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Abstract We derive a weak form of the finite-element/boundary-element coupling for the Maxwell
transmission problem coupled to the LLG equation via convolution quadrature. This allows us to show
existence of weak solutions and well-posedness of a numerical algorithm with only minimal assumptions
on the regularity of solutions.
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1 Introduction

This work deals with the coupling of finite element and boundary element methods to solve the system
of the Maxwell equations in the whole 3D space coupled to the Landau-Lifshitz-Gilbert equation (LLG),
the so-called MLLG system or equations.

The LLG equations serve as an important practical tool and as a valid model of micromagnetic
phenomena occurring in, e.g., magnetic sensors, recording heads, and magneto-resistive storage device [23,
30, 38]. Classical results concerning existence and non-uniqueness of solutions can be found in [5,41]. In
a ferro-magnetic material, magnetization is created or affected by external electro-magnetic fields. It
is therefore necessary to augment the LLG equations with the Maxwell system; see e.g. [19,29,41].
Existence, regularity and local uniqueness for the MLLG equations are studied in [18,17].

While in many applications, the quasi-static approximation of the Maxwell system, i.e., the eddy-
current equations yield sufficiently accurate results, recent breakthroughs in ultrafast magnetism will
require the full Maxwell system to be modeled correctly. In this emerging field of research, femtosecond
laser pulses are used to switch the magnetization of ferromagnetic materials in order to improve the speed,
density, and stability of magnetic hard drives, with possible implications for the field of spintronics [24].

Numerical approximation methods are known for many variants of simpler versions of the MLLG
system, i.e., for the LLG, ELLG (eddy-current LLG) equations [2,4,10,11,19,31,32] (the list is not
exhausted), and even with the full Maxwell system on bounded domains [7,8].
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Originating from the seminal work [2], the recent works [31,32] consider a similar numeric integrator
for a bounded domain. While the numerical integrator of [32] treated LLG and eddy current simultane-
ously per time step, [31] adapted an idea of [8] and decoupled the time-steps for LLG and the eddy current
equation. The recent work [21] considers a finite element/boundary element coupling discretization for
the ELLG system and even derives strong error estimates.

The present work studies the full MLLG equations on the whole R?. We build on the tangent plane
scheme introduced in [2] to propose a numerical algorithm which couples finite elements in the magnetic
domain with convolution quadrature boundary elements for the unbounded exterior domain. This is
inspired by the work [28], which derives a coupling based on convolution quadrature in the exterior
domain for the Maxwell equations.

The discretization of the Maxwell equations on the whole space via finite-element /boundary element
coupling has the advantage that there are minimal restrictions on the shape of the interior domain
(as opposed to other methods such as nonlocal boundary conditions on balls [25,26], local absorbing
boundary conditions [20,27], perfectly matched layers [13]).

The heart of the work is to show that convolution quadrature coupled to the non-linear LLG equations
can be reformulated in a weak sense with minimal assumptions on the regularity of the data (see also [35]
where convolution quadrature is analyzed in the time-domain in a variational setting). This inspires a
numerical algorithm which is shown to converge towards a weak solution in a weak sense. Based on recent
strong convergence results [21,22,1], the authors are confident that also the present algorithm exhibits
strong convergence behavior in case of more regular solutions.

The remainder of the work is structured as follows: In Section 2, we derive the boundary integral
equations necessary to reformulate the exterior part of the Maxwell system. We also derive the weak form
and show uniqueness of a part of the solution. In Section 3 we propose a numerical algorithm of which
we show convergence towards a weak solution in Section 4. Some numerical experiments in Section 5
conclude the work.

1.1 The Maxwell-Landau-Lifshitz-Gilbert system

Let £2 C R? be a bounded, open Lipschitz domain with piecewise smooth boundary and T > 0. By S2,
we denote the unit sphere in R3. We seek a magnetization

m:[0,T] x 2 — S

and electric and magnetic fields
E,H:[0,T] x (R*\002) - R?

that satisfy the Maxwell-Landau-Lifshitz-Gilbert (MLLG) equations

oom —amx Om+Cem X Am = —-m x H in 27 :=(0,T) x £, (1.1a)
e E—-VxH+ocE=—-J in 07, (1.1b)
o H +V X B = —pdym in 27 (1.1c)
and
0 E-VxH=0 in(0,T)x 2°, (1.1d)
o H +Vx E=0  in (0,7T) x 127, (1.1e)

with the transmission conditions (for n being the outward pointing normal vector on 912)

E-xn=Etxnand H- xn=H" xn on[0,T] x 012, (1.1f)
the boundary condition
Opm =0 on[0,T] x 002 (1.1g)
and the initial conditions
m(0,-) =m®,  E(0,)=E°, H(0,-)=H’in (1.1h)



and B
E(0,)=0, H(0,)=0in 0" (1.1i)

If we assume the given data to satisfy
|m° =11in 2, div(H° +m°) =0in 2, div(E®) =0in 2 and
div(J)(¢,-) = 0in £ for all ¢ € [0, T,
then we have |m| = 1 and div(H + m) = div(E) = 0 in £ and div(H) = div(E) = 0 in £2° for all
t > 0. The applied current density J : (0,7) x £2 — R3, the electric and magnetic permeability matrices
g, : £2 — R3*3 and the conductivity of the ferromagnetic domain o : 2 — R3*3 are considered given
data. Outside of the domain {2, the material parameters are assumed to be scalar and constant:
p=po, €=co, 0=0.

As the Maxwell equations are formulated on the whole space R, we are not able to apply a standard
finite element discretization to discretize the problem in space. As in [28], we reformulate the Maxwell
equations on 2°toa problem on the boundary I" := 0f2. The main innovation in the present work is that
we derive a rigorous weak form of the problem and show existence of solutions with minimal regularity
assumptions.

2 Boundary Integral Equations and Weak Solutions

The goal of this section is to reformulate the Maxwell problem into a coupled problem of differential
and integral equations, to define a corresponding weak solution and to study their properties concerning
equivalence and uniqueness.

2.1 The Trace Space

We shortly repeat the definitions of the most important function spaces required in the following. Let
m,n €N, 2 C R™ Lipschitz and T > 0. We define the standard L2-space of square integrable functions

L*(£2) := L*(2,R") := {v : 2 = R" | v measuarable and / lv(z)|* dz < oo},
0

where we denote the L2-product by [-, -] and for m =n =3
H(curl, 2) := {v € L*(2) |V x v € L*(2)},
H(curl, 7) := {v € L*(27) |V, x v € L*(27)},
H'(curl, 27) == {v € L*(2r) | 00,V x v € L*(027)}.

The spaces are equipped with their natural norms. We define the space H*([0,T]) of k- times weakly
differentiable functions and we furthermore define additional initial conditions in the sense

HE([0,T]) := {¢ € H*([0,T])| ¢(0) = - - = 0 " p(0) = 0}

and

HEo(10,T]) == {¢ € H*([0,T]) | ¢(T) c= 09 'p(T) =0}
The latter definitions are also used for Hilbert space valued functions and in this case we write H ([0, 7], X),
for an Hilbert space X. We define the tangential trace for w € C(£2) as

YTW =W XN,

where n is the outward pointing normal vector on 0f2. Note that this definition can be extended contin-
uously to H(curl, §2).

For the boundary integral formulation, we require a particular trace space from [15]. We keep the formal
definition short and focus on the properties.



Definition 1 (Trace space, cf. [15]) We define the trace space
Hr = {w €y (H'(2)) |divpw € H_l/Q(F)}

with the norm
||w||3-tp = ”wH?yT(Hl(Q))’ + ||diVFw||?q—1/2(p)~

The following properties hold true.

— yr : H(curl, 2) — Hp is continuous and surjective (cf. [15, Theorem 4.1]).
— The anti-symmetric pairing

<wmﬁﬁiﬁwmn)v¢ﬁiﬁfmxvyn®

forw,v € L3(I")® can be extended to a continuous, antisymmetric bilinear form on Hr. The boundary
space Hr is its own dual with respect to (-,-)r (cf. [16, Theorem 2] and [28, Section 2.1]).
— For w,v € H(curl, £2) it holds [V x v,w]n — [v,V x w]no = —{(yrv,yrw)r. (cf. [28, Section 2.1])

Note (-, ) is not the Hilbert space scalar product on H, however we may define the corresponding
adjoint T* of an operator T: Hy — Hp as well as weak convergence with respect to (-,-)r (which
coincides with ordinary weak convergence in H ).

2.2 Reformulation of the System

In this section, we transform the Maxwell system on 2° into a problem on the boundary I' := 0{2.

At first, we look at the exterior problem for given boundary values v E?, vy H*. We start with a formal
derivation and ignore the precise smoothness requirements for the moment. Given the exterior part
E,H :[0,00) x 2° = R3 of a solution of (1.1), we consider the corresponding second order problem

co0@?E+V XV XE=0 in(0,00) x 2°,
E(0,)=0  in §2°,
OEW0,)=0 in 2,
yrE = ~y7E? in [0,00) x I,
t
/ yr(V x E)(r,-) dr = —poyr H'(t,-) in [0,00) x I.
0

We set U := L(FE), where £ is the Laplace transform. With the properties of the Laplace transform
from Example 39 in the Appendix, we have L(0?E)(s) = s2L(E)(s) as well as

K 1
(0;'E) (1) ::/ E(r)dr=L"" (U(s)) (t).
0 S
We fix s € C and look at the corresponding time-harmonic equation for U, i.e.,
copos?U +V XV xU=0 in 2
’}/TU = AT in F, (2.1)
’}/NU = AN in F,

with A7 = L(4y7E?), ywU 1= s 70(V x U) and Ay = L(—poyrH?). Now, [16, Theorem 8] shows that
U is a solution to (2.1) that fulfills the Silver-Miiller radiation condition if and only if

ANy _ 1 (Ar an =8(s)(— s)(—
B ) = 5 () and U= S)(-Aw) + D)) (22

Here B(s) is the Calderon operator

o (GEEVE) K
6=t (VR i i) 9



with the boundary integral operators

V(s) = iviocof{vr o S(s)} = (iv/hogo) ™ {w o D(s)},
K(s) ={{rr o D(s)} = fyw 0 S(s)}}-

We use the average
foru} = (vpu+y7u)/2

as well as the electric single layer potential for z € R3\ I”

(S(s)p) (7)== s /F G(s,z —y)p(y)dy — s‘liv /F G(s,z —y)divre(y)dy

and the electric double layer potential
(D(5)¢)() = x [ Gloo = v)ely) dy,
r

where the fundamental solution G(s, 2) is given for z € R?\ {0}, as

e~ SVEoka|z]

47 |z|

G(s,2) =

Applying the inverse Laplace transform to (2.2) and inserting Ay = L(yrE?), Ax = L(—poyrH?), we

obtain (in a formal sense) that (E, H) is the exterior part of a solution of (1.1) if and only if

E = 8(0:)(oyrH') + D(3)(—yrE’)  in (0,00) x £2°,

1 —e
H=-—0;'"VxE in(0,00) x 2",
Ho

poyr H' 1 < VB’ > :
B(9, = — ) in [0,00) x I,

( t)(—VTD) 2p10 \poyr H* 0,c0)
Here §(0;), D(0;), B(0;) are defined via

B(dy)u := L7 (B(s)Lu) := L (s = B(s)L(u)(s)).

