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Abstract

We herein discuss the surplus process of an insurance company with various lines of
business. The claim arrivals of the lines of business are modelled using multivariate
point process with interdependencies between the marginal point processes, which de-
pend only on the choice of thinning probabilities. The insurer’s aim is to maximize the
expected exponential utility of terminal wealth by choosing an investment-reinsurance
strategy, in which the insurer can continuously purchase proportional reinsurance and
invest its surplus in a Black-Scholes financial market consisting of a risk-free asset and a
risky asset. We separately investigate the resulting stochastic control problem under un-
known thinning probabilities, unknown claim arrival intensities and unknown claim size
distribution for a univariate case. We overcome the issue of uncertainty for these three
partial information control problems using Bayesian approaches that result in reduced
control problems, for which we characterize the value functions and optimal strategies
with the help of the generalized Hamilton-Jacobi-Bellman equation, in which derivatives
are replaced by Clarke’s generalized gradients. As a result, we could verify that the
proposed investment-reinsurance strategy is indeed optimal. Moreover, we analysed the
influence of unobservable parameters on optimal reinsurance strategies by deriving com-
parative results with the case of complete information, which shows a more risk-averse
behaviour under more uncertainty. Finally, we provide numerical examples to illustrate
the comparison results.
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Chapter 1

Introduction

1.1 Motivation and literature overview

Many challenges are currently facing the insurance industry. On the one hand, the num-
ber and volume of insurance losses are growing as a result of the weather fluctuations
due to climate change.! On the other hand, the current structural low interest rate envi-
ronment and higher volatility on financial markets are making it more difficult to achieve
profitable investments. Further challenges arise from the transparency of insurance con-
tracts provided by comparison portals, as well as the comprehensive inter-connectedness
resulting from the digitalization trend and the data generated from it, which can be used
to identify and record risks. For many years, questions inherited from the first two chal-
lenges regarding effective strategies for reducing the insurance risk and optimal capital
investment have been attracting the attention of researches in actuarial mathematics.
In fact, a classical task in risk theory is to deal with optimal risk control and optimal
asset allocation for an insurance company.

Generally, the risk of an insurer results from the compensation of insurance claims in
exchange for regular premiums, in which an insurance claim is a request to an insurance
company for a payment related to the terms of an insurance policy.? This risk can be
reduced by ceding claims to a reinsurance company in return for relinquishing part of
the premium income to the reinsurer. More precisely, the reinsurer covers part of the
costs of claims against the insurer. Notice that we refer to the cost of a claim as the
claim size, magnitude, loss or amount of damage.

The surplus of the insurance company arises from the premiums left to the insurer
after transferring the risk to the reinsurer and from the payments to be made by the
insurer. This surplus is deposited in a financial market, which leads to an optimal in-
vestment-reinsurance problem in continuous time under the assumption that the insurer
can continuously purchase a reinsurance contract and invest in a financial market. These
problems have been previously intensively studied in the literature using various opti-
mization criteria, in which maximizing the utility and minimizing the ruin probability
are two frequently used optimization criteria.

Schmidli [110], Promislow and Young [103] and Cao and Wan [34] employed a Black-
Scholes-type financial market and proportional reinsurance (as will be done in this work)
for optimal control problems. While the first two articles provide optimal investment-
reinsurance strategies (a closed-form and analytical expression for the reinsurance strat-
egy, respectively) under the criteria of minimizing the ruin probability, the third article
offers an explicit expression for the problem of maximizing the exponential utility of
terminal wealth. Other articles (with other settings) that are worth mentioning are

!See Faust and Rauch [58].
2See Cambridge Dict. [33].
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those by Zhang and Siu [123], in which an optimization problem was formulated as a
stochastic differential game between the insurer and the market; Schmidli [111], who
studied several optimization problems in insurance under different frameworks; and Bai
and Guo [11], who showed in some special cases the equivalence of optimal strategies
for maximizing the expected exponential utility of terminal wealth and minimizing the
probability of ruin.

The cited literature deals with the jump part of the surplus process, which describes
the net claim process (premium income minus claim compensation), in two different
ways. The first way is to use the well-known Cramér-Lundberg model from classical risk
theory (see Biithlmann [15]) to describe the net claim process, as was done by Schmidli
[110]. The Cramér-Lundberg model was first introduced by Filip Lundberg in his work
[88] and was also named after Harald Cramér because of his basic findings with that
model (see [43]). The second way is to use the diffusion approximation considered by
Iglehart [70] for the jump term in the Cramér-Lundberg model, as outlined by Grandell
[66, Sec.1.2]. Hence, with such an approximation approach, the optimization problem
was studied by Cao and Wan [34] and Promislow and Young [103]. Both approaches
were also examined by Zhang and Siu [123] and Schmidli [111].

In all of the articles mentioned so far, the assumption of full information is used as
a common feature, which means that the insurer has complete knowledge of the model
parameters. However, in reality, insurance companies operate in a setting with partial
information; that is, with regard to the net claim process, only the claim arrival times
and magnitudes are directly observable, but the claim intensity, which is required by all
net claim models, is not observable by the insurer, as pointed out by Grandell [66, Ch. 2].
In the context of financial markets, partial information means that the terms of drift
and volatility are unknown, even though the term of volatility is typically assumed to
be known as it can be estimated very well, whereas the appreciation rate is notoriously
difficult to estimate (see Rogers [107, Sec. 4.2]).

As mentioned, insurers make decisions solely on the basis of the information at their
disposal in practice. Therefore, we herein investigate the optimal investment and rein-
surance problem in a partial information framework. We first emphasize that partial
information control problems are different from partial observation control problems in
that the controls of the latter problems are based on noisy observations of the state pro-
cess. Di Nunno and Qksendal [52] were the first to study a partial information optimal
portfolio problem in the sense that the dealer has access to only some information repre-
sented by a filtration, which is generally smaller than the one generated by the financial
market. This problem was also investigated by Liang et al. [87] in the presence of both
investment and reinsurance, in what partial information refers to the financial market.
In this work, we assume that full information is available on the financial market and
focus on the insurance risk with an unobservable claim intensity.

On the basis of the suggestion of Albrecher and Asmussen [4, p.165], Liang and
Bayraktar [85] considered the optimal investment and reinsurance problem for maximiz-
ing exponential utility under the assumption that the claim intensity and loss distribution
depend on the state of a non-observable Markov chain (hidden Markov chain), which
describes different environment states, whereby the net claim process is modelled as a
compound Poisson process and the fully observable financial market is modelled as a
Black-Scholes financial market with one risky and one risk-free asset. In this thesis,
we use the same financial market model; moreover, our assumption on the claim inten-
sity can be considered as a special case of one state of the above-mentioned Markovian
regime-switching model; namely, we model the intensity as an unobservable random
variable, which places us in a Bayesian setting. However, literature with a setting of
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partial information focuses only on one line of business (LoB) to gain an optimal rein-
surance strategy. However, in reality, there is often a dependency between the different
risk processes of an insurance company. This results from the fact that customers of a
typical insurance company have insurance policies of different types, such as building,
private-liability or health insurance contracts.

A simplified example of a possible dependency between several types of risk is that
of a storm event accompanied by heavy rainfall, wherein flying roof tiles cause damage
to third parties and flooding leads to damage in buildings. In addition to this depen-
dency between private-liability insurance and building insurance, there may even be a
dependency on motor-liability insurance and health insurance if a car accident occurs
as a result of adverse traffic circumstances due to that heavy rainfall. Therefore, in
order to appropriately model the insurance risks of an insurer, we need to capture the
dependency structure using a multivariate model.

Thinning is a commonly used approach to impose dependency between several types
of insurance risks, which is also the case in this thesis. The idea of this approach is that
the occurrence of claims depends on a certain process that generates events that cause
damage to LoB 7 with probability p; and to LoB j with probability p;, where all claims
occur simultaneously at the trigger arrival time. Therefore, these models are referred to
as common shock risk models. An example of a shock event is the storm event described
above. Typically, the corresponding claim sizes are determined independently of the
appearance times.

This typical assumption is also considered to be fulfilled in this work. The thinning
approach traces back to Yuen and Wang [122]. Anastasiadis and Chukova [8] provided
a literature overview of multivariate insurance models from 1971 to 2008.

Another multivariate model that avoids referencing an external mechanism was given
by Béuerle and Griibel [28], who proposed a multivariate continuous Markov chain of
pure birth type with inter-dependency arising from the dependency of the birth rates on
the number of claims in other component processes. Scherer and Selch [108] constructed
the dependency of the marginal processes of a multiple claim arrival process by introduc-
ing a Lévy subordinator serving as a joint stochastic clock, which lead to a multivariate
Cox process in the sense that marginal processes are univariate Cox processes.

Another frequently discussed dependency concept based on copula. Cont and Tankov
[41, Ch.5] described the dependency structure of multi-dimensional Lévy processes in
terms of Lévy copula. However, as pointed out by Béauerle and Griibel [27, p. 5], the
dependency modelling for Lévy processes is reduced to the choice of thinning properties
as a consequence of their defining properties. On the basis of this limitation, Biuerle
and Griibel [27] extended Lévy models by incorporating random shifts in time such that
the timings of claims caused by a single trigger event are shifted according to some
distribution, where some of these claims are thinned out and do not occur. Section 5.9
discusses why such shifts cannot be incorporated in this work. For further multivariate
claim count models, please refer to the literature cited by Scherer and Selch [108, Sec. 1.3].

In connection with optimal reinsurance problems, a Lévy approach was discussed by
Béuerle and Blatter [25]. They showed that constant investment and reinsurance (pro-
portional reinsurance as well as a mixture of proportional and excess-of-loss reinsurance)
is the optimal strategy for maximizing the exponential utility of terminal wealth.

In addition to the Lévy model, optimization problems with common shock models have
been investigated by Centeno [37], who studied optimal excess-of-loss retention limits for
a bivariate compound Poisson risk model in a static setting. The corresponding dynamic
model was used by Bai et al. [10] to derive optimal excess-of-loss reinsurance policies
(which turned out to be constant) under the criterion of minimizing the ruin probability
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by making use of a diffusion approximation. For the same model, Liang and Yuen [86]
derived a closed-form expression for the optimal proportional reinsurance strategy of the
exponential utility maximizing problem both with and without diffusion approximation
using the variance premium principle. Bi and Chen [16] also investigated the same
problem with the expected value premium principle in the presence of a Black-Scholes
financial market. In the case of an insurance company with more than two LoBs, Yuen
et al. [121] and Wei et al. [117] sought optimal proportional reinsurance to maximize
the exponential utility of terminal wealth and the adjustment coefficient, respectively, in
which the strategies are only stated for two LoBs. However, all optimization problems
with multivariate insurance models are considered under full information.

In this work, we will describe the dependency structure between different LoBs using
the thinning approach while dealing with unobservable thinning probabilities. To our
knowledge, this is the first time an optimal reinsurance and investment problem under
partial information using a multivariate claim arrival model with possibly dependent
marginal processes is studied. In order to solve this optimal control problem, the dy-
namic programming Hamilton-Jacobi-Bellman (HJB) approach will be applied, which
is the most widely used method for stochastic control problems. The HJB equation is
a classical tool for deriving optimal strategies for control problems. This equation can
be obtained by applying the dynamic programming principle, which was pioneered by
Richard Bellman, after whom the HJB equation is named, in the 1950s (see [13, 14]).
In classical physics, the diffusion case of this equation can be viewed as an extended
Hamilton-Jacobi equation, which was named after William Rowan Hamilton and Carl
Gustav Jacob Jacobi.?

The HJB equation is a deterministic (integro-) partial differential equation whose
solution is the value function of the corresponding stochastic control problem under
certain conditions. However, in general, the existence of a solution to this equation is
not guaranteed because of smoothness requirements of the solution. In our setting, we
will have to deal with the strong assumption of differentiability of the value function,
which cannot be guaranteed. Over the past decades, a rich theory has been developed
to overcome this difficulty. In the early 1980s, Pierre-Louis Lions and Michael Crandall
introduced the currently popular concept known as the wviscosity solution for non-linear
first-order partial differential equations (see [45]), which claims that the value function is
the unique viscosity solution to the HJB equation under mild conditions (continuity and,
in more general frameworks, even discontinuity).* The basic idea behind this concept
is to estimate the value function from above and below using smooth test functions.
Fleming and Soner [61] applied the viscosity approach to optimise the control of Markov
processes.

Another approach is to generalize the HJB equation by including Clarke’s generalized
gradient, which is a weaker notation of differentiability. Clarke [39] and Davis [47] came
up with this idea which the strong assumption of differentiability of the value function
can be weakened to local Lipschitz continuity. The generalization concept of the HJB
equation has been applied in an article by Liang and Bayraktar [85] and is also used in
this work.

As indicated above, we consider the surplus process of an insurance company with
various LoBs in which claim arrivals are modelled using a common shock model under
incomplete information (i.e. the claim intensity and the thinning probabilities are un-
known to the insurer). Our aim is to solve the optimization problem facing insurance

38ee Section 5.1.2 in Blatter [17] and Section 9.1 in Popp [102].
4For a historical survey for the development of the viscosity solution, we refer the reader to Yong and
Zhou [120, Sec. 4.1] and Fleming and Soner [61, Sec. I1.17].
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companies by trying to find investment-reinsurance strategies that maximizes the ex-
pected exponential utility of terminal wealth. Using a Bayesian approach, we overcome
the issue of uncertainty and obtain a reduced control problem, which is investigated with
the help of the dynamic programming principle and a generalized HJB equation. Before
entering the world of our insurance model, let us introduce the outline of the thesis and
highlight the main results.

1.2 Main results and outline

In this thesis, we deal with a multi-dimensional insurance risk model. The main aim
here is to study the impact of partial information regarding the inter-dependencies be-
tween marginal risk processes on the optimal investment and proportional reinsurance
under the criterion of maximizing the expected exponential utility of terminal wealth.
Preparing for the introduction of the risk model and the solution technique of the corre-
sponding control problem, Chapter 2 is dedicated to the fundamentals, starting with the
concept of Clarke’s generalized gradient in Section 2.1. After providing a brief overview
of the basic definitions and properties of stochastic processes in Section 2.2, we recall
some important tools of stochastic analysis in Section 2.3. This is then followed by Sec-
tion 2.4, which is devoted to the (marked) point processes used for modelling the net
claim process. Section 2.4.1 includes basic definitions and notations, and Section 2.4.2
deals with the concept of the intensities of point processes, our main object of interest
for the characterization of point processes. This concept is generalized in Section 2.4.4
to marked point processes. In Sections 2.4.3 and 2.4.5, we proceed with the study of
the innovation method for filtering with point and marked point process observations,
respectively, in a simplified setting, which is sufficient for the following chapters.

Following this introductory chapter, we introduce a control problem under partial
information in Chapter 3. For this purpose, we specify the multivariate claim arrival
model in Section 3.1 as a common shock model, in which the shock generating intensity
(background intensity) and the thinning probabilities describing the affected LoBs are
unobservable, which is considered by modelling these parameters as random variables.
Moreover, we also model the claim size distribution as unknown. In contrast to the
cited literature considering optimal reinsurance problems in a multivariate setting, the
reinsurance strategies of different LoBs are supposed to be equal in our work, which is
equivalent to the assumption of one reinsurance policy for an entire insurance company.
In Section 4.10, we discuss the consequences of various reinsurance contracts. Further-
more, as the focus is on the optimal reinsurance strategy, we use a quite simple financial
market model with one risk-free and one risky asset modelled as geometric Brownian mo-
tion, which is presented in Section 3.2. Subsequently, we introduce investment strategies
(see Section 3.3), proportional reinsurance strategies (see Section 4.3) and a reinsurance
premium principle (see Section 3.5). This results in the definition of the surplus process
in Section 3.6, the basic object of interest in the stochastic control problem under par-
tial information stated in Section 3.7. The next three chapters address the incomplete
information problem under different assumptions for unknown parameters.

For the sake of simplicity, we restrict ourselves to the study of the case of an observable
background intensity and claim size distribution in Chapter 4. This case is specified in
Section 4.1, where we suppose that the vector of thinning probabilities takes values
in a finite set. In order to overcome the difficulty of partial information in thinning
probabilities, we determine an observable estimator of these probabilities by means of
filtering theory for marked point process observations in Section 4.2. With the help of the



6 Chapter 1 Introduction

derived filter, we formulate a reduced control model and problem in Section 4.3, for which
we derive the generalized HJB equation in Section 4.4 by replacing the partial derivative
with respect to time by the corresponding Clarke’s generalized subdifferential, which is
introduced in Section 2.1. We then receive candidates for an optimal investment and
reinsurance strategy in Sections 4.5 and 4.6. It then turns out that the candidate for the
optimal investment strategy is deterministic, in particular independent of the reinsurance
strategy, whereas the unique candidate for the optimal reinsurance strategy depends not
only on the safety loading parameter of reinsurance and time, but also on the background
intensity, claim size distribution and the filter process. In Section 4.7, we continue with
the verification procedure by showing that a solution to the HJB equation does indeed
coincide with the value function and that the derived candidates for the optimal strategies
are indeed optimal. Afterwards, we prove the existence of a solution to the HJB equation.
Section 4.8 includes a comparative result of the optimal reinsurance strategy under full
information with the one under partial information, in which we suppose identical claim
size distributions for every LoB. We find that the optimal reinsurance strategy in the
multivariate risk model with known thinning probabilities is always greater than or equal
to the one in the risk model with unknown thinning probabilities. The comparison result
is illustrated in Section 4.9. We close the chapter with a discussion on the generalizations
of the setting used in this chapter, particularly concerning the thinning probabilities.

In Chapter 5 we investigate the partial information problem under the assumptions
of observable claim size distribution, unobservable background intensity taking values
in a finite set and Dirichlet distributed thinning probabilities (see Section 5.1). Using
a filter as an estimator for the background intensity and the conjugated property of
the Dirichlet distribution, we proceed as in the previous chapter by stating the reduced
control problem (see Section 5.3) and the corresponding generalized HJB equation, in
which we need to replace partial derivatives with respect to time and the components of
the filter for the background intensity by the corresponding Clarke’s generalized gradient.
The HJB equation yields the same optimal investment strategy as in Chapter 4, and
the optimal reinsurance strategy has a similar structure. The verification step runs as
before (see Section 5.6) and shows the optimality of the proposed investment-reinsurance
strategy. In Section 5.7, we provide a comparison result similar to the one in the previous
chapter, again under the assumption of identical claim size distributions for all insurance
classes, which is visualized in Section 5.8. Finally, some generalizations of the setting of
this chapter and resulting difficulties regarding the used solution technique are discussed.

Chapter 6 is devoted to the case of an unobservable claim size distribution for the
introduced control problem under partial information, in which the framework is quite
simple as a result of supposing that there are only a finite number of potential claim size
distributions. Section 6.9 establishes the difficulties faced with more general settings. In
order to simplify the optimality analysis, we consider working on the insurance model
with one LoB and observable background intensity (see Section 6.1), with the result
being a similarly optimal investment-reinsurance strategy and correspondingly analogous
verification. Moreover, we develop a similar comparative result as before, which yields
a very small range of possible optimal reinsurance strategies for some scenarios in the
numerical study in Section 6.8.

Appendix A includes auxiliary results for the verification procedure in Chapters 4, 5
and 6, and some useful inequalities are covered in Appendix B.



Chapter 2

Fundamentals

Before getting into the detail of our insurance model and the optimization problem, let
us recall some foundations of stochastic processes and filter results with (marked) point
process observations to make this work self-contained.

2.1 Clarke’s generalized gradient

We start this chapter by briefly introducing a concept of nonsmooth analysis, namely
Clarke’s generalized gradient, which was introduced by Clarke [39, Ch.2]. We consider
only the case of functions defined on the Euclidean space (R", || - ||2) equipped with the
Euclidean norm || - ||2 instead of a general Banach space.

Notation. Let r > 0 some scalar and z € R"™ some vector. We denote the open ball of
radius r about = by B,(z) :=={y € R": ||lx — y| < r}.

Definition 2.1 ([39], p. 25; [115], Def. 4.6.9; Lipschitz function). Let I C R™ be a subset
of R™ and f : I — R be a function defined on I.

(i) We say f is Lipschitz on I (of rank K) or satisfies a Lipschitz condition on I (of
rank K) if there exists 0 < K < oo such that

|f(z1) = f(22)] < Kl|z1 — 222

for all z1,z9 € 1.

(ii) The function f is said to be Lipschitz (of rank K) near x € [ if there exists
e = e(x) > 0 such that f is Lipschitz on I N B.(x). If f is Lipschitz (of rank K)
near z for all « € I, then we say f is locally Lipschitz on I (of rank K).

We write Lip(I) for the set of all Lipschitz function on I and Lip,,.(I) for the collection
of all locally Lipschitz function on I.

A useful result is that every convex function defined on an open convex set is locally
Lipschitz.

Theorem 2.2 ([106], Thm. A). Let f be conver on an open convex set I C R"™. Then
f € Lip,,.(I) and, consequently, f € Lip(C) for all compact sets C C I.

Let us mention further result of Lipschitz functions.

Theorem 2.3 ([40], Thm. 3.4.1, Remark 3.4.2; Rademacher’s Theorem). Let I C R™ be
a subset and f € Lip,,.(I). Then f is differentiable almost everywhere on I in the sense
of the Lebesgue measure.
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To define Clarke’s generalized gradient, we must first introduce the generalized direc-
tional derivation.

Definition 2.4 ([39], p.25). Let € R™ be a given point and v € R™ be some other
vector. Moreover, let f be Lipschitz near x. Then the generalized directional derivative
of f at x in the direction v, denoted by f°(z;v), is defined by

fo(l';’l)) _ limsup f(y+hv) — f(y)

y—x h
hl0

Justification of the definition. Due to the locally Lipschitz property of f, the difference
quotient is bounded above by Kl|v||2 for some 0 < K < oo and for y sufficient near x
as well as h sufficient near 0. Therefore, f°(z;v) is well-defined since the upper limit is
taken from the bounded difference quotient and no limit is presupposed. ]

Beside the finite property, the generalized directional derivative admits the following
elementary properties.

Proposition 2.5 ([39], Prop.2.1.1). Let f be Lipschitz near x € R"™. Then v — f°(z;v)
18 positively homogeneous and subadditive.

These properties justifies the existence of the next defined generalized gradient. On
account of the Hahn-Banach Theorem, we know that any positively homogeneous and
subadditive functional on R™ majorizes some linear functional on R™. Consequently, the
proposition above implies the existence of at least one linear functional £ : R — R
with f°(z;v) > &(v). It therefore follows by £(v) < Klv||2 for some 0 < K < oo
that & belongs to the dual space of R™ of continuous linear functionals on R". Clarke’s
generalized gradient will be defined as a subset of the continuous linear functionals and
thus is non-empty by the explanation above. Since a continuously linear functional £ on
R™ can be identified by £ € R"”, the generalized gradient is a subset of R™ in our setting.

Definition 2.6 ([39], p.27). Let f be Lipschitz near x € R™. Then Clarke’s generalized
gradient (generalized gradient for short) of f at x, denoted by 9°f(z), is given by

(9Cf(x) = {f eR™: fox;v) >€ETvVove R"}.

In the univariate case we call f(x) Clarke’s generalized subdifferential (generalized
subdifferential for short) of f at x.

We continue with properties of the generalized gradient.

Proposition 2.7 ([39], Prop.2.1.2). Let f be Lipschitz near x € R™. Then 9° f(z) is a
convez and compact subset of R™.

Proposition 2.8 ([39], Prop.2.2.4). If f is strictly differentiable at © € R™ such
that some differential operator D is defined, then f is Lipschitz near x and 0°f(z) =
{Df(z)}. Conversely, if f is Lipschitz near x and 9°f(x) reduces to a singleton {¢},
then f is strictly differentiable at x and Df(zx) = €.

The next characterization of Clarke’s generalized gradient will be needed to show
existence of a solution of the generalized HIJB equation (cf. Theorems 4.33, 5.26 and 6.17)
since it allows us to reduce the case of non-differentiability to the case of differentiability.
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Theorem 2.9 ([39], Thm.2.5.1). Let f be Lipschitz near x € R™, Q the set of points
at which the function f is not differentiable and S an arbitrary set of Lebesgue-measure
0 wn R™. Then

%f (x) = CO{nliﬁ\IglOVf(:Cn> C Xy = X, Ty &S, Ty, & Qf},

where co{A} denotes the convex hull of A C R™.

2.2 Stochastic processes

We start this chapter with briefly recalling some general definitions and results about
stochastic processes cited from Karatzas and Shreve [73, Ch. 1], Protter [104, Ch. 1, 2],
Capasso and Bakstein [35, Sec. 2.1], Elstrodt [56, Sec. I1.6], Bain and Crisan [12, Sec. A.5],
Klebaner [75, Ch. 8] and Chung and Williams [38, Ch. 2], which will be of importance in
the following proceedings. Throughout this chapter all stochastic quantities are defined
on a fixed probability space (2, F,P).

Recall that a stochastic process X on (Q, F,P) is a family of R%-valued random variable
(X¢)t>0 for d € N. For the sake of convenience, we will use the shorter term process
instead of stochastic process. A process can be seen as a function X : Rt x Q — R?
where X (¢,-) = X; is an F-measurable random variable for all ¢ > 0. For a fixed w € Q,
the mapping ¢t — X;(w) from RT into R is called a sample path or trajectory of X.

For two processes X and Y, the notation X > Y means X;(w) > Y;(w) for all ¢ > 0 and
all w € Q. In particular, X > 0 stands for X;(w) > 0 for all w € Q and ¢t > 0. Similarly,
we use the notations X > Y, X <Y, X <Y and X =Y. Furthermore, we say X and Y
are the same if and only if X =Y. As we know null sets are normally overlooked in the
present of probability measures. Accordingly, we introduce in the following alternative
concepts of “equality”.

Definition 2.10 ([73], Def. 1.1.2, Def. 1.1.3). Let X and Y be two processes. Then Y is
called a modification or version of X f P(X; =Y;) =1forallt>0. f P(X; =Y, t >
0) =1, then X and Y are said to be indistinguishable.

Remark 2.11 ([104], p.4). The sample paths of indistinguishable processes differ only
on a P-null set, which does not hold for modifications in general since the uncountable
union of null sets can have any probability between 0 and 1, and it can even be non-
measurable.

Convention. We say that an equation with functions of processes on both sides (e.g. evo-
lution equations for processes) holds up to indistinguishability if the processes described
by the both sides of the equality are indistinguishable.

Next, we move on to some regularity properties of sample paths, which are defined for
almost all w since indistinguishable processes are regarded as equal.

Definition 2.12. A process X = (X;)>0 is called continuous if limg_ys X(w) = X¢(w)
for all £ > 0 and P-almost all w € Q. Moreover, X is said to be right-continuous (left-
continuous) if limg); Xs(w) = Xip(w) (limgy Xe(w) = Xi(w)) for all t > 0 (¢ > 0) and
P-almost all w € . Furthermore, X is called cadlag if it is right-continuous and the
left-hand limit limgy; X,(w) exists for all ¢ > 0 and P-almost all w € . If X is cadlag,
then the process X_ = (X;_)¢>0 defined by Xo— := 0, X;_ = limgy X, for all ¢ > 0 is
said to be the left-hand limit process of X, and the process AX = (AX;);>o defined by
AXg:=0, AX; = Xy — Xy for all t > 0 is called the jump process of X.
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Lemma 2.13 ([12], Lem. A.14). Let X = (X;)i>0 be a cadlag process. Then {t > 0 :
P(X;— # X;) > 0} contains at most countably many points.

Proposition 2.14 ([104], Thm.1.2). Let X and Y be two processes where Y is a modi-
fication of X. If X and Y have right-continuous sample paths P-almost surely, then X
and Y are indistinguishable.

Definition 2.15 ([73], Def. 1.1.6; Measurability). A process X = (X;):>0 is called mea-
surable w.r.t. F if the mapping (t,w) — Xi(w) : (]R+ x Q,BT ® .7-") — (R,B(R)) is
measurable, i.e. {(t,w) E Ry X Q: Xy(w) € B,Be€ B(R)} € By @ F.

Proposition 2.16. If the process X = (X¢)e>0 is either left- or right-continuous, then
X is measurable.

Proposition 2.17. If X = (X¢)i>0 is a measurable process, then the sample path X.(w) :
R* — R is BT -measurable for all w € Q.

Another important notion in the context of stochastic processes is the filtration. In
insurance mathematics, filtrations are used to model the available information for the in-
surer. Especially for the models with partial information, the measurability of processes
w.r.t. different filtration processes is an important aspect.

Definition 2.18 ([73], p.31ff.). A family of o-algebras § = (F¢)¢>0 with F; C F for all
t > 0 is called a filtration if F5 C F; for all 0 < s <t. We set Fo, := a( U0 ]:t). For a
filtration § = (F})i>0, we define by Fyy := (-, Fs the o-algebra of events immediately
after t > 0 and by F— = O’(U8<t fs) the g-algebra of events strictly prior to t > 0,
where Fo_ := 0. We say the filtration § = (F)e>0 is right-(left-)continuous if F; = Fiy
(resp. Fy = F;—) for all t > 0. The probability space (€2, F,P) equipped with a filtration
§, denoted by (Q, F,§ = (Ft)r>0,P), is called a filtrated probability space.

Notation. To shorten notation we write in the following § to denote § = (F¢)¢>0-

Definition 2.19 ([73], Def.1.1.9; Adaption). A process X = (X;);>o defined on a
filtrated probability space (2, F,§,P) is called §-adapted if X, is Fy-measurable for
each t > 0.

Definition 2.20 ([104], p.16; Natural filtration). For a process X = (X;);>0, the fil-
tration X = (F{X)i>o defined by FX := o(X5 : 0 < s < t) is said to be the natural
filtration of X.

So the natural filtration §X is the smallest filtration making X adapted. It should
be noted that the following two statements do not hold in general: 1. ]:3( contains all
P-null sets of F; 2. X is right-continuous. However these two statements are important
technical assumptions for numerous results involving stochastic processes. So filtrations
are usually modified as shown below to meet these technical requirements.

Definition 2.21 ([56], Def.6.1). A probability space (2, F,P) is called complete if for
all A C B € F with P(B) = 0 implies that A € F.

The assumption of a complete probability space is not a restriction since for any
probability space there exists a unique one which is complete.
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Proposition 2.22 ([56], Thm.6.3). Let (2, F,P) be a probability space and

N:={ACN:NeFPN)=0},
F:={AUN:Ae F,NeN},

P:F—[0,1], P(AUN):=P(A) forAc F,NeN.

Then F is a o-algebra, P is well-defined and (Q,]?7 ﬁ)~ is a complete probability space.
Futhermore, F is the smallest o-algebra such that (2, F,P) is complete.

Definition 2.23 ([56], p.64). The probability measure P in Proposition 2.22 is called
a completion of P and the probability space (€2, F,P) in Proposition 2.22 is called a
completion of (Q, F,P).

Definition 2.24 ([104], p.3). A filtered probability space (2, F,§,P) is said to satisfy
the usual conditions if

(i) the probability space (€2, F,P) is complete,
(ii) Fo contains all P-null sets of F,
(iii) § is right-continuous.

Remark 2.25. Proposition 2.22 has shown that for any probability space there exists a
unique completion. A complete probability space (€2, F,P) equipped with the filtration §
can be enlarged to a filtrated probability space (2, F, §, P) satisfying the usual conditions
by

Fii=()o(F,N) with N :={A¢€F:P(4) =0}

s>t

Obviously, Fi = fpr for all t > 0 and F, contains all P-null sets of F. Therefore, for any
given filtrated probability space, we can easily find one holding the usual conditions.

In the following, we assume that (Q, F,F,P) is a filtrated probability space satisfying
the usual conditions.

We continue by introducing a stricter concept of measurability than in Definition 2.15.

Definition 2.26 ([73], Def.1.1.11; Progessiv measurability). A process X = (X¢)i>0
is called an §-progressive process or an §-progressively measurable if (s,w) — Xg(w) :
([0,t] x Q,B([0,t])) ® F:) — (R,B(R)) is B([0,?]) ® Fi-measurable for all ¢ > 0, i.e.
{(s,w) €10,t] x Q: Xs(w) € B,B € BR)} € B([0,t]) ® F; for all t > 0.

Proposition 2.27. If a process X = (Xi)¢>0 is §-progressively measurable, then X is
measurable and §-adapted.

Proof. Fix t > 0 and B € B(R). From Definition 2.26 follows directly that {X, € B} €
Fi for all s € [0,¢] and, in particular, {X; € B} € F;, which means that X is §-adapted.
Another consequence of Definition 2.26 is that {(s,w) € [0,n] x Q : Xs(w) € B} €
B([0,n]) ® F; € B*® F for all n € N. Hence X1jg,xq is measurable w.r.t. F and,
consequently, X = lim;, oo X1qx[on) as well. O

Proposition 2.28 (73], Prop.1.1.12). Let X = (Xi)t>0 be measurable w.r.t. F and
§-adapted. Then X has an F-progressively measurable modification.

Proposition 2.29 ([73], Prop.1.1.13). If a process X = (Xi)1>0 is §-adapted and left-
or right-continuous, then X is §-progressively measurable.
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Lemma 2.30. Let X = (X¢)i>0 be a non-negative F-progressive process. Then the
process (f(;5 Xsds)e>0 is §-adapted.

Proof. The proof is given in Brémaud [20], solution of Exercise E10 on page 53. O

Proposition 2.31 ([79], Lemma 1.1 (a)). Let (E, &) be a measurable space, where E is a
complete separable metric space. Let X = (X¢)i>0 be a cadlag E-valued process defined
on a filtrated probability space (0, F,§F,P) satisfying the usual conditions. Furthermore,
let & = (Gi)i>0 be a right-continuous filtration such that G; contains all P-null sets of
(Q,F) and Gy C F; for allt > 0. Then there exists a cadlag modification of the process
(E[f(Xt) | Gt])e=0 for all measurable bounded functions f defined on E.

Let us recall the basic concept of (local) martingals.

Definition 2.32 ([104], p.7; Martingale). An §-adapted process M = (M;);>0 with
E[|M;|] < oo for all ¢t > 0 is called (P, §)-martingale if E[M;|Fs] = M, for all 0 < s < t.
If the equation is weakened to E[M;|Fs] > M, (E[M;|Fs] < M;) for every 0 < s < t,
then M is said to be a (P, §)-submartingale ((P,§)-supermartingale).

Convention. If it is clear that the underlying probability measure is P, then we omit P
in the appellation (P, §)-martingale and write only §-martingale. A similar convention
applies to all subsequent definitions, in which a probability measure appears.

Notation. M(P,§F) denotes the set of all cadlag (P, §)-martingales starting at zero.

Definition 2.33. Let 0 < C' < co be some constant. A process X = (X;)¢>0 is called
bounded by C if sup,>q [ X¢| < C P-a.s.

Proposition 2.34 ([77], Rem.21.68). A bounded local martingale is a martingale.
For the definition of local martingales let us recall the notion of stopping time.

Definition 2.35 (Stopping time). An F-measurable function 7 :  — [0, 00] is called
an §-stopping time if {7 <t} € F; for all t € [0, 00].

Proposition 2.36 ([104], Thm.I.1). Let 7 : Q — [0,00] be an F-measurable function.
Then T is an §-stopping time if and only if {T <t} € Fy for allt € [0, 00].

Definition 2.37 ([104], p.4). Let X = (X});>0 be a real-valued process and A € B(R).
Then 7 defined by 7(w) = inf{t > 0: X; € A} is called the hitting time of A for X.

Proposition 2.38 ([104], Thm.I1.3, Thm.1.4). Let X be a real-valued §-adapted cadlag
process and A an open set or a closed set subset of R. Then a hitting time of A for X
is an §-stopping time.

Definition 2.39. A stopping time 7 is called finite if P(7 < 00) = 1.

The next defined o-algebra contains the knowledge included in a filtration up to a
stopping time.

Definition 2.40 ([104], p.5). Let 7 be a finite §-stopping time. Then
Fr={AeF:An{r <t} € F,t >0}

is said to be the stopped time o-algebra.
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Definition 2.41. Let C be a class of F-adapted processes. Then X is called a local C-
process if there exists a non-decreasing sequence of §-stopping times (7, )nen such that
P(1, T oo) =1 asn — oo and X™ = (X" )¢>0 € C for each n € N, where X" := Xa,, .
We write X € Cjo.. The sequence (7, )nen is called a localizing sequence for X.

In accordance with the definition, the set M;,.(§) denotes the set of local cadlag §-
martingales that occurs in the definition of a semimartingale. For this definition we have
to recall functions of bounded variation.

Definition 2.42 ([38], p.75; Partition). A finite ordered set ©"[a,b] := {to,t1,...,tn}
for n € Ng such that a =ty < t; < --- <t, = b is called a partition of [a,b].

Definition 2.43 ([80], p. 421, [115], Def. 7.6.1; Bounded variation). Let f be a function
defined on [a, b]. The total variation function of f is defined by

VI(f) = sup {Z\f(a)—f(ti_l)r}. (2.1)

w7 [a,b] i—1

Then the number V?(f) is called total variation of f on [a,b]. If V2(f) < oo, we say f
is of bounded variation on [a,b]. The set of all functions of bounded variation on [a, b]
is denoted by BV ([a,b]). Let f now be defined on R*. If V{(f) < oo for all ¢ > 0, then
[ is said to be of locally bounded variation on RY. In the case sup,. V{(f) < oo, f is
called of bounded variation on RT.

Proposition 2.44 ([115], Cor.11.5.10). Let f : [a,b] — R be a function of bounded
variation. Then f is differentiable almost everywhere (in the sense of the Lebesgue
measure).

A subclass of functions of bounded variation are absolute continuous functions.

Definition 2.45 ([115], Def. 11.5.12). A function f : [a,b] — R is said to be absolutely
continuous if for every € > 0 there is a § > 0 such that given any finite sequence
(Ik)i=1,...n of pairwise disjoint open intervals Ij, := (ax, bx) C [a, b], we have

n

> (or—ar) < 6= |f(br) — flar)| <e.

i=1 i=1
We write AC([a, b]) for the set of all absolutely continuous functions on [a, b].
Lemma 2.46 ([115], Lemma11.5.14). We have Lip([a,b]) C AC([a,b]) C BV ([a,b]).
Next we introduce a class of processes with a strong path regularity property.

Definition 2.47 (Protter [104], p. 101; FV process). An §-adapted cadlag process A =
(At)e>0 with Ag = 0 is said to be a finite variation process (FV process for short) w.r.t.
P if ¢t — Ay(w) is of locally bounded variation on R* for P-almost all w € .

Notation. From now on, we write A(P,§) for the set of all §-adapted finite variation
processes w.r.t. P.

Definition 2.48 ([104], p.102). An §-adapted cadlag process Y = (Y;)i>0 is called a
(P, §)-semimartingale if there exists a decomposition of the form

Y=Yy + M+ A, t>0, (2.2)

where (My)i>0 € Mioe(P,§) and (A¢)ier € AP, §).
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Definition 2.49 (Continuous part). Let X = (X;)¢>0 be an §-semimartingale. Then
process (X)¢ = ((X)§):>0 denotes the continuous part of the process X starting at zero,
i.e.
(X)f=Xe— Y AX,—Xo, t>0.
0<s<t
A description of the behaviour of stochastic processes is provided by the quadratic
variation.

Definition 2.50 ([75], p.218). Let X and Y be two (P,§)-semimartingales. The
quadratic covariation process of X and Y, denoted by [X,Y] = ([X,Y]¢)t>0, is defined
by

n—1
(X, Y] = limz (Xtﬁl - Xt?) (Ytﬁl - YZ?)’ t >0,
i=0
where the limit is understood as the limit in probability and is taken over shrinking
partitions (t}'); of the interval [0,¢] when &, = max;(t}',; — i) — 0. The process [X,Y]
is also known as the square bracket process. The quadratic variation process X, denoted
by [X] = ([X]¢)t>0, is defined by [X]; = [X, X]; for all ¢ > 0.

Notice that the existence of the quadratic covariation can be shown. Other fundamen-
tal properties are summarized in the next proposition which are cited from Klebaner [75,
p. 218 1] as well as Protter [104, p. 66 ff.].

Proposition 2.51. For two (P,§)-semimartingales X and Y the following statements
are satisfied:

(i) [X,Y] is a cadlag F-adapted FV process.
(i) [X,Y] is bilinear and symmetric.
(iii) [ X,Y]=L([X +Y] - [X] - [Y]) (polarization identity).

(i) If one of the processes X or'Y is an FV process: [X,Y] = Y gy AXsAY; for
every t > 0.

(v) [X]°=[X“].
(vi) For anyt >0, [X]; = [X]{ + X§ + Yoot (AX)%
(vii) [X,Y]e = X¢V; — [ Xs— dYs — [ Yoo X for all t > 0.
(viii) For any t > 0, [fo H, dXS,fd K, dYs]t = f(f H; K d[X,Y]s for all F-predictable
processes (Hy)i>0, (K¢t)e>0, where the stochastic integrals exist.

We continue with the notion of predictability, which is an integral part of studying
processes in the present of jumps. An process describing the wealth of an insurances
company is an example for a process with jumps occurring as a result of insurance pay-
ments. Since the wealth process of an insurer is the main objection of our optimization
problem, we have to deal with the notion of predictable processes.

Definition 2.52 ([38], p.25). Let § = (F¢)i>0 be a filtration. The family R(F) of
subsets of RT x €, defined by

R(F) = {{0} x Fy: Fo € Fo} U{(s,t] x F: F € F,,0 < s < t},

is called the class of §-predictable rectangles.
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Definition 2.53 ([38], p.25). The o-algebra P(F) on R x Q generated by the class
of predictable rectangles P(F) := o(R(F)) is called F-predictable o-algebra. A function
X :RTXx Q — R is said to be §-predictable (F-previsible) if X is P(F)-measurable.

Theorem 2.54 ([75], p.213). An §-adapted left-continuous process is P(§)-measurable.

Example 2.55. Let X be an §-adapted and cadlag process. Clearly, the left-hand
limit process X_ is left-continuous as well as §-adapted by assumption. Hence X_ is
$-predictable by Theorem 2.54.

Proposition 2.56 ([104], p. 103). Every §-predictable process X is §-progressively mea-
surable.

After this short overview of some basics of stochastic processes, we can now turn to
some important tools of stochastic analysis, which will be intensively used in the analysis
of optimization problems.

2.3 Tools of stochastic analysis

Throughout this section, we suppose that all stochastic quantities are defined on the
filtrated probability space (2, F,§, P) satisfying the usual conditions, see Definition 2.24.
We begin this section with probably the best known formula of stochastic calculus, the
[t6-Doeblin formula named after the Japanese Kiyoshi Ito, who is well-known as one of
the developers of the formula, and the French Wolfgang Doeblin, who as soldier during
the World War II developed a comparable formula to the other one from It6. The famous
[t6-Doeblin formula is hereafter formulated in the version for general semimartingals. For
a treatment of integration w.r.t. general semimartingales we refer the reader to Protter
[104] and Klebaner [75]. It should be noted that we use the following notation.

Notation. Throughout this work, we use the Riemann integral notation for integrals
w.r.t. the Lebesgue measure A, i.e. we write

b
/ g(s) ds instead of / g(s)A(ds), a<b,
a [a,b]

for any Borel measurable function g.

Theorem 2.57 ([104], Thm. I1.32; It6-Doeblin formula). Let d > 2, D be an open subset
of R and f € CY2(R* x D) be a real valued function. Furthermore, let X = (Xy)i>0
be an D-valued F-semimartingale. Then f(t,X) = (f(t,X¢))t>0 is an F-semimartingale
holding

t d ot '
7050 = £0.50) = [ s X as+ Y [ o X0 ax:
=1

d ¢
1 7 i1c
+3 Z/O o, (8, Xoo) d[ X7, XI)C

ij=1

d
+ 30 (F(5X0) = F5, Xo0) = 3 fuuls, Xe )AXTD), 20,
=1

0<s<t

In this work the following version of the It6-Doeblin formula is applied frequently,
which follows immediately from the definition of the continuous part of the process X
given in Definition 2.48.
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Corollary 2.58. Let the conditions of Theorem 2.57 be satisfied. Then f(t,X) =
(f(t, X1))i>0 is an §-semimartingale holding

t d_ pt '
£(t,X0) — £(0,Xo) = / fils, X ds + 3 / fu (5 X o) (XY
=1

d t
1 7 j1c
+5 Z/O Foiw; (5, Xo—) d[ X7, X1

ij=1

+ > (f(SaXs)—f(s,Xsf)), t>0.

0<s<t

Theorem 2.59 ([104], p. 83; Integration by Parts, Product Rule). Let X = (X;);>0 and
Y = (Yi)i>0 be two F-semimartingales. Then (X;Yi)i>o0 is an §-semimartingale holding

t t
XYi- XY= [ Xeavir [Yoaxs v oo
0 0

Theorem 2.60 ([75], Thm. 8.33, Protter [104], Thm.I1.37). Let X = (Xt)t>0 be an §-
semimartingale. Then there exists an unique (up to indistinguishability) §-semimartingale
Z = (Zi)t>0 that satisfies the stochastic differential equation (SDE for short)

dZy = Z;_dXy, Zp=1, t>0,
where Z 1is given by

Zy = E(X)p = X X0 T (14 AX e ™%, 120,

0<s<t

where the infinite product converges.

Definition 2.61. The process £(X) = (£(X)¢)t>0 defined in the previous theorem is
called the stochastic exponential or the Doléans-Dade exponential of X.

2.4 Simple point processes and marked point processes

In this section we review some standard facts on (marked) point processes, in particular
filter results, based on Brémaud [20], Last and Brandt [80], Jacobsen [71] and Leimcke
[82, Ch.2,3]. Throughout this section, all stochastic quantities are defined on the fil-
trated probability space (Q, F,§,P) satisfying the usual conditions, see Definition 2.24.

2.4.1 Basic definitions

In this work we only deal with point processes on the non-negative real half-line. In actu-
arial mathematics, simple point processes are useful to describe the arrivals of insurance
claims. A simple model of a claim number process is the Poisson process. We introduce
a large class of point processes which contains almost all the point processes of interest
in insurance mathematics. The main idea behind this concept is that the “nature” of a
point process can be described by an “infinitesimal characterisation”. Before introducing
this characterisation, we give some basic definitions and properties. We start with the
definition of a simple point process verbatim cited from Jacobsen [71, Def. 2.1.1].
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Definition 2.62 (Simple point process). A sequence N = (T}, ),en of R -valued random
variables is called a simple point process (SPP for short) if

]P’(O<T1ST2§...):1,

P(T, < Ty41, T, < 0) =1, neN, (2.3)
P( lim 7T, = o0) = 1.
n—0o0

Remark 2.63. (i) We will use point processes to model the arrival of insurance claims
or trigger events occurring randomly in time. So we interpret the random variables
(T))nen as random times. In the following, we also refer to these random times as
jump times since a process, which counts the number of claims, jumps upwards of
size one at these time points.

(ii) It is also possible to define an SPP N = (T},),en without the condition given in the
last line of (2.3) such that lim,, . T;, < oo is possible. If lim, o T}, < 00, then
the SPP “explodes” at a certain time. That is, there has to be a finite accumulation
point of jump times. As models for claim arrival times, only point processes with
P(lim,, 00 T, = 00) = 1 are of practical interest since it is not a realistic situation
that an infinite number of claims occur in a finite time interval.

A simple point process can be interpreted as a special case of a marked point process.
A marked point process is a double sequence of random variables. The first sequence
is a point process describing times at which certain events occur. The second sequence
represents additional information about the events. We say that the second sequence is
the mark of the arrival times. For instance, the first sequence describes claims arrivals
and the second sequence describes the corresponding amount of claims. The following
notation is used to describe the mark of events that never occur.

Notation. Let (E,E) denote a measurable space called the mark space. Furthermore, V
denotes a singleton which is not a point of the set £ and we write

E:=FEU{V} and &:=E&V{V}.

The definition of marked point processes is introduced below following Jacobsen [71,
Def. 2.1.2].

Definition 2.64 (Marked point process). A double sequence ® = (7}, Zy, )nen of R*-
valued random variables (T;,) and E-valued random variables (Y;,) is called a marked
point process with a mark space E (E-MPP for short) if

(Th)nen is an SPP,
P(Y,eE, T,<o0)=P(T,<o), neN,
P(Y, =V,T, = c0) =P(1, = o), n € N.

For every n € N, the random variable Y,, is said to be the mark of T,,. The singleton V
is called an irrelevant mark.

Remark 2.65. An SPP can be seen as an MPP, which has a mark space of cardinality
one. This case is called the univariate case or the unmarked case.

We will discuss different views of point processes in the following. First of all, a
common interpretation of a simple point process is in terms of a counting process.
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Definition 2.66 (Counting process). For a point process N = (T,,)nen the associated
counting process, denoted by N = (Ny)>0, is defined by

Nei=D Ur<py, t20.
neN

Remark 2.67. It is easily seen that NV; counts the number of jump times 7;, which occur
up to time ¢t. Clearly, (N¢)¢>0 is right-continuous, non-decreasing and piecewise constant
with jumps upwards of magnitude one, which justifies the name counting process. We
have supposed that N is nonexplosive. Moreover, N; < oo P-a.s. for every ¢t > 0 due to
the property P(lim,, o T, = 00) = 1. Hence (Ny)¢>0 is also cadlag. Thus (N¢)e>o is an
FV process.

It is justified to denote the simple point process N = (T, )neny and the counting
process N = (N¢)e>0 both by N since there is a one-to-one correspondence between this
two views. Indeed, for a given SPP N = (T},),en, the associated counting process N =
(Nt)t>0 can be obtained by its definition. Conversely, suppose that a right-continuous
non-decreasing Ny-valued process N = (N¢);>0 with jumps upwards of size one is given,
then the sequence N = (T,)nen can be easily recovered by the relationship

T,=inf{t >0: N, >n}, neN,
where inf () := co. Moreover, we have
{T,, <t} ={N:>n}, neN, t>0.
Due to one-to-one correspondence we can make the following convention.

Convention. From now on, a counting process (IV¢);>0 associated to a simple point pro-
cess N = (T},)nen is called a simple point process, too.

A third view of an SPP is as random element taking values in the following defined
sequence space.

Notation ([71], p.10). Let ¢ = (t)nen denote a sequence of values ¢, € (0, 00] for every
n € N. Set

K:={tec(0,00]N:t; <ty <--- ty < tyy if t, < co,n € N},

Furthermore, we define

HA) =) ly,eap, Ac€Bh (2.4)
neN

and the coordinate projections

T, : K — (0,00], T7(t):=tn, neN,

T5(t) = lim To(f) = lim .
Moreover, K denotes the smallest o-algebra of subsets of K such that all coordinate
projections T);, n € N, are measurable, i.e.

K:=o(T5neN) =0 (U T2 (B(0, oo])> .

neN
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Thus an SPP can be regarded as a random element with values in the measurable
space (K, K).

Remark 2.68. It can be seen from the analysis above that ¢ can also be treated as a
counting function, which allows the interpretation K as the set of all counting functions.

The view of an SPP as random element will be used to define the so-called mixed
Poisson process, which plays an important role in our claim arrival model introduced
in Section 3.1. It is clear that the perspective of simple point processes as random
sequences or as random elements taking values in the space of sequences K are equivalent.
Furthermore, according to Last and Brandt [80, Lemma 2.2.2], it holds o(N) = o(N(A) :
A€ B") =o(N; : t > 0), which means that the o-algebra generated by the K-valued
random element NV is equal to the o-algebra generated by the family of random variables
{N(A) : A € BT} and {N; : t > 0}, respectively. This justifies the use of the same
symbol N for the random sequence and the corresponding random counting measure.
Hence we have three different ways to express an SPP, where the three views carry the
same information. The accumulated information of an SPP up to time ¢ is described by
the following filtration.

Notation. The natural filtration §V = (.7-}]\7),520 of a point process N = (INy)>0 is given
by}'tN:a(stogsgt) for all t > 0.

Notice that 7} is equal to the o-algebras generated by the K-valued stochastic process
describing the dynamic evolution of N and by the point process N being viewed as
random counting measure restricted on [0, t], respectively, cf. [80, Eq. (2.2.16)].

Theorem 2.69 ([104], Thm.1.25). The natural filtration T~ of a simple point process
N is right-continuous.

The next remark is dedicated to the usual conditions of a filtrated probability space
with § as filtration which has to be in force for a martingale representation theorem
used in the proof of the filter result stated in Theorem 2.94.

Remark 2.70. The filtrated probability space (2, FX, &V, P) can be modified such that
the usual conditions are satisfied. Recall that for any probability space one can find a
unique completion, see Proposition 2.22 and that the natural filtration § of an SPP N
is right-continuous. Defining §¥ = (FN )0 by FN := FN VN, where N is the family
of P-null sets of 7, we obtain that (Q,fé\of 3N ,]I~D) holds the usual conditions since if

oo

FV is right-continuous then §V is right-continuous, see Brémaud [20, Thm. A.2.T35].

Now we turn our attention to marked point processes. It is often convenient to regard
a marked point process as a random counting measure. For this purpose, we introduce
the following definitions.

Definition 2.71 ([77], Def. 8.25; Transition kernel). Let (Q,.A1), (2,.42) be two mea-

surable spaces. A mapping k : 1 x Ay — R is called a transition kernel from (Q1, A1)
to (Q2, A2) (from Qy to Qg for short) if

(i) &(-, A2) is Aj-measurable for all Ay € Aj;
(ii) k(wi,-) is a measure on (Qg, Az) for P-a.a. wy € Q.

If in (ii) the measure is a probability measure for P-a.a. w; € Q, then & is called a
stochastic kernel, a transition probability kernel or a Markov kernel from (£4,.41) to

(Q2, A2).
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A random measure is a certain transition kernel.

Definition 2.72 ([80], p. 74; Random measure). Let (S,S) be a measurable space. A
transition kernel v from (Q,F) to (S5,S) is called a random measure on (S,S) (on S
for short) and a stochastic kernel from (2, F) to (S,8) is called a random probability
measure on (S,S) (on S for short).

For clarity, we use the same convention as in Last and Brandt [80, pages 74-75].

Convention. Let v be a random measure on (5,S). Sometimes we write v(w, ) = v(w)
for w € Q and v(w,A) = v(A) for A € S. Unless otherwise stated, an equation with a
term v(A) means for all w € . By definition, v(w) is a measure on S for every w € .
Let (p) be a property of a measure on S. We say v has the property (p) if v(w) has the
property for all w € Q.

Now, we define the mentioned random counting measure associated to a marked point
process similar to Jacobsen [71, Eq. (2,4)].

Notation. For an E-MPP ® = (T,,, Z,,)nen we define

O(dt,dz) == Y b7, 7, (dt, d2), (2.5)
neN:Ty, <oo

where (7, z,.)(w,dt,dz) = (7, ()2, () (dt,dz) is the Dirac measure at the point
(T (w), Zn(w)) on the product space (R*x E,B*® £).

It is easy to verify that ®(dt,dz) given by (2.5) is a random counting measure on
Rt x E. It might be confusing that ® is used in (2.5) although & also denotes
the MPP. In the following we will see that this notation is justified since an MPP
® = (T),, Zn)nen can be identified with a random counting measure given by (2.5).
Before the identification, we define a counting process associated to .

Definition 2.73 ([80], p.5). Let ® = (T},, Z,)nen be an E-MPP and let ®(dt,dz) be
the associated measure. For any () # A € £, we define a process (P (¢, A))i>0 by

O(t,A) = B([0,1] x A) = > pcnliz,eay, t>0.
neN

The process (®(t, A))>0 is called the counting process with marks in A associated to ®.
Furthermore, we define a process (®(t));>0 by

O(t) =B, E) => 17,y
neN

The process (P(t))r>0 is called the counting process associated to ®.

Definition 2.74. An E-MPP @ is said to be §-adapted if (®(¢, B))¢>0 is F-adapted for
all B € €.

Recall that there is a one-to-one correspondence between an SPP expressed as a se-
quence and counting process. It is more difficult to verify that there is a one-to-one
correspondence between a double sequence ® = (T}, Z,)nen and the associated ran-
dom counting measure ®(dt,dz). Let ® = (T}, Z,)nen be an E-MPP. Clearly, we obtain
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®(A, B) for every (A, B) € Bt ®€& from ® = (T),, Zy,)nen by definition. It is also possible
to recover the sequences (T},)nen and (Yy,)pen from ®(dt, dz) by

T, =inf{t > 0: ®(t) > n}, {Y, € B} = {T, < 00} N {®(T,) x B> 0}, BEE, n€N,

cf. [80, Eq.(2.2.13)]. So we have also a one-to-one correspondence between an MPP
stated as a double sequence and a random counting measure, which justifies the following
convention.

Convention. From now on we call a random counting measure ®(d¢, dz) associated to a
MPP & = (T, Z,)nen also MPP.

Next we characterize the history of an MPP as in Last and Brandt [80, p.9], which
expresses the accumulated available information.

Notation. Let ® = (T}, Zy)nen be an E-MPP. We define
FP=0(®((a,b] xB):0<a<b<t,Bef), t>0. (2.6)

It should be noted that F;2 is equal to the o-algebra generated by the random counting
measure of ® restricted onto [0,t] x E, see [80, Eq. (2.2.16)]. This equation asserts that
all characterizations of the dynamic evolution of ® carry the same information at every
time t. So the filtration F® := (FF);>0 is the natural filtration of ®, which gives the
history of ®, i.e. F;* includes the available information of ® up to time ¢.

