [m?] of the pressure (cf. Def. 4.2). The adaptive algorithm uses
the maximum marking strategy with the parameter § = 5e—5 and 6 = le—2.
Hence, the polynomial degree in space and time is increased in all cells with

Nr > 0 Nmax and decreased, if ng < éﬁnmax (cf. Sec. 4.2).
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The seismogram s, of the reference solution is computed with a time stepping
scheme using in space the mesh on level j = 6 and polynomials of order p = 4
resulting in 9216 000 degrees of freedom in space, and 6 000 steps in time with

the implicit midpoint rule.

adaptive (p, ¢)-refinement on mesh level 3
r e €0 DoF %DoF ML | uniform DoF
0 0.998 0.997 2211840 100% 50 2211840
1 0.964 0.905 3134184 31% 74 9953 280
2 0.784 0.556 7403634 28% 92 26 542 080
3 0.424 0.263 14780223 27% 115 55296 000
4 0.157 0.163 25748 967 26% 144 99532 800
adaptive (p, ¢)-refinement on mesh level 4
r e €0 DoF  %DoF ML | uniform DoF
0 0.987 0.971 17694720 100% 14 17694 720
1 0.593 0.368 20779680 26% 17 79626 240
2 0.145 0.132 48 338979 23% 26 212 336 640

|s — Sref||(0,2.5)

and

Table 5.9:  Acoustic waves: error of the seismograms e =
Hsref”(0,2-5)
50 — S0.re , .
of the first receiver eq = [ T’ O,H il (0.2.5) on fixed space-time meshes for the
S0,ref||(0,2.5)
steps 7 of the p-adaptive algorithm. In both tests we start for r = 0 with

(p,q) = (1,1). The GMRES solver used ML-steps, which were preconditioned

with the multilevel preconditioner. We use 10 smoothing steps if coarsened

in time and 20 if coarsened in space. The last column gives the number of
degrees of freedom obtained by uniform p-refinement, were we expect to have

nearly the same accuracy.

The adaptive algorithm starts with a very coarse initial approximation using
linear functions in space and time. With this initial solution, the p-adaptive
algorithm starts refining the necessary cells by increasing and decreasing the
polynomial degrees in space and time simultaneously based on the error indi-
cator. We observe convergence towards the reference solution (cf. Tab. 5.9).
With the adaptive algorithm we save in the final step approximately 74% on

level 3 and 74% on level 4 of the degrees of freedom compared to uniform
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refinement. The adaptive results on level 3 are visualized in Fig. 5.10 and on
level 4 in Fig. 5.11. The seismogram of the first receiver for both level are

visualized in Fig. 5.9.

—— seismogram_referenceSolution_time-stepping

—— seismogram_level_3_spaceDeg_l_timeDeg_1_adaptiveStep_2
—— seismogram_level_3_spaceDeg_1_timeDeg_1_adaptiveStep_3
—— seismogram_level_3_spaceDeg_1_timeDeg_1_adaptiveStep_4

TV

<
<

\

!

(
.

1.4 1.6 1.8 2.0 2.2 2.4 t

—— seismogram_referenceSolution_time-stepping

—— seismogram_level_4_spaceDeg_1_timeDeg_1_adaptiveStep_0
—— seismogram_level_4 spaceDeg_1_timeDeg_1_adaptiveStep_1
—— seismogram_level_4_spaceDeg_1_timeDeg_1_adaptiveStep_2

~ A

NI
AN

1.4

2.0 2.2 2.4 t
Figure 5.9: Adaptive results with focus on the first receiver: Adaptive steps
r =2,3,4 on level 3 (top) and adaptive steps r = 0,1,2 on level 4 (bottom)

The seismogram s,¢ of the reference solution is plotted in blue.
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—— seismogram_referenceSolution_time-stepping

—— seismogram_level_3 spaceDeg 1 timeDeg_1_adaptiveStep 2
—— seismogram_level_3 spaceDeg_1 timeDeg_1 adaptiveStep 3
—— seismogram_level 3 spaceDeg_1 timeDeg_1 adaptiveStep 4