(2.4)

Note that the first two formulas in (2.4) are representation formulas for the exterior solution and the
last one is a compatibility condition for ypE* and ypH*. Consistency with the interior solution of (1.1)

demands yrE*(0,z) = 0 and y7H*(0,2) = 0 for all z € I

2.3 The Calderon Operator

We look at the Calderon operator B(s) in more detail. An important property that we will use later, is

the positivity of the Calderon operator.

Lemma 2 (Coercivity Lemma, cf. [28, Lemma 3.1]) There exists 8 > 0 such that the Calderon

operator satisfies

%<<z),3<s>(z)>F > Bm(s) (como) ~ls~pll3, + s~ I3, )

for Rs > 0 and all ,v € Hr, with m(s) = min(1, |s|%eopo)Rs.
Lemma 3 (cf. [28, Lemma 2.3]) For Rs > € > 0 the Calderon operator
B(s): (Hr)* = (Hr)?

satisfies
1B(5)élly,. < C(©) |58,

for ¢ € (Hr)2.



The properties of the Laplace transform (Lemma 43) show for a family of suitably bounded operators
A(s)

L7 (A(s)Lo) = L7 (A(s)) * ¢, (2.5)

where * denotes convolution. As we only have | B(s)|| < Cs?, we cannot conclude that £~1(B(s)) exists,
however for m > 3,

e+100
B (t) := L7 (s + B(s)s™™)(t) = ! / eStsT™B(s)ds

2mi €—100

exists for all ¢ > 0 and is a continuous and bounded function on [0, T].
For m € N and ¢ € Hy", ([0, 00), H})

L7 (s s™L(D)(5)) = " 0.
Therefore it holds for m € N, m > 3 with (2.5)
LTHB(s)L(9)(5))(t) = (L7 (s = B(s)s ™) x L7 (s = L(9)(5)s™)) (1)
= [ Bat)@r o)) ar
= B0 6(0) + 0, | B (ol ~ 1) dr
0

- a;n/O Bon ()t — 7) dr,

which says
B(0:)¢ = 0" (Bm * ¢). (2.6)

For the following considerations, we fix some m € N with m > 3. Moreover, we consider the operator

t
oy tu(t) == L1 (s7'L(w)) (t) = / v(s) ds = (1 xv)(t).
0
Note that this operator commutes with B(9;) (for ¢ as above) in the sense

0y 'O By % ¢ = 0"0; ' By % ¢ = 0" By % 07 9.

2.4 Definition of Weak Solutions
We multiply the LLG equation (1.1a) with a smooth test function p and use 9, m = 0 on I" to obtain

[Am x m, plo = [Vm x p,Vm]g — [Vm x m,Vplo + [m X p,0,m]|p
= —[Vm x m,Vp|n.

We arrive at the following definition.

Definition 4 We consider a solution of the MLLG equations, i.e. (m, E, H) that satisfies

—m € H'(Qr) with |m| = 1 almost everywhere, m(0,") = m®

p € C®(N27) we have

in the sense of traces, and for all

[Oim, play, —afm x Oym, pla, = —Ce[Vm x m,Vpla, + [H X m, plo,.



— E,H € L*(2r) such that 0, ' E,0; *H € H(curl, 27) and
e(E—-E% -~V x (0;'H) + 00, 'E = -0, 'J in L?(02r7),
w(H — H) +V x (0, E) = —pu(m —mP) in L*(02r)

as well as By, x (“fz;((g{llg))) € Hy".([0,T],Hr) with

mT(a;lH))_ 1 (w(@flE))
—r(0; 'E) poyr(0; " H)

" 2u0
For the following convergence analysis, we require an alternative definition of weak solutions for which
we introduce the notation

0" By, * ( in L*([0,T], Hr).

T
(0, )y ::/0 (o, ) dt

for suitable functions ¢, 1.

Definition 5 The functions (m, E, H, ,1) are a weak solution of the MLLG equation if:

— m € HY(2r) with |m| = 1 almost everywhere, E, H € L*(Q2r) such that 9; 'E,0; 'H € H(curl, 2r)
and ¢, € L2([0,T], Hr).

— For all p € C*(027), all (g, (y € C®(N27) with (g(T) = Cu(T) =0 and all v,w € yp(C>®(N27)) N
H'3H([0,T), Hr) we have

[atmvp]QT - a[m X Oym, p]QT = _Ce[vm X m, Vp]-QT + [H X m, p]QTﬂ
_[EEvatCE]QT - [EE()aCE(Ov )]Q = _[v X (ang%atCE]QT - [O—E + J? CE]QTv
—[uH, ¢l or — WHO, Cu(0,)] 2 = [V % (8; 'E), 0ular — [1Oim, Culor, (2.7)

o o () mm (2)), =g (o) (),

— It holds m(0,-) = m° in the sense of traces.

2.5 Equivalence and Uniqueness

Theorem 6 If (m,E, H) is a solution in the sense of Definition 4, then
(m7 E7 Ha u07T8;1H7 _’YTa;lE)

is a solution in the sense of Definition 5. If (m, E, H,(,Z?,’l[)) is a solution in the sense of Definition 5,
then (m, E, H) is a solution in the sense of Definition /.

Proof Step 1: Let (m, E, H) be a solution in the sense of Definition 4. We multiply the Maxwell part
of Definition 4 with the respective test functions of Definition 5. Integration by parts in time gives the
equations stated in Definition 5. We introduce the variable ¢ = poyrd; "H for the tangential trace of H
as well as ¢ = —y78; 'E for the tangential trace of E. For b = 0, (2) € H7([0,T], HF) we integrate by

parts m times in time to obtain with a = (f)

P
(0,07 (B % @) = — (010,07 (B ), + [(0.0" (B a)) ]
= — (0,07 B+ @), = o+ = (=1)"™ (0", (B @),

Thus we have a solution in the sense of Definition 5.

Step 2: Now let (m, E,H,p,v) be a solution in the sense of Definition 5. The interior Maxwell
parts of the Definition 5 and Definition 4 are equivalent via integration by parts in time (note that in
Definition 4 all the terms of the interior Maxwell part are zero at ¢t = 0). We will prove below that the

operator
. 1 0 —-o9;™
20 = (555 (o 5 )+ 2o)



is almost a projection in the sense

v 1 —w 1 [(—w v
— g forall — _ . 2,
200(y) = (V) e 5 (V) =a00(y) @)
. . . . —m 'E N . .
Integration by parts in the last equation of Definition 5 shows that ﬁ&t (M’OY’T‘;T b1 +;) is in the range of

Q(9:). Hence (2.8) implies

1 7T8‘1E> _ (uowa‘lH)
78 2m< 6 a t
po poyrd; 'H (6) —yr0; 'E

1 o7'E o7 'H
_ 8t2m< T t_l ) + By %0y (NO'YT ) >
2p0 poyrd, ~H Y10, " E

Differentiation in time leads to the boundary integral equation in Definition 4.
It remains to show (2.8). To that end, we use the definition of @ and obtain for v,w € L2([0,T],Hr)

2@)(y) = (55 (1 0) 7+ mo0) (i)
(g () e (M i) )(60)
- (3070 A M) (<L)
e () () ()

In [16, Equation (35)] it is shown that

(B

is a projection. Hence, the above together with Lemma 47 and Lemma 49 conclude (2.8). This concludes
the proof.

Theorem 7 The interior Mazwell part of a solution in the sense of Definition 5 is unique, i.e. if there
is an m such that (m, Ey, Hy, 4,51,1[)1) and (m, Ea, Ha, @2,1/;2), both solutions in the sense of Definition 5,
then it holds

(Eq, Hy) = (E2, Ha).

Proof Assume, that there exist two solutions in the sense of Definition 5. By Theorem 6, we have that
(m,El,Hl,uovTﬁlel, —’yT8;1E1) and (m,E27H2,NO’yTa;1H27 —’yT8;1E2) are solutions in the sense
of Definition 5. The difference U := 9; Y(E' — E?), V := 8; ' (H" — H?) fulfills

(U, V) € H*(curl, 27) x H*(curl, 2r)

and for all
Ce,Cu € C(02r) with (p(T) = (u(T) =
and all
v,w € yp(C(N7)) N H,%Jrl([o, T),Hr)
it holds
8m+1 V
EOUDCE)r + 10V, 0iCrl ar + ()™ (01 ") By x (M7
o w U )/
1 ) ' U 29)
:VX‘/,a T Uva T_VXUaa T 5 t’U)’('yT >>
9 5 V:0elar — [0V, 8l ~ [V x Uaicula, - 5= { (5).( 770,



Moreover it is U(0) = 0 and V(0) = 0 in L?(£2) in the sense of traces. By a density/limit argument, since
all quantities are bounded in L?(£27) or L?([0,T], Hr), respectively, we are able to test with

(e = (D) ™, Om = (D) ™Cu,  Owi= (D)0,  duw = (D) ™, (2.10)

where

T
@) g(s) == / o(r) dr

for
(Cp,Cr, 0, W) € LA(027) x L*(Q27) x L*([0,T],Hr) x L*([0,T], Hr).