Theorem 2.75 ([80], Thm.2.2.4). The filtration §° is right-continuous.

Notice that (€2, .7-"3;,3(1’, IP) can be altered to a filtrated probability space holding the
usual conditions with the same arguments as in Remark 2.70. With this concluding
remark on the introduction of marked point processes we can move forward to roll out
the mentioned infinitesimal characterisation of simple point processes.

2.4.2 Intensities of simple point processes

In modern point process theory, the behaviour of an SPP is specified by an intensity
defined hereafter.

Definition 2.76 ([20], Def.IL.D7). Let N = (N;)t>0 be an §F-adapted SPP and \ =
(At)e>0 a non-negative §-progressively measurable process such that

t
/ Asds < oo P-a.s., t>0.
0
Then we say N admits a (P, §)-intensity X if

E[/OOOHSdNS}:E{/OOOHS)\Sds] (2.7)

for all non-negative §-predictable processes (Ht)t>o.

If we interpret an SPP with an intensity A as a claim counting process, then the
intensity A is also called the claim arrival rate.
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Remark 2.77. Equation (2.7) holds for all non-negative §-predictable processes P =
(P;)¢>0, that is to say

dNy(w) P(dw) = \(w) dtP(dw) on (R x 2, P(F)),
where P(F) denotes the F-predictable o-algebra defined on R™ x Q, see Definition 2.53.
Here are some important properties of point processes with intensities.

Theorem 2.78 ([20], Thm.IL.T8). Let N = (Ny)i>0 be an §-adapted SPP with the
S-intensity X = (At)t>0 and let M = (My)¢>0 be a process defined by

t
MtIZNt—/)\SdS, tZO
0

Then the following assertions hold:
(i) N is non-explosive, i.e. Ny < 0o P-a.s. for all t > 0.
(ii) N is integrable if and only if E [fg As ds} < oo for allt > 0.
(iii) M is a local F-martingale.
(iv) If N is integrable, then M is an §-martingale.

(v) If X is an §-predictable process such that E[fg | Xs|Asds| < oo for all t >0, then
(fg XsdM;)i>0 is an F-martingale.

(vi) If X is an §-predictable process such that IP’(fOt | Xs|Asds < 00) =1 for all t >0,
then (fot XsdMy)i>0 is a local F-martingale.

Proof. Statements (i), (iii), (v) and (vi) can be found in Theorem II.T8 of Brémaud
[20]. Statements (ii) follows by applying Ps = Ty,<4 to (2.7), which yields E[V;] =

E { fg As ds} < oo for all t > 0. It remains to prove statement (iv) which is a special

case of statement (v) by choosing X = 1. Indeed, statement (iv) yields, if E[fg As ds] <
oo for t > 0, then (f(f(dNS — Asds))is0 = (Ny — f(f Asds)i>0 is an §-martingale. By
statement (ii), the condition E| f(f Asds] < oo for ¢t > 0 is equivalent to the assertion
that IV is integrable. This completes the proof. Note that, by similar argumentation,
statement (iii) is a special case of statement (v). O

The following example shows that we can not expect the intensity to be unique.

Example 2.79. Let N be an SPP with an §-intensity A = (A¢):>0 that is cadlag such
that the left-hand limit process A= = (A~ )i>0 is well-defined. By Lemma 2.13, the
sample paths of A and A_ differ at most countably many points. Hence, for any non-
negative §-predictable processes (H;)i>0, we have

]E[/ Hsts]:E[/ Hs)\sds]:E[/ HS)\sds],
0 0 0

where the second equation holds since we are integrating w.r.t. Lebesgue measure. There-
fore, the integrand can be changed at most countably many points without changing the
integral. Consequently, A_ is also an F"-intensity of N.
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We will see that the intensity is unique under the requirement of predictability.

Theorem 2.80 ([20], Thm.II.T12, Thm.I1.T13). Let N be an SPP with §-intensity
A = (M)i>0. Then N admits also an §-intensity \ = (Xt)tzo which is F-predictable.
Furthermore, X is unique in the sense that if ;1 = (ut)e>0 is another §-predictable inten-
sity of N, then B

M(w) = pe(w)  dNy(w) P(dw)-a.s.

Convention. If the intensity of an SPP is predictable, we will speak of the intensity
instead of an intensity, according to the uniqueness in that case.

The next proposition deals with a change of the history for intensities.

Proposition 2.81. Let N be an SPP with an §-intensity X = (A\t)i>0 and let & = (G¢)i>0
be a smaller filtration than § = (F)t>o0- If 1 = (pt)e>0 is a modification of (E[M: | G¢])t>0
such that p is B-progressive measurable, then p is an G-intensity of N.

Proof. This proof is inspired by Brémaud [20, p.32].  Let (H¢):>0 be an arbitrary
non-negative &-predictable process. By definition of A as §-intensity of N, we have

E[/OOOHstS}:E[/OOOHS)\Sds], (2.8)

where we take into account that every &-predictable process is also §-predictable. Since
(H¢ At)¢>0 is non-negative, we can apply Fubini’s theorem which yields

E[/OOOHS)\Sds} :/OOOE[HSAS]ds:/OOOE[E[HsAsgs”ds 29)

- /OOOE[HSE[AS |Gs]]ds = E [/OOO H E[\ | Gs) ds] ;

where we have used the fact that H is Gs-measurable for all s > 0 (which follows from
the &-predictability, cf. Prop. 2.27). Combining (2.8) with (2.9), we obtain

E[/OOOHstS] :E[/OOOHSE[Asygs]ds},

i.e. (E[M | Gt])e>0 satisfies condition (2.7) of the definition of the intensity. The assump-
tion allows u = (ut)t>0 to be a modification of (E[A:|Gy])e>0, which is &-progressive
measurable. So we can replace E[\s | Gs] by ps in the last line of (2.9). We are left to
show that fg s ds < oo P-a.s. for all £ > 0. For this aim let us set for any n € N,
o {inf{t >0: [iAgds >n} if {..} #0,
n —

00 otherwise.

On account of Proposition 2.38, S, is an §-stopping time for all n € N. From fot Asds <
oo P-a.s. for all t > 0, it follows that S, oo P-a.s. as n — oco. Define a nonnegative
process C' = (Cy)i>0 by Cy = lg,>4 for t > 0. By Proposition 2.36, {S, < t} € F
and, in consequence, {S,, > t} € F; for every t > 0. Hence C is §-adapted. The left-
continuity of C' implies that C is F-predictable, see Theorem 2.54. Writing (2.9) with

Cy, we get
Sn Sn
]E[/ usds}:E[/ /\Sds]<n<oo, n € Np.
0 0
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Therefore, fOS" XS ds < oo P-a.s. for all n € N. Since S,, ' oo P-a.s., there exists, for
any t > 0, a number 7 € N such that fg s ds < fosﬁ ps ds < oo P-a.s. O

Remark 2.82. It might be not completely clear why the $-intensity p can not always be
defined as the projection of A; on G; under the setting of the previous proposition. The
reason is the requirement of &-progressiveness, which is not satisfied by (E[A; | G¢])>0 in
general. Nevertheless, the ®-intensity p can also be defined (in an abstract way) without
further assumptions on p, compare Theorem I1.T14 in Brémaud [20].

The last part of this sub-section is devoted to another class of simple point processes
— the so-called doubly stochastic Poisson processes — which turns out to be a sub-class
of point processes with intensity under additional assumptions. Loosely speaking, a
doubly stochastic Poisson process is an inhomogeneous Poisson process with a random
process as intensity, where the sample path of the stochastic intensity is chosen at the
beginning. Afterwards, this trajectory is used to generate a Poisson process by acting as
its intensity. So the doubly stochastic Poisson process has a conditional Poisson property.
There are different definitions of doubly stochastic Poisson processes. We introduce here
the definition given in Brémaud [20], Definition I1.D1.

Definition 2.83 (Doubly stochastic Poisson process). Let N = (IV;)¢>0 be an §-adapted
SPP and let A = (\¢)¢>0 be a non-negative measurable process satisfying, for every ¢ > 0,

At is Fp-measurable (2.10)

and .
/ Apdv < oo P-as. (2.11)
0

If, forany u e R and 0 < s <'¢,

E [em(Nths)

J—“S] — exp {(ei" ~1) /St Ay dv}, (2.12)

then N is called a (P, §)-doubly stochastic Poisson process (DSPP) with intensity A =
(At)e=0-

Remark 2.84. (i) In literature, the doubly stochastic Poisson process is also called
Cox process since the process was introduced by Cox [42].

(ii) Equation (2.12) gives the conditional characteristic function of Ny — N, given Fs.
Since the characteristic function of the Poisson distribution is stated on the right-
hand side of (2.12), it follows that

t k
Avd
P(Nt_Ns:k|fs):W€_f;)\“dv, keNg, 0<s<t.

The equation indicates that a DSPP with intensity (A¢):>0 is an inhomogeneous
Poisson process' with intensity measure \; d¢ conditioned upon the realization of

(At)e>0-

Proposition 2.85. Let N = (N¢)i>0 be an integrable §-DSPP with intensity A = (A¢)e>0-
Then N is an SPP with intensity A = (At)i>0, where X\ is a modification of X. If X is
additional left- or right-continuous, then X\ and A are indistinguishable.

'For the definition of an inhomogeneous Poisson process see Brémaud [21, Def. 4.D5).
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Proof. Following the argumentation given at the beginning of Chapter I1.2 in Brémaud

[20], it yields
E[/ Hsts}—E{/ Hs)\sds]
0 0

for all non-negative §-predictable processes (H)¢>0. Due to Eq. (2.10), A is §-adapted
and hence there exists an §-progressively measurable modification of A (cf. Prop. 2.28),
which can clearly replace A\s in the equation above. Moreover, according to Proposi-
tion 2.29; X is §-progressively measurable if \ is additional left- or right-continuous. [

The next theorem yields a characterization of doubly stochastic Poisson processes.

Theorem 2.86 ([20], Thm.II.T4). Let N = (N¢)¢>0 be an F-adapted SPP and let
A = (At)e>0 be a non-negative measurable process satisfying

At is Fo-measurable, and, (2.13)

¢
/ Asds < oo P-a.s. (2.14)
0

for allt > 0. Then N s an §-DSPP with intensity A if

E[/OOOHstS}:E[/OOOHS)\Sds], (2.15)

for all non-negative F-predictable processes (Hy)i>0.

Examples for doubly stochastic Poisson processes are the so-called mixed Poisson
processes, which can be seen as a sub-class of doubly stochastic Poisson processes. A
mixed Poisson process will be an essential component of the claim arrival model in
Section 3.1. According to Grandell [67, Rem.4.2] there are two common definitions
of mixed Poisson processe: The first one was introduced by Lundberg [89, p.72] and
involves birth processes, while the second one, cf. e.g. Grandell [67, Def.4.2], is given
by mixing of Poisson processes. We will use the second one since this will lead to
a Bayesian interpretation of the mixed Poisson process as explained in Section 3.1.
However, Albrecht [6] proved the equivalence of both definitions. There are three more
definitions being found in the literature according to Lyberopoulos et al. [90].

Before stating the definition, recall the introduced space K on page 18, which can be
seen as a set of all counting functions, wherein an SPP N is viewed as a random element
takes values. Furthermore, we need the following notation.

Notation. We denote the distribution of N by Ily, i.e. Il is a probability measure on
(K, K). Moreover, I, denotes the distribution of a homogeneous Poisson process with
intensity A > 0.

The measurability of A — II,(B) (see Grandell [65, Lemma 1.1]) allows us to introduce
the mixed Poisson process as follows.

Definition 2.87 ([67], Def.4.2; Mixed Poisson process). Let A be a positive random
variable with distribution IIy. An SPP N is called a mized Poisson process with mizing
distribution IIn (mPP(II,)), if its distribution is given by

HN(B) = /OOO H)\(B) HA(d)\), B e K.
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The definition states that a mixed Poisson process is the mixture of homogeneous
Poisson processes? by a given distribution. It can be interpreted that first a realization
A of the random variable A is chosen and given that realization N is a homogeneous
Poisson process with intensity A. This interpretation makes it clear that a mixed Poisson
process is a special case of a doubly stochastic Poisson process, see Proposition 2.90.

For calculation issues, it is convenient to use the following definition of a mixed Poisson
process, where the equivalence to the definition above holds according to Lyberopoulos
et al. [90, p.2].

Definition 2.88 ([67], Def.4.3). Let A be a positive random variable with distribution
5 and N a (standard) homogeneous Poisson process with intensity 1, which is inde-
pendent of A. Then the SPP (IVy);>0 given by Ny = Ny, for every ¢t > 0 is said to be a
mized Poisson process with mizing distribution I1.

With this definition, the following elementary property of a mixed Poisson process can
be derived.

Proposition 2.89 (Albrecher et al. [5], p.144-145). An an mPP(Ilp) N satisfies, for
any t >0,

0 n:
Proposition 2.90 ([67], p.86). Let A be an Fo-measurable positive random variable
with distribution 115 and let N be an mPP(I1n). Then N is an §-DSPP with constant
intensity (A)i>o.

Proof. The conditions (2.10) and (2.11) of Definition 2.83 of a DSPP are obviously
satisfied by the Fy-measurability of A. Moreover, the Poisson property (2.12) (compare
also Remark 2.84 (ii)) follows immediately from Proposition 2.89. O

Proposition 2.91. Let A be a positive random distributed according to distribution 11
with a finite mean. Then the mized Poisson process N with the mizing distribution I1p
is an SPP with F-intensity (A)i>o and FY -intensity (E[A | FN])i>o-

Proof. From Proposition 2.89, we can conclude that N is integrable since E[A] < oo.
Hence N admits the §-intensity (A);>0, which follows by combining Proposition 2.90
with Proposition 2.85. The statement that (E[A|F])i>0 in an §V-intensity of N is
given in Proposition 4.1 in Grandell [67]. O

After these introductions about the characterization of point processes with intensity
as well as the sub-classes of doubly stochastic Poisson processes and mixed Poisson
processes, we continue with the theory of filtering with point process observations, which
provides a method to make inferences about unknown intensities of point processes.

2.4.3 Filtering with point process observations

Although claim arrivals can be observed, the claim arrival rate of a claim number process
is typically not observable by an insurance company. This leads to a filter problems with
counting observations. In this section we present the innovations method for filtering
with point process observations introduced by Brémaud [20, Sec.IV.1] in a restricted
setting which is sufficient for this work. We assume the unobservable state processes to
be constant as our restriction. More precisely, we have the following setting.

2A definition of the homogeneous Poisson process can be found in Brémaud [21, Def. 4.D4].



2.4 Simple point processes and marked point processes 27

Assumption 2.92. Let (Q, F,F,P) be a filtrated probability space satisfying the usual
conditions, Z an Jy-measurable random variable and N an integrable SPP with §-
intensity A = (M\¢)¢>0. Moreover, we make the following assumptions:

(i) The global filtration § = (F%)¢>0 records the events outside the observed history
FV = (FN)i>o0, i.e. FV € F, for all t > 0. Here we even assume that FY C F.

(ii) The filtrated probability space (2, FY, &V, P) has been modified as shown in Re-
mark 2.70. By abuse notation, we still write (Q, FN &N, P) instead of
(Q, FN &N, P) for the modified space.

Remark 2.93. It should be noted that the assumption above defines a Bayesian setting.
Therefore, the unknown (random) parameter of a distribution given some observations
is described by the posterior distribution of this parameter given the jump times of the
observed point process at the jump times. However, the presented filter method will
yield the evolution between the jump times and will turn out to be valuable for the
stochastic control approach in Section 4.4 and Section 5.4. This issue will be addressed
again in Section 4.2.

To state the filter result, we introduce some notations.

Notation. Throughout this section, (Xt)tzo denotes an FV-intensity of N and by Z =
(Zi)1>0 a cadlag modification of (E[Z | FV])i>o0, i-e.

Z, =E[Z|FN] Pas., t>0.

Justification of the notation. Proposition 2.81 ensures that there exists an " -intensity
of N and the process (E[Z | F{¥])i>0 admits a cadlag modification according to Proposi-
tion 2.31. O

The first step of the innovations approach is to project the unobservable random
variable Z (process, in general) on the observed filtration, which yields (see Brémaud
[20, Thm.IV.T1])

Zy = E[Zy) + iy, t>0,

where (7m¢)¢>0 is an FN-martingale starting at zero. According to the martingale repre-
sentation theorem given in Brémaud [20, Thm. IILT17], there exists an FN-predictable
process (Ki)¢>0 such that m; = f(f K, (dNS — s ds) for all ¢ > 0. Thus

t t
Zt_IE[ZO]—i—/ 6sds+/ K,dM,, t>0, (2.16)
0 0

This equation is called a filter of Z. The process (st — XS ds) >0 1s said to be the
innovations process and the process (K;)¢>o is called innovations gain. The term inno-
vation is justified since dV; describes the observation in [t,t 4 dt) and /):t dt is what one
expect to happen in [¢,t + dt). Therefore, dN; — e dt gives the new information.

The filter of Z; given in (2.16) is an abstract existence result since there is no expression
for the innovations gain (K3):>0. Consequently, the next step is to find the innovations

gain, which is made in the following theorem.

Theorem 2.94. Let Assumption 2.92 be in force. Then

~

t o~
7, = E[Zy] + / (A — Zs_) (AN, — Ay ds), t>0, (2.17)
0
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up to indistinguishability, where (Ay);>o is an F -predictable processes e (w) dt P(dw)-
uniquely given by

t t
IE[/ HSZ/\Sds]:IE[/ HsAsAsds], t>0, (2.18)
0 0

for all non-negative bounded TN -predictable processes (Hy)i>o.

Proof. The assertion follows directly from Theorem IV.T2 in Brémaud [20]. Notice that
the mentioned theorem is stated for multivariate point processes, while we formulate only
a univariate version. To see the direct connection of the stated result and Theorem IV.T2
in Brémaud [20], it should be noted that the process W3 in Theorem IV.T2 can be chosen
to be constant zero if the unobservable state process and N have no common jump
times which is the case in the presented setting since we only consider constant state
processes. O

Note that A (w) dt P(dw) is a measure on (R*tx €, P(FV)) which is equal to the measure
dN¢(w) P(dw) on the same measure space. After this remark, we proceed by extending
the filter results to the case of marked point process observations. For this purpose, an
infinitesimal characterization for marked point processes is required.

2.4.4 Intensity kernels of marked point processes

The intensity kernel of an MPP is analogue to the intensity of an SPP. Recall that (E, £)
is some measurable space and for the E-MPP &, ®(w,dt,dz) is a counting measure on
E for every w € Q. Hence, for any measurable function H : Rt x Q x E — R, we have

/ / H(s,z)®(ds,dz) = E:H(Tn7 Zn) W1, <00}
o JE

neN

t
| [ #s2) 0ds.de) = ST 2, 120
0 E

neN

where we use the convention that fab is interpreted as [, (ap) if b < 00 and Jiop if b= 00.
For the next definition, let us recall Definition 2.53 of the §-predictable o-algebra

P(3)-

Definition 2.95 ([20], p.235). A function H : R™x Qx E — R is called an §-predictable
function indezxed by E if H is P(F) ® E-measurable.

Definition 2.96 ([20], Def. VIII.D2; Intensity kernel). Let ® = (7}, Z)nen be an §-
adapted E-MPP. Furthermore, let A : RTx Q x £ — R" be a transition kernel from
(Rt Q,BT®F) to (E, &) such that, for any B € &, (A(t, B))>0 is the (P, §)-predictable
(P, §)-intensity of (®(¢, B)):>0. Then the family of random measures (A\(¢,dz))¢>0 is said
to be the (P, §)-intensity kernel of ®.

Notice that it is justified to write “the” intensity kernel because of the uniqueness of
predictable intensities, cf. Thm. 2.80. Another important property of intensity kernels
is described in the following theorem.

Theorem 2.97 ([20], Thm. VIIL.T3; Projection Theorem). Let ® = (T}, Zn)nen be
an E-MPP with the (P,§)-intensity kernel (A(t,dz))t>0. Then, for any non-negative
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§-predictable function H indexed by E, we have

E [/OOO/EH(S,z)q)(dt,dz)] ~E [/OOO/EH(S,,Z))\(s,dz) ds| .

Here are some elementary properties of a marked point process with intensity kernel.

Corollary 2.98 ([20], Cor. VIII.C4). Let ® = (T}, Zy)nen be an E-MPP with the (P, §)-
intensity kernel (A(t,dz))e>0. Furthermore, let H be an §-predictable function indeved
by E such that

t
//\H(s,z))\(s,dz)ds<oo P-a.s., t>0.
0 JE

Then the process M = (M)i>o defined by

M; = /0 /EH(s,z) (®(dt,dz) — A(s,dz) ds)

is a local (P, §)-martingale. Moreover, if

t
E[//\H(s,z)\)\(s,dz)ds < oo, t>0,
0 JE

then M is a (P, §)-martingale.

We continue with discussing the theory of filtering with marked point process obser-
vations using the innovations method.

2.4.5 Filtering with marked point process observations

In this section we will cite the filter results given in Brémaud [20, Ch. VIIIL.2], where we
again limit the results to the case of constant unobservable processes. To state the filter
results, we need intensity kernels with a special structure given in the next definition.

Definition 2.99 (Local characteristic). Let ® be an E-MPP with the (P, §)-intensity
kernel (A(t,dz))¢>0 of the form

A(tv dZ) = )‘t :U‘(ta dZ),

where (A¢);>0 is a non-negative §-predictable process and p is a stochastic kernel from
(Rt x Q,BT® F) to (E,£). Then the family of pairs (A, pu(t,dz))i>0 is called a local
(P, §)-characteristic of ®.

We are now in the position to specify the filter framework.

Assumption 2.100. Let (92, F,§,P) be a filtrated probability space satisfying the usual
conditions, Z an Fyp-measurable random variable and & an E-MPP with §-local charac-
teristic (¢, p(t, dz))s>0. Moreover, we make the following assumptions:

(i) The global filtration § = (F¢)+>0 records the events outside the observed history
3% = (F?)i0, ie. F¥ C F; for all t > 0. Here we even assume that F2 C Fo.

=

(ii) The filtrated probability space (Q, F2,F®,P) has been modified as shown in Re-
mark 2.70, where we keep the same notation for the modified object.

Similar to Section 2.4.3, we use the following notation.
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Notation. Throughout this section, let (/\t, fi(t, dz))s>0 denote the §®-local characteristic
of ® and by Z = (Z;);0 a cadlag modification of (E[Z | F])i>0, i.c.

Z, =E[Z|F?] P-as., t>0.

With this notation the procedure of Section 2.4.3 can be readily extended to the setting
of this section, which results in the following filter equation.

Theorem 2.101. Let the conditions of Assumption 2.100 be prevailed. Then

Z, = E[Z) +/0 /E(A(s,z) — Z,_) (9(ds,dz) — Asfi(s,dz)ds), ¢>0,  (2.19)

up to indistinguishability, where A is an §®-predictable function indexed by E which is
At (w)i(t, w, dz)P(dw)-uniquely given by

[//ZHSZ Ao pi(s, dz) ds}: [//Asz (5,2) Ay fi(s,dz) ds| , £ > 0,

(2.20)
for all bounded F*-predictable functions H indexed by E.

Proof. The theorem is an immediate consequence of Thm. VIIL.T9 in Brémaud [20]. O

It is worth noting that )\t( Yi(t, w, dz)P(dw) is a measure on (RTx Q x B, P(F®)@E).
This remark closes the chapter and now we have all the necessary foundations to address
the optimization problem of an insurance company described in the next chapter.



Chapter 3

The control problem under partial
information

We consider an insurance company with several lines of business (LoBs). The aim is
to maximize the expected utility of the terminal surplus of the considered insurance
company by choosing optimal investment and reinsurance strategies. For this purpose,
we need a model for the surplus process. An important component of the surplus process
is the aggregated claim amount process which will be specified in the following section.

3.1 The aggregated claim amount process

In the following, let d € N be the number of LoB of the insurer. The arrival times of the
insurance claims will be described by a d dimensional counting process, which determines
the dependencies between the claim arrival of the various kinds of insurances risks.

The claim arrival process. To impose interdependencies between different types of
insurance risks, we use a common shock risk model inspired from the thinning and shift
model considered in Béuerle and Griibel [27], where we suppose that there is no time
gap between the shock events and the claim arrival times. To state the claim arrival
model, the following notation will be used.

Notation. We set D := {1,...,d} and we denote by P(D) the set of all subsets of D.
Furthermore, we write £ := 2¢ — 1 for the number of elements of P(ID) minus one.
Moreover, § = (F¢):>0 denotes the global filtration. That means, § includes all available
information, in particular information the insurer does not have.

For the construction of the claim arrival model, let us introduce an Fyp-measurable
random variable A with distribution ITy. The initial point for the claim arrival model
is a mixed Poisson process N = (N¢)y>0 with mixing distribution II5, compare Defini-
tion 2.87. We interpret the arrival times of the mixed Poisson process IV, denoted by
(Th)nen, as time points of the events which trigger various kinds of insurance claims.
Therefore, N is called the trigger process with the background intensity A and the jump
times (T}, )nen are said to be the arrival times of trigger events or of shock events.

Before describing the connection between the shock events and the insurance claims,
let us go deeper into the interpretation of the trigger process. Mixed Poisson processes’
were introduce by Dubourdieu [53] for an actuarial application, namely as a claim ar-
rival model in health and accident insurance business. A common interpretation of a
mixed Poisson processes is as counting processes which consists of various sub-processes

'For full treatment of mixed Poisson processes we refer the reader to Grandell [67].

31



32 Chapter 3 The control problem under partial information

behaving as Poisson processes with certain intensities.? However, Definition 2.87 of a
mixed Poisson process provides the natural interpretation as the Bayesian version of the
Poisson process, where I, is the prior distribution of the intensity.® This interpretation
is in accordance with the intention for our use of the mixed Poisson process since, in
practice, the background intensity A is unknown to the insurance company. As men-
tioned in Wichelhaus and von Rohrscheidt [118, Ch. 3], it is unreasonable to use a model
with fixed but unknown parameter. To avoid this, we have chosen the intensity of the
process N as positive Fp-measurable random variable A. So we have a two-step stochas-
tic phenomenon. First, the realisation A of the background intensity A is selected, where
the realisation is unknown to the insurer since § is the global filtration. Secondly, the
trigger arrival times are generated with the chosen intensity A.

The effects of a shock event on the insurance lines will be discussed next. For this
purpose, we introduce a sequence (Z,)nen of categorical variables taking values in a set
with £ elements. Each value is associated to a category describing in which LoBs the
damages by the corresponding shock are caused. We quantify these categories by sets
) # D CD. So, for any n € N, Z, is a P(D)\ {0}-valued random element, where the
trigger event at T,, affects the LoBs i € Z,.

Notation. Throughout this work, Z ~ Z; denotes a random element which is identical
distributed as Z3.

We assume that assumption P(Z = @) = 0, i.e. every shock event leads to at least one
insurance damage, which justifies the following abbreviation.

Notation. For notational convenience, we write D C D instead of ) # D C D. Notice
that D C D is equal to D € P(D) \ {0}.

In contrast to the thinning and shift model introduced in Béuerle and Griibel [27],
our claim arrival model has no time shift between the jump times (7},),en of N and the
claim arrival times. In this perspective, the model in Béuerle and Griibel [27] is more
general. Nevertheless, our model is more comprehensive concerning the randomness of
the intensity.

Recall that {i € Z,} is the set of all events where the LoBs i € Z,, are affected by
the trigger event at T,,. Therefore, the (multivariate) claim arrival process, denoted by
(N1,...,NY = (N}, ..., N¥)i>0, is defined by

Ni=> 1y <nliiez,y, t=0, i=1,....d
neN

So (N',...,N d) is a d-dimensional counting process, where N} counts the number of
claims of the ¢th LoB up to time ¢.

Remark 3.1. The dependency structure of the marginal counting processes is only given
via the synchronicity of jump times. Notice further that (N',..., N%) can be seen as
a special case of the multivariate claim arrival model introduced in Scherer and Selch
[108] with (unobservable) constant Lévy subordinator A.

Notation. From now on, we set ® := (T}, Z,)nen. That is, ® is a P(D)-MPP, cf. Defini-
tion 2.64. We further write ¥ = (F{¥)i>o for the filtration generated by (N1,..., N9),
ie. FN :=0(Ni:0<s<ti=1,...,d) for all t > 0.

2See beginning of Sec. 5.2.3 in Albrecher et al. [5].
3See page 64 in Grandell [67].
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Using the MPP ®, we can represent the claim arrival process (N1,..., N9) by
' t
Ny :/ 1.(¢) ®(dt,dz), t>0, i=1,...,d.
0

Representations of jump processes by integrals w.r.t. a random counting measure will
be proven to be extremely useful for the solution approach of the optimization problem
introduced in Section 3.7.

The insurer is able to observe the claim arrival times. In consequence, the arrival
times of the trigger events (7},)nen and the sequence (Z,),en are observable since, in
the given setting, we can reconstruct the jump times (7),),en of the trigger process as
well as the P(D)-valued sequence (Zy,)nen as follows: Let N* = (T%),en, i € D, be the
claim arrival times of the ith LoB. Then the sequence (7}, )ncn of the arrival times of the
trigger events is iterative given by

Ty =min{T} :i=1,...,d},

: ) 3.1
T, =min{T} : T, >Th-1,meNi=1,...,d}, n>2. (3:1)

At a jump time T;,, we obtain the corresponding Z,, by checking which point processes
N' i=1,...,d, jumps at time T}, i.e.

Z,={ieD:N({T,}) >0}, neN. (3.2)

Therefore, the filtration §* = _(]:f’)tzo of ® = (T}, Zn)nen, see (2.6), carries the same
information as the filtration §V of (N',..., N9). That is, 7;* = FN for all t > 0. In
particular, the observable trigger arrival times (7},),en of the mixed Poisson process are
observable for the insurer. Hence they can be used by insurer to make inferences about
the unknown background intensity.

Next we turn our attention to the interdependencies between the LoBs which are also
unknown to the insurance company. To take this uncertainty about the interdependen-
cies between the various kinds of insurance risks into account, we introduce the following
notation.

Notation. We set
ap Z:P(Z:D‘fo), D cCD,

and

&= (ap)Dpcp-

Furthermore, we write Ay for the (k — 1)-dimensional probability simplex, k > 2. That
is,
Api={z=(x1,...,2) € [0,1]* : 21 + ... + 2 = 1}.

We further use the symbol Ay, to denote the interior of the probability simplex Ap.

That is, & is an Fp-measurable vector taking values in Ay. The vector & determines
the conditional probability mass function of the distribution of Z conditioned on &. That
is,

Ps(Z€B)= > ap, BePPD).
DeB

The interdependencies between the LoBs are fully determined by a. We call the
components of & thinning probabilities since they thin the trigger arrival times. So
(N',....N d) is a multivariate counting process with a dependency structure that de-
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pends only on the choice of thinning probabilities &. The uncertainty about the
interdependencies between the insurance lines is incorporate by the randomness of a. So
we have also a two-step stochastic phenomenon for the claim arrival dependencies. First,
the realisation of the thinning probability vector & is chosen, which is not observable for
the insurer. Secondly, the affected LoBs are generated with the selection thinning dis-
tribution. Notice that we obtain information about & through the observable sequence
(Zp)nen- Besides, we make the following assumptions.

Assumption 3.2. We assume that (Z,),en is a sequence of conditional iid random
elements given @ and takes values in (P(D), P(P(D))) with P(Z; = 0) = 0. Moreover,
we suppose that the sequences (1, )nen and (Zy,)nen are independent.

After we have chosen a model for the claim arrival times, we consider the sizes of the
insurance claims at the arrival times to obtain the aggregated claim amount process.

Claim sizes. Beside the unobservable background intensity and thinning probabilities,
there are more restrictions on the available information to the insurance company. The
insurer faces also uncertainty about the claim size distribution. This is taken into account
by the following modelling. Let {Fy : 9 € ©}, © C R™, be a family of distributions on
(0,00)¢, where ¥ in unknown. We view ¢ as a random element taking values in ©, i.e.
we have a parametric Bayesian model for the insurance losses. Moreover, we suppose
that Fy is absolutely continuous with density fy for every given 1, where we use the
following convention.

Convention. We denote by 9 both the random element and a realisation of the random
element. A similar convention applies for all subsequent definition involving distributions
or densities.

The claim sizes are given by a d-dimensional sequence (Yy,)nen with Y, = (Y1, ..., YV,9)
of (0, 00)%valued random variables with distribution Fy. It is worth to note that the
claims sizes from various LoBs can be dependent.

Assumption 3.3. We assume that Y7, Ys, ... are conditional independent and identically
distributed according to Fy given ¥. Furthermore, (Y,)nen is supposed to be independent
of the sequences (T}, )nen and (Zy,)nen-

Remark 3.4. Due to the assumption above, Y1, Y5, ... are independent of (N, ..., N9).

With the knowledge about the claim sizes, we now move on to develop the aggregated
claim amount process.

Representations of the aggregated claim amount process. The sum of the claim
sizes of all d insurance classes which appear at the arrival times of the multivariate
claim arrival process (N',...,N%) up to time t, gives the aggregated claim amount
process. So the aggregated claim amount process or total claim amount process, denoted
by S = (S¢)t>0, is given by

d
S =33 Vil <nlyes,y. t>0.

1=1 neN

Notice that Y;’ does not describe the nth claim of the ith LoB since some of the
components of Y,, will be “deleted” if Z,, # D. For this reason, (Z,)nen is also referred
to as the thinning sequence.
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An alternative representation of the aggregated claim amount process can be given
with the help of the following marked point process.

Notation. From now on, we set W := (T}, (Y51, Z»))nen. That is, W is the (0, 00)? x P(ID)-
MPP which contains the information of the claim arrival times, the thinning sequence
and the claim sizes. To shorten notation, we further set E¢ := (0,00)? x P(D) and

&%= B((0,00)%) @ P(P(D)).

Using the introduced MPP ¥, it holds

. d
Si= |, wt) wtas. ). t=o. (3.3

It should be noted that the aggregated claim amount process S is observable for the
insurance company and thus the natural filtration of ¥, denoted by §¥, is known by the
insurer.

The simulation of the surplus process is a two-step procedure. The first step is to
simulate the realizations of the parameters A, ¥ and &, which is not observable for the
insurer, and secondly, the observable surplus process is generated with theses param-
eters. We demonstrate the construction of the surplus process by an illustration for
d = 2. Table 3.1 displays numerical values for the first four shock event under the as-
sumptions that realization of the background intensity is 2, of the thinning probabilities
is (1/3,1/3,1/3) and of the claim size distribution is the convolution of two independent
exponential distributions with parameter 1. These values are graphically illustrated in
Figure 3.1.

T, Z, Y! Y2

0134 {1} 2561 0.134
0.761 {1,2} 1.716 2.051
1212 {2}  0.455 0.680
1.510 {1} 0.583 0.963

B~ w N |3

Table 3.1: Numerical values for the Figure 3.1.

We conclude this paragraph with a further comment on the introduced model for
aggregated losses.

Remark 3.5. (i) The first part of the remark is devoted to the mentioned literatures
in the introduction that consider optimization problems concerning insurance com-
panies with several LoBs. For this purpose, let us suppose that A = X is determin-
istic and we define the process N = (NP);>9, D C D, by

NtD = Z ]}_{Tngt}ﬂ{zn:D}, t Z 0
neN

Then ‘
Ni=> NP, t>0,
D33

and, in the case d = 2 of two LoBs, the aggregated claim amount process can be
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Y3
Y32
N? I t
Yl1
Yy
}/41
N1 l t
N + + + + t
T1 T2 T3 T4
Figure 3.1: An example combining trigger events, thinning and claim sizes for the values of
Table 3.1.
written as

5 NN

Se=> Y. Y t>o0
i=1 j=1

For the aggregated claim amount process with common shock dependency, Yuen
et al. [121], Liang and Yuen [86] and Han et al. [68] discuss optimal proportional
reinsurance problems under various optimization criterion.

(ii) Due to the fact that we are not considering the aggregated claims of every LoB,
S given by (3.3) can be interpreted alternatively as the aggregated claim amount
process of an heterogeneous insurance portfolio, where the random elements Z,
yield the information of which type the claim size distribution of the claim at time
T, is. By changing {Z,, € D} to {Z,, =i} in (3.3), we obtain a total claim amount
process for an inhomogeneous portfolio with d kinds of claim size distribution.

Prior and posterior distributions. According to the explanation above, we have
three unknown parameters A, & and 14, where the uncertainty about these parameters is
taken into account by modelling these parameters as Fp-measurable random elements.
We suppose that the insurance company has a prior belief about these parameters in
form of distributions, which are prior distributions* from a Bayesian statistical point of
view.

Notation. We denote by II5 the prior distribution of A, by Il the prior distribution of
@ and by Ily the prior distribution of ¥.

In general, I, is a probability measure on (0,00), II, on Ay and IIy on ©. These
prior distributions could be obtained by estimation based on already existing data using
standard estimation procedures (cf. e.g. Czado and Schmidt [46]) or by expert knowledge.

The prior knowledge can be updated with the help of observed claim arrival times
and claim sizes. Hence we can calculate posterior distributions® at the claim arrival

4The distribution of a parameter before observing any data is said to be the prior distribution of this
parameter, compare DeGroot and Schervish [48, Chap. 7.2].

5The posterior distribution of a parameter is the conditional distribution of the parameter given observed
data, compare DeGroot and Schervish [48, Chap. 7.2].
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times by using the information at disposal, where the Bayes rule tells us how to compute
them. For example, if we observe the claim sizes Y;,, = @,, where Y, = (Y1,...,Y,)
and ¥, :== (y1,...,Yn), then, according to Klugman et al. [78, Eq. (2.27)], the posterior
distribution of ¥ conditioned on Y;, = %, is given by

. . Lﬁ(gn) Hﬁ(dﬁ)
o7, =5, (V) = Jo Lo () My (dV)’

where Ly(y,) denotes the likelihood function, i.e.

Lo(n) = [ [ fo(wi)
=1

because of the iid assumption of insurance losses. That is, the posterior distribution
is proportional to the Likelihood function times the prior. The mean of the posterior
distribution is the Bayes estimator which is a minimum mean square error estimator,
compare Klugman et al. [78, Thm. 2.17].

We will specify the prior distributions (and thus the posterior distributions) in the
following chapters to solve the optimization problem stated in Section 3.7.

3.2 Financial market model

The difference between the aggregated premium income and the aggregated claims is the
total wealth or the surplus of the insurance company. This surplus will be invested by
the insurer into a financial market, which will be modelled as the classical Black-Scholes
market, see e.g. Delbaen and Schachermayer [50, Sec.4.4]. So it is supposed that there
exists one risk-free asset and one risky asset. The price process of the risk-free asset,
denoted by B = (Bi)>0, is given by

dBt = T’Bt dt, Bg = 1,

where r € R denotes the risk-free interest rate. That is, B; = e for all ¢t > 0. The price
process of the risky asset, denoted by P = (F;)¢>0, is given by

dP, = pP,dt + o P, dWy, FPy=1,

where 4 € R and o > 0 are constants describing the drift and volatility of the risky
asset, respectively, and W = (W;):>0 is a standard Brownian motion. Therefore

o2
Pt:exp{<u—2>t+aWt}, t>0.

Notation. We denote by " = (F}V);>0 the augmented Brownian filtration of .

Notice that the o-algebra generated by the price process of the risk-free asset B is the
trivial o-algebra since the process B is deterministic. So "V represents all the available
information about the financial market. We assume that the insurance company can
observe the asset prices on the market which means that §V is observable for the insurer.
This filtration forms together with the natural filtration of W the observable filtration.

Notation. Throughout this work, & = (G;);>0 denotes the observable filtration of the
insurer which is given by
Gi=FVVF, t>0,
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where G, C Fg. That implies that G, provides all the information at disposal of the
insurance company up to time ¢t and that A, & and ¢ are not observable for the insurer
at any time.

The later solution procedure requires the following independence assumption of the
financial market and the insurance market.

Assumption 3.6. We assume that the Brownian motion W is independent of (T},),en,
(Yn)neN and (Zn)neN‘

Let us conclude this chapter with a brief discussion regarding the simplicity of the
introduced financial market.

Remark 3.7. The given financial market is a classical Black-Scholes model with one
risky asset. By the Markowitz theory, it is efficient to invest only in a risk-free asset
and a particular fund of risky assets, compare Markowitz [91]. In our model, the risky
asset can be considered as this particular fund of risky assets. However, we will see
that the problem of finding an optimal investments strategy and an optimal strategy
for the reinsurance can be separated into two independent problems. Therefore, we can
expect that the results may be generalized to more general financial market models,
where the corresponding optimal investment problem, maximization exponential utility,
is already solved. However, we will focus on choosing an optimal reinsurance strategy
and therefore we keep the financial market model simple.

3.3 Investment strategy

We assume that the wealth of the insurance company is invested into the previous de-
scribed financial market. The insurer can choose the amount of its surplus that is invested
at time ¢ into the risky asset P, where we also allow short-sell by the insurer which is
represented by a negative volume put into the risky asset. In addition, the insurance
company is permit to lend and borrow an infinitesimal amount of money, respectively.
That means, the invested capital into the risk free asset can take every value in R. These
assumptions are reflected in the following definition of an investment strategy together
with some technical conditions.

Definition 3.8. An investment strategy, denoted by & = (&;)¢>0, is an R-valued, cadlag
and &-predictable process with

t
/ |&12ds < 0o P-a.s. forallt > 0. (3.4)
0

The value & is the capital put into the risky asset at time ¢, so X; — & stands for the
amount of money invested into the risk-free asset at time t.

Remark 3.9. On account of the condition (3.4) the integral fot &0 dWs in (3.7) is well-
defined. It should be noted that (3.7) is also well-defined with the weaker requirement of
the progressive measurability of £ since £ is only integrated w.r.t. continuous processes.
However, the investment strategy might depend on claim arrival times and sizes, which
requires the assumed predictability.

Besides allocating the surplus to the two available assets, the insurance company is
allowed to share risk with another company.
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3.4 Reinsurance strategy

The premium volume is often too small to carry the complete risk, especially the risk
resulting from natural catastrophes,® which requires the need for risk sharing through a
reinsurance contract. There are different forms of reinsurances. A survey of reinsurance
types can be found in Albrecher et al. [5, Ch.2], in which they point out that the
proportional reinsurance treaties (quota-share reinsurance) are popular in almost all
insurance businesses by reasons of its conceptual and administrative frugality as well as
its avoidance of the moral hazard of frowzy claim settlement proceedings.

The insurance company which cedes risk to another insurance company is called the
first-line insurer or cedent’. We assume that the first-line insurer has the possibility to
take a proportional reinsurance. Therefore, the part of the insurance claims paid by the
insurer, denoted by h(b,y), satisfies

hby) =b-y (3.5)

with retention level b € [0, 1] and insurance claim y € (0,00). For example, if the insurer
chooses a retention level of 0.8 at time ¢, then the reinsurance company pays 20 percent
of the claim y at time ¢. Here we suppose that the insurer can continuously purchase a
reinsurance contract that allows to reinsure a fraction of its claims with retention level
by € [0,1] at every time ¢t. That is, we have a proportional reinsurance depending on
time, in which corresponding process satisfies the following conditions.

Definition 3.10. A reinsurance strategy, denoted by b = (bt)¢>0, is a [0, 1]-valued, cadlag
and &-predictable process.

Remark 3.11. The assumption of predictability implies the reinsurance strategy is fixed
in advance. Without this assumption, the insurance company could choose a retention
level of zero at time ¢ if there is a claim at time ¢ and otherwise a retention level of one.

Note that the reinsurance strategy is not chosen separately for different LoBs, which
means we have only one strategy for the entire insurance company. For this reason the
reinsurance strategy is an univariate process. A conceivable supposition would be to
suppose that the insurer can choose a reinsurance strategy for each LoB separately. In
this case, the solution of an optimal reinsurance strategy of the later considered control
problem (see Section 3.7) becomes much more complicated, compare Section 4.10.

3.5 Reinsurance premium model

Of course, sharing risk by ceding proportions of claims to a reinsurer reduces the premium
income of the first-line insurer. To discuss this reduction in detail, we first assume that
the policyholder’s payments to the insurance company are modelled by a fixed premium
(income) rate ¢ = (1 + n)k with a safety loading n > 0 and a fixed constant x > 0,
which means that the premiums are calculated by the expected value principle.? If the
insurer chooses retention levels less than one, then the insurer has to pay premiums to the
reinsurer. The part of the premium rate left to the insurance company at retention level
b € [0, 1], denoted by ¢(b), is ¢(b) = ¢—4d(b), where §(b) denotes the reinsurance premium
rate. We say c(b) is the net income rate. In the case of no reinsurance (retention level of

6See beginning of Sec. 1.7 in Schmidli [112].
"See p. 228 in Schmidli [111].
8The expected value principle, as well as other principles, are discussed e.g. in Schmidli [112, Sec. 1.10].



40 Chapter 3 The control problem under partial information

1), the net income rate is ¢(1) = c¢. Moreover, the net income rate ¢(b) should increase
in b, which is fulfilled by setting 6(b) := (1 — b)(1 + 0)x with # > n which represents the
safety loading of the reinsurer. Therefore

c(b) = (1+n)k — (1= b)(1+0)k = (n— 0)k + (1 + )k b, (3.6)

where n — 6 < 0. This reinsurance premium model is used e.g. in Zhu and Shi [124].

Due to the assumption that the proportional risk load of the reinsurer is greater than
that of the cedent, full reinsurance leads to a strictly negative income since ¢(0) =
(n — 0)k<0 which is a property proposed by Schmidli [111, p.21]. Notice that other
authors suppose that the net income rate is always non-negative, compare e.g. Schél
[109, p. 191].

We are now in the position to describe the wealth of the insurer subscribing a propor-
tional reinsurance contract and investing its surplus in the introduced financial market.

3.6 The surplus process

We restrict ourselves to self-financing strategies in a finite time horizon. So, from now
on, we fix some terminal time T > 0 and we only consider those strategies by which
the insurer only invests the wealth obtained from the core business (covering claims in
exchange for premiums and reinvesting those premiums into the financial market) and
neither adds wealth from other businesses nor distributes part of the profit. To be more
precise, the surplus of the considered insurance company, denoted by X&? = (Xf ’b)te[o,Tp
for a self-financing investment and reinsurance strategy is given by

axét — X' —g 4B & €b
;= t—i—fdPt—FC(bt)dt—btdSt, XO = xq,
By Py

where Xg’b = x9 > 0 is the initial capital of the insurance company. It is worth to
note that (Xf’b — &)/ By gives the number of risk-free assets and &;/P, the number of
risky assets held by the insurance company at time t. Therefore, the dynamic of the
surplus process X can be interpreted as follows: the insurer’s current reserve is the
initial capital plus the aggregated gain/loss by the investments in risky and risk-free
asset plus the net premium income minus the aggregated insurance claims left to the
insurer. Notice further that the surplus could be negative, which in practice means that
the loan amount of the insurance company is greater than the value of all assets of the
insurer.

By the upper indices £ and b it is taken into account that the surplus process is
controlled by the investment and reinsurance strategy. In the following we deal only
with admissible strategies defined below.

Definition 3.12. A pair (£,0) = (&, bt)+>0 of an investment strategy { = (&)i>0 and
a reinsurance strategy b = (bt)>0 is called an investment-reinsurance strategy. For any
t € [0,T], the set of all admissible investment-reinsurance strategies in [t, T is given by

Ut, T := {(5, b) : (§,b) = (&s,bs)sept,7) 18 a self-financing investment-reinsurance
strategy in [¢,T]}.

The set R x [0, 1] in which the admissible strategies take values is said to be the control
set.
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Using the dynamics B and P of the price process of the risky asset and risk-free asset,
respectively, the surplus process X&? = (Xf’b)te[o,T] under an admissible investment-
reinsurance strategy (£,b) € U[0,T] holds

AXSY = (X5 — ¢)rdt + &(pdt + o dWy) + c(by) dt — by dS
- (rXf’b + (1 — 1)+ c(bt)> dt + &0 dW; — by dS,.

Remark 3.13. Recall that the investment strategy & gives the absolute value of the
wealth invested into the risky asset. As Desmettre [51] pointed out in the introduction
of Chapter 2, it is common to optimize the amount of money in an exponential utility
set-up. When we optimize the proportion of the wealth put into the risky asset, denoted
by 7, then the investment strategies 7 is proportional to 1/X™®. Therefore, it is possible
that an optimal strategy tends to infinity, since the surplus process X can attain zero.

An alternative representation of the surplus process with the help of a random measure
will be proved to be useful. By using the (0, oo)d x P(D)-MPP U = (T}, (Yn, Zn))nen
introduced on page 35, the dynamic of the surplus can be written as

AXE = (rXE 4 (u—r)E + c<bs>) dt + Eod1V

-/ btzyz () W(dt,d(y,2)), € [0,T].

Notice that the surplus process X&? is &-adapted, i.e. observable for the insurer. Next
we consider further properties of the surplus process which will be used in the following

(3.7)

procedure.

Proposition 3.14. The SDE (3.7) has a unique strong solution, which is given by

t

t
X5 = zge™ + / ert=2) ((M —7)s + C(bs))dS + / =) ¢ o AW,
0

//Ed b Zyz (1) (ds,d(y,2)), te[0,T].

=1

Proof. Fix t € [0,7]. We will use the general stochastic exponential (see Protter [104,
p. 328]) to derive the asserted solution. For this purpose, we observe that the SDE (3.7)
can be written as

t
Xf’b:Ht—i—/ xé$tdz,, (3.8)

0

where

t
H; = x0—|—/ (( —T)fs—i—c d3+/ EsodW, — // bs Zyz 2(1)¥(ds d<y7 ))
12 =1
Zt =rt.

Notice that (H;)¢>0 is a -semimartingale and thus (3.7) admits a unique strong solution,
which is a ®-semimartingale according to Protter [104, Thm.V.7]. By Protter [104,
Thm. V.52], the unique solution of (3.8) is given by

X =¢z <Ho+/ 7 — [H, Z]s)> , (3.9)
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where £(Z) is the stochastic exponential of Z, i.e. £(Z); = exp {Z; — 5[Z]:} = €™
Protter [104, Thm.II.37]. Furthermore, since Z is a continuous FV process we have
[H, Z]; = 0, which implies

t t
Xf’b = et (370 + / e (( - T)Es + C( ))dS + / e—rsgso_ dW;
0

/ /Ed e”"bs Zyz . (i) U(ds, d(y, ))>.

=1

This yields the assertion. O

Proposition 3.15. Let X% = (Xg’ )t>0 be the process given by (3.7). The continuous
part (X60)¢ = (X)) >0 of X is given by

A0 = (rXE 4 (= )& + (b)) b+ &o dW, £ 20,
The continuous part [X*°)¢ = ([XY)¢)>0 of the quadratic variation of X is given by
d[X50¢ = £262dt, t>0.

The process XY jumps at the times (Ty)nen and satisfies

d
AXCSFf = —br, Z er]l{iezn}, n € N.
i=1

Proof. The statements follow immediately from Equation (3.7). O

The surplus process is the main object in the following formulated optimization prob-
lem.

3.7 Optimal investment and reinsurance problem under
partial information

Clearly, the insurance company is interested in an optimal investment-reinsurance strat-
egy. But there are various optimality criteria to specify optimization of proportional
reinsurance and investment strategies. We consider the expected utility of wealth at the
terminal time T as a criterion. It is therefore assumed an exponential utility function
of the insurer U : R — R with

U(x) =—e (3.10)

where the parameter o > 0 measures the degree of risk aversion.

Remark 3.16. Recall that the surplus is allowed to be negative. In classical ruin theory,
an insurance company is bankrupt if the surplus process drops below zero, which is not
realistic. Indeed, the loan amount of an insurance company can be greater than the
value of all assets of the insurance company. The possible negativity is one reason why
we use the exponential utility function because the utility function has to be defined for
positive and negative values. This condition rules out the logarithm and power utility
functions. Another reason is that the exponential utility function given by (3.10) has a
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constant absolute risk aversion (CARA):

_U”(x) _ a2 e—ox .
Ulr) aeor

Such a property is important in actuarial mathematics since utility functions with CARA
are the only functions among which the so-called zero-utility principle yields a fair pre-
mium that does not depend on the surplus level, compare Gerber [63, p. 68].

Before the dynamical version of optimization problem is formulated, we illustrate the
feedback control of the surplus process X&? in the block diagram displayed in Figure 3.2°.

Environment

X f b controlled surplus

by dS; jump noise

& o dW; diffusion noise

&, control

Xf’b state

b; control

Figure 3.2: The surplus process under feedback control in infinitesimal time intervals.

Next, we are going to formulate the dynamical optimization problem. We define, for
any (t,z) € [0,7] x R and (§,b) € U[t, T1,

Vel (t,z) = EX[U(XE") |G,

V(t,z):= sup V§7b(t, x), (P)
(&b)euU[t,T)

where E'* denotes the expectation conditioned Xf’b = z. As already mentioned, the
insurer wants to choose an optimal strategy. The argument of the supremum, when it
exist within the control domain U[t, T], is the optimal control. That is, assuming the
surplus at the time point ¢ € [0,7") is € R, the insurance company is interested in an
investment-reinsurance strategy (£*,b*) € U[t,T] such that

V(t,z) =V (t,x).
So our aim is to determine

(€,b") = argsup VO(t,z).
(&,b)eu|t,T)

Such a strategy is said to be optimal. Note that at time ¢ = 0, the optimal strategy is
given by

(&) = argsup V&°(0, ).
({,b) EL{[O,T]

9The figure is adapted from Figure 6.1 in Hanson [69)].
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An important point to note here is that it makes a difference to solve the problem (P)
at time zero, where Xg’b is known, or at time t > 0, where Xf’b is known. The reason is
that at time zero only the prior distributions of the unobservable parameters A, & and
F' are given. In contrast, at time ¢ > 0, the observations of claim arrival times and claim
sizes (which are included in G;) yield additional information about the unobservable pa-
rameters which can be taken into account for the determination of the optimal strategies.
That is, the optimization problem (P) is different for various time points (due to the
partial information). In consequence, the dynamic programming method can not be ap-
plied directly since the idea of this method is to derive relations between the optimization
problems for different initial states and deduce the optimal solution from this relation
by solving pointwise optimization problems. That is, the optimal control obtained by
the dynamic programming principle cannot incorporate information from the past. To
still use the dynamic programming approach, we need to extend the state process by a
Markov process which represents the information at disposal. This step is referred as
the reduction of the incomplete information problem (P), which requests a character-
ization of the conditional distributions of A, & and F using the available information.
With regard to the block diagram given in Figure 3.2, we have to extend the state in
the bottom right corner by a further one which is affected by the jump diffusion and
provides the available information for the insurer about the known parameters. After
the reduction step, we can try to solve the reduced control problem with the help from
the dynamic programming principle. In the next chapters we address the problem (P)
under different assumptions of the prior distribution for A, & and F.



Chapter 4

Optimal investment and reinsurance
with unknown dependency structure
between the LoBs

We have introduced the control problem (P) in the last chapter, which is not directly
solvable. In this chapter we investigate this problem under partial information focusing
on the unknown interdependencies between the lines of business (LoBs), i.e. on the
thinning probabilities &. So the background intensity and the claim size distribution are
suppose to be observable for the insurer.

4.1 Setting

First of all, it should be mentioned that the framework from Chapter 3 is valid, in
particular the Assumptions 3.2, 3.3 and 3.6 are in force. In addition, as indicated above,
we suppose the prior distributions II5 and IIr are one-point distributions. That means,
the background intensity A = A for some A > 0 and the claim size distribution F' are
observable parameters; only the thinning probabilities & are still assumed to be unknown.

Prior distribution for the thinning probabilities. Recall that the prior distribu-
tion Il of & is defined on Ay. This may lead to an infinite dimensional stochastic control
problem in general. To avoid this, we discretize the probability simplex A, such that
the prior distribution Il is defined on a finite set.

Assumption 4.1. Let m € N be a fixed number. We suppose that & = (ap)pcp
is an Fp-measurable random vector taking values in the measure space (A,.A), where
A:={ai,...,an} with a; = (CL?)DcID) €Ay, j=1,...,mand A:=P(A).

Remark 4.2. (i) The assumption that A C A, (and not A C A) is required for the
filter equation, see Theorem 4.13.

(ii) The Fp-measurability of & is owed to the fact that the thinning mechanism does
not change in time in this model. Furthermore, Fy contains information which is
not available for the insurer. The knowledge of the insurer at time ¢t = 0 about
ais FY = {0,Q}. But the insurer makes use of expert knowledge about the
interdependencies between the LoBs expressed by the prior distribution Il5. Such
expert knowledge could be the awareness of high interdependency between the
insurance classes “building storm damages” and “building flood damages”.

Under the assumption above, the prior distribution Il of & is a probability measure
on (A, A). Hence, the prior distribution Il; is uniquely determined by the probability

45
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mass function
a(j) =1a(a;) =P(@=aqa;), j=1,...,m.

Notation. We will use the notation 7 := (7(j))j=1,...m for the m-dimensional vector
in A,,, which describes the probability mass function of II5. Throughout this work we
switch between row and column vectors whenever it is typographically convenient.

Claim size distribution. Beside the requirements for the prior distributions, it is
necessary to put some restrictions on the claims sizes. We have supposed that the
common claim size distribution F' is a fixed parameter in this chapter. Insurance claims
from different LoBs are allowed to be dependent, but the exponential moments of the
sum of losses across all lines must be finite.

