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SINGULARITY FORMATION AND GLOBAL WELL-POSEDNESS FOR THE
GENERALIZED CONSTANTIN-LAX-MAJDA EQUATION WITH
DISSIPATION

JIAJIE CHEN

ABSTRACT. We study a generalization due to De Gregorio and Wunsch et.al. of the Constantin-
Lax-Majda equation (gCLM) on the real line
wt + auwg = ugw — vATw, u, = Hw,

where H is the Hilbert transform and A = (—8z4)'/2. We use the method in [5] to prove
finite time self-similar blowup for a close to % and v = 2 by establishing nonlinear stability of
an approximate self-similar profile. For a > —1, we discuss several classes of initial data and
establish global well-posedness and an one-point blowup criterion for different initial data. For
a < —1, we prove global well-posedness for gCLM with critical and supercritical dissipation.

1. INTRODUCTION

Constantin, Lax and Majda [6] introduced an one-dimensional equation (CLM) that models
the effect of vortex stretching in a three-dimensional incompressible fluid. They established finite
time singularity formation in their model. In the CLM equation, the convection term is missing,
which we now know has stabilizing effect in 3D incompressible flow [20,21]. Inspired by their
work, De Gregorio [I1[12] proposed to include a convection term to the CLM equation to model
the effects of both convection and the vortex stretching. Okamoto, Sakajo, and Wunsch [30]
introduced an one-parameter family of models by modeling the strength of the convection term
to study the interplay of convection and vortex stretching. Wunsch [34] further studied this
one-parameter family of models with dissipation. The full model then becomes

(1.1)

where a is a real parameter, H is the Hilbert transform and £ is typically some dissipative
operator, such as a full or fractional Laplacian AY,y € [0,2]. If a = 0,v = 0, (L)) reduces
to the CLM equation. If ¢ = 1,v = 0, it is the De Gregorio equation and v # 0 corresponds
to the viscous version. If ¢ = —1, this is the equation (up to a differentiation) considered by
Cordoba, Cordoba and Fontelos [9] for the surface quasi-geostrophic (SQG) equation. There
are various 1D models proposed in the literature. We refer to [14}22,[33] for excellent surveys
of other 1D models for the 3D Euler equations, surface quasi-geostrophic equation and other
equations. Throughout this paper, we call (ILT]) the generalized Constantin-Lax-Majda equation
(gCLM).

In this paper, we study the singularity formation of () (¢CLM) for a range of a and
establish several results about the global well-posedness for entire range of a on the real line.

Wi + auwy, = Ugw — vLw

u, = Hw,

1.1. Previous works. The local well-posedness and the BKM type blowup criterion for (L))
on the circle have been established in [30,34]. Similar results on the real line can be obtained
using a standard method.

For singularity formation or global well-posedness of ([I.T]), we first review some results of the
inviscid case ¥ = 0. One important feature of the De Gregorio model and its full generalization
is that it captures the competition between the convection term and the vortex stretching term.
It is not hard to see that when a < 0, the convection effect would work together with the
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stretching effect to produce a singularity. Indeed, Castro and Cordoba [4] proved the finite time
blow-up for all a < 0 based on a Lyapunov functional argument. See also [5] for a simple proof
on the circle. For the special case a = —1, finite time blowup was established earlier by Cordoba
et.al. [9]. For a = 0, finite time singularity was established in [6]. For a > 0, there are competing
nonlocal stabilizing effect due to the convection and the destabilizing effect due to the vortex
stretching, which are of the same order in terms of scaling. Due to this competition, the same
Lyapunov functional argument in [4] would fail to prove a finite time singularity. We remark
that the stabilizing effect of convection has been studied by Hou et.al. [20,21].