For g € L*([0,T]) it holds (9;)™g € HI",([0,T]) and it holds for f € L*(0,T)
. T T
1.9, o = [ 1) [ () ar as

:/OT /Orf(;g(r) ds dr (211)

=071, g)om)-
We test (2.9) according to (2.10) with
(=N g0 "V, Cui=Tpnd, ™V, b= —polpnd; MV, @ i= 10 MU
for arbitrary 0 < r < T and obtain for
U:=0;"U, Vi=0,"V
that

[0,0,U)q, + [10:V,V]a, + <<M07TY)7BW N (HOVTV>>
r

—rU —yrU
- o o ) . ~
= [V x V,U]g, — [00,0]0. — [V xU,V]a, + — (MWTY) ( 'YTU~>
2410 —yrU oyrV .
=—[oU,Ulg, + [V xV,Ula. — [V xU,V]a, + (V,v00)r,
= —[O'U, 0]QT.

By (2.6) and Lemma 2, Lemma 50 and similar arguments like in Lemma 17 below (i.e. considering the
limit 09 — 0 in Lemma 50) we have

(MO'YTY) B, (UO'YTV> _ (uwﬂf)  B(&)) (NO’YTY) >0
—rU —yrU . U U .
and therefore

0 <TG+ ullV(r)I < [e80:U,Ulg, + 10V, V]g,

" <<—7f(0)>’3m * <—;/;U) >FT +[oU,Ulg, =0.

Thus we have U =U =V =V = 0, which gives the desired result.

Remark 8 The uniqueness in m is unclear or not expected in the literature. The uniqueness with respect
to @, is also not true, as we ask that the projection on suitable exterior data applied to $,1 gives
VT(‘?;IH, 'yTﬁt_lE. The projection on suitable exterior data is not injective, so the variables @, are only
unique up to an difference of elements in the kernel of the projection, so by suitable interior data.

However, with any solution (m, E, H, @,1[1) in the sense of Definition 5, we have that also the functions
(m, B, H, poyr0; "H, —yp0; ' E) form a solution. Hence, in this sense, the last four components are

unique.



3 Discrete Approximation

To formulate an algorithm to approximate the solution of the MLLG system, we reformulate the LLG
equation ones more. By applying m x - to (1.1a) and using

x (bxc)=(a-c)b—(a-b)c
for a,b,c € R® we obtain
adm +m x oym = CeAm+ H — (m - (CcAm + H))m

It suffices to multiply this with a test function p that is orthogonal on m. Therefore we obtain by
integration by parts and by using 9,m =0 on I" for all ¢ € [0, T]

[aatm7p]ﬂ + [m X atmap}ﬂ = _[Cevma VP]Q + [Ha P}Q

As a basis for the approximations we use the symmetric form of the Maxwell part with the variables
¢ = poyrH and ¢ 1= —y7E

[adym, plo + [m x Oym, plo = —[C Vm, Vpla + [H Pl

[eOE, Cplo = [V x H,Cplo + 2[H V x (glo
— 5l redr — 0B+ J.Celo
WU, Gl = —Hv x B, Culo = 3BV % Gl

- 5 (U, vrCu)r — [u0ym, Cul o,
(()-m00(2)), =5 () (25,

3.1 Preliminaries

For time discretization we use a constant time step size 7 := T/N for N € N to approximate the solution
on the time points 0 = tg,...,t, =T, t; = 7j. We assume 7 < 79 for a 79 > 0.

For spatial discretization (cf. [12]), let T, be a regular triangulation of the polyhedral bounded Lipschitz
domain {2 C R? into compact tetrahedra. By S'(7;,) we denote the standard P1-FEM space of globally
continuous and piecewise affine functions from 2 to R3

Y(Tw) = {on € C(2,R?)| ¢ € PY(K) for all K € Ty, }.

By N}, we denote the set of nodes of the triangulation 7. As we have |m(t,z)| = 1 almost everywhere,
we define the discrete space for the magnetization by

My, —{qi?hGS (Tr) ||q§h |—1f0rallx€./\/h}

By |m(t,z)| = 1 we get Oym(t,z) - m(t,z) = 0 and therefore we define the ansatz space for the time
derivative of the magnetization

Ky = {én € S'(Th) | mu(z) - pn(z) =0 for all x € N, }

for any my, € My,. We define the nodal interpolation operator for u € C(£2) (or u € H3/?%¢)

Oyu:= ) u(¥)¢y,

YEN,

where ¢, for v € N}, is the elementwise linear hat function with ¢~ (y") = 4., for all v/ € Nj,.
To discretize the Maxwell system in the interior, we use a Nédélec conforming ansatz space (cf. [36]),

Xy, = {¢n € H(curl, 2) | ¢p i € Papy(K) for all K € T},

10



where
Popw(K) :=={v: K - R* v(z) =a+ Bzx|a€R* BeR*>3 B = —B}.

skw

We define interpolation ITY * : C(2) — &}, by

Jut)r(s) ds = [arT () w(s) ds

for all edges e of the triangulation and corresponding tangential vector .

Lemma 9 The following approximation properties hold true for sufficiently smooth functions
¢ = I, ¢l 22 () + RV (¢ — I} )| 22(2) < Ch?[|6]| a2 (02)
6 = Iy * Bl L2 () + IV % (6 = 11 0) || 2(2) < Ch|8ll a1 () + IV % Sl a1 (2))
lvr (& = Iy O)lser < ChI0] () + IV % ¢l (o))

For a proof see, e.g., [14,36] and use that vy : H(curl, 2) — Hp is bounded.

3.2 Algorithm

We approximate the solution of the Maxwell system by the following algorithm:

Algorithm 10 Input: Discretized initial data m9, Hp, EY, ¢ =0, ¢9 = 0, parameter 6 € [0, 1].
For j =0,1,2,..., N — 1 we compute

— For given mi, HfL we compute the unique solution w{b € K,,,; such that we have for all pp, € IC_;
h h
a[w%,ph]g + [mfI X wi,ph} 0= —C, [V(mf1 + 97‘111{1)7 Vph} o + [Hi,ph} . (3.1)

— We compute Ei“,H,{H € X and goifl,w{fl € yr(A},) such that we have for all (g,(y € X} and
Vipy Uy € Y7 (Xh)

. 1 . 1 .
€07 B Cpla = 5[V x H] ™ Cpla + 5 [H] ™,V x (elo

I i G+l i+l (3:2)
- 27<90h 7A/TCE'>F - [UEh + J 7<E’]Qv
Ho
4 1 , 1.
WO BT Crlo = =5 [V x BT Crla = 5B,V % Crle 59
3.3
1. 4
- §<WLHA’TCH>F — [pwy,, Crlo,
v [ Ph 1 — j j
() (en(2)) ) =5 (o™ BR et gt ). 30
r
— Define m{fl by ‘ ‘
, j J
mi T (2) = m?(z) + Tw?(z) for all nodes z € Nj,.
Imy (2) + Ty (2)]
Output: Sequence of approximations mj,, E; , Hy,, ¢}, V7.
In the algorithm, we use the finite difference
) G+
oFGITt = Sl S (3.5)
T
for G € {E, H} and to discretize B(9;), we use convolution quadrature
j+1
(B )w) ((j + 1)7) := Y Bfq_quw(ir), (3.6)
1=0
where the weights B,, are defined as the coefficients of
n=0

11



Remark 11 We use the first order convolution quadrature §(¢) = 1 — (, because in this case O] ¢ and
(07) "t can be expressed in a simple and clear way. By the Neumann series formula we have for |¢| < 1

1 -
1-¢ - ZC
n=0
and for the first order convolution quadrature scheme 6(¢) =1 — ¢, we obtain for a sequence (p?);
(0D 1) (tn) = Y 7.
§=0

Similarly we see that
SOn _ (pn—l
(07 ) (1) = &
which gives consistent notation with regard to (3.5).

For a sequence of space-dependent approximations (G{L) i G{l : 2 — R we define the space and time
dependent functions G;MGT)h,Gjﬁ : [0,T] x 2 — R. For t € [tj,t; + 1) and = € 2 we define the
interval-wise constant functions
B S , , -
Gop(t2) = (G]),(t2) = Gj(z),  GI,(tx):=(G})],te) =G (2)
and the interval-wise linear function
: tig1—t t—t; .
Grnlt,) = (G))rn(t 1) = T—Gj () + —2 G| ().
Theorem 12 Algorithm 10 is well defined in the sense, that for every j > 0, there exist unique approz-
imations mffl, E{LH, H}JLH7 cpffl, wiﬂ that satisfy (3.1)-(3.4).