Assumption 4.3. We assume that

TRRIE SRS 00| [ I B 20 F

where y :== (y1,...,Yq)-

Remark 4.4. The assumption implies that the moment generating function for the
marginal distributions of F' exists. That means, the losses of each LoB has finite
exponential moments. This has the consequence that all moments of the claim sizes exist,
due to the relation My.i(z) := Ele*Y] =3, %, z € R, cf. Feller [59, p.285].
Another consequence concerns the variety of possible distributions. The assumption of
existence of the moment generation function rules out a lot of distribution, in particular
heavy tailed distributions, also the lognormal distributions; all moments of the lognormal
distribution exist, but the moment generating function of the lognormal distribution
does not exist. It is worth noting that the assumption is satisfied if claim amounts
from different LoB are independent and the moment generating functions exist for every
marginal loss distribution. A further condition, under which Assumption 4.3 is fulfilled,
is boundedness of the claim sizes. This requirement is no restriction in practice since
every insurance contract includes an insurance sum which is the maximum value the
insurance pays for the insured damages.

Let us mention two consequences of the assumption above.

Lemma 4.5. Let z € R be an arbitrary constant. Then there exist constants 0 < C7 < o0
and 0 < Cy < 0o such that

(i) E[Y] exp {z 3¢ ¥i}] <Cy, jeD,

(i) E{GXP{ZZ?ﬂ e YkZH <Cy, tel0,T].

Proof. To show statement (i) the Cauchy-Schwarz inequality comes to our assistance.
For any j € D, we have

E[Yfexp{ziyf}] < \/m ]E[exp{%ngH

=1
= JE[(07)*] VMR (22) = €1 < o,




4.2 Filtering and reduction 47

where the first expectation is finite according to Remark 4.4 and the finiteness of the
second expectation follows from Assumption 4.3. To prove statement (ii), let us fix
t € [0,T]. According again to Assumption 4.3 as well as to Assumption 3.3 and the law
of total expectation, we obtain

[exp{ i%YkH :gP(Ntzn)E[exp{z%iYg} |Nt:n]

i=1 k=1

/\tz )\tE exp{zzZ lYl}])n

n!

cenlolon 5] )

<exp{A\T Mp(2)} =: Cy < o0,

which completes the proof. O

Our next target is to reduce the partial information control problem (P) within the
introduced framework to one with an extended state process that describes the informa-
tion at disposal about the unknown interdependencies between the LoBs. To obtain such
a control problem, we need to infer the unobservable thinning probabilities & by using
the relevant observable information. This leads to a stochastic filter problem which will
be studied in the following section.

4.2 Filtering and reduction

It has already been mentioned in the previous chapter that we are in a Bayesian setting.
Therefore, the reduction problem is to determine the posterior distribution of & given
the information provided by G;. It is evident that the available information §V about
the financial market contains no information about the interdependencies between the
LoBs; only the filtration § can be used to make inferences about a.

The posterior distribution of & given F/ (or equivalent given Zi,..., Zy,) provides
all information about & which is included in the observed information up to every t. We
will see that a characterization of the posterior distribution of & can be used to reduce
the investment-reinsurance problem under partial information (P) into an equivalent
one, which can be solve with the dynamic programming approach. Within the pre-
sented Bayesian framework, the posterior distribution of & given (21, ..., z,) € P(D)"
described by

I[ Po;(Zi = zi)) P(a = ay) - [T 1a ‘76 ()
Ja Il Pa(Zi = zi) Ta(da) — YL, [T, af ma(k)

Pla=ajlz1,...,2p) =
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for every j € {1,...,m}. That is,

. Ny  Z;
Ta || a;
Pla=aj|Z1,...,2N,) = aW1liz1 0 ji=1,...,m. (4.1)

ZE
> ey ma(k) I 24y a;”

However, it has been pointed out in Remark 2.93 that a representation of the poste-
rior distribution by integral processes w.r.t. compensated random counting measures fit
with the stochastic control approach. We obtain such a characterization by using filter
results.

Classical filter results with multivariate point process observations' can not be ap-
plied to determine a filter for @ (see Brémaud [20, Thm.IV.T8]) since point processes

1

N', ..., N% have common jump times with probability greater than zero if ap > 0 for
D c D with |D| > 2. Fortunately, we have seen in Section 3.1 that the natural filtration
of ® = (T, Zn)nen carries the same information as the filtration of (N1,... N9), i.e

F2 = FN for all t > 0. This allows us to use filter results with marked point process
observations. For the application of filter results, the usual condition needs to hold for
the observed filtration. On this account, we introduce the following notation.

Notation. From now on, (€2, .7-"3;, S‘b,]P’) denotes the filtrated probability space which is
modified as described in Remark 2.70 such that the usual conditions are satisfied.

To state a filter for & given by the observed information §%, we need the local F-
and F®-characteristic of ®. To establish these characteristics we start with studying the
process (®(t, D))t>0, D C D. By recalling Definition 2.73, we have

O(t,D) =Y Lyp<nliz,—py, t=0.
neN

Due to the fact that ap is a random variable, (®(¢, D));>0 can not be a Poisson process;
(®(t, D))s>0 is a Poisson process for deterministic ap according to the thinning property
for Poisson processes, compare e.g. Last and Penrose [81, Cor. 5.9].) It is further known
that doubly stochastic Poisson processes (Cox processes) are invariant under thinning
(see Karr [74, Lemma 1.1]) and that an SPP is a DSPP if and only if it can be obtained by
p-thinning for every p € (0, 1) (see Mecke [92, Satz 5.1]). This indicates that (®(t, D)):>0
may be a doubly stochastic Poisson process.

Lemma 4.6. For any D C D, (®(t,D))t>0 is an integrable F-DSPP with constant in-
tensity (Aap)i>o-

Proof. Fix D C D. The conditions (2.10) and (2.11) of Definition 2.83 of a DSPP are
obviously satisfied by the Fy-measurability of ap. Therefore, it remains to show the
condition (2.12). For this purpose, we set X,, = 1z, _py for all n € N. Hence, P(X,, =
1| Fo) =ap =1-P(X,, =0]|Fp). That is, X,, is conditional Bernoulli distributed given
Fo with parameter aop and conditionally independent of (N;);>o given Fy. Therefore,
Sy, = Z:‘L:I X, is conditional binominal distributed given Jy with parameter n and ap.
Thus, by the binomial theorem, for any z € [0, 1],

[257 | Fo] = sz]P =k|Fy) = sz (Z> aph(1—ap)" ™" = (zap + (1 -ap))".

k=0

"Multivariate point process means here that the jump times of the marginal simple point processes
are disjunct almost surely. Multivariate point processes can also be seen as special marked point
processes, compare the definition given on pages 19-20 in Brémaud [20].
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Hence the conditional probability generating function given Fy of S;_g, where Sy := Sy,
t > 0, holds for every 0 < s < t because of the independence of N;_s and (X, )nen as
well as the Poisson distribution of N;_, with parameter A(t — s),

B[z | Fo] = 3 BL% | Fol B(Ni-s = 1| Fo)

_ e 5 (an + (=)= 9)”

o :eXp{)\aD(t—s)(z—l)}

n=0

for all z € [0,1]. Since the distribution of a discrete random variable is uniquely de-
termined through the probability generating function and the probability generating
function of a Poisson distributed random variable X with parameter A is given by
exp{\(z — 1)}, z € [0,1], we obtain from the equation above that S;_s is conditional
Poisson distributed given Fy with parameter A ap(t — s). Consequently, the conditional
characteristic function given Fy of Sy_g is

E[eiust_s|f0] :exp{(eiu—l))‘aD(t_S)}’ u € R.

An easy computation shows

Ny
Se—Si= > Xi=> Ur<yliz,=py — > Lin.<s}liz,—p} = ®(t, D) — ®(s, D).
i=Ns+1 neN neN

Furthermore, we have, for any s,t > 0 and n € Ny,

J
P(Sss — St =n|Fo)= . P(Z Xe:n,Ns:z',NsH:j!fo)

i,j€ENg,j>i 0=i+1

Z <ZX€—”|]:O> P(Ns =i | Fo)P(Ngtt — Ns = k| Fo)

1,k€Np
=) P(ng_mfo) P(N; = k| Fo) Y P(Ns =i | Fo)
keNp 1€Np
=) ]P’(ZXg—n Nt—k\}“o) —IP’<ZXg—n]-"0> =P(S; =n|F).
keNg /=1

That is, (S¢)¢>0 has conditionally stationary increments given Fy (cf. e.g. Schmidt [113,
p. 86] for the definition). Taking this into account, we obtain

E [ew@(t,p)—cp(sp)) |}-S} —E [e“‘(st—ss) ‘}-S] = E [e™S2 | F]
= exp {(ei“ —DXap(t—s)}

for every u € R and 0 < s < t, which yields condition (2.12). To complete the proof,
we show the integrability. Since (®(¢, D))s>0 is an §-DSPP with intensity (A ap)t>o and
a = (ap)pcp takes values in Ay (cf. Assumption 4.1), we get

Zk )\OéDt /\OtDt]

E[®(t, D)] = E [E[®(t, D) | Fol] =
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2 (Aapt)F! (Aapt
=E|Xapte **P' " ((Z‘D_)l)'] = ME [a e~ Aant Z 0‘7[’) = ME [ap] < Mt
= ’ k=0

for every t > 0. 0

Lemma 4.7. For any B € P(P(D)), the §-predictable intensity of the SPP (®(t, B))t>0
is (A pen O‘D)QO'

Proof. Fix B € P(P(D)). Obviously, the process (AY e p aD)t>0
predictable. According to Lemma 4.6 in connection with Proposition 2.85, (®(t, D))>0

is an SPP with intensity (Aap)i>o for every D C D. Consequently, we have, for any
non-negative §-predictable processes (Ht):>0,

E |:/ H; dq)(t,B):| =K [Z HTn]l{Tn<oo}]l{ZnEB}]
0

is non-negative and §-

neN
=E [Z Hy, 17, <00} Z ]l{zn:D}] [/ H;do(t, D)]
neN DeB DeB
_ZE[/ Ht)\Odet] / H; )\ ZaDdt]
DeB DeB

Note that the equation is trivial for B = () since in this case (®(¢,0)):>0 is constant zero.
This completes the proof O

Our aim is to apply the filter result for marked-point-process observations (Theo-
rem 2.101), where the observed filtration is §®. For this purpose, we need local charac-
teristics of ® = (T, Zn)neny W.r.t. § and §, respectively (see Definition 2.99). These
characteristics are given in the next two propositions using the following notations.
Notation. Let j € {1,...,m}. From now on, we set a? := 0 and we denote by p; =
(p;(t))t>0 a cadlag modification of the process (P(a = a; | F¥))ezo, ie.

pi(t) =Pla=a;|F), t>0.

Furthermore, for any D C D, ij = (pf (t))t>0 denotes a cadlag modification of the

process (P(ap = aJD |]-'tq>))t>0, ie.

ij(t) =P(ap :af)|}"tq)), t>0.

Moreover, for any D C D, we set

m
=Y appplt), t>0,
k=1

i.e. pP is a cadlag modification of (Elap | F¥])e>0 since Y1t aP pP(t) = Elap | Fi]. We
further denote by (pt):>0 a process which is defined by p: := (p1(t),...,pm(t)), t > 0.

Justification of the notation. It is clear that P(a = a; | Ff¥) = E[l{g=a;} | F2], where
(]l{a:aj})tzo is a bounded and cadlag process. Moreover, the filtration F* is right-
continuous according to Thm.2.69. Consequently, by Proposition 2.31, the process
(P(a = a; | F?))i>0 admits a cadlag modification. In the same manner we can see
that the process (P(ap = af | F2))i>0 has a cadlag modification. O
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The process (pt)>0 is called the filter of &, which can be seen as the posterior proba-
bility mass function of & given Zi, ..., Zy,. Therefore, from the insurer’s point of view,
the filter (pt)t>0 is of main concern. It encapsulates the information gathered so far
about the thinning probabilities which can be expected from the claim arrivals.

Remark 4.8. (i) For t = 0, F is the trivial o-algebra (i.e. & = {},Q}) and, con-
sequently, p;(0) = P(a = a; | FY) = P(p = a;) = 7a(j), j = 1,...,m. Recall that
7 = (ma(1),...,ma(m)) describes the probability mass function of the given prior
distribution Il5 of @. So p;(0) is known by the insurer for every j =1,...,m.

(ii) Notice further that p”(w) € (0,1) for P-a.a. w € § since ap € (0,1) due to
the assumption that & = (ap)pcp € Ay, compare Assumption 4.1, Moreover,

EDC]D)ptD =E[> pcpap | 7] = 1 and thus ZDC]Dp,{D_ =1.

Lemma 4.9. The F-intensity kernel of ® = (T}, Zp)nen, denoted by (u(t,dz))e>0, is
given by

B)=X> ap, t>0, BeP(PD).
DeB

Proof. Fix B € P(P(D)). Firstly, we have to show that A is a transition kernel from
(Rt Q, BT®@F) to (P(D), P(P(D))), compare Definition 2.96. Since ap is Fp-measurable
(in particular, F-measurable), (A Y pcp ap)i>o is an F-adapted and continuous process
and, consequently, measurable w.r.t. 7 (compare Proposition 2.16), i.e. A pap is
Bt ® F-measurable. Moreover, it is easily seen that through A", 5 ap(w) a measure
on (P(D),P(P(D))) is defined for every w € € since A > 0. Secondly, we have to prove
that (M) pcpap)i>o is the predictable §-intensity of (®(t, B));>0 which was already
shown in Lemma 4.7. O

Proposition 4.10. The local §-characteristic of ® = (Ty,Zn)neN, denoted by
(At, p(t, dz))e>0, is given by

M=X ut,B)=)Y ap, t>0, BeP(PD)).
DeB

Proof. The announced characteristic follows immediately from Lemma 4.9 and the ob-
vious fact that a stochastic kernel from (R* x Q, Bt ® F) to (P(D), P(P(D))) is defined

through ), ap. O

Proposition 4.11. The local §®-characteristic of ® = (Ty, Zn)nen, denoted by
(/\t, w(t,dz))e>0, is given by

A=A ft,B)=> pl, t>0, BeP(PD).
DeB

Proof. Obviously, (A)¢>0 is non-negative and it is an &®-predictable process. We define
fi(t,w,B) == Y peppP (w) for every t > 0, B € P(P(D)) and w € Q. According to
Remark 4.8 (ii), it holds 7i(t, P(D)) = > pcppf. = 1, ie. i(t,w,dz) is a probability
measure on P (D) for P-a.a. w € Q and all ¢ > 0. Furthermore, for any B € P(P(D)), we
have
Rt x Q> (t,w) > i(t,w, B) = Zpt
DeB

is (BT ® F2)-measurable since (pP );>0 is §®-predictable and, hence, F®-progressively
measurable (cf. Prop. 2.56), in particular, measurable w.r.t. .7-"32). This establishes that
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fi(-,dz) is a stochastic kernel from (R*x Q, B¥® F2) to (P(D), P(P(D))). It remains to
prove that (A" peq, ptD_)t>O is the F®-intensity kernel of ®. Clearly, A Yy, PP () is a
transition kernel from (R*x Q, Bt@ F2) to (P(D), P(P(D))) since fi(-,dz) is a stochastic
kernel from (RTx Q, BtT@ F2) to (P(D), P(P(D))). Next, we fix B € P(P(D)). The task
is now to show that (AY" 5 P2 )i>0 is the F*-predictable F*-intensity of (®(t, B))i>o.
To do this, let us remind that we have seen in Lemma 4.7 that (A} pcp O‘D)tzo is an
F-intensity of (@(t,B))t>0. We know already that ()\ > peB ptD)t>0 is a cadlag mod-
ification of ()\ E[> pepap| ff])po (
measurable.  Therefore, by Proposition 2.81, we get that ()\ > DeB ptD)t>0 is an §®-

see notation above) and, hence, §®-progressively

intensity of (®(t, B));>0 and, in consequence, (A ,cppE )i>0 is the F®-predictable
gq’—intensity. u

Notation. We denote by ®(dt,dz) the compensated random measure of ®(dt,dz) which
defined by N
®(dt,dz) := ®(dt,dz) — A u(t, dz) de, (4.2)

where [1 is defined as in Proposition 4.11.

Remark 4.12. Notice that ®(dt,dz) and ®(dt,dz) + Ai(t,dz)dt are equal random
measures on RTx P (D). This plain property will ensure that the reduced control problem
solves the partially observable problem, compare Section 4.3.

We are now in the position to determine an equation for the dynamic of the process
(pj(t))e>0, j € D, and thus a dynamic for the filter (p;)¢>o.

Theorem 4.13. For any j € {1,...,m}, the process (p;(t))i>0 satisfies

p;(t) = ma( / /73(11)) (a ];js_ )—pj(s—)> cT>(d$,dz), t>0. (4.3)

Proof. The aim is to use the filter results for marked point process observations stated
in Theorem 2.101. To do this, let us fix j € {1,...,m} and set Z; := l(5-4;). Ob-
viously, Z; is Fp-measurable. Hence Assumption 2.100 is fulfilled and we can apply
Theorem 2.101, which yields under consideration of E[Z;] = P(& = a;) = m4(j) and
Zj(t) = E[l{azayy | F7'] = (1)

pj(t) = / / () (B(ds, dz) — Af(s, dz)ds),  (44)

where A; is an §®-predictable function indexed by P (D) satisfying (2.20). It remains to
determine A;. To do this, we denote throughout the proof by H an arbitrary bounded
F®-predictable function indexed by P(P(D)). We know from (2.20) that A; is computed
from

[// 2, H(s,2) A (s, dz) ds

Recall that p(t,dz) = Y e, ap and fi(t,dz) = Y g, Y. are probability measures on
P(D) for every t > 0 and w € Q as well as that the integrand of a Lebesgue integral
can be changed at countably many points without changing the integral. On account of

// A;(s,2) H(s, 2) Nfi(s,dz) ds | . (4.5)
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these facts as well as Fubini’s Theorem, we conclude that

// ai_ (“”“(SdZdS]: [// Grt) (S,z))\Zpsts]

Dedz
_]E ZHS D )\a pj dS] / S D))\GJDP(dzaj|f?)] dS
0 Heb 0 Dcp

:/ > E|H(s,D) )\Zak]l{ak oy P(a=ar,ap =af | F)| d

0O pcp L k=1

t
:/ SE H(s,D)/\E[apll{a:ajﬂffﬂ ds

O pcp

t -
:/ SE E[H(s,D)AaD]l{a:aj}\ffﬂ ds

O pep -

= /Ot Z E :H(S,D))\O{D ]l{d:aj}} ds

/ > ZjH(s D))\apds] =F [/Ot/P(D)ZjH(s,z))\,u(t,dz)ds

0 Db

In the sixth equality, we have used the P(F®) ® P(P(D))-measurability of H, which
implies that H(s, D) is .7-";1) -measurable for all s > 0. Recall that, for any D C D,
P ¢ (0,1) P-almost surely, compare Remark 4.8. By setting
z . J—
Aty 2) = ‘W;Jz(t), t>0, zeP(D), (4.6)
i

the calculation above has shown that A; satisfies condition (4.5). Moreover, A; is an
®-predictable function indexed by P(D). Indeed, in the light of the F*-predictability
of (p;j(t—))i>0 and (p7_)t>0, we have that A;(-,2) is measurable w.r.t. P(F®) for every
z € P(D). Furthermore, since P(P(D)) is the set of all subset of P(D), 4; is P(F?) ®
P(P(D))-measurable. Therefore, the proof is completed by inserting the computed A;
in Equation (4.4). O

Remark 4.14. It is worth noting that the process (p;(t))i>0 given by (4.3) is an FV
process since it is the difference of two Lebesgue-Stieltjes integrals. Notice further that
filter p takes values in A,,.  We verify this by showing that the sum over all j €
{1,...,m} of right-hand side in (4.3) is one. For any t > 0, we have (since T € A,,)

Bl e

t
:1+// Jl%— D ®(ds,dz),
0 JP(D) j Z ’

where

D pi(s) =) Pla=a;| F") =1
j=1
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and, as above,

271 JPJ():Z] 1 [az]l{a a}‘]:t]
ps [az|f7tq>]

=1, zePD).

So, by using the left-limit processes of the corresponding cadlag modifications of the
conditional expectations in the equation above, we obtain

M_l and Zp] )=1, zeP(D),

Ds—

and thus

// %_Z% 1| B(ds,dz) = 1.
0 JP(D)

ps_
Let us mention some elementary properties of the filter (p;)i>0.

Proposition 4.15. For any j € {1,...,m}, the process (p;(t))i>0 given by (4.3) is an
F®-martingale.

Proof. Fix j € {1,...,m}. Appealing to Corollary 2.98, the process (p;(t))i>0 given
by (4.3) is an F*-martingale if

ap
// pj —pJ ‘)\Zps ds

Dedz
With the help of Fubini’s theorem, the triangle inequality, Remark 4.8 (ii) and the facts
that a; € Ay, j=1,...,m, and p;(s),p? > 0, we get
&

t a“fp-(s ‘
9477
7—29 )\ E pS ds g K
/0 P(D) z / ]

Dedz DcCD

<A E[/Oap] ds]+AZEU ds}

< oo, t>0.

GPJ()

—pj(s)

Ap? ds]

DCD DCD
:)\/ dsZa —i—)\/ [pj(s)pr]ds
0 DCD DCD

=1 =1

t t
:2)\/ E[E[ﬂ{a:aj}lff’]} ds:2>\/ P(a = a;)ds = 2A ma(j) t < 2\t < o0,
0 0

for all t > 0. L]

Proposition 4.16. The filter (p:)i>0 is a pure jump process and the new state of (pt)i>0
after the jump times (T, )nen is given by

pr, = J(an—7 Zn)a n e N7

where
J(p,D) := ( al p1 aﬁpm > p=(p1 Pm) € A DcD. (4.7)
7 Dokt ak e Py CLE pE/) B "
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Proof. Let us fix j € {1,...,m} and ¢t > 0. First, we show that the continuous part
(p§(t))e=0 of the process (p;(t))i>0 is constant zero. By definition of ® given in (4.2)

and (4.3), it follows
aZ pj(
a(j +/ / ( 5(57) pj(s—)> ®(ds, dz)
P(D) Pi-

_Z// (a 21 _pj(3)> ApP ds, )

DcCD

where the integral w.r.t. ® is a sum. Hence, due to Remark 4.8 (ii), (p§(t)):>0 satisfies

—/\Z/<a pils —pj(8)>ps dS——/\/pJ <

DcCD

Z Dy >ds =0.
DCD DCD
N——
:1 =1
Thus (p;(t))i>0 is constant between the jumps and p;(t) = 74(j) + > s<; Ap;j(s). That
is, (pt)t>0 is a pure jump process. Moreover, according to Equation (4.8), we have

Z Ap; (D) // (a I;Js_ )—pj(s—)) (ds, dz).

and consequently

Z
" pj(Tn—)
Ap;(T,) = 72 —p;(T,—), neN,
pT

Therefore, the new state of (p;(t))i>0 at (T )nen is

Z,
a‘np'(Tn_)
pi(Tn) = pj(Tu=) + Ap;(T,) = % n€N.
T, —

n

Notice that

I
™
=
]
]
Ql
I
&
By
N
NE
~
S
N

ke{l,...,m}: Le{1,...,m}: k=1
akDyéaijE{l ..... m} aP=aP

since

Y Pla=alF), k=1,...,m,

Le{1,...,m}:
aP=a?

is the probability mass function of the conditional distribution of the Dth component of

@ given F;*. Thus
m
Zn Zn
Pr._ = Zak pk(Tn
k=1
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This yields pr, = J(pr,—, Zy) for all n € N, where J is defined by (4.7). O

Remark 4.17. (i) It should be pointed out that the proof of Proposition 4.16 yields

pj(t)

_ / / (a Z’s_ )—pj(s—)> O(ds,dz), t >0, j=1,...,m

(ii) In the proof we have seen that

pP = api(t), (4.9)
k=1

which is the known relation that the mean of some marginal distribution can be
calculated by replacing the marginal distribution with the common distribution in
the corresponding integral.

The derived pure jump property of the filter (p;);>¢ is illustrated in Figure 4.1, which
shows a sample path of the filter process in the case of A = {a1,a9,a3} with a3 =
(4/9,4/9,4/9), as = (5/9,2/9,2/9), ag = (1/3,1/3,1/3), where the prior distribution
is given by 75 = (2/5,2/5,1/5). The trajectory of the filter was simulated under the
assumption that the (unobservable) realization of & is ag, i.e. P(&@ = a; | Fp) = 1. This
is recognized by the filter over time since the probability that the dependencies between
the LoBs are given by as is nearly 1 at the end of the consider time interval, compare

the red line.

state of the filter

Figure 4.1:

1.0

0.8

0.2

time

A trajectory of the filter process (p;);>o under the assumptions A = {aq,a2,a3}
with a1 = (4/9,4/9,4/9), az = (5/9,2/9,2/9), as = (1/3,1/3,1/3) and that
Ta = (2/5,2/5,1/5) as well as P(a = ay | Fo) = 1.

The representation of the filter (p:)i>o given in Theorem 4.13 allows us to reduce
the partially observable control problem (P) to one with a state process containing
all relevant observable information about the unknown interdependency between the
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insurance classes whose solution solves the original problem. Before moving on to the
reduced control problem, we carry out some useful properties of aggregated claim amount
process and the surplus process.

Properties of the aggregated claim amount process and the surplus process.
For the stochastic control approach, it will be helpful to use a compensated random
measure of the marked point processes ¥ = (T, (Y,, Zn))nen introduced on page 35
to represent the aggregated claims left to the insurer in the surplus process X&? given
by (3.7). The compensator of ¥ is determined by applying the following lemma.

Lemma 4.18. The §-intensity kernel of ¥, denoted by (v(t,d(y, 2)))t>0, is given by

v(t, (A, B)) A)Y ap, t>0, (A B)eB((0,00)") ®P(P(D)).
DeB

Proof. Let us fix t > 0 and (A, B) € B((0,00)%) @ P(P(D)). The task is now to
show that (v(t, (4, B)))i>0 = (AF(A) Y pep ap),s, is the F-predictable F-intensity of
(U(t, (A, B)))t>0, where the required non-negativity and §-predictability are obviously
satisfied. Moreover, it holds fg)\F(A) Y pegapds = AF(A) Y pcpapt < At < oo.
From Assumption 3.3 and fact that (A} pcpap)i>o is an §-intensity of (®(t, B))s>o
(see Lemma 4.9), it follows

E [/OOO H, W(ds, (A,B))]

=k Z HTn1{Tn<oo}]1{zneB}]1{YneA}]

neN
_E[/HédsB} /HAZaDds [/H)\F )Y apds
DeB DeB
for all non-negative F®-predictable processes (H¢)t>0, which finishes the proof. O

Remark 4.19. In this chapter, ¥ is a Poisson random measure (PRM) since the back-
ground intensity is deterministic and thus IV an homogeneous Poisson process. Therefore,
according to Mikosch [94, Prop.7.3.3], ¥ is an PRM with a mean measure defined on
R*x (0, 00)% x P(D) which is given by v(dt,d(y, z)), where v is defined as in Lemma 4.18.
This property of ¥ is called independent marking of the PRM N. Notice that in the
general setting, if the background intensity A of IV is randomized, then N has no longer
independent increments (cf. e.g. Scherer and Selch [108, p. 141]) and thus ¥ can only be
understood as a random counting measure in general, not as PRM.

The following result will be proved in the same way as for Proposition 4.11.

Proposition 4.20. The §¥-intensity kernel of ¥, denoted by (U(t,d(y, 2)))e>0, is given
by
v(t, (A, B)) A) > pl, t20, (A B)€B((0,00)%) @ P(P(D)).

DeB

Proof. Fix t > 0. In the proof of Proposition 4.11 we have seen that

R x Q x P(P(D)) 3 (t,w,B) = > pP (w
DeB
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is a stochastic kernel from (R*x Q, B¥® F?) to (P(D), P(P(D))). Therefore, since F(A)
is deterministic, positive and constant in time for every A € B((0,00)%),

Rt x Q x B((0,00)%) @ P(P(D)) > (t,w, (4, B)) Ay pP
DeB

is a transition kernel from (RTx Q, B¥® F?) to ((0,00)¢ x P(D), B((0,00)%) @ P(P(D))).
The only point remaining concerns the intensity property of v(t,d(y, z)). For this pur-
pose let us fix (4, B) € B((0,00)%) ® P(P(D)). The process (AF(A) 3 peppf)izo
is obviously non-negative and F¥-predictable due to the F®-predictability of (p” )t>0
and satisfies f(f)\F(A) S peppl ds < AF(B)t < oco. Furthermore, using Assump-
tion 3.3, Fubini’s Theorem and the fact that (AY. pcppP )i>0 is an F®-intensity of
(®(t, B))t>0 (see proof of Proposition 4.11), we obtain by a similar calculation as in
proof of Lemma 4.18

E UOOO H, U(ds, (A, B))] =E /OOO qu>(ds,3)} F(A)

=FE / Hs/\pr)_ds
0

DeB

:IE/ HAF(A) ) pf ds

DeB

F(A)

Y

for all non-negative F®-predictable processes (H¢)>0, which completes the proof. ]

Notation. We denote by \T/(dt, d(y, z)) the compensated random measure of ¥ which is
defined by

U(dt, d(y, 2)) == ©(dt,d(y, 2)) — D(t, d(y, 2)) dt, (4.10)

where v is defined as in Proposition 4.20.

Using the introduced compensated random measure \TJ, we obtain another way to state
the aggregated claims process. Recall the notation of E¢ introduced on page 35.

Proposition 4.21. The aggregated claim process S = (St)i>0 s given by

//Edzy’z L(ds, dy. 2) “Z/ dsiﬂD(i)E[m t>0.

DcCD
Furthermore, Sy satisfies

m d

E[S) =AY alma(k)> 1p(i)E[Yi]t, t=>0.

DCD k=1 i=1

Proof. Taking into account (3.3), (4.10) and Proposition 4.20, we get

//Edzyl (1) ¥(ds, d(y, 2)) Z//o ZMD )AF(dy) p? ds

DCD i=1

/[EdZyz (i) U(ds, d(y, 2) —l—)\Z/ps dsZ]lD t >0,

DcD
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which yields the asserted representation of S;. Next, we use this representation to infer
the expectation of S;. In order to achieve this value, we will show that the process (1:):>0

given by
// Zyzz B(ds,d(y, 2), >0,
Ed

is an FY-martingale. By Corollary 2.98, (Me)e>0 is an §Y-martingale if the function
H:R*x Q x (0,00)% x P(D) defined by

d

H(t,y,z):= Z yil,(7)

i=1

is an §¥-predictable function indexed by (0,00)¢ x P(D) and satisfies

E [/(:/Ed |H(s,y,z)|ﬁ(s,d(y,z))ds] <o, t>0.

It is easily seen that H holds the desired predictability property. Having disposed this
preliminary step, we can calculate the expectation above by Proposition 4.20 and we
obtain that the expectation above is equal to

AYE //0 Zyznp F(dy) pt ds]—)\ZZ]ID [/Otpsts],

DcCD i=1 DCD

where, by Fubini’s theorem,

In consequence, the martingale property of (7;):>¢ follows since ]E[Yf] <oo,t=1,...,d,
compare Remark 4.4. Moreover, the martingale property of (1:):>0 implies

Z Y ip(i /Dds]

E[St] - E[ﬁt] + E

=1 DcCD
m
=A) > ap ma(k) Z]ID(Z')IE Y]t
DCD k=1 i=1
due to the calculation above. O

The propos1t10n gains in interest for the following reformulation of the surplus process
xéb — ( Xf’ )es0:

dx;’ = <rX§”’ (1= )& +clbs) — Aby > pf Z“D > d

DcCD =1 (411)

T £0dW, — /btzyw B(dt,d(y.2), ¢ 0.
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This representation will be one part of the reduced control model, which will be discussed
in the next section.

4.3 The reduced control problem

The state process of the incomplete information problem (P) consists only of the sur-
plus process. To obtain the reduced control model, we have to integrate the additional
information about the unknown interdependencies between the various business risks
which the insurer receives. For this purpose, we extend the state process by the finite di-
mensional filter process (p;):>0 which contains all relevant observable information about
the unobservable thinning probabilities. The extended state process is the reduced con-
trol model, where the G-adaptability of all components ensures the observability of this
process for the insurer.

After this preliminary consideration we are now in the position to present the control
problem in a rigorous way. It should be noted that our aim is to solve the reduced control
problem by applying the dynamic programming method. The basic idea of this method
is that the solution comes from a family of control problems by varying the initial state
values and determining relations between the associated value functions.? To state this
family of control problems, we fix some initial time ¢ € [0,7") and consider the state
process on [t,T]. According to the results above, the complete observable controlled
process (state process) (X7, ps) selt,r] 18 an (m + 1)-dimensional process characterized
for (¢,b) e U[t, T] by

d
dx&h = <1"X§’b + (=) +elbs) = Abs > > psDﬂD(i)E[Yﬂ) ds
1=1 DCD (4'12)

d
+ €0 IV, —/ b Sy () B(dt, d(y, 2)),
Bt

a; pj(s—) ~ .
dp;(s) = / (z —pj(s—)> ®(ds,dz), j=1,...,m, (4.13)
P (D) Ps—

for s € [t,T], where Xf’b =z € Rand p; = p with p = (p1,...,Pm) € Ay,. Recall that
Xg’b = z9 and p;(0) = P(a = a;) = 7a(j), 7 = 1,...,m. We see that all processes
involved in the state process are &-adapted whereby the reduced model is observable
for the insurer. Due to this full observable framework concerning the state process, the
reduced control problem stated below is often referred to as the reduced problem under
complete information in the literature.

The block diagram displayed in Figure 4.2 illustrates the feedback control in the
reduced control model, which shows the additional dependency of the control on the
filter process. The block diagram already anticipates that the filter process reasonably
only affect the reinsurance strategy but not the investment strategy, as the filter only
provides information about the insurance risks.

Now, we can formulate the reduced control problem. For any (£,b) € U[t,T], the
objective function is given by

VUt z,p) = BP [U(X3)]
= E[U(X%b) |Xt§’b =z,pr=p|], (t,z,p)€[0,T] xR x A,

2See Section 3.1 in Pham [100].
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Environment

X f * controlled surplus

by dS; jump noise

& o dW; diffusion noise

& control Xf’b state

b; control p; state

Figure 4.2: The feedback control in the reduced control problem.

With this optimization criterion, the value function takes the following form:

V(t,z,p):= sup V(t,z,p), (t,z,p) €[0,T] xR x A, (P1)
(€.0)eU[t,T]

At this point, it is not trivial a priori whether the value function is measurable since the
upper bound of an uncountable set of measurable functions may be a non-measurable
function, which is emphasized in Gihman and Skorochod [64, p. 174]. The measurability
will turn out later. Similar as before, an investment-reinsurance strategy (£*,b*) € U[t, T
is optimal if

Vit,p) = VEY (La,p),  (62,0) € [0,T) X R x A,
The insurance company is interested in the optimal strategies (£*,b*) € U[t, T] with

(€,0*) = argsup Vi(t,2,p).
(&b)eu[t,T)

Solving the maximization problem directly over all uncountable many strategies is not
obvious at all. As already indicated above, the introduced formulation of the problem
depending on different initial states allows us to apply the dynamic programming prin-
ciple which splits the optimization problem into a collection of pointwise maximization
separately for every time t. Therefore, an optimal strategy obtained by the dynamic
programming principle (more precisely by the HJB equation, which is derived by the
dynamic programming principle) is always necessarily Markov, where (£,b) € U[t,T]
is called Markov strategy if it is of the form (&,bs) = (v(s, X5, ps), w(s, X5, ps)) for
some measurable functions v : [0,7] x R x A, = R and w : [0,7] x R x A, — [0, 1].
The reason for the introduced terminology is that the surplus X¢? is a Markov process if
(£,b) is a Markov strategy w.r.t. the state process (Xf’b,pt)t. This does not hold in gen-
eral since the investment-reinsurance strategies may depend on the entire past history.
However, since the filter (p¢):>0 contains the information from the past, the strategies
depend on the history in the view of the original problem.

Before applying dynamic programming ansatz, we have to realize that solving the
reduced control problem (P1) is in fact solving the original problem (P). This is settled
by the circumstance that the valued function V(t,z) defined in (P) depends on the
history & only through the filter (p:):>0. So the filter (p;):>¢ contains the information
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needed to solve the original control problem (P). Furthermore, the representation of
the surplus process in (3.7) and in (4.11) are indistinguishable due to Remark 4.12.
Hence, for any (£,b) € U]t, T1,

VOt x,py) = VOO (t,2) and thus V(t,z,p;) = V(t,z), (t,z)€[0,T] xR.

An immediate consequence is that an optimal strategy for the reduced control problem
is optimal for the original problem (an vice versa). It should further be noted that the
existence of an optimal strategy is not guaranteed. The existence issue will be addressed
at the end of Section 4.7.2.

After the verification that an solution of our problem (P) can be obtained by dealing
with the problem (P1), we take a closer look at the value function V' by the next lemma
which states elementary properties of the value function (similar to Lemma 3.3 in Biuerle
and Rieder [31]) using the following notation.

Notation. From now on, we denote by e the k-th unit vector in R™.

Lemma 4.22. (i) For any t € [0,T], (§,b) € U[t,T], p = (p1,---,Pm) € A, and
x € R, it holds

m
Vg’b(t, x,p) = ij Vg’b(t, z,e;).
j=1

(ii) For anyt € [0,T] and x € R, the function A, > p+— V(t,x,p) is convexr.
Proof. (i) The equation follows immediately by conditioning.

(i1) Let us fix t € [0,T], p = (P1,---sPm) € Ay ¢ = (q1,---,qm) € Ay, and f €
[0,1]. From negativity of the utility function U, it follows immediately that V? is
negative. That is, U[t, T] 3 (£,b) = VEL(t, z,p) is bounded from above. Therefore,
using statement (i) and Proposition B.2, we obtain

V(t,z,Bp+ (1 - B)q)
= sup 2(5}73' + (1 - ﬁ)qj)Vf7b(t,m, €j)

(Eb)euit,T) =

= sup 5ijvgvb(t7x7ej> +(1 _B)ZQjV§7b(tvwa€j)

(&:b)eU[t,T]
67 E?
sup piVS(t,x,e) + (1 —f5) sup q; VSO (t, x, ef)
gb eutT]jzl ! (eb)eultT) § Z ’
:BV(t,x,p) (1_6)V(t7xvq)7
for all z € R. O

Before focusing on the solution of the reduced problem, we conclude the section with
a discussion on the used reduction approach.

Remark 4.23. To make inferences about the unknown thinning probabilities we have
used a Bayesian approach. Essentially, we make use of the Bayesian estimator for the
thinning probabilities. One might wonder if it is possible to use other estimators as
well. For the answer let us recall the definition of the objective function V&b(¢,z) =
E[E[U(Xf’b) | Gi] |Xf’b =z], (t,z) € [0,T]xR. The definition of V¢ uses the conditional
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expectation, so that the function will not change if we insert a Bayesian estimator. If, on
the contrary, we had used another estimator which is not the projection on the observable
filtration (e.g. the maximum likelihood estimator), then the objection function V& would
change which means that we could not solve the original problem (P) if other estimators
than the Bayesian were used for the reduction.

4.4 The Hamilton-Jacobi-Bellman equation

To determine an optimal control of the stochastic control problem stated in (P1), we
are going to derive the partial (integro) differential equation of stochastic dynamic pro-
gramming principle, known as the Hamilton-Jacobi-Bellman equation or simply as the
Bellman equation. The HJB equation is derived heuristically with the help of the dy-
namical programming principle (DPP), which yields, as byproduct, a candidate for an
optimal investment-reinsurance strategy. A formal proof of the relationship between the
value function and the HJB equation follows later in the verification step in Section 4.7.
Due to the heuristic derivation of the HJB equation, no proof of the DPP is required at
first.

The starting point for the motivation of the HJB equation is DPP which is also referred
as Bellman principle: Let 7 € [t,T] be a &-stopping time. Then

V(t,z,p)= sup EHP [V(T, Xf’b,pT)] (4.14)
(&,b)eU[t,T]

for all (¢, z,p) € [0, T] xR xA,,. As explained in Pham [100, p.41], the Bellman equation
can be interpreted as follows: The optimization problem can be split into an optimal
control part from time 7 given the state of the surplus X% and of the filter pr (ie.
determine V(, Xﬁ’b,pT)) and then maximizing the quantity EX*P[V/(r, Xﬁ’b,pT)] over
the investment-reinsurance strategies on [t, 7].

In the following we choose some fixed time point ¢ty € (¢,7]. Recall that the filter
(pt)e>0 is a pure jump process, compare Proposition 4.16. We suppose that V is sufficient
smooth such that the It6-Doeblin formula can be applied to V (¢, Xto , Do) on [t to]. Tt is
convenient to use the modified version of the [t6-Doeblin formula given in Corollary 2.58,
which yields

to to
V(to, X5 peo) = V(8. X2 p1) + / Vi(s, X8, pg) ds + / Vi(s, X80 pe_) d(XE0)C
t t

1 [t
+/ Vaa(s, X3 ps) A[XEP)S + )7 (V (5, X5, ps) = V(5, X532, ps- ))
t

2
t<s<to

where V;, V. and V., denote the partial derivatives of V w.r.t. t, x and xz, respectively.
By Propositions 3.15 and 4.16, we get

b
V(t07 XtEO 7pt())

to
-V, Xt&b’ptH/t (Vt(s, X5 po) + Vi(s, X080, po) (rXSY + (1 — 1)€s + (b))

1 to 4.15

+ 5 Vao(s, XE7,p)€2 2)ds+/ Vils, X5, po)eso AW, (4.15)
t

+ Y (V(S,Xﬁ’b,ps)—v( XS pse ))

t<s<to
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Next we turn our attention to the sum in the equation above. Since X&* and p jump
only at trigger arrival times (T},),en, We obtain

> (V(s, X5 ps) = Vs, X520 pso))

t<s<to
b b ,b
=) (v V(T X3°_ + AX53 p1,) — V(T X537 01, ) L (e 00])
neN

According to Proposition 3.15 and Proposition 4.16, we have

d
AXE' = by, > Yilgezy, pr.=Jp1,— Zn), neN.

i=1
Therefore
> (Vs X5b,pe) — Vs, X5, ps))
t<s<to
= Z< ( n7X£b _an ZY]l{zEZn}y (an aZ ))_V(TmX%f_van—)>]l{Tn€(t,to]}
neN i=1

[ (v ny Zyl 0,7 2)) = V(5. X ) ) W 2)

Using the compensated random measure 7 given in (4.10), the last line above is equal
to

/tto/Ed <V<5,X§b bs Zy@ 2(1), J(ps—, )) Vs, X5 pe_ ))@(ds,d(y,z))
d
b - i Z 9 Sy S
+)\Z/ Ds / Xs bs ;:1 yz]lD() J(p D))F(dy)d

DcCD

—)\/ VSXS , Ds) Zps ds.

DCD

=1

Inserting this in (4.15) yields
V(t07 th(;bupto) - V(ta th’b7pt)

to
+ / (v< XEP,py) + Vi (s, X5, pa) (hXEP + (1 — )&, + (b))
t

1
+ 5 Vi (5, X§¥, ps)30™ = AV (5, XE°, ps) (4.16)
d
—i—)\ZpS / ( ,Xg’b—bSZyi]lD(i),J(pS,D))F(dy)>ds
DCD 0,00) i=1

+ Titg — Tt
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where, for any s € [t, T,

to
" ;:/ Vi(s, XS, ) AW,
t

I (v(sxsr-ny Zyz 0T 1)) = V5. X5 ) ) (s ).

We make the assumption that the process n = (1s)sefr,r) is a G-martingale.  Accord-
ingly, the expectation of n, is zero for all s € [t,T], since the process starts at zero.
Consequently, by substitution (4.16) back into (4.14), we obtain

to
0= sup Etvxvp[ / <Vt<s,X§v”,ps>—AV(s,XS”,ps)
(&b)eut,T] t

+ Va(s, X3P, ps) (rX5P + (1 — )& + c(bs)) + 0 Vaa(s, X5, ps) €2

+A> Py V(s X5~ bsijinD@),J(ps,D) F(dy) |ds|.
=1

DCD (0,00)

It should be noted that we have subtracted V' (¢, z,p) from both sides. Next, we divide
both sides by to —t and consider ¢y | t. By fundamental theorem of calculus for Lebesgue
integrals (FTCL, cf. Sohrab [115, Thm. 11.5.31]) and Equation (4.9), we obtain under
the assumption that the limit interchanges with both the supremum and the expectation
as well as the Lebesgue integral exists

1
0= sup EHP [vz(t, X p) = AV, X i) + =02 Vau (t, XE°, i) €2
(€.b) UL, T] 2
+ Vot X0 pe) (r X004 (10— )& + (b))

+AY Zak pr(t / . V(t,Xf’b - btiyﬂlp(i),J(pt,D))F(dy)}.
0,00 i=1

DCD k=1

Using & € R and b; € [0, 1], we obtain

0=  sup {vt@,:c,p) AV 2p) + 20Vt 2, p)E
(€,b)ER%[0,1] 2
Vit 2p) (re -+ (1 — )€ + (b)) (4.17)
d
N e V(=5 Yol .00 i) .
DCD k=1 0,00) i=1

In case that ¢ = T, the value function holds V (T, x, p) = ET:#P [U(X%b)] = U(z) for all
(xz,p) € [0,T] x Ay,. Equation (4.17) is the HIB equation for V', which was derived by
sending ¢y to t in the DPP given in (4.14) and thus the HJB equation characterises the
local behaviour of the value function in that case. Therefore, the HJB equation can be
seen as the infinitesimal version of the DPP.

The solution of the HJB equation (4.17) could provide a possible candidate for the
value function, which seems difficult to obtain. Therefore, the typical approach is to
simplify the equation by a separation approach. We will be able to separate x and p in
the sense that the value function is represented as the product of two functions, where
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one depends on (¢, z) and one on (¢, p). This may lead to a more easily solvable equation.
Thus the following separation approach of the value function — which is typical for an
exponential utility function — is important in the solution procedure of the presented
optimization problem.

Lemma 4.24. The value function V' holds, for any (t,x,p) € [0,T] X R x Ay,

V(t,z,p) = —e*“xer<T7t>g(t,p), (4.18)

with
t,p) = £ &b 4.19
g(t,p) (Eb)lenu[tT] (t,p), (4.19)

where

T
g*°(t,p) == E"P [exp { - /t a e (= r)& + c(bs)) ds

—/t aoe"T=9¢ dw, +/ /Edozb en(T'=s Zyl .(1) U(ds, d(y, ))}]’

where EYP denotes the conditional expectation given p; = p.

(4.20)

Proof. From Proposition 3.14 follows

T T
X5 = x&ber(M=6) 1 / <T*S>(( —T)§s+c(bs)> ds + / e"T=9)¢ 0 dW,
t

/ /Edb errs Zyz L(3) W(ds, d(y, 2)).

Fix (t,z,p) € [0,T] X R x A,,. Then, with the help of the equation above, we get

VEi(t,z,p)
= Et’x’p[ — exp { — aX%b}]

exp{ —a/tTe’"(TS)<(u—7“)§s+c(bs)> ds
—a/t e"T=9)¢ o dW, +a/ /EdbeTs)Zy,Z U(ds,d(y, ))}]

=1

—azer(T—t)

= —¢ EbP

Defining ¢*°(t, p) as in (4.20), we obtain

V(t,z,p)= sup V't z,p)
(&.b)U]t,T]
= sup {_e_mrmt)gf’b(t,p)}
(&.b)U]t,T]
—aze™(T—1) . b
= —g %€ inf 3 t,p),
(S,b)eu[t,T}g (t.p)
which yields the assertion. O

The next presented properties of the function g defined above turn out to be very
useful in the following.
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Lemma 4.25. Let g be defined by (4.19). Then the following statements are satisfied
(i) g*°(t,p) > 0 for all (t,p) € [0,T] x A, and (£,b) € U[t, T).
(i1) g is bounded on [0,T] x A,.

(iii) g&°(t,p) = 3250, pj g0 (t, e5) for all (t,p) € [0,T] X Ay

aP p;
(iv) gt I (p, D)) = X7y 5o g™ (8 €5) for all (t,p) € [0,T] x Ay and D C D.

et akD Pk
(v) Ap, 3 p— g(t,p) is concave for all t € [0,T].
Proof. (i) The statement follows immediately from the definition of g5 given in (4.20).

(ii) Fix (t,p) € [0,T] x Ay,. From the statement above, we have already the lower
bound g(¢,p) > 0. It remains to find an upper bound for g. Since g(t,p) =
inf (¢ p)evrfe, 17 g*(t,p), g is bounded from above if there exists a strategy (,b) €

U[t,T] such that gg’b is bounded from above.  Let (£,b) € U[t,T] the strategy
which is given by & = 0 and by = 0 for all s € [¢,T]. Then

rT_l
<exp{a<e—n>ne }::Ko,

r

where Ky > 0 is independent of ¢ and p. Thus Ky is an upper bound of g which
completes the proof.

(iii) Similar to Lemma 4.22 (i), we obtain the equation by conditioning.
(iv) Once again, this assertion follows by conditioning.
(v) The concavity can be proven similar to Lemma 4.22 (iii) by using statement (ii). [

In the following we use the separation approach given in Lemma 4.24 to rearrange the
developed HJB eqaution (4.17) for V. Equation (4.18) yields

—azer(T—1) r(T—
Vi(t,z,p) = —e azre' T g(t,p) + gi(t, p),

—aze"(T-1) r(T—
Vilt,z,p) = —e 2 (—aerT gt p)),

—azen(T—1) _
Via(t,2,p) = = 7 a2 2T 0g(t, p).

Using this partial derivative and the relation

V(5o bgym(i),p) ——en{ afs- bgyiw)) e bg(t. )
d

— _eawer™D exp {a bz yi]lD@-)er(Tft) }g(t,p),

=1
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Equation (4.17) becomes

0= inf rT=) ,( Y et
(€.5)ERX[0,1] {O‘”e g(t.p) + g:(t, p) — Ag(t,p)

1
—ad T g(tp)(ra+ (1= 1)§ +c(b)) + 50 a e T (1, p) €
m d
+A D> al preg(t, J(p, D)) / exp {abe““) ZyinDu)}F(dy)},
DCD k=1 (0,00)d i=1

where the integral w.r.t. F' is finite according to Assumption 4.3. The equation is equiv-
alent to

0= inf t,p) — Aglt
L. {gt( ,p) — Ag(t.p)
_ 1 (T
—a e 0g(t,p) (= 1)E +e(b) — S o2 e T ?) (4.21)
m d
+AY Y al prg(t J(p, D))/ exp {abeT(Tt) Zyiﬂp(i)}F(dy)},
DCD k=1 (O’Oo)d i=1

which is the HJB equation for g. Since the terminal utility conditioned on X%b =z
yields —e~“g(T,p) =V (T, x,p) = U(x) = —e~**, a simple final condition follows for g:

9(T,p) =1, pe€A,. (4.22)

Now the value function V' can be determined by first carrying out the minimization in the
HJB equation (4.21) (depending on g), then inserting the obtained minimum, omitting
the infimum operator and solving the resulting ordinary differential equation (depending
on p) with boundary condition g(7") = 1. However, g is probably not differentiable w.r.t.
t because of the jump property of the state process. It has already been mentioned in the
introduction that this difficulty can be overcome by using a weaker notion of a solution
for the HJB equation (viscosity solution) or a weaker notion for differentiability, where
we proceed with the second ansatz.

Assuming ¢ — ¢(t,p) is Lipschitz on [0,7], we can replace g; by a weaker notion of
differentiability, namely Clarke’s generalized subdifferential introduced in Section 2.1,
compare Definition 2.6. To define the generalized subdifferential of g(¢,p) w.r.t. t, we
introduce the following notation.

Notation. For some fixed p € A,,, we write g, : [0,7] — (0,00) for the function given
by
gp(t) = g(tap)v te [OvT]'
Using the generalized subdifferential instead of g;, Equation (4.21) becomes

1
= inf _ _ et (T=1) _ L2 (T—t)¢2
0 (5,b)gl§x[o,1]{ Ag(t,p) — ae g(t,p)((u )¢ + ¢(b) 57 ae §)
m d
A S st ae0) [ eoae @O yp0 iy} 62)
DCD k=1 (0,00)d i=1
+ inf ,
‘Peacgp(t){go}

which is said to be the generalized HJB equation for g. Note that we set 9%, (t) = {g,(t)}
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at the points where the derivative exists. The reason for this convention is that Clarke’s
generalized gradient reduces only to a singleton at those points where the the function is
strictly differentiable (cp. Prop. 2.8); only differentiability is not sufficient. However, in
the case of differentiability the corresponding gradient is contained in Clarke’s generalized
gradient. The reduction of the generalized gradient to a single-point set is required in
Section 4.7.

To state the generalized HJB equation above in a compact way, we introduce the
following operator.

Notation. Throughout this chapter, let .Z denote an operator acting on functions g :
[0,T] x Ay, — (0,00) and (§,b) € R x [0, 1] which is given by

Lg(tp;€,b) == ~Ag(t,p) — a e Tg(t,p) (1 = )€ + e(b) - %a%e’“(T‘”g)
d (4.24)
A Zak pey(t, J(p, ))/ exp{abeT(T‘”Zyinp(i)}F(dy).
DCD k=1 (0,00)4 1

With the help of the operator .#, an equivalent representation of Equation (4.23) is

0= Lt b inf . 4.25
(weR [01]{ g(t,p;€,0)} + eg)ggp(t){w} (4.25)

Under the assumption that g is positive, the HJB Equation (4.25) can be written as

0=—Ag(t rT=Dg(t, p) inf fi(t inf fo(t,p,b inf 4.26
g(t,p) +ae™ Tg(tp) Inf i, &) + Inf Lolt.p, )+@€811ggp(t){90}, (4.26)

where .
fi(t, ) =—(p—1r)§+ 2 Zoer(T=1g? (4.27)
and
fo(t,p,b) = — ™ T D e®) g(t,p) + X D Y afpreg(t, J(p, D)) x
) DCD k=1 (4.28)
/(0 o exp {a he (M=) Z; yi]lD(i)}F(dy).

Therefore, in order to solve the generalized HJB equation for g, we must first solve the
two minimizing problems. The obtained minimums &* and b*, if they exist, are the
candidates for an optimal investment and reinsurance strategy, respectively, which will
be investigated in the next sections. Before determining these candidates, we complete
the section with a discussion concerning the HJB equation.

Remark 4.26. If we use (4.21) (HJB equation without generalization of the partial
derivative) to derive the value function, then the function g (which can be use to deter-
mine the value function V') is the solution of the equation

)2
atton) = (3 + 3T o) o)

g

For a fixed p € A,,, this equation can be regarded as a linear ordinary differential
equation (ODE) of first order. A solution of this ODE exists if the right-hand side is
continuous in (¢, g), compare Peano’s existence theorem (see e.g. Ahmad and Ambrosetti
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[1, Thm. 2.2.8]). But b* depends on ¢ in a very complicated way such that we can neither
expect nor prove that fo(b*(¢,p, g)) is continuous. Therefore, we can not show that there
exists a classical solution of the HJB Equation (4.23).

4.5 Candidate for an optimal investment strategy

The generalized HIJB equation (4.25) yields as byproduct a candidate for an optimal in-
vestment strategy. Namely, due to the representation of the HJB equation given in (4.26),
we have to minimize the function f; given by (4.27) w.r.t. £ under the assumption that
g is positive which is assumed to be satisfied in this section. First of all, we observe
that f; does not depend on the parameters x and p. Therefore, the optimal investment
strategy is independent of the surplus and the filter process.

In order to derive an optimal investment strategy at some time point, let us fix
t € [0,7]. It is plain from definition that R 3 £ — fi(¢,€) is twice continuously dif-
ferentiable w.r.t. £ and

9
o€

Therefore, by setting the first derivative of f; to zero, we get the following unique
minimizer £* of fi:

82

&2 At =0ae ™D > 0.

filt,6) = =(p—7) + o?ae’ TV,

(1) = M;rée_T(T_t), te0,7]. (4.29)

The value of fi(¢,€) at the minimum w.r.t. £ is

2 2
fitert) = - Lo Lo e (“ = ”ew)
) ’ (4.30)

o2 0?2 «

2
Y ek ) R [0,7].

2 o2 a ’

Thus the calculated value £*(¢) is the only candidate of an optimal investment strategy
at time t.  We see that the unobservable thinning probabilities & of our claim arrival
model have no effect on the strategy because f; is independent of p. This was already
expectable from the very beginning since the parameters of the financial market are not
related to the unobservable parameters. That means, there is no connection between
the financial and insurance risks at all, which indicates that we may use every financial
market model where the solution of the optimal investment problem of maximizing the
exponential utility of terminal wealth is already known. Indeed, the solution of the
optimal investment problem in our framework is the well-know solution of the Merton
problem with finite time horizon and exponential utility function (cf. e.g. Merton [93,
Eq. (49)]?), where E=~ can be interpreted as the market price of risk.