R, AVA o~ -
R, AVA A i ——
Ro AVAV.;OAVA S —— _

1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0

Figure 5.10: Seismogramms of the adaptive results on level 3. The initial and
first step are not shown. The second step is orange and the third adaptive step
is green and the fourth step is red. The seismogramm of the reference solution

is computed by a time stepping scheme (blue).
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seismogram_referenceSolution_time-stepping

seismogram_level_4 spaceDeg_1_timeDeg 1 _adaptiveStep 0
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Figure 5.11: Seismogramms of the adaptive results on level 4. Starting with

the orange wave, the adaptive algorithm refines to the green and finishes with

the red seismograms. The seismogramm of the reference solution is computed

by a time stepping scheme (blue).
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5.2.3 Visco-acoustic equation with three damping mech-

anisms and uniform p-refinement

We compare the dG-dG method with the dG-cPG method on uniform dis-
cretizations with polynomial degrees p and ¢ in space and time for the visco-
acoustic model with three damping mechanisms (G = 3) in this numerical test.
Here, we use from the full Marmousi II benchmark configuration the subdo-
main © = (4000, 7000) x (—3000,0) C (0,17000) x (—3500, 0) [m?] (see Fig. 5.2
yellow dashed box) and the time interval (0,7") with 7" = 1.5 [s]. We use a
coarse mesh in space and time with hy = 1000 [m] and Aty = 0.25 [s]. The
initial pulse is located at x5 = (5500, —250). The seismograms are measured
at the receivers with the positions x,,; = (5500, =750 — 1257) for i = 0, ..., 14.
Since we have no analytical solution for the problem, we decide to compute
the reference seismogram by extrapolation in space and time simultaneously.
Therefore we follow the idea given in [HPS*15]. The order of convergence on

the space-time mesh of level [ can be estimated from the factor

_ Isi=1 = szl

fl - )
[s: — SZ—IH(O,T)

where s; denotes the seismogram on level [ combined with the Lo-norm. With

this factor a better approximation can be constructed by extrapolation as

Sex = fl S — ! S
ex fl_ll fl_ll—l‘

Here we choose the fixed polynomial degrees (p, ¢) = (3,2) and the space-time

levels [ = 3,...,5 obtained by uniform refinement in space-time. All quantities
in this test are normalized with respect to the reference value ||Sex||(0,7)-

A selection of the results of this numerical experiment are shown in Tab. 5.10.
At first we want to remark that the dG-cPG(q) and dG-dG(q-1) method have
the same amount of degrees of freedom. The results indicate, that the cPG
version gives more accurate results than the dG method with one order lower
in time.

The advantage of the dG-dG method over the dG-cPG method is, that the
system matrix is less dense. As a result, the total time to solve the system is
less. Also less total system memory is needed especially with higher polyno-
mials in time. The reason is the fewer coupling between the space-time cells

in the matrix graph.
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dG-cPG on space-time mesh level 4
(p,q) e RAM DoF ML time cores cluster
(2,2) 26.9% 387 GB 23887872 10 0:15:04 256 MA-PDE
(2,3) 28.7% 753 GB 35831808 9  0:27:35 256 MA-PDE
(3,2) 4.6% 1.0 TB 42467 328 15 1:06:22 256 MA-PDE
(3,3) 4.8% 22TB 63700992 15 2:21:11 256 MA-PDE
dG-dG on space-time mesh level 4
(p,q) e e RAM DoF ML time cores cluster
(2,1) | 39.4% 39.1% 248 GB 23837872 10  0:06:48 256 MA-PDE
(2,2) | 28.8% 28.8% 473 GB 35831808 10  0:13:38 256 MA-PDE
(2,3) | 28.7% 28.7% 768 GB 47775744 10  0:22:55 256 MA-PDE
(3,1) | 31.1% 30.9% 636 GB 42467328 16  0:29:54 256 MA-PDE
(3,2) | 51% 51% 13TB 63700992 15 1:02:34 256 MA-PDE
(3,3) | 48% 48% 39TB 84934656 17 0:10:44 2048 ForHLR2
dG-cPG on space-time mesh level 5
(p,q) e RAM DoF ML time cores cluster
(2,2) 2.5% 27TB 191102976 24 0:10:21 2048 ForHLR2
(2,3) 2.7% 5.5 TB 286654464 22 0:21:07 2048 ForHLR2
(3,2) 0.6% 11.7 TB 509607936 38 0:35:47 4096 ForHLR2
dG-dG on space-time mesh level 5
(p,q) e e RAM DoF ML time cores cluster
21 | 7% 76% 14TB 191102976 17 1:09:41 256 MA-PDE
(2,2) | 27% 27% 2.8 TB 286654464 17 1:56:44 192 ForHLR2
(31) | 6.7% 6.6% 56 TB 339738624 29 0:25:40 2048 ForHLR2

Table 5.10:  Marmousi II dG vs. cPG: comparison of the two methods on

. . . . S — Se 0,T) . . .
uniform discretizations. The error e = w is given in percent. The

‘ . “Se§’|(0,T) )
error of the seismogram obtained by evaluation of the conforming reconstruc-
||S - SeXH(O,T)

tion e = is additionally given in tha case of the dG-dG method.

