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Abstract

We consider an inverse obstacle scattering problem for the Helmholtz equation with obstacles
that carry mixed Dirichlet and Neumann boundary conditions. We discuss far field operators
that map superpositions of plane wave incident fields to far field patterns of scattered waves, and
we derive monotonicity relations for the eigenvalues of suitable modifications of these operators.
These monotonicity relations are then used to establish a novel characterization of the support of
mixed obstacles in terms of the corresponding far field operators. We apply this characterization
in reconstruction schemes for shape detection and object classification, and we present numerical
results to illustrate our theoretical findings.
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1 Introduction

We discuss an inverse obstacle scattering problem for time-harmonic scalar waves governed by the
Helmholtz equation. The goal is to recover the position and the shape of a collection of compactly
supported scattering objects from far field observations of scattered waves. We consider impene-
trable obstacles with mixed Dirichlet and Neumann boundary conditions, i.e., we assume that the
scatterers D = D; U Dy consist of two components such that D; N Dy = (), where 0D; carries
a Dirichlet boundary condition while Dy carries a Neumann boundary condition. The Dirichlet
part Dy and the Neumann part Ds of the scattering objects might consist of several connected
components, and we do neither assume that the number of connected components nor whether they
carry Dirichlet or Neumann boundary conditions are known a priori. Accordingly, qualitative recon-
struction schemes (see, e.g., [3, 6, 9, 8, 30, 31, 35]), which do not make use of topological or physical
properties of the scattering objects, are a natural choice. In addition to shape reconstruction, we
will also show that the type of boundary condition on each connected component of the obstacle
can be classified from scattering data, i.e., we show that the Dirichlet part D; and the Neumann
part Do can be recovered separately.

Among qualitative methods for shape reconstruction, the linear sampling method has been suc-
cessfully applied to inverse mixed obstacle scattering problems (see, e.g., [3, 4, 5]). The factorization
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method has been justified under the additional assumption that the Dirichlet part D; and the Neu-
mann part Dy of the scattering object can be separated a priori (see [18, 19, 31]). We build on and
extend ideas from these works to develop a monotonicity based qualitative shape reconstruction
technique. This monotonicity method is formulated in terms of far field operators that map su-
perpositions of incident plane waves, which are being scattered at the unknown scattering objects,
to the far field patterns of the corresponding scattered waves. It exploits monotonicity properties
of the eigenvalues of suitable modifications of these operators. The main result of this work is a
rigorous characterization of the support of mixed scattering obstacles in terms of the corresponding
far field operators without any additional a priori information. This is a significant extension of the
results in [18, 19, 31].

The monotonicity based approach to shape reconstruction has originally been developed for
the inverse conductivity problem in [14, 26|, extending an earlier monotonicity based reconstruction
scheme developed in [37]. The method is related to monotonicity principles for the Laplace equation
established in |28, 29]. It has been further developed in [22, 23, 27|, its numerical implementation
has been studied in 11, 12, 13|, and recently an extension to impenetrable conductivity inclusions
has been established in [7].

The analysis in [26] has been extended to inverse coefficient problems for the Helmholtz equation
on bounded domains in [24, 25|, and in [16] the approach has been generalized to the inverse medium
scattering problem on unbounded domains with plane wave incident fields and far field observations
of scattered waves. An application of the monotonicity method to an inverse crack detection problem
for the Helmholtz equation has recently been considered in [10]. For further recent contributions
on monotonicity based reconstruction methods for various inverse problems for partial differential
equations we refer to [1, 2, 20, 21, 32, 36, 38|.

The main idea of the monotonicity method for inverse mixed obstacle scattering that we discuss
in this work, is to compare the real part of the given (or observed) far field operator corresponding to
the unknown scattering obstacles to various virtual (or simulated) probing operators corresponding
to certain probing domains. We show that suitable linear combinations of these operators are
positive definite up to a finite dimensional subspace if and only if the probing domains are contained
inside the support of the scattering objects or if and only if the probing domains contain the unknown
scattering object. This can be translated into criteria and algorithms for shape reconstruction.

This article is organized as follows. In Section 2 we briefly recall the mathematical formulation
of the mixed obstacle scattering problem, and in Section 3 we discuss a factorization of the corre-
sponding far field operator from [18, 19, 31]. In Section 4 we establish the existence of localized wave
functions for the mixed obstacle scattering problem, and in Section 5 we use these localized wave
functions to prove a rigorous characterization of the support of scattering obstacles in terms of the
far field operator. We discuss numerical algorithms based on these theoretical results in Section 6,
and we close with some concluding remarks.

2 Scattering by impenetrable obstacles

We consider the scattering of time-harmonic scalar waves in an unbounded homogeneous background
medium by a collection of impenetrable obstacles carrying Dirichlet and Neumann boundary con-
ditions. Suppose that D = D; U Dy C R%, d = 2,3, is open and Lipschitz bounded with connected
complement R?\ D such that D; N Dy = (. The subsets D; and Do may consist of finitely many
connected components. Below we will impose Dirichlet boundary conditions on D; and Neumann



boundary conditions on D5, and thus we refer to Dy and Dy as the Dirichlet and Neumann obstacles,
respectively.

We assume that the wave motion is caused by an incident field u’ € Hlloc(Rd) satisfying the
Helmholtz equation

Au'+ k' =0  inRY (2.1)
with wave number k > 0 that is being scattered at the obstacle D. The scattered field u® € Hﬁ)C(Rd)
satisfies

Au+k*u® =0 inRY\D (2.2a)
and the boundary conditions
s %
u® = —u' on 0D, and %uy = —(?;i on 0Dy (2.2b)
together with the Sommerfeld radiation condition
_1 70U’
lim TdTl( “ (x) — ikus(m)> =0, r=|z|, (2.2¢)
r—00 r

uniformly with respect to all directions Z := x/|z| € S9~!. Throughout, the Helmholtz equation
is to be understood in weak sense, but standard interior regularity results yield smoothness of u*
in R?\ D. In particular the Sommerfeld radiation condition (2.2c) is well defined. As usual, we call
a (weak) solution to a Helmholtz equation on an unbounded domain that satisfies the Sommerfeld
radiation condition uniformly with respect to all directions a radiating solution.

Lemma 2.1. Let f € H%(aDl) and g € H_%(8D2). Then the exterior mixed boundary value
problem

Aw + E*w = 0 in R\ (D; UDy), (2.3a)
w=f on dD; (2.3b)
Z—Z) =g on 0Ds (2.3c)

loc(Rd)'
Furthermore, the solution has the asymptotic behavior

has o unique radiating solution w € H}}

eik|m| N a1
w(x) =CdH@w°°(w)+O(\$! 2 ), el =00,
x| =2
uniformly in all directions T € S%1, where
Cy = ™*)V8rk ifd=2  and Cyq=1/(4r) ifd=3, (2.4)
and w™ € L2(S97Y) is called the far field pattern of w.