Due to the simplicity of the financial market model, the optimal investment strategy
is quite straightforward, while the candidate for the optimal reinsurance strategy, on the
other side, is not straightforward as the insurance risk modelling is more complicated in
comparison to the financial risk modelling. The reason for the higher complexity of the
insurance market lies in particular in the unobservability of the dependencies between
the various business risks, whereby we cannot expect an explicit solution for an optimal

3Equation (49) in Merton [93] states the optimal investment strategy for the more general case of the
family of HARA (hyperbolic absolute risk-aversion) utility functions, which contains the exponential
utility function, compare page 389 in Merton [93].
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reinsurance strategy.

4.6 Candidate for an optimal reinsurance strategy

As in the previous section, g is supposed to be positive. Hence, according again to the
HJB Equation (4.26), we have to minimize the function fo given by (4.28) to obtain a
candidate for an optimal reinsurance strategy. The function fs includes the term c(b),
which depends on the reinsurance premium principle. Recall the assumptions made in
Section 3.5 that

ch)=mn—-0rk+(1+0)kd

and thus

Jolt,p.b) = —ae™ 0 g(t,p) (1 — O)x — ac” 0 g(t,p) (1 + 0) b
d

+AD gt J(p, D) af pi /(0 Lo {aber(T—t) Zyi]lD(i)}F(dy).
k=1 10

DcCD i=1

(4.31)

The next lemma yields the first order condition for a candidate of an optimal reinsur-
ance strategy.

Lemma 4.27. For any (t,p) € [0,T] x A,,, the function R 5 b — fo(t,p,b) is strictly
conver and

m

o _
Gy atp0) = =0T (gfe.p) (146 = 3 X 006,90, D) Y- of i
DCD k=1
d
> 1p(i) /(0 e {04 be" TN " yilp () }F(dy)> :
i=1 0 j=1

Proof. We first focus on showing that the differentiation w.r.t. b and integration w.r.t.
F' interchange in (4.31). For this purpose, we fix ¢ € [0,7] and D C D. Moreover, we
define a function by

d
h(y,b) := exp {abeT(T‘” Zyﬂlp(i)}, y=(y1,--,ya) € (0,00)%, bER,
i=1
For any b € R, f(o 00)d |h(y,b)| F(dy) < oo according to Assumption 4.3. Furthermore,

for every y € (0,00)%, the map b ~ h(y,b) is obviously differentiable w.r.t. b and the
partial derivative is given by

d d

0 (T— _ T .

oW 0) = a0 Tyl (i) exp{abe @ t)zyﬂlD(J)},
=1 j=1

where

d d
0
a7 b)’ <ae' DY " yiexp {Oz ber=0%" yj},

i=1 j=1

From Lemma 4.5 (i) follows that the right-hand side is integrable w.r.t. F'. Therefore,
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we can apply Theorem 6.28 from Klenke [77], which yields

0 0
g h(y, b) F(dy) = 2 h(y,b) F(dy).
5 P = [ ) Py
Hence
0 r(T—t r(T—t % D
%f?(t')I)?b):_ag(tap) (1+0)H6( )+0Z€( ))\Zg<t,J(p7D))Zakka
DcCD k=1
d d
St [ wexn{aver ™S00 fr(a)
=1 (0,00)d ] 1
=—ae® ”(g( J(L+60) k=AD" g(t, J(p, Zak Pk X
DCD
> 1p / )yzeXp{ocbeT(T ”Zy 1p( )} (dy))
0,00)4

The convexity can be seen without calculating the second derivative. Indeed, the integral
w.r.t. F' is strictly convex since the integrand is strictly convex (both w.r.t. b). Due to
the convexity of the sum of linear and convex functions, we obtain that b — fa(¢,p, b) is
convex. O

The previous lemma provides a criterion for a candidate of an optimal reinsurance

strategy by setting % fo to zero. It is convenient to define the following function to
express the first order condition.

Notation. Let (t,p) € [0,T] x A,, and b € R. We define

g(t, J(p, D)) Jp, - a .
hyr(t,p,b) == A E E aj, pkg 1p(i)x
k=1 i=1

bep (4.32)
[ wew {aber”—” Zy,-an}F(dy).
(0,00)4 j=1
Furthermore, we set
Ay p(t,p) := har(t,p,0),
AE(t D) AF(t:p,0) (4.33)

B)\,F(tap) = h)\,F(t7p7 1)

We take the dependencies on the fixed background intensity A and the claim size
distribution F' by the lower indices (A, F') into account.
The preceding lemma leads to the following first order condition for the optimal rein-
surance strategy:
(14+0)k = hyr(t,pb). (4.34)

By establishing this equation w.r.t. b we obtain a unique minimizer of fo w.r.t. b (if a
solution exists) because of the strict convexity of fo w.r.t. b.

The next proposition states that this equation is solvable and that the solution takes
values in [0,1] depending on the safety loading parameter 6 of the reinsurer. Before
presenting this crucial statement, let us discuss an alternative reinsurance premium
model.
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Remark 4.28. We have modelled the reinsurance premium rate by (1 + ) k, compare
Section 3.5. Using the expected value principle, we obtain by Proposition 4.21 that

m d
k=EAS] =X D> aPra(k) > 1p()E[Y]],
i=1

DCD k=1

where >1° | aPrs(k) = E[ap)]. Instead of using E[ap] it is thinkable to take the available
information about the thinning probabilities into account by replacing E[ap] with the
left-hand limit process of E[ap | F2], i.e. with Y 1*  aPpy(t—). That is, £ depends on
the filter process:

m d
Far(@) =AY aPpe Y 1Ap(i)E[Y{].
=1

DCD k=1

Reinsurance premium principles depending on filter processes are used in Liang and
Bayraktar [85] and Brachetta and Ceci [18, Example 2.3]. With this model the reinsur-
ance premium rate is given by (1 + 6) k) p(ps—), in which the left-hand limit process of
the filter ensures predictability. In fact, the reinsurance premium is time-dependent.*
Using ky p(p) instead of k it can be shown that Ay p(t,p)/kxr(p) > 1. The proof of
this fact is similar to the procedure in the proof of Theorem 4.41 under use of the order
a; = as = ... = a,,, where < is a preorder® on the set A defined by

d d
ar2ap = > ap Y IpHEY] <> af > 1p@)E[Y]] (4.35)
DCD  i=1 DCD =1
for every k,¢ € {1,...,m}, which is no loss of generality. The vector a; = (aé) )DcD € Ay

can be seen as weights and thus ) ,-p af Zgzl 1p(i)E[Y{] as the weighted sum of
(O pep EY{1p(i)) pep with weights a;. So (4.35) is an order of the weights A =
{ay,...,an} such that the weighted sum of the sum of the expected claims of the LoBs
1 € D are in increasing order. This can be interpreted as an order from the best to the
worst case scenario from the insurer’s point of view. Such a order is typically required
to derive the comparison result of optimal strategies in the case of partial and full
information. (In fact, the order introduced above is too weak to develop a comparison,
compare Section 4.8.2.) Using the premium principle introduced above the optimal
reinsurance strategy is determined by (4.36) with x replaced by k) r(p). Moreover, an
analogous comparison result applies as in Corollary 4.42.

We continue with the result which yields the candidate for an optimal reinsurance
strategy.

Proposition 4.29. For any (t,p) € [0,T] X A,,, Equation (4.34) has a unique root,
denoted by vy p(t,p), which is increasing w.r.t. the safety loading parameter 6. Moreover,
it holds

(7’) T)\,F(tap) < 0 Zf9 < AA,F(tvp)/H - ]-;
(’ii) 0< T)\’F(t,p) <1 Z'fA)\,F(t,p)/H —-1<6< B)“F(t,p)/lﬁ -1,

(Z”) T)\,F(tap) >1 Zf'g > B)\,F(tup)/ﬁ -1

“A time-dependent reinsurance premium is used e.g. in Peng and Hu [98].
5A preorder is a reflexive and transitive binary relation, cf. Biuerle and Rieder [32, Def. B.3.1].
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Proof. The argumentation is inspired by the techniques used in the proofs of Lemma 4.2
and Proposition 4.1 in Liang and Bayraktar [85]. Fix (¢,p) € [0,T] x A, and recall
(140)k > 0 as well as hy p(t,p,b) > 0 for all b € R. Moreover, the function R 3 b
hy r(t,p,b) is strictly convex (follows easily from the same arguments as for the strict
convexity of fo w.r.t. b, compare Lemma 4.27) and, consequently, continuous. It is also a
simple matter to see that R > b +— hy p(t,p, b) is strictly increasing, i.e. %hA7F(t,p, b) >0
for all b € R. Furthermore, h) r holds, by the dominated convergence theorem, which
can be applied due to Lemma 4.5 (i), and by the convexity of b +— hy r(t,p,b)

lim hyp(t,p,b) =0, lim hy p(t,p,b) = occ.
b——o0 b—o0

Therefore, hy p(t,b) and (1 + 6) k have a unique point of intersection w.r.t. b, i.e. (4.34)
has a unique root. From now on, ry r(t,p) denotes this unique root of (4.34). Notice
that ry p(t,p) depends on the safety loading parameter 6. By regarding 7 p(t,p) as a
function 0 < 6 — ry p(t,p,0), differentiation of both sides of (4.34) w.r.t. 0 yields

0 0
KR = %hA,F(tvl% b) %TA,F(tvz% 9)

Thus,

0 K
—ryp(t,p,0) = 5———— > 0.
o %h)\,F@ap? b)

That is, 6 — 7 p(t,p, 8) is increasing. Furthermore, we observe that

Axr(t,p) = har(t,p,0) < hyr(t,p,1) = By r(t,p)

according to the strict increasing property of b — hy p(t,p,b). Thus the cases for ¢
given in the statement are all cases which can occur. In the case 1 + 6 < Ay p(t,p)/k,
we obtain

hA,F(tvpv 0) = A)x,F(tap) > (1 + 0) K.

Due to the properties of hy g (strictly increasing, continuous and limy,_ o by (¢, p, b) =
0), assertion (i) follows, compare (4.34). Dealing with the case A\ p(t,p)/k < 1+6 <
By r(t,p)/k, we have

hyr(t,p,1) = By p(t,p) > (1+0)k,

which implies statement (ii). In the same manner, we can see that ry p(t,p) > 1, if
6 > By r(t,p)/k — 1, which finalizes the proof. O

Notation. Throughout this chapter, ry p(t,p) denotes the unique root from Proposi-
tion 4.29.

It should be noted that the cases (i) and (ii) for # can be empty sets if Ay p(t,p)/k <1
and By p(t,p)/k < 1, respectively. It has already been noticed that with an alterna-
tive reinsurance premium principle, in which x depends on the filter process, one can
prove the property Ay p(t,p)/k(t,p) > 1. However, we will proceed with the introduced
reinsurance premium model with constant k.

Under consideration of the preceding propositions and the [0, 1]-valuation of a rein-
surance strategy, the candidate for an optimal reinsurance strategy can be specified as
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follows: For any (t,p) € [0,T] x A, we set

0, 0 < A\r(t,p)/s—1,
byr(t,p) =<1, 0 > By r(t,p)/x — 1, (4.36)
rap(t,p), otherwise.

The candidate for an optimal reinsurance strategy (b3 5 (t)):e(o,7 is thus given by b3 5 (1) :=
by, 7 (t—, p¢—), which is unique because of the uniqueness on ry ¢(t,p).

Remark 4.30. According to Proposition 4.29, the value of the optimal reinsurance
strategy increases as the value of # increases since ry p(t,p) is increasing w.r.t. . That
is, the cedent expect that the reinsurer pays a greater part of each claim when the
reinsurance premium increases. The increasing property of the reinsurance strategy
w.r.t. the safety loading parameter 6 can also be considered as the consequence of the
law of demand which claims that the higher the price the lower the volume demanded,
compare Brachetta and Ceci [19]. If § < Ay p(t,p) — 1, then the reinsurance premium
seems so cheap for the cedent such that she/he chooses a retention level for zero which
means that the reinsurer compensates any potential insurance damage at time t. On the
other hand, when § > Bj p(t,p) — 1, the reinsurance premium is too expensive for the
cedent. As a result the cedent prefers to retain all the risks to itself.

So far we only derived heuristically, under non-trivial assumptions, candidates for a
value function as well as an optimal investment-reinsurance strategy. Instead of proceed-
ing by verifying the made assumption and thus showing that the HJB equation follows
from the stochastic control problem, we turn the story upside down and start with the
HJB equation and assume there exist a solution. This procedure is standard in stochas-
tic control theory and known as verification. Thus in the remainder of this chapter, we
will verify that the value function is indeed determined by the HJB equation and that
the candidate derived for an investment-reinsurance strategy is indeed optimal.

4.7 Verification

4.7.1 The verification theorem

The following formulated verification theorem collects all necessary assumptions on a
function defined on [0,7] x A,,, which have to be satisfied such that the value function
can be represented by this function and the developed candidate for an optimal strategy
is indeed optimal.

Theorem 4.31. Suppose there exists a bounded function h : [0,T] x A, — (0,00) such
that t — h(t,p) is Lipschitz on [0,T] for all p € Ay, p — h(t,p) is continuous on Ay,
for allt € [0,T] and h satisfies the generalized HJB equation

0= inf {Zh(t,p.Eb inf 4.37
(5,b>éﬁéx[o,1]{ (t,p; &, )H@et;ghp(t){w}, (4.37)

for all (t,p) € [0,T) x Ay, with boundary condition
hT,p) =1, pe€ Ay (4.38)

Then
r(T—t)

V(t,z,p) = —e % h(t,p), (t,z,p) €[0,T] xR x A,
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and (E05 ) = ()03 p(8))sepy with &(s) given by (4.29) and
bY p(8) :=bx p(s—,ps—) given by (4.36) (with g replaced by h in Ay p(s,p) and By r(s,p))
is an optimal feedback strategy for the given optimization problem (P1), i.e. V(t,x,p) =
VEAE (2, p).

One aspect that has to be dealt with in the proof of the verification theorem is a change
of measure to show a martingale property. For the definition of the change of measure
(see Lemma A.3), we have to restrict the set of admissible strategies such that the
investment strategy is bounded and continuous, meanwhile there is no interdependency
between the investment and the reinsurance strategy, compare proof of Lemma A.3.
But it will become apparent that this is not a restriction.

Notation. Throughout this chapter, we set, for any ¢ € [0,7T),

Ult, T] == {(f,b) CULT]: 3K >0:|¢&| < KVseltT)

(4.39)
§ = (&s)sep, 1s continuous and 5" -adapted, b = (bs)seft,] 18 S‘I’—predictable},
i.e. the control set of (£,b) € U[t, T is [~ K, K] x [0, 1]. Moreover, we set
V(t,x,p) = sup V(t,x,p), (t,z,p) €[0,T] xR x A, (4.40)

(&b)eu[t,T]
In order to simplify notation we introduce the following operator.

Notation. We define an operator .# acting on functions v : [0,7] x A, — (0,00) and
(§,0) € R < [0,1] by

%U(tapagvb) = zv(t7p7£7b) +Ut(tap) (441)
for all functions v : [0, 7] x A, — (0,00), where the right-hand side is well-defined.

Using this notation, the HJB equation (4.25) can be written as

0= inf FCq(t,p; €, b
(&b)eRxm{ g9(t,p; &, b)}
at those points t, where ¢ is differentiable w.r.t. t. Here is used the convention that
9%y (t) = {g)(t)} at the points ¢, where g (t) exists.

Before considering the proof of the preceding theorem, we would like to point out that
the preliminary result stated in Lemma A.8 plays an important role in the proof of the
verification theorem which is essentially shown by tools from stochastic analysis. Now,
we are in the position to prove the verification theorem.

Proof of Theorem 4.31. Let h : [0,T] x A, — (0,00) be a function satisfying the con-
ditions stated in the theorem. Notice that every Lipschitz function is also absolutely
continuous, compare Lemma 2.46. We set, for any (¢, z,p) € [0,T] x R x A,

r(T—t)

ft,z) = —eowe

Let us fix t € [0, 7] and (£,b) € U[t, T]. From Lemma A.8, it follows

and G(t,z,p) = f(t,z) h(t,p).

T
G(T, X5", pr) = G(t, XF*, p) + / Fs, XE0) SR(s, ps; €6, bs) ds + 050 — ntP,  (4.42)
t
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where (nf’b)te[ogp} is a ®-martingale and we set .#h(s, ps; &s, bs) to zero at those points
s € [t,T], where hi(s,ps) does not exist. Notice that h is partial differentiable w.r.t.
t almost everywhere in the sense of the Lebesgue measure according to the absolute
continuity of ¢ — h(t,p) for all p € A,,. The generalized HJB equation (4.37) implies

Hh(s,ps;€s,05) 20, s € [t,T].
In consequence
/ (5, XE8) A (5. pes0b) ds <0,
t
due to the negativity of f. Thus, by (4.42), we get
G(T, X5, pr) < G(t, X", pr) + 05" — ",
Using the boundary condition (4.38), we obtain
G(T,z,p) = f(T,z) h(T,p) = f(T,z) = —e .

Hence
U(X5") = G(T, X5 pr) < G(t, X£°, pi) + 15 — .

Now, we take the regular conditional expectation given Xf’b = x and p; = p on both
sides which yields
EXP[U(X5")] < G(t,,p)

since (ng’b)se[tﬂ is a G-martingale. Taking the supremum over all investment-rein-
surance strategies (§,b) € U[t, T], we obtain

V(t,x,p) < G(t,z,p). (4.43)

As already seen in (4.26), we can rewrite the generalized HJB equation:

0= Lh(s,p;€,b inf
" b)eRX 0 1]{ (5,0;6,0)} + alghp(s){w} o
= —\h r(T=s)p f inf b inf '
(s,p) +ae (5:p) inf f1(s,€) + inf fals,p,b) + @65&,,(5){90}’

where f; is defined by (4.27) and f2 by (4.28). Moreover, £*(s) given by (4.29) is the
unique minimizer of f; on R and by r(s,p) given by (4.36) (with g replaced by h in
Ay r(s,p) and By p(s,p)) is the unique minimizer of fo on [0,1]. Since d%%y,(s) is a
compact subset of R (cf. Prop. 2.7), we know the 9%h,(s) contains its infimum which we
denote by ¢*(s,p). Therefore,

fh(s,p;{*(s), b)\,F(Sap)) + @*(Sap) =0.

We set b jo(s) = by p(s—,ps—) for every s € [t,T]. One aspect that has to be dealt with
is to ShOW that (£*,b*) is an admissible investment-reinsurance strategy. First, we observe
that (§*(s))set, 7] is a continuous, bounded by ‘“oJl 1 and deterministic (i.e. §"-adapted)
process. Secondly, we note that (¢,w) — h(t,p;—(w)) and (t,w) — h(t, J(pi—(w), D)) are
P(FY)-measurable for all D C D, compare the arguments in proof of Lemma A.8. This
implies that (t,w) — Ay p(t,pi—(w)) and (t,w) — By p(t,p—(w)) defined by (4.33)
with g replaced by h are F¥-predictable. Moreover, the P(FV)-measurability of right-
hand side of (4.32) has the consequence that the unique root (t,w) — ry p(t, pi—(w)) is
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P(FY)-measurable. In summary, (t,w) — by ¢ (¢, pr—(w)) is P(FY)-measurable. That is,
(bx,7(5))se) s an F¥-predictable, [0, 1]-valued process and thus (£%,6%) € U[t, T]. So
we can deduce that

Hh(s,ps; €7 (5), bx p(5)) =0, s €[t,T].

This implies
T
/ F(s, X80 Sn(s, ps; €°(s), \r(s))ds = 0.
t

Consequently,
*7b* *7b* *7b* *7b* *7b*
UXF") =G X5 pr) = G, X; 7 pe) +ai ™ = "

Again, taking the regular conditional expectation given Xf*’b* =z and p; = p on both
sides then yields

ESP [U(X5 )] = G(t,x, p).
That is,

r(T—t)

VEY (b, p) = Gt ,p) = =~ (L, p),

which implies

V(t,z,p)= sup V&t z,p) =V (t,2,p) = —e 0
(&,b)EU[t, T

r(T—t)

h(t, p).

From the representation of the generalized HJB equation given in (4.44), it follows di-

rectly that the optimal investment-reinsurance strategy is an element of U[t, T'| (compare
the arguments above). Therefore,

sup  V&(t,z,p) = sup VOt z,p)
(€,b)el[t,T) (&,b)eu[t, T
and thus .
T -t
Vit z,p) = —e 2"t p)
and the proof is complete. O

The verification theorem has validated the optimality of the candidate solution of
the generalized HJB equation and thus the optimality of the candidate investment-rein-
surance strategy. Moreover the theorem shows that the solution of the generalized HJB
equation (if a solution exists) is unique since the solution determines the value function
(in a unique way), which is unique.

While the preceding verification step follows a fairly standardized procedure, the proof
of existence of a solution to the HJB equation given in the next section is quite individual
for each problem.

4.7.2 Existence result for the value function

This section is devoted to the existence of the solution of the generalized HJB equation
and thus of the optimal strategy. More precisely, we will show the existence of a function
h:[0,T] x Ay, — (0,00) satisfying conditions stated in Theorem 4.31. To see this, let
us introduce the following function g.
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Notation. We set

g(t,p):= inf  ¢"%t,p), (t,p) €[0,T] x Ay, (4.45)
(&,b)eU[t,T]

where g& is given by (4.20) and U[t, T] by (4.39).
The next lemma yields useful properties of g.
Lemma 4.32. The function g defined by (4.45) has the following properties:
(1) g(t,p) > 0 for all (t,p) € [0,T] x Ap,.
(i) U[0,T] > (£,b) — ¢51(0,p) is bounded for all p € Apn,.

(iii) There exists a constant 0 < K3 < oo such that |g(t,p)| < Ks for all (t,p) €
[0,T] x Apy,.

(iv) Ap, 3 p > g(t,p) is concave on for all t € [0,T].
(v) [0,T] >t~ g(t,p) is Lipschitz on [0,T] for all p € A,,.

(vi) Let M be the set of all points (t,p) € [0,T] x A,,, where the partial derivatives of
g w.r.t. t exist. Then there exists a constant 0 < Ky < oo such that |g:(t,p)| < K4
for all (t,p) € M.

(vii) There exists a constant 0 < K5 < oo such that ‘fﬁ(t,p;{, b)} < K5 for all (t,p) €
[0,T] x Ay, and (€,b) € [-K, K] x [0, 1].

(viii) There exists a constant 0 < Kg < oo such that ‘ inf (¢ b)e|— K, K]x[0,1] L I(t; D3 &, b)‘ <
Kg for all (t,p) € [0,T] x Apy,.

Proof. (i) Fix (t,p) € [0,T] x Ay, and (£,b) € U[t,T). Using the change of measure
introduced in Lemma A.3, it follows from the definition of g&* given in (4.20) that

T
gg’b(t,p) = Et’lg b [exp { / < —ae"T) ((,u —1)&s + c(bs) — 1a o eT(T_s)ﬁ)
Q¥ ; 2

Y pSD/ Lo {abs e (=) iyl-]lp(i)}F(dy) _ )\> dsH.

DCD © i—1

Since

ae"T9e(by) <ael e(1) =ae™ (14 1)k,

") (1 — e < oy — r| K
ae T)Cs ae T s
(M )f ’N | (4.46)

for all s € [t,T], we obtain
g*P(t,p) > exp { —aTerT(|u—r|K+ (1+n)k) =AT} = C > 0.

Hence, due to the arbitrariness of (£,b) € Zj[t, T, the infimum of ¢&°(¢, p) over all
(&,b) € UJt, T is greater than or equal to C' which yields the statement by definition
of g given in (4.45).

(ii) Fix p € A,,. Following Biuerle and Rieder [31, Proof of Lemma 6.1 c)] and
Liang and Bayraktar [85, Proof of Lemma 4.4 (b)], respectively, we make use of
a measurement change to show the announced statement similar to the proof of
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Lemma A.1. We use the probability measure Q%b introduced in Lemma A.3, which
yields

T T
1654(0, p)] = B0 [exp{ /O 0T (4 — 1)E, + c(by)) ds — /0 a0 =g, aw,

T
+/ / aby " TN "yl (3) U(ds, d(y, H
o Jiomoye Z (y,2))

T
—S 1 T S
&2 e [ (= aeT =+ o)) + oo T

T

d
+A Z Ds / exp {a by e"(T=%) Z yi]lp(i)}F(dy))ds — )\T}] .
DCD 0,00)4

i=1

By similar arguments as in the proof of Lemma A.4, we obtain that the expectation
above is bounded by a finite constant independent of (&, b).

(iii) The statement follows immediately from Lemma 4.25 (iii) since U[t, T] C U], T).

(iv) For the proof of the concavity, let us fix t € [0,7]. Using the boundedness of
Ut,T] > (&,b) — ¢g~*(0,p) from below by zero and Proposition B.4, we can show
the concavity of A,, 3 p — ¢(t,p) similar to the proof of Lemma 4.22 (ii) for all
te0,T].

(v) The Lipschitz condition is proven in much the same way as in Béauerle and Rieder
[31, Lemma 6.1 d)]. Let us fix p € A,, and ¢ € [0,T]. Due to the dependency of ¢&°
on the time horizon T', we use the notation g5 b( p). For any (§,b) € U[t,T], we
define ({,b) = (55, S)Se[oj,t] by (55, S) (&5, bigs) for all s € [0,T — t]. Using
this notation, it follows g; ’b(t,p) = gT t(O p). Now let 0 < t1 < to <T. Appealing

to Proposition B.5 (which can be applied since U[0,T] 3 (£,b) — ¢&(0,p) is
bounded for every T' > 0, compare statement (ii)), we get

Gtp) = Gltap)| = | inf ()~ il g§ (1)
(sb)etllt.T] (§b)eUllta,T]
:‘ it g ) - b g8, p)‘
(&,b)eU[0,T—t1] (f b)eu[O T—t1]

< sup 652 . (0,p) — g52, (0,p)]-
(£7b)€u[07T7t1}

Notice that, by T — to < T —t1, we have

_inf gT t2(0 p)= _ inf gT t2(0 ).
(€,b)etd[0,T—ts] (€,b)etd[0,T—11]

This is used in the second equality above. Appealing again to Lemma A.3, for any

e > 0, there exists a strategy (&, b) € U[0,T — 1] such that

s g5, (0.p) — g5, (0, )]
(€ b)etd[0,T—t1]

< [g8", (0,p) — g5, (0,p)| + ¢
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T—t1 _ _ 1
= Eggg [exp { / ( — er(T_S)((u —1r)&s + (b)) + 2(12 o2 QT(T_S)EE
0

T—tq
d
+A Z Ds / exp {al_)s e"(T=5) Z yi]lp(i)}F(dy) - )\) ds}]
pcp Y (0.00) i=1
T—to B 1
_Eo,gg [exp{/ <_ aer(T s (( )gs ( )) + a2 02 627” T—s)gz
@TLtQ 0 2
d
+ A Zps / exp{al_)s er(T_s)Zyi]lD(i)}F(dy) —x\)ds} +e
DCD (0,00)¢ i=1
B Eo,p {/th (_ r(T— 5)(< . )g + (B ))_'_1 2 2 27“(Tfs)€2
= Bgis, exp ; ae” pw—1)s + c(bs R0 e :
d
+A Z p?/ exp{al_)s er(T_S)Zyi]lD(i)}F(dy) — A)ds}x
pcp  (0.00)¢ i=1
T—t1 B B 1
<exp { / ( — e T (n— 1) + c(by)) + =a? o2 2 (T=9)¢2
T—t, 2
d
+ A Z Dy / | exp {al_)s e"(T=5) Zyi]lg(i)}F(dy) — A)ds} — 1) +e.
DcCD 0,00)¢ i=1

Notice that the family of probability measures (Qf’b) +e[0.T—t1] is consistent in the
sense that, for any A € Gy, t € [0, T — t1],

Q5 (4) = E[]IAL%ZJ :E[HAE[Lé»B_tl \gtH ZE[]IALf_’B] _ gff(a).

By the same arguments as in the proof of Lemma A.4, we obtain that the first
exponential function in the expectation above is bounded by a constant 0 < Ky <
oo which is independent of (£,b). Therefore, by reapplying the above mentioned
argumentation to the second exponential function, we obtain

|§(t1,p) - §(t27p)‘

T—t1 1
exp{/ (aerT<]u—r|K+(2+77+9)/i+2aa erTK2>

< KoE"?,
Qy T—to

T—tg

+ €.

+AMF(ae’“T)>ds} -~

On account of the Lipschitz condition for exponential function stated in Proposi-
tion B.1, we get

|g(t1,p) — g(ta,p)|

1
gKOIEggE [exp{(aerTOu—r\K—i—(2—1—7]—}—6)/@—1—2040 erTKz)
T—t

1
—f—)\MF(aeTT))T}(e— 1)<aerT<|u—r|K+(2+77+9)/<a+ 500 eTTK2)
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+)\MF(Oé€rT)>(t2—t1) + €

=Ko K |ta —t1] + ¢,

where 0 < K; < oo is the constant given by
K, = exp{<aeTT<|,ur|K+ 2+n+0)k+ ;aa erTK2>
—i—)\MF(aeTT))T}(e— 1)<aerT<|u—7’\K+ 2+n+0)k+ ;aa eTTK2>
—i—)\MF(ae’"T)),

which is independent of (£,b). Letting ¢ | 0 yields the assertion.

(vi) Fix (t,p) € M. Using the same arguments and notation as in the proof of previous
statement, we obtain

~ 0 .
Gi(t,p) = inf  ¢“%(t,p)

ot (¢,b)eld[t,T)
“tm i wf b - gf’ba,p))
L0 I\ (¢b)ett[t+h,T] (¢,b)eld[t, T
1
< lim ‘ inf  ¢**(t,p)—  inf  g"(t+h, p)‘
hlo I gyt (£.b)EU[t+h,T]
o1 £ b b
< lim — sup ‘g%_t( p) — 97—t (O,p)‘.
O e by eitio 77— (t+h)

We proceed furtheg as in the proof of the previous statement. For any € > 0, there
exists a strategy (£,b) € U[0,T — t] such that

gb

sup ‘g 0,P) = 97~ (44 (0, p)‘

where 0 < Ky < oo is a constant independent of (£,b). Hence

. Kolh|

lim =0 4 o = K

’hr’l(} 5 +ée 0+ €&,
which yields statement (vi) for € | 0.

(vii) Fix (¢,p) € [0,T] x Ay, and (£,b) € [-K, K] x [0,1]. It follows from the definition
of .Z given in (4.24) and statement (iii) that

1
|-Zg(t,p; €,b)] < K3</\+oze7"T(|u —rlK+24n+0)r+ a0 eTTK2>

+ )\Mp(aeTT)> =: Kj.
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(viii) Fix (t,p,q) € [0,T] x A, x Ni. In the same way as in the proof the previous
statement, the following results arise by taking account of (4.26), (4.30) and (4.31):

’(5»b)€[71£7[(]><[0’1] g( y Dy 4; 57 )

'rTl(:u_r)Ql rT rT
< Ka|l A+ae §Ta+ae (2+77+0)/£+)\MF(ae ) = Kg. O

The preceding lemma is a key ingredient to show the following existence result for a
solution of the generalized HJB equation.

Theorem 4.33. The value function of the investment-reinsurance problem stated in (P1)

s given by
r(T—t)

V(t,l’,p) - _eiaxe g(tvp)7

where g is defined by (4.19) and g satisfies the generalized HJB equation

0= inf Lg(t,p;€,b)} +  inf . (t,p) €10,T] x A,
(&b)eRX[O’H{ gt p;&,b)} @eacg,,m{@} (t,p) € [0,T]
with  boundary condition ¢(T,p) = 1 for all p € A Furthermore,

(&%,0% 7) = (£7(5), 03 p(5))sep,r) with £ (s) given by (4.29) and b3 p(s) := bp(s—,ps-)
given by (4.36) is an optimal investment-reinsurance strategy for the Problem (P1).

Proof. Our first concern is to prove that the function g defined by (4.45) satisfies the
generalized HJB equation. The following argumentation is taken from the proof of
Theorem 5.2 in Béuerle and Rieder [31]. Fix (¢, p,z) € [0, T]xRxA,, and (&, b) € U[t, T).
Let 7 be the first jump time of X&? after t. Notice that 7 is a ®-stopping time since X%
jumps at the arrival times of the trigger events (T},),eny which are observable. Hence
7 At is a B-stopping time taking values in [¢,T], where t' € (¢,T] is some fixed time
point. Using the argumentation of proof of Lemma 4.24, we obtain

V(t,z,p) = f(t,2)g(t,p), (t,z,p) €[0,T] xR x Ay,

where

ft,x) = _ o™
Furthermore, from Lemma 4.32 (iii), we know that A,, > p — g(¢,p) is concave and, in
consequence, A, O p — ¢(t,p) is continuous. Moreover, by Lemma 4.32 (iv), [0,7] >
t — g(t,p) is Lipschitz on [0,T] for all p € A,, and hence g(¢, p) is differentiable w.r.t.
t almost everywhere on [0,7] in the sense of the Lebesgue measure for all p € A,
compare Theorem 2.3. Therefore, we can conclude from Lemma A.8 that

‘7(7- A tla XffthT/\t/)
(4.47)

TAt
= V(t, X5 py) + / Fs, XEP) AG(s, ps; €5, bs) ds + 050, — 7,
t

where (nf’b)te[o,;p] is a ®-martingale and we set 77g(s, ps; £, bs) to zero at those s € [t, T,
where the partial derivative of g w.r.t. ¢ does not exist. For any € > 0 we can construct
a strategy (£°,0°) € U[t, T] with (&5, b5) = (&, bs) for all s € [t, 7 At'] from the continuity

of V' (cf. e.g. proof of Prop. 4.1 in Leobacher et al. [83] and proof of Prop. 3.1 in Azcue
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and Muler [9]) such that
ESo2 [V (r A, XS0y, pone)] < B0 [B7 Xk e [U(XETY)] | 42
< EHOP [U(X%E’bg)} +e<V(t,z,p)+e.
From the arbitrariness of ¢ > 0 we conclude
V(t2,p) 2 B9 [V(r A XS pene)]

Inserting (4.47) into the previous equation leads to
TAY
0z Ee| [ 15, X5 A G0 i) 0
t
tl
— Eb®P |:/ f(S, X§’b) %g(saps; Es, bs) dS]l{t/<T}:|
t

+ E®P |:/ f(S, X§’b) ,%05(37]98; &s, bs) dsn{t/>7—}:| ’
t

where we have subtracted V (¢, z,p) from both sides. By the law of total variation, the
inequality is equivalent to

tl

0> Et’x’p[ f(s, X5P) G (s, ps; €5, b5) ds |t < T] PHEP( < 1)

t

+EY [ / f(5, XE¥) HG(5,ps €5, 05) ds |t > T] PLo(t! > 7).
t

Next, we divide both sides in the inequality above by ¢’ — ¢ and consider ' | ¢, which
results in
1
0 > lim B [/ f(s, X5 SG(5,ps; €6, bs) ds [ 1 < 7':| PLEP( < )
t 1t v —t )
) . (4.48)
+13$Emp L’t / f(s, X5%) #G(s,ps; £s, bs) ds [t > T] PLEP (¢ > 7).
—tJy
The next aim is to determine the limits in the inequality above. We first determine the
probability Pb%P(#' > 7). For this purpose, we denote the last jump time of X &0 hefore
7 by 7. Since X&? jumps at N = (T,)nen, which is a Poisson process with intensity
A, we know that 7 — 7/ is exponential distributed with parameter \. Taking this into
account and the memoryless property of the exponential distribution as well as 7 > ¢,
we obtain

POP(r>t)=P(r >t)=P(r—7' >t —7)=P(r -7 >t —t) +(t - 7))
(1= >t -t)P(r -7 >t—7)=Plr -7 >t —t)P(1 > 1)

(r—7'>t—-t)= e A=),

P
P

Thus

Lm PP (7 < t') =1 —lime M~ =0,
t]t 1t



4.7 Verification 85

Consequently,

e ~
0 > lim EX*P [ f(87 X§7b) %g(saps; &s, bs) dS]l{t/<7_}:| :

Tt -1/

Our next concern will be the interchange of the limit and the expectations. Due to
Lemma 4.32 (vi), (vii), Lemma A.3 and Lemma A.4, we have

t/
o 4 f(S’Xg’b) %ﬁ(&ps;fmbs) ds
t

1 ¢
< ELEP [t, . / |f(s, X5 | (K5 + Kg) ds}
- t

/ §7b
_ K5 + K /t Et,x,p[\ﬂs,xs )
t

Qé’b Lf’b ds S (K5 + Kﬁ) Kl-
S

Therefore, by dominated convergence theorem, we obtain

1 .
0= E"*P |:£1/I¢Itl m . f($7X§,b) %ﬂg(s,ps;és, bs) dS]l{t/<T}:| :

Next, we want to apply the FTCL, see Sohrab [115, Thm.11.5.23,11.5.31]. For this
purpose, we define the function A : [t,T] — R by

h(s) = f(s, X5°) HG(s,ps; &6, bs)-

Notice that, due to the Lipschitz property of g, s — g.(s,-) is bounded on [t,T] almost
everywhere and cadlag functions on compact sets are also bounded almost everywhere.
Hence, s — h(s) is Lebesgue integrable on [t,T]. Therefore, we can apply the FTCL
and we obtain that the function H : [¢,T] — R given by

S
H(s) := H(t) +/ F(u, X5°) G (u, pu; €u, by) du, s € [t, T,
t
is absolutely continuous and H'(s) = h(s) for almost all s € [t,T]. Thus,

1 H)—H(t
im / h(s)ds = tim T = O iy~ pe,
ittt —t J, 1t t—t

Consequently, by the fact that 1.,y — 1 P-a.s. for t' | t since t < 7, we deduce that

t/
Et”””’[hm F(5, XE0) A G5, psi &5, bs) dsTipcry

it t' —t J,

=E"P [f(t, XN At i &, bt)} :
1] and € > 0 be arbitrary constants as well as

From now on, let (§,b) € [-K, K] x [0,1] a
h (&,bs) = (§,b) for s € [t,t +¢). Hence

(£,b) € U[t,T) be a fixed strategy wit

Eb®P [f(tyxtf’b) HG(t,pr; &, Bt)} = f(t.x) #g(t,p;€,b)
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at those points (¢, p), where g is differentiable w.r.t. t. Consequently,
0> f(t,x) #g(t,p:&;b).
On account of the negativity of f(t,z), we get
0 <#g(t p;&,b).
In the light of the arbitrariness of (&, b), we obtain

- i HG(t,p;€,0)}.
_(fvb)e[—1£7K]><[0,1]{ g( ’p7£7 )}

We show next the inequality above if g is not differentiable w.r.t. t. To see this, we define
gp(t) == g(t, p) and we denote set of point at which g, is differentiable by Dz C [0,7].
Appealing to Theorem 2.9, we have

8C§p(t) = CO{ lim gé(tn) ity = 4ty € Dgp}.

n—oo

That is, for every ¢ € 9G,(t), there exist u € N and (y1,...,7) € A, such that ¢ =
Yot i, where ¢ = limy, o0 %(tﬁz) for sequences (t%),en C Dy, with limy, o th =t
From what has already been proved, it can be concluded that

0 <3Gt 1 €:b) + vigy(th), i=1,...,u,
and thus, by the continuity of t — g(t,p),
0 < %Zg(t,p;&,b) + v lim gy(th), i=1,...,u,
n—oo

which yields

u u )

0< 2G(t,p;60) Y i+ > lim g, (t;,) = Zg(t, p; €, b) + -

i=1 i=1

Due to the arbitrariness of ¢ € 9°G,(t) and (&,b) € [-K, K] x [0, 1], we get

0<

inf Lt pe,0)) +  inf .
(s,b>e[7K,K1x[O,u{ gt pi& )} weacgp@){go}

Our next objective is to evaluate the reverse inequality above. For any ¢ > 0 and
0 <t <t <T, there exists a strategy (¢5%,05!) € U[t, T] such that

Vitap) —e(t' =) SE?[U(XET)] < B[V A XL o).
Again on the basis of (4.47), it can be deduced that
TAY et! pe,t! / ’
—e (' —t) <EMP [/ Fs, X570 ) HG(s,ps; €21, 00° )ds} :
t

which is equivalent to

TAE , ,
e,t e,t ~ / !/
/ F(s, X5 2) #G(s,ps; €7, b5 )dS]
¢
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1 T/\t/ st/ st/
<Et,:v,p XE’ ;b % s b d
- [t’—t/t /(5 X )(gb)e[ KK]><01{ 95 psi &)} ds

In the same manner as before, we get

]. tl 5t/ st’
—¢ < limEb®P | — X7 inf HG(s,ps:€,0) Y dsT gy .
esin [t/_t/t T X T0) e Mo 9P & D)} dsbipary

Making use of Lemma 4.32 (vi), (viii), we obtain as before

1 tl Et/ Ei/
EHTP | —— XET 07 inf HG(s,ps; €,b) Y dsTy
{t’—t/t I (5 X )(g,b)e[—lll(l,K}x[O,l]{ 9(s.ps:€:0)} ds {#r<r}
tl ! c !
/ ‘f(S,ng’t b J)‘(K6+K4)dsj| §K1 (K6+K4) < o0
t

Hence, we can interchange the limit and the infimum again, which yields

1 TAY ot et
lim B4 [ /t Fs, XET00)

lim B0 | (i picn} s

inf
(£7b)€[—K,K]X[O71]

i Hg(t nld
(&b)el- KK] [01{ g(t,pi; €,b) } s}

:f(t,lli) inf {%g(tvp;gab)}

(&,b)e[—K,K]|x[0,1]

— ]Et,:r,p [f (t, ths,t/7bs,t/)

at those points (¢, p), where g, is differentiable. In consequence

e < flt inf HG(t,p;€,b) ).
e flta) o nb o o 1t pE D]

According to f(t,z) < 0 and the arbitrariness of ¢ > 0, we get by € | 0,

0> inf {s€5(t,p;€,0)}.

(&,b)e[—K,K]x[0,1]

By the same method as before, we obtain that in the case of no differentiability of ¢
w.r.t. ¢

0> (t b); + inf :
(g,b)[KK]x[ou{ gm0} E@ij(t){(p}

In summary, we have

0= inf Lg(t,p;€,b)+  inf
{Zg(t,p;:&,b)} (pea%(t){w}

(&,b)e[-K,K]|x[0,1]

for all ¢ € [0,T] and p € A,,. Notice that, similar to (4.26), it holds

i (t b
(&,b)e[- KK]X[OI]{ 9(t, i, )}

= —Ag(t,p) + ae’ TV gtp) ok Si 8+ inf H(tp,b),

where f; is defined by (4.27) and f» by (4.28). Furthermore,

w=r le—r(T—t)

clp=rl1
0? «

- o2 o

€7 ()] =

arginf fy (t,@’ =
£eR
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compare Section 4.5. That is, the optimal investment strategy is continuous, bounded
as well as deterministic (in particular §-adapted) and it holds

{Zq(t pfb}—gbmf {Zq(t,p;&,b)}

&b)el— KK]><[O 1] VERX |

with K = %é Therefore, g satisfies the generalized HJB equation with boundary
condition g(7',p) = 1, where the boundary condition follows immediately from the defi-
nition of g5 given in (4.20). Since, by Lemma 4.32, g : [0, T] x A,, — (0, 00) is bounded,
p — g(t,p) is continuous on A, for all ¢t € [0, 7] and t — ¢(¢, p) is Lipschitz on [0, T for
all p € A, it follows from Theorem 4.31 that

r(T—t)

V(t,x,p) = —e ¢ g(t,p), (t,x,p) €0, T] x R x Ay,

and that (%, 03 p) = (£°(s), 03 p(5))seft,r) from Theorem 4.31 is an optimal investment-
reinsurance strategy, where g is replaced by g in Ay p(s,p) and By r(s,p). From what
has already been shown, we know that the optimal strategy §* = (£(s))se,r is a
bounded, continuous and §"-adapted process. Moreover, b} , = (037 (8))se[t,7) 1s an

&Y-predictable [0, 1]-valued process, compare end of the proof of Theorem 4.31. Hence,
we have

g(t,p) = inf S0, p)=  inf St p) = g(t, p),
9(t,p) I (t,p) = entn? (t,p) = g(t,p)

and, in consequence,

r(T—t)

V(t7 ‘/1:7p) = _e_axe g(t7p)7 (t’ x?p) 6 [07 T] X R X Am’

which finishes the proof. O

We close this section with a discussion on an alternative solution technique.

Remark 4.34. We have seen that the problem of choosing optimal investment-rein-
surance strategies is decomposed in two separate problems: determination of an optimal
investment strategy and of an optimal reinsurance strategy, which are independent from
each other. So it is thinkable to consider the optimal reinsurance problem to be iso-
lated. The behaviour of the derived optimal reinsurance strategy between the trigger
arrival times (7),)nen is deterministic.  This is expectable since there appears to be
no new information about the unknown thinning probabilities between the jump times
(T))nen. The deterministic evolution between the jump times (T},)nen indicates that
we can transform the optimal reinsurance problem in a discrete one, in which at every
claim arrival time a deterministic reinsurance strategy until the next claim is chosen.
Indeed for this problem the state of the optimal reinsurance problem (without financial
market) has a piecewise-deterministic behaviour such that we can define a time-discrete
Markov Decision Process (MDP) with a value function coinciding with the one of the
original optimal reinsurance problem and, in which every control is a function of the
state after the last claim arrival time as well as the time elapsed since the last claim
arrival. Making use of the MDP-theory it should be possible to establish an optimal
control. Typically, this problem is solvable if the corresponding problem in continuous
time is solved. But it is not expectable to obtain a “more explicit” solution in the discrete
approach. For a thorough treatment of Markov Decision Processes we refer to Béuerle
and Rieder [32] and Davis [47]. A work considering both the generalized HJB-approach
and the MDP-approach for optimal control problems with Markovian jump processes
under incomplete information is Winter [119].
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4.8 Comparison to the case with complete information

This section covers the study of the influence of the uncertainty about the dependen-
cies between the LoBs on the optimal reinsurance strategy. For this aim it is initially
necessary to determine the optimal reinsurance strategy in case of full information.

4.8.1 Solution to the optimal investment and reinsurance under full
information

In this section we investigate the optimal investment and reinsurance problem within
the setting of Section 4.1 under the additional assumption that @ = ¢ = (¢p)pcp € A
is deterministic. So we are in a framework with known parameters A, @ and F. The
setup is tantamount to assuming that Fq is known for the insurance company.

Due to the deterministic thinning probabilities, the compensated random measure T
of U defined in (4.10) is

U(dt,d(y, 2)) = (dt,d(y,2)) — AF(dy) Y epdt. (4.49)
Dedz

The state process in the full observable case is (X5*) set,1)> (&, 0) € U[t, T], which evolves
as

dXS&b:<rX§7b (e —1)&s + c(bs) — Abs ZCDZEyl Lo >
DCD  i=1 (4.50)

+ &0 AW — / bs Zy, L(1) U(dt, d(y, ),

for s € [t,T] with initial time ¢ € [0,7T), where X>* = 2 € R. In contrast to the state
process in the partial observable in Section 4.3, no further process is required to describe
the information at disposal of the thinning probabilities since they are known. Then the
value functions are given by, for any (¢,z) € [0,7] x R and (§,b) € U[t,T],

V& (1, x) = BN [U (XS],

V(t,z):= sup VO(t,z),
(&,b)eUt]t,T]

(0)

where Eb* denotes the conditional expectation given Xf’b = z. So (O) is the correspond-
ing control problem with full information to the partially observable problem (P).

The HJB equation for the value function V' can be established by the same method
as used in Section 4.4 and we obtain

1
0= sup {Vt(t, z) = AV (t,2) + 0 Ve (t, 2)& + Vo(t, 2) (rz + (u — 7)€ + c(b))
(€,b)ERX[0,1] 2
d
+AZCD/ tm—beinD(z‘))F(dy)},
DCD 0,00)¢ i=1

(4.51)
where V (T, z) = ET® [U(X%b)] = U(z) for all (z,p) € [0,T] x A,
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Following the proof of separation approach stated in Lemma 4.24, we obtain

r(T—t)

V(t,z) = —e " g(t), (t,x)€[0,T] xR, (4.52)
with
t)= inf g%t
g(t) L . (1),

where

T
40 =B exp{ — [ et (=g +e(0) ds

t

_/t a0 e TIg, aw, +/ /Edab er(T=s ZyZ () (ds, d(y, ))}].

It therefore follows
— _efaa:er(T—t) (Oé Tr er(Tft)g(t) + g’(t)) 7

)
Valt,2) = =0 (0T 0g(0)).
)

me(t,x = —e_azer(Tit) 2 ZT(T_t) ( )’
V(e ) = o= Lt
x — Zyz]lp = exps abe Zy]lp i) rg(t),
i=1
which yields the following HJB equation for g:
0= il L0~ 2gt) — 0 T Ig(0) ((n— 1) + ) — Sao%erTIE)
(£,b)ERX[0,1] 9
d (4.53)
+ Ag(t) Z CD/ exp {abe’"(Tt)Zyi]lD(i)}F(dy)}
DCD i=1

with ¢(T") = 1. Equation (4.53) is equivalent to
0=4g'(t) = Ag(t) + ae"Tg(t) inf fi(t,€) +g(t) inf fo(t,0),  (454)
£ER b€[0,1]

where f; is defined by (4.27) and

d
fo(t,b) := —ae™ T ¢(b) + A Z ) / exp {a be(T=) Z yl-]lD(i)}F(dy)

pcp Y (000) i=1
=—ae T D=0k —ae T D1 +0)k
d
+ A Z CD/ exp{aber(Tt)Zyi]lD(i)}F(dy)
DCD i=1

From Section 4.5, it is known that the candidate of an optimal investment strategy
(6 (1))refo,r is again given by

* w—=r 1 —r(T—t
g (t) = o2 ae ( )’ te [O’T]a




4.8 Comparison to the case with complete information 91

and

_ )2
inf Fi(,6) = flt,) =~ LT e,

2 o2 «
An illustration of the investment strategy &* is provided by Figure 4.7 in Section 4.9.
According to the proof of Lemma 4.27, R 5 b+ fa(t, ) is strictly convex and

gbfg(t, b) = — ae Tt ((1 +0)k

d

—AY e ]lD(i)/ o VP {abeT(Tt) zd:yjllD(j)}F(dy))

DCD =1 (0 j=1

For declaring the first order condition of the optimal reinsurance strategy, we use the
following notation.

Notation. For any t € [0,T] and b € R, we set

hxer(t,b) —)\ZCDZ]ID / )yzexp{abeT(T t)Zy Ip( )}F(dy). (4.55)

DcD =1 j=1

Furthermore, we define

The explanation above results in the first order condition:
(1+0)k = hxer(t,b). (4.56)

It should be noted that the previous equation has a unique solution w.r.t. b, compare
proof of Proposition 4.29, which justifies the next notation.

Notation. From now on, 7z r(t) denotes the unique root of Equation (4.56) w.r.t. b.

By the same line Qf arguments as in Proposition 4.29, we obtain that the optimal
reinsurance strategy b3 ; » = (03 z p(t))1eo, 7] is given by

07 QSA/\,E,F(t)/H—L
Dert) =91 0> Brer(t)/n—1, (4.57)
raer(t), otherwise.

Notice that ryzp(t), A)\CF( ) and By p(t) are continuous in t. Consequently, the
optimal reinsurance strategy b/\ p is continuous. Moreover, b/\ p is deterministic and
can be calculated easily. Figure 4.4 in Section 4.9 illustrates the evolution of the optimal
reinsurance strategy under complete information.

After solving the minimizing problems in (4.54), we can write the HJB equation for g
as

/0= (2= 3 ST T B0 ol
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The solution of this ODE of first order with boundary condition ¢(T") =1 is

g() = exp { /t ! ()\ +ir- rée_T(T_S) - fg(s,b§\7c7F(s))>ds}, te[0,T], (458)

2 o2

cf. e.g. Polyanin and Zaitsev [101, 1.1.4]. Using (4.52), this results in the following
representation of the value function: For any (¢,z) € [0,7] x R

T T lp—rl T
V(t,z) = —exp{ —aze'l t)/ (A + 5—2—6”’( =) — f2(s,b§,a,F(S))>d5}-
' o2 «

In the case of full information and one LoB (i.e. d = 1), we are in the same framework as
in Section 3 of Liang et al. [84] and our optimal strategies are consistent with the results
in the given reference, cf. Eq. (19) and Thm. 3.1 in Liang et al. [84]. In the mentioned
sources it is shown that the corresponding HJB equation is a classical solution. The same
method can be used to validate the optimality of the classical candidate solution (4.58) to
the HIB Equation (4.53) in the full information case and thus the announced strategies
are indeed optimal. This verification can be seen as a special case of the verification of
the partial information case in Section 4.7.

4.8.2 Comparison results

In this section a comparison result of the optimal reinsurance strategy under partial
information given in Theorem 4.33 and the optimal strategy under full information are
stated. But first we will deduce a priori bounds to the reinsurance optimal strategy,
i.e. bounds which can be calculated at time 0 and thus independent of the observed
accidents. For this purpose, we introduce the following terms.

Notation. Let t € [0,T] and b € R. Throughout this section, we set

win (¢ p) _)\Z min {a; }/ yzexp{abe (T—t) Zyj]lD } (dy), (4.59)

pi€{l.m
VE(,b) == A - max {a]D}/ Yi exp{abeT(Tt)zyj]lD(j)}F(dy). (4.60)
popd€llsmm} (0,00)4 =

Proposition 4.35. Let t € [0,T]. Then R 5 b — hi{f}?(t, b) and R > b — hY9X(t,b) are
strictly increasing and strictly convex. Furthermore, it holds

lim mm(t b) = 1im A (t,0) = lim mm(t b) = lim Y% (t,0) =
b——o0 — b—o0 b—o0
Proof. This follows by the same analysis as in the proof of Proposition 4.29. O

This proposition ensures the existence of the following notation.

Notation. For some fixed ¢ € [0, T, we denote the unique root of the equation (146) x =
RYF (L, 0) w.r.t. b and the unique root of the equation (1 +6)r = RN (¢, b) w.r.t. b by
rig(t) and rmm(t), respectively.

The announced a priori bounds follow immediately from the next result in connection
with Proposition 4.35, which make use of the function hy r given in (4.32).
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Proposition 4.36. For any (t,p) € [0,T] x A,, and b € R, it holds
mm(t b) < hyrp(t,p,b) < max(t b).

Proof. Fix (t,p) € [0,T] x A,, and b € R. For any (£,b) € U[t,T] and D C D, the use of
Lemma 4.25 (iii) and (iv) results in

(t,J(p. D) afpe =Y _aPp;g*(t,e))
k=1 j=1
< max {a; }ij g*t(t,ej) = max {aP} g%b(t,p)
je{l,...,m} = i<t

Taking the infimum over all (§,b) € U[t,T] on both sides, it yields

tJ
p, Z pk<'max {aD} D c D,
k=1

which is equivalent to

g(t, Jp, Za pk/ )dyzexp{abe (T'-1) Zyj]lD )} (dy)
1 0,00

7j=1

d
<  max {a?}/ Y exp {abeT(T—t) Z yj]lD(j)}F(dy), D c D.
(0,00)%

je{l,...
J€{1,...,m} =

Summing over D C D and mult.iplying with A gives hy p(t,p,b) < hr)ff?%‘(t, b). A passage
similar to the above implies hf{f}?(t, b) < hy p(t,p,b). O

Corollary 4.37. The optimal reinsurance strategy (bK,F(t))tE[O,T] from Theorem 4.33
has the following bounds:

max{0, 7} #(t)} < b3 () < min{l, rmm(t)}, t €1[0,7).

It is simply seen that the bounds for the optimal reinsurance strategy do not have
to be in force since argminje{lw’m}{ajD} varies for different D C D in general. So the
lower bound is only in force if, for any D C D, minje{lwwm}{af} is taken for the same
scenario j € {1,...,m}. The same works for the upper bound. Accordingly, it is to be
expected that the range for a possible optimal reinsurance strategy described by these
bounds is rather large. In fact, this is illustrated by the Figure 4.3 showing the a priori
bounds for the parameters from Section 4.9. The a prior upper bound provides only a
useful bound in period from 0 to 2.5 starting by roughly 0.8 with a sharp positive slope.
The a prior lower bound has a convex and increasing shapely from around 0.15 to 0.35,
i.e. it is never optimal for the insurer to take a full reinsurance.

More interesting bounds involving the optimal reinsurance strategy of the full observ-
able case will be established next. Typically, more uncertainty leads to a more risk-averse
behaviour. This is known from literature with comparative studies of partial and full ob-
servable settings, compare Liang and Bayraktar [85, Prop. 4.3, Béuerle and Rieder [31,
Thm. 5.6], Béuerle and Rieder [30, Thm. 6] as well as Biuerle and Chen [26, Sec. 2.4]. In
the presented framework, more risk averseness means that the insurer takes less reten-
tion, i.e. the insurer cedes a larger proportion of possible claims to the reinsurer. Such



94 Chapter 4 Unknown dependency structure between the LoBs

1.0

0.8

© —— upper bound
o 7] lower bound

retention level

0.2

0.0

time

Figure 4.3: The a priori upper bound (red line) and lower bound (orange line) for the optimal
reinsurance strategy for parameters from Section 4.9.

a result is also valid in our setting.