[[Sexcll0,7)
ML denotes the GMRES steps with the multilevel preconditioner. We use 10
smoothing steps if coarsened in time and 20 if coarsened in space. The time

to solve the space-time system is given in [hh:mm:ss|.
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Not all computations are comparable because different clusters were used. The
Intel processors of the ForHLR2 are faster than the asymmetrical MA-PDE
with AMD central processing units. Also every single process has some code
overhead which needs system memory. As a consequence the total system
memory of the code run on 256 cores will need less total memory as the run
on 4096 cores.

In Fig. 5.12 we illustrate the reconstruction of the operator working on linear
ansatz functions in time and resulting in conforming quadratic function for the

wave initiated by a Ricker wavelet.

NS \/ -

0.35 0.40 0.45 0.50 0.55 0.60 t

Figure 5.12:  Sketch of the feature using conforming reconstruction: the
solution discontinuous in time obtained by the dG(p)-dG(g) method with
(p,q) = (3,1) (blue) is reconstructed with Radau ITA integration points (or-

ange).

5.2.4 Visco-elastic adaptive computation on 8192 cores

This numerical test shows the capability of the code. The visco-elastic system

with one damping mechanism (G = 1) is solved using one adaptive step and
the dG-cPG method.
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Here we choose the domain € = (4000, 13000) x (—3000,0) C (0,17000) x
(—3500,0) [m?] (marked red in Fig. 5.2) and the time interval (0,7") with
T = 3 [s]. The source is located at xs = (7000, —250), and the receivers
positions are x,; = (9000 + 1255, —250) for j = 0,...,16. For the adaptive

simulations we use the goal functional

1
Telastic(V, 0) = / trace o dx, o=0)+ 0,

0
’ ROI| Qrorx{T'}

together with the region of interest g = (4750, 100) x (7250, 400) (cf. Def. 4.2).
We start with linear functions in space and time and solve the primal and
dual problem. In all space-time cells where the error indicator ng is greater
than 6§ = 1le—9 times the largest error indicator M., = Mmaxger Mg, i-e.,
MR > Neit = OMmax, the polynomial degree is increased in space and time.
In contrast the polynomial degree is decreased if n < 0.01 - Nyt

The visco-elastic adaptive space-time dG-cPG simulation tracks the propaga-
tion of the wave from the source to the receivers. The first stress component
(column 1) and the distribution of the polynomial degrees (p,q) (column 2)
are visualized in Fig. 5.13. In the blue area we have (p,q) = (0,1), gray
(p,q) = (1,1) and red (p, q) = (2,2).

We have approximately 364 Mio. degrees of freedom and need 14 GMRES steps
with the multilevel preconditioner presented in Sec. 4.4.2 (using 50 Gauss—
Seidel smoothing steps in space and 25 Jacobi smoothing steps in time) for
the solution of the full linear space-time system. The p-adaptive method re-
duces the degrees of freedom by approximately 78% compared to a uniform
computation (1968 Mio. degrees of freedom). On 4096 parallel processes the
system was solved in 30 minutes and 53 seconds whereas on 8192 parallel pro-
cesses the time was 15 minutes and 47 seconds. The solving time was cut
nearly in half by doubling the number of processes demonstrating very good

strong scaling behavior.
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t=1.125

t=3.0

Figure 5.13: Slices through the space-time solution for the visco-elastic adap-
tive computation at different times. On the left is the first stress component

and on the right the corresponding polynomial order in space and time.



CHAPTER

SIX

FINAL REMARKS

6.1 Conclusion

The main goal of this work consisted in developing a discretization for first
order linear hyperbolic systems, where space and time are treated simultane-
ously in a variational manner. In particular we focused on (visco-)acoustic and
(visco-)elastic waves.

We presented a space-time discretization with discontinuous ansatz functions
in space and time (dG-dG). We proved existence and uniqueness of a discrete
solution in case of tensor product space-time meshes for arbitrary polynomial
degrees in space and time in each cell. A conforming reconstruction operator,
working on the discrete solution, is introduced. For the case of constant poly-
nomial degree in space p, the operator gives a solution, which is continuous in
time.