Proof. The unique solvability follows, e.g., immediately from [31, Thm. 3.1] (see also [33, p. 288]),
and the far field asymptotics are, e.g., shown in [9, Thm. 2.6]. O



Choosing f = —u|sp, and g = —0u'/dv|sp, in Lemma 2.1 proves the existence and unique-
ness of solutions to the scattering problem (2.2). For the special case of a plane wave incident
field ui(x;0) = k0 1 e RY we explicitly indicate the dependence on the incident direc-
tion § € S% ! by a second argument, and accordingly we write u*(-:#), and u™(-;6) for the
corresponding scattered field and its far field pattern, respectively.

We define the far field operator

PR ST 5 ST, (FER0@) = [ ux@oe®) ds),  (25)

and we note that F3'™* is compact and normal (see, e.g., [31, Thm. 3.3]). Moreover, the scattering
operator is defined by

SpX: LA(STh) = LX(STY),  SB™g == (I + 2ik|Cyl*F5™)g,

where Cy is again the constant from (2.4). The operator Sglix is unitary, and consequently the
eigenvalues of F2X lie on the circle of radius 1/(2k|Cy|?) centered in i/(2k|Cy[?) in the complex
plane (cf., e.g., [31, Thm. 3.3]).

Remark 2.2. In the special case when Dy = (), i.e., when only Dirichlet obstacles are present, (2.3)
reduces to the exterior Dirichlet boundary value problem, and we denote the corresponding far field
operator by F gilr. Similarly, if D; = (), i.e., when only Neumann obstacles are present, then (2.3)
reduces to the exterior Neumann boundary value problem, and we denote the corresponding far field
operator by Fpt. %

3 Factorizations of the far field operator

Next we briefly recall three factorizations of the far field operators Fg‘ix, nglr, and F7°", which
have been used in the traditional factorization method, and that will be applied to develop the

monotonicity based shape characterization in Section 5 below. As usual, the single layer operator
is defined by

1
Sp,: H2(0Dy) — H2(Dy), (Sp,¢)(x) = /8 Dz, y)e(y) ds(y), (3.1)
D1
and the normal derivative of the double layer potential is given by

0 0Py,

Np, : H%(aDg) —>H_%(8D2), (Np,¥) () = B op, Ov(y)

(z,y)¥(y) ds(y). (3.2)

Here, ®;, denotes the fundamental solution to the Helmholtz equation in R%.

Remark 3.1. Throughout we denote by (-,-) the sesquilinear dual pairing between H _%(8Dj) and
H%(E?Dj), j = 1,2, which extends the inner product on L?(0D;). O

3.1 Dirichlet or Neumann obstacles

The first result describes the factorization of the far field operator for Dirichlet obstacles.



Theorem 3.2. (a) The far field operator nglr 0 L2(S97Y) — L2(S971) can be decomposed as
Fir = —GHSh,GH: (3.3)
where G‘Bi : H%((‘)Dl) — L2(S4Y) maps f € H%((‘)Dl) to the far field pattern w* of the
unique radiating solution to the exterior Dirichlet boundary value problem (2.3a) and (2.3b).
(b) GCB? is compact and one-to-one with dense range in L*(S41).
(c) If k* is not a Dirichlet eigenvalue of —A in D1, then Sp, is an isomorphism.

(d) Let Sp, ;i be the single layer operator (3.1) corresponding to the wave number k =1i. Then Sp, ;
1s self-adjoint and coercive, i.e., there exists ¢y > 0 such that

_1
(o, Spyie) = elllly g, Jorallp € H™2(0Dy).

(e) The difference Sp, — Sp, ;i is compact.
Proof. This is shown in [31, Lmms. 1.13-1.14 and Thm. 1.15]. O

Remark 3.3. An immediate consequence of Theorem 3.2 is that the real part!
. 1 . -
—Re(Fp}) = 3G, (Sp, + Sp, )G

is a compact perturbation of a self-adjoint and coercive operator. This implies that Re(nglr) has
only finitely many positive eigenvalues. In Theorem 5.3 below we will significantly refine and extend
this observation. O

Next we consider the factorization of the far field operator for Neumann obstacles.
Theorem 3.4. (a) The far field operator Fp" L2(S47Y) — L2(8%1) can be decomposed as
' = —GEIND, O
where G H_%(ODQ) — L2*(S9Y) maps g € H_%(ﬁDg) to the far field pattern w™ of the
unique radiating solution to the exterior Neumann boundary value problem (2.3a) and (2.3c).
(b) G5, is compact and one-to-one with dense range in L2(S41).
(c) If k* is not a Neumann eigenvalue of —A in Dy, then Np, is an isomorphism.

(d) Let Np,; be the normal derivative of the double layer potential (3.2) corresponding to the wave
number k =i. Then —Np,; is self-adjoint and coercive, i.e., there exists ca > 0 such that

: 2 3
—(Np, i, ) > C2H¢HH%(8D2) for all ) € H2(0Dy).

(e) The difference Np, — Np,; is compact.

! As usual the real part of a linear operator A : X — X on a Hilbert space X is the self-adjoint operator given by
Re(A) := 1(A+ A").



Proof. This is shown in [31, Thm. 1.26]. O

Remark 3.5. An immediate consequence of Theorem 3.4 is that the real part

Re (Fneu) - _ =

2 IlCll (ND2 + ND2) neu*

is a compact perturbation of a self-adjoint and coercive operator. This implies that Re(Fg‘;u) has
only finitely many negative eigenvalues. In Theorem 5.4 below we will significantly refine and extend
this observation. O

3.2 Mixed obstacles

In the mixed case the obstacle D = D U Dy consists of two bounded components and carries
Dirichlet boundary conditions on 9D and Neumann boundary conditions on 9Ds.

Theorem 3.6. (a) The far field operator F3™ : L2(S9=1) — L2(S9"1) can be decomposed as

Fglix _ _G%iXTB’liX*G%iX*,
where G H%(aDl) _l(ﬁDg) — L2(STY) maps (f,g) € H%(aDl) _l(aDg) to
the far field pattern w* of the unique mdzatmg solution to the exterior mzxed boundariy value
problem (2.3a)—(2.3c). The operator THX : (aDl) x H? (0D2) — H: (0D1) x 2(0D3)

s of the form
)
and K% . H=2(9Dy) x H2(dDy) — H2(dDy) x H™2(dDy) is compact.
(b) GB= s compact and one-to-one with dense range in L*(S%71).
Proof. This is shown in [31, Thms. 3.2 and 3.4]. O

Finally, let B C R be open and Lipschitz bounded. We define the Herglotz operators
Hp: L3(S%Y) = H2(0B), (Hpd)(z) == / eF0%(9) ds(6), (3.4)
Sd—1

and

a eikx-@ s
e /S R5(0) ds(e)

From the asymptotic behavior of the fundamental solution ®; we obtain that H5¢, ¢ € H ~3 (0B),
is just the far field pattern of the single layer potential

OHp : L*(S™Y) = H™3(B), (0Hpe)(z) =

SLoo)a) = [ Bu@a)ot) dsw).  xcR\0B.
We will use the relation
Hp = GUrSp or equivalently Hp = SEGH™ (3.5)

(see [31, p. 18]).