As already indicated in Remark 4.28, an order of A = {ay,...,ay} is essential for the
comparison result, but the order given in (4.35) is too weak for this purpose. For the
definition of a stronger order, it should be noted that a;, j = 1,...,m, can be identified

with a probability measure on P(ID). From this point of view it is difficult to define an
order of A since there is no natural order of the elements of P(D). However, under the
assumption of identical claim size distributions in every LoB, it is easily seen that the
order defined in (4.35) holds

d d
ap X ap = ZakD|D|§Za£)|D| = Zz akD:ZiZa?, (4.61)
DCD DCD i=1 DCD: i=1 DCD:
\D|=i |D|=i
for every k,¢ € {1,...,m}, where the sums on right-hand side can be interpreted as
expectations w.r.t. measures on the set D = {1,...,d}, which has a natural order. It

will turn out that we actually get a useful order under the following assumptions.

Assumption 4.38. Throughout this section, we suppose that
F(dy) = F(dy) @ Fldye) @ © F(dy),

where F' is a distribution on (0, c0) with existing moment generation function and ® is
the product measure.

Another way of stating the assumption is to say that the claim sizes of every insur-
ance class are independent and identical distributed with distribution F. Notice that
Assumption 4.3 is satisfied under the assumption above, compare Remark 4.4.

The explanation above motivates the following notation.



4.8 Comparison to the case with complete information 95

Notation. For any k € {1,...,m}, we define

and

Since akD describes the probability mass of the set D (w.r.t. the distribution which is
determined by ay), ax (i) is the aggregated mass on all subsets of D with i € D elements.
Hence any a, kK = 1,..., m, characterizes a probability measure on the set D, which is
specified in the next notation.

Notation. For any k € {1,...,m}, we denote the probability measure on D by ﬁk, which
is defined by

Fe(B) =Y ax(i), BePD).
i€B
In contrast to the set P(D), the set D = {1,...,d} has a natural order, so we will define

an order for the above defined probability measures on D, which represents equivalence
classes of the set A.

Notation. We denote the equivalence relation on A by ~, which is defined by
ap ~ Qg = a = ay,

for every k,£ € {1,...,m}. Furthermore, for any k € {1,...,m}, [ax] is written for the
equivalence class of ay € A under ~, i.e. [ag] := {a € A : ap = a}. Moreover, we set A =
{[a1], ..., [am]}, where [ax] and [a,] are either equal or disjoint for all k,¢ € {1,...,m}.

Justification of the notation. A trivial verification shows that the defined binary rela-
tion ~ on A is reflexive, symmetric, transitive and thus an equivalence relation on A. [

Equivalence classes are assumed to be ordered as follows

Assumption 4.39. We suppose that [a1] =g [a2] Zst ... Zst [am], where =g is an order
on the set A defined by, for any k,j € {1,...,m},

lak] 2t [aj] = Fi(z) > fj(aj), x €R. (4.62)

Remark 4.40. The defined order can be regarded as the usual stochastic order.S 1If
X ~ Fpand Y ~ F; and k < j, then the introduced order is equivalent to X =< Y,
where =g denotes the usual stochastic order. Therefore, the order <y given by (4.62)
is equivalent to

/ f(x) Fi(dz) < / #(x) F(de)
D D

for all increasing functions f : D — R, for which both integrals exist, compare Miiller
and Stoyan [96, Thm. 1.2.8]. It is also worth noting that the order < is consistent with
the order defined in (4.35) by choosing f in the equation above as identity.

With the help of the Assumptions 4.38 and 4.39, we can prove the next result which
implies the desired comparison result.

SFor a deeper discussion of the usual stochastic order we refer the reader to Miiller and Stoyan [96,
Sec. 1.2].
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Theorem 4.41. Let by p be the function given by (4.36) and EKEF be the function given
by (4.57). Then, for any (t,p) € [0,T] X A,

b)\,F(tvp) < B;7w(p)7F(t) te [OaT]a

) = <Z%Dpk> .
k=1 DCD

Proof. Fix (t,p) € [0,T] x Ay, b € R as well as (£,b) € U[t,T]. We begin with
the observation that the left-hand sides in (4.34) and (4.56) are equal. According to
Equations (4.34) and (4.56), we can see that it is sufficient to compare hy ¢ (t,p,b) and
P w(p),F(t, b) for the comparison of by r and b)\ w(p),F We first observe that a; is the
thinning probability under the condition p; = e; and that

with

T
g*b(t,ej) == b [exp { — / aerT=) ((p—7)& + C(bs)>ds
t

NTft |Zn

T
—/ aaer(T_S)ﬁdes—i— Z abr, e r(T=Tn) ZYE}
t

n=1

compare (4.20). Since the integrand above considered to be a function of |Z,| is in-
creasing and a; describes the distribution of |Z,|, it follows from Assumption 4.39 in
connection with Remark 4.40 that

gﬁ’b(t, e1) < gg’b(t, e) <...< gé’b(t, €m)-

Using this we conclude with the help of Lemma 4.25 (iii), (iv) and Lemma B.6, for any
D c D,

d
gt (. D) Y afpr 3" 1o(0) /( e {a b T0S 410 () }F<dy>

7j=1

d
yiexp{abe Zy]]lp } (dy)
> > abm > meo e Y (i) [

k=1 =1 i=1 (0

m d
= g(t.p) Y aPpi > 1p(0) /( oy B {abe’“(“) > yﬂD<J’>}F (dy),

J=1

d
y Y; eXp {ozl_)er(T_t) Z yj]lD(j)}F(dy)

i=1

which yields

d

t,J(p, D)) & ‘ . ,
WZ@EMZM(O /(O’Oo)dyiexp{abe @ )Zyj]lD(])}F(dy)

k=1 i=1 j=1

m d d
ZZ at’ i Z ')/(Ooo)dyiexp{al_)eT(T_t)Zyj]lp(j)}F(dy), D c D.

k=1 j=1

by taking the infimum over all (£,b) € U[t,T]. Summing over all D C D and multiplying
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by A, we obtain

h)\,F(tvp’ b) > h)\,w(p),F(tv b),

which completes the proof. O

Corollary 4.42. Let B’;\ o bethe function given by (4.57). Then the optimal reinsurance
strategy under partial information (b} p(t)):cjo,r) from Theorem 4.33 satisfies

;,F(t) < B;,w(pt_),F(t)’ te [07 T]

It should be noted that (Bg,w(ptf),F

missible reinsurance strategy. Notice further that w(p;) = (Elap | F¥])pcp. Therefore
w(p¢—) is the known conditional average thinning probabilities given the available infor-
mation strict before time ¢. Therefore Theorem 4.41 makes it legitimate to say that more
uncertainty leads to a less or equal retention level since the optimal reinsurance strategy
with unknown thinning probabilities is less than or equal to the strategy in the model
with known conditional average thinning probabilities given the available information.
The comparison result is illustrated in the next section as well as further comparative
statistics to provide a deep understanding of the optimal reinsurance strategy under
partial information.

(t))teo,r] is FP-predictable, so that it is an ad-

4.9 Numerical analyses

In the following some numerical simulations are performed to examine how partial infor-
mation affects the insurer’s optimal reinsurance strategy and to obtain sensitivity anal-
yses of the optimal strategy (under incomplete information). Recall that we have used
Clarke’s generalized subdifferential to overcome the smoothness assumption on the value
function such that a calculation of the solution of the generalized HJB Equation (4.25) is
the first step to attain the optimal reinsurance strategy. Using the solution, the optimal
feedback control can be designed as the second step. However, the generalized integro
PDE 4.25 hardly allows an explicit solution. Therefore we need to rely on numerical
procedures. Here we only draw conclusions about the behaviour of the optimal reinsur-
ance strategy by means of the derived comparative result. In order to do this, we assume
that the considered insurance company has two LoBs (i.e. d = 2) and the insurer’s prior
belief is given by

4/9 5/9 1/3
ap=4/9], a=1[2/9|, a3=11/31],
1/9 2/9 1/3

where
a; = (af} a2 a{.l’2}>, i=1,...,3.

L A

The prior probability mass function of & is supposed to be

= (355)
o= (a) - () == ()

Since
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it holds B B ~
Fl(.T) > Fg(l‘) > Fg(l‘), reR

and thus [a1] <g [a2] =st [ag], compare Remark 4.40.

Furthermore, it is supposed that the claim sizes from the two insurances classes are
independent and identically right-truncated exponential distributed” with rate 1 and the
truncation is at 10. We denote this distribution by F. That means, the density function
of F, denoted by f, is given

_ e~ Y
f)=1——5> 0<y<lo,
and 1
E[Yll} = ]E[Yf] = 1_e-10°

Hence Assumption 4.3 is fulfilled, compare Remark 4.4, and, due to the identically
distributed claim size of each LoB, we can perform the comparison result given in Corol-
lary 4.42 which requested this assumption. Further parameters are fixed in Table 4.1.
We are left to specify the parameter x of the premium principle. We choose k = E[dS}].

parameter value

10

10
3
0.1
0.15
3
0.15
0.6
0.3

S22 axT 3 >»3§8

Table 4.1: Simulation parameters for Section 4.9.

That is, by Proposition 4.21, we have

m d m
k=AY ma(k) Y af Y 1pOE[Y{] = AE[Y]!] D ms(k) > af D)
k=1 DcCD =1 k=1 DcCD
ARV S mall) S i) = gl _‘i_w

In the following we suppose that the (unobservable) realization of & is ay. Before
we turn our attention to the optimal reinsurance strategy under partial information, let
us perform the full information case, where the optimal reinsurance strategy is given
by (4.57). In order to be consistent with the incomplete information case, we recalculate
k for the fully observable case by using the same approach and we use the notation K

"The general definition of truncated distributions can be found in Cramér [44, Sec. 19.3].



4.9 Numerical analyses 99

instead of k. With the help of Wald’s equation, we obtain
mis) = B33 %] = S BN = B0 B[N = B30 Y et
i=1 n=1 i=1 i=1 i=1 DCD:

=E[Y!At, t>0,

and thus
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Figure 4.4: The development of the optimal reinsurance strategy in time under full information
for the parameter selection of Section 4.9.

The optimal reinsurance strategy under complete information is displayed in Figure 4.4
which shows a rising optimal reinsurance strategy from approximately 0.25 to 0.7 at
time 10. The (exponential) increase of the strategy is explained by the exponential
utility function. In the given parameter choice, the surplus rises (compare Figure 4.9)
in most scenarios and a loss is valued less strongly for a high surplus than for a low
surplus. Therefore the insurer behaves more risky at a high surplus which explains the
more risky reinsurance strategy at the end of the considered time interval. Since the
risk aversion depends on the parameter «, we study graphically the effect of o on the
optimal reinsurance strategy at time 5 in Figure 4.5. It can be seen that it is optimal for
the insurer to retain all the risk to itself for a very small « which is associated with a less
risk aversion. With increasing «, the optimal reinsurance strategy decreases exponential
and converged to zero, where the convergence follows immediately from the first order
condition given in (4.56).

It is also worth considering the effect of the safety loading parameter 6 of the rein-
surer on the optimal strategy. This effect is illustrated in Figure 4.6 which displays the
expected behaviour that for a small 6 (which means a cheap reinsurance premium) it is
optimal to transfer the entire risk to the reinsurer. After that, the optimal strategy in-
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Figure 4.5: The effect of o on the optimal reinsurence strategy at time ¢ = 5 in the case of
complete information for the parameter selection of Section 4.9.

creases until the premium is so expensive that it is optimal not to purchase a reinsurance
contract.

After having analyzed the optimal reinsurance strategy in the fully information case,
we examine the optimal investment strategy given by (4.29), which is the same as that
under full and partial information. This strategy is illustrated in Figure 4.7 for the
given parameter choice of this section. The increasing property can be explained by the
exponential utility function again as for the optimal reinsurance strategy.

Now we turn to the comparison result from Section 4.8.2. In Figure 4.3 we have already
pictured the a priori bounds for the parameters used in this section. In Figure 4.8, we
show these bounds together with two trajectories (black and blue lines) of the reinsurance
strategy (bi,w(pt_),F(t))tG[O,T] with w(p) = (X ie; a? pr) pep, which provide an upper
bound for the optimal reinsurance strategy for each scenario according to Corollary 4.42.
In both scenarios (black and blue lines) the upper bounds, which take the observed data
into account, generate a much better upper bound than the a priori one. In combination
with the a priori lower bound, the insurer obtain a quite small range of possible optimal
reinsurance strategies up to time 7. Afterwards the range becomes bigger.

To conclude the numerical analysis, we consider the path of the surplus process in
an insurance loss scenario for three different reinsurance strategies in Figure 4.9. The
red line displays the path of the surplus process in the case of full reinsurance (i.e.
retention level of 0), which is evident from the fact that this path contains no jumps
because the reinsurer covers all losses. The full reinsurance is purchased through a
negative premium rate which explains the downward trend. For a constant reinsurance
strategy of 0.5, the trajectory of the surplus process is plotted by the blue line. This
path is similar to the path in the case of the reinsurance strategy (Ei,w(pt,),F(t))tE[O,T]
with w(p) = (34t aP pr)pep (black line), which was illustrated in Figure 4.8. The
increasing property of this strategy can be recognized by the circumstance that the
jump sizes (part of the losses the insurer has to pay) are smaller at the beginning of the
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Figure 4.6: The effect of 6 on the optimal reinsurence strategy at time ¢ = 5 in the case of
complete information for the parameter selection of Section 4.9.
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1.0

0.8

retention level

0.2

0.0

time

Figure 4.8: The a priori upper bound (red line) and lower bound (orange line) for the optimal
reinsurance strategy and two paths of the reinsurance strategy (b} wpe) #())eefo,1)

with w(p) = (3232, ai) pr) peo.
observed time interval and larger at the end compared to the constant strategy.

4.10 Comments on generalizations

We close the chapter with a discussion about generalizations of the presented setting.

Multivariate reinsurance strategy. It was already pointed out in the introduction
that the reinsurance strategy is multivariate in the literature with multi-dimensional risk
models. However, in the literature with common shock models, the optimal reinsurance
strategies are only stated in the case of two insurance classes since it is necessary to
considered different cases where the number of cases may increase geometrically, compare
Yuen et al. [121, Remark 4.3]. A similar effect can be presumed in our setting, which is
explained below in detail.

To choose a candidate for an optimal multivariate reinsurance strategy (bi P bi )
with bf\f (t) € [0,1] fort > 0and ¢ € {1,...,d} (i.e. a reinsurance strategy for each LoB),
we have to solve the following system of equations w.r.t. (by,...,bg):

d

(14 6p)ke = )\thjp’ ZakDka]lD(i)
k=1 i=1

DcCD
d
/(0 y Vi €Xp {oz o (T—1) ij yj]lD(j)}F(dy)7 (=1,...,d,
7& j:1

where 6, denotes the safety risk load parameter of the reinsurer for the ¢th LoB and
k¢ the corresponding parameter of the reinsurance premium principle. Similar to Yuen
et al. [121, p. 5], the uniqueness and existence of the solution to the equation above can
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Figure 4.9: Trajectories of the surplus process for an insurance loss scenario in the cases of full
reinsurance (red line), constant retention level of 0.5 (blue line) and the reinsurance

strategy (’6‘;\7w(pt,) #()ieo.r) with w(p) = (X2, af pi)pep (black line).

be shown. But to make sure that the retention level (bi o .,bﬁl\’ ) takes values in

[0, 1]d, we need to discuss various cases w.r.t. the order of the unique roots (i.e. d! cases,
cf. Yuen et al. [121, p.5]) which results in a much more complicated optimality analysis.

Regime-switching model. In the present framework, the underlying environment,
which determines the interdependencies between the LoBs, does not change. This as-
sumption can be weakened by introducing an unobservable Markov chain with finite state
space and supposing that the thinning probabilities change over time according to the
state of the hidden Markov model®. Such regime-switching models (also called Markov-
modulated models) have been intensively studied in actuarial mathematics literature,
where the claim arrival intensity and claim size distribution depends on the state of the
chain (cf. e.g. Biuerle [24]) or the aggregated claim rate of a diffusion risk process (cf. e.g.
Elliott et al. [55]). Extending the Bayesian setting of this chapter to a hidden Markov
model would lead to a different filter equation which can be determined by using the
filter result for marked point process observations given in Brémaud [20, Thm. VIII.T9].
It is expectable that the presented solution procedure can be applied analogously. How-
ever, in the next chapter we will use an alternative approach to deal with unobservable
thinning probabilities which does not allow an extension to a regime-switching model.

8For a general treatment of hidden Markov models see e.g. Elliott et al. [54].






Chapter 5

Optimal investment and reinsurance
with unknown claim arrival intensities

In Chapter 4 we have studied the control problem (P) under the assumption of observ-
ability of the background intensity and the claim size distribution. In this chapter we
relax a part of this assumption, namely we suppose that the background intensity is
unobservable; the claim size distribution is still assumed to be known. Moreover, we
deal with the unknown thinning probabilities in an alternative way.

5.1 Setting

As indicated in the introduction of this chapter, we suppose that the prior distribution
IIy is a one-point distribution such that the claim size distribution is observable for the
insurer. In the following, we denote the observable loss distribution by F'. Furthermore,
we suppose that the Assumptions 3.2, 3.3 and 3.6 are in force.

Prior distribution for the thinning probabilities. Recall the approach in Sec-
tion 4.1 with the approximation of the (¢ — 1)-dimensional probability simplex A, (the
unknown thinning probabilities & take values in Ay) by a finite number of points. So
the prior distribution IIz of & has been chosen to be defined on a finite set. Under this
assumption we have derived a filter process for the probability mass function using the
available information of the insurer, in which the filter process was finite dimensional
because of the finite discretization. This was the key to obtain a reduced control prob-
lem whose optimal strategy is also optimal for the original incomplete information. In
this chapter we could do the same procedure as in the previous regarding the thinning
probabilities. But the reduction step of the partially observable problem (P) is also pos-
sible without the discretization of the probability simplex Ay made in Assumption 4.1.
This would lead to a stochastic control problem in infinite dimension in general. How-
ever, in this section, we are going to use a parametric Bayesian approach which avoids
the discretization of the probability simplex. From this point of view, this approach is
more general since the thinning probabilities can take every value in the interior of the
probability simplex.

Before stating the assumptions of this section, let us recall that (Z,),en denotes
a sequence of conditional iid random elements (conditioned on &) taking values in
(P(D),P(P(D))), where Z, describes the affected LoBs by the trigger event at T,
namely the insurance classes ¢ € Z,, are affected, compare Section 3.1. For the Bayesian
approach we have to count the realisations of every Z,, that occurs up to time ¢, which
is accomplished with the help of the following notation.

105
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Notation. For any n € N, D C D and t > 0, we define Cy(D) := 0 and

Cn(D) = Z H{Zi:D}n Cn = (Cn(D))DC]D)a
i=1
qp(t) = Cn, (D), qr -= (QD(t))DC]D)'

Thus g = (q)¢>0 is a Nj-valued process and qp(t) counts how many times the realiza-
tions of (Z,)nen are D up to time ¢t. Note that we can use (Cy,)nen instead of (Z,,)nen
to describe the multivariate claim arrival process N since

{i € Z,} = {i € D with C,,(D) > Cr,_1(D)}

According to the notation above, for any ¢t > 0, the /-dimensional random vector C), is
multinomial distributed with parameters n and @ = (ap)pcp € Ag. The probability
mass function of C,, is given by

n!

flz|n,a) = HaxDD, z = (zp)pcp € Nj with ZxD:n,

|
[Ipcp =p! DCD DCD
see e.g. DeGroot [49, Sec. 5.2]. We write shortly
Ch | n, & ~ Mult(n, &).

Asindicated at the beginning of this Section, we apply a parametric Bayesian approach
in this chapter. More precisely, we choose the Dirichlet distribution as the prior for the
thinning probabilities @ = (ap)pcp.

Definition 5.1 (Dirichlet distribution; [49], p.49). A random vector X = (X1,..., Xy)
has a Dirichlet distribution with parameter vector 5 = (B1,...,58:) € (0,00), if the
probability density function f5(:) of X is given by

PB4+ Br) T4 4 :
30 =Ry Lo T e a € A

where I' denotes the gamma function, i.e.

oo
I'(z) :/ * e dg
0
for all complex numbers z with positive real part. We write shortly
X | B~ Dir(B).

The assumption about the dependence mechanism of the insurance classes & is sum-
marized in the next assumption.

Assumption 5.2. We suppose that the Fy-measurable random vector & = (ap)pcp is
Dirichlet distributed with parameter vector 8 = (8p)pcp € (0,00), i.e.

a|p ~ Dix(B).

Remark 5.3. Notice that a Dirichlet distributed random vector takes values in the
interior of probability simplex. That is, the probability for every possible dependency
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between the LoBs is positive. The parameter 3 of the Dirichlet distribution can be chosen
with already existing date by using for example the maximum likelihood method. In
the case of non-existence of pre-information, an uninformed prior can be selected which
is = (1,...,1) for the Dirichlet distribution such that the thinning probabilities are
uniform distributed on the probability simplex.

The reason for the choice of the Dirichlet distribution as the prior is the conjugated
property of the Dirichlet prior, which is stated next. If the posterior distribution is of
the same type as the prior distribution, then we call the prior conjugated. That is, a
family of distributions which a conjugated prior belongs to, is closed under sampling.

Theorem 5.4 ([49], Thm9.8.1). The posterior distribution of & given C, = c with
¢ = (cp)pep € N§ is a Dirichlet distribution with parameter vector B+c = (Bp-+cp)pep,
i.e. the posterior density of & is

(— | ) (ZD@D) Bp + CD 5D+CD 1

, a=(ap)pcp € Ae-
HDC]D) (5D + CD DcCD

It should be noticed that the marginal distribution of the jth component of a Dir(f)-
distributed random vector (X1,...,X3), B = (B1,...,Bk) € (0,00)*, is Beta distributed!
with parameters ; and Zle Bi — Bj, compare DeGroot [49, p.50]. This fact implies
immediately the following result.

Corollary 5.5. The posterior distribution of ap given C,, = ¢ with ¢ = (¢cp)pcp € Ng 18
a Beta distribution with parameters Bp +cp and ZEC]DJ\{D}(IBD +c¢p), i.e. the posterior
density of ap s

fB(OéD | C) = F( ZDCD(BD + CD)) OéﬁDDJFCD*l(l _ aD)ZECD\{D}(ﬁEJ'_CE)_l
I'(Bp + CD)F( >, (Be+ CE)>
ECD\{D}
for ap € (0,1) and 0 otherwise.
Notation. Throughout this chapter, || - || denotes the ¢1-norm, i.e. ||z|]| = S 7, |x;| for
g =1
some = = (z1,...,%,) € R™

According to the theorem and corollary above, we have

C_“‘B’Zl?"'aZNt ND1r<B+qt)7
ap ‘ 67 Zl7 .. 'aZNt ~ Beta(ﬁD + qD(t)v ”B +th - BD - qD(t))

The next result yields the predictive distribution? of the categorical variable Z given
observed categories, in which the proof incorporates the following notations.

Notation. From now on, P, denotes the conditional probability measure P given x, where
x is either a random element or a single event, and [E* denotes the corresponding condi-
tional expectation w.r.t. PP,.

The notation plays an important role in the determination of Hamilton-Jacobi-Bellman
equation in Section 5.4 and in the next proof.

'For the definition of the Beta distribution we refer the reader to DeGroot [49, Sec. 4.9].
2The predictive distribution is the conditional distribution of a new observation given some date, com-
pare Klugman et al. [78, Def. 2.43].
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Notation. Throughout this chapter, let v : Ng x P(D) — N§ denote a function given by

U(Q? D) = (QE + ]l{E:D})EC]D)u (51)

where ¢ = (¢p)pcp. Moreover, we write v(q, D)ps for the D’th component of the
sequence (qE + ]I{E:D})EC]D)'

Proposition 5.6. For any t > 0, we have

Bp + QD(t)‘

P(Zn,41=D|Z1,...,2ZnN,) = 1+l

Proof. Fix D C D and ¢ > 0. First of all, let z, := (21,...,2,) € P(D)" be a realization
of Z, := (Z1,...,Z,). Due to the Bayes’ rule, Assumption 3.2 and Theorem 5.4, we
have
P(Zpy1 =D | Z, = 2,) :/ ap fzlal| Z, = z,) da.
A

Consequently, using the fact that T'(n + 1) = nT'(n) for all n € N, we obtain

P(Zusr =D | Z1,.... 2n,) = /anﬁ<a|qt>

_ F(ZECD(ﬁE +qE t)) / IL{E py+BE+qE(t)— ldd
Moo DG+ ax(0) s, AL
T(Ypcp(Be +ap(t) +1) Bp +ap(t)

)
>ecpBe+ae®))  TBp+ap(t) +1)[1pcp py I'(Be + au(t)) *

/ a%mqD(t) H a§E+qE<t)—1 14
Ay

ECD\{D}
_ Bp+ap(t)
= Bral
/ F( ZECD (BE +qr(t)) + 1) a/BD+QD(t) H a5E+qE(t)_1 da
T + o) + D acoyoy 10 +as®) P, AL |

where the integral is 1 since the integrand is the density of the Dirichlet distribution
with parameter vector v(8 + ¢, D). O

The proposition provides the distribution of a new thinning Z given the appeared
categories up to time ¢. This distribution gains in interest in the proof of Lemma 5.20 (vi).

Due to the conjugation property of the prior for &, the posterior distribution of & as
well as the parameter of this distribution, which is described by (pt)¢>0, are known. Thus
(gt)t>0 provides all available information about & which is included in the observable
filtration &. Therefore, instead of a filter equation, we can use the process (gt )¢>0, which
describes the parameter of the posterior distribution, for the reduction of the control
problem (P) under partial information to one with complete information.

After the reduction we use the stochastic control approach to solve the reduced prob-
lem. For this purpose, we need the compensated process of (g;)t>0. To determine this
process, it is necessary to know the dynamics of the projection of the unobservable
background intensity A to the observable filtration. So firstly, we have to specify the
assumption about A.
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Prior distribution for the background intensity. In contrast to Chapter 4, we
regard the trigger process N as mixed Poisson process with mixing distribution I, i.e.
A is a positive Fy-measurable random variable. We suppose that II, is defined on a
finite set such that we can derive a finite dimensional filter equation which describes the
background intensity A given the available information up to any time ¢. This ansatz is
similar to the model for the thinning probabilities & in Section 4.1.

Assumption 5.7. Let m € N be fixed. We assume that A is an Fy-measurable random
variable taking values in the measure space (A, A), where A := {\1,..., A} with \; €
(0,00),j=1,...,m, and A := P(A). Without restriction to generality, we suppose that
A1 < A3 < ... < Ap. Furthermore, A and @ are assumed to be independent.

Later, bounds for the optimal strategy (Corollary 5.29) and a comparative result with
optimal strategy in the fully observable case (Corollary 5.32) are derived under use of the
order A\ < Ao < ... < A\p,, which is an order of the possible background intensities from
the best to the worst case scenario from the insurer’s point of view. As already mentioned
in Section 4.8.2, such orders are typically the basis for determining comparison results.
Beside the order of the background intensities, an order is also required for the thinning
probabilities which is not as obvious as for the background intensities since the harm of
a scenario for the thinning probabilities also depends on the claim size distribution. It
will turn out that a proper order can only be given under further assumptions to the
claim size distribution, compare Section 5.7.

According to the assumption above, the prior distribution II5 of A is defined on A.
That means, the insurer is aware that the background intensity is one of the values in
A, but it is not known which one. The insurance company has only a prior guess about
the distribution of A which represents expert knowledge about the unknown background
intensity. That is,

A (B) = > mA(j), B €A,
je{1,...,m}:\;€B
where
mA(j) == P(A = )\j), ji=1,....,m.
Notation. We write mp := (mA(1),...,ma(m)) € A, for the m-dimensional vector which

describes the probability mass function of II}.

In contrast to the prior for the thinning probabilities, the prior for the background
intensity is a distribution on a finite set. Due to the finiteness, we can describe the update
of the prior guess of the distribution of A with a finite dimensional filter equation which
will be determined in the following section. Before we turn to the filter problem, a
further assumption must be made regarding the distribution of the claim sizes.

Claim size distribution. We need the same requirements on the claim sizes as in
Chapter 4. Thus we suppose that Assumption 4.3 is satisfied, i.e.

Mp(z) = [exp{ Z‘GH _/(O’OO exp{ Zyl} (dy) < o0, zeR, (5.2)

Due to this assumption, we can state the following properties which will be used
for the verification of the solution of the later announced reduced control problem, see
Section 5.3.
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Lemma 5.8. Let z € R be an arbitrary constant. Then there exists constants 0 < C1 <
oo and 0 < Cy < oo such that

(i) E[Y{ exp {30 Yi}] <O, j={1,...,d},
(ii) E[exp{zz‘j D IY%H <0y, telo,T).
Proof. The first statement matches Lemma 4.5 (i). Regarding the second statement, we

obtain, by following the same line of arguments as in the proof of Lemma 4.5 with P
replaced by Py in the application of law of total variation,

#[onf:- S 2 f] =2lo fou(z[ow S]] 1)}

where, by definition of the prior distribution I,

don el ] S )] )

TA(j) exp {\; T Mp(z)} =: Co

NgE

e

Il
—

J

which is finite according to (5.2) for all t € [0, 7. O

5.2 Filtering and reduction

The task is to reduce the partially observable control problem (P) within the introduced
framework to one with a state process that describes the available information about
the unknown background intensity and interdependencies between the LoBs. For this
purpose, we proceed for the background intensity as in Section 4.2, i.e. we determine a
filter equation for the background intensity.

Filtering of the background intensity. We want to describe the conditional distri-
bution of A given the available information up to time ¢. For this purpose, we are going
to apply the filter result for point-process observations stated in Theorem 2.94, where
the observed filtration is the natural filtration of the background process N denoted by
N = (F)io.

Recall that, by Theorem 2.69, the natural filtration of an SPP is right-continuous.
This justifies the following notation according to Proposition 2.31.

Notation. ThroughAout this chapter, we denote the cadlag modification of the process
(E[A|FM)iz0 by (Ar)iso, i

A =EA|FN], t>o0.

From Proposition 2.91, we know that (Kt)tzo is an FV-intensity of the mixed Poisson
process N since the mixing distribution IIp has a finite mean. The finite mean implies
further that N is integral, compare Theorem 2.78 (ii).

Notation. From now on, (Q,fojg,%N ,IP) denotes the filtrated probability space which
is modified as described in Remark 2.70 such that the usual conditions are satisfied.
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Furthermore, let N = (Nt)tzo denote the compensated process of N defined by
o~ t ~
N, = N, —/ Rods, t>0, (5.3)
0

and we write (p;(t))i>0, j = 1,...,m, for the cadlag modification of the processs (P(A =
pi(t) =P(A =X | FY), t>0.

Moreover, let p = (pt)1>0 denote the m-dimensional process defined by
Dt ‘= (pl(t)uvpm(t))a tZO

Remark 5.9. Notice that A; < A, for ¢ > 0. Furthermore, it is clear that p;(0) = mA(j)
for every j € {1,...,m}.

The following result provides the dynamic of the filter process (pt)i>0.

Theorem 5.10. For any j € {1,...,m}, the process (p;(t))t>0 satisfies

w0 =ml)+ [ (M pee)am, 120 (5.4)

Proof. Fix j € {1,...,m} and set X; := 1yr_),). Clearly, X; is Fo-measurable. There-
fore, Assumption 2.92 is fulfilled and we can apply Theorem 2.94 which yields, under
consideration of E[X;] = P(A = \;j) = ma(j) and X;(t) = E[La—x | FN] = pi (1),

pi(t) = ma(j) + /0 (As— pj(s—) dN., £>0,

where (A;)i>0 is an FV-predictable process satisfying

t t
E[/ HszAds}:]E[/ HSASAsds], t>0,
0 0

for all non-negative bounded FV-predictable processes (Ht)t>0. For some fixed non-
negative bounded §"-predictable processes (Hy);>o we obtain, by Fubini’s Theorem and
the FN-measurability of H, and with the fact that cadlag processes has only countable
many jumps, that

t E[ALgpna | FN] - !
E[/ 1l {A/:\AJ}’ S]Asds]_/E[E[HsAﬂ{A:Aj}\fsNHds
0 S 0

t t
:/ E[HSA]L{A:)\].}] dt:E[/ Hst)\dS:|, tZO
0 0

Furthermore,

E[ALpoy,y | FY] = Z AL =x3Pk(t) = Ajpi(t), t>0.
k=1

Therefore, we can choose
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where (A;);>0 is obviously §V-predictable. d

The filter process (pt)¢>0 carries all available information about the background inten-
sity which is encapsulated in the observable filtration. Let us mention further elementary
properties of the filter (p;)i>o.

Proposition 5.11. Let j € {1,...,m}. The continuous part (p§(t))i>0 of (p;j(t))i>0
satisfies

t
pj(t) = /O pi(s)(As — Aj)ds, >0,
and the new state of the filter p at jump times (T),)neN is
pr, = J(an7)7 ne Na

where

A1 D1 Am Pm >
J(p) = = ey =T 5.5
(®) <Zk:1 Ak Pk > ket Ak Pk (5:5)

forp=(p1,...,pm) € Ap,.

Proof. Fix j € {1,...,m}. Due to the definition of N given in (5.3) and Theorem 5.10,
we have

N (s /
pj(t):ﬂ'A(j)—i—/O </\]1/)\J()—pj(s—)>d]\fs—/0 pi(s)(Aj — As)ds, t>0.

S—

Thus the continuous part (p§(t))i>0 of (p;(t))>0 satisfies

t
p;(t) = / pi(s)(As = Aj) ds, >0,
0

and Ly
> Apj(s) = / (jpﬁ'(s_) —pj(s—)>st, t>0.
0<s<t 0 A
That is 5 2o (Tom)
Djildin
Ap] (Tn) ! Aj - pj(Tn_)a n €N
Arp,
Therefore, the new state of the filter p at the jump times (7},),en is
i pi(Th—
p3(T) = 93T + Apy(T) = MTnZ) ey
Arp,
Consequently, pr,, = J(pp,—) for every n € N, where J is defined by (5.5). O

Next we investigate the dynamic of the filter process (pt)¢>0 between the jump times.

Proposition 5.12. Let n € Ng. Assume pr, = p, then the evolution of (pt)i>0 up to the
next jump time T, 11 is the solution, denoted by ¢(t) = (¢j(t))j=1,..,m, of the following
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system of ordinary differential equations
d1 = b1 (o7 M b — M),

o (5.6)
(bm = ¢m(22n:1 Ak (bk - )\m)y

¢(0) =pc Am

Proof. Fixn € No. The dynamic of the continuous part (p§(t))i>o of (p;j(t))e>0 calculated
in Proposition 5.11 yields the dynamic of (p;(t))¢>o for any t € [T}, Ty11],

pi) = (o) + | pj<s>(ZAkpk<s> - Aj> ds.
k=1

Th—1

For any j € {1,...,m} and s > 0, we have

Pj(S)(Z)\kpk(S) - Aj)‘ <D e+ A < (mA+1) A,
k=1

k=1

since p;(s) < 1 and the order A\ < Ay < ... < Ap,, compare Assumption 5.7. That is, the
integrand above is bounded on [T}, T,,+1]. Therefore, by the cadlag property, the inte-
grand is Riemann integrable according to the Lebesgue’s criterion for Riemann integrabil-
ity (cf. e.g. Sohrab [115, Prop. 11.1.3]). Thus the Lebesgue integral above coincides with
the Riemann integral with the same integrand (cf. e.g. Klenke [77, Thm. 4.23]). In con-
sequence, the second fundamental theorem of calculus (cf. e.g. Sohrab [115, Thm. 7.5.8])
implies the announced system of ordinary differential equations (5.6) since the integrand
above is continuous on [T}, Tp+1). d

Remark 5.13. Due to the previous proposition, the filter process (pt)¢>0 is a piecewise
deterministic Markov process.

Here are some elementary properties of the evolution of the filter process between the
jumps.

Proposition 5.14. (i) Let n € Ng. Fort € [T}, Ty+1) it holds py = ¢(t — T5,).

(ii) For anyp € Ay, the map t — ¢(t) with $(0) = p is Lipschitz of a rank independent
of p.
Proof. (i) This statement is an immediate consequence of the representation of the

continuous part of (p:)¢>0 given in Proposition 5.11.

(ii) Let ¢(0) = p for some p € A,,. From the first statement, we know that q:bj(t),
j=1,...,m, is independent of p. Furthermore, from (5.6) follows that t — ¢;(¢),
j=1,...,m, is continuous and thus bounded on the compact set [0,7]. Hence

1(A1(2), ... dm(t))]2 < K,

where 0 < K < oo is independent of p and || - ||2 denotes the Euclidean norm.
Consequently, on account of the mean value theorem for vector-valued functions
(see Akcoglu et al. [2, Thm.5.1.13]), we get

[o(t1) — d(ta)ll2 < K [t1 — t2
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for all t1,t2 € [0,T7. O

The first statement of the previous proposition expresses the equivalence of the evo-
lution of (p¢)e>o after every jump at (7},)nen. This property as well as the jumps can be
seen in Figure 5.1 which displays a path of each component of the filter (p;);>0 under the
assumption that A = {2,4,5}, 7an = (2/5,2/5,1/5) and P(A = 4| Fp) = 1. The figure
further shows that no trigger event occurred approximately in the time between 2 and 3,
which increases the probability for the smallest possible parameter 2. This is expressed
by the strongly increasing black line in this period. Subsequently more events occur
(especially in the time between 5 and 6), whereby the probability that the true intensity
is 2 decreases strongly and the filter rank the probability for the correct parameter (here
4) up in the course of time which is represented by the red line.

1.0

0.8

state of the filter

0.2

0.0

time

Figure 5.1: A trajectory of the filter process (p;)¢>o under the assumptions that A = {2,4, 5},
A = (2/5,2/5,1/5) and P(A = 4| Fy) = 1, where p; = (p1(t), p2(t), p3(t)) with
p1(t) =P(A=2]|G:), p2(t) =P(A =4|G;) and p3(t) =P(A =5]|Gy).

Dynamics for the parameters of the posterior distribution of the thinning
probabilities. It has already been mentioned at the beginning of Section 5.1 that we
do not have to a solve filter problem for the thinning probabilities since the posterior
distribution of & given the available information is known, namely through the process
(gt)t>0. Therefore, the property of conjugation plays a key role for the reduction in
this chapter. Nevertheless we need to compensate the process (q:);>0 for the stochastic
control approach. For this, the next notation and results are required. Before stating
these, let us recall that the MPP ® = (T),, Z,)nen carries the information about the
claim arrival times, i.e. §® is observable for the insurer, see Section 3.1.

Notation. For any D C D, we denote the cadlag modification of (E[ap | Fi¥])i>0 by
(@p(t))e>o0, ie.
ap(t) = Elap| F?], t>0.
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Lemma 5.15. The §-intensity kernel of ® = (T,,, Zp)nen, denoted by (A(t,dz))e>0, is
given by
=AY ap, t>0, BeP(PD)).

DeB

Proof. Tt is easily seen that A is a transition kernel from (RT x Q,Bt ® F) to
(P(D),P(P(D))), compare the arguments in the proof of Lemma 4.9. Moreover, we
can show that (A) ;g ap)i>o is the predictable §-intensity of (®(t, B))i>o for some
B € P(P(D)) with the same method as in the proof of Lemma 4.7, which completes the
proof. O

Proposition 5.16. The §®-intensity kernel of ® = (Ty, Zn)nen, denoted by (fi(t,dz))i>o,
s given by

u(t, B) = Ao Y 20 b +ap(t t>0, BeP/PD)).

Proof. The definition of y clearly forces that u is a transition kernel from (R x , BT ®
F2) to (P(D), P(P(D))). Now, the procedure is to show that (u(t, B));>o is the F*-
predictable intensity of (®(¢, B))¢>o for some fixed B € P(P(D)). To do this, let us re-
mind that (A )" .5 ap)i>o is an F-intensity of (®(t, B))s>0, compare Lemma 5.15. Since
(A > pep @p(t))i>o is a cadlag modification of (E[ap | Fi¥])i>0 (see notation above) and
thus §®-progressively measurable, it follows, by Proposition 2.81, that
(A > pep @p(t))i>o is an FP-intensity of (®(t, B))¢>o. Notice that

(/)[\D(t) = ]E[OéD ’th)] = ]E[OéD ‘ Zla ceey ZNt] = / ap fB(aD | Z17 s 7ZNt)daD7
0,1
where, by Corollary 5.5, the posterior density fz of ap given (Z1,...,Zn,) is the density

of the Beta distribution with parameters Sp + qp(t) and 3 pep\ (py(BE + ¢i(t)). Since
the mean of X ~ Beta(a,b) is E[X] = 57 (cf. e.g. DeGroot [49, p.50]), we obtain

~ D+ qp(t
ap(t) = 2+ 4 (t)
18 + gl
: I\ Bp+ap(t-) ; P : o
and, in consequence, we have that (At, > peB %) 150 1 the §-predictable §*-
intensity kernel. O
The proof above gives the Bayesian estimator of ap given (Z1, ..., Zy,), namely
+qp(t
Elap| Zu,..., Z) = 222900 57)

18+ |
Notation. Let cf>(dt, dz) denote the compensated random measure given by
&(dt,dz) := ®(dt, dz) — u(t,dz) dt, (5.8)

where p is given as in Proposition 5.16.
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Taking this notation into account, we get for any D C D

5E+QE( )
// ]l{z D} ds dZ —l—Z/ ]l{E D}A |’5+qs” ds

ECD

Bp + ap( )
Ty, dsdz /A ds, t>0.
// (=3 ® 1B + all

Properties of the aggregated claim amount process and the surplus process.
The solution method requires a representation of the aggregated claim amount process
and the surplus process w.r.t. the compensated random measure of ¥ which is derived
next.

Proposition 5.17. The F¥-intensity kernel of V = (Ty, (Y, Zn))nen, denoted by
(v(¢,d(y, 2)))e=0, is given by

v(t, (A, B)) = A F(A) > ﬁﬁﬂ*ﬁjn t>0, AeB((0,00)%), B € P(PD)).
DeB t

Proof. The assertion follows by using Proposition 5.16 and the same line of arguments
as in the proof of Proposition 4.20. O

Notation. Let \T/(dt, d(y, z)) denote the compensated random measure given by
(I\l(dt,d(y, z)) == ¥(dt,d(y, 2)) — v(t,d(y, 2)) dt, (5.9)
where v is defined as in Proposition 5.17.

With assistance of the measure introduced above, we obtain the following character-
istics of the aggregated claim amount process.

Proposition 5.18. The aggregated claim amount process S = (Si)i>0 is given by
i Pptan(s
yil(i) B(ds, d(y, 2)) + / )45 3 10
//Edz 1./ D+ 2 ATl Z

and satisfies

ZZMMZ%ZM
— 18] &

DcCD
for allt > 0.

Proof. Combining (3.3) and (4.10), we get for any ¢t > 0

//Edzyz (1) B (ds, d(y, 2)
3 B0 a(s)
+Z//ooo > sl ST

DCD i=1

d
/ /EdZyz 2(1) U(ds,d(y, 2)) + Z/ A ﬁﬁﬂt_q(l;s“)dsZ]ID(i)E[Yf].

DcCD i=1
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By Corollary 2.98, the process (1:):>0 defined by

nt—//EdZyzz U(ds,d(y,2)), t>0,

is an §¥-martingale if

[ I3

Bp +ap(s) N
[ '3 Z e S ot ] <o 120

DcCD =1

(s, d(5,2)) ds|

Notice that the function H(t,y, z) := Z?:l yi1.(7) is obviously an §¥-predictable func-
tion indexed by EY. Moreover, recall that A and & are independent (compare Assump-
tion 5.7). Therefore, by Fubini’s Theorem and the fact that for any s > 0 and D C D

E [/A\s Bp + QD(S)}

Trol |~ EERIFEap | ) = E[EAap| ]

=E[Aap] = Z)\km ”ﬁ” s>0, DcD,

since ap ~ Beta (BD, ZEC]D\{D} ﬂE), compare Section 5.1. Therefore,

d

t
~ Bp +ap(s ]
E[/ A ds
0 DZD 13+ 4l ;
Z ZnD JE[YY] Z/\k ma(k)t < oo, t>0,
s 18Il < et
and the proposition follows. O

The proposition yields the following indistinguishable representation of the surplus
process X0 = (Xf’b)tzoz

de7b:<rX§’b (1= )€ + clby) — gty 3 P90 ﬁ/ffj j ZﬂD@E[Yﬂ)dt
DcCD i=1

+ EodW, — / thyl () U(dt, d(y, 2)), t>0.

This dynamic will be one part of the reduced control model discussed in the next section.

5.3 The reduced control problem

Recall that the processes (pt)i>0 and (gt)¢>0 carry all relevant information about the
unknown parameters A and & contained in the observable filtration & of the insurer.
That is, it is sufficient to know the processes (pt)i>0 and (g:)¢>0 instead of the whole
history &. As in Section 4.3, we consider a family of problems by varying the initial time
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to achieve a relationship among the corresponding value functions. Therefore, the state
process of the reduced control problem with complete observation is the (¢ 4+ m + 1)-
dimensional process

(ng’b,Ps, QS)se[t,T]

for some fixed initial time ¢ € [0,7) and (§,b) € U[t, T], where

AXE" = (X504 (= 1), + elbs) — Ry, Y P00 Z ds
DcD Hﬁ—i_ qSH =1
+ &0 dW, — / bs Zyz L(1) U(ds, d(y, 2)), (5.10)
dp;(s) = (W—pxs—))dﬁs, j=1...d (5.11)

Bp + ap(s)

ds, DcCD. 5.12
15+ 0 (5:12)

qu(S) :/7)( )]l{z D} (I)(ds dZ)-l-A

for s € [t,T], with
b
()(t§7 thuqt) = ($7p7 Q)

with 2 € R, p = (p1,...,pm) € Ay, and ¢ = (¢p)pep € N Using this reduced model,
we can formulate the reduced control problem. For any (£,b) € U[t,T], the objective
function is given by

V&t a,p, q) = EXPI[U(XE")] = E[UXSE) | X7 = 2,p0 = p, @t = ¢
and the value function is defined by

V(t,z,p,q) == sup VP(t,z,p,q), (P2)
(&b)eu[t,T]

for all (¢,2,p,q) € [0,T] x R x A, x N§. As before, an investment-reinsurance strategy
(&*,b*) e U]t, T is optimal if

V(t,z,p,q) = VI (t,2,p,9),
and the insurer is interested in optimal strategies (£*,b*) € U[t, T, i.e. in strategies

(&%,b%) = argsup Vg’b(t,x,p,q).
(€,D)EU[L,T]

Applying the arguments from Section 4.3, we get for any (£,b) € U[t, T
VUt e, q) = 1757"(@ z) and thus V(t,z,pt,q) = v(t, x), (t,x)€[0,T] xR.

That is, if we solve the reduced control problem (P2), the original problem (P) is also
solved (under setting of Section 5.1).

The following properties of the value function are analogous to those in Section 4.3,
compare Lemma 4.22.

Lemma 5.19. (i) For any (£,b) € U[t,T] and (t,z,p,q) € [0,T] x R x A, x N§, it
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holds
Vfbtxp, Z:;DVg (t,z,ej,q).

(ii) For any (t,z,q) € [0,T] x R x N§, the function A, > p+ V(t,z,p,q) is convex.

Proof. The assertions follow from the same arguments as in the proof of Lemma 4.22. [

5.4 The Hamilton-Jacobi-Bellman equation

In this section we proceed as in Section 4.4 by developing heuristically the generalized
HJB equation, of which a byproduct is a candidate for an optimal investment-reinsurance
strategy. Thus the starting point is the assumption that the DPP holds, i.e. the value
function V satisfies

V(t)xupv Q) = sup ]Et’w’nq |:V(t07 th(;bapt())qto)}
(gzb)eu[tzt(ﬂ

for all (t,z,p,q) € [0,T] x R x A,, x N§ and for some ty € [t,T]. Recall that (q);>0 is
a pure jump process and that (p¢):>o is an FV process. Therefore, assuming that V' is
sufficient smooth, we obtain by It6-Doeblin’s formula

V(t07 th(;bv Pty qto) = V(tv thjba Dbt, Qt)

to to
+/ Vi(s, X§%.par 4s) ds+/ Vo (s, X0 pe,qu) d(XED)C
t t

m to 1 to

> / Vo, (5, XE2 poc qu-) dpf(s) + 5 / Vio (5, X520, po-, g5 ) d[XEPS
=1t '

+ Z <V(57X§7baps’qs) 7V(S X§b7p3 » Qs— ))
0<s<t

According to Proposition 3.15 and Proposition 5.11, we get
7b ,b
V(t07 tho y Ptos qto) = V(tv th » Pty qt)
to
+ / (Vt(s, X5 s, qs) + Vi (s, X80, ps, qs) (P XS0 + (1 — 7)€ + c(bs))
t
@ ~ 1

+ D Vi, (5, X5 ps, 6) i (5) (Bs = ) + 5 Vi (5, X5, s, qs)02§3)d3

j=1

to
+/ Vo (5, X5 pory o )0l AWy + ) ( (5, X5 ps,qs) — V (s, X2 ps—y g5 ))
t 0<s<t

To calculate the sum in the equation above, recall the notation made on page 108 of
the function v given in (5.1). Once again with the help of Proposition 3.15 and Propo-
sition 5.11 as well as the definition of ¥ given in (5.9), it follows

Z (V(S7X§’b7p87qs)_v( X§b7p8 y ds— ))
0<s<t

_/Ot /Ed <V($,X§’_b—bssz;yi]lz(i)vJ(ps—)av(%—yz))
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- V(S7 X§7—b7p5—7 QS—)> \/I}(dsv d(y7 Z))

d
/ Z Bﬁ;ﬁg : /(0 )dv(s,Xﬁ,b — bszyi]lD(i),J(ps),v(q$7D))F(dy) ds

DCD =1
_/ Ks V(S7X§7b7p8)QS) ds.
0
Therefore
V(t(): Xf(;baptoa qto) = V(tu Xt&b?pta qt)

to
+ / (V;f (37 Xg’bms, QS) + Vi (37 X§7b>psa QS) (Tng + (u—1)&s + C(bs))
t

1
+ZV;77 S XS yPsy ds pj <ZAkpk ) + §V$$(87Xs§7bapsaq$)0'2§z

Jj=1

Br + d
g P g D qD / v xéb .
+ A S, Ay bs yilp(2), J(ps),v(gs, D) | F(dy
* k ||ﬁ qu (0,00)¢ ( ; ( ) ( ) ( )) ( )

DcCD

t
— ZAkm(S)V(S, X5, ps, qs)>ds + / i Vo (s, X3P, ps—, gs— ) o &5 AW
= t

+/Ot /Ed <V(87X§’_b — bssz;yi]lz(i),J(ps—),v(qs_,z)>
—V (5, X5, pe_, ga_ ))‘T/(ds,d(y,z)),

Using the same arguments as in Section 4.4, we obtain

“ 1
0= sup {V;f(tvxapa Q) - ZAk‘ka(tvxvpv q) + 502‘/11(tax7p7 q)£2
(€,b)eR%[0,1] k=1
+Valt,2,p,q) (rz + (n =)+ ¢(b)) + > Vi, (t,2,p,9) (ZAH)’C ) (5.13)
7j=1
5D+CID d
+zxkpk S [v{ee - ute). 000000 p) Fan |
5 18 +4dll Ty —

Again, we have the following separation approach which follows by similar argumenta-
tions as in the proof of Lemma 4.24: For any (t,z,p,q) € [0,T] x R x A,, x N§, we
have -
r(T—t

V(t,$,p, Q) = —e g(t7p> Q) (514)

with

t : f &0t 5.15
g(t,p,q) == (Eb)lenu[tT]g (t,p,q), (5.15)
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where

T
g*°(t,p, q) == EtP4 [exp { —~ / ae" =) (u—r) & +c(bs)) ds
t

T T d
—/ aae’"(T‘s)fdeS+/ / abseT(T_S)Zyz’ﬂz(i)\I’(dsad(yaz))H7
t t JEd i—1

where E5P4 denotes the conditional expectation given p; = p, ¢; = ¢q. Before we use the
separation approach to rearrange Equation (5.13), let us mention some useful properties
of the introduced function g.

(5.16)

Lemma 5.20. The function g defined by (5.15) has the following properties:
(i) g is bounded on [0,T] x Ay, x N§.
(ii) g*°(t,p,q) > 0 for all (t,p,q) € [0,T] x A, x N§ and (€,b) € U[t, T).

(iii) g%*(t,p,q) = Y5y pj 650(t,e5,q) for all (t,p,q) € [0,T) x Ap, x Nj and (€,b) €
ult, 7.

(iv) g**(t, J(p).q) = Sy 5B gt ej,q) for all (t,p,q) € [0,T] x Ay x N§ and
(&,b) e Ult, T].

(v) §%*(t,p,q) = X pep (BEde 6**(t,p, v(a, D)) for all (t,p,q) € [0,T] x Ay x Nf and
(€,0) € Ult, T7.

(vi) A D p = g(t,p,q) is concave for all (t,q) € [0,T] x N§.
Proof. (i) This can be shown by the same method as in the proof of Lemma 4.25 (iii).
(ii) This statement follows immediately from the definition of g&* given in (5.16).

(iii) Asin the proof of Lemma 5.19 (ii), the announced assertions follow by conditioning.
(iv) Once again, the statement follows by conditioning.

(v) Fix (t,p,q) € [0,T] x A, x N§ and (&,b) € U[t, T)]. Notice that g>° can be written
as

T
(2, p, ) = ELPS [exp { = [ ae T =g+ ) ds
t

Nr_y

T d
— / oo eT(T_S)fs dWs + a Z br, e (T=Tn) Z Y1z, (Z)}] )
t n=1 i=1

compare (5.16), where p describes the intensity of the of the trigger process (N¢)i>0
and ¢ the distribution of the thinning probabilities, both given the relevant infor-
mation up to time ¢t. We observe that

g (t.p,q) = / h(\, &) PPI(A € d), a € dd)
AXA(



122 Chapter 5 Unknown claim arrival intensities

with

h(), &) = B4 [exp { - /t L e ((—7) & + c(bs)) ds

Np_y

T
—/ aoe T AW, +a Y by, T ZY]IZn }yA )\aa]

t n=1

where, by Assumptions 3.3 and 5.7, A and & are conditional independent given
pe =pand ¢ = g, i.e.

PPA(A € A\, @ € da) = PPPI(A € dN) PHP4(a € da).
Hence

b(t,p,q ZPW (A =X\p) / h( A\, @) PP (a € da)

with PYP9(A = Ap,) = pp and P"P4(a € da) = fz(a|q)da, where f3(&|q) denotes
the posterior density function of & given ¢; = ¢, compare Theorem 5.4. That is,

> rmcn(BE + qE ~ .
1% ECD T (B + H Pptae=l & = (ap)pep € Ay
penl(Be+a8) oo

falalq) =
Consequently, the statement holds if

5D+QD - _ r(x
chm H5+QH (afv(g, D)) = fz(a|q).

Indeed, using ['(n 4+ 1) = nT'(n) for all n € N, we have for any & = (ag)gcp € Ay

Z ﬁD+QD S(@|v(q, D))

s 1B+ (JH
as Bp +ap I'(Xpcp(Be +ap) +1) oot [ afetes
DCD 18+ 4l T(Bp +ap +1) Heco\py T (Be +an) EC]D)\{D}
B Bo+ap  (XpcnBe+a8) T (Xpcn(BE + az)) H ot
b 2rcn(PE + 4B) (Bp+ap) [1pcn T (Be + ar) 5D
I'(Xecn(Be + QE ofrtas— Z ap
HECD F(ﬁE + QE ECD DCD
= fz(alq),

since Y pcpap = 1.

(vi) We can conclude the assertion by using (5.14) and the convexitiy of V' w.r.t. p,
compare Lemma 5.19 (ii). O

The separation approach (5.14) implies

Vilt,z,p,q) = —e o (

axr er(Tft)g(t, p,q) + g:(t, p, CI)) )

— r(T—t) _
Vx(t)x7p7Q) = —¢€ axe (_aeT(T t)g(tvpvq))v
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Via(t, 2, p,q) = —e~ a2 2T g (¢ p ),
—azer(T-1)

‘/pj(tam7p7Q):_e gpj(t7p7Q)7 j:]-a"'am

The partial derivative w.r.t. ¢t and p;, 7 = 1,...,m, are only defined on the open sets
(0,T) and (0, 1), respectively. However, we will generalize this partial derivatives later.
Using the relations derived above as well as

d d
. —azen(T—1) r(T— :
V(t,x —b> yilp(i),p, q) =~ exp {ozbe (=) ZyﬂlD(l)}g(tn 9),
=1

=1

we conclude from (5.13)

0= inf (t A (t (t A —
(g,b)éﬁx[o,l] {gt Dy q E kPkg(t,p,q) + E 9p; (t, 1, q pg( E k Dk >
— 1 T
—ae"T (¢, p, Q)<(M—7")§+C( ) — oot “5 )

d
+Z)‘kpkz ﬁgigﬁ (t, J(p),v(g, D)) /exp{abe’"(Tt)zyi]lD(i)}F(dy)}.

DcD (0,50)4 i=1
(5.17)
Notice that
“*g(T,p,q) = V(T,2,p,q) = E"*PUU(XE")] = —e*
for all (z,p,q) € R x A, x N§, i.e.
9(T,p,q) =1, (p,q) € A x N,
However, g is probably not differentiable w.r.t. ¢ and p;, j = 1,...,m, since every

component of the state process jumps. Assuming (¢,p) — ¢g(t,p,q) is Lipschitz on
[0,T] x Ay, for all ¢ € N&, we can replace the partial derivatives of ¢ w.r.t. ¢t and Dj,
j =1,...,m, by Clarke’s generalized gradient, compare Section 2.1. For this purpose,
we introduce the following notation.