An alternative discretization with discontinuous ansatz functions in space but
continuous in time is additionally presented (dG-cPG). The inf-sup stability
for this discretization had been proven only for polynomial degrees in space,
which are fixed on the spatial mesh IC. We expect to generalize this proof for
arbitrary polynomial degrees with the same techniques used in the proof for
the dG-dG discretization.

We verified the theoretical results with numerical experiments. The simple
benchmark experiment of an acoustic wave with analytical solution shows con-

vergence for both methods of expected order. The conforming reconstruction
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operator improves in a postprocessing step the convergence order of the dG-dG
discretization, especially if the polynomial degree in time ¢ is lower than the
polynomial degree in space p, i.e., p > q.

The Marmousi II benchmark has heterogeneous material parameters. We com-
pared the dG-dG discretization with the dG-cPG discretization. The dG-cPG
method has smaller errors compared to the dG-dG method referring to the
total amount of degrees of freedom in our examples. However, the dG-dG
method is much faster and has less memory consumption. We show that the
adaptive p-refinement allows to save a big part of the degrees of freedom.
Finally, we show the capability of the numerical framework. We compute a
visco-elastic wave with the adaptive algorithm. The work is distributed on
8192 computational cores showing the parallel scalability.

When we compared the time to solve the system with the two methods, we
did not mention the time to assemble them. Since the dG-dG method has
has less coupling between the space-time cells than the dG-cPG method, the
assembly needs significant less time. For the final decision, which method

performs better, additional research is necessary.

6.2 Future directions

Our parallel implementation should be prepared for exascale computing. The
numerical test showed efficient scaling regarding the time to solve the linear
system with several hundred million degrees of freedom. Also the time to
assemble the system matrix scales with the number of computational cores.
Some tasks are handled in serial, such as, e.g., the output of visualization data.
The adaptive algorithm starts in every step with the initial guess zero. Here,
the solution of the previous step should be used. Therefore, the load balancing
module must be expanded, such that the degrees of freedom are hand over,
preferably working in parallel.

The next step would be to implement the space-time discretizations in a matrix
free version. Even using sparse matrices format results in enormous consump-
tion of random access memory. Instead of storing the coefficient of the matrix
explicitly, the access of the matrix are realized by evaluating matrix-vector

products. The limitations of access to a large high performance cluster is a
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disadvantage of space-time methods. Missing computational cores can be re-
placed by longer computation times, but necessary memory to store the system
matrix is irreplaceable.

On further interest is the extension to three space dimensions. Although all
components of our implementation support three space dimensions, the real-
ization of matrix free methods should be the first step. This is based on the
memory consumption of the system matrix.

One big challenge is still open for hyperbolic problems. [FFK*14] could show
for parabolic problems, that a parallel in time and space multilevel solver can
outperform the classical time stepping method. For two space dimensions
several hundreds cores and for three dimensions thousands of computational
cores in parallel were needed for this numerical experiments. This would be
nice to obtain with our implementation. We could not verify this due to the
lack of access to the necessary computational resources.

Up to now, we use structured space-time meshes of tensor product structure.
This could be generalized to arbitrary triangulations in space-time. Also on
part of the modeling aspect, the adaptation of the spatial mesh to the distribu-
tion of material parameters would improve the modeling error. Orienting cell
faces on interfaces of different material parameters reduces additional artificial
reflections.

We use the wave equations combined with homogeneous boundary conditions.
In reality, the propagated waves are not reflected at the borders of the in-
vestigated domain. The implementation of transparent boundary conditions
would solve this issue. This could be realized by a perfectly matched layer, an
artificial absorbing layer, see [Sch15, Chap. 2].

The space-time discretizations presented within this work are designed to be
applied to inverse problems such as seismic imaging. The use as forward solver

for full waveform inversion is regarded.
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APPENDIX
A

A.1 Integration formula

A quadrature rule is an approximation of the integral of a function stated as a
weighted sum of function evaluations at specified points given on the reference

interval [0,1] as
JREGEED WTH

Equally spaced points yield the so called Newton-Cotes formulas. These for-

mulas can be transferred to general intervals (a,b). Typical examples are the

[yt - a)s (“;b)

midpoint rule

or the trapezoidal rule

[ rwat~ -2

If arbitrary integration points are allowed, the so called Gaussian quadrature
formula results in more accurate integration. An overview of such integration
rules are presented in Tab. A.1.