4 Localized wave functions

In this section we establish the existence of localized wave functions. These are pairs of certain wave
functions such that one component has arbitrarily large norm on some prescribed boundary while
the other component has arbitrarily small norm on some different boundary. These localized wave
functions will be essential in the proof of the monotonicity based shape characterization in Section 5
below.

4.1 Dirichlet or Neumann obstacles

To start with, we consider the case when either only Dirichlet or Neumann obstacles are present.
Let B C R? be open and Lipschitz bounded, and let T' C 9B be relatively open. We define the
restriction operator
Rr: H%(0B) — H2(T), Rrf = fIr,

and we note that the adjoint operator satisfies

f onl,

~ 1 1
R :H :2(I'") - H 2(0B), Rif =
r * (D) *(0B) rf {0 on 0B\ T.

Here, H ™2 (T") denotes the dual space of H%(F) (see, e.g., [33, p. 99]). Accordingly, we introduce
Hr := RrHp  and note that  Hj = HyRy = G SpR}. (4.1)

Since (4.1) remains true if we modify OB away from I', we can w.l.o.g. assume that k2 is not a
Dirichlet eigenvalue of —A in B. Then Sp and G&* are injective (cf. Theorem 3.2 (b)—(c)), and
since R(R}) has infinite dimensional range, this shows that R(H7) is infinite dimensional as well.

Theorem 4.1 (Localized wave functions for Dirichlet obstacles). Let Dy = 0, and let B, Dy C RY
be open and Lipschitz bounded such that R?\ Dy is connected. Suppose that B ¢ Dy. Then, for any
finite dimensional subspace V- C L%(S971) there exists a sequence (¥ )men € V* such that

” meHHwaB - 00 and HGdlI‘ meHﬁ (oD1) —0 as m — 0Q.

The proof of Theorem 4.1 relies on the following lemmas.

Lemma 4.2. Let Dy = 0, and let B, D1 C R? be open and Lipschitz bounded. Suppose that B € Dy,
and let T C B\ D be relatively open such that R4\ (T'U D) is connected. Then

R(Hf) NR(GD;) = {0}
Proof. Let h € R(H{) N R(G%i) Then there exist fr € ﬁ_%(F) and f1 € H%(aDl) such that
h = Hifr = GB fi.

Accordingly,



where vp = SLgR} fr € HL (R¥\T) and wy € H} (R?\ D) are radiating solutions to
Avp + k2op = 0 ian\f and Awy + k2w, = 0 ian\D_l,

respectively. Rellich’s lemma (cf., e.g., [9, Thm. 2.14|) and unique continuation guarantee that

vr = wy in RT\ (T U Dy). We define w € HL_(R?) by

Ur = w1 ian\(FUDl),

w = § Wy on I,

ur in D1 .
Then w is an entire radiating solution to the Helmholtz equation, and thus w = 0 in R%. This
shows that h = w{® = 0. O

In the next lemma we quote a special case of Lemma 2.5 in [14].

Lemma 4.3. Let X,Y and Z be Hilbert spaces, and let A : X — Y and B : X — Z be bounded

linear operators. Then,
3C >0: ||Az|| < C||Bz| VYre X if and only if  R(A") CR(B").
Now we give the proof of Theorem 4.1.

Proof of Theorem 4.1. Let Dy = ), and let B, D; C R? be open and Lipschitz bounded such that
R4\ Dy is connected, and suppose that B ¢ D;. Let V C L?(S%1) be a finite dimensional subspace.
We denote by Py : L?(S4~!) — L?(S%1) the orthogonal projection onto V.

Since B ¢ Dy, there exists I' C 9B\ Dj relatively open such that R?\ (T'U Dy) is connected.
Applying Lemma 4.2 we find that

R(Hf) NR(GE}) = {0},

and we have seen before that R(Hj7') is infinite dimensional. Using a simple dimensionality argument
(see [25, Lmm. 4.7]) it follows that

R(HP) € R(GE)+V = R([GE P/]).
Accordingly, Lemma 4.3 implies that there is no constant C' > 0 such that

GEr
Ak

2
||HF¢HZ%(F < C?

~

H~3(dD1)x L2(S9-1)
= CIGH I3y )+ P sis))
Thus, there exists a sequence (¢, )men C L2(S971) satisfying

02 dir* 77 12 02
”HmeHH%(F) — 0 and HGDI meH,%(aDl) + ”P\/wmup(sdﬂ) — 0



as m — oo. We define v, := {/;m — PV{/;m C V- for any m € N to obtain

1Hr Gl g 0 2 | Hedl — || Hr|[| Py | 2501y — 00,

H3(T) H3(T)
IGHE” T,DmHHf,g.(aDl) < lGr meH*%(aD + |GH Py o L2 (5019 — 0
as m — o0o. Recalling (4.1) we find that
which ends the proof. O

Using similar arguments the following result for Neumann obstacles can be shown.

Theorem 4.4 (Localized wave functions for Neumann obstacles). Let Dy = ), and let B, Dy C R?
be open and Lipschitz bounded such that R? \ Dy is connected. Suppose that B € Dy. Then, for any
finite dimensional subspace V- C L*(S%1) there exists a sequence (Yp)men € V- such that

HHBQ/)mHH7 ©B) — 00 and I neu*¢m||H7 (6D2) —0 as m — 00.

4.2 Mixed obstacles

For the general mixed case, i.e., when both Dirichlet and Neumann obstacles are present, we require
a refined version of the Theorems 4.1 and 4.4, which we call simultaneously localized wave functions
(see also [21], where a similar construction has been used).

To begin with, we define additional restriction operators. Let

Rp, : H"2(0Dy) x H2(8Ds) — H™2(dDy), Rp,(f.9) == f, (4.22)
Rp, : H"2(dDy) x H2(8Ds) — H2(dDs), Rp,(f,q) == g. (4.2b)
Then the adjoint operators satisfy

Rp, « H3(0Dy) = H(0Dy) x H™3(0Ds), Rp,f = (£,0),
R}, : H 2(dDy) — H2(0Dy) x H2(dDy), Rj,g = (0,9).

2

Furthermore, given an open and Lipschitz bounded D; C R? and I" C 9D; relatively open we define
Rr:H 2(0Dy) —» H 2(T), Rrf:= flr.
We note that the adjoint operator satisfies

~%  ~1 1 ~ % f onT
Ry H3(T) — H3(dDy), Ry f = ’
r 2() — Hz(9Dy) rf {0 on OD;\ T

1

Here, H=(T") denotes the dual space of H_%(F) (see, e.g., [33, p. 99]).



Theorem 4.5. Let B, Dy, Dy C R be open and Lipschitz bounded such that R%\ (B U Dy U Ds)
is connected. Suppose that 0Dy is piecewise C* smooth and that Dy € B. Then, for any finite
dimensional subspace V. C L?(S%1) there exists a sequence (¥ )men C V4 such that

IR D, GB* Yo — oo and |[(Rp,GE* ml g

1 —0
H™32(8D1) HZ (8D

as m — O0.

The proof of Theorem 4.5 relies on the following lemma.