Notation. For fixed q € Nfj, we write g,(¢,p) : [0,7] x Ap, — (0,00) for the function
which is given by
94(t;p) = g(t,p.q),  (,p) €[0,T] x Apy
Furthermore, we denote the components of an (m + 1)-dimensional vector ¢ € %, (t, p)
by @ = (@0, 1, Pm)-
We further introduce the following operator.

Notation. Throughout this chapter, let .Z denote an operator acting on functions g :
[0,7] x A, x N§ — (0,00) and (&,b) € R x [0, 1] which is defined by

Zg(t,p,¢;€,b)
10402 er(T—t)£2)

= = Mepkg(t.pa) = a e T gt p,q) ((n = )€ + o) - 5
k=1 (5.18)

d
+Zxkpkzﬁ”q” I0).v(a.0) | exp{abe“T—“zy@-nD@}F(dy).

DcD ||5 CIH (0,00)¢ i=1
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Using this operator and replacing the partial derivatives of g w.r.t. ¢ and p;, j =
1,...,m, in (5.17) by the generalized gradient, we get the generalized HJB equation for

g:

0= inf  {ZLg(t,p,q;&b)} + lnf {900+Zs0]pg<zkkpk— )}(5-19)

(&:b)eRx[0,1] €%

for all (t,p,q) € [0,T] x Ay, x N§ with the boundary condition
9(T.p,a) =1, (p,q) € Ap x Ny, (5.20)

Note that we set 9%, (t,p) = {Vg,(t,p)} at the points (¢,p) where the gradient exists.
In the next section we continue to determine a candidate for an optimal strategy.

5.5 Candidate for an optimal strategy

To obtain candidates for an optimal strategy, we rewrite the generalized HJB equa-
tion (5.19). But first, it should be noted that g(t,p,q) > 0 for all (¢,p, q) € [0,T] x A, X
N§ which is an immediate consequence of Lemma 5.20 (i). However, in the following
we need positiveness of the function g, which is assumed from now on throughout this
section. Then we obtain from (5.19)

meg@ p.a) + o g(t,p.q) inf fi(t,6) + nf fa(t.p,0.0)
k=1

(5.21)
+ Eﬁlnf {@O+Z@]p](z)‘kpk >}
©
where f; is defined by (4.27) and
— r(T-1) . Bp + QD
fQ(tapaq’b) = —ae t » D, 4 +Z)‘kpk Z J(p)aU(Q7D))X
2 5+d’
/ exp {a be T Z yi1p(7) }F(dy)
(0,00)¢ i1

Hence we can conclude from Section 4.5 that the unique candidate of an optimal invest-
ment strategy §* = (§*(t))eo, 7] is given by

ey =P r o peom, (5.22)

0?2 «

We next proceed similar to Section 4.6 to obtain a candidate for an optimal reinsurance
strategy. Using the reinsurance premium model given in (3.6), we get

fQ(tapaqab) - aer(T_t) g(t b, q )(77 - 9)’{ - aeT(T_t) g(tvpa Q)(]- +9) kb

+Z)\kpkz ||5 9(t, J(p),v(g, D)) x

DcCD

/ exp {aber(T_t) Zyiﬂp(i)}F(dy).
(0,00)¢

i=1

(5.23)
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The following lemma yields the first order condition for a candidate of an optimal rein-
surance strategy.

Lemma 5.21. For any (t,p,q) € [0,T] x A x N§, the function R > b+ fa(t,p, q,b) is
strictly convex and

) o +
— fa(t;p,q,b) = —a e’ T g(t,p,q) (1+60)k — > P04D 0 1(p), olg, D)) x
b 2 5+’

d d m
Z 1p(7) /( y Yi exp {a ber=Y) Z yj]lD(j)}F(dy) Z AkPk) .
i=1 0,00 k=1

Jj=1

Proof. The lemma can be proven with the same arguments as Lemma 4.27. O

The previous lemma provides a criterion for a candidate of an optimal reinsurance
strategy as well as the uniqueness of the candidate. The criterion is expressed with help
of the following notation.

Notation. For any (t,p,q) € [0,T] x A, x N§ and b € R, we define

hi(t,p. q,b) Z)"fp ZﬁD—FQDgtJ()'U(an))X

18 +qll 9(tp.q)
DCD
- ; (5.24)
Z 1p (i) / Yi exp {Oé berT1) Zyj]lD(j)}F(dy)-
i=1 (0,00)7 j=1
Furthermore, we set
AF(tvpv Q) = h‘F(tvpa q, 0)7
BF(tvpv q) = hF(t>p> q, 1)

Before we state the announced first order condition for the optimal reinsurance strat-
egy, let us mention an alternative reinsurance premium model.

Remark 5.22. As in Remark 4.28, we discuss shortly a time-dependent premium cal-
culation principle. Recall that by Proposition 5.18

d

dSt Z)\kﬂ'/\ Z ’ﬂ“ Z]lD AO Z [O‘D]Z]ID('L)E[Y?]

DcCD DcCD =1

It has already been explained in Remark 4.28 that it is reasonable to replace the a priori
estimators of unknown parameters in the expression above by the posterior estimators
given the available information such that x depends on the processes p and ¢, which
include all relevant available information:

Bp +ap
E:A"’JO’“Z\|B+q||Z“D

DcCD
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Then it can be shown by similar arguments as in the proof of Theorem 5.31 that

Bp+ap 9(t,J(p
AF(t7p7 q) D;ID) ||6+l1|| g( 71"1 Z ]lD( ) [ ] -
kr (P, ) PR e zl 1p(H)E[Y]
C 1=

under the assumption (which is no loss of generality) of an increasing order of (v(q, D)) pcp
w.r.t. <, where < is the order of Ng defined by

p Bp +qp d . i Bp +dp
= E —_ E 1 E|Y; E E 5.25
1=q 18 +4all = DR < 18 +d < il (5:29)

DCD DCD

for every ¢ = (¢p)pcm,d" = (¢p)pcp € Ng. Using the premium model introduced
above, it may be shown that the optimal strategy is described by (5.27) with x replaced
by k(p,q). Furthermore, an analogous comparison result applies as in Corollary 5.32.

Now we move on to the aforementioned condition for the optimal reinsurance strategy
further under the assumption of constant x. Setting % f2 to zero (cf. Lemma 5.21), we
obtain the first order condition

(1+0)k = hp(t,p,q,a). (5.26)

By establishing this equation w.r.t. ¢ we obtain a minimizer of fo w.r.t. b. If such a
minimizer exists then the minimizer is unique because of the strict convexity property
of fo w.r.t. a. The next proposition states that this equation is solvable and the solution
takes values in [0, 1] depending on the safety loading parameter € of the reinsurer.

Proposition 5.23. For any (t,p,q) € [0,T] x Ay, x N§, Equation (5.26) has the unique
root w.r.t. a, denoted by rp(t, p,q), which is increasing w.r.t. the safety loading parameter
of the reinsurer 6. Moreover, it holds,

(i) re(t,p,q) <0 if 0 < Ap(t,p.q)/r— 1,
(i) 0 <rp(t,p,q) <1if Ap(t,p,q)/k —1 <6 < Bp(t,p,q)/r — 1,
(iii) rr(t,p.q) =1 if 0 > Br(t,p,q)/r — 1.
Proof. This follows by the same method as in the proof of Proposition 4.29. O

Notation. Throughout this chapter, rr(t,p,q) denotes the unique root from Proposi-
tion 5.23.

Notice that the cases (i) and (ii) in the proposition above could be empty sets. These
cases would certainly be possible by using the setting given in Remark 5.22 with the
modified kr(p,q) depending on p and q. However, we carry on with the constant x >
0. Therefore, the proposition above provides the candidate for an optimal reinsurance
strategy with the same structure as in Section 4.6. For any (¢,p,q) € [0,T] x A, X Nf),
we set

0, 0 < Ap(t,p,q)/r—1,
br(t,p,q) =41, 0 > Br(t,p,q)/k — 1, (5.27)

rr(t,p,q), otherwise.
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Then the candidate for an optimal reinsurance strategy (bj(t)):c(o,7] is given by b%(t) :=
bp(t—, pi—, q;—). It is worth noting that the interpretation about the optimal reinsurance
strategy given in Remark 4.30 applies here as well.

5.6 Verification

This section is devoted to a verification theorem to ensure that the solution of the
stated generalized HJB equation yields the value function (see Theorem 5.24). We also
demonstrate an existence theorem of a solution of the HJB equation (see Theorem 5.26),
where we adapt the method from Section 4.7.

5.6.1 The verification theorem

Theorem 5.24. Suppose there exists a bounded function h : [0,T] x Ay, x N§ — (0, 00)
such that t — h(t,p,q) and t — h(t,¢(t),q) with ¢(0) = p are Lipschitz on [0,T] for
all (p,q) € Ap x N§ as well as p — h(t,p,q) is concave for all (t,q) € [0,T] x N§.
Furthermore, h satisfies the generalized HJB equation

0=  inf  {Lh(tpa.6H))+ inf {wo+z¢jpj<ZAkpk—Aj)}, (5.28)
=1 k=1

(€D)ERX[0,1] p€0Chy (1.p)

for all (t,p,q) € [0,T) x Ap, x N§ with boundary condition
MT,p,q) =1, (p.q) € Am x [0,T]. (5.29)

Then

r(T—t)

V(t,z,p,q) = —e ™" "h(t,p,q), (t,x,p,q) €[0,T] x R x A, x N,

and (§*,b%) = (£(s), b (5))sefe,r) with £(s) given by (4.29) and bl (s) := br(s—, ps—, ¢s-)
given by (5.27) (with g replaced by h in Ap(s,p,q) and Bp(s,p,q)) is an optimal feedback
strategy for the given optimization problem (P2), i.e. V(t,z,p,q) = VE Pk (t,z,p,q).

Same as in the previous chapter, an auxiliary result is essential to prove the theo-
rem above, which can be shown with the aid of a measurement change introduced in
Lemma A.10. This requires again a restriction of the admissible strategy and further
notation.

Notation. Throughout this chapter, we set, for any ¢ € [0,7),

UL, T :={(&b) e U[t,T]: 30< K <o0: & < KVseltT],

5.30
§ = (§s)seje,) 1s continuous and F"-adapted, b = (bs)sefe,r) 18 FY-predictable}. (5.30)

Moreover, we define

V(t,z,p,q) = sup Vi(t,z,p,q) (5.31)
(€,b)eld[t, T

for all (¢t,p,q) € [0,T] x R x A, X Né and the operator D acting on function h :

[0,7] x Ay x N§ — (0,00) by

m

Dh(t,p,q) = hy(t,p,q) + > by, (£, 0, q) p; (Z Ak Pk — /\j> (5.32)
j=1 k=1
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for all functions h, where the right-hand side exists. Furthermore, we define an operator
H acting on functions v : [0,T] x A, x N§ — (0,00) and (£,b) € R x [0,1] by

Av(t,p, ¢;€,b) = ZLv(t, p,¢; & b) + Du(t,p, q) (5.33)
for all functions v : [0, T] x A, x N§ — (0, 00), where the right-hand side is well-defined.

Using this notation, the generalized HJB equation (5.19) can be written as

0= inf Halt.p.a:- €D
(f7b)éﬁx[o71}{ g( » Dy Q7§, )}

at those points (¢, p, q) with existing Dg(t, p, ¢). With this in mind, Lemma A.15 can be
proven which is of decisive importance in the proof of the Verification Theorem 5.24.

Proof of Theorem 5.24. Using the Lemmata A.13, A.14 and A.15, the proof takes place
complete analogously to the proof of Theorem 4.31. 0

5.6.2 Existence result for the value function

We proceed as in Section 4.7.2 and show that there exists a function h : [0, T]x A, xN§ —
(0, 00) satisfying the conditions stated in Theorem 5.24. For this purpose, let us define

gt,p,q) == inf  ¢*(t,p.q), (t,p,q) €[0,T] x Ay, x N, (5.34)

(€,b)eld[t,T)

where ¢é? is given by (5.15) and U[t,T] by (5.30). We begin with some properties of
this function proved in a similar manner as Lemma 4.32.

Lemma 5.25. The function g defined by (5.34) has the following properties:
(i) (t,p,q) >0 for all (t,p,q) € [0,T] x Ay, x N§.
(ii) a[O,T] > (&,0) = ¢5*(0,p, q) is bounded for all (p,q) € A, x N§.

(1ii) There exists a constant 0 < K3 < oo such that ‘ﬁ(t,p, q)| < K3 for all (t,p,q) €
[0,T] x A, x N.

(iv) Apm 3 p = g(t,p,q) is concave for all (t,q) € [0,T] x N§.
(v) [0,T] >t~ §(t,p,q) is Lipschitz on [0,T] for all (p,q) € Ay, x N§.
(vi) [0,T] >t g(t, ¢(t), q) with ¢(0) = p is Lipschitz on [0, T] for all (p,q) € Ay x NE.
(vii) Let M be the set of all points (t,p,q) € [0,T] x A, x N§, where D§ exists. Then
there exists a constant 0 < K4 < oo such that |Dg(t,p,q)| < K4 for all (t,p,q) €

M.

(viii) There exists a constant 0 < K5 < oo such that |$§(t,p, q &, b)} < Kjs for all
(t,p,q) € [0,T] x A, x N§ and (€,b) € [-K, K] x [0,1].

(iz) There ezists a constant 0 < Kg < 0o such that | inf (¢ pye(— i, K] x[0,1] L 9(t, 25 G; €, b)‘ <
Kg for all (t,p,q) € [0,T] x A, x N§.
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Proof. (i) Let us fix (¢,p,q) € [0,T] x A, x N as well as (&,b) € Zj[t, T]. Using the
change of measure defined in Lemma A.10, it follows from the definition of ¢&°
given in (5.16) that

T
—s 1 r s
g (t,p, q) Z]Ea?if[exp{/ <a6’“(T )((H*T)fsﬂLC(b ) —gacte (r= 652)
i ¢

—A bs Al d
A TEral 1B + gsl] /m,oo)de’{p AP e Zy p(0) pF(dy) )ds

DcCD

Taking (4.46) into account, we obtain

gt p,q) > exp { — aTeTT(]u —r|K+(1+n)K)—mA, T} = C>0.
Hence, due to the arbitrariness of (§,b) € U[t, T), the infimum of ¢&°(t,p,q) over
all (§,b) € U[t,T] is greater than or equal to C' which yields the statement by
definition of g given in (5.34).

(ii) Fix (p,q) € A x N§. From the definition of g*° given in (5.16) and Lemma A.10,
we get

T
s 1 _
[6°°(0,p, 0)| = E2 [exp { /0 < — e (= r)g + elbs) — a0 T0e2)

d
Z Pp +ap(s) / exp {a by e"(T=%) Z yiﬂD(i)}F(dy) - KS) ds}]
e 18+ sl J(0,00)4 i=1

1
< exp {aeTT<|,u—r|K+ (24+n+0)k+ 500 eTTK2>T—|—m)\ Mp(ae )T},

which yields statement (i), where we have used the same arguments as in the proof
of Lemma A.11 for the last inequality above which is possible since U[t, T] C U[t, T.

(iii) The statement follows immediately from Lemma 5.20 (i).

(iv) The announced assertion is directly implied by Lemma 5.20 (vi).

(v) Let us fix (¢, p,q) € [0,T] x Ay, x N§. Following the proof of Lemma 4.32 (iv) and
using Lemma A.10, for any 0 < t; < to < T and € > 0, there exists a strategy
(&,b) € U]0, T — t1] such that

‘g(t17p7 Q> - g(t%pv q)‘

T—to T—t1
< Eogf [exp{/ Fsds}(exp{/ Fsds}—1>”+5
QrZ, tq 0 T—to
T T—t1
Eoggq {exp{/ |Fs|ds}<exp{/ Fs|ds}—eo>”+5
QrZ, tq 0 T—t2

Fy = _aer(T—s) ((M _ T)ﬁs + c(bs) _ %aa%r(T—s)&g)

d
Z Bp +an(s / exp {abser(Ts) Z yillp(i)}F(dy) — Ks.
= 1B+ 4l Jooos P

<

where
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(vii)

Same as in the proof of statement (ii), we have |F;s| < C for every s € [0,T], where
1
C:= aeTT(m —r|K+2+n+0)k+ Plad eTTKZ) + mAy Mp(ae™).
Therefore, by Proposition B.1,

‘g(tlvpv Q) - §(t27p7 Q)‘

T—t1
< |E%Pd [CTeCT(e—1)</ yFs|ds—o>H+e
QT t1 T—t2

< ‘€QCT —1)C(T —t1 —T+1tg)|+e < e?“T(e—1)Clty — t1| +¢.

By € ] 0, we get that ¢ — §(t,p, ¢) is Lipschitz on [0, T] of rank L := €2“T(e —1)C.

The approach of this proof is taken from the proof of Lemma 6.1 e) in Béuerle and
Rieder [31]. Fix (¢,p,q) € [0,T] x A, x N§ and 0 < ¢ < tg < T. We first observe
that

‘g(t% ¢<t2)7 Q) - g(tla ¢(t1)7 q)‘
< | = glta, ¢(t2), q) — (—g(t2, d(t1), q))| + |9(t2, (t1), @) — G(t1, d(t1), q)|-

According to statement (iii), we have

(b2, ¢(t1),q) — g(t1, d(t1),q)| < K3 |ta — t].

Moreover, in the case that p is located on the boundary of A,,, we have ¢(t;) =
¢(t2) = p and thus ‘ — g(ta, P(t2),q) — (—§(t2,¢(t1),q))| = 0. In the following,
we consider the case p € A,,. By statement (iv), §(ts, -,q) is concave on A
and thus it follows from Theorem 2.2 that (ts,-,q) € Lip;,.(An). Due to the
continuity of ¢, ¢min = minscjo 1) @(t) and Pmax = maxeio ) ¢(t) € A, exist
and thus ¢ : [0,7] — [Pmin, Pmax] C A,,, i.e. ¢ maps on a compact subset of
A,,. Hence, §(ta, ¢(-),q) € Lip([dmin, dmax]), and, in consequence, there exists a
constant 0 < K7 < oo such that

| = g(t2, ¢(t2), q) — (—g(t2, 9(t1), q))| < Krlta — ta].

From Proposition 5.14 (ii), we know that ¢ — ¢(¢) is Lipschitz of some rank 0 <
Kg < 00, where Ky is independent of p. In summary, we obtain

|9(t2, 6(t2,p), @) — g(t1, $(t1, ), @)| < (K7 Ks + Ks3) |t2 — ta].

Fix (t,p,q) € M and thus p € A,,. Using statement (v) as well as the local Lips-
chitz property of convex functions on convex open sets, here A, (see Theorem 2.2),
we obtain

~ 1L -
|Dg(t,p.q)| < hmh‘g(ﬂr h,p,q) — g(t. p, q)‘

+th ' 3t + hejrq) — (<3(t,pra )

ZpkAk*

pj
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Iih ) j _.
<lim g L1h+1ﬁgﬁg ) ;pk)\k—/\j §L1+;L2(m+1))\m_.K4
for some constants 0 < Ly < oo and 0 < L3, ..., LT < oo.

(viii) Fix (t,p,q) € [0,T] x A,, x N§ and (£,b) € [-K, K] x [0,1]. It follows from the
definition of .Z given in (5.18) statement (iii) that

1
|-Zg(t,p, q:€,b)| < Kg(m)\m +aeTT<\,u—r|K+ 2+n+0)k+ 500 eTTK2>

+ mAn, Mp(aerT)) =: K5

(ix) Fix (t,p,q) € [0,T] x A, x Ni. In the same way as in the proof the previous
statement, the following results arise by taking account of (4.30), (5.21) and (5.23):

‘(ﬁ,b)é[—lﬁ’](]x[o’l] g( 7p7Q7£7 )‘
1(p=r)21

< K3 (m)\m—l—ozerTz PR + ozeTT(2+77+9)/1—|—m)\mMF(aerT)> =: Kg. O

The proof of the next existence result of a solution of the generalized HJB equation is
quite similar to the proof of Theorem 4.33, for which reason some analogous argumen-
tation is omitted.

Theorem 5.26. The value function of the investment-reinsurance problem stated in (P2)
s given by

r(T—t)

V(t,z,p,q) = —e " g(t,p,q), (t,x,p,q) €[0,T] xR x A, x Nj,

where g is defined by (5.34) and satisfies the generalized HIB equation

(ab)éféxm{ 9(t,p,q:§,b)} + 9Deam {%JrZ%%(Z k Dk )}

for all (t,p,q) € [0,T] x Ay, x N§ with boundary condition g(T,p,q) =1 for all (p,q) €
Ay, x Nb. Furthermore, (5*,b}) (§%(5),b%:(8))sefe,r) with §*(s) given by (4.29) and

b5 (s) = br(s—,ps—, qs—) given by (5.27) is the optimal investment-reinsurance strategy
of the Problem (P2).

Proof. We follow the proof of Theorem 4.33. Fix t € [0,T) and (£,b) € U[t, T] and set

r(T—t)

f(t,z) == —e " , (t,z) €[0,T] x R.

Let 7 be the first jump time of X&b after ¢, 7/ the last jump of X before 7 and
"€ (t,T]. Since U[t,T] C U[t, T, it follows from Lemma A.15 that

~ b
V(T A t/7 Xf—/\t/ y Prat’s QT/\t')

- A o o (339)
- V(tht’ y Pt Qt) + / .f(S?)(s7 )%g(svp&qs; 587 )dS + 777—/\15/ nt )
t

where (Uté’b)te[o,T] is a G-martingale starting at zero and we set J#g(s, ps, ¢s; s, bs) to
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zero at those s € [t,T] where the Dg(s, ps, qs) does not exist. Using the same arguments
as in the proof of Theorem 4.33, we obtain

1t _
0> liinEt’x’p’q [t’ ; f(s, Xg’b) HG(5,ps, qs; Es, bs) ds | ¥ < T:| PLEPA( < 1)
it —tJ,

1 T ~
+ lti/rf]‘tlEt"””p’q [t’—t/ f(s, X5°) G(5,ps, s £5,bs) ds | 1 > T:| PLEPA(H > 7).
¢

Again according to the proof of Theorem 4.33, we have IP’f\’x’p’q(T > ') = e M) Pg s,
and, in consequence,

m

Pt,x,p,q(T < t/) — / ]P))\(T < t/) HA(d)\) — Z (1 _ efA(t/*t)>7TA(j)'
A .
7=1
Thus
m

1i Pt’x’p’q < tl _ (1 1 —)\(tfft)> N = 0.

i (r <t ; lim e mA(d)
Consequently,

1 d
3 Et7x7 B X 7b 1 .
0 2 ltl’IJ,Itl pq|:t, n ] f(87 55 )’%g(supsa(JSafSabS) dS]l{t/<T}:|'

Notice that, due to Lemma 5.25 (vii) and (viii) as well as Lemma A.11

t/
Eb®Pa [ 1

o [ XS s i) st

t &b
< K4+ K5 / Et,agc:g),q[|f(57§)s )|] ds
t Qs LS,
K, + K
< %Kl(ﬂ - t) = (K4 + K5) K < .
Therefore, by the dominated convergence theorem, we can interchange the limit and the
expectation. That is,

I _
0 > Eh*Pa [ltllrftl 1) f(s, X5 G(5,ps, qs; s, bs) ds]l{t/<T}} .
As in the proof of Theorem 4.33, we obtain by the FTLC and 1;y.;3 — 1 P-as. for
]t

0 > me’p’q |:f(t7 Xt&b) %g(tv Pt Qt; gtv bt) d3:| .

From now on, let (§

£,b) € [-K, K] x [0,1] and £ > 0 as well as (£,b) € U[t, T] be a fixed
strategy with (&, bs) = (€,

)forse [t,t +¢). Then

0 > Etyx»p7q

| —|

£, XED) A5t pry i3 &, ) ds} — [(t,2)HG(t, p, ;€ b)
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at those points (¢,p, q), where Dg(t,p,q) exists. On account of the negativity of f, we
get
0 <4t p,q;€,b).

In the light of the arbitrariness of (&,b), we obtain

= inf Gt p,q:€.b)}.
0= (&b)e[—lII{l,K}X[OJ] {‘%ﬂg( D, q; &, )}

We show next the inequality above if Dg does not exist. For this purpose, let M, C
[0,T] x Ay, denote the set of points at which Vg,(t,p) exists for any ¢ € N§. On the
basis of Theorem 2.9, we have, for any ¢ € N&,

8C§q(t7p) = CO { nh—g)lo vﬁq(tmpn) : (tnapn) — (tap)a (tnapn) S Mq}~

That is, for every ¢ € 9%, (t,p) C [0,T] x Ay, there exists u € N and (81, ..., 8,) € Ay
such that o = Y"1 | B; ¢*, where ' = lim,,_ 00 Vgy(th, p’,) for sequences (¢, p},)nen with
limy, 00 (t5, p%,) = (¢, p) along with existing Vg,. From what has already been proved, it
can be concluded that, for any i =1,...,u

0 < LG(th, Py 4:6:0) + Ge(th Gl @) + Y G, (tiwpimq)(pil)j<z A (Dl — >\j>,
j=1 k=1

where (p!) j» 3 = 1,...,m, denotes the jth component of the m-dimensional vector Pl
Thus, by the continuity of ¢ — g(¢,p,q), p — g(t,p,q) and p — J(p), we get

0 < BiZG(t,p,q;€,b) + B; im Gi(th, ¢, q)
n—oo
m ) ) m
j=1 k=1
which yields

u u
i=1

i=1

m u m
DI TEACHRIO ST
k=1

j=1i=1

=Z4(t,p,4;€,b) + ¢o +Z@jpj<z)\kpk - Aj)-

j=1 k=1

Due to the arbitrariness of ¢ € 9°g,(t,p) and (£,b) € [-K, K] x [0, 1], we obtain

T (&)l ©€dCyqy(t,p)

0< dnf o {Z5(t,p,¢;€,b)} +  inf {900 +) wip; (Z/\kpk —~ >\j> }
’ ’ =1 k=1

As next objective we can establish the reverse inequality with the same arguments as in
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the proof of Theorem 4.33. To summarize, we have

0= inf ZLg(t,p,q;&,b inf + ; ( A —)r)}.
e B oy (LA Cb) + {@0 ;%py ; Pk =N

€

With the same arguments as in the proof of Theorem 4.33, we get

t ) b = f La t S q; b
(sb)eRx[ou{ 9(t:p,¢:€,0)} = €b)el 1[1(1K} { g(t,p,q;€,b)}
and that
gt,p.q)= inf  ¢*(t,p,q) = inf ¢*b(t,p,q) = g(t,p,q).
“ ) (f,b)ea[t,ﬂg ( ) eneuen’? ( ) =9( )

Therefore, it follows from Lemma 5.25 (i), (iii), (iv), (v), (vi) and Theorem 5.24 that

r(T—t)

V(t,z,p,q) = —e " g(t,p,q), (t,x,p,q) € [0,T] xR x Ay, x N,

and that (£*,0%) = (£(8), 05(8)) see, ) With £*(¢) given by (4.29). Moreover, we obtain
that b5.(s) = bp(s—,ps—,qs—) given by (5.27) is the optimal investment-reinsurance
strategy of the optimization problem (P2). O

We have seen in the previous Theorem that g is the solution of the generalized HJB
equation. Consequently, the generalized HJB equation (5.19) has a unique solution due
to the uniqueness of g by definition.

5.7 Comparison results with the complete information case

We will present in this section a comparison result of the optimal reinsurance strategy
given in Theorem 5.26 and the one in the case with full information given by (4.57). But
first of all we derive bounds to the optimal strategy which can be calculated a priori, i.e.
independent of the filter process (p:):>0 and the process (g¢)+>0. For this determination,
we introduce the following terms.

Notation. Let t € [0,T] and b € R. Throughout this section, we set

hmln(t b) ==\ m1n { Z 1p(i /( y Y; €XPp {abeT(T—t) Zyj]lD(j)}F(dy)},

j=1
max o . (T—-1)
hp™(t,b) = Amrggﬁ{;]lfj(l) /(o,oo)d yzexp{abe ]Zly]]lD )} (dy)}

Proposition 5.27. Let t € [0,T]. Then R 3 b~ hiB0(¢,b) and R > b — hBX(¢,b) are
strictly increasing and strictly convex. Furthermore, it holds

lim AR (¢, b) = Jim RES(Eb) =0, lim AR (¢ b) = lim hB(t,b) = oo
——00 b—o0 b—o0

b——o00

Proof. This follows by the same analysis as in the proof of Proposition 4.29. O

The proposition justifies the next notation.
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Notation. For some fixed ¢t € [0,T], we denote the unique root of the equation (1+0) k =
RN (¢,b) w.r.t. b, and the unique root of the equation (1 + ) k = hIB(¢,b) w.r.t. b by

7“%““( ) and R (t), respectively.

The announced a priori bounds are a direct consequence of the following theorem in
connection with Proposition 5.27. Recall the definition of the function hr given in (5.24).

Proposition 5.28. For any (t,p,q) € [0,T] x Ay, x N§ and b € R, we have
hE"(t,b) < hi(t,p,q,b) < hE™(t,b).

Proof. Choose some (t,p,q) € [0,T] x A,, x N§ and b € R. Recall that \; < g < ... <
Am, compare Assumption 5.7. For any (£, b) € U[t, T], an application of Lemma 5.20 (iv),
(v) and (vi) yields

Z e 30 DI geoy ) (g, D))

5o 1B +4q I’
S 100 | wew{abe 0> ytn0 bra
i=1 (0,00) i=1
_I_
B Z B‘Z—Fqﬁz)‘ﬂ%g (t,ej,v(g, D))x
DcCD q
S 100 [ e {apert 'S i bra)
i=1 (0,00) j=1
< BEX(E0) ) bo+ap - Zpgg (t,ej,v(q, D))
5o 18 +dll
Bp +ap gb
= hp™(t (t,p,v(q, D))
r DZC%) 13+al”’

= hP™(t,b) ¢**(t, p, q).

Hence, by taking the infimum over all (£,b) € U[t, T] on both sides, we get hr(t,p, g, b) <
Rp2*(t,b). The other announced inequality is obtained by analogue arguments. O

Corollary 5.29. The optimal reinsurance strategy by, = (b3:(t))iecjo,r) from Theorem 5.26
has the following bounds:

max{0, "2 (t)} < b%(t) < min{l,rB2(#)}, ¢t € 0,T).

The bounds provide only a very large range of optimality due to the rough estimation in
the proposition above. This is illustrated in Figure 5.2, where the bounds are calculated
for the parameter selection from Section 5.7. For this setting, the graphic shows that
the insurer should not take a full reinsurance (i.e. retention level of zero) since the lower
bound (orange line) is always greater than zero. The upper bound (red line) is trivial
in this example. It should be noted again that these bounds can be calculated by the
insurer already at time zero for the entire time horizon, which is why only rough bounds
can be expected.

Let us move on to the comparison result of the partial and the full observable case
which should provide a tighter bound because of the dependence on observations. As
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Figure 5.2: A priori upper bound (red line) and lower bound (orange line) for the optimal rein-
surance strategy.

already explained in Section 4.8.2, a comparison result requires an order of the thinning
probabilities w.r.t. the degree of harm for the insurer. In the given setting the Nf)—valued
process (g¢)r>0 encapsulates the gathered information about the thinning probabilities
expected from the claim arrivals. Therefore, an order on Ng is a necessity. Such an order
is given by (5.25), which can be interpreted as an order of the weighted sum of expected
claims of the LoBs ¢ € D from the best to the worst case scenario from the insurer’s
perspective. However a stronger order than those in (5.25) is required, which is difficult
to define since there is no natural order of the elements of P(D). Under the assumption
of identical claim size distributions in every LoB, it is easily seen that the order defined
n (5.25) satisfies

(=<q ZﬁDvLQD ’—ZBD—HJD

b 18 +dll 5 !5+qH
Bp +qp Bp +dp
— <
Sy Sy
|D\:z |D|—z

for every ¢ = (qp)pcp € N§ and ¢ = (¢))) pcp € N§, where the sums in the last line
can be interpreted as expectations w.r.t. measures on the set D = {1,...,d}. This
observation is the initial point for the development of an order, which is useful for a
comparison result. So we deal with the comparison under the assumption of identical
claim size distributions for every LoB.

Assumption 5.30. Throughout this section, we suppose that
F(dy) = F(dy) @ Fldye) @ - © Fldy),

where F is a distribution on (0, 00) with existing moment generation function.
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It should be noted that Assumption 4.3 is satisfied under the assumption above, com-
pare Remark 4.4. Due to the assumption, the order given in (5.25) depends only on the
number of elements of D C ID. This motivates the next notation.

Notation. For any q = (qp)pcp € N§, we define § = (§(1),...,4(d)) € Nd by

q(i) == Z qp-

DCD:
|D|=1

Using this notation, we define an equivalence relation on Ng.

Notation. Throughout this section, let ~ denote the equivalence relation on Nf; which is
defined by
g~q¢ = ¢ =g (5.36)

for every q,¢' € Ng. Furthermore, [g] is written for the equivalence class of g € Ng.

Justification of the notation. A trivial verification shows that the defined binary relation
~ on Ng is reflexive, symmetric and transitive and thus an equivalence relation. O

Under consideration of this notation, we can identify every sequence ((8p +qp)/||5 +
q|)pcp € Ay with a probability measure on D.

Notation. Let g = (q(i))i=1,..d € N4. Throughout this chapter, we denote the probabil-
ity measure on D by F,, which is defined by

_ NP0 +a()
F,(B) _2 Fal B € P(D),

where 8 = (3(1),...,3(d)) with B(i) = > pepipl=i Bps i =1,...,d.

Notice that ||3]| = ||3]|. We are now in the position to define an order which turns out
to be useful for the comparison result.

Notation. Let q,q' € Ng. Throughout this chapter, we define an order < on Ng by
q=stq = Fylz)>Fy(z), zeR, (5.37)
where F,(x) denotes the distribution function of F,, at = for some a € NZ.

The defined order can be regarded as the usual stochastic order since, if X ~ F, and
Y ~ Fj, then the introduced order is equivalent to X =g Y, where =y denotes the
usual stochastic order.

The announced comparison result for the optimal reinsurance strategies under partial
and full information is an immediate consequence of the next theorem. The proof of
the theorem makes use of an order for the equivalence classes [v(q, D)], D C D. Since
[v(q, D)] = [v(q,D")] if |D| = |D’|, there are d equivalence classes of the set {[v(g, D)] :
D c D}. For the sake of simplicity, we introduce the following notation for these classes.

Notation. Throughout this section, we write v; € Né for a represent of the equivalence
class {v(q, D) : D C D with |D| = i}.
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Using the introduced notations, it holds for v; = (9;(1),. .., 0;(d))

S fau, it
) t@+Li=$

for all i € {1,...,d}. Consequently,

+91(j + Ba(j < B(j) + Ba(j)
> >N ATl g
ZHﬂJrQHJrl ZHB+(J\|+1 ZHﬂJrQHJrl

j=1

and thus
Ff,l (l‘) > F{,Q ({L‘) > ... > Ff;d(l‘), Tz € R. (538)

That is,
61 jst 62 jst e jst 'Dd- (539)

Notice that the order above is equivalent to

Aﬂmvl /f 2) Fay(a) < /f Fyy(da), (5.40)

for all increasing functions f : D — R, for which both expectations exist, compare Miiller
and Stoyan [96, Thm. 1.2.8]. This order is crucial for the proof of the next theorem.

Theorem 5.31. Let by be the function given by (5.27) and ISKEF the function given
by (4.57). Then, for any (t,p,q) € [0,T] x Ay, x N§,

br(tp.q) <D, u(p) (@), (1)
with
- Bp +qp
=> Mok, w(q) = < :
; 18+4all ) pep

Proof. Fix (t,p,q) € [0,T] x A, x N§, b € RY and (&,b) € U[t, T]. As in the proof of
Theorem 4.41, it is sufficient to compare hr(t,p, q,b) given by (5.24) and Pas(p) (), F (ts b)
given by (4.55) due to the first order conditions (5.26) and (4.56). To draw this com-
parison, we first observe that, by Assumption 5.30,

T
g*P(t,p, q) = E"P [exp { - / ae T (= r)& + e(bs)) ds
t
Nr_y | Z| (5.41)

T
— / oo eT(Tfs)fs dWs + « Z aneT(TfT") Z Yf}} ;
n=1 (=1

t

compare the definition of g~* given in (5.16). Notice that ¢ determines the distribution
of @ = (ap)pcp and the distribution of |Z| is described by & = (&(%))i=1,....a With

where & ~ Dir(3 4 §) since @ ~ Dir(3 + q), see DeGroot [49, p.50]. Furthermore,
by the independence of (7},)nen and (Zy)nen (see Assumption 3.2), we have for any
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ie{l,...,d}
i T
b(t, p, 0i) ZIP’t’p’”Z (Np—t = )/ Et’p’”i[exp{ —/ aer(T_s)((u—r) &s
m t

|2,

T
+c(bs))ds/ ace T 55 dW; JraZbT e (T=Tn) ZYZHNT t=m

t

(121, | Zml) = (215 .,zmﬂwﬁfuzn € dz1) ... PP (| 2] € dzm),

where, by Proposition 5.6, the distribution of |Z;| given ¢ = ©; (which represents the
relevant information about the thinning probabilities up to time t) is

PPYi(1 7y = k) = PYYi(|Zy]| = k) = PYY(Z) = E for all E C D with |E| = k)

= Y Bz =gy = DR ER)
P> Bral+1
|\E[=k

That is, P4%(|Z1| € dz1) = Fp,(dz1). Combining this with the fact that the integrand
of the expectation of g&°(t, p, ¥;) is increasing in |Z,| for every n = 1,...,m, it follows
from (5.40) that

g*(t,p, 1) < g0 (t,p, 2) < ... < g¥(t, p, Ta). (5.42)

Moreover, on account of Assumption 5.30, it holds

d 5 ) B 7
Z ’B </ eaber(TJ)yl F(dy1)> / yleaber(T7t>y1F‘(dyl)
; H/B + QH (0,00) 000)

=1
d

Bp + QD ber(T—1t) 4. = DI 7or(T—t),, =
-2 DI [ e mpa) ) [ et )
18 +dll qH (0,00) (0,00)

i=1 DCD:
|D|=i

d —
= S () [ e pyy)
1= (0700)

/ eal’)er(Tft)ylﬂD(i_l)F(dyl) / yleager(T’”ylﬂD(i)F(dyl) X
(0,00)

(0,00)
/ eaBer(T—t)ylﬂD(Z'+1)F(dyl) o / aber(T t>y1ILD(m) (dy1)
(0,00) (0,00)
d m
Bp + ap : b
_ zD 4D 11D(Z)/ i exXp abe y;1p(j (dy),
s 18+l ; (0,00)¢ ; ’

Furthermore, since f(o 00) eabe™ Ty B(dyy) > 1, the sequence

_ i—1 _
(i (/ eab€r<T—t)y1F(dyl)> / yleabeT(T—t)yl F(dy1)> (5'43)
(0,00) (0,00) i=1.....d

=1,...

is orderly increasing. Notice that ((B,-+cji)/]]5+q\\)i:17,,.7d € Ay. Consequently, applying
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Lemma 5.20 (iv), (v) and Lemma B.6 (in connection with the increasing orders in (5.42)
and (5.43)) yields

ZkazﬁD”D ¢ (t, J(p), v(q. D)) x

50 18+l
Zw/ yiexp{abe“T V3wl } dy)
= (0.00)¢ st
Bp +4q
—ij > ‘ZJF 1”3 g*¥(t,ej,v(q, D)) x
DcCD
Z]ID(Z')/ yieXP{a5e’"(T_t)Zyj]1D(j)}F(dy)
=1 0,00)¢ =1
=S 3B ([ o)
i=1 ”/B+ (0,00)

/ yleabeMT_t)yl F(dyl)

(0,00)

o B(i) S5 L Bk) <
=2 Z Frd Z i /s

/ yleaEeMT*t y1F(dy1)
(0,00)

B k-1
0 pagy )

700)

- BE + 4B 0 Botap

=2 2% 2 et @ BN D G

= i 18+ al? 5o 18 +(IH

d m
St [ wexwfabe ZyjﬂDo)}F(dy)

i=1 (0,00)4 j=1

- Bp + ap = -

:Z Xig=t(t, e, q Z T ZILD(Z') /yiexp {abe Zy Ip(y } (dy),

j=1 DCD al = 0.50)¢ =

where we have used the fact that every representation of the equivalence class [v(g, D)]
carries the same information about the distribution of |Z;| in the second equality. Re-
call that A\; < A2 < ... < A, and notice that the background intensity of (N¢)i>o in
the definition of gfvb(t,ej,q), j =1,...,m, is A; due to the choice of p = e;. It is
well-established that a Poisson process (Nt)tzo with intensity A\ pathwise stochastically
dominates a Poisson process (N;);>o with intensity Ajs i A 2 g, kg€ {1,...,m},
compare Miiller and Stoyan [96, Sec.4.3.3], and thus >, T by, e (T=Tn) ZLZ:"J Y,! path-

wise stochastically dominates ZnL “bp, e (T=Tn) lei"l‘ Y. Consequently, g (t,e1,q) <
g*t(t,ea,q) < ... < g5P(t,em,q), compare (5.41). Therefore, a repeated application of
Lemma B.6 as well as Lemma 5.20 (iii) leads to

m + - m .
Y pidigt (e q) Y ﬁg;gﬁ E / » y@-exp{abe =0y yj]lD(])}F(dy)
=1 j=1

DCD
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= = Pptap
2 a2 e 2

k=1 DCD

d m
Z / Yi exp {aEeT(T_t) Zyﬂlp(j)}F(dy)
i1 0,00)% —
_|_
*(t,p,q Zpk > ﬁg—l—qﬁ Z /yzexp {abe (= ZyﬂlD )}F(dy)-
DCD (0,00)‘1 ‘] 1

In summary, we have

Z)\kkaﬁZiqﬁ g**(t, J(p), v(q, D)) x
DCD

S 100 [ wesw{aseroy” yjnD@)}F(dy)
i=1 (0,00)¢ j=1
5 b Bp +ap d ) <
(t,p.q Z)\kpk > B+l > 1p(i) [yiexp < abe’l ZyﬂlD F(dy),

DcCD 0,00)
which yields hr(t, p, q,b) > Py, w(q), 7 (ts b) by taking the infimum over all (¢£,b) € Ut T]
on both sides and the proof is complete. ]

Corollary 5.32. Let b  be the function given by (4.57). Then the optimal reinsurance
strateqy under partial mformatzon (b%(t))tefo,r) from Theorem 5.26 satisfies

b*( )= l;*(Pt ), (%—):F(t)’ te [O’T]'

It should be noted that (EZ(pt_) wigi) #())icio,1) is B-predictable. Furthermore u(p;-) =

Kt_, which indicates that u(p;—) is the known conditional average background intensity
given the available information strict before time t. Moreover w(q;) = (E[ap | F2]) pep
and thus w(g—) can be seen as the known conditional average thinning probabilities
given again the information strict before time ¢. Consequently, the comparison result
above has the same interpretation as the comparison result in the previous chapter (see
Corollary 4.42); namely, more uncertainty leads to a more cautious optimal reinsurance
strategy (that means, lesser or equal retention level). The comparison result will be
graphically illustrated in the next section.

5.8 Numerical analyses

In this section we illustrate some numerical results in the case of two LoBs (i.e. d = 2).
The set of possible background intensities is A = {2,4,5} (i.e. A takes values in A) and
the prior probability mass function of A is supposed to be

_ (221
™=\555)
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Furthermore, we assume that the prior parameter of the Dirichlet distribution of the
thinning probabilities & is

B = (Buy, By Brizy) = (8,7,5).

Next we specify the claim size distribution F'. Since we want to present the comparison
result graphically and this result was derived for the assumption of independently and
identically distributed claim sizes for every insurance class, we choose the same claim
size distribution for both LoBs, namely a right-truncated exponential distribution with
rate 1 and truncation at 3, i.e.

1
1—e 3"

E[Y{] =E[?] =

Notice that Assumption 4.3 is fulfilled according to Remark 4.4. For the parameter x of
the premium principle, we select E[d.S;], which yields, by Proposition 5.18,

M Ak EZHMQZHD

DCD

B)+28(2) 17

M“““Epﬂ Bl i

MS I MS

e
Il
—

The remaining parameters are chosen as in Table 5.1.

parameter value

10

10
0.1
0.2
3
0.2
0.6
0.2

S0 QT =88

Table 5.1: Simulation parameters for Section 5.8.

The following simulations are generated under the assumption that the realization
of & is (0.38,0.48,0.14) and that the realization of A is 4 (i.e. P(A = 4| Fp) = 1).
Beside the a priori bounds (red and orange lines), we also illustrated in Figure 5.3 two
trajectories (black and blue lines) of the reinsurance strategy (BZ(pt,),w(qt,), 7()eeo,m]

with u(p) = v, Mepr and w(g) = ((Bp + qp)/|B + 4l) pcp, Wwhich provide for each
scenario an upper bound for corresponding optimal reinsurance strategy according to
Corollary 5.32. So the black and blue lines depend on the realized trigger arrival times
and the affected LoBs. In both scenarios, the upper bounds (black and blue line) obtained
from the comparison result are only useful up to approximately time 8. Before this, a
strong dependence on the realizations can be seen.

Concluding the numerical illustration, we show the path of the surplus process in an
insurance loss scenario for three different insurance strategies in Figure 5.4. In the case
of full reinsurance (i.e. retention level of 0) the trajectory of the surplus process tends
downward (red line), which is purchased through a negative premium rate. The blue line



5.9 Comments on generalizations 143
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0.4

0.2

0.0

time

Figure 5.3: The a priori upper bound (red line) and lower bound (orange line) for
the optimal reinsurance strategy and two paths of the reinsurance strategy

Bk e ywtaey,r())eero,ry with u(p) = 3770, Aepy, and w(q) == ((Bp +qp)/[1B +
all)peo.

displays a trajectory of the surplus for a constant reinsurance strategy of 0.5 and the

black line for the reinsurance strategy (b;(pt,),w(qt,),F(t»tE[O,T] with w(p) = D> ptq MNPk
and w(q) = ((Bp + qp)/|B8 + qll)pcp- From Figure 5.3, we known that the latter
reinsurance strategy tends upwards, which is evident in Figure 5.4 since the jump sizes
of the black line are higher at the end of the considered time interval than those of the
blue line. But because of the lower level of reinsurance, the surplus between losses rises
stronger (as the premium rate is higher) than in the case of the constant reinsurance
strategy.

5.9 Comments on generalizations

In this section we discuss generalizations of the setting and resulting difficulties with the
used solution technique.

Conjugated prior for background intensity. The first generalization we look at
concerns the prior distribution Il for the background intensity A. It was assumed that
IT, is defined on the finite set A. This assumption can be generalized in the sense that
A is a (0, 00)-valued random variable. To obtain a finite dimensional control problem,
the prior distribution IIp has to be a conjugated prior. In Reiss and Thomas [105,
Eq. (3.52)], it is shown that the Gamma distribution is a conjugated prior for A, which
essentially follows from the fact that the Gamma distribution is a conjugated prior for
the exponential distribution. More precisely, we have

Alvy,¢~T(7,¢), v(¢>0,
A|77C7T17"‘7TNt NF(7+Nt7<+t)
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25

15

surplus

-5

time

Figure 5.4: Trajectories of the surplus process for an insurance loss scenario in the cases of full
reinsurance (red line), constant retention level of 0.5 (blue line) and the reinsurance

Strateg}/ (Bz(pt*)ﬁw(Qt—),F(t)>t€[O1T] with u(p) = 22121 Aepr and w(q) :== ((Bp +
ap)/|1B + dll) pep (black line).

So the trigger process N is a mixed Poisson process with mixing I'(v, {)-distribution.
Such a process is called Pdlya process which is a popular case of the mixed Poisson
process in insurance mathematics, cf. e.g. Example (b) on p. 146 in Albrecher et al. [5].

Due to the conjugated property stated above, all information about the unknown
parameter A, which is included in the observable filtration & up to time ¢, is described by
the processes (N¢)i>0 and time. In consequence, the state process of the reduced control
problem with complete observation is the (¢4 2)-dimensional process (ng’b, N, qs) seft,1)
for some fixed initial time ¢ € [0,7") and (§,b) € U[t,T]. The reduced control problem is
given by

VEO(t,z,n, q) == B[O (XE")] = E[UXE") | XEP = @, Ny = n, g0 = d,

V(t,z,n,q) = sup V(tz,n,q),
(&,b)eU[t,T]

for all (t,z,n,q) € [0,T] x R x Ng x N§. Note that the processes (N;);>0 and (g;)¢>0 are
pure jump processes. For this reason, analogue to Chapter 4, the following generalized
HJB equation results:

. Yy+n
f — (¢t
(g,b)é%x[o,u{ C+u g( n:4)

1
— e T 0g(t,n,) (1 = )& + o(b) — a0 T0E)

d
’Y+n Z Bp + ap g(t,n+ 1,v(g, D)) / exp {aber(T—t) ZyiﬂD(i)}F(dy)}
Tt 2Bl -

(0,00)¢

0=
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+ inf
©€8CGn 4(t ){(p}

with boundary condition g(T',n,q) = 1, where

r(T—t)

V(t,x,n,q) = —e g(t7n7Q)a
t,n,q):=  inf &bt n,
g9(t,n,q) W (t:n.q)

and

T
Gt m, q) = BN | exp { - / €T~ (31 — 1) + c(bs)) ds
t

—/tTaae (T=s)¢. AW, +/ /Edab er(T=s Zyz 2(1) U(ds, d(y, ))}]

With the arguments of Section 4.5 and 4.6, this arises the candidate for an optimal
investment strategy, which is (&f).ej0,7) given by

f* _ kT le—'r(T—t)

t O'2Oé )

and the candidate for an optimal reinsurance strategy, which is (b%(t)):cj0,7] given by
br (t—, Ny, qt_) with

07 QSAF(t,’I’L,Q)//{—l,
bF(t7n7q) =41 QEBF(tanNZ)/H_lv
rr(t,n,q), otherwise,

where, for any (¢,n,q,b) € [0,T] x Ng x N§,

hF (ta n, qa

_otn Z Bp +aqp g(t,n+ 1, ’U(q,D))X

C G+t A 1B+l g(t,n,q)

d d
> 1p(i) /(0 LY eXp{aber(T_t)Zyj]lD(j)}F(dy)
i=1 [

j=1
AF(ta n, Q) = hF(tv n,q, 0)7
BF(ta n, Q) = hF(ta n,dq, 1)7

and rp(t,n,p) is the unique root w.r.t. b of
(14+6)k = hp(t,n,qg,b).
The verification goes through similar to Section 4.7 under the condition that
E[exp {A(MF(2a erT) — 1)T}] < 00,

which is necessary to define an equivalent change of measure analogue to Lemma A.3, cf.
proof of Lemma A.2. Unfortunately, the expectation above is only finite if the reciprocal
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scale parameter ( of the prior distribution IT, fulfils
¢> (Mp(2ae™) —1)T.

But in this case the I'(v, ¢)-distribution is nearly a dirac distribution depending on the
shape parameter . So if v is chosen, A is nearly a known deterministic value. That
means, we are in the case of an observable background intensity as in Chapter 4.

This approach with a conjugated prior for A works only for a conjugated prior distri-
bution with existing moment generating function. But there does not exist such a prior
distribution by the best knowledge of the author.

Additional time shift. Another generalization concerns the in insurance industry
well-known acronym IBNR (Incurred But Not Reported) as well as a time gap between
the shock event and the claims. In order to take these aspects into account, the model
must be extended by a further random component which describes an additional time
shift between the time of the trigger event and the occurrence of damages in some insur-
ance lines. Such a model is developed in Béuerle and Griibel [27, Ch. 3]. An additional
time shift raises numerous problems for the optimization problem under partial infor-
mation since then it is not clear which claim belongs to which trigger event and thus
the category random elements (Z,),en are no longer observable. This problem can be
solved by assuming that the causation of the damage and the trigger events are known.
But even then we cannot proceed as before since at every time point there can arise
another damage as a result of a past trigger event. So only if the time shift is bounded
by some constant 0 < K < oo, we have full information about the sequence Z,, at time
T, + K. Thus we could proceed as described in this chapter with the difference that the
processes (Pt)r>0 and (g¢)¢+>0 containing the information about the unknown parameters
at disposal are given by p, = p;_k and ¢+ = q;_k -

It is worth noting that there exists an estimation procedure for the background inten-
sity A in the model with shift without the assumptions described above. The estimation
method is developed in Brown [23] for an analogous problem in the queuing theory.
However, it is not readily possible to use other estimators than Bayesian estimators for
the reduction, compare Remark 4.23.

More general trigger process. In the actuarial literature, more general models than
the mixed Poisson process are discussed, which describe claim arrival processes. Schmidt
[114] as well as Albrecher and Asmussen [3] suggest the use of a shot-noise driven claim
arrival model, in particular for catastrophe modelling. An even more general process is
the so-called dynamic contagion process which combines a shot-noise and a self-exciting
property that can be observed for LoBs included claims as a result of abrasion. Anal-
ogous to our setting, the stochastic intensities of such claim arrival models are not
observable, which in consequence requires stochastic filter technique. As seen, for exam-
ple, in Leimcke [82, Thm. 3.29], the filter equation describing all information about the
intensity process of the dynamic contagion process contained in the observed filtration
has infinite dimension. This would lead to an infinite dimensional filter problem if such a
process were used as the claim arrival model (or trigger process) and therefore cannot be
solved with the approach presented in this paper. However, the dynamic programming
HJB method is already extended to infinite-dimensional Hilbert space (compare Fabbri
et al. [57] for an overview) which may be used to solve such kind of problem. Moreover,
Brachetta and Ceci [18] provided recently an approach with backward stochastic differ-
ential equations (BSDEs) for optimal reinsurance problems under partial information



5.9 Comments on generalizations 147

with infinite dimensional filter equations, in which value process and the optimal rein-
surance strategy are characterized as the unique solution of a BSDE driven by a marked
point process.

Inter-dependency between financial and insurance risks. The last part of this
section concerns the independence of the financial and insurance risks assumed in this
work which results in an optimal investment and reinsurance strategy without interde-
pendencies. But, according to Wang et al. [116, p. 114], there exist at least two reasons
to believe that the insurance and financial risk should be dependent. First, (re)insurance
companies transfer their insurance risks to the capital market by using insurance-linked
securities, like catastrophe bonds, for instance. As a result, an insurer invested in the
financial market is exposed to the insurance risks exported by another insurance com-
pany to the financial market, and there may be dependencies among these risks and the
insurance risks of the insurance company invested in the financial market, for example
through natural catastrophes. A second interconnectedness among financial and insur-
ance risks in insurance contracts for financial guarantees, which can cause systemic risk.
One way to establish a dependency between the financial and insurance market would
be by a financial market with partial information described next. Portfolio optimization
problems in a Bayesian financial market with one risk-free and one risky-asset, in which
the drift rate of the risky asset is modelled as a random variable, whose outcome is un-
known to the investor, have been investigated extensively, cf. e.g. Béuerle and Grether
[29] and the references given therein. This approach can be generalized by making the
drift dependent on the state of an unobservable Markov chain. A portfolio optimiza-
tion problem with such an unobservable Markov-modulated drift process is considered in
Béuerle and Rieder [30]. As already described in introduction, it is a common approach
to modulate the claim arrival process by a Markov chain as well. The financial and
insurance markets become dependent when both the drift rate of the risky asset and the
intensity of the claim arrival process are modulated by the same unobservable Markov
chain. The reduction of an optimization problem with such a model requires filter results
with continuous and point process observations as provided by Ceci and Colaneri [36]
since the insurer observes continuously the price process of the risky asset on the one
hand and insurance claims on the other hand. However, even with such filter results,
the solution approach of this paper cannot be applied without further thought, because
we have shown the changes of measure in Lemma A.3 and A.10 and A.17 assuming
independence between insurance and financial risks.






Chapter 6

Optimal investment and reinsurance for
the univariate case with unknown claim
size distribution

So far, we have always analyzed the partially observable problem (P) for a given loss
distribution, but not for an unobservable one yet. This gap will be closed in this chapter,
whereby we assume the background intensity to be observable and consider only one LoB
for simplification.

6.1 Setting

This chapter only deals with one insurance line, i.e. we set d = 1. Therefore, the un-
observable parameter &, which describes the dependencies between the lines, is trivially
a =1 (and the sequence (Z,)nen is deterministic) and thus does not have to be taken
into account further. In addition, we suppose that the prior distribution of II, is a
one-point distribution. This makes the background intensity A directly observable for
the insurance company and we set A = X\ (i.e. IIy = §,) for some A > 0. Furthermore,
Assumption 3.6 is considered to be in force.

Claim size distribution. Notice that in this section (Y;)nen is the sequence of
(0, 00)-valued random variable describing the amount of losses at the claim arrival times
(T)nen, in which we assume that the claim size distribution is not observable and that
Assumption 3.3 is satisfied (i.e. (Yy,)nen and (7),)nen are independent). Next, we precise
the prior distribution ILy.