In [14], Elgindi and Jeong constructed smooth self-similar profile for small a and C* self-
similar profile for general a. Recently, the author, Hou and Huang [5] established the finite time
blowup of the De Gregorio equation, i.e. (LI with a = 1,v = 0, with C2° initial data on the
real line by proving that an approximate steady state is nonlinearly stable. Self-similar blowup
for (II]) with v = 0 and the entire range of parameter a on the real line or the circle for Holder
continuous initial data with compact support were also established in the same paper [5]. See
also [16] for similar results. The global well-posedness of the De Gregorio equation on the circle
with smooth initial data is still open. We remark that Sverak et. al. [33] and [25] proved that
the equilibrium A sin(2(xz — z)) of the De Gregorio equation on the circle is nonlinearly stable.

For (L) with dissipation, singularity formation or global well-posedness is only known for
some special a. When a = 0,v > 0, Schochet [3I] established finite time singularity for the
viscous CLM equation with Lw = —w,,. In this case, an explicit solution of (LI can be
obtained. When a = —1, ([[LT)) becomes the Cordoba-Cordoba-Fontelos (CCF) equation, which
has been studied extensively. Finite time blowup with supercritical dissipation £ = A7,y < %
was established in [211[82] and the global well-posedness with subcritical and critical dissipation
were established in [9[I3]. For some global solution to the supercritical CCF, see [I7]. When
a < —2is even and £ = A, the global well-posedness for small initial data was established
in [34].

1.2. Scaling and the critical dissipation. Suppose that £ = A" in ([[I)) for some « € [0, 2].
Then the solution of (III) enjoys the following scaling property: if w(x,t) is a solution of (L),
then for any A > 0,

wa(z,t) & Nw(Az, \t)
is also a solution of (L.T).

For (1)) with a > —1, there is no coercive conserved quantity or a-priori estimate for general
initial data, which makes it very difficult to prove global well-posedness. We will show that for
several classes of initial data, ||w]||z: is conserved. In these cases, a simple scaling analysis shows
that £ = A corresponds to the critical dissipation.

For (L) with a < —1, we will show that the equation possesses a-priori Llel estimate, i.e.
[|w(t, )| L1t < |lwol|Lial, which makes AY with v = |a|~! the critical dissipation with respect to
the natural scaling of the equation.

1.3. Assumption on £ when a > —1. We consider £ which is slightly subcritical (compared
to A) and define it below

(1.2) Lo(z) 2 P'V/Wdy’

where m : [0, +00) — [0, +00) satisfies the following assumptions
(a) m is a non-decreasing function.
(b) Slightly subcritical dissipation:

1
(1.3) lim Tm(r)l/Q/

ds = 400, lim m(r) =0.

r—0+ s2m(s) r—0+

For example, for the fractional Laplacian A% « € (1,2), m is m(r) = r®~1. The dissipative
operator with condition ([3]) can be weaker than any fractional Laplacian A% « > 1 and
approaches the critical dissipation A up to a logarithm term. In fact, m(r) can behave like
|Inr|~¢ for all sufficiently small r and € > 0.
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1.4. Main results. The main results of this paper are the following.

Theorem 1.1 (Finite time blow-up for a close to %). Consider (L1) with Lw = —0y,w. There
exists § > 0 such that for a € (3 — 6,4 +6), 0 <v <1, @) develops a self-similar singularity
in finite time for some C2° initial data.

Remark 1.2. v = 0 corresponds to the inviscid case. If the dissipative operator is replaced
by fractional Laplacian AY with v € [0, 2], one can apply similar analysis to obtain finite time
blowup. We focus on the full Laplacian for simplicity. In [5], the inviscid self-similar profile of
(CI) with @ = 0 was proved to be nonlinearly stable. Using an argument similar to that in the
proof of Theorem [LLT] one can also prove finite time blowup of (LI)with £ = A7,y € [0,1) when
a is sufficiently close to 0

For [Tl with a > —1, there is no coercive conserved quantity for general initial data. We

restrict to the following initial data with odd symmetry or satisfying some sign property.
Class 1. wp has a fixed sign for all z € R,
Class 2. wg is odd and w > 0 for 2 > 0,
Class 3. wp is odd and w < 0 for z > 0.