Lemma 4.6. Let B, D1, Dy C R? be open and Lipschitz bounded. Suppose that D1 ¢ B and
Re\ (BU Dy U Dy) is connected. Let T' C 0Dy \ B be relatively open and C* smooth. Then

R(GH™Rp, Fir) £ R([GB*Rp, H))
and there exists an infinite dimensional subspace Z C R(G%ixR*Dl]f%;*) such that
ZAR(GE R, Hy)) = {0},

Proof. Let h € R(GrﬁixRElﬁﬁ*)ﬂR([GrEixREz HF)). Then there are fr € PNI%(F), fo € H‘%(@Dg)
and fp € H_%@B) such that
b= (GB*Rp,Rr)fv = (GBRb,)f2 + Hp s

Accordingly,
h = wi® = w3 + vy,

where wy,wy € HE (R?\ (D; UDs)) and vg = SLpfp € HL (R?\ dB) are radiating solutions to

o . P
Awi + k2w =0 iR\ (D;UDy), wi = Rr fr ondDy, %:0 on Dy,
14
. 9
Aws +E2ws =0 inR4\ (D1 UDy), ws =0 ondD, %:h on dDs
14

Avg +k*vg = 0 in Rd\a—B.

Rellich’s lemma and unique continuation guarantee that w; = ws + vp in R?\ (BUD; U Dy).
Therefore,

Jr = wilr = vBlr = (SLafB)Ir.

Since I' is C! smooth,? this and the smoothness of SLp fz away from 0B imply that fr € C*(T").
Without loss of generality we assume that

I ={zecR|zy=(()forall 2’ = (z1,...,24_1) € BL(0)}

for some C! function ¢ : R! — R, where B.(0) C R%"! denotes the d — 1 dimensional ball of
radius r > 0 around zero. We call v € H %(F) piecewise linear on I, if the function u¢ given by

uc(a’) = u(@, (@), 2’ € B.(0),

2This is the only argument where we utilize the additional smoothness of I' C 9D;.

10



is piecewise linear on B’(0) C RY"!. Denoting by X C H %(F) the subspace of piecewise linear
. — %
continuous functions on I' that vanish on T, we obtain that Z := GpH*Rp, Br (X) satisfies

ZOR((GE* R, Hy)) = {0},

Since X is infinite dimensional and G%ixRBIR\}* is one-to-one (see Theorem 3.6 (b)), we find
that Z is infinite dimensional as well. O

Now we give the proof of Theorem 4.5.

Proof of Theorem 4.5. Let B, Dy, Dy C R? be open and Lipschitz bounded such that the comple-
ment R?\ (B'U D; U Dy) is connected. Suppose that dD; is piecewise C' smooth and that D;  B.
Let V C L?(S%!) be a finite dimensional subspace. We denote by Py : L2(S% 1) — L2(S91) the
orthogonal projection onto V.

Since D1 € B and 0D; is piecewise C' smooth, there exists I' C dD; \ B relatively open
such that I' is C! smooth. Combining Lemma 4.6 with a simple dimensionality argument (see 25,
Lmm. 4.7]) we find that

Z ¢ RIGH*Rp, Hp)+V = R(GP*Rp, Hp FPv)).
where Z C R(G%ixRBlffiﬂ*) denotes the subspace in Lemma 4.6, and thus
R(GL*Rp,Rr) € RIGH*Rp, Hpl)+V = R(GH*Rp, Hp Pv]).

Accordingly, Lemma 4.3 implies that there is no constant C' > 0 such that

i~k

_ . Rp,GB*"] 2
I(RrRp, GE* )%, < C? Hg | v
b H™2() Py H3 (0D2)x H3 (9B)x L2(S4-1)
= CH (IR0 GB™ )y o+ IHBYIR 4 o+ Pl saeny) -

Therefore, there exists a sequence (TZm)meN C L2(S971) satisfying

o mix*\ 7 12
|(RrRp, G’ WmHH,%(F) — 00

and

mix* 2 2 2
B GBS 2y 4 sl 4 Ponlagsssy = 0

as m — 0o. We define 9, := ¢m — wam C V+ for any m € N to obtain

|RouGB Yomlly -3 o, 2 I RERDGE™ Yol
> (Rr R, G Yl -y gy — 1B B, GBI Py Gl agsa-sy > oo,
|RouGB Yol sy < NRDGB Wl o + IR0, GBI Pyl siry = 0,
Vsl 3 o < 1 HETm ]y 0 + uHBuqu’/quLz(sH) -0

as m — oo. This ends the proof. O

3The latter condition ensures that X does not contain any smooth functions except for zero.

11



The following result can be shown proceeding similarly to the proof of Theorem 4.5.

Theorem 4.7. Let B, Dy, Dy C R be open and Lipschitz bounded such that R%\ (B U Dy U Ds)
is connected. Suppose that 0D is piecewise C* smooth and that Dy € B. Then, for any finite
dimensional subspace V. C L?(S%™1) there exists a sequence (m)men C V4 such that

B, G Wl oy + 1l =0 and RO, GE Vel 3, = 0

H™ 50D, H3(0Ds)

as m — o0.

5 Monotonicity based shape reconstruction

Using the localized wave functions developed in the previous section will establish monotonicity
relations for far field operators in terms of the following extension of the Loewner order to compact
self-adjoint operators, which has been introduced in [25]. Let A, A3 : X — X be compact self-
adjoint operators on a Hilbert space X, and let r € N. We write

A < Ay

if Ao — A; has at most r negative eigenvalues. Furthermore, we write A; <g, Ao if A7 <, Ay holds
for some r € N.

Remark 5.1. Therewith, Remarks 3.3 and 3.5 can be reformulated as
Re(nglr) <fn O and Re(Fp.") > 0,
respectively. %
The following result was shown in [25, Cor. 3.3].

Lemma 5.2. Let A1, As : X — X be two compact self-adjoint linear operators on a Hilbert space X
with scalar product (-,-), and let r € N. Then the following statements are equivalent:

(a) A1 < As
(b) There exists a finite-dimensional subspace V- C X with dim(V') <r such that

(A2 — A)v,v)y > 0 for allve V*:.

5.1 Dirichlet or Neumann obstacles

In the following we consider the case when either only Dirichlet or Neumann obstacles are present.
We discuss criteria to characterize the support of an unknown scattering obstacle D in terms of the
corresponding far field operator. To begin with, we discuss the case when only Dirichlet obstacles
are present.

Theorem 5.3 (Shape characterization for Dirichlet obstacles). Let Dy = 0, and let B, D; C R? be
open and Lipschitz bounded such that RY \ Dy is connected.

(a) If B C Dy, then Re(nglr) <sn —H5HpB.

12



(b)

If B¢ Dy, then Re(FS*) 4, —HpHp.