Proof The proof that the tangent plane scheme is well-defined can be found in [3].
For the Maxwell part, we define the bilinear form a(:,-) on X} X X X v (Xp) X yr(Xn) by

a((®,%,0,7),(¢,v,0,v))
= 1/7[e®, bl + 1/7[wl, Y] 0 + <(Z>,Bg ((;)>> + [0D,d]n
[,V xdle/2 = [V XU, 0l0/2+ [P,V X Pa/2+ [V X D,9]0/2

+ %(ﬁ YrY)r + 2T1L0<9,7T¢>F — (0, g v ®P) /2 — (0, Y7¥) /2

and the linear functional L7(-) on X}, x Xj x y7 (&) x v (&) by
Lj(¢,¢,9,v) = 1/T[€Eia ¢]Q + 1/7—[:U/H}]7,7,(/)]Q - [Jj+1a (b].Q - ,U/[U}Z, ¢]Q

(O 5m(),

The equations (3.1)—(3.4) are equivalent to
a(<E2+17 Hf];-’_l’ SD?;,+17 ¢Zz+1)7 ((b’ wa 07 U)) = L](¢7 1/}7 07 U)

for all (¢,4,6,v) € X, x X), X yp(Xp) X y7(X). Next, we aim to show that the bilinear form a(-,-)
is positive definite on Xj, x Xj, x (&) x yr(Xs). We have B = B(r7!) and by Lemma 2 for all
(eHpr xHprand s >0

<CaB(s)C>F > 0(57/’1’0750)”("’2#[1“

Therefore it is

a(($,9,0,7),(9,7,0,7))

=1/7[e®, Pl + 1/7[p¥,¥]n + <<§)),Bg (?) >r + [0D, D]

> O(r o) (12116 + 12115 + 1013, + 17 113,.)
positive definite which yields the desired result.
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4 Convergence

We require the following natural assumptions:
Assumption 13

— The triangulations Ty, are uniformly shape regular and satisfy the angle condition
[ Ve ve@ dr<o
Q

for all linear basis functions ¢,& € SY(Tp) with € # ¢ (cf. [12, (5.1)-(5.7)]).
— 5, = J in L*(Q2r).
— EY — E° and HY — H° in L*(02).
- m) = m® in H'(2).
Remark 14 The angle condition gives despite the normalization step in Algorithm 10

- , ,
VM3 e < IV(mg, + 7wp)l 2,

¢f. [12, Remark 5.1]. The angle condition is fulfilled, if all dihedral angles of the tetrahedral mesh are
smaller or equal than 90°.

Remark 15 All results in this section are formulated for scalar and constant material parameters €, u €
R4, but hold with similar arguments for symmetric, coercive and bounded material tensors

g, 02— RS
and bounded, positive o : 2 — R3*3,

First, we recall the positivity of the time-discretized Calderon operator B(d]), which we will use at a
later point.

Lemma 16 ([28, Lemma 2.3]) It holds for 0 < p < 1, 0 < 7 < 1 and sequences (¢(t;));2, and
(W)L, in Hp (with only finite many entries nonzero)

S n{(2) 0 (),
> Cmin (1 o) (“p)> ip (107) el ey + 10F) 0t ey -

T

The constant C > 0 depends on €g, o and 8 > 0 of Lemma 2.

Proof For 0 < p < 1 and [¢] < p we have

() n ()55

T T T T

Therefore we have for ¢,9 € Hp by Lemma 2

w{(0)2 () (),

3
> C'min (“’ () ) (1), + 1) w3, )

T

for |€] < p. Now the assertion follows by [28, Lemma 2.1].

13



Lemma 17 It holds for 0 <7 <1 and t; < T for arbitrary sequences (p(t;)))_y and (¥(t:))_, in Hr

() (o () ),

=0

and as in [28, Lemma 5.3]

e (5): (man (7)), 2
(D O plte, + 1) <ti>||%{p> 7

where the constant C' > 0 depends on T,eq, ug and 8 > 0 of Lemma 2.

Proof The proof of the first assertion follows by letting p — 1 for fixed 7 in Lemma 16. The second one
follows by setting p := e~ /T ing 1=¢— = fol e " dr > e % > et for x € [0,1].

Lemma 18 (Discrete Gronwall Lemma, cf. [12, Lemma 5.3]) Let (a;)ien, be a sequence of posi-
tive real numbers, b, C > 0 constants and j € N. If we have

i—1
a; < b—|—C’Zak
k=0

fori1=0,...,7, then it holds ‘
a; < be®?

for all 0 <i < j.

Lemma 19 The approzimations stay bounded for 8 > 1/2, i.e. we have for j >0
& = SIHIR, + SIEI% + nSEIwmi I < O

and additionally

Z”Hh H;~ 1||n+ZIIEh By 1||Q+TZHw %

e () (0 ) ), <

>0

(4.1)

The constants C1 and Co depend on T, 10, o, &, i, J and E, but can be chosen independently of h and
T.

Proof For simplicity we omit the subindices h and write E/*', H/+1 ... instead of EJ*", HJ T ... . We
test in Algorithm 10 with (g = E/*L, (g = HI* v, = ¢! and vy, = 17! and add up the three last
equations to obtain

. . ) ) J+1
C[OT BT, B gl HI B g + <(z +1) ( <aT>(w)) <tj+1>>
I
_ —[O’Ej+1 + Jj+17EJ+1]Q _ u[w]7HJ+1]Q'

Thus we have for all i > 1 (rewrite the above equation for ¢ := j 4 1)

et () 0()e),

—[0E" + J', B — plw'™" H']g

14



To treat the terms [E* — B~ Ef|g and [H' — H'"1, H']; we repeat Abel’s summation by parts: For
u; € R™ and j > ¢ > 1, there holds by the third binomial formula and telescoping summation

’ 1 o Lo 19
Z(Ui_ui—l)'ui:§Z|ui_ui—1| +§|Uj\ —§|U0|-

i=1 i=1

Summing up the equations (4.2) for ¢ = 1,..., 7, multiplying by 7 and applying Abel’s summation by
parts to the respective terms we obtain

J J
K j i i € j i i
0 <||HJ||2.Q — |+ > I1H ~H 1I?z> +3 (EJII?Q — B+ ) IE - E 1||?2>

i=1 i=1

{0 (en(0) w), o
= —mi |EY2 — Té[Ji,Ei]g - Téu[w“»ffi]n

We test in Algorithm 10 with p = w’ for j =i — 1 and receive (again with j =i — 1)
AL w g = —CL[V(mi ' + 0w =), Vo' Vg + [HY, wi e
By the mesh condition (Remark 14) we have ||[Vm®| o < |[|[V(m*~! + 7w'™1)| o and therefore we get
[V < [V, + 2r (T, Gui g + 72V

i— 27 i i—1 i i—
=[[Vm 1\\?)+5(*allw HIE + [ w' ™ ) = 7220 — 1)V |5

We rewrite this as
Ce Q2 i—112 2 i—112
p IVl + arpllw™ g + Cepr™(0 = 1/2)[[Vw'™ g
Ce i— i— i—
< pE IV 4 pr [ w g,

sum up fromi=1,...,7j to get

Ce j d i d i—
M7IIVWH% +rop Y |lw TG + Copr?(0 - 1/2) Y [Vu' 3

i=1

Ce 4 i— i—
< uSE VO, + e ST w0,

i=1
and add it to (4.3) to receive
" . J . . e . J . ) J .
S VIS + ) NH = H TG )+ 5 [ IE NG+ ) IE =BG | + 7o ) IES
2 2
i=1 i=1 i=1

Ce ; J i— ! i—
+ e (1Vm |G + 7 palw MG + Y Copr®(0 = 1/2) V' ™15

i=1 i=1

3 ((0): (an (7)) ),

] J
< SIHOI, + SN + M*I\Vmollg + TZ [T, Ello) + pr Y [H'H — H wi g,

=1 =1
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We estimate the right hand side with Cauchy Schwartz for arbitrary d1,62 > 0

Y ([ Ee) +pr Y [H™ = H w' g

i=1 i=1

i ! i d T i i— NT52 i
Z HJ ||Q+Z*HE ”Q"_ZT”H -H 1||n+§: [w™ 1%
=1

=1

As 0 = 0 is possible, the terms 21 1 731 |E¢||% on the right hand side cannot be absorbed by the

respective terms on the left hand side. Therefore we use

'751 i ! i i— ’ i—
Z*HE 15 <Y ra||E = BTG+ | BTG

i=1 i=1 i=1
and obtain with o
. . £ . e .
&9 = SIH % + SIE 1% + 2V I

that

J
&g (15 S (G m)Zw B 1|\Q+mZ||E’HQ

+ TZ/J(@ = 02/2)|[w |G + ZC8W2(9 = 1/2)[[Vw' %

i=1 =1

S () (o )w),

<&+ Z HJZ”Q + ZT&HEZ %

=1
5°+Z 1772 +@ Ej}“ !
26, " ¢
We have to ensure
€
<1—§2> >0, (5—761)>0 and (a—02/2) >0

which is possible for d1,d2 = O(1) and for small enough 7 > 0.
Moreover it holds (cf. Lemma 17)

Z<(w) ( T><i>)(ti>>on.

i=1

Thus equation (4.4) can be simplified to

J
E<Cohery &7

=1

and the discrete Gronwall Lemma (Lemma 18) gives £ < C for i < j. Thus we have

gz 1
what concludes the assertion.
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The following lemma provides energy bounds for the quantities on the boundary. It is a a modification
of Lemma 19 with the missing factors e */7 that show up in Lemma 17.

Lemma 20 We now are able to deduce

TZ(II (05)Neltis M, + 1O7) ot )3, )< €

for a constant C > 0 depending on T, e, 0, i, po, B, To, a, J and &, but independent of h and 7. Thus
(@) on)rn, ((O)Men)ps ((OF)~ Wh)fh and ((67)~ 1%) , are bounded in L*([0, T],Hr).