Assumption 6.1. Let m € N be a fixed number. We assume 9 is an Fy-measurable
random variable taking values in the measure space (©,P(©)), where © := {1,...,m}.
We further suppose that Fi,..., F,, be absolutely continuous distributions on (0, c0)
with densities f1,..., f; such that

Mj(z)::/(o )ezyfj(y)dy<oo, zeR, j=1,...,m.

Based on this assumption, the unknownness of the claim size distribution is modelled
similarly to the background intensity in the previous chapter, namely by assuming that
there are m potential loss distributions but the true distribution is unknown to the
insurer. Thus, the entire information about the claim size distribution is encapsulated
in the unknown parameter ¥ which results in the following characterization of the prior
distribution for this parameter.

149
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Notation. We set
Wﬂ(j) :]P)(ﬁ:])v j:]-a"'ama

and we write Ty := (my(1),...,my(m)) for the m-dimensional vector which describes the
probability mass function of the distribution of .

Note that, like in the previous chapters, the subsequent considerations require expo-
nential moments of the claim sizes which are ensured by the assumption above. The first
moments of the distributions are also frequently demanded in the following, for that we
introduce the next abbreviation.

Notation. For any j € {1,...,m}, let p; :== [;°y fj(y) dy = E;[Y] denote the mean of
the jth distribution, where Y |9 ~ Y7 |9 and E; denotes the expectation w.r.t. to the
distribution Fj.

Assumption 6.2. Without loss of generality we suppose that p1 < o < ... < .

Before we turn our attention to the reduction of the partially observable problem, let
us consider some properties of the claim sizes.

Lemma 6.3. Let z € R be an arbitrary constant. Then there exist constants 0 < C1; < o0
and 0 < Cy < 0o such that

(i) E[Y exp{2Y}] < C,
(ii) E[exp{zzﬁgl YkH <0y tel0,T)
Proof. As in the proof of Lemma 4.5 (i), we get
Ep[Yexp{zY}| <, k={1,...,m},

where 0 < ¢ < co. Hence, on account of

/ g(y)P(Y e dy) = // P(Y € dy, 9 € dv)
(0,00) 0,00)
// P(Y e dy|9 =) My(dy)
0,00)

(6.1)
—Z/ P(Y € dy|v = k) mg(k)
0,00)
= Z/ y) dy (k)
0,00)
for all B((0, 00))-measurable functions g, it follows
E[Y exp{zY}] :/ yezyP(YEdy):ZE [Y exp {zY }|my(k chmg
(0,00) k=1 k=1

which is finite since the number of summands is finite. For the second statement we
refer to the proof of Lemma 4.5 (ii) which yields

[exp{ ZYkH — exp (N (B [exp {2 VY] — 1))}
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for every k € {1,...,m}. Similar as above, this implies
Ny m
E {exp {z Z YkH < Z exp{ AT ¢t} my(k) =: Co,
k=1 k=1
where 0 < Cy < oo for all ¢ € [0,T]. O

6.2 Filtering and reduction

The aim of this section is to reduce the partially observable control problem (P) within
the given framework in the previous section such that the state process of the reduced
model takes the accident realizations into account, which yield information about the
distribution of the claim sizes. Thus the reduction requires a filter process again. Notice
that in the case of one LoB, the MPP ¥ = (T, (Ys, Z,))nen can be identified with
the (0,00)-MPP ¥ = (T, Y, )nen, which justifies the use of ¥ for both marked point
processes.

Filter for the claim size distribution. By the Bayes rule, the posterior probability
mass function of ¥ given the observation Y,, = g, with Y,, := (¥1,...,Y,) and @, =
(yla “e ayn) is

— \ _n ’19 =9 ] ] n_ . i
21 o, n |0 = k) mg(k) D20y mo(k) [Ty fa(yi)
for all j € {1,...,m}. However, the solution method necessitates a dynamic representa-

tion of this posterior probability distribution given the information up to any time ¢. To
achieve that, let us introduce the following notation.

Notation. Throughout this chapter, we denote by (p;(t))i>0 the cadlag modification of
the process (P(9 = j | FY))i>o for every j € {1,...,m}, i.e.

pi(t) =P =j|F'), t=0.
Moreover, let (p;)¢>0 denote the m-dimensional process defined by
pe=(pi(t),...,pm(t)), t=0.

Remark 6.4. It is worth noting that Y ;" pr(t) e < D jey pe < M piy, for all t > 0,
due to Assumption 6.2. Furthermore, it is readily seen that p;(0) = my(j) for every
je{l,...,m}.

We are interested in a representation of the process (p¢)e>0-

Proposition 6.5. For any j € {1,...,m}, the process (p;j(t))i>0 satisfies

e e [ pi(so) fily) )
p(t) = 19(.7)+/0/(0700) <Z?1pk(s—)fk(y) pj( )>\If(d,dy), t>0.

Proof. Fix j € {1,...,m}. From (6.2) follows that the posterior probability mass func-
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tion of ¥ given the observation Y;, ;1 = #,4+1 has the following recursive structure:

o mW Iy fi(y) fi(Ynr)
B0 =311 =) = o T o) Fine)
_ fj(yn-&-l)P(ﬁ:j‘Ynfgn)
27]?:1 fk(yn-i-l) P(ﬁ =k ’ Y, = gn) .

Thus, using the above notation, we get

_ fiWN)pi(t)

ZTI::I Tk (YNt) Pk (t_) ’
since pj(t—) =P =j|Y1,....Yn,_) =P = j|Y1,...,YN,—1). Clearly, the process
(pj(t))e>0 jumps only at the claim arrival times (7},)nen (at these time points the insurer
gains new information about the unknown claim size distribution), where the jump size

° £5(Y) 9y (T )

pj(t) :P(ﬁzj‘YIP'WYNt)

i) = S @y P e
Therefore,
pi(t) = p;(0) + Y Apj(s)
0<s<t
E— ' pi(s=)fily) o )
=)+ [ [ (S i o) easan.
for all t > 0. ]

Let us state some elementary properties of the filter process (p:)i>0, which follow
immediately from the representation of the filter given in the previous proposition.

Corollary 6.6. The filter (p:)i>0 is a pure jump process and the new state of (pt)t>o0
after the jump times (T),)nen with jump size (Y, )nen is given by

bt, :J(an—ayn)a n €N,

where

- fi(y) ;1 Jm(Y) Pm
1p.3) = (zz; S S ) m) ’ (6.3)

for every p = (p1,...,pm) € Ap and y € (0,00).

Figure 6.1 shows a path of the filter process (p:);>0 under the conditions from Sec-
tion 6.8 with three possible loss distributions, in which the second is the true one and
the prior is given by 7y = (1/3,1/3,1/3). We see that the filter tends to increase the
probability of the second (true) claim size distribution over time.

Properties of the aggregated claim amount process and the surplus process.
It is essential to have representations of the aggregated claim amount process and the
surplus process w.r.t. the compensated random measure ¥ for the development of the
HJB equation of the reduced control problem stated in the next section. This measure
is provided by the posterior predictive distribution of Y given the observed claim sizes
up to time t.
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1.0
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— p_1(®)
— p_2()
— p_3()
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0.0

= I
J_J T
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Figure 6.1: A trajectory of the filter process (p;):>o for the setting from Section 6.8 with three
potential claim size distributions under the assumptions that 7y = (1/3,1/3,1/3)
and P(9 = 2| Fy) = 1.

Lemma 6.7. For anyt > 0, it holds
P(Y € B|Vi,...,Yx,) = > pilt) Fu(B), B € B((0,)).
k=1

Proof. With the same arguments as in (6.1) follows for any n € N

- . fY,Yn(y7yn) . - fY,}_’nW:k(yagn)
Fritisn ) = ff/ @n) “2 T )

Z fYnW k( ) (19:]{;):ka(y)P(§:k|Yn:gn)a

fYn yn) 1

P(Y = k)

where we have used the conditional independence of the claims sizes given ¥ (cf. As-
sumption 6.1) in the third equality. Hence

Foivw, W) =Y fe@)pe(t), >0,

which implies the announced statement. O

Proposition 6.8. The §Y-intensity kernel of ¥ = (T, Yy )nen, denoted by (v(t,dy))i>o,
s given by

v(t.B) =2 u(t-) [ f)dy =AY (=) Fu(B), B € B((0.0)).
k=1 B k=1
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Proof. Fix B € B((0,0)). We first show that v is a transition kernel from (R*x Q, BT®
F¥) to ((0,00), B((0,00))). It is clear that (t,w) — A1, pr(w, t—) Fx(B) is Bt® FL-
measurable due to the measurability w.r.t. .y of the F¥-predictable process (px(t—))i>0,
k = 1,...,m, compare Proposition 2.56 and Proposition 2.27. Moreover, it is easily
seen that through A >~} | pr(t—) Fi(dy), a measure on ((0,00), B((0,00))) is defined for
all (t,w) € RT x Q since Fy(dy) is a distribution on ((0,0), B((0,00))) for every k €
{1,...,m}. Now the procedure is to show that (v(t, B))i>0 = (A > ey pk(t—) Fx(B))t>0
is the predictable §¥-intensity of (¥ (¢, B));>0, where the predictability follows immedi-
ately from the §¥-predictability of (py(t—))¢>0 for every k € {1,...,m}. To do this let
(Ht)t>0 be some non-negative §Y-predictable process. It follows from Fubini’s theorem
and Lemma 6.7 that

E[/OOOHtu(t,B)dt} :)\/0 E[Ht Zpk }dt—)\/OOOE[HtP(YeB]Ft‘I’)} dt
:)\/OOOIE[E[Ht]l{YeB}ff’]]dt:)\/oooIE[E[Ht]l{YEB}ﬁﬂdt
:]E[/OOOE[Ht]l{YGB}W])\dt].

Notice that the process (E[H;Lgyepy|?])iz0 is a non-negative §-predictable process
due to the Fy-measurability of ©. Therefore, Brémaud [20, Eq. (2.3)] implies

E[/ ]E[Ht]l{YGB}W])\dt} :E[/ E[HyLgyepy |9] AN |.
0 0

It is worth noting that this arguments would also hold if A is unobservable (i.e. Fp-
measurable), which means that we can use the same arguments to determine the FV-
intensity for a setting with unobservable claim size distribution. By Assumption 3.3 we
further have

IEUO E[H; 1yepy | V] dNt} > E[E[Hz, 1{7, <00} Liyveny | Y]]

neN

= > E[E[Hr, 1{1, <00} Ly, eny | Y]] [Z Hr, 147, <o0} ]l{YneB}}
neN neN

:E[/OOOHt\If(dt,B)].

In summary, we have
[/ ththt] [/ H, v dtB}

ie. (v(t,dy))i>0 is the gm—intensity kernel of ¥ = (T},, Y,)nen- O
Notation. Let \/I}(dt, dy) denote the compensated random measure given by

U (dt, dy) := U(dt,dy) — v(t,dy) dt, (6.4)
where v is defined as in Proposition 6.8.

This notation leads to the following representation of aggregated claim amount process.
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Proposition 6.9. The aggregated claim amount process S = (St)t>0 is given by

S = // ds ,dy) —i—)\/ Zpk(s)ukds, t > 0.
0,00) —1

and satisfies

B[S =AY mo(k) pxt, t>0.
k=1

Proof. An easy verification gives the stated representation of S by combining (3.7)
and (6.4). By Corollary 2.98, the process (1;)¢>0 defined by

t
M ::/ / y¥(ds,dy), t>0,
0 J(0,00)

is an §¥-martingale since

t

E[/Ot/(opo)yZpk dde} = [/Otipk(S)ude] :)\2’":/0 Elpx(s)] e ds

k=1 k=1 k=1

=AY my(k) et < At < 00, >0,

which also provides the announced expected value. O

Using the proposition, we obtain the following representation of the surplus process,
which is indistinguishable from the one given in (3.7) (with d = 1):

axst = <7«X§’b + (1 —1)&s + clbs) — Aby Zpk(s)uk>dt + EodW, — /bty@(dt,dy)
k=1
(0,00)

for all t > 0. Notice further that

Lo

-) fi(y)
k(5—) fk

o — pj(s—)> v(s,dy)ds

’303

since Y, pr(s) =1 for all s > 0. Hence

L pis=)FiW) e\ Gds
dpj(t)_/(o,oo <Z?=1Pk(3—)fk(y) pilt )>\Ij(d ), £20.

This result can also be obtained by directly applying the filter result for marked point
process observations from Theorem 2.101.
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6.3 The reduced control problem

In the reduced control model we incorporate accident realization by extending the state
process with the filter process (p:)i>0. Thus the state process of the reduced control
problem is the (m + 1)-dimensional process

(X§7b7 ps)se [t,T]

for some fixed initial time ¢ € [0, 7)) and (£, b) € U[t,T], where

m

dX$b = (ng’b + (1= 1)+ c(bs) = Abs Y pi(s) M)ds + &0 AW
k=1

_/ bsy{f}(dsvdy)v
(0,00)

(o) = fiy) pj(s—)
i (s) (Z?:l Ji(y) pr(s—

for s € [t,T], with

] —pﬂs—))@(ds,dy), j=1,...,m,

(Xt&b’pt):(xap)ﬂ QEGR, p:(plﬂ’pm)EAm

Using this reduced model, we can formulate the reduced control problem. For any
(&,b) € U[t, T), the objective function is given by

Vet 2, p) = B [U(XE")] = E[UXF) | X = 2,p0 = 1),
and the value function is defined by

V(t,z,p):== sup Vi(t,2,p), (P3)
(&,b)eU[t,T)

for all (¢t,z,p) € [0,T] xRx A,,. As before, an investment-reinsurance strategy (£*,b*) €
U[t,T] is optimal if
Vit,z,p) =V (¢ z,p),

and the insurer is interested in optimal strategies (£*,0*) € U[t, T, i.e. in strategies

(£%,0%) = argsup V&'(t,z,p).
(&,b)euU|t,T)

The same line of arguments as in Section 4.3 yields, for any (£,0) € U]t, T,
Vet a,p) = VEP(t,2) and thus V(t,z,p) = V(t,z), (t,z)e[0,T]xR.

That is, solving the reduced control problem (P3) gives a solution of the original prob-
lem (P) under the framework given in Section 6.1. The solution approach runs as before
with the generalized Hamilton-Jacobi-Bellman equation. Before we get into that, it is a
good point to briefly discuss an extension of the assumptions of this chapter to those in
the previous one.

Remark 6.10. Suppose the framework of Chapter 5 is in force (cf. Sec. 5.1) and the
claim sizes of every insurance line are independent. Then the setting of Chapter 5 can
be readily extended to one with unobservable claim size distribution as presented in this
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chapter. That is, we have for every LoB a finite number of possible loss distributions,
namely m; € N for the LoB ¢ € {1,...,d}. Hence the state process of the reduced
control model has ({+m+1+ Zle m;) components. Accordingly, the generalized HJB
equation and the optimal reinsurance strategy derived from it become very complex
while the verification procedure is still analogue to the one in the previous and this
section.

6.4 The Hamilton-Jacobi-Bellman equation

The heuristic development of the generalized Hamilton-Jacobi-Bellman equation is sim-
ilar to Section 4.4 and is therefore omitted. Using sufficient assumptions, we obtain

1
0= sup {Vt(t, z,p) — AV (t,2,p) + 207 Viu(t, 2, p)&?
(€.b)ERX[0,1] 2 (65)

+ Va(t, 2, p) (re + (n — 7)€ + ¢(b) +A2pk/0 (t,m—by,J(p,y))fk(y)dy}-

OO

By applying the arguments from the proof of Lemma 4.24, we obtain for any (t,z,p) €
[0,7] x R x A,

V(t,z,p) = —e =" g (t,p) (6.6)
with
g(t,p) = inf gt p), (6.7)
where

T
g**(t,p) :=E"P [exp { ~ / ae" T ((u—r) & + c(bs)) ds
t

T T
— / aoe"T=9)¢ AW, + / / abyye T2 U(ds, dy) }] ,
t t (0,00)

where EYP denotes the conditional expectation given p; = p. We reformulate the Equa-
tion (6.5) by using the separation approach above. First, useful properties of the intro-
duced function g should be mentioned.

(6.8)

Lemma 6.11. Let g be defined by (6.7). Then the following statements are satisfied:
(i) g*°(t,p) >0 for allt € [0,T], p € A, and (&,b) € U[L, T).
(ii) g is bounded on [0,T] x A,

(iii) g&4(t,p) = S, pj g4t €j) for all t € [0.T] and p € A,

(iv) g*0(t, T (p,y)) = Ly st gt 0t e;) for all (t,p,y) € [0, 7] x Ay x (0, 00).
(v) A D p > g(t,p) is concave for allt € [0,T].

Proof. A passage similar to the proof of Lemma 4.25 implies the statements. O
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The separation approach (6.6) implies

(t x p) fa:ver(T—t) (a 7 er(Tft)g(t’p) + g (t,p)),
Valt,o,p) = =" (—a Tyt p)),
) —axeT(T’t) 042 eQT(T_t)g(t,p),
) =

exp {abye T g(t, p),

Vi (t, 2,
V(t,z —by,p

_aweT(T—t)

where the partial derivative w.r.t. ¢ is only defined on (0, 7). However, since g is probably
not differentiable w.r.t. ¢ due ot the jumps of the state process, we replace the partial
derivative g; by Clarke’s generalized subdifferential again. Recall further the notation
gp introduced on page 68.

Using the relations stated above as well as the generalized subdifferential 9%, instead
of g¢, we conclude from (6.5)

1
r(T—t)
20 ae” f)

+/\Zpk /0 9(t, J(p,y)) exp {abye T} fi(y) dy}

o0

0= —~ Ag(t,p) — ae" T g (t, p) (11— )& + c(b) -

inf {
(&,b)eRX[0,1]

+ inf {<p}
©€DCgp(t

for all (¢,p) € [0,T) x A,, with boundary condition g(7,p) =1 for all p € A,,.

Notation. Throughout this chapter, let £ denote an operator acting on functions g :
[0,T] x Ay, — (0,00) and (§,b) € R x [0, 1], which is defined by

ZLg(t,pi&,b) == —Ag(t.p) — ae T g(t,p) (1 — )€ +e(b)

1y m o (6.9)
=500t S [ gt Ip) exp {aby T iy dy
k=1 10
Using this notation the generalized HJB equation for ¢ is given by
0= (t b)} + inf 6.10
oy (FIERED Tl (o) (6:10)
for all (¢t,p) € [0,T) x A,, with boundary condition
9(T.p) =1, p€An. (6.11)

Note that we set 0%, (t) = {g},(t)} at the points ¢, where the derivative exists. In the
next section we continue to determine a candidate for an optimal strategy.

6.5 Candidate for an optimal strategy

We obtain a candidate for an optimal strategy as byproduct of the generalized HJB
equation (6.10) by rewriting this equation as follows:

0= —Ag(t,p) + ae" T Dg(t,p) inf fi(t,€) + inf fo(t,p,b) + mf {90} (6.12)
EER be[O,l] pe
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where f; is defined by (4.27) and
Fat.p,q) = —ae™ T g(tp) (n — 0) Kk — ae™ TV g(t,p) (1 +0) wb

_/\Zpk/ g(t, J(p,y)) exp {aby e T} fi(y) dy

OO

Notice that we have used the reinsurance premium model given in (3.6). Hence, it
follows from Section 4.5 that the unique candidate of an optimal investment strategy

§* = (£°(t))iefo,1) is given by
* u—=r 1 —r(T—
&) =" T=t_ ¢ elo,7T]. (6.13)

The first order condition for the candidate of an optimal reinsurance strategy is pro-
vided by the next result.

Lemma 6.12. For any (t,p) € [0,T] X A, the function R 5 b — fa(t,p,b) is strictly
convex and

0 _
%f?(tapa b) = -« eT(T 2 (g(tap) (1 + 9) K

—)\Zpk/

Proof. The lemma can be proven with the same arguments as Lemma 4.27. O

g(t, J(p.y))y exp {abye" T} fi(y) dy)-

OO

The lemma yields a criterion for a candidate of an optimal reinsurance strategy as
well as the uniqueness of the candidate. We express the criterion by using the following
notation, in which we suppose that g is positive (Lemma 6.11 (i) yields only the non-
negativity of g) throughout this section.

Notation. For any (t,p) € [0,T] x A,, and b € R, we define

At p,b) = AZpk /Ooo tngtfzg)))y exp {abye" T} fi(y) dy. (6.14)

Furthermore, we set
A)\(tap) = h)\(tapv 0)7

Bj(t,p) == hy(t,p,1). (6.15)

Remark 6.13. This remark is devoted to an alternative reinsurance premium model
similar to Remark 4.28. According to Proposition 6.9, we have

E[dS)] =\ mo(k) e, t >0,
k=1

which is a reasonable choice of k. As already discussed in Remark 4.28, it makes sense
to replace the prior estimator ITy with the posterior estimator pg(t), which takes the
available information into account. Therefore, it makes sense to modify x so that it
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depends on the filter (p;):>0 as follows:

k(D) = A pr ik
k=1

In this case it can be shown (similar as Theorem 6.23) that Ay (¢,p)/kA(p) > 1 for all
(t,p) € [0,T] x A, and that the optimal strategy is given by (6.17) with s replaced

by kx(p) under Assumption 6.18. In addition, a comparison result in analogy to Corol-
lary 6.24 holds.

We continue the discussion with a constant x and obtain the following first order
condition for the optimal reinsurance strategy by setting % fa2 to zero (cf. Lemma 6.12):

(14 6) K = hy(t,p,b). (6.16)

By establishing this equation w.r.t. b, we obtain a minimizer of fo w.r.t. b which is
unique due to the strict convexity of fo w.r.t. b (if such a minimizer exists). The first
order condition is solvable and the solution takes values in [0, 1] depending on the safety
loading parameter 6 of the reinsurer.

Proposition 6.14. For any (t,p) € [0,T] x A,,, Equation (6.16) has a unique root,
denoted by ry(t,p), which is increasing w.r.t. the safety loading parameter . Moreover,

it holds,
(i) ra(t,p) <0 if 0 < Ay(t,p)/Kk — 1,
(i) 0 <ra(t,p) < 1if Ax(t,p)/k —1 <0 < By(t,p)/k — 1,
(1i3) rx(t,p) > 1if 6 > By(t,p)/k — 1.
Proof. This follows by the same method as in the proof of Proposition 4.29. O
Notation. In this chapter, r)(t,p) denotes the unique root from Proposition 6.14.

There is a possibility that cases (i) and (ii) are empty sets, which can not occur
with the modified k)(p) described in Remark 6.13. However, using the constant x,
Proposition 6.14 implies

07 QSAA(tvp)/Rilv
b)\<t7p) = ]-7 0> -B)\(tap)//€ - 17 (617)
ra(t,p), otherwise,

for every (t,p) € [0,7] x A,,, the candidate for an optimal reinsurance strategy
(bX(t))tefo,r) is given by bX(t) = bx(t—,pt—). It is worth noting that the interpreta-
tion about the optimal reinsurance strategy given in Remark 4.30 applies here as well.

6.6 Verification

This section shows that the solution of the generalized HJB equation, from which the
optimal strategy is derived, is the determining equation for the value function (Theo-
rem 6.15). Furthermore, we focus on the existence of a solution for the generalized HJB
equation (Theorem 6.17) and thus on the optimality of the given candidates for an opti-
mal investment-reinsurance strategy. We use the same procedure as in the Section 4.7.
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6.6.1 The verification theorem

Theorem 6.15. Suppose there exists a bounded function h : [0,T] x A, — (0,00) such
that t — h(t,p) is Lipschitz on [0,T] for all p € Ay, p — h(t,p) is continuous on Ay,
for allt € [0,T] and h satisfies the generalized HJB equation

O: i f gh t, N ,b i f ,
e o ZHEE0r+ Tof )

for all (t,p) € [0,T) x Ay, with boundary condition
hMT,p) =1, peA,.

Then

Vit,a,p) = —e " " n(t,p), (t,a,p) €[0,T] x R x Ay,
and  (£%,b}) = (£%(5),03(8))seper)  with  €*(s)  given by (6.13) and
by (s) = ba(s—,ps—) given by (6.17) (with g replaced by h in Ax(s,p) and Bx(s,p))
is an optimal feedback strategy for the given optimization problem (P3), i.e. V(t,z,p) =
VE (L, x,p).

For the proof of the verification theorem a measure change is applied, which is intro-
duced in Lemma A.17. To do this, the set of admissible strategies must be constrained
as follows.

Notation. Throughout this chapter, we set for any ¢t € [0,7)

ULt T) == {(&,b) eUt,T]: IK >0:|&| < K Vs e[tT),

o . (6.18)
£ = (§s)sefe, 1s continuous and § -adapted, b = (bs)se[t,7] is § -predictable}.
Moreover, we set
ﬁ(t,x,p) = sup Vg’b(t,x,p), (t,z,p) € [0,T] x R x Ay,. (6.19)

(€,b)eU[t, T

Notice that Lemma A.22 is crucial to prove the verification theorem, which makes use
of the following operator.

Notation. We define an operator 7 acting on functions v : [0,7] x A,, — (0,00) and
(§,0) € R x [0,1] by

Ho(t, p;&,b) == ZLu(t,p;§,b) + v(t, p) (6.20)
for all functions v : [0, 7] x A, — (0,00), where the right-hand side is well-defined.

Using this notation, the HJB equation (6.10) can be written as

0= it (elt ot D
(f,b)éﬁx[(),l]{ g( 7p,€a )}

at those points ¢, where g is differentiable w.r.t. ¢.

Proof of Theorem 6.15. Using the Lemmata A.20, A.21 and A.22, analysis similar to the
proof of Theorem 4.31 yields the announced assertion. O
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6.6.2 Existence result for the value function

We demonstrate below that there exists a function h : [0,7] x A, — (0, 00) which fulfils
the conditions stated in Theorem 6.15. In order to do this, we introduce the following
function.

Notation. We set

g(t,p):= inf  ¢*°(t,p), (t,p) €[0,T] x Ay, (6.21)
(&,b)eU[t,T]

where ¢ is given by (6.8) and L?[t,T] by (6.18).
Properties of the function introduced above are given below.
Lemma 6.16. The function g defined by (6.21) has the following properties:
(i) g(t,p) > 0 for all (t,p) € [0,T] X Ap,.
(ii) U[0,T] 3 (€,b) — g&4(0,p) is bounded for all p € Ay,.

(i11) There exists a constant 0 < K3 < oo such that |g(t,p)] < Kz for all (t,p) €
[0,T] x Ap,.

(iv) Ap, 2 p— g(t,p) is concave for all t € [0,T].
(v) [0,T] >t~ g(t,p) is Lipschitz on [0,T] for all p € A,,.

(vi) Let M be the set of all points (t,p) € [0,T] X A, where the partial derivative of g
w.r.t. t exists. Then there exists a constant 0 < K4 < oo such that |g:(t,p)| < Ku
for all (t,p) € M.

(vii) There exists a constant 0 < K5 < 0o such that ‘gﬁ(t,p;ﬁ,b)’ < K5 for all (t,p) €
0, T] x Ay, and (€,b) € [-K, K] x [0,1].

(viii) There exists a constant 0 < Kg < oo such that ‘ inf (¢ pye|— K, K]x[0,1] L 9(t, D3 &, b)} <
Kg for all (t,p) € [0,T] x Apy,.

Proof. The proof runs in the same manner as the proof of Lemma 4.32. O

Now we can state the result of the existence of the HJB equation, whose proof works
analogously to Theorem 4.33 in Section 4.7.2 by aid of Lemma 6.16.

Theorem 6.17. The value function of our investment-reinsurance problem (P3) is given
by

r(T—t)

V(t7x7p) = _670416 g(tap)v
where g is defined by (4.19) and satisfies the generalized HJB equation
0= inf ZLg(t,p;€,0)} +  inf , (t,p) €]0,T) x Ay,
el (Lo pED} it (g} (tp) e 0.T)
with  boundary condition ¢(T,p) = 1 for all p € Ap. Furthermore,

(&%,03) = (£7(5),b3(5)) st with £*(s) given by (6.13) and bX(s) = bx(s—,ps-), where
by is given by (6.17), is an optimal investment-reinsurance strategy for the optimization
problem (P3).

Proof. Applying the arguments from the proof of Theorem 4.33 again, we obtain the
announced assertion. O
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6.7 Comparison results with the complete information case

For the considered setting with an unknown claim size distribution, a comparison of
the optimal reinsurance strategy given in Theorem 6.17 and the one in the complete
information case given in (4.57) is derived as in the previous chapters. In addition, we
calculate bounds for the optimal strategy, which are independent of the filter and thus
of the observed claim amounts. Both the comparison result and the a priori bounds can
be only applied under the following assumption.

Assumption 6.18. Throughout this section, we assume that
Fi(z) > Fy(z) > ... > Fp(x)

for all x € R.
Remark 6.19. A useful equivalent formulation of the assumption above is
/ g(x) Fi(dz) < ... < / g(z) Fp(dx)
(0,00) (0,00)

for all increasing functions g, for which both expectations exist, compare Miiller and
Stoyan [96, Thm.1.2.8]. Hence Assumption 6.2 about the order of the means of the
potential claim size distributions fits with Assumption 6.18 by choosing g as identity
above.

Another way of stating Assumption 6.18 is to say that the claim sizes given ¥ are
stochastically ordered:

Y‘ﬁzljStY|"t9:2j5tjstY|’l9:m,

where < denotes the usual stochastic order. It is readily that this order is an order from
the best to the worst case scenario from the perspective of the insurer. The following
notations and results are prerequisites for the representation of the announced a priori
bounds

Notation. Let t € [0,T] and b € R. Throughout this section, we set
PIR(E,5) = A /( by} )y
RY®(t, b) == )\/ Yy {abyer(T_t)} fm(y) dy.
(0,00)

Proposition 6.20. Let t € [0,T]. Then R 3 b+ h¥(¢,b) and R > b — hPaX(¢,b) are
strictly increasing and strictly convex. Furthermore, it holds

lim AP(¢,0) = lim AY®(t,b) =0, lim AY(¢,b) = lim AP (t,b) = co.
b——o0 b——o0 b—oo b—oo

Proof. This follows by the same analysis as in the proof of Proposition 4.29. 0

The proposition justifies the next notation, where we refer again to the proof of Propo-
sition 4.29 for details.

Notation. For some fixed ¢t € [0, T], we denote the unique root of the equation (1+6) x =
RN (¢, b) w.r.t. b, and the unique root of the equation (1 + 6) x = h*(t,b) w.r.t. b by
rin () and X (¢), respectively.
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The announced a priori bounds are a direct consequence of the following theorem in
connection with Proposition 6.20.

Proposition 6.21. For any (t,p) € [0,T] X A, and b € RT, we have
R (t,b) < ha(t,p, b) < AR™(1,0).

Proof. Choose some (t,p) € [0,T] x Ay, and b € RT. Due to the increasing property of
(0,00) 3y yexp{abye" TV} it follows from Remark 6.19 that

/ yexp{abyeT(Tt)}fl(y)dyg...g/ yexp{abye (T t}fm )dy. (6.22)
(0,00) (0,00)

Taking this order as well as Lemma 6.11 (iii), (iv) into account, we get

/\Zpk/O *(t, J(py)y exp {abye T} fi(y) dy

0c)”

= AZM/ Z z%gg’b(t e;)y exp {abye" D) fi(y)d

_ Cebi, > et Pr fr(y) bu e @0 £ () d
Z:p]g (t.5) (0,00) 2te1 De fe(y) yexplabye Hiw)dy

= Aij g (¢, ej)/o yexp{abye TV} f;(y)dy

700)

< E(8)S 0y g5 (L) = K™ (B) g5 (1)
j=1

for every (£,b) € U[t,T], which yields hy(t,p,b) < h*(t,b) by taking the infimum
over all (£,b) € U[t,T] on both sides. The other inequality is obtained by an analogue
argumentation. ]

Corollary 6.22. The optimal reinsurance strategy by = (bX(t))icjo,1] from Theorem 6.17
has the following boundaries:

max{0, rP(t)} < b5(t) < min{l, ()}, te[0,7].

The range of optimality for the reinsurance strategy provided by the corollary above
increases in m (the number of possible claim size distributions) because of the definition
of hf\nin and AY®*. In the case of three potential loss distributions, chosen as stated
Section 6.7 (as well as other parameters), we can see in Figure 6.2 that only the lower
bound (orange line) is useful; the upper one (red line) yields a trivial bound. Due to the
computability of these bounds at time zero for the entire time horizon, they provide the
insurer the a priori information that it is never optimal to transfer the entire risk to the
reinsurer (retention level zero). One reason for the (exponential) rise of the lower bound
from approximately 0.2 to 0.6 lies in the choice of the exponential utility function: As
the level of the surplus process rises, a loss is valued less strongly, which leads to a more
risky behaviour of the insurer when the surplus rises over time.

A tighter upper bound for the optimal strategy is provided by the comparison result of
the optimal reinsurance strategy under partial information and full information, which
is an immediate consequence of the next theorem.
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Figure 6.2: The a priori upper bound (red line) and lower bound (orange line) for the optimal
reinsurance strategy for the setting from Section 6.8.

Theorem 6.23. Let by be the function given by (6.17) and BK,E,F the function given
by (4.57). Then, for any (t,p) € [0,T] X Ay,
B(t,) < By 5, ()
with .
Fy(dy) =Y pr fuly) dy.
k=1

Proof. Let us fix (t,p) € [0,T] x Ay, and b € R*. As in the proof of Theorem 4.41 it is
sufficient to compare hy given by (6.14) and hy ; s given by (4.55) due to the first order
conditions (6.16) and (4.56). From the proof of Proposition 6.21, we know already that

m
A /(0 gt J(p,y) y exp {aby "D} fr(y) dy
k=1

,00)

=X pigt(te;) /( v exp {aby e} £i(y) dy
i=1 !

o0

for every (£,b) € U[t, T]. Remark 6.19 implies that ¢~°(t,e1) < ... < g~°(t, e,,) because
the integrand of

T T
gg’b(t,p) = EbP [exp { — / ae" T3 ((,u —7r)és + c(bs)) ds — / o eT(T_S)f dWy
¢ t

Np_y

)]

n=1

is increasing in Y, whose distribution is given by I} under the condition p = e;, j =
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1,...,m. By considering this order, the order given in (6.22), Lemma 6.11 (iii) as well
as Lemma B.6, we obtain

0,00

A pigti(t ) /( u e {abye T} fi(y) dy
j=1
> A gttt e) Zpk/ y exp{abye" "D} fi(y) dy
=1 k=1

100)

= )\gg’b(tap)/( )y exp {aByeT(T*t)} Zpk fre(y) dy
k=1

,O0

for every (&,b) € U[t,T]. In summary, we have for any

AZpk/O b(t, J(p,y)) y exp {aby eI fi(y)

00)

Zx\gg’b(t,p)/ )yeXp{abye (=1 Zpk:fk

(0,00 k=1

for all (&,b) € U[t, T], which gives hy(t,p,b) > hy1r(t, b) by taking the infimum over all
(&,b) € U[t, T] on both sides. O

Corollary 6.24. Let b 7 be the function given by (4.57). Then the optimal reinsurance
strateqy under partial mformatwn (bX(t))eejo,r) from Theorem 6.17 satisfies

vi(t) < E;ﬁljﬁpti (t), telo,T).

Since (b; LFy,

thermore, F, (dy) can be seen as the known conditional average claim size distribution
given the available information strict before time . Consequently, the comparison result
above has the same interpretation as the comparison result in Section 4.8.2 and 5.7;
namely, more uncertainty leads to a higher level of protection, i.e. to a lesser or equal
retention level. The comparison result will be illustrated in the next section.

(t))tefo,r] is ®-predictable, it is an admissible reinsurance strategy. Fur-

6.8 Numerical analyses

The results of the numerical experiments in this section have the purpose to support
the analytic results of the optimal reinsurance strategy, in particular of the comparison
result from the previous section.

We suppose the © = {1,2,3} and fi, f2, f3 are the density functions of right-truncated
exponential distributions with rate 3, 2 and 1, respectively, all three truncated at 3. That
is, for any y € R

3e 3 2e~ % e Y

fily) = T ook Tio,5(v), faly) = mﬂ[o,:ﬂ(y)y f3(y) =

and
1 1 1

5I—e®) T ooy T

H1 =
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Due to this setting, we have for any 0 < z <y < 3

fily) _ fi(z) PN 3e7W1—e6 _ 3e7371 _ 6
fa(y) = fo(x) 2] —e 9~ 2e20] —e9

— e ¥Y<e”,

where the last inequality is obviously satisfied. Therefore fi(y) fa(z) < fi(z) f2(y) for
all z,y € R with x < y. Hence Y7 |¢ =1 =, Y1 |¢ = 2, while =<, denotes the likelihood
ration order, see e.g. Miiller and Stoyan [96, Def. 1.4.1]. Consequently, Y7 |9¥ = 1 <4
Y1|9 = 2 since the likelihood ration order implies the stochastic order according to
Miiller and Stoyan [96, Thm. 1.4.5]. The same conclusion can be drawn for fs and fs,
ie. V1|9 =2 =g Y1 |9 = 3. Thus Assumption 6.18 is fulfilled. The prior probability
mass function of ¥ is supposed to be

—o— (L1
Yy = 37373 .

Further parameters are specified in the Table 6.1. The parameter s of the premium

parameter value

10

10
3
0.1
0.2
3
0.2
0.6
0.2

IS Q2 AT >N

Table 6.1: Simulation parameters for Section 6.8.

principle is choose as E[dS;], i.e.

3 3

K= )\Zw(k) e = Zﬂk,
=1

k=1

compare Proposition 6.9.

Now all parameters are fixed and we can visualize the comparison result from Corol-
lary 6.24 graphically. The following simulation results have been generated under the
assumption that the realization of 1 is 2, which means that the underlying loss dis-
tribution is F,. In Figure 6.2 we have already illustrated the a priori bounds for
the parameter selection of this section. Figure 6.3 shows these bounds together with

two paths (black and blue lines) of the reinsurance strategy (5:1 P (t))tefo,r) With

Fy(dy) :== 3041 pr fe(y) dy, p € Ay, which provide an upper bound of the correspond-
ing optimal reinsurance strategy for each scenario according to Corollary 6.24. That
means, the black line and blue line depend on the realized claim arrival times and the
corresponding losses. In the scenario of the black line, the insurer receives rarely useful
information about the choice of the optimal reinsurance strategy since the path of the
strategy serving as upper bound is 1 for almost the entire period. But in the other sce-
nario of the blue line, the range of optimality for the reinsurance strategy (area between
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the blue line and orange line) in the time between 1 and 6 is very small. In summary,
we can conclude that the quality of the upper bound provided by the comparison result
depends strongly on the realized loss amounts.

1.0

F

0.8
|

retention level
0.6

0.4

0.2

time

Figure 6.3: The a priori upper bound (red line) and lower bound (orange line) for the opti-
mal reinsurance strategy as well as two trajectories (black and blue lines) of the

reinsurance strategy (ET\,LFM_ (t))eeqo,r) with Fy(dy) := Y"1 pr fr(y) dy.

We conclude the numerical analysis with Figure 6.4, which shows the path of the sur-
plus process in an insurance loss scenario for three different insurance strategies. The
red line displays the trajectory of the surplus process in the case of full reinsurance (i.e.
retention level of 0), which tends upwards in contrast to the corresponding paths in Sec-
tions 4.9 and 5.8. The reason is that the parameter  selected by means of the expected
value premium principles is smaller than in the other sections under the consideration
of a single LoB. For a constant reinsurance strategy of 0.5, the trajectory of the surplus
process is plotted by the blue line. Up to time 4, this path is similar to the one in

the case of the reinsurance strategy (5’;71715”7 (t))tejo,r) With Fy(dy) :== Y270 pe fu(y) dy

(black line). Since the later reinsurance strategy tends upwards (cf. Figure 5.3) at the
end of the considered time horizon, the (negative) jump sizes become higher in com-
parison to the blue line, but at the same time the path between the claims rises more
strongly because of the lower reinsurance premium.

6.9 Comments on generalizations

The framework of this chapter is one of the simplest conceivable settings for an unobserv-
able claim size distribution. Therefore it is desirable to solve the optimization problem
in a more general setting.
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Figure 6.4: Trajectories of the surplus process for an insurance loss scenario in the cases of full
reinsurance (red line), constant retention level of 0.5 (blue line) and the reinsurance

strategy (Ei»lfm, (t))eefo, ) with Fy(dy) == 31" pr fr(y) dy (black line).

Finite mixture model. A generalization is to model the unknown distribution as a
finite mixture distribution! with an unknown allocation. In general, this would lead to
an infinite dimension control problem, compare the explanation in the paragraph “More
general trigger process” in Section 5.9. Moreover, there are no natural conjugate priors
available for finite mixture models with unknown allocation (see Frithwirth-Schnatter
[62, p.53]). Therefore, it is not possible to solve the optimization problem within a
finite mixture framework using the methods presented in this paper.

Dirichlet process. Another approach for considering the unknownness of the claim
size distribution is to use the Dirichlet process as the model for the loss distribution,
which was introduced in the breakthrough paper from Ferguson [60]. If « is some finite
measure on (0,00), then the Dirichlet process with parameter «, written as DP(«),
chooses a discrete claim size distribution on (0, 00). However, the Dirichlet process is
rich in the sense that there is a positive probability that any fixed distribution, which is
absolutely continuous w.r.t. «, is approximate as closely as desired by a sample function
of the Dirichlet process, compare Phadia [99, p.29 f.]. Therefore the Dirichlet process
approximates every relevant loss distribution, which justifies the use of the Dirichlet
process as a distribution for the claim size distribution. So it is reasonable to assume that
F|a ~ DP(a), where « is a finite measure on (0, 00) and the claim sizes are conditional
iid with F'|a. To obtain the reduced control problem, we have to characterize the
random claim size distribution by using the observed claim sizes. For this purpose, the

! An introduction to finite mixture modelling can be found in Frithwirth-Schnatter [62, Ch. 1].
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following conjugated property of the Dirichlet process can be used

Ny
Fla,Yi,..., Yy, ~DP <Oc—|—z5yi>,

=1

compare Ferguson [60, Thm. 1], where 0, denotes the Dirac measure at . Due to the
conjugated property, the family of random measures

N, :
Ct(dx) = Z(;YZ(CL'L‘) = /0 /(0 ) ]l{yedx}q)(dsa dy)a te [Oa T]a
i=1 100

encapsulates all available information about F', which is included in the observable fil-
tration &. The random counting measure Cy(dx) is uniquely determined by

/(0700) f(z) Ce(dz) = / /0 . ®(dt,dy), tel0,T),

for all functions f € B(0,00), B(0,00) denotes the set of all measurable bounded func-
tions defined on (0,00). Therefore the process 7(f) = (m¢(f))epo,7] defined by

// B(dt,dy), te[0,T], fe B(0,00),
0,00)

characterises the relevant information about F. Therefore the state process of the re-
duced control problem is of infinite dimension, which requires a different solution ap-
proach than the one presented here.

A parametric Bayesian model. A further concept for the claim size modelling is
to choose a parametric Bayesian model with a conjugated prior. Such a model is the
exponential distributions with Gamma distributed rate. So {Fy : ¥ € O} is a family
of conditional exponential distribution given 1, where 9 is an Fy-measurable random
variable taking values in © := (0, 00), which is Gamma distributed. That is, the prior
knowledge of the insurer about the unknown rate of the claim size distribution is ex-
pressed by a Gamma distribution. It is well-known that the Gamma distribution is
a conjugated prior for the rate of an exponential distribution, cf. e.g. DeGroot [49,
Thm. 9.4.3]. More precisely, we have the following setting:

Y1, Ya,... |0 &
YWNEXPW),
Iy, ~T(7,¢), 7¢>0,
N,
79|77<)}/17"'7YN,§NF(’Y—'_NtaC—'_qt) Wltth = Z:tlYL

The distribution for the claim amounts is an exponential-Gamma mixture model, which
can also be interpreted as the average of individual exponential distributed claim sizes,
where the heterogeneity of the individual losses is taken into account by the mixing,
see Pacdkovéd and Zapletal [97, Sec.III]. However, an easy calculation shows that the
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unconditional density of Y is

frly) = /@ Fro(y, ) A’ = /0 Friomo () B (9) A9,y € (0, 00),

where fy|y—g = fg is the density of the exponential distribution with parameter Y and
h~.¢ denotes the density of the Gamma distribution with parameter v and ¢. That is,

> 9 ¢ T(y+1) [+
= [Toetn S _prrgtogyg - 10 9 e~ (TP gy
Pl = [ oe e o, Mo
v ¢

= W+ o y € (0,00),

and thus

A =1-(1+2) L ye 0.0

which is the distribution function of the Lomax-distribution with parameters v and (
(also known as Pareto (II) distribution with location parameter of zero), compare Kleiber
and Kotz [76, Sec. 6.4.2]. That is, the losses are heavy tailed and E[Y exp{ae™ Y}] = oo.
But the existence of the expectation is necessary for the proof of a change of measure
(similar to Lemma A.17), which is an integral part of the verification. In consequence, the
solution procedure of this chapter can not be applied to an exponential Gamma-mixture
model for the claim sizes. A possible way out is an approximation of this distribution
by a right-truncated Lomax-distribution. Since such an approximation no longer solves
the original control problem, we must proceed as follows. First of all, it should be noted
that the predictive distribution of an insurance loss given the information at disposal at
time ¢ is Lomax-distributed with parameter v+ N; and { 4 ¢;, which follows by the same
calculation as above because of the conjugated property of the Gamma prior. Assuming
that the predictive distribution of Y given Y;, = ¥, is

Y+ (v + X ) K+ (v + 50 w)?) "
y+y+ oy ((CH Yy K — (C+ ) )

for 0 < y < K, where K > 0 is some upper bound for the claim sizes. This is the
density function of Lomax-distribution with parameter v + n and ¢ + >, y; right-
truncated at K. With the notation f, ¢ as density function of Lomax-distribution
with parameter v and ¢ right-truncated at K, the §Y-intensity kernel of the (0, K)-
MPP ¥ = (T, Yy )nen is given by v(t,dy) = X fy4n, ¢+q.,k (y) dy dt, t > 0, which follows
similar to Proposition 6.8. The processes (N¢);>0 and (g¢)i>0 provides the information
at disposal about the claim size distribution. Therefore, the state process of the reduced
control problem is the 3-dimensional process (ng’b,Ns,qs) seft,7] for some fixed initial
time ¢t € [0,7T") and (&,b) € U[t, T] with

fY|Yn=gn (y) = (

dx$b = <TX§’b + (1 — )& + c(bs) — \bs u5>ds + &0 dW, — by y U(ds, dy),
(0,K)

where

K
Mt = / yf’y-i-Nt,C'f‘QhK(y) dy7 t> 07
0
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is a process describing the conditional mean of the loss distribution given the available
information up to time t. The reduced control problem is given by

VEN (@ n, g) = B MU(XED)] = E[UXE) | X5 = @, Ny =m0 = g,

V(t7$7n7Q) = sSup Vg’b(t,x,n,q),
(&b)euU[t,T)

for every (t,z,n,q) € [0,T] x R x Ny x (0,00). With the same arguments as before, we
obtain the generalized HJB equation

1020667”(T—t)€2>

0= inf { —Ag(t,n,q) —ae"THg(t,n, q) ((u — )&+ c(b) — 5

(&,0)eRx0,1]
K
+ A/O glt,n+1,qg+y) exp{abye T o w(y) dy}

+ inf .
©€d%n. 4 (t){(’p}

An analogous procedure as in the previous chapters provides that the optimal reinsurance

strategy (b3 (t))sefo,r s given by by(t—, Ni—, ¢—) with

07 0 < A,\(t,ﬂ,Q)/H - 17
b)\(t’n7Q) = ]-a QZB)\(t,TL,Q)/H—].,

ra(t,n,q), otherwise,

K
(t,n+ 1,9+ r(T—
ha(t,n, q,b) = A/ 9 1Y) ep {abye ™DV crar(y) dy,
0 t n)q)
Ax(t,n,q) == hy(t,n,q, )7

B)\(t ) = h)\(t n,q, )7
and 7y(t,n,p) is the unique root w.r.t. b of

(14 0) 5 = ha(t,n, g, b).
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Auxiliary Results

A.1 Auxiliary results to Section 4.7

The following two results will be used to provide a change of measure in Lemma A.3
Recall the definition of U[t, T| given in (4.39).

Lemma A.1. Let § = (§t)icpo,1] be some continuous, bounded and §W -adapted invest-
ment strateqy. Furthermore, let A = (At)te[O,T] be the process which is given by

¢
A ::_/ ao e T dW,, te0,T]. (A1)
0
Then the stochastic exponential £(AS) = (E(Ag)t)te[O,T] of A is an FV-martingale on
[0,T7].

Proof. Fix some continuous, bounded and §"-adapted investment strategy & = (&t)eejo,m)-
Applying Theorem 5.2 in Klebaner [75], we obtain

t t
E(A) = exp{ — / aoe"T=9e dW, — ;/ a? ot (T=s)¢, ds}, te[0,7T].
0 0

The process E(A) = (E(A)t)iejo, is obviously §"-adapted. From the boundedness of
¢ follows, by the Novikov condition (cf. e.g. Corollary 3.5.13 in Karatzas and Shreve
[73]), the announced martingale property of £(A). O

Lemma A.2. Let b = (b)icpo,1) be some &Y -predictable reinsurance strateqy. Further-
more, let B? = (Bf)te[O,T] be the process which is defined by

d

B = /Ot /Ed <exp {abs e"(T=9) Zyi]lz(i)} - 1)@@5, d(y, 2)). (A.2)

=1

Then the stochastic exponential £(BY) = (E(Bb)t)te[O,T] of BY is given by
¢ d
E(B")y = exp { / / abs T "yl (1)U (ds, d(y, 2)) + At
0 JE i=1

t d
- / A Z pP / exp {a b e (T—*) Z yiﬂD(i)}F(dy)ds}.
0 ,00)4 i=1

pcp 70O
Furthermore, £(B®) is an §Y-martingale on [0,T).

173
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Proof. Fix some §Y-predictable reinsurance strategy b = (bt)tefo,r]- According to Theo-
rem 2.60, we have

g(Bb>t — 635_38_%[317]% H (1 + ABS)B—AB‘I;’
0<s<t

where, by Proposition 2.51 (v) and the definition of ¥ given in (4.10),

sy =161 = | [ [ (ew{aner gyinzu)} 1)t ds| =0

and
] (+aB)e s—exp{_ 3 ABg} ] (1+aBY)
0<s<t 0<s<t 0<s<t
with
[T a+aB)=1] <1+ exp abT er (=) Zylﬂzn )}1>1{Tn3t}>
0<s<t neN i=1
= (exp{abT er(r= T")Zyz]lzn )}]l{T <ty + 17, >t}>
neN i=1
= exp{Zaan r(T=Tn) ZYZ]lZn i)y, <t}}
neN =
= b T(T (2 d d
exp{/ /Eda e Zy s,d(y, ))}
and

= exp{ - /Ot /Ed <exp {abs eT(TS)izd;yiﬂz(i)} - 1>‘Il(ds,d(y,z))}.

Therefore, again in accordance with (4.10), we obtain

EBbt—eXP{/[EdabeTs)Zyzz U(ds,d(y, 2))

- /0 / d(exp{abse““;yinz(w} )ﬁ(s d(y,2)) ds }
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which reduces to, by Proposition 4.20 and »p, pP =1,

€Bbt—exp{// abeTSZyZZ U(ds,d(y, 2)) + A\t
Ed
d
s [ e {anem S uns briage)
(0,00)¢

i=1

We continue by analysing the process £(B?) for the desired martingale property. The
process £(B’) = (5(Bb)t)te[07;p] is obviously F¥-adapted. By definition of the stochastic
exponential, we have

e = [ e, an!
— /Ot . E(B),_ (exp {abs e (=9 izd;yi]lz(i)} — 1) U(ds,d(y, 2), t€0,7T].

Therefore, according to Corollary 2.98, £(B?) is an F¥-martingale on [0, 7] if

E ' ) EBY)_( exp abteT(Tt)Zd:yi]lz(i) -1
0 E

i=1
Notice that the integrand process above is obviously FV-predictable due to the F¥-
predictability of (bt)¢>0. By the triangle inequality, Assumption 4.3, by < 1 and
> pcD pP =1, we obtain that the expectation above is less or equal to

[/ /EdeXp{/ /Edo‘b er Zyz 2(4) ¥(ds, d(y, ))+)\t}><

(sofomer S }>z 4
IEUO exp{aerszdjgt:anL)\T}

v(dt, d(y, z))} < 00.

<
i=1n=1
Apr(/ exp{aerlTZy} dy)+1> dt}
DCD (0,00)¢
d N
= (MF (aelr‘T) + 1)/\6’\T/ [exp {ae'rT Z ZYk H
0 i=1 k=1

where, by Lemma 4.5 (ii), the expectation above is finite as well as the other term. [J

Now the aforementioned change of measure will be introduced.

Lemma A.3. Let t € [0,T] and let (£,b) € U[0,T] be an arbitrary admissible strategy.
We set

t 1 [t
Lf’b ‘= exp { _ / O[O'@r(TiS)és dWS . 5 / 042 0_2 627‘ T*S)ég ds
0 0
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//ab e" S)Zyz L(1) U(ds,d(y, 2)) + At
/ Aol /O o exp {abs e"(T=5) zd:yi]lg(i)}F(dy) ds}.

=1

Then, a probability measure on (Q,Gy) is defined by @ = /4 Lfbd]P’ A€ Gy, for
every t € [0,T1], i.e. th = Lgb. The probability measures Qt’ and P are equivalent.

Proof. Fix (£,b) € U[0,T]. We define a process L& = (Lf’b)te[oﬂ as solution of the
stochastic differential equation

ars? = rstazst, L§b =1

with Z5% := AS 4 BY, t € [0,T], where AS is defined by (A.1) and B by (A.2). That
is, L¢P is the Doleans—Dade exponential of Z&? which is denoted by £(Z%?). Let us fix
some ¢ € [0,T]. From Theorem II1.38 in Protter [104], it follows

LY = £(Z5%), = £(A%), £(BY),,

where £(AS) = (5(A§)t)te[0,T] and £(B?) = (€(Bb)t)t€[0’T] are the Doléans-Dade expo-
nential of AS = (Af)te[O,T] and B? = (Bf)te[o,T}, respectively. Therefore, Lemma A.1
and Lemma A.2 imply

t 1 t
Lf’b = exp{ / aoe (T—9) EsdW — 2/ o? g2 e?r(T—s §2 ds
0

/ /Ed“b erte Zyz (1)U (ds,d(y, 2)) + At
/)\ZPS/ exp{ozbser(Ts)zd:yi]lz(i)}}?(dy)ds}.

DcCD i=1

We are left with the task of showing that L&? is a (P, ®)-martingale. Recall that £(A¢) is
a (P, §")-martingale on [0, 7] and that £(B?) is a (P, §¥)-martingale on [0, 7], compare
Lemma A.1 and Lemma A.9. Recall that the Brownian motion (W;):>¢ is independent
of (T, )neN, (Yo )nen and (Z,)nen according to Assumption 3.6. Therefore, since G, =
FYVFY, t >0, and the product of two independent martingales (each with respect to its
natural filtration) is a martingale (with respect to the natural filtration of the product),
compare Theorem 2.1 of Chapter "Some particular Problems of Martingale Theory” in
Kabanov et al. [72], it follows that L% is a (P, &)- martingale on [0 T). Thus E[L$"] = 1.
Therefore, we can define a new measure QE * on (Q,Gy) by @ = /4 Lf’ dP for every

A € G, where it is easily seen that Qf’ and P are equlvalent. O

The point of the lemma is that it allows one to prove that E[exp{—« e’"(T_t)Xf’b}] is
bounded for all ¢ € [0,7]. This condition will be needed in the proof of the important
Lemma A.8. It is clear that exp{—« e’"(T*t)th’b} < 0o P-a.s. due to the cadlag property
of X% (since a cadlag function is bounded on a compact set). To show the boundedness
of the expectation, the basic idea is to change the measure P to an equivalent probability
measure such that the expectation only includes Lebesgue integrals bounded on [0, 7.
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And this is where the lemma above comes into picture.