Proof. (a) Let B C D;. We define PgiDl : H%(OB) — H%(aDl) by Pgiile = w|gp,, where w €

H (R%\ B) is the unique radiating solution to the exterior Dirichlet boundary value problem
(2.3a)(2.3b) with D; replaced by B (and Dy = §)). Then P is a compact linear operator
by standard interior regularity results, and the uniqueness of solutions to the exterior Dirichlet
boundary value problem (see Lemma 2.1) implies that GUF = Gt Pj%li> p, - Recalling (3.5), this
shows that

Hp = Sp(PEp,)" Gl

Substituting the factorization (3.3) gives
dir * _ dlI‘ 1 * d1r dlI‘
Re(Fpy) + HgHp = -G 2(5D1 +5h,) — Pt p, SeSE* (PE%p,)" ) GB, -

Using Theorem 3.2 (d)-(e) we find that 1(Sp, + Sh,) is a compact perturbation of the self-
adjoint and coercive operator Sp, i, i.e.,

Re(FA) + HyHp = —GE (Sp,i + K)GE™
with some compact self-adjoint operator K. Accordingly,
(Re(FBY) + HyHp), ) < —allGB} ¥l5120p,) + (GDr ¢, KGB, )
for all ¢ € L?(S971), where ¢; denotes the coercivity constant of Sp, ; (see Theorem 3.2 (d)).
We define the subspace
Vo= span{w e L?(8471) G%ii*w is an eigenvector of K
associated to an eigenvalue larger than cl} .

The spectral theorem for compact self-adjoint operators shows that V' is finite dimensional.
Accordingly, .
(Re(FH") + HpHp)p, ) < 0 forally e V.

Let B ¢ D;. We suppose that there exists a finite dimensional subspace V C L2(S9~!) such
that

(Re(Fp™ ), ¢) < —(HpHpb, ) for all € VL. (5.1)

Again, using the factorization (3.3) we find that, for all p C V',

d1r dir * 2 < dir * 2
(Re(EE6 )] < 150, + S, IIGH VI, < CIGE WIE

for some C > 0, and on the other hand

* 2
(HHp, ) = [Hplly o

Substituting this into (5.1) and applying Theorem 4.1 gives a contradiction.

13



The following result for Neumann obstacles can be shown using similar arguments as in the
proof of Theorem 5.3.

Theorem 5.4 (Shape characterization for Neumann obstacles). Let D1 = ), and let B, Dy C R?
be open and Lipschitz bounded such that R\ Dy is connected.

(a) [fE C Dy, then HEHB <fin Re(ngu)‘
(b) If B ,q_ Do, then HEHB ﬁﬁn Re(ngu)‘

5.2 Mixed obstacles

Next we consider the general mixed case, i.e., when both Dirichlet and Neumann obstacles are
present. While the criteria developed in Theorems 5.3 and 5.4 determine whether a certain probing
domain B is contained in the support D of the scattering obstacles or not, the criterion for the
mixed case established in Theorem 5.5 below characterizes whether a certain probing domain B
contains the support D of the scattering obstacles or not.

Theorem 5.5 (Shape characterization for mixed obstacles). Let B, Dy, Dy C R? be open and
Lipschitz bounded. Assume that k* is neither a Dirichlet eigenvalue of —A in Dy and B nor a
Neumann eigenvalue of —A in Ds.

(a) IfD_l C B, then _HEHB <fin Re(Flr)nix).

(b) Suppose that R4\ (BU Dy U Dy) is connected and that 0Dy is piecewise C* smooth. If Dy € B,
then —HpHp %gn Re(FRX).

(c) If Dy C B, then Re(F&™) <g, HyHp.

(d) Suppose that R?\ (B U Dy U Dy) is connected and that 0Dy is piecewise C* smooth. If Dy € B,
then Re(FI™) £a, HyHp.

Remark 5.6. The results in Theorem 5.5 remain true in the special case, when Dy = () and
ngx = nglr, and also in the special case, when D; = ) and FB]iX = Fp". The corresponding
shape characterizations complement the results established in Theorems 5.3 and 5.4. O

Proof. (a) Let D; C B. It has been shown in [31, Lmm. 3.5] that

Re(Fp™) + HpHp = [(aﬁﬁm]* ([Igl —J\(f)l;j,i] +K> [(O%Dj

with some compact self-adjoint operator K, i.e., Re(F' Blix) + H5Hp is a compact perturbation
of a self-adjoint and coercive operator. This implies (a).

(b) Let R?\ (BU D; U Dy) be connected and let dD; be piecewise C' smooth. We suppose that
there exists a finite dimensional subspace V3 C L?(S9!) such that

—(H5Hpy, ) < (Re(Fp™)y,¢)  forally € Vi,
Combining Theorem 3.6 (a) with Theorems 3.2-3.4 (d)—(e), we find that
3 1 3 ixc ¥ i S i 0 mix*
Re(FR™) = (Fp™ + Fg™) = —ap( |2 +K )y
2 0  Np,;i

14



with some compact self-adjoint operator K. Accordingly, we define the subspace

Vo = Span{¢ € L2(Sd_1) | G%ix*qﬁ is an eigenvector of K

c
associated to an eigenvalue with absolute value larger than 51} ,

where ¢; denotes the coercivity constant of Sp, ; (see Theorem 3.2 (d)). The spectral theorem
for compact self-adjoint operators shows that Vo C L?(S%!) is finite dimensional, and thus
Vit Vst = (Vi + Vo) + # {0} because V; + V4 is finite dimensional as well. Using the restriction
operators Rp, and Rp, from (4.2), we find that, for all ¢ € (V4 + Va)*,

0 < (Re(FR™)y,9) + (HpHpy, ¥)
—((GB™*R},)Sp. i (GBR},, )", %) — (GB™ R}, )N, i(GB*R}, ), )
— (GBXKGB ", o) + (Hp Hp, )

mix* 2 mix* 2
—Clll(RDlG VI3 0pyy T VD2l (B0, GB™ )Ny o
mix* 2 2
SICB I Ly o I
_ L mix* 2 mix* 2
= 2H<RD10D W2y oy (INDaill + 5 ) 1B, GBSy e H B0y

Applying Theorem 4.5 with V = V; + V5 gives a contradiction.
(c) This follows again from [31, Lmm. 3.5].

(d) This can be shown proceeding similarly to the proof of part (b), and using Theorem 4.7 to
obtain a contradiction.

O

6 Numerical examples

We now work towards numerical implementations of the shape characterizations developed in Sec-
tion 5. The main issue here is that numerical approximations of the operators F' gllr, Fpot, F le, nd
Hp are necessarily finite dimensional. Accordingly, the question, whether suitable combinations of
these operators as considered in Theorems 5.3-5.5 are positive definite up to some finite dimensional
subspace, needs to be carefully relaxed to obtain reliable numerical algorithms. We present some
preliminary ideas in this direction, restricting the discussion to the two-dimensional case.

6.1 An explicit radially symmetric example

We illustrate the shape characterization results from Theorems 5.3 and 5.5 for the special case
of a single radially symmetric Dirichlet obstacle by an explicit example. Let Dy = (), and let
Dy = B,(0) C R? be the disk of radius r > 0 centered at the origin.