Proof The proof works analogously as the one of Lemma 19, by inserting the missing factors e~ ti/T We
test in Algorithm 10 with (g = BT, (g = HI™ v, = ¢/ and vy = ¢/*! and add the three last
equations to obtain

cor B sl o+ (7). (8 @ (%)) )

— —[an'H + Jj+17EJ+1]Q _ M[wJ’HJ-I-l]Q

By rewriting the above equation for i := j + 1, multiplying it by e~2t/T

, and by using the abbreviations
E' = e*ti/TEi, H = e*ti/THi, W= e*ti/Twi, and J' = efti/TJi,

we have for all 1 > 1
EEﬂii —7/T fri=1_fpi ﬁgi o—7/T fri—1 Hz 2t; /T * B(OT ¥ .
T[ e ; ]Q+T[ ]Q+€ ’(/}’ (t) w (1) - (45)
7[0E~i+ji,E~'i]_Q—,u[u~)F ,e T/Tﬁi]g

To treat the terms [E' — e~ 7/TE=1 Ei|g and [H' — e~ ™/TH"' H];; we modify Abel’s summation by
parts. For u; € R™ and j > ¢ > 1, there holds

J J J
_ 1 _ 1 _
D (wi—e T Mupy) w = oY fu = e T P4 0 il — e T
i=1 i=1 i=1
1 1
z 5 Z i — e Mui g + 3 >l = fuial?
i i=1
1 J
:iz Tui 1| +3 |UJJ|2_7|“0‘2

Summing up the equations (4.5) for i = 1,..., j, multiplying by 7 and applying the modified summation
by parts to E* = e /TE" and H* = e~%/T H' we obtain

J J
i 7 Fri_ —7/T fyi— € 7i 3 i —7/T fri—
5 (IHJI% — 1O + YN e TH 1||?o> +3 <||Ej?z —IENG + DB — e TE 1||?z>

i=1 i=1

" Tze 2t/T << > <B(8{)(z)) (ti)>r + mizj; IE%

7
<—ry S Q_TZ,U “Le T
=1
. 1/2 . .
J . J . J .
SQZJ%)(Q]m@ +sz%)
=1 =1 7=1
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By Assumptions 13 and Lemma 19, we have

J J J J
T NENG + 7Y H G+ 7Y |E +7 ) a5 < C.
i=1 i=1 i=1 i=1

As all other terms on the left hand side of (4.6) are positive and/or bounded, we have

Z/T <(§) (5en(?)) (ti>>F <c,

3
and therefore, by Lemma 17 for some constants ¢, C' > 0

J

T; 107~ " (s e, + 107) Mo (i, e
< CTiZj;e—%/T < (i) (B(GZ) (i)) (ti)>F <C

Let Py, be the L?-orthogonal projection on the closed (because finite-dimensional) subspace A}, i.e.

which yields the assertion.

P, : L2(0) = &,
is linear and it holds for every v € L?(12)
[(1—=Pr)v, &) =0 for all &, € Aj.
We define for £ € L?(27)

Fon(©) 1= 3107 x O) ™ (™)) 7 Patlar + 31000 ()05, ¥ x (P,

_ i <((82)*1(<p;l+1)j)7—’h’WT(P,Lg)>FT ,

9rn(6) 1= 5107 % (OF) (BE))m00 Palis + 5100 (BE))700 ¥ X (Pa8)les

+ﬁ<<<3ﬂ*( )7 (Pag))

T

Lemma 21 For £ € L*(927) it holds

|frn ()] < CllEll 2

and

970 ()] < Cliéll2r

The constants do not depend on h or 7. We identify frn € L*(Q2r) by frn(&) = [frn,€&loy and
Gr.n € L2(27) by g1 (&) = [grh:Elor-

Proof We test equation (3.2) by ¢, € Xj, multiply by 7 and sum over j = 0,...,k to obtain

B, Gla — B Gllo = 51V x (7)™ ()0 (10), Gl + 5 1(0) ™ (T, (80,9 % Gl
- i((@[)’l(wfl)j)(tk)vVTCh>r F 1O Y e B + I ) (), Gl e

For ¢, we insert P,&(t), integrate over [tg,tg+1], sum up from k = 0,..., N — 1 and obtain

Frn(€) = [BL), — By ePr€la, — [((0]) T @B + J740);5) 70, Prél e

18



With Lemma 19 and Assumption 13 we have
IE; e + 1 ERlle + 107) " (o B/ + 774 (t)]le < ©
and as Py, is an L? orthogonal projection and therefore bounded, we have
[frn(O < ClIPrEll2r < Cll€llar,
which concludes the first assertion. The second one follows similarly by using
1) wn(ty)lle < C,
which is again a consequence of Lemma 19.

Due to the boundedness of the quantities, we are now able to extract weakly convergent subsequences.

Lemma 22 (cf. [12, Lemma 5.5, Lemma 5.6]) There exist functions
(m,H,E,$,%) € H' (2r,S%) x L*(2r) x L*(2r) x L*([0,T), Hr) x L*([0, T}, Hr)

such that
Mrh 2l in H'(02r),
mepymE, P min L2((0, T, HY(12)),

sub
mﬂh,mih Bm in L*(027),

_  sub
w_, — Ohm in L2 0r),

in L*(02r),
((82—)_190h)‘r,ha ((85)_ QDh)-r,h b @ in L? [O,T] HF) w.r.t to <', '>FT7

(O7) ") (D) ), 204 in L2(0,T), Hr) wort to () rp,

where the subsequences are successively constructed, i.e., for arbitrary time step sizes T — 0 and mesh
sizes h — 0 there exist subindices 7y, h; for which the above convergence properties are satisfied simulta-
neously.

(
(
(
H.p, Hi o in L3(0p),
—E (
(
(

Proof The proof for the LLG part works analogous as in [12, Lemma 5.5, Lemma 5.6].

By the uniform boundedness of the approximations in the respective Hilbert spaces (cf. Lemma 19
and Lemma 20) and uniqueness of weak limits, we have the existence of limit functions and the weak
convergence of a (fixed) subsequence

(Erny Heony ((00) " o) rns ((OF) " bn)rn) — (B, H, @,40) € L*(£27)% x L*([0,T], Hr)>.

It remains to show that the (ETi,h, H:h, (7)1 goh)qfh, ((8[)’11/1;1)35,1) converge to the same limit func-
tions. We show exemplary that E; , converges to the same limit function E. The proof can then be
adapted for E:‘ nH Ti,h and the functions on the boundary.

It holds for w € CL(02r)

N-1 tj+1 , » ;
[Ern — B, wlon = o/t (EJJr1 E{L) — B, w(t)]o dt

j: J

_JV21/3+1 t*t EJ+1 EZ],UJ(t)]_Q dt
7=0

:N 1/ J+1 t—t E_]+1 Ez,w(tj)]() dt
7=0
+N 1‘/tt]+1 %[E}];Fl . E{L,w(t) —’w(tj)]() dt.

Jj=0 "%

19



N=1 oty t SNl
N 1 1
[ R Bwo @t = F S B - BLwtilo

j=0 Yt J=0

TN*I

+1
Y Z [EiL+ sw(tit1) —w(ty)le
=0

Therefore we have by the boundedness of Ef’h

N-1 V2N 1/2
_ 1 — i1 —
[Brn = Bz pwlor <5 {7 ) 1B S 7Y lw(tjen) —w(ty)|e
p =0
N1 V2 . 1/2
. Jj+1 t) — ts
S D SN E =l % I B S A=t
=0 i=0 Tt g
<  max max |lw(t) —w(t;)|e

™ =0, .N=1t€[t; t;41]

<1t—=0.

As C}(27) is dense in L?(£2r), and
”E hHQT <0 < oo,

it holds £, — E.
Theorem 23 There exists a subsequence such that
Fon (VU x 07 H)  in LA(0p),
9rn 2 (Vx07'E)  in L2(Q2r).
For smooth enough &, it holds for ath h = (8{H§X§)ih — 0€ in H(curl, 27) and

1 1 su 1
5 (G (@) H D)2 @idn)) ™ (e (07 H)ve(@0)) r, — %
1 sub

2 {(Or(@)  EN o @€8)) . (0 B 08) , + 5D r @)

<<)57 7T(8t§)>FT )

Proof As f;  is bounded by Lemma 21, there exists a weakly convergent subsequence, such that f,, — f
in L?(N27). Now we show that f = V x (9; 'H). Let ¢ € C5°(£27) and especially y7¢ = 0. It holds
T "¢ — ¢ in L2(27) (cf. Lemma 9). Therefore we have

[frns IIY *Clar — [f, Clor

Moreover we have P, ITY*¢ = ITy *¢, V x I *¢ — V x ¢ in L?(27) (cf. Lemma 9), 4711 *¢ = 0 (cf.
36, Lemma 5.35]) and ((87)~'(H}™); e = 97 'H and therefore we have

e Y *Claar = [(OF) ™ (HL™)) 700 V X 1Y oy
— [0, H,V x (] oy,

which concludes f =V x (9; ' H).
Now let ¢ be sufficiently smooth. We have ((9])~ ((pffl) )rn — ¢ as well as yrIIY*¢ — yré in
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L3([0,T),Hr) (yr : H(curl, £2) — H is continuous) and therefore we obtain
1 i
5[(V x (97) 1(Hi+1)j)77hvnhvxf]m

1 _ ; _
= [frn, I * €0y — 5 1(0) YHT )70 VX (PRITY 6]y

1 .
2 (@D A W)
- [V X a;lHag]QT - %[aleav X g]QT + 2i<957'7T£>FT
Ho
Furthermore we have
_%<(7T((6Z)_1(Hj+l) e v (1Y *E)) 1y
[( < (O7) T (HY )2 Y €y
1
= SO (H))70 ¥ X 1Y€l
— [v X at_lHag]QT - [at_lev X g]QT + ﬁ<¢a7T§>FT

— (v (07 H), ), + ;w 1€ Iy

The statement of the theorem now is shown by replacing ¢ through 97 ¢ and using (07 IT hv Xf);’_”h — 04€.
Similar considerations for g, ; and (’yT((atT)*l(Ef;H)j));j conclude the assertion.

Remark 24 FEven for arbitrary smooth functions with non vanishing boundary, we are not able to show
@ = poyr(9;, 1 H) and therefore also not

[(V X (az—) (Hj+1) )7- h’HV S]QT — [V X a;Iva}QT
and not

(Qr (@) H) 2y (I7¥0) | = (07 H), 7€),

But we will see, that we have convergence to a solution in the sense of Definition 5, thus E, H solve the
MLLG equations in the interior and their boundary values are suitable exterior data. The projection of
@, ¥ on suitable exterior data gives puoyrH, yrE.

Lemma 25 (Discrete Integration by Parts) For N € N and sequences (a)j—o,. N, (b')j=0,.. N i
holds

[(0F )}, b7 )o,r = a0 — a®b” — [af, (87 6) 0,19
(a7 Jiory = ((97) (@™ 1)) (-0 = [((B) (@ )a)7 s (87 0) o,
Proof Tt holds

N— 1aj+1 N
(070267 o + 6. Q0o =7 3 ba+Tzaa+1
N-1
R N Ay ax
7=0
_ aNbN o aObO

The second assertion can be shown similarly, by setting ¢? := 0, ¢/ := ((97) " (a*+1))(tj_1) = 7 S0 _g aFt!
for j=1,...,N and using (¢/*! —¢/)/7 = a’*! for j =0,...,N — 1:

+ - =1, k+1 Lot - j B LY
[t by oy + [((O7) " (@*1)0)5, (7 b)F [OT]—TZ bHZcﬂ -
=0

_ CNbN — 0

= ()M (@™ ) (tn—1)b™.