Lemma A.4. Let f:[0,T] x R — R be a function defined by (A.3). Furthermore, let

(&,b) € U[0,T] and let L&Y = (Lg’ )ielo,r] be the density process of Lemma A.3. Then
there exists a constant 0 < K1 < oo such that

t X§7b
w < K; DP-a.s.
Ly
for allt € [0,T7].
Proof. Fix t € [0,T] and (£,b) € U[0,t]. From Proposition 3.14, we know

|£(t, X“l—eXp{—axoe“e —a/t 0 (1= 1) & + (b)) ds

_Oé/o'eTtL tsgdW+a//b€Tt tszyzz de(ya))}
0 Ed

Consequently
t, XS0 ¢ 1
W = exp{ — OéxoeTT _|_/ (_ Oéer(T—s)((,u _ r) £+ c(bs)) + 2a2 o2 e2r (T—s fs
: 0
d
+ A / ex {abs (1= I p(i }F d )ds — )\t}
D%)ps e ;y p(i) pF(dy)

t
1
< exp { /0 < —qe(T-9) ((p—7) & +c(bs)) + 2a2 o2 2r(T'=5) 2

—|—)\Zps/7oo exp{abser(T Zyznp } ))ds}

DCD

Using Assumption 4.3, |&| < K, Y pepp? =1, ¢(by) = (1 +n)k — (1 — b)(1 + 6)x and
et < el for all z € R, we obtain

t
exp { / < — e (T—s) ((,u —7r)&s + C(bs)) + ;QQ o2 2 T_S)Eg
0

—l—)\Zps/oo)dexp{abse 8>Zyz]1p } ))ds}

DcCD

1
< exp {(aemT(m —rK+24+n+0)k+ 500 e‘T|TK2> + AMp (ae'rT)> } = K,

where 0 < K; < oo is independent of t € [0, 7] as well as (&, b). O

Corollary A.5. Let f : [0,7] x R — R be a function defined by (A.3). Furthermore,
let (€,b) € U[0,T] and let LE® = (Lf’b)te[O,T] be the density process of Lemma A.3 with
a replaced by 2a.. Then there exists a constant 0 < Ko < 0o such that

(f(t, X5)°

= < Ky P-a.s.
b
L;

for all t € [0,T].
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Proof. Let f:[0,T7] x R — R be defined by (A.3). Since, by Proposition 3.14,

t
(f(t, Xf’b))2 = exp { —2axge T Vet — 2a/ eIt erlt=s) (=) &+ clbs)) ds
0

t
—2a/ oer e tsfde —i—2a// beT(T t)rts)Zylz U(ds, d(y, ))}
0 Ed

the assertion follows as in the proof of Lemma A.4. O

The next two lemmata are used to prove Lemma A.8.

Lemma A.6. The function f:[0,T] x R — R given by
r(T—t)

Ft,z) = —e@ T () € [0,T] x R, (A.3)

satisfies

£6.XE") = F0.X5" + | t (f<s,X§’b>ae"<T—s>(1aaze’“<T—s>s§ (g 1)E (b))
0 2

d
+ A Z p? f(s, X5P) /( y exp {a by e"(T—) Zyﬂlp(i)} F(dy) — )\f(s,Xf’b)>ds
0,00 i=1

DcCD

t
- [ 1 xEaoer g aw,
0

+/Ot Edf(S,Xf’b)<exp{abser(T_S)gyillz(i)} >\Tf(ds d(y,2)),

for allt €[0,T7.

Proof. The proof is a straightforward application of It6-Doeblin’s formula. Set

r(T—t)

f(t,z) = —e % , t€l0,T], z €R.

An easy verification shows that f € C12((0,T) x R) and, for any (t,x) € (0,7T) x R,

filt,2) = —azrer T gm0z ™™ — o g or(T=0) f(4 7)),
fm(t, l‘) _ ae”"(T—t)e_aﬂCeT(T*t) — o ET(T_t)f(t,{L‘),
foa(t, ) = —a2 2T awe™ ™™ _ 02 20(T—1) g4 gy

where fi(t,z), f.(t,z) and fu.(t,z) denote the partial derivatives of f at (¢,z). Fix
t € [0,T]. By Corollary 2.58 (It6-Doeblin’s formula), we have

t t
f(t’Xt&b):f(Ong’bH/ ft(S,Xﬁ’b)dH/ fals, XS0 d(X )8
0 0

1 &b &b1e &b &b
+QA fa:a:(sts—)d[X ]5+ Z (f(sts )_f(s_va—))‘

0<s<t
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Therefore, by Proposition 3.15,

(8, XED) = £(0, XE%) + / Fls. XE) a0 (rXEP — (rXE" + (1~ r)E + (b))

1
+2aa e 5)5 /f (5, X" ao e T=9)¢, dW,
+ Z (s, ng f(s,Xﬁf)).

0<s<t

Furthermore, since X&° jumps only at the arrival times of the trigger events N =
(jh)nGNv

D (fs, XE) — f(s,X50))

0<s<t
d
= Z (f (Tn,Xqéf_ —br, Zyiﬂ{ieZn}> - f(Tijf“f_)>]l{Tn<t}
neN )

:/Ot/Ed (f(s,xﬁ”—b Zyz () = f(s X“))\P(ds,d(y,z»

Using the compensated random measure U defined in (4.10), we obtain

S (f(s, X8 — f(5,X50))

0<s<t

/é( SX“—bZ%z ) - sX“’))@(ds,d(y,z»
“Z//ooo ( Sbe‘bezz ) - f 8X§b>>Ap?F<dy>ds.

DcCD

Due to the relation

d

f(t,x - bgyiﬂp(i)> = —eXp{ — a<x — bei]lD(i)>er(T—t)}

i=1

d
= —exp { —ax eT(T_t)} exp {a b Z yi]lD(i)er(T_t)} (A.4)

i=1

= f(t, :U)exp{abe]lD )er (= t)}

=1
W t by E =1
© get, DcD Ps )

7 (f(s, X5 — f(5,X57))

0<s<t

[ f<s,ng><exp{absimzwws>} 1)Bs, a0, 2)
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d

/ A Z pP f(s, X5 / exp {@bs Z yi]lp(i)er(T_s)} F(dy)ds
DCD (0,00)¢ i=1
— / A f(s, X5 ds
0
This yields the assertion. O

Lemma A.7. Let h : [0,T] x A,, — (0,00) be a function such that t — h(t,p) is
absolutely continuous on [0,T] for all p € A,,. Then

h(t,p:) = h(0,po) + / (ht(s Ds) — Ah(s,ps) + A Z pDh (s, J(ps, ))) ds

DcCD

/ / (s,J(ps—, 2)) —h(s,ps,)) ®(ds,dz), telo0,T).

Proof. According to the assumption of absolutely continuity of [0,7] > ¢ — h(t, p) for all
p € Ay, and the piecewise constancy of the filter (p;):>0 between the jump times (7}, )nen
(see Proposition 4.16, it follows that the function F'(t) := h(t, p;) is absolutely continuous
on [Ty,-1,T;)] for every n € N. Hence the FTCL (cf. Sohrab [115, Thm. 11.5.23,11.5.31])

implies
t

F(t) = F(Th-1) —i—/T F'(s)ds, neN,

where F’ is Lebesgue integrable. The absolutely continuity of ¢ — h(t,p) also implies
that the derivative of h(t,p) w.r.t. ¢ exists almost everywhere on [0, T in the sense of the
Lebesgue measure, compare Proposition 2.44 in connection with Lemma 2.46. Hence
Ty —
h’(t pt) _h( n— 1)an 1)+/ ht(saps)ds) te [Tn—lanL nGN,
Tnfl

and, in consequence,

Bt pr) = h(0, po) + / ha(s,pe)ds+ 3 (h(s,ps) — hls,ps)), te[0,T],

0<s<t

where, by Proposition 4.16 and the definition compensated random measure d in (4.2),

Z (h(SvPS) - h(s—,ps_)) = Z (h’(Tn? ‘](an*7Zn)) - h(Tnaan7)>]l{Tn§t}

0<s<t neN

// B(s, J(pss 2)) — h(s,ps_)) B(ds, dz)
—i-/\Z/ stS, )ps ds—)\/ h(s,ps)ds,

DCD
which yields the assertion. O

The next result is crucial for the proof of the Verification Theorem 4.31. It makes use
of the notation of the operator .7 given by 4.41.

Lemma A.8. Suppose that ({,b) € L?[(), T] is an arbitrary strategy and h : [0, T] X Ay, —
(0,00) is a bounded function such that t — h(t,p) is absolutely continuous on [0,T] for
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all p € Ay, and p — h(t,p) is continuous on A, for allt € [0,T]. Then, the function
G:[0,T] xR x A, = R defined by

(T—t)

G(t,z,p) = —e """ h(t,p)

satisfies
dG(tv thjbapt) = _e—aXf’beMT*t) f%ph(tapt; gty bt) dt + dnt&bv te [07 T]a

where (Uf’b)te[o,T] is a B-martingale starting at zero and we set Fh(t,p;&,b) to zero at
those points (t,p) where the partial derivative of h w.r.t. t does not exist.

Proof. Let (¢,b) € U[0,T)] be an arbitrary strategy and let h : [0,T] x A, — (0,00)
be a function satisfying the conditions stated in the lemma, where 0 < Ky < oo is
some constant which bounds h, i.e. |h(t,p)| < Ky for all (¢,p) € [0,T] x A,,. Let us fix
(t,x,p) € [0,T] x R x A,, and set

r(T—t) r(T—t)

G(t,z,p) == —e ¢ h(t,p) and f(t,x):= —e **°

From Lemma A.6, we get

af(t, XF") = [fox XE)ae 0 (0% P0G — (u— 1) — (b))

d
+A > pP (X / exp {a bee" TN yinD@)}F(dy) Mt Xf”’)] dt

DCD (0,00)d i=1
— f(t, X Maoe T0g AW,

d
+ /Ed f(t,Xbe) <exp {a by er(T=1) ;yﬂlz(z)} — 1)@(dt,d(y,z)),

(A.5)
Moreover, Lemma A.7 yields

dh(t,p) = (ht(tvpt) — AR(t, ) + A Z peh(t, I (pr, D))) de
DcCD (Aﬁ)

+ /PGD)) (h(taJ(Ptf,D)) - h(t—,pt,)> d(dt,dz).

Since, G(t,Xf’b,pt) = f(t,Xf’b) h(t,p:), the product rule (cf. Thm. 2.59) implies

AG(t, X{" pr) = h(t—,pi) dF (4, X7°) + F(6, XED) dh(t pr) + d[f(, XE), h(,p)]
(A.7)
From Proposition 2.51 (iii), (v) and (vi) follows

[f('vX-&b)v h('7p-)]t

1

= 5 (IFCXE0) + b)) = L XEN) = [ ) )

- %([f(-,X?b) +h(p)JS+ (F0, X5 + h(O,Xg’b))Q
+ 30 (AF(s, XED) + Ah(s,p))” = [£(, XEN]E = £(0, X5")?

0<s<t
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= 3 (AF, XEN) = Al — h(O0.p0)2 = Y (Ah(s,p))°).

0<s<t 0<s<t

Since h(-,p.) is an FV process, we have
XS 4R = [ F(6, X000 062 ds = 0, XS0

and
[A (-, )] = 0.

Thus,
[f('vX-g’b)v h('7p-)]t
= (27X h0.p0) +2 Y0 AJ(s, XE") A(s.p))

0<s<t
= F(0,X5°) h(0,p0) + > (s, X5) = f(5, X)) (h(s, ps) — h(s—,ps-))
0<s<t
= £(0,X5") (0, p0) + (f(s,Xf’b) (h(s,ps) — h(s—,ps_))
0<s<t

— f(S,Xg’_b) (h(Saps) - h(S_vps))) .

Due to the jumps of X&? and p at the arrival times of the trigger events (T},)nen, We
obtain, by using Proposition 4.16,

(£, X5, h(,p)], = £(0,X§") h(0, po)
+3 < 7 (T x50 —anZyzn{@eZn}) (n(@. Ipr, - Z0)) = W(To=pr,-))

neN i=1
- f(Tn7X’_%,f)—) (h(Tn7 J(an_’ Zn)) - h’(Tn_’an_)))]l{Tn<t}

= (0, X5") h(0, po)

d
+ /0 /Ed f(s, x5 — b, ;yiﬂz(i)) (h(s, J(ps—,2)) — h(s—,ps—)) ¥(ds,d(y, z))
_ /Ot /P N 75, XE0) (W5, T (Do 2)) = Bls—ps-) ) B(ds, d2)

Once again, we use the compensated random measures ® and U (compare (4.2) and (4.10),
respectively) and we obtain

d[f<'7X~£7b)7 h('ap)]t =

/E (X - btgyiﬂz(w) (h(t - 2)) = hlt=pe) ) B(dt,d(y, 2))

+ A Zpt ( (t.,J(pe, D)) — h(t,pﬁ)/

DCD (0,00

d
y f(t, Xt =b Y yz‘]lD(i)> F(dy)dt

i=1
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- [ X (b T ) — e o) Bl )
P(D)
—A Y pPF(EXE") (h(t T (pr D)) = bt pe) ) dt.

DCD

Using the relation (A.4), we get

d[f(, XE0), (- [)\Dz:ﬂ)pt £(t, X5 ( (t, J(a”,py)) — h(t,pt)>><
MEONS g
/(o,oo)d exp {a by e’ ; yz]lD(z)}F(dy)
HNF( X Rt p) = N> pP f(t X0 Rt J(pt,D))] dt
DCD (A.8)

d
+ /Ed F(t, X5 h(t, J(pi—,z)) exp {a by ") Z yil.(7) }\T'(dt, d(y, 2))
i=1

d
- / £t X70) h(t—,pi-) exp {a bee’ DN yinz@)}@(dt, d(y, 2))
L i=1

_ Flt, X80 (h(t, J(pi—,z)) — h(t—,pt—)> d(dt, dz).
P(D)

Inserting (A.5), (A.6) and (A.8) into (A.7), we obtain

1
dG(t, X', pr) = [h(t, po) £t XED) a0 (So%ae T0eE — (= 1) - c(by))

d
h(t, p)A Z pP f(t, X;7) /( y exp {abt err=1 Zyi]lD(i)} F(dy)
0,00

DCD ’ =1
— Xh(t,p) f(t, Xf’%] dt — h(t—,pe) f(t, X;") o ae”T=Dg, aw,
d o~
+ [ nmane) £ (o {ab @0 Sy} - 1) B dy. )
Ed i—1

+ f(t, X5 (ht(t, pe) = Ah(t,pe) + X > pPh(t, J(py, D))> dt
DcCD

v F(t, X5 (h(t, J(pr_, 2)) — h(t—, pt_)> B(dt, d2)

P(D)
A pP (X7 (h(t,J(pt,D)) *h(t,pt)>><
DCD
d
/( y exp {a by e T Zyi]lp(i)}F(dy)
0,00 i=1

F NP X Rt p) =AY pP f(t, X0 b tJ(aD,pt))] dt
DCD
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/ f t ng)h(t J(pt y )) exp{abter(T 2 Zyz z }‘/I}(dt’d(ya Z))

=1
d
-/ df(t,Xf;%h(t—,pt_)exp{abte D3 il } (dt,d(y, =)
=1
_/ f(t,Xf;b) (h(t,J(pt_, h(t—, pi—) ) d(dt,dz),
P(D)

which reduces to

AG(t, X{* pr) = [’%t,pt)f( LX) a0 (Lot g — (u =)~ clb)

+A D P (X0 R (t,J(pt,D))/

DcD (o,

d
y exp {a by "7 Z yi1p(7) }F(dy)

=1
— Ah(t,pe) F(t, XE%) + F(t, X50) ht<t,pt>] dt

— h(t—,pe—) f(2, X&b) oae"T=¢ aw,

/ f(t X“’)(h(t J(pi—,2)) exp{abter(T ) Zyl 2 }

=1
- h(t—,pt_>) B(dt, d(y, ).
Thus
dG(ta Xt&ba pt)

= f(t. X;") [ = At pe) = a e TOR(, po) (0= )& + elbr) - %UQQeT(T_t)f,?)

d
FA P h( D) [ e dabe ™0 o fF) + ulepo)|at
o0)

DCD (0, i=1
—i—dnf’b,
where
b LEb <D
=yt =, telo,T), (A.9)
with

L. / Edf < Xéb)<h(8 J(ps—,2)) exp {ab (T S)Zd:yi]lz(i)}

i=1

- h(s—,ps_>)@<ds,d<y,z>>, te0.7),

(A.10)

and
t
nfb._/ h(s—,ps_) (5, X" o e’ T=5)¢ aw,, te[0,T). (A.11)
0

By the absolute continuity of ¢ — h(t, p) for all p € A,,, the partial derivative of h w.r.t.
t exists almost everywhere in the sense of the Lebesgue measure. Therefore, due to the
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definition of the operator .7 given by (4.41) and relation (4.9), we obtain
&b &b . &b
dG(t’Xt 7pt) +f(tht )%h(taptaftabt) dt+dnt )

where we set Fh(t, pt, &, be) to zero at those points ¢ € [0, 7] where the partial derivative
hi(t,p¢) does not exist. The only point remaining concerns the martingale behaviour of
(nf’b)te[oﬂ. Appealing to Corollary 2.98, the process (ﬁf’b)te[ojT] is a B-martingale if the
function

F:[0,T] x Qx (0,00)% x P(D) = R
defined by

d
F(tyw,y,z) = f(t, Xflb(w)) (h(t, J(pr—(w), z)) exp {a by(w) e (T=1) Z yi]lz(i)}

~ (e (@))

is a B-predictable function indexed by E? = (0,00)? x P(D) and holds

]E[/OT/Ed\F(s,y,z)\A > pSDF(dy)ds] < 0.

Dedz

We begin with verifying that F is a &-predictable function indexed by (0,00)% x P(DD).
First we observe that A,, 2 p — h(t,p) is B(A,,)-measurable due to the assumed conti-
nuity of p — h(t,p). Since t — h(t,p) is also continuous, h is a Carathéodory function
and thus B([0,7T]) ® B(A,,)-measurable, cf. Def. 4.50 and Lemma 4.51 in Aliprantis and
Border [7]. Next, we define a function

g:[0,T] x Q2 xP(D) —[0,T] x A,

by
g(t,w, z) = <J(pt_€w),z)> ‘

Notice that the function A,, > p — J(p, 2z) is continuous in every component. Hence J :
QXA xP(D) = Ay, is B(A,,)@P(P(D))-measurable and thus (¢, w, z) — J(pi—(w), 2)
is P(8)®P(P(D))-measurable due to the &-predictability of (p;)i>0. Obviously, the first
component of the vector above is B([0,T])-measurable, in particular P(®) @ P(P(D))-
measurable. Hence g is P(®) @ P(P(D))-measurable, compare Klenke [77, Thm. 1.90].
Since (h o g)(t,w,z) = h(t,J(ps—(w),2)) and h is B(]0,T]) ® P(P(D))-measurable, it
follows that (t,w, z) — h(t, J(pi—(w), 2)) is P(B) @ P(P(D))-measurable, in particular
P(&)@B((0,00)?) @P(P(D))-measurable. Moreover, it is easily seen that (0,00)? 3 y
F(t,w,y, z) is continuous in every component for all (¢,w, z) € [0, 7] x Q@ x P(D). Hence,
F is a Carathéodory function. Thus F is P(&) ® B((0,00)%) @ P(P(D))-measurable,
i.e. F'is a ®-predictable process indexed by (0,00)¢ x P(D) = E¢. Next we can turn
our attention to the finiteness of the expectation above. Using the triangle inequality,
Assumption 4.3, the boundedness of h with constant Ky and Remark 4.8 (ii), we see
that

B[ [ [ IR X o8 Fanas

Dedz
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_AZE[/ [

DcCD

d
(s, X5 <h(s, J(ps, D)) exp {a by e (T=9) Z yi]lp(i)}
i=1

o)

< A/(OM)dexp{aefngyi}F( [/ Zps

.

T T
< AMF(ae“T)KOIE[/ \f(s,XSf’b)}ds] +AK0E[/ If(s,Xﬁ’b)!dS]
0 0

pY F(dy) dS]

(s, ng h(s J(ps, D ’ds]

4 AE[/OT ‘f(s,Xf’b) h(s; ps)

_ A(MF(ae"‘lT) + 1))\KOIE[/OT | £(s, X&) ds] (A.12)

Due to Lemma A.3, Lemma A.4 and Fubini’s theorem, we obtain

! ! f(s, X5
]E|:/0 |f(S’X§7b)’dS:| :/(; EQﬁ’b |:}[/£7b|:|dSSK1T,

s

which yields the desired finiteness of (A.12). To see the martingale property of (ﬁf ’b)te[o,T]7
we have to show that the process H = (Hy)ejo,r) defined by

Hy = h(t—,pe) f(t, X; ") o ae"TDe, te0,T],

is B-progressively measurable and satisfies fOT E[H2]ds < oo, cf. Theorem 4.7 in Kle-
baner [75]. It is easily seen that H is &-progressively measurable due to the cadlag
property and adaptedness of ¢ as well as the B-predictability of (h(t—, pi—) f (¢, thlb))tz[)
(which follows from the continuity of A and f in both components). Moreover, by the
boundedness of h with Ky and & with K as well as Corollary A.5, we have

E[H?] < o2 K2 K? K.

In summary, we can make the desired conclusion that (nf ’b)te[o,T] is a B-martingale which
starts obviously at zero. O

A.2 Auxiliary results to Section 5.6

The following result will be used to provide a change of measure in Lemma A.10

Lemma A.9. Let b = (bt)te[o,T} be some FY-predictable reinsurance strategy. Further-
more, let B® = (Btb)te[O,T] be the process which is defined by

B | t /. (exp {abs =) gyﬂz(i)} - 1)@<ds,d<y, 2). (A13)
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Then the stochastic exponential E(B®) = (£(B")¢)iejor) of B® is given by

t
5Bbt—eXp{/ / abgerT=s Zyz (7) ¥(ds, d(y, ))+/ Asds
Ed 0
d
+ s .
B s

DcCD i=1

Furthermore, £(BY) is an §Y-martingale on [0,T).

Proof. Fix some §Y-predictable reinsurance strategy b = (bt)tcjo,m- As in the proof of
Lemma A.2, we obtain, by definition of T given in (5.9),

Bb _ r(T—s)
&( eXp{/ [Edab e’ Zyz 2(i) U(ds,d(y, 2))

—/0 /Ed (exp{ozbs e”(TS);yz‘]lz(i)} - 1>V(d37d(y’ 2»}’

which reduces to, by Proposition 5.17,

e [
Ed
5D+(]D / (-
se 7 al F )
/ Z ||ﬂ+qg|| (07oo)deXp abse Zy D (dy)ds

DcCD i=1

The process £(B?) = (S(Bb)t)te[oj] is obviously §¥-adapted. By definition of the
stochastic exponential, we have

E(BY); = /0 tg(Bb)s, dB®

— /Ot EdS(Bb)s<exp{abs eT(T_S)gyﬂlz(i)} — 1>@(ds,d(y, z)), te€[0,T]

Therefore, according to Corollary 2.98, £(B®) is an F¥-martingale on [0, T] if

[ 1.

Notice that the integrand process above is obviously §Y-predictable due to the Y-
predictability of (b¢):>0. By the triangle inequality, we obtain that the expectation
above is less or equal to

[/ /Edexp{/ /Edab ¢ S)Zyz () W(ds,d(y, )>+/Otxsds

d
[T, )dexp{abse“T-@zww}F<dy>ds}x

DCD i=1

d

E(BY),_ <exp {a ber TN yi]lz(i)} - 1>

=1

v(dt,d(y, z))} < 0.
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188
(exp{abter(T R Zyz z }+1>At Z ﬁD—’—qD F(dy) dt]
- 2 B ral
t
sE[/ Atexp{// aby Zyz () Uds ) + [ Asds}x
0 Ed 0
Bp + :
Z D +anlt (/ exp{abt e’"(Tt)Zyi]lz(i)} +1>dt].
DcD Hﬁ + th (0,00)d =1
By (5.2), by < 1 and Remark 5.9, we get the following finite upper bound for the

expectation above

Am (Mp(ael™™) +1)E { /O ! exp {aemT zd: i Vi + Am T} dt]

i=1 k=1

d N
< Am (MF(ozemT) + l)eAmT/ [exp {ae'TT Z Z Y, }} dt < oo,
0

i=1 k=1

where the finiteness follows from Lemma 5.8 (ii).

Recall the definition of U[t, T given in (5.30).

Lemma A.10. Let t € [0,T] and let (€,b) € U[0,T) be an arbitrary admissible strategy.
We set

t 1 t
Lf’b = exp{ / ace T3 EsdW — 2/ a?a?e?r T_S)ﬁg ds
0

t
—s) A
//Edabe Zyz z dS d(ya ))—I_/OASdS
d
/ Z BD +qp(s / exp {a be er(T=5) Z yi]lD(i)} F(dy) ds}.
(0,00)¢

22 B+l 2

Then, a probability measure on (Q,Gy) is defined by ng = /4 Lfbd]P’ A€ G, for

. d% = Lf b The probability measures Qf’ and P are equivalent.

every t € [0,T1], i.e

Proof. Fix (€,b) € U[0,T]. We define a process L&b = (LE’b)te[O 7] as stochastic expo-

nential of the process Z&t = (Zg’ )eelo,7] given by Zg’ = A5 + BY with

t
Af = — / aoe"T=9)¢ dwy,
0

fﬁzztét/;d(exp{absaffS)?éyﬂu@>} 1)B(ds.d(y.2)

According to Theorem I1.38 in Protter [104], we have
Li" = £(Z5%), = E(A) E(B):, t€0,T],

where £(AS) = (£(AS), )tejo,r) and E(B b = (& (Bb)t)te[o,T] are the Doléans-Dade expo-
nential of A¢ = (Af)te[o,T] and B’ = (BY )telo,7]> respectively. Therefore, Lemma A.1
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and Lemma A.9 imply

t 1 t
Lf’b = exp{ / ace T8¢, dw, — 2/ a?o? et _8)53 ds
0
t
// abeTs)Zyzz U(ds,d(y, ))+/A5ds
Bl 0
Bp +ap(s d
exp { abg e T yi]lD(i)} F(dy) ds}.
/ 3 B+l /(o,oo)d { 2

DcCD i=1

Recall that £(A¢) is a (P, §V)-martingale on [0, 7] and that £(B?) is a (P, §¥)-martingale

n [0,7], compare Lemma A.1 and Lemma A.9, respectively. Recall further that the
Brownian motion (W;)¢>¢ is independent of (7}, )nen, (Yn)nen and (Zy,)nen according to
Assumption 3.6. Consequently, £(A¢) and £(B®) are independent processes. Therefore,
since Gy = F}V v FY, t > 0, and the product of two independent martingales (each with
respect to its natural filtration) is a martingale (with respect to the natural filtration of
the product), compare Theorem 2.1 of Chapter "Some particular Problems of Martingale
Theory” in Kabanov et al. [72], it follows that L& is a (P, ®)-martingale on [0,7]. Thus
E[Lf’b] = 1.  Therefore, we can define a new measure @t’b on (Q,G;) by @f’b(A) =
N Lf’b dP for every A € G;, where it is easily seen that Qf’b and P are equivalent. O

Lemma A.11. Let f : [0,T] xR — R be the function defined by (A.3). Furthermore, let
(&,b) € U[0,T) and let L&® = (L5? Jtelo,1] be the density process of Lemma A.10. Then
there exists a constant 0 < K7 < oo such that
b
£t XE0)]

< K; P-a.s.
B
Li

for all t € [0,T].

Proof. Fixt € [0,T] and (£,b) € U[0,t]. A line of arguments as in the proof of Lemma A.4

in connection with ) %’W =1 and Remark 5.9 yields

£t X7
Ls

t
1
= exp { — axpe™l — / ae”(T=*) ((,u —1)&s + c(bs) — 2aa2er(T éf) ds
0

d
5D+QD / { (T—s) } /t/\
exp] abse™ TF yilp(i) p F(dy)ds — Agds
o [ R 3 2t 15+ asll Jiosey 2 wto@) Fldy)ds - |

DcCD i=1

1
< exp {( TlT(W K+ 2+n+0)k+ §aa2e|”TK2) + AmMp(aeT|T))T} =: K,

where 0 < K7 < oo is independent of ¢ € [0,7T] as well as (£, b). O

Corollary A.12. Let f:[0,T] x R — R be a function defined by (A.3). Furthermore,
let (€,b) € U[0,T] and let L&P = (Lg’ Jtelo,1) be the density process of Lemma A.10 with
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a replaced by 2a.. Then there exists a constant 0 < Ko < 0o such that

(f(t, X5")°

— < Ky P-a.s.
e

for all t € [0,T].

Proof. The assertion follows directly from the proof of Lemma A.11 with that same
argument as in the proof of Corollary A.5. O

Lemma A.13. The function f :[0,T] x R — R given by (A.3) satisfies

(&, XE") = £(0,X5") + / (s, X9 (ae“T‘S>(§ao—2 T2 — (=)t — c(by))

0

d
BD +qp(s / (T—s) ' R
bs e 7 A F(dy) — A,
Pl A LU > utoli) (Fidy) =B, ) ds

DCD

t
— / f(s, ng) ao eT(T_S)fs dW,
0

+/Ot Edf(s,XS")<exp{abseT(T—5>gymz(i)} >@(ds d(y,2)),

for allt €[0,T7.

Proof. Fix t € [0,T]. Notice that the surplus process X? given in (5.10) satisfies the
properties stated in Proposition 3.15. Therefore, a similar argumentation as in the proof
of Lemma A.6 yields

Ft, X5 = £(0,X57)
[ f(s,Xﬁ’b)aer(T_t)(—(M—T)& elbs) + yao® FTIE) ds

/f Xg’ Jaoe” T=s)¢ AW, + Z Xg’b)—f(s,ng)),

0<s<t

where, by the definition of compensated random counting measure v given in (5.9),

S (f(s, X5 — f(s, XEY)

0<s<t

:/t/ﬂd@(&be—bezz M) - sX“>>@<ds,d<y,z>>
//E( 75, X5~ b, Zyzz ) - sX5’>)u<ds,d<y,z>>.

By Proposition 5.17 and (A.4), the last line above is equal to

> [A( /. (,Xﬁvb—bsgyim(i))ﬂdy)—f<s,X§7b>)5‘l|’5+f§ff)ds

DcCD
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d
A XSb e +QD( ) X { b r(T—s) Ap(i }F ad
/0 f > Z ”5“’ %5” /(()VOO)de pabse ;y D(Z) ( y) S

t/\
—/ A f(s, X5b) ds,
0

which implies the statement of the lemma. ]

The next result make use of the functions J and v introduced in (5.5) and (5.1),
respectively.

Lemma A.14. Let h: [0,T] x A, x N§ — (0,00) be a function such that t — h(t,p,q)
and t — h(t,¢(t),q) with ¢(0) = p are absolutely continuous on [0,T] for all (p,q) €
Ay, xN§, and p — h(t,p,q) is concave for all (t,q) € [0,T] xN§. Then, for anyt € [0,T),

t
h(t7ptv Qt) = h(07p07QO) + A (Dh(s7psa QS) - As h(S,ps, QS)

R, Y Pptan(s) Bp +ap(s) ( ,J(ps),v(qs,D))>ds

/ [, (15900 2002, 2) =i 000)) B, 02)

Proof. Recall that the processes (pt)i>0 and (g¢):>0 jump at the arrival times (7},)nen
of the trigger events. In the light of the absolutely continuity of s — h(s, ¢(s),q) with
$(0) = p for all (p,q) € A, x N§ and the fact that (g;);>0 is a pure jump process,
the function F'(t) := h(t, pt, q:) is absolutely continuous on [T},_1,7),] for every n € N.
Hence, by the FTCL (cf. Sohrab [115, Thm. 11.5.23,11.5.31]), we have

t

F(t) = F(T, 1) + /T Fi(s)ds, t€ [Tar, Ty,

where F’ is Lebesgue integrable. Since ¢t — h(¢,p,q) is absolutely continuous for all
(p,q) € Ay x N§ and p +— h(t,p,q) is concave for all (t,q) € [0,T] x N§, the partial
derivatives hy and hy;, j = 1,...,m, exist almost everywhere, compare Theorem 2.2 and
Theorem 2.3. Hence

m

F'(t) = hi(t, pr, ) + thj (t,pe, qi)d;(t) for a.a. t € (Tn_1,T,), n € N
j=1

with ¢(0) = pr,,_,. Using the operator D introduced in (5.32), the representation of qBj
given in (5.6) as well as Proposition 5.14 (i), we obtain

F'(t) = Dh(t,ps,q:) fora.a. t € (T,_1,Ty), n € N.

That is,

Tn -

h(t ptvqt) - h( n—1,PT,_1,49T, 1) +/ Dh(sap57QS) dS, te [Tnflan]a n € N.
Th-1
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Therefore, for any ¢ € [0, 7]

h(t, pe; qt) = (0, po, qo) / Dh(s,ps,¢s)ds + Y _ ( (8,Ps:qs) — h(s7ps-,qs—))7
0<s<t

where, the definition of the compensated random measure ® given in (5.8),

> (h(s,ps, qs) — h(s, ps—, qs—))

0<s<t
/ / s J(ps—), (qs,,z)) h(s,ps—,qs— )) EI\D(ds dz)
/ Z 5[])5++QD || ( ,J(ps) QSa 3 psaQs d
DCD s
which finishes the proof. ]

The next result is crucial for the proof of the Verification Theorem 5.24. It makes use
of the notation of the operator 7 given by 5.33.

Lemma A.15. Suppose that (€,b) € U[0,T] is an arbitrary strategy and h : [0,T] x
Ay, x Nb — (0,00) is a bounded function such that t — h(t,p,q) and t ~ h(t,é(t),q)
with ¢(t) = p are absolutely continuous on [0,T] for all (p,q) € Ay x N§ as well as
p > h(t,p,q) is concave for all (t,q) € [0,T] x N§. Then, the function G : [0,T] x R x
Ay x N§ — R defined by

r(T—t)

G(t7$7p7 Q) = _eiaxe h(tapa q)

satisfies
&b _r(T—
dG(tv th’b,pt, Qt) = _eiaXt ety jfh(t,pt, qt; §t7 bt) dt + d77§7b7 te [O7T]7

where (Uf’b)te[o,T] is a &-martingale and we set Fh(t,p,q;&,b) zero at those points
(t,p,q) where Dh does not exist.

Proof. The proof follows closely the proof of Lemma A.8. Let (£,b) € u [0,7] and
h:[0,T] x Ap x N§ — (0,00) be some function satisfying the conditions stated in the
lemma, where 0 < Ky < 0o is some constant which bounds h, i.e. |h(t, p, q)| < Ky for all
(t,p,q) € [0,T] x Ay, x N§. Furthermore, we set

r(T—t) r(T—t)

G(t7 x?p? q) = _eiaxe h(t7p7 Q) a'nd f(t7 x) = _eiawe )

for any (t,z,p,q) € [0,T] x R x A, x N§. Let us fix ¢ € [0,7]. Applying the product
rule (compare Theorem 2.59) to G(t,Xf’b,pt, qt) = f(t,Xf’b)h(t,pt,qt), we get

dG (t7 Xt&bapt’ Qt) = h(tapt—a Qt—) df (t? thyb) + f(t7 thib) dh(tapb Qt)
+ d[f() X-é’b)7 h('7p~7 Q)]t
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and hence, by Lemmata A.13 and A.14,

dG (t7 th’ba b, qt)

= f(t, Xf7b)h(t,pt, qt) (aeT(Tt) (%aaQer(Tft)ﬁf —(p—r)& — c(bt))

d
Z Bp +ap(t) ap(t / exp {a by e Tt Z yi]lD(i)} F(dy) — Kt) de
= 18+l Jo,00)

i=1
f( X5 b) (t,pr—,q—)xo eT(Tft)ft dW;

N /E 1 XEAEpie ) (exp {abtaw iyinz@)}—l)@(dud(y, %) (A14)

=1

+ f(t, th’b) (Dh(tapm at) — Aeh(t, pe. qr)+

BD +qp(t
E d
DCD ||5+(It” t J(pt),v(qt,D))> '

+ / 76 X5 (R T@in), vla2)) = bt pi ar-) ) B(dt, d2)
P(D)
+d[f (X5, (- psa)],
Since h(-,p.,q.) is an FV process, it holds
[f(',X_g’b) + h(-,p.,q.)]c = [f(-,X_g’b)]c und [h(',p.,q.)]c =0,

and, consequently, Proposition 2.51 (iii), (v) and (vi) (compare proof of Lemma A.8 for
details) yields

= f(O,XS’) (0,p0,q0) + > F(5,X5") (h(s,ps, qs) — B(s, Ps—, qs-))

0<s<t

- Z f ng 5 Psa%) _h(Saps—aQS—))

0<s<t
' d
= £(0, X$°)1(0, po, qo) +/0 /}Edf(s,ng—bS;yiﬂz(i))x
(s T o), 0(as-,2)) = hls,pe- 4,-) ) ¥(ds, d(y, 2))
= 76 (s ) vl ) = )00,

Using the introduced compensated random measures ® and ¥ given in (5.8) and (5.9),
respectively, as well as Equation (A.4), the variation becomes

(X5, hpq)],

t d
= &b s, X5 exp { o ger(T=s) 1, (¢
f(OaXO )h(O,po,(]o)+/0 /Edf( 7Xsf) p{ b ;yl ()}X
(n(s, (o), v(as-.2)) = hls, ps-ra,-) ) B(ds, d(y, 2))
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- [ £ XED (105 T2 00, 2)) = Bl o)) Bl )

Bp +QD(S) { r(T—s . . }
A, L XE) < be e (T—5) ; F(d
/ Fs, X589 > 55 al /(Oyoo)de pJabse > il p(i) ¢ F(dy)x

DcCD i=1
(s 7(p2), v(as, D)) = hs, ps_,qs_>) ds

Bp +ap(s
A f ng ( ,J(ps),v(gs, D)) ds
/ DZC%]) 18 + g

+ / Ay f (s, XE) (s, ps, g5) ds.
0
Substituting this into (A.14), we obtain
dG(ta Xt&bv P, Qt)

1 _
= f(t, th’b) < —ae" T Dh(t, py, 1) ((M —7) & +c(by) — Pia o e t)ftQ)

d
exp {a by e (T4 Z yi1p(3) }F(dy)

(0,00)4 i=1

Bp + qp(t)
+AtD§C;D A0 e, T (0. v(ar D) /

— A h(t,pt, q:) + Dh(t, p, C]t))dt

- f(t Xg’ ) h(t, pr—, q:—) aoeT=Dg dw, — f(t, Xf’—b) h(t, pi-, q1-) dN,

d ~
+ /E (X exp {a ber ™0y yz-nz@)}h(t, (o), v, 2) (At d(y, 2)).

i=1

Therefore, by definition of the operator . given in (5.33), we have
dG(t) th,baph Qt) = f(ta X§7b)<%ﬂh(t7pt, qt; €t7 bt) dt + dnt§7b

where

b &b &b b
=0t -t —

t d
= / / f(s,Xf’_b) exp {a b o (T—5) E yl-]lz(i)}x
0 JEd i=1

h(s, J(ps—),v(as—,2)) U(ds,d(y, 2)),

t
ntgb:/ f(S,X?_b) h(57p8—7QS—)dNS7
0

with

t
nfb.:/ f(s,Xf’_b)h(s,pS_,qs_)aae’"(T*S)fdeS.
0

To complete the proof we need to show that (nf ’b)te[o,T] is a G-martingale on [0, T'] start-
ing at zero, where the last property is obviously satisfied. According to Corollary 2.98
(ﬁf’b)te[o,ﬂ holds the stated martingale property if the function

F:[0,T] x Q% (0,00)% x P(D) = R
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defined by

F(t,w,y,z) = f(t, Xf’_b(w)) exp {a by (w e (T=1) Zy 1.( }
h(S, J(pt—(w))v U(Qt—( )’ Z))

is a ®-predictable function indexed by E? and satisfies

[/ /Ed (8,9, 2)p(t,d(y, ))dt} < oo. (A.15)

In order to show the measurability property of F', we first observe that ¢ — h(t,p,q)
is P(P(D))-measurable and p — h(t,p,q) is B(A,,)-measurable due to the assumed
continuity. Hence (p, q) — h(t,p, q) is B(A;,)@P(P(D))-measurable for all t € [0,7]. We
further observe that, by assumption, ¢ — h(t,p, q) is continuous for all (p, q) € A, x N§.
That is, h is a Carathéodory function and thus B([0,T]) @ B(A,,) @ P(P(D))-measurable,
compare Def. 4.50 and Lemma 4.51 in Aliprantis and Border [7]. Next, we define a
function

g:10,T] x Qx P(D) = [0,T] x A, x Nj

by
t
g(t,w,z) = [ J(p—(w))
v(g—(w), 2)

Notice that the function J : A, — A, defined by (5.5) is continuous. Hence Jop._(-) :
[0,T] x Q@ — A, is P(®)-measurable. That is, the second component of the vec-
tor above is P(®)-measurable. Furthermore, it is easily seen that the first compo-
nent of the vector above is B([0,T])-measurable and the third one P(&) ® P(P(D))-
measurable. In particular, all components are P(®) ® P(P(D))-measurable. Hence g is
P(&)®P(P(D))-measurable, compare e.g. Klenke [77, Thm. 1.90]. Since (hog)(t,w,z) =
h(t, J(ps—(w)),v(g—(w), z)) and his B([0,T]) @ B(A,) @ P(P(D))-measurable, it follows
that (t,w,2) — h(t, J(pi—(w)), v(¢—(w), 2)) is P(&) ® P(P(D))-measurable, in partic-
ular P(8) ® B((0,00)%) ® P(P(D))-measurable. At the same time, the other terms of
the function F are P(®) ® B((0,00)?) @ P(P(D))-measurable as well, according to its
continuity. That is, F' is a &-predictable process indexed by (0,00)? x P(D) = E“.
Next we show the finiteness of the expectation in (A.15). According to the combined
information of Proposition 5.17, the boundedness of h, Remark 5.9, Equation (5.2) and
Lemma A.11, an upper bound for the expectation in Equation (A.15) is

KOIE{/O At‘f XEb ‘/ dexp{aer|TZyz} dy)dt}

=1

< Ky MF(Oze‘rlT) Am / EQg,b
0 ¢

W] dt < Ko Mp(ae™™)\p K1 T < .
t

Now we turn our attention to the process (ﬁf’b)te[oﬂ which is a B-martingale on [0, 7]
if the process f(-, X,g_’b)h(-,p._, C._) is ®-predictable and

T
E[/ | £t XS Rt prey i) | A dt] < oo.
0
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We first show the predictability. Since (pi—)ejo,r) and (i )sejo,r) are P(®)-measurable,
the process h(-,p.—,q.—) is B-predictable due to the above shown measurability of h.
Moreover, by its continuity, f(-, X,g_’b) is &-predictable as well which yields the required
predictability. Furthermore, the same arguments as above imply

T
E[/ |t XS Rt prey )| A dt| < Ko K1 T < 0.
0

The last part of the proof is devoted to the martingale property of (ﬁf’b)te[oﬂ“]. According
to Klebaner [75, Thm. 4.7], (ﬁf’b)te[oﬂ is a &-martingale on [0, 7] if the process H =
(Ht)tejo,r) defined by

Ht = f(thtg’_b)h(t?ptf> Qtf)ao-er(T_t)gt

is &-progressively measurable and satisfies fOT E[H?]dt < co. From the already shown
and the B-progressive measurability of £ follows the requested ®-progressive measura-
bility of H. Using Corollary A.12 as well as the boundedness of h and of £, we conclude
fOT E[H?] dt < a?022MTK?KZK3T < oo. In summary, we obtain the desired martingale

property of (nf’b)tzo and the proof is complete. O

A.3 Auxiliary results to Section 6.6

The following result will be used to provide a change of measure in Lemma A.17

Lemma A.16. Let b= (bt),c(o,1) be some Y -predictable reinsurance strateqy. Further-
more, let B? = (Bf)te[o,T] be the process which is defined by

BY _// exp{absye (- 8)}—1) (ds,dy).
(0,00)

Then the stochastic exponential £(B®) = (S(Bb)t)te[oﬂ of BY is given by

t t m
E(BY), = exp { / / absye" T W(ds, dy) + /\/ Zpk(s) g ds
0 J(0,00) 0 =
—)\/ Zpk / )eXp {absyer(Tfs)}fk(y) dyds}.
0 0,00
Furthermore, £(B®) is an F¥-martingale on [0,T).

Proof. Fix some §Y-predictable reinsurance strategy b = (bt)tefo,r]- As in the proof of
Lemma A.2, we obtain, by definition of T given in (6.4),

t
E(BY); = exp { / / absye" T2 W(ds, dy)
0 J(0,00)

t
- / / (exp {a bs yeT(T_S)} - 1)1/(d8, dy)},
0 J(0,00)
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which reduces to, by Proposition 6.8,

m

t t
E(Bb)t :exp{/ / absyer(Tfs) \Il(ds,dy) —|—)\/ Zpk(s) i ds
0 0,00)

0 k=1
—/\/ Zpk / eXp{absye’"(T_S)}fk(y)dde}-

The process £(B?) = (S(Bb)t)te[oj] is obviously §¥-adapted. By definition of the
stochastic exponential, we have

E(BY), / E(BY),_dB®
// E(BY),_ exp{absye (T—s }71) (ds,dy), te]0,T).
(0,00)

Therefore, according to Corollary 2.98, £(B®) is an F¥-martingale on [0, T] if

EMT /(0700) 1E(B”)i— (exp {abrye" ™D} —1)|v(dt, dy)] < 0

Notice that the integrand process above is obviously FV-predictable due to the F¥-
predictability of (b:)i>0. By the triangle inequality, we obtain that the expectation
above is less or equal to

T m t t m
E[/ Zpk(s) exp{/ / absyeT(T_S)‘I/(ds,dy)—l—)\/ Zpk(s) i ds}x
0 0 J(0,00) (i

k=1

/(0 : (exp {aby eT(T_t)} +1) fr(y)dy dt}

Due to by <1, pr(s) <1, k=1,...,m, as well as Assumption 6.1 and Remark 6.4, we
get the following finite upper bound for the expectation above

m T Nt
Z (MFk<a€|T|T) + ,Uk) eAm“’“T/ E [exp {aer|T ZYZH dt < oo,

k=1 0 k=1

where the finiteness follows from Lemma 6.3 (ii). O

Recall the definition of Z[t,T] given in (5.30).

Lemma A.17. Let t € [0,T] and let (£,b) € Z][O,T] be an arbitrary admissible strategy.
We set

t 1 [t
Lf’b — exp{ _ / ao,er(Tfs)é-s dWS . 2/ a2 0_2 627” T*S)é‘g ds
0

t t m
+ / / absye" T2 W(ds,dy) + )\/ Zpk(s) g ds
0 J(0,00) (Rt

t m
- )\/ Z/ exp {« bsyeT(T_s)} fr(y)dy ds}.
0 ;=1 7 (0,00)
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Then, a probability measure on (2,G;) is defined by Qf’b(A) = [, Lf’b dP, A € Gy, for

£,b
every t € [0,T1], i.e. d%n = Lg’b. The probability measures Qf’b and P are equivalent.
Proof. Using Lemma A.1 and Lemma A.16, the proof runs as for Lemma A.10. O

Lemma A.18. Let f: [0,T] xR — R be the function defined by (A.3). Furthermore, let
(£,b) € U[0,T] and let LE* = (Lf’b)te[O,T] be the density process of Lemma A.17. Then
there exists a constant 0 < K1 < oo such that

(8, X

< K; P-a.s
Ls

for all t € [0,T].

Proof. Fix t € [0,T] and (&,b) € U[0,]. In the case of one LoB (d = 1), Proposition 3.14
yields

t
(5 XED)| = exp { —aage Tt = a @0 [t (o g+ ) ds
0
t t
—aeTY) / ot ¢ AW, + a e T / / e" =) by U(ds, dy) }
0 0 J(0,00)

Consequently, we obtain with the help of Lemma A.17, Assumption 6.1 and Remark 6.4

(. X7
Ls

t
= exp { — azpe™l + / < — ae"T=) ((,u — 1) &+ c(bs) — %a o? e’“(T—S)gﬁ)
0
= A k() e+ A Y pi(s) /
k=1 k=1 ©

1 m
< exp {<oze|TT(|/1 —r|K+ (24n+0)k + §aa2e|r‘TK2) + )\Z Mp, (aerlT))T} =Ky,
k=1

exp {a bsy eT(T_S)} Tr(y) dy) ds}

%)

where 0 < K; < oo is independent of t € [0, T] as well as (£, b). O

Corollary A.19. Let f:[0,7] x R — R be a function defined by (A.3). Furthermore,
let (£,b) € U[0,T) and let L& = (Lf’b)te[QT] be the density process of Lemma A.17 with
a replaced by 2a.. Then there exists a constant 0 < Ko < 0o such that

(f(t, X5")°

= < Ky P-a.s.
e

for all t € [0,T].

Proof. The assertion follows directly from the proof of Lemma A.18 with that same
argument as in the proof of Corollary A.5. O
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Lemma A.20. The function f:[0,T] x R — R given by (A.3) satisfies

0.5 = 50,55 + [ 5(6,X6) (a0 (Jao? T IE — (=, — )

0
+ A pi(s) /(O X {absye ™™} fi(y)dy = A pi(s) ,Uk> ds
k=1 10 k=1

t
—/ f(s, XM aoer T, aw,

// ng’ (exp{absye 8)} ) (ds, dy),
0,00)
for all t € [0,T].

Proof. Fix t € [0,T]. As in the proof of Lemma A.6, we obtain yields
Pt XE7) = £(0,X57)

+ [ £, X5 a0 - (u g —efb) +

5¢ o? er(T*S)ﬁ) ds

/ (s, XENao e T aw, + 3 (f(s, XE¥) — (s, XE2),

0<s<t

where, by the definition of compensated random counting measure v given in (6.4),

S (f(s, X8 — f(5,X50))

0<s<t

- / /O (F(5, XE" = boy) = f(s, XE0) B(ds, dy)

t m
'S s / F6: X5~ by) i) dyds = A [ 1G5, XE0) S puls) e ds

0 k=1 0 k=1
= / /0 f(s,Xf’_b)(eXp {a bsyeT(T_s)} - 1)‘/13((13’(1?/)
A / £(5, XE) 2; Pi(s) /(Om) exp {abyy e} fi(y) dy ds
—)\/stgb Dr(s) px ds,
since f(t,z —by) = f(t,x) exp{fabye T} O
The next result make use of the function J introduced in (6.3).

Lemma A.21. Let h : [0,T] x A, — (0,00) be a function such that t — h(t,p) is
absolutely continuous on [0,T] for all p € A,,. Then

At.p1) = 0. p0) + [ (ht<s,ps> (s pa) S pi(s) ik
k=1
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+ A (s)
;pk /(

h(s, T(psy ) F(1) dy) s
0,00)

+/0 /(o,oo) (h(s, J(Ps—»y)) — h(s,ps_)> U(ds,dy), tel0,T).

Proof. Applying the arguments from the proof of Lemma A.7, we get

h(t, p) =h(0,po)+/0 hi(s,ps)ds+ > (h(s,ps) = h(s,ps-)), t€[0,T],

0<s<t

where, by the definition compensated random measure ¥ in (6.4),

Z (h(s,ps) — h(s—,ps_))

0<s<t

— /ot /(O,oo) (h(s, J(ps—,y)) — h(S,ps—)> U(ds, dy)

[ S mls) /(O s ) fe)dyds = | sip St e

k=1

which yields the assertion. O

The next result is crucial for the proof of the Verification Theorem 6.15. It makes use
of the notation of the operator % given by 6.20.

Lemma A.22. Suppose that (§,b) € Z][O, T1] is an arbitrary strategy and h : [0, T]xA,, —
(0,00) is a bounded function such that t — h(t,p) is absolutely continuous on [0,T] for
all p € Ay, and p — h(t,p) is continuous on A, for allt € [0,T]. Then, the function
G:[0,T] xR x A,, = R defined by

r(T—t)

G(t,z,p) = —e ¥ h(t,p)

satisfies
dG(t, XEP ) = — X oh(t p €, b) At + dnft, t e [0,T),

where (Uf’b)te[o,T] is a B-martingale and we set Fh(t,p;&,b) to zero at those points (t,p)
where the partial derivative of h w.r.t. t does not exist.

Proof. The proof follows closely the proof of Lemma A.8. Fix (£,b) € U[0,T] and let
0 < Ky < oo be some constant such that |h(t,p,q)| < Ky for all (t,p) € [0,T] x A,
where Ky exists by assumption. Furthermore, we set f(¢,z) := —e—aze” T for all
(t,z) € [0,T] x R. Let us fix t € [0,7] and apply the product rule (cf. Thm. 2.59) to

G(t, XFP pe) = f(t, XEP)h(t, pr), which yields

dG (6, X%, i) = h(t, pem) df (6, X5°) + £ (6, XE°) dhlt,pe) + d[£ (-, XE0), R p.)],
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Hence, with the help of Lemmata A.20 and A.21, we get

dG(t, th’b,pt)
= f(t, Xf’b)h(t,pt) <aer(Tt) (%aa%r(T%)ﬁ? —(p—7r)& — c(bt)>
+ A i) /( o {abiye" ™D} fuly) dy — XD pilt) w;) dt
k=1 0,00 k=1

— [t Xf;b)h(t,pt,)a o e’ dw,

+ / f(t, Xf’_b)h(t,pt_) ( exp {a by er(T*t)} - 1) \f/(dt, dy)
(0,00)

(X5 (m(um () S k() g
k=1
A () /( BT £) dy) a
o SOXE (1 T ) = )t )

+d[f (- X5, h(,p)],-

(A.16)

’m)

Notice that h(-,p.,q.) is an FV process and thus

[f(-,X.g’b) + h(-,p.)]C = [f(-,X,é’b)]c und [h(-,p.)]c =0,
Consequently, Proposition 2.51 (iii), (v) and (vi) (compare proof of Lemma A.8 for
details) implies

[f('vX.E’b)a h('ap-a q)]t

= £(0,X5")n(0,p0) + > f(5,XEY) (h(s,ps) — h(s,ps-))
0<s<t

= > F(s X (h(s,ps) = h(s,ps-))

0<s<t

= 0.5 h0.p0) + [ JF (X5 =) (s ) = 1G5 w05, )
[ X (s T )~ hssp ) wlas, ).
0 J(0,00)

Using the introduced compensated random measures v given in (6.4) as well as the
relation f(t,z —by) = f(t,z)exp{abye"T=Y}, the variation becomes

a[f (-, X%),n(.p. a)],
- /(O )f(t, X:0) (h(t, J(pi—,y)) — h(t,pt_)) (exp fabye TV} 1>@(dt7 a)

m

HAF(EXT)D () /(0 | h(t, J(pe, ) exp {abye" DY fi(y) dydt
k=1 o0
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_ /\f(t,Xf’b) h(t,pt) Zpk(t) /(0 )eXp {a btyer(T—t)} Fr(y) dy dt
k=1 ,00

m

AL XEY) S pl) /( T £y

k=1

FAL(EXE) h(tp) > pr(t) e dt.
k=1

Substituting this into (A.16), we obtain
dG(tv thjba b, qt)

= f(t Xfyb) < — e n(t, p) ((M — 1) &+ c(by) — %Oxa erT=¢2 )

+AD pi(t) / h(t, J(pry)) exp {abry e} fi(y) dy

k=1 (0,00)

— Mh(t,pe) Y pr(t) e + ht(tvpt)>dt
k=1

— F(EXEY) Rt ) ao e T0E AW, — £(t, XEP) At pp) AN,

+ / f(t, Xf;b) h(t, J(pi—,y)) exp {a by er(T=1) }\ff(dt, dy).
(0,00)

Therefore, by definition of the operator .7 given in (6.20), we have
&b _ &b . &b
dG(t7Xt 7pt7Qt) - f(t7Xt )%h(taptﬂuft,bt) dt+dnt ’

where

b sEb  Eb Eb
= = = i

with
Agb &b (T—s
: // (5,X57) h(s, J(ps—,y) exp{absye }\Il (ds,dy),
0,00)
t
i ;:/ £(5, X5 h(s,ps—) AN,
0

t
ﬁf’b ::/ f(s,Xﬁf) h(s,ps_)aae’"(T*S)fs dW.
0

To finish the proof we need to show that (Uf’b)te[o,T] is a ®-martingale on [0, 7], which
can be obtained as in the proof of Lemma A.8 and the proof is complete. O



Appendix B

Useful inequalities

The first inequality of this chapter is a Lipschitz condition for exponential function.

Proposition B.1 ([22], Prop.2.3.19). Let A >0 and c <z <y <d. Then

Ac(l— D(y—x) <AV - AT < AYA-1)(y — ).

For the following inequalities, let E denote some non-empty set.

Proposition B.2. Let f,g: E — R be bounded functions from above. Then

sup (f(z) +g(z)) < sup f(z) + sup g(x).
zel z€E z€E

Proof. The statement follows directly from f(z) + g(z) < sup,cp f(z) + sup,ecg 9(z)
for all z € E. O

Remark B.3. The boundedness from above ensures that we obtain a useful inequality.
Unless, we would have the trivial equality sup,c(f(z) + g(z)) < oc.

Proposition B.4. Let f,g: E — R be bounded functions from below. Then

inf (f(2) +9(x)) > inf f(z) + inf g(x).

Proof. We obtain the stated assertion by applying Proposition B.2 to the functions —f
and —g. ]

Proposition B.5. Let f,g: E — R be bounded functions. Then

sup f(z) —sup g(z)| < sup [f(z) —g(x)], |inf f(z)— inf g(z)| < sup|f(z) — g(z)|.
z€E z€E z€E zeE zek z€E

Proof. From f=f—g+gand f —g <|f —g| on E, it follows by Proposition B.2 that

sup f(z) < sup (f(z) — g(z)) + sup g(z) < sup | f(z) — g(z)| + sup g().
reF zeF el el rxeR
Thus

sup f(z) — sup g(z) < sup | f(z) — g(2)].
zel zel zel

By exchanging f and ¢ in the inequality above, we obtain the first stated inequality in
the proposition. Using this inequality and —inf,cp f(z) = sup,cp(—f(x)) leads to the
second announced inequality. O
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The following result can be found in Mitrinovic et al. [95] or the proof of Lemma 4.1
in Liang and Bayraktar [85].

Lemma B.6. Let a1 < ... <y, and B1 < ... < By, be real numbers and (p1,...,pn) €

A,,. Then
n n n
ijajﬁj > ijaj Zpkﬁk-
=1 k=1

J=1
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