We first derive series expansions for the incident and scattered fields and use them to compute
the eigenvalue value decomposition of the far field operator nglr. The Jacobi-Anger expansion (see,
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g., 9, (3.89)]) shows that for each incident direction § = (cost,sint)’ € S! the incident field
satisfies

ul(z;0) = e*0 = Zi”e_i"¢”Jn(k\m])ei"t, z = |z|(cos ¢n,sin d,) | € R2.
neL
A short calculation yields that the scattered field is given by

u®(x;0) = —Zin% _1n¢zH (k:\x]) mt = ’x‘(COS(ﬁx,Sin(bx)T c Rz\D_l.
nel Hn (k)

Substituting the asymptotic behavior of the Hankel functions (see, e.g., [9, (3.82)]) into this expan-
sion we find that the far field pattern of u® is

24 H(l k e~ indzgint T = (cos ¢g,sing,) " € St
ne”L T

Let g € L*(S') with Fourier expansion g(6) = >, ., gm€e™, 6 = (cost,sint)" € S1. Then the
far field operator nglr 0 L2(S1) — L2(SY) from (2.5) satisfies

2m
d1r i(n+m)t —ings
4i———— </ gme( dt>e
S opape s

neZ meZ

n(k ;
- 28m—"@§ g
ne”L Hn (kr)
T = (cos ¢y,sing,) € S'. Accordingly, the eigenvalues and eigenvectors of nglr are given by
()\%7‘), Un)neZ with
n(k . 1. R .

7(](15 7) ; 0n(Z) 1= —==€"™" | T = (cosdy,sing,) €St (6.1)
Hy' (kr)

Now let B = Bpg(0) be the disk of radius R > 0 centered at the origin. Then the operator
HyHp : L?(SY) — L2(SY), where Hp is the Herglotz operator from (3.4), satisfies

A= 8

(s ) = [ ([ o0 as) )ato) asio)

(6.2)
— /Sl 27 RJo(kR|0 — ¢|)g(¢) ds(¢).

Here we used the integral representation of Jy (see, e.g., [34, 10.9.2]). Writing ¢ = (cos 7,sin7) and
substituting the Fourier expansion of g we find that

(HpHpg)(0) = 27R> _ gn / Jo(kR|0 — ¢)e™™ ds(¢) = 4m*R _ gnJ2(kR)e™
nez nez

(see, e.g., [9, (3.88)]). Accordingly, the eigenvalues and eigenvectors of the operator HiHp are
given by (17", vy )nez with
1

p = 4r?RJ2(kR), v (T) = Eein%, T = (cos ¢g,sindy) T € ST (6.3)
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Figure 6.1: Number of positive eigenvalues (left) and number of negative eigenvalues (right) Re()\g))
(dotted), uﬁf‘") (dashed), and Re(/\gf)) + uﬁf‘") (solid) within range n =0, ...,1000 as function of R.

From (6.1) and (6.3) we conclude that in the special case, when D; = B,(0) and B = Bg(0),

the eigenvalues and eigenvectors of Re(F gilr) + H}Hp are given by (Re()\g)) + ,u%R),Un)neZ with

In (k)Y (kr)

Re(A") + pulB) = S Am®RJ2(kR),
|Hy (kr)|? (6.4)
1 .
0 (Z) = ——=e%r T = (cos ¢y, sin ¢y) " € St

oy
Using the criteria established in Theorem 5.3 and Theorem 5.5 (a)—(b) we obtain that

(a) if R < r, then Re(F gilr) + H5Hp has only finitely many positive but infinitely many negative
eigenvalues, and

(b) if R > r, then Re(nglr) + HpHp has only finitely many negative but infinitely many positive
eigenvalues.

We illustrate how this can be utilized to reconstruct the radius of the scatterer D1 = B,(0) from
(r) (R)

observations of nglr by a numerical example. We evaluate the eigenvalues Re(\y,”), pn ~, and
Re()\g)) + ,uglR) with wave number k£ = 1, radius of the obstacle r = 4, and n = 0,...,1000 in

Matlab using the explicit formulas given in (6.1), (6.3), and (6.4). In Figure 6.1 we show plots of
the number of positive eigenvalues (left plot) and of the number of negative eigenvalues (right plot)
Re()\g)) (dotted), N%R) (dashed), and Re()\g)) + ,ugR) (solid) within the range n = 0,...,1000 as a
function of R.

As suggested by Theorems 5.3 and 5.5 there is a sharp transition in the behavior of the eigen-
values of Re(nglr) + HjHp at R = r = 4, which can be used to estimate the value of 7. In these
plots the contribution of the operator Re(nglr) dominates in the superposition Re(F gilr )+ HpLHp as
long as R < r (i.e., B C Dy), while the contribution of the operator Hj;Hp dominates when R > r
(i.e., Dl - B)
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Figure 6.2: Same as Figure 6.1, but with § = 0.01 instead of § = 0.

Using asymptotic expansions for Bessel functions for large order (see [34, 11.19.1-2]) we find
that

Re(A) = —477(%)2” and (R) — 27‘(’%(%)2” as n — 0o.
Accordingly, both sequences (Re(/\g)))nez and (M%R))nez decay rapidly once the value of |n| is
sufficiently large. Since eigenvalues below some threshold are rounded to zero in Matlab, and since
the eigenvalues M,(ﬁ) are on average increasing with respect to R, this explains the increasing but
somewhat low numbers of positive eigenvalues of HzHp in the left plot in Figure 6.1. A similar
reasoning explains the seemingly low numbers of negative eigenvalues of Re(nglr) in the right plot
in Figure 6.1.

In practice the far field data will usually be corrupted by measurement errors, and it will not
be possible to compute the eigenvalues of Re(nglr ) + HiHp with very high precision, as done
in this example so far. To see how this influences the numerical results, we repeat the previous
computations but consider only those eigenvalues that are larger than a threshold § = 0.01. For
comparison, we note that the largest eigenvalue of Re(F gilr) in this example is Re(/\g)) ~ 11.03. In

Figure 6.2 we show plots of the number of positive eigenvalues Re(/\g)) (dotted), M,QR) (dashed),

and Re()\sf)) + M%R) (solid) within the range n = 0,...,1000 that are larger than o (left plot) and
of the number of negative eigenvalues that are smaller than —4§ (right plot) as a function of R. The
transition in the behavior of the eigenvalues of Re(F gilr) + HpHp at R = r = 4 is not nearly as
pronounced as before. However, a rough estimate of r would still be possible by visual inspection

of these plots, in particular from the plot on the right hand side of Figure 6.2.