21



Theorem 26 Let (m,p, Erpn, Hr b, 9rn, Urp) be the approzimations obtained by Algorithm 3.1 and as-
sume that 0 € (1/2,1] and the validity of Assumption 13. Then there exists for any (7,h) — 0 a subse-
quence Of (mr,fu ET,ha Hr,ha Pr.hs w'r,h)7 such that

(Mr o, Erps He oy ((07) " 0n)mn, ((07) ™ 0n)7.0)

converges weakly in
HY(0r) x L*(Q7)? x L*([0,T), Hr)*

to a weak solution of the MLLG system in the sense of Definition 5.

Proof We have to show that the weak limit functions are a weak solution in the sense of Definition 5.
We choose arbitrary test functions

p€C™(2r), Cu,(rp€C™(02r)
with ¢ (T) = (5(T) = 0 and
v,w € yp(C(N27))
with v(T) = Ow(T) =+ - =07 v(T) =0 =w(T) = --- = "w(T). As discrete test functions we take

pu(t,) == I} (m_,, X p),

CE,h(ta ) = H}LVXCE(ta ')7 CH,h(ta ) = H}YXCH(t7 ')7
and
vp(t, ) =y (ITV*9)(t,-) and wy(t,-) == v (ITY *w)(t, -).

Here 0,w € C™(27) with vyp0 = v and ypw = w.

The proof that the limit functions satisfy the LLG equation can be found in [12, Proof of Theorem 5.2]
or [2]. There, the authors show that the approximations converge to a weak solution and that it holds
m(0,-) = myg in the sense of traces.

We only look at the first one of the Maxwell equations, the second one can be treated analogously. For
simplicity we write ¢ instead of (gy. By testing with (j(tx) and summing up from & = 0....,N — 1,
Algorithm 10 gives

_ 1
[(aT )7- h? 7',h]Q [v X ET h? Th] Qr — [ Th’v X 4-7' h]
1 .
- ﬂ< ‘rh7’yTC7' h> M[w‘r,h’gr,h]QT

We consider each of the terms separately. By discrete integration by parts and (7, -) = 0 we obtain

w7 H) Sy Coplar = —plHS,, (07O 1) ar — plHY, G (0, )] e
- _M[H’atd(h" - [H07C(07')]Qa
where we used the weak convergence of HY — H (cf. Assumption 13), Hj’h — H (cf. Theorem 22),

¢ (0,-) — ¢(0,-) in L?(£2) and (8{();,1 — 0;C in L*(27), as ¢ is smooth. We have by ((T) = 0, discrete
integration by parts and Theorem 23 that

1
EYPR 1/):: a’yTg: I
2U0< h ,h> T

(V% @) (B ™)) (07 Gl
SO B0 % (GG e

@D T @) o (AT G )
240
= gT,h((az-Ch)j,h)

— [V x 07 'E, 0],

1 _ _
_a[v X Ej,h? Shler — [Ej,hav X Coplor —

1
2
1
2
4
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The remaining term is a straightforward application of Lemma 22

*N[w:’ha ;h]QT - *M[va]QT'

For the boundary equation, Algorithm 10 gives by testing with 7oy, (¢t5x+1), Twn (tx+1) and summation
fromk=0tok=N—-1

vl T i Lo+ + + +
() (pen(5r)). ) =5 (WtumsrBhibn + k)
T,h

I'r

With discrete integration by parts like above, we see with Theorem 23 that

(0F o rEL ) e = — (00,2970 ' E + &)y

and

<wi:}p,u0’YTH::h>FT — —(Oyw, 2u0v70; "H — B)py

+ +
We now consider the term on the left hand side <(U1h), (B(B[)(@h)) > . The strategy is to bring
w'r,h F
(87) from the approximations to the test functions. By setting vh = wvp(t;), the (-, ) r-adjoint B* of

B, v}, = ’U}]LV 7 and by using 1) = ¢) = 0 we have

. :<(;§;>,<sz>(z:>);>h
k

(en(e)r-. (),

3= 32 (8000 g ) -0 (51 ) w0 - @07 () (e
- g (mon ()= -en( )@ e (5)w)
- i_vj (B@n (o )@ =m0 (7))
- kﬁ_vj (onon () =n0.o07 (7)) -

Here we additionally used

(B*(O0)I])(&)(tx) := (B (5)s)(9])(¢")(tr) = (B*(9]))(9F &) (k).
In this situation, we are able to apply the weak convergence result Lemma 22 for the approximations and

convolution quadrature convergence results of [34] on the smooth test functions. We apply a operator
valued version of [33, Theorem 3.2], as done e.g. in [28] and [9]. Due to || B*(s)s| 13,) < Cs® for Rs > o >
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0 and ©(0) = v(T) =0, 0;v(0) = =0w(T) =0, ..., 9"v(0) = 0 and similarly w(0) = --- = "w(0) =0
we have

v v

wonen) (1) -t - @) () - 1)

uniformly in 0 < ¢ <T, ¢, = 7k, k > 1. By the pointwise convergence and the boundedness of the first
derivative of B*(8;)0;(2)(T — -), the convergence holds

B*(07)d] (Z) (T — ) = B*(9,)d, (Z}) (T — ) in L2(0,T), Hr).

Moreover we have by the discrete Herglotz theorem (Theorem 51)

N
>
k=1

2

eonen) (1) -t - enan () - u)

"
< Or S0P~ )T — )y + 1P — )T~ )]s, 0
for (r,h) = 0. So we obtakinl
(a3 (), -+
Now, in the continuous expression, we bring the operator B(8,) back on (
x= o [t orme(De-oa] (%) ) o
e o Cesad ),
v | ' < / ) (ri(L)) - -t-9yas (7) (t)>p ai
— e [ < [ it =0t (2) o as. (7) <t>> at

r

= (—1)m™H! /OT <a;"+1 (Z) (s), OsBm(s—t)Cg)(t) dt>F ds
o [ (Yo (e () ),

This is exactly the term that shows up in the formulation of our weak solution in Definition 5.

) .
15) and we obtain

5 Numerical Experiments

We implement Algorithm 10 in Fenics and Bempp with some minor changes detailed in the following.

5.1 Notation

For a finite dimensional space V;, and a function Ej, € V,,, we denote by E(V},) the vector of coefficients
with respect to the basis used in BEMPP for V},.

For the spaces inside of the domain §2, we abbreviate the linear finite element space S'(73) by S1 and
the first order Nedelec space X}, by N1.

24



For the spaces on the boundary I' (cf. [40]), we abbreviate the Raviart Thomas space by RT, the Rao-
Wilton-Glisson space by RW G, the scaled Nedelec space by SNC, the Buffa-Christiansen space by BC
and the rotated Buffa-Christiansen by RBC'. We use the same abbreviations for the corresponding spaces
on the baricentrically refined grid that are used for computational reasons (mathematically, that are the
same spaces).

For a linear operator F' : DS — RS with domain space DS, range space RS and dual space to the
range space DSRS, we denote by Fps_.rs the discrete strong form and by pgreF ps the discrete weak
form (Details about the operator concept in BEMPP can be found in [40] and the corresponding online
tutorial.). For ¢;(X}) being the i-th basis function of X, it holds

(bsusFos)s = | 6:(DSRS)- F(6,(DS)) ds

and
Fps—rs = (psrsldrs)”' psrsFps-
For a sequence (¢7);en, we will use the notation ¢gi—g := (¢°,...,¢771,0,¢7 1, ...).

5.2 Tangent plane scheme

Using a saddle point approach, we seek (w],\y) € S*(Tp,R?) x S' (75, R) such that for all (py, &) €
SY(Th,R3) x SY(Tp, R)

ol e+ [mi <] , = =Ce[Vlom) +0ri). Vn] o+ [, ],

+ [pn - mi, Anlo + [wi, - ml, &l
’II'L‘;L(Z)-FT’MJ?L(Z)
|mj, (z)+7wj, (2)]”
S1(Th,R3). There are other possibilities to implement the tangent plane scheme, i.e., one could directly
parametrize the tangent space. For simplicity however, we stick with the present approach.

We update and normalize by computing mHl(z) = thus projecting the outcome to

5.3 Convolution Quadrature

As in [33, Formula (3.10)], we approximate the convolution weight operators B,, with the trapezoidal
rule

—~ p—n . —27inl/L _

By~ Z B(6(¢)/r)e 2L =0,...,N, (5.1)
with L = 2N or L = N evaluation points ¢; = pe? /L [ = 0,...,L — 1 and radius of integration
p = tol®N) We compute By = B(8(0)/7) exactly.