It is not difficult to verify that the above symmetry and sign property in each class are
preserved by (LI during the evolution. Note that any initial data that have odd or even
symmetry and a fixed sign for > 0 belong to one of the above classes. Our second main result
is the following global well-posedness and one-point blowup criterion.

Theorem 1.3 (Global well-posedness and blowup criterion for slightly subcritical gCLM).
Consider the dissipative operator L defined in (L2 satisfying assumption (L3). Suppose that
a>—1,v>0in (LI), wo € L* N H'. For wy in class 1 and 2, there exists a unique solution
of (I globally in time. For wq in class 3, the unique local in time solution cannot be extended
beyond T > 0 if and only if

(1.4) /OT U (0, £)dt = +00.

Remark 1.4. The initial data constructed in [5] that lead to finite time blowup of the inviscid
gCLM (1)) all fall in class 3. For wy in class 3, it is easy to verify that u,(¢,0) > 0. The blowup
criterion (I4]) is an analogue of the celebrated Caffarelli-Kohn-Nirenberg partial regularity the-
orem [3] for the 3D axisymmetric Navier-Stokes equations in the sense that singularity must
occur on the symmetry axis, if it exists. (L4 is sharp due to the blowup result in Theorem
[Tl For the De Gregorio equation, i.e. a =1,v = 0 in (L)), Lei et.al. [25] proved the GWP for
initial data wp in the class 1 with |wg|'/? € H'. Tt is not clear if similar result holds for a # 1
with initial data in this class.

For a < —1, there is a-priori L%l estimate for (TI). We prove the global well-posedness of
(I in the whole range a < —1 with critical or supercritical dissipation.

Theorem 1.5 (Global well-posedness for critical or supercritical gCLM). Suppose that L =
AV a < —1,v > 04n (L) and the initial data wy € LIYINHY. If vy € [la|7',2], @) has a unique
global solution. Moreover, for a < —1, there exists y1 = 1 (||wol| L1, ||w]| 51, @) € (0, |a]™1), such
that for each v € [y, |a|™Y], @I) has a unique global solution.

Remark 1.6. For a < —1, A7 with 41 <y < |a|™! corresponds to the supercritical dissipation.
When a = —1, the global well-posedness with critical dissipation was first proved in [I3] using
modulus of continuity. The novelty of our approach is to establish a-priori L!*/*¢ estimate for
sufficiently small € > 0 depending on the norm of the initial data.

Remark 1.7. In the presence of dissipation, Theorem [[Blshows that for (II]) with a fix dissipative
operator £ = A7,y > 0,v > 0 and a < —1, as |a| becomes larger and satisfies |a|y > 1, the
equation becomes globally well-posed. This confirms the stabilizing effect of the convection term
studied in e.g. [T9H21].
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1.5. Organization of the paper. In Section 2] we construct the self-similar profile for the in-
viscid gCLM (.I) with a = § and prove Theorem [ by showing that such profile is nonlinearly
stable. In Section [l we first perform the L' estimate for several classes of initial data and then
prove Theorem [[3] using the nonlinear maximal principle [§]. In Section Bl we prove Theorem
by establishing a-priori LII*¢ estimate of the solution. In the Appendix, we prove several
Lemmas about the Hilbert transform and the fractional Laplacian and some useful estimates.

Notations. We use (-, -) to denote the inner product on R, i.e.

<f,g>é=/£fgdw-

Without specification, the domain of the integral is the whole real line, ie. [ f = [ f(x)dz,
[] f = [|ag f(x,y)dzdy. We use C to denote absolute constant and C(A, B, .., Z) to denote
constant depending on A, B, .., Z. These constants may vary from line to line. We use C; to
denote constant which does not vary. We use the notation A < B if there is some absolute
constant C' > 0 with A < C'B. The upper bar notation is reserved for the approximate profile,
e.g. .