6.2 A sampling strategy for Dirichlet or Neumann obstacles

In the special case, when only Dirichlet obstacles are present, the number of positive eigenvalues of
Re(nglr ) + HyHp can be utilized to decide whether a probing domain B C R? is contained in the
support of the scatterer Dy or not. We discuss this approach in the following and comment on the
special case, when only Neumann obstacles are present at the end of this section.
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Let Dy = 0, and let D; C R? be open and Lipschitz bounded. We assume that far field
observations u® (Zy; 6,,,) are available for N equidistant observation and incident directions

Z1,0m € {(cos ¢, singy,) € S* | ¢ = (n—1)27/N, n=0,...,N — 1}, (6.5)
1 <Il,m < N. Accordingly, applying the trapezoid rule to (2.5), we find that the matrix

: 27 ~
Fp! = @ 0m)hi<imen € VY (6.6)

approximates the far field operator F' gilr. Assuming that the support of the scatterer Dy is contained
in the disk Br(0) for some R > 0, we require

N > 2R, (6.7)

where as before k denotes the wave number, to fully resolve the relevant information contained in
the far field patterns (see, e.g., [17]).
We consider an equidistant grid of points

A = {zj = (ih,jh) | —J <i,j < J} C [-R,R)? (6.8)

with step size h = R/.J in the region of interest [—R, R]%. For each z;; € A we consider a probing
operator Hy Hp,; with Bij = By (zij). Applying the trapezoid rule to (6.2) we find that for each
zi; € A this operator is approximated by the matrix

2T ke (6m—t) 7 (KD NxN
TBiJ’ = N mhe'"% JO(?‘em — 91’)} < lm<N eC . (6.9)
Therewith, we compute the eigenvalues )\gij ), e ,)\g\ifj ) € R of the self-adjoint matrix
AF = Re(FpY)+Tp,;, —J<ij<J. (6.10)

For numerical stabilization, we discard eigenvalues with absolute values smaller than some
threshold. This threshold depends on the quality of the given far field data. If there are good
reasons to believe that A%iirj is known up to a perturbation of size 6 > 0 with respect to the spectral
norm, then we can only trust in those eigenvalues with magnitude larger than ¢ (see, e.g., [15,
Thm. 7.2.2]). To obtain a reasonable estimate for d, we use the magnitude of the non-normal part
of nglr, i.e., we take § = H(nglr)*nglr — nglr(nglr)*Hg, since this quantity should be zero for exact
data and be of the order of the data error, otherwise.

The characterization of the support of Dirichlet obstacles in Theorem 5.3 suggests that we count
for each sampling point z;; € A the number of positive eigenvalues of A%}fj. We define the indicator
function Igir : A = N,

Liin(zij) = #A) | AD > 5 1<n< N}, —J<ij<J. (6.11)

Theorem 5.3 suggests that Ig;, admits smaller values at test points z;; inside the obstacle than for
test points outside of D;.
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Figure 6.3: Exact shape of Dirichlet obstacle (left). Visualization of indicator function Ia;, for two different
wave numbers k = 1 with N = 32 (middle) and k = 5 with N = 128 (right).

k=1,N=32 k=5N=128
10 10 2 10 7
0 0 0
5 5 5
-10 -10 1 -10 6
-10 5 0 5 10 -10 -5 0 5 10 -10 -5 0 5 10

Figure 6.4: Same as in Figure 6.3, but with 0.1% complex-valued uniformly distributed error on far field
data.

Example 6.1. We consider a single Dirichlet obstacle that has the shape of a kite as sketched in
Figure 6.3 (left), and simulate the corresponding far field matrix F' gilr € CNXN for N observation
and incident directions as in (6.5) using a Nystrom method for a boundary integral formulation of
the scattering problem (2.2) for two different wave numbers £ = 1 (with N = 32), and for k = 5
(with N = 128) in accordance with the sampling condition (6.7).

In Figure 6.3 we show color coded plots of the indicator function Iy from (6.11) with threshold
parameter § = 107 (i.e., the number of positive eigenvalues of the matrix A%i:j from (6.10) that are
larger than § = 107! evaluated at each grid point z;; € A) in the region of interest [—10, 10]> C R?.
The sampling grid A from (6.8) consists of 2J 4+ 1 = 201 grid points in each direction.

The number of positive eigenvalues of the matrix Ad“} increases with increasing wave number,
and it is larger at test points z;; sufficiently far away from the support of the scatterers than at test
points z;; inside, as suggested by Theorem 5.3. The lower value always coincides with the number of
positive eigenvalues of the real part Re(FT, dir) of the far field matrix from (6.6) that are larger than
the threshold 6. The total number of eigenvalues of ACllr , 7 =1,...,J, whose absolute values are
larger than 0 is approximately (on average over all grid points) 24 (for k= 1) and 50 (for k = 5).

Depending on the wave number, the lowest level set of the indicator function Ig; nicely approx-
imates the support of the scatterer.

The reconstruction algorithm is rather sensitive to noise in the far field data. To see this, we
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Figure 6.5: Exact shape of Neumann obstacle (left). Visualization of indicator function Ie, for two different
wave numbers k = 1 with N = 32 (middle), and k = 5 with N = 128 (right).

repeat the previous computation but add 0.1% complex-valued uniformly distributed error to the far
field matrix F' gilr that we simulate using the Nystrom method. We estimate the non-normality error
of the corresponding scattering operator and accordingly we choose § = 0.1 for the threshold in the
reconstruction algorithm. In Figure 6.4, we show color coded plots of the indicator function Ig;, from
(6.11) for wave numbers k = 1 (with NV = 32), and for £ = 5 (with N = 128). The total number
of eigenvalues of Adiirj7 j=1,...,J, whose absolute values are larger than 0 is approximately (on
average over all grid points) 8 (for k£ = 1) and 22 (for k£ = 5).

The reconstruction for k = 5 is better than the reconstruction for £ = 1 because more eigen-
vectors are stably propagated into the far field for larger wave numbers (the number of eigenvalues
with absolute values above the threshold § increases with k). However, despite the low noise level,
the shape of the obstacle is not reconstructed very well. O

If only Neumann obstacles are present, i.e., D; = () and Dy C R? is open and Lipschitz bounded,
then we use the corresponding far field matrix Fp°" € CN*N asin (6.6) and the matrix T'g, ; € CNxN

from (6.9) to compute for each sampling point z;; € A the eigenvalues )\gij ), e ,)\%j ) € R of the

self-adjoint matrix
By = —(Re(Fp3") — Tsy), —J <i,j<J.

The characterization of the support of Neumann obstacles in Theorem 5.4 suggests that we count
for each sampling point z;; € A the number of positive eigenvalues of A%e; We define the indicator
function Ihey : A — N,

Lien(zij) = #D9) |AWD) > 5 1<n< N}, —J<ij<J. (6.12)

Theorem 5.4 suggests that Ip,c, admits smaller values at test points z;; inside the obstacle than for
test points outside of Ds.

Example 6.2. In the second example, we consider a Neumann obstacle that has the shape of a
peanut as sketched in Figure 6.5. We simulate the corresponding far field matrix Fp" € CN*N for
N observation and incident directions using a Nystrom method for a boundary integral formulation
of the scattering problem (2.2) for two different wave numbers k = 1 (with N = 32), and for k =5
(with N = 128).
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In Figure 6.5 we show color coded plots of the indicator function e, from (6.12) with threshold
parameter § = 1074 in the region of interest [—10, 10]2 C R2. The equidistant rectangular sampling
grid on the region of interest from (6.8) consists of 201 grid points in each direction.