5.4 BEMPP operators

We denote the tangential trace mapping by (yr)n1—rr and it holds for E;, € A},

(yrE)(RT) = (vr)n1—rr - E(N1).
The Calderon operator is implemented in BEMPP and it holds

s = (78w,

where
D: RWG 2% WG | B: BC 255 RWG
F:rwG Y% e | G:Be 2N Be

By rescaling this operator, we can express the Calderon operator used in this paper as
1 (mo'\JE  -D

B(s) = — =0 i/IoEoS).
=\ ) (v
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5.5 Implementation

We express the anti symmetric pairing (-, -)r as (¢,&)r = [¢ X n,&]r and build up the respective terms
for rotated basis functions with respect to the L2- product [-,-]r. In contrast to Algorithm 10 the trace
variable ¢ and the test function v, are given with respect to Buffa Christiansen elements instead of
RT-functions. This is due to stability reasons and the lack of preconditioning for this particular problem.
Attention has to be paid to the correct sign of the discretized terms, e.g. it holds

(en;yrQr = [pn X n,y1¢lr = =p(BC) - gpeldprr - (Yr)N1—rr - ((NC).
We summarize and build up the full system. We define the mass matrices

My = ycldne, M= gpeldprr(yr)N1srRT, M2 = gnycldrr(Yr)N1-RT,

and the symmetric, discrete differential operator

1 1
D = 5 NCvXNC + i(NCVXNC)T

and Calderon sub operators

-1 .
Bl,l = Mg\/?3RBCEBC(i‘/MOEO(S(O)/T)(S(O)_m’
0
1 - . -m
Bs = o recDrwa(iv/1og0d(0)/7)6(0)~™,
1 R ) .
By = % SNCGBC(ZV 10€00(0)/7)6(0)~™,

By o : \/iSNCFRWG(i\/m5(O)/T)5(O)_m~

The overall discretization matrix then is

(%‘FU)MO —-D ﬁMiT 10 .
Ho -1
The — 1D D0y 0 M
2/1,()

2
0

M, 0 —-Bi1 —Bipg
iMy; —Bsi —Bos

with right hand side

2\ ldni EH(N1) = yyIds1 J*T1(S1)
Lo 1 Idy1H*(N1) — yyIds1w®(S1)

)(57—)( QD(BC)

Rhs' :=
t i1
o) (i) =0

(229 B (tiv1)

and the system to solve in the i-th time step is

Ei+1(Xh)



5.6 Numerical Results

We consider a simple example on the three dimensional unite cube
2 =1[0,1]3,
where we choose the observation time and the material parameters as
T=0125, e=¢ =11, p=py=12, o=13, a=14, C.=1.5
as well as the initial and input data

1 0 0 0 0 100
m’=(0|, E°=(0|, H'=[(0], ¢"=[0], ¢° =[0], Jt)=(1—-t/T)| O
0 0 0 0 0 0

Finally, the tolerance for the iterative solver (GMRES), the implicity parameter for the tangent plane
scheme and the convolution quadrature parameters are set to

tolgmres = 1075, #=1.0, py = tolgmresl/(QN), L=N.

As discretized initial data and input data we use L2-projections to the respective spaces. We look at the
time discretization error on a fixed coarse mesh. We compare the approximations to a reference solution
computed on a fine time-grid.

We use time step sizes 7;, = T -27% for ¢ = 0,...,8 and the reference solution is computed with
Trot = min(7;)/2. We compute the maximum L2-error as

orr; = _max B} — Ei'(ts)lle

and obtain first order convergence results for E, H, ¢ and .

102 102

10t 10

b 1
© 100 O 100]
— —
i i
107 107} E
GO err(n) GO err(n)
== 07 == 0(n
107 - - : 102 - - -
10* 102 102 10 10° 10* 102 102 101 10°
Time step size Time step size

Fig. 1: Convergence plot for E (left) and H (right).
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10t 10t

10° 100}
b 1
o o
P P .
— —
L L

10t 10t}

10—2 - — — = 10'2 - — — —

10* 102 102 10 10° 10* 102 102 101 10°
Time step size Time step size

Fig. 2: Convergence plot for ¢ (left) and v (right).

Especially in this experiment, the convergence rate for the magnetization is slightly higher than 1.

10°

1071

107E

Error

1073

err(7)

-~ o

10* 10° 107 101 10°
Time step size

Fig. 3: Convergence plot for m.

The observed convergence order for small 7 is higher than 1, as then the approximation is already
near to the reference solution.

A Properties of the Laplace Transform

In the following, we list certain properties of the Laplace transform on non-smooth functions. While the results are not
surprising, we were not able to find the precise results in the literature. The Laplace transform of a function u: [0,00) — R
is defined as

(Lu)(s) := / u(t)e™ st dt for s € C
0
and the inverse Laplace transform for U: {R(s) > oo} — C as

1
(L)1) == — eStU(s) ds for t € [0,00) for a o > ap.
21t Jotir

We see that the inverse Laplace transform is a priori not uniquely defined. It turns out that the choice of o does not matter
for certain function classes and hence the definition is valid. We require the following well-known property of the Fourier
transform
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Theorem 27 ([39, Chapter 9]) The Fourier transform
FiLH®) - L¥®) N CR), (FN(@) = [ f©)e= (A1)
R
can be extended to a continuous and continuously invertible operator
F: L*(R) — L*(R).

The inverse operator is given as the extension of

1 )
FUULUR) - LU @) N CR), (F @) = o= [ f@)e de.

T JR

The similarities between the two transforms are expressed in the identity

(Lu)(o +i1) = F(u(-)e™?)(r) for all o,7 € R,

where we extended u by zero on (—o0,0). This allows us to define a useful domain of definition for the Laplace transform.

Definition 28 For
u € L2[0,00) := {u:[0,00) — Rle ™ u(-) € L?[0,0) for a ¢ € R},

we define the Laplace transform for s € C, Rs > ¢, (where ¢ € R such that e~ u(-) € L%[0,0)) as

Lu(s) = .F(u(~)1l[0’oo)(~)e_%s‘)(%s). (A.2)
We summarize the properties and the welldefinedness of the inverse Laplace transform.
Definition 29 For functions in the Hardy space

UeH:={U| Foraog €R, U:{Rs > oo} — C is analytic

and sup / |U(s)2 ds < oo},
o+iR

o>00
we define the inverse Laplace transform as

(LU =" FHU (e +i:)(2)
for a o > o0g.

Theorem 30 (cf. [37, Theorem V]) For U € H there exists ezactly one u € L2(R4.), such that U = Lu. The inverse
u is given through L~1U = u.

In the following, for a Hilbert space X, we want to generalize the definitions to Hilbert space valued functions [0, c0) 3
t — u(t) € X. For a family of operators B(s) : X — X, we will define the corresponding convolution operator, with
domain spaces living on ([0, 00), X) and on ([0, 7], X), respectively. This is done in a component-wise definition by using
an orthonormal basis (e;);en of X.

Definition 31 For
u € L2([0,00), X) := {u:[0,00) = X |e™¢ u(-) € L*([0,00), X) for a c € R},

we define the Laplace transform for s € C, Rs > ¢, (where ¢ € R such that e=¢ u(-) € L%([0,00), X)) as

oo}

Lu(s) =" L([ej, ulx)(s)e; (A.3)

j=1

Definition 32 For c € R, we define the spaces
L2([0,00), X) = {u: [0,00) = X |e™“ u(-) € L*([0,00), X) },

equipped with the norm H’U‘HLE([O,OO),X) = lle™¢ ull L2 j0,00), %)
Definition 33 For functions in the Hardy space

UeH:={U| Foraoo €R, U:{Rs > 00} — X is holomorph

and sup / Us)|% ds < o},
o+iR

o>oq

we define the inverse Laplace transform as

LU =) L7 ([e;,Ulx)e;
JjEN
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Definition 34 For og € R, we define the space

H(oo) :={U|U : {Rs > 0o} — X is holomorphic and sup / |U(s)||1% ds < o},
o+iR

o>o0

equipped with the norm

g0

iy = sup [ TG ds
Theorem 35 (cf. [6, Theorem 1.8.3]) For U € H(oo) the inverse Laplace transform is well defined and L™1U €
Lgo([O7 00), X). There exists ezactly one u € L2([0,00), X), such that U = Lu and u is given through
L7IU = .

Theorem 36 (Plancherel’s Formula, cf. [6, Theorem 1.8.2]) It holds for u,v € L2([0,00),X) for allc > ¢

= 20t - L u(s), Lv(s s
e ar= o [ o), 2o as,

especially we have
1 £ull34(0) = V2rllull L2 0,00),x -

This gives a one to one identity through the Laplace transform between L2([0,00), X) and H and between L2 ([0, 00), X) and
H(c) for c € R. Instead of the Hilbert space scalar product [-,-]x, the result also holds for any continuous and sesquilinear
product on X X X.

We denote by L(X) the linear, bounded operators X — X. For a function B : {Rs > oo} — L(X) we want to define
B(8y)f as L7H(B(s)L(f)(s))-

The following definition is very general and not practical and will be refined in the following.

Definition 37 For a function B(s) : {Rs > oo} — L(X) for a 09 € R and f € L2([0,00), X), such that
B(s)Lf € H, (A.4)
we say that B(0)f exists and we define B(0:)f as
B(8y)f = L7 (B(s)L(f)(s))- (A.5)

Definition 38 We define for m € N the exponentially weighted spaces of m-times weakly differentiable functions with
zero condition att =0

HF.([0,00), X) := {¢: [0,00) = X |e™ ¢ ¢ € H{*([0,00),X) for a c € R}.
Furthermore, we define for fized damping parameter ¢ € R
HE([0,00), X) == {¢: [0,00) = X [ e ¢ € H{"([0,00), X)}.

We equip the latter spaces with the norm ||u||H6n [0,00),%) = lle™¢ ull grm ([0,00), %)
. ([0,00), ,00),

Example 39 a) For the operator B(s) =s, f € H&’*([O,oo),X), it holds s(Lf)(s) € H and we have

B(0)f = 0:f.

Thus the Laplace differential operator &y coincides with the weak derivative 0y, if [ is weakly differentiable and f(0) = 0.
b) For the operator B(s) = s~1, f € L2(]0,00), X) it holds s~*(Lf)(s) € H and we have

t
B(d) =o'y :=/0 F(r) dr.

Thus the Laplace differential operator 8;1 coincides with the integration over time fot dr.

Proof b) Let f € L2([0,00, X)), then s~'Lf(s) € H(max(o,¢)) for ¢ > 0. Furthermore it holds for Rs > max(o, ) that
r— ﬁe‘msrf('r) € L1([0,0), X) and therefore we have by Fubini’s Theorem

oo t
z:(a;lf)(s)z/o e—sf/o F(r) dr dt

oo oo
= / / 1T<tefstf(r) dr dt
o Jo -

:/Ooo/wefst def(r) dr

= /OO 1efsrf(r) dr
0 S

= 1Llf(s).

s
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As sTILf(s) € H, it holds ;' f = L 1s71Lf(s).

a) Let f € H&U([O,oo),X) for c € R. It is 8{18”0 = f and therefore by b) for Rs > max(c,e) >0
1
SL@s) = £1(5).