The Radau ITA quadrature rule with n integration points is exact for polyno-
mials up to order p = 2n—2 and has only positive weights [But08, Thm. 344A].
The integration formulas in Tab. A.1 can be found in [DB02]. The integration

points for higher order are given in Tab. A.1.
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name polynomial root order
Gauss L,(2t —1) ti € (0,1) 2n — 1
Radau IA  L,(2t = 1)+ L, (2t —1) t;€[0,1), t; =0 2n — 2
Radau ITA L, (2t —1)— L, (2t —1) t;€(0,1], t, =1 2n — 2
Lobatto L,(2t—1)— L, o(2t—1) t;€[0,1],t =0, t, =1 2n-—3
Table A.1: Important Gauss quadrature rules defined by the polynomials

where L,, denotes the n-th Legendre polynomial defined on the interval (—1, 1),
see [But08, p. 223].

L[A=VE o aVE
w; | 1 w; | 3/4 1/4 16-v6 16+v6 1
! 36 36 9

Table A.2: Radau ITA quadrature with integration points t; and weights w;

exact for polynomials of order p; =0, ps = 2 and p; = 4.

int. pt. | roots n =5 0.057104196114518
n =1 | 1.000000000000000 0.276843013638124
n =2 |0.333333333333333 0.583590432368917
1.000000000000000 0.860240135656219
n=3 |0.155051025721682 1.000000000000000
0.644948974278318 n =6 | 0.039809857051469
1.000000000000000 0.198013417873608
n=4 |0.088587959512704 0.437974810247386
0.409466864440735 0.695464273353636
0.787659461760847 0.901464914201174
1.000000000000000 1.000000000000000

Table A.3: Integration points of the Radau ITA quadrature rule computed
approximately using a computer algebra system to solve the roots of corre-

sponding polynomial, i.e., 0=, ' t" (¢t —1)".
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A.2 Specifications of computational resources

All numerical experiments were executed on one of the following clusters:

DELTA-Cluster MA-PDE The computational cluster MA-PDE is hosted
by the Research Group 3: Scientific Computing in the Institute for Applied
and Numerical Mathematics of the Department of Mathematics at KIT. It

contains:

e 6 small nodes with 128 GB RAM and 32 cores:
two AMD Opteron(TM) Processor 6274,

2 nodes with 512 GB RAM and 64 cores:
four AMD Opteron(TM) Processor 6376,

2 fat nodes with 512 GB RAM and 64/128 cores:
two AMD EPYC 7551 32-Core Processor supporting hyper-threading,

3 fast nodes with 128 GB RAM and 32/64 cores:
one AMD Ryzen Threadripper 2990WX 32-Core Processor supporting hyper-
threading,

connecting network is an InfiniBand QDR Interconnect.

Forschungshochleistungsrechner ForHLR II The high-performance com-
puter ForHLR II is hosted by the Steinbuch Centre for Computing at KIT. It

contains:

e 5 login nodes with 256 GB RAM and 20 cores:
2 Deca-Core Intel Xeon E5-2660 v3,

e 1152 thin nodes with 64 GB RAM and 20 cores:
2 Deca-Core Intel Xeon E5-2660 v3 resulting in a top performance of 832
GFLOPS,

e 21 fat nodes with 4 NVIDIA GeForce GTX980 Ti graphics boards, 1TB
RAM and 48 cores:
4 12-core Intel Xeon E7-4830 v3,

e connecting network is an InfiniBand 4X EDR Interconnect.
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bwUniCluster The cluster computer bwUniCluster is hosted by the Stein-
buch Centre for Computing at KIT and gives basic supply of computational

resources for all universities in Baden-Wuerttemberg. It contains:

e 2 login nodes with 64 GB RAM and 16 cores:
2 Octa-Core Intel Xeon E5-2670,

2 login nodes with 128 GB RAM and 20 cores:
2 10-Core Intel Xeon E5-2630 v4,

e 512 thin nodes with 64 GB RAM and 16 cores:
2 Octa-Core Intel Xeon E5-2670,

e 352 thin nodes with 128 GB RAM and 28 cores:
2 14-Core Intel Xeon E5-2660 v4,

8 fat nodes with 1TB RAM and 32 cores:
4 Octa-Core Intel Xeon E5-4640,

connecting network is an InfiniBand 4X FDR Interconnect.
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