Again, the number of positive eigenvalues of the matrix Ap,; increases with increasing wave
number, and it is larger at test points z;; sufficiently far away from the support of the scatterers
than at test points z;; inside, in compliance with Theorem 5.4. The lower value always coincides
with the number of negative eigenvalues of the matrix Re(Fp.") that are smaller than the threshold
—8 = =107, The number of eigenvalues of A%‘i?, j=1,...,J, whose absolute values are larger

than § = 107! is approximately (on average over all grid points) 25 (for k = 1) and 55 (for k = 5).
Depending on the wave number the support of the indicator function I, approximates the
support of the scatterer rather well. %

6.3 Separating mixed obstacles

We return to the general mixed case, i.e., when both Dirichlet and Neumann obstacles are present.
While the algorithm developed for Dirichlet or Neumann obstacles in the previous subsection de-
termines whether a sufficiently small probing domain B is contained inside the support of the
unknown scattering obstacle D or not, the shape characterization for mixed obstacles established
in Theorem 5.5 describes whether a sufficiently large probing domain B contains the support D
of the scattering objects or not. A corresponding numerical algorithm that implements a similar
criterion for the inverse conductivity problem has recently been proposed in [13|. However, since in
contrast to the inverse conductivity problem, the monotonicity relations in Theorem 5.5 only hold
up to certain finite dimensional subspaces of unknown dimension, an extension of the reconstruction
algorithm from [13] to the mixed inverse obstacle problem is not straightforward.

In the following we consider a reduced problem, and utilize Theorem 5.5 to develop an algorithm
to recover the convex hulls of the Dirichlet obstacle D and of the Neumann obstacle Dy separately.
We treat the Dirichlet part first, and comment on the Neumann part below. The idea is to consider
a sufficiently large number of probing disks B = Bg(z) C R2, where for each center z € R? the
radius R > 0 is chosen as small as possible but such that B still completely covers D;. Intersecting
those disks then gives an approximation of the convex hull of Dy. To determine the optimal radius R
for each of these disks, we use Theorem 5.5, which (under some additional assumptions) says that

(a) if Dy C B, then Re(F2X) + HjHp has only finitely many negative eigenvalues, and
(b) if Dy € B, then Re(F3) + HjHp has infinitely many negative eigenvalues.

Example 6.3. We consider a kite-shaped Dirichlet obstacle and a peanut-shaped Neumann obstacle
as shown in Figure 6.6 (left). We simulate the corresponding far field matrix Fgix € CN*V
analogous to (6.6) for wave number k = 1 and N = 64 observation and incident directions using a
Nystrom method for a boundary integral formulation of the mixed scattering problem (2.2).

To begin with, we fix the center z = (15,0) of a single probing disk B = Br(z) and evaluate
the matrix

mix,+ __ mix
ABR(Z) = Re(FD )—I—TBR(Z)

on a whole interval of radii 0 < R < 40. Here the matrix Ty, € CN*N is defined analogous to
(6.9). As in our previous examples we choose a threshold parameter § = 1074, and in Figure 6.6
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Figure 6.6: Left: Exact shape of mixed obstacles (solid), smallest disk around z = (15,0) containing the
Dirichlet obstacle (dashed). Right: Number of negative eigenvalues of AE;X(’;F) smaller than —§ = —107* as

function of radius R (solid), smoothing spline (dotted), estimated radius of smallest disk around z = (15,0)
containing Dirichlet obstacle (dashed).

Amix,—i—

that are smaller than —§ as a function
Br(z)

(right) we show the number of negative eigenvalues of
of the radius R (solid).

We observe a similar behavior as for the concentric disks studied in Section 6.1 (cf. the plots
on the right hand side of Figures 6.1 and 6.2). The number of negative eigenvalues of AIE:(;F)
decreases with increasing R until it becomes stationary up to small oscillations around R =~ 18. Our
theoretical results suggest that radius R, where this transition from decreasing to almost stationary
appears, corresponds to the radius of the smallest disk that still completely covers the Dirichlet
obstacle D;.

To evaluate this transition numerically, we fit a smoothing spline curve through the number of
negative eigenvalues of Agg((:') as shown on the right hand side of Figure 6.6 (dotted). We determine
the point of maximum signed curvature of this smoothing spline and use the corresponding value
of R as approximation of the radius of the smallest disk around z that still completely covers the
Dirichlet obstacle Dy. On the right hand side of Figure 6.6 the result of this strategy is shown as a
dashed vertical line, and the corresponding disk Bg(z) is shown on the left hand side of Figure 6.6

(dashed). O
Similarly, for the Neumann obstacle Theorem 5.5 says that

(¢) if Dy C B, then —(Re(FRX) — HjHp) has only finitely many negative eigenvalues, and

(d) if Dy € B, then —(Re(F8*) — H5Hp) has infinitely many negative eigenvalues.

Introducing

At = —(Re(FE™) = Tpy))

we can proceed as in Example 6.3 for the Dirichlet obstacle to determine minimal radii of probing
disks Br(z) containing the Neumann obstacle.

Example 6.4. We continue with Example 6.3 and pick 16 evenly spaced points z1,...,216 on a
circle of radius 15 around the origin, which are shown as solid pluses in the two plots on the right
hand side of Figure 6.7. The points zy, £ = 1, ..., 16, are the centers of 16 probing disks that are used
to approximate the convex hulls of the Dirichlet obstacle and of the Neumann obstacle separately.
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Figure 6.7: Exact shape of mixed obstacles (left). Visualization of reconstructions of convex hulls of Dirichlet
obstacle (middle) and of Neumann obstacle (right) for k = 1 (with N = 64).

20 20

-10 -10

-20 -20
-20 -10 0 10 20 -20 -10 0 10 20

Figure 6.8: Same as Figure 6.7 but with three obstacles.

For each center z; we estimate the radii Rgir and R} of the smallest disks Bpair(2¢) and Bppeu(2¢)
centered at z, that completely cover the Dirichlet obstacle and the Neumann obstacle, respectively.
These estimates are obtained as described in Example 6.3. Therewith we compute approximations

16 16
¢ = () Bpge(ze)  and 6" = ] Bryes (1)
=1 =1

of the convex hulls of Dy and of Do, respectively. The results are shown in Figure 6.7 (middle and
right). O

Example 6.5. We consider another example with two Dirichlet obstacles (kite-shaped and peanut-
shaped) and one Neumann obstacle (an ellipse) as shown in Figure 6.8 (left). We simulate the
corresponding far field matrix FIU* € CN*N for wave number k = 1 and N = 64 observation and
incident directions using a Nystrém method, and we apply the reconstruction scheme to approximate
the convex hulls of the Dirichlet obstacles D; and of the Neumann obstacles Dy with the same
parameters as in the previous example. The reconstructions €4 and €™ are shown in Figure 6.8

(middle and right). O

Further numerical experiments show that this algorithm is also very sensitive to noise in the
data.
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Conclusions

Locating and estimating the shape of scatterers based on far field observations is a basic problem in
remote sensing. In this work we have established a monotonicity based shape characterization for
a mixed inverse obstacle scattering problem. Using this technique we have shown that the shape of
Dirichlet and Neumann obstacles are uniquely determined independently by the corresponding far
field operator without additional a priori information. Numerical examples have been presented to
illustrate the potential and limitations of applications of these theoretical results in reconstruction
algorithms. However, the question of how to apply the novel monotonicity principles in an efficient
and robust shape reconstruction algorithm for mixed inverse obstacle problems requires further
research efforts.
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