As L(O:f) € H, it holds 8¢ f = L7L(sLf).

With Example 39 we are able to state concrete conditions for the existence in Definition 37.

Lemma 40 If there exists in the situation of Definition 37 an m € Ng, o1 € R and a constant C > 0, such that B is
holomorphic inside of its definition regime and

I1B(s)llLxy < Cls|™ for all Rs > o1,
then B(Oy)f exists for every f € Hy",([0,00), X) and it holds
B@)f = 0L (B(s)s ™ Lf) = £ (B(s)s~ ™ LOP ).
We can define B(0:) as a continuous operator for op € R

B(0:) : HJ,,([0,00),X) — L2

max(o1,02)

([0, 0), X).

Proof The proof follows from Example 39 and Plancherel’s formula. For ¢ € Hf", ([0, 00), X) it holds

1
HB(at)(ﬁl‘Lilax(al,UQ)([O,oo),X) = E||B(S)C¢||H(max(ol,02))

< Clls™ Lo lla(max(or,02))

= C||8ZH¢HL12naX(UlY(rz)([O,oo),X)

< Cliellmg,, (10,000, %)-
Definition 41 We define for m € Ny

Hm = {B| There exists a oo € R such that B : {Rs > oo} — L(X) is holomorphic
and || B(s)|lL(x) < Cls|™ for all Rs > o0}

and for og € R
Hum(00) := {B: {Rs > o0} = L(X) holomorphic| IB(s)llL(xy < Cls|™ for all Rs > oo}
We call B € Ho a smoothing operator.

Definition 42 For a family of bounded linear operators A(t) : X — X, t € [0,00) we define the convolution with b(t) € X
as

t t
(A% b)(t) :=/ A(Tb(t —7) dr =) Z/ [es, A(T)ex]x [er, b(t — 7)) x d7 | e;.
0 ieN \keN”0
Similarly we define the inverse Laplace transform of an operator family B(s) : X — X, s € Rs > o¢ entry-wise as
(LB b= [ D £ ([eis B()erlx)(s)lex, bl x | ei-
€N \keN

We want to apply the (inverse) Laplace transform to operators, B(s) : X — X and convolute with functions f(¢) € X. The
difference comparing to the scalar case is now, with the induced norm, L(X) is no Hilbert space, but only a Banach space.
Plancherel’s Formula does not hold in general.

Lemma 43 For B € L' (0¢ + iR, L(X)) N*H(0oo) the convolution with the inverse Laplace transform gives for every § > 0
a welldefined and continuous operator

L7'Bx: L2 ([0,00), X) = L2, 5([0,00), X)

and it holds

||£7IB * u“LgO+6([0,oo),X) < C(é)”B||L1(oo+iR,L(X))HuIILgo([O,oo),X)'
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Proof The proof can be shown by combining Holder’s inequality

|£7'B * ullzz  (10,00),%) < C(8)|le=@0H/DO L7 B s ]| oo (10,00), X

0+5(
Young’s inequality for convolution
lle=(@0F8/DO) L1 B x u|| oo (10,00, X)
< Nlem @0t/ L7 BY| oo (10,00, £x) 1€ 0T DO u| 11 16, 00y, x)»
the estimates for the inverse Laplace transform which follow from the equivalence with the Fourier transform,

—(o N e 1
lle=(@0F8/2O) L1 B[ Los (10,00, 1.(x)) < EHBHLl(oOHR,L(X))’

and again Holder’s inequality

||e_(00+6/2)(A)u”L1([O,oo),X) < C'(5)||1L||L30([o,oo),X)~

Lemma 44 Under the assumptions of Lemma 40, every € > 0 satisfies
B(s)s~ "2 € H(max(e, 1)) N L' (max(e, o1) + iR, L(X)).

Thus £~1(B(s)s~(Mm*2)) is continuous and we have for f € Hg, ([0, 00), X)
B(&:)f = 0" LT (B(s)s™ ") % f

and for f € Hé2+2)([0,m),X)
B()f = L7 (B(s)s ™) x o2 1.
Proof The proof follows from Example 39, Lemma 43 and the Laplace-convolution-identity

LB)($)L(f)(s) = L(b* f)(s)
for sufficiently bounded functions b, f.

As we will mainly work on bounded time intervals, we want to define the Laplace transform and Laplace differential
operators for functions on [0, T}, e.g., for f € L%([0,T], X). The Laplace transform can easily be defined by extending f by
zero outside of [0, 7] and the following results can be found also in [33, Section 2.1].

Definition 45 (cf. [33, (2.2)]) Let B(s) € L(X) be a family of operators and f € L%([0,T], X). We extend f by zero to
[0,00). Whenever there is an m € Ng such that

B(s)s™™Lf € H and LY (B(s)s™™Lf) € H™([0,T], X),

we say that B(0:)f exists and we set
B(8)f == 0mL Y (B(s)s ™ LYf).

We call the mapping B(8¢) causal, if for every T > 0 and for every f, such that B(0:)f exists, B(0¢)f does not depend
on an arbitrarily chosen extension of f in L2([0,00), X).

Note that this is another definition of B(9;), that does not coincide with Definition 37 in general.

Definition 46 (cf. [33, (2.5)]) We define for m € N the space of m—times weakly differentiable functions with initial
condition zero as
H ([0, 7], X) := {f € H™([0,T), X)| f(0) = --- = f"~1(0) = 0}.

I lege, qo,71,x) == - llm o, 11,%) = /(o Y Em (j0,17,%)>
this is a Hilbert space.

Attention, the sub index 0, * n Hg?*([O,T}, X) has the meaning 0 at t = 0 and arbitrary value at t =T and we also define

With the induced norm

D010, 71, X) := {f € H™((0,7), X) [ f(T) = - = f"~D(T) = 0}.
Lemma 47 (cf. [33, Lemma 2.1]) Let m € Ng. For
B € Hm,

B(0u)f eaists for every f € H" ([0,T], X) and it holds L7(B(s)s™™Lf) € Hi, ([0,7], X) and

B(0:)f =1, £7" (B(s)s™™L(9}" )
We can define B(0¢) as a continuous operator

B(&) : H", ([0, 7], X) = L*([0, 7], X).
Every B € Hm is causal and for every sufficiently smooth extension f of f on [0,00) it holds

B(0n)f = Ljo, L™ (B(s)LS).
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Lemma 48 (cf. [33, (2.1)]) Under the assumptions of Lemma 47, L~Y(B(s)s™(m+2)) is continuous and we have for
fe Hy ([0, 7], X)

B0 f = 0" L (B(s)s™ ")« f
and for f € Hé?ZJrQ)([O,T},X)

B0y f = L7 (B(s)s™ ™) x 0" T2 1.
Lemma 49 (cf. [33, (2.2)]) For A€ Hm(o1), B € Hn(o2), ABE Hyp, [ € Héi‘fx(m’7L’p)([O,T],X) it holds

(AB)(0:)f = A(0:)B(9u) f
and if A(s)B(s) = B(s)A(s) on a line o + iR with ¢ > max(o1,02) it holds
(AB)(0r)f = (BA)(0:)f = B(0r)A(0:)f.

Theorem 50 (Herglotz Theorem on [0,7], cf. [9, Lemma 2.2]) Let B, R € Hm(o0) forog € R. Leta(-,-) : X x X —
C sesquilinear and continuous. If there exists a ¢ > 0 such that for all w € X, all s > oo

Ra(w, B(s)w) > cl|R(s)w|%,
then it holds for all w € Hg’f* [0,T],X), for all o > o9

T
/ 6_2”t§Ra(w(t),B(8t)w(t)) dt > CS_QUT”R(at)wHiz([QT

0 1,X)"

Proof The assertion can be shown as in the scalar case by a discrete Herglotz theorem (cf. [28, Lemma 2.1]) and the
convergence of convolution quadrature.

Theorem 51 (Discrete Herglotz Theorem on [0,7], cf. [9, Lemma 2.1, Lemma 2.3 |) Let B € Hm(o0) for
oo € Ry. For N € N sufficiently large and a sequence (w™)p—o,... N C X, it holds

N N
T IBEDw)E)I? < O Y 1) ™ w) ()1
=0

j=0
The constant C depends on oo, T and B, but not on .

Proof We extend w to a sequence (w™)nen such that, ((87 )™ w)(t;) = 0 for all j > N. This is always possible by an
iterative procedure, as we can write ((8])™w)(tx+1) = w**1/7™ — f((w™),<k), where f((w™), <x) does not depend on
wFt1. Now we compute iteratively w™¥+1, such that ((87)™w)(tn+1) = 0, wN+2 such that ((67)™w)(tn+2) =0, ....
Now we define the finite sequence wg\/[ = wl for j = 0,...,M and w?w =0, j > M. As in Lemma 17 we have for
p=e"2907 |¢| < p and sufficiently small 7

5 1— —200T 200
R (ﬁ) > e / e"™" dr > 200e 2790 > o).
T T 0

With similar arguments as in [9, Lemma 2.1, Lemma 2.3] we obtain

Ty e MU [(BO] )w)(t;)]I> < CT > e 0N ||((0F) ™ war) (¢5)12
j=0 j=0

For j > M, it is w < Ct;” (this can be shown by discrete integration) and therefore

e} N
Ty e ML ()M war) ()P < 7Y e 10 () Mwar ) (8|17 + C(rm)e t70 Mty
=0 =0

and the limit M — oo exists on the right hand side. We obtain by discrete causality (i.e., B(9] )w(t;) is independent of
w™, n>j)for M >N

N
737 =190t | (B0 yw) (t5) 1% = 7

j=0 J

e 400 | (B(OF Juar) (1)

-

0

e~ 1904 || (B(OF ywar) (1)

e

<T
0

J

Combining the previous estimates for the limit M — oo gives

N N
Ty e N (BEDw)(t)1? < O e 170 |((87) ™ w)(t5)]
j=0 =0

Now the bounds e~470T < ¢=490%j < 1 yield the assertion.
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