2. FINITE TIME BLOWUP FOR a CLOSE TO 1/2
In this Section, we prove Theorem [[LTl Consider (IT)) with dissipation equal to £ = —0,,
(2.1) Wt + QUW, = UpW + VWyey, Ur = Hw.
Firstly, we study the inviscid problem, i.e. ¥ = 0. Consider an ansatz of self-similar solution
w=(T- t)CWQ(ﬁ). For a = 1/2, Plugging this ansatz in (2] with v = 0 yields
(qz+ %U)Qm = (cw + U,)Q,

where U, = HQ). Surprisingly, it has the following analytic self-similar solution

—2bx b — 2? x 1
2.2 Q= ——, U=, U=5—. =3 Cw=-1,
(22) (x2 +02)%’ (b2 + 22)? Rtz T3 ©
where b = /3/8. To verify that (£, ¢;) solves the self-similar equation, we compute
1 1 x 1 =z —2b 20z - 4x '\ (b + 22)? b? — 22
Uy =+co—Up=(5+2 - ———=
(aw+ 300 - g +a (3+2b2+x2)((b2+x2)2 (b2+x2)3> B (R
1 1 1 422 b? — 22
S SN S S O Dt
3 202 422 a2 + b2 (b2 + 22)2
4 1 1 4, b2 + 2? 4 b2 1 1
= 3+ oG - 590 - S =0,
3 224022 3 (@2 +0%)2  3a22+02 222402

where we have used b = % to obtain the last identity. Hence, plugging the self-similar solution
into (21 implies finite time self-similar blowup for ¢ = 1/2 and v = 0. In this self-similar
blowup, the spatial blowup scaling is ¢ = 1/3, if we add the diffusion term, such term is
asymptotically small compared to the nonlinear term in the equation of the self-similar variables.
In our later analysis, we will treat the diffusion term as a small perturbation to the nonlinear
part, especially the vortex stretch term u,w.

2.1. Dynamic rescaling formulation.

To prove finite time self-similar blowup, we use the strategy developed in [5]. We reformulate
the problem of proving finite time self-similar singularity into the problem of establishing the
nonlinear stability of an approximate self-similar profile using the dynamic rescaling equation.

Let w(x,t),u(z,t) be the solutions of the original equation (ZI]). It is easy to show that

(2.3) O(z,7) = Cup(T)w(Cy (1), t(7)),  a(z,7) = Cu(T)Cy(7) " u(Cy(T), t(T))
are the solutions to the dynamic rescaling equations

(2.4) (2, 7) + (e (T)x + at) Dz (2, T) = o (T)® + Up@ + V(T)Dzg, Ur = Ho,
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where v(7) = Cy(7)72C, (1), t(1) = foT Co(1)dr,

(2.5) C(7) = exp ( /O ’ cw(s)d7'> CL(0), Ci(r) = exp < /0 ’ —cl(s)ds> 1 (0).

We have the freedom to choose the initial rescaling factors C,,(0), C;(0) and the time-dependent
scaling parameters ¢;(7) and ¢, (7) according to some normalization conditions. After we de-
termine C,(0), C;(0) and the normalization conditions for ¢;(7) and ¢, (7), 24) is completely
determined and the solution of (2] is equivalent to that of the original equation using the
scaling relationship described in ([23)-(23), as long as ¢;(7) and ¢, (7) remain finite.

We remark that a similar dynamic rescaling formulation was employed in [24)27] to study
the nonlinear Schrédinger (and related) equation. In some literature, this formulation is called
the modulation technique. It has been very efficient to describe the formation of singularities
for many problems like the nonlinear wave equation [29], the nonlinear heat equation [28], the
generalized KdV equation [26], and other dispersive problems. It has recently been applied to
prove singularity formation in fluid dynamics [15].

If there exists C' > 0 such that for any 7 > 0, ¢,,(7) < —C < 0 and the solution @ is nontrivial,
e.g. ||@(r,)||ree > ¢ >0 for all 7 > 0, we then have

Co(1) <e™ 7, t(o0) < / e 9Tdr =C7! < 40,
0
and that |w(C)(7)z,t(1))| = Cu(7) " @(x,7)| > e“T|@(x, )| blows up at finite time T = t(c0).

If (&r,c(7),cu (7)) converges to a steady state (Woo, €l 00, Cw,00) Of 4] as 7 — o0, one can
verify that

(2,1) 1 T
wlx = Woo
’ 1—t (1 — t)=Ctoo/Curo0

is a self-similar solution of (21).
To simplify our presentation, we still use ¢ to denote the rescaled time in the rest of the paper
and drop © in (Z4), which leads to

(2.6) we + (qx + au)w, = (co + Uz)w + V(H)wae, Uy = Hw,

where
(2.7) v(t) = Cy(t)"2C,(t)v = exp (/0 (cw(s) + 2cl(s))ds> C1(0)72C,(0)v.

2.2. Approximate steady state and normalization condition.
For given a close to %, we use the profile (2:2)) to construct the approximate steady state

. —2bx o Ho— b? — 22 o x
(2.8) R ) A (e EA =
' 1 1, . V(1) @gax(0) 3
=5 — =)uz(0), w(t) =—-1— - ; b= Q

We remark that ¢, (¢) is time-dependent and @ is odd. We consider the equation of any pertur-
bation (w, g, ¢, ¢,) with w(0, -) being odd around the above approximate steady state. Clearly,
the equation preserves the property that w(t,-) is odd during the evolution. The equation for
the perturbation reads
(2.9)

wi = —(Gx + at)wy + (Co + Ug)w + (Ug + o) — (g + au), + V() wee + N(w) + F (&, t)

2 L(w,v(t)) + Nw) + F(w,t),
where the nonlinear and error terms are given by

N(w) = —(aqz + auw)w, + (¢, + uz)w,

2.10
(2.10) F(w,t) = —(a— %)(a — Ug(0)x)wy + v(t)Wgs.
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We choose the following normalization condition for the perturbation
Weza(t, 0)
@g(0)
If the initial perturbation satisfies w;(0,0) = 0, wy(¢,0) remains 0. In fact, if w;(¢,0) = 0,

plugging [2.8) and [2I1) into (2.6, we get
d o (8,0) + 22(0)) = (cu(t) + 20 + 1 (0) + 7o (0))(ws (1, 0) + @2 (0))

dt dt
— (a(t) + & + a(ug(0) + 2(0)))(wx (2, 0) + &2 (0)) + v(t) (Wazz(t, 0) + Wrzz(0))
= @, < 1+ 1,(0) — u(t)‘*’m(t’gig)wm(o) _ <% + % 1(0)>)
+ v(t)(Weae (t,0) + @rzr (0)) = 0,

(2.11) a(t) = —aug(0), cu(t) = —ugy(0) — v(t)

wy(t,0) =

where we have used ,(0) = §. Hence, w,(t,0) = 0 is preserved.

We choose the following weights

2 4 12)3 2 4 12 2 1 12)3 2 4 32
(2.12) <P:(I22—l;> :_ix —l;)b, 1/):(3: +b%) :_a:(azi—l—b)7
x w 2b w

and will perform weighted L? and weighted H* estimates to establish the nonlinear stability.
Since w vanishes at least quadratically near = 0 for smooth w, (w?, ¢) is well-defined. The H*
estimate is to control wys, (¢, 0) appeared in ¢, (t, 0).

In the following discussion, we assume w € L2(¢) N H(¢).

2.3. Linear estimate. We perform the weighted L? estimate as follows
(2.13)

1d
579 = (—(@2 + a)ws + (@ + o), wp) + (s + )@, wp) = ((au + o), we)
+ V() wer, we) + (N (w),wp) + (F(@),wp) 2T+ IT+IIT+D+ N + F.

For I, we use integration by parts to get

(2.14) I <$((Ew+aﬂ)cp)m + (@t )67,
Denote
(2.15) (z) = u(®) — ug(0)x, du(z) 2 up(z) — ug(0).

Recall the definition of ¢ in [ZI2). A direct calculation yields

- —<ﬁww, % + 2_2> + V(t)wmc_j:(((t)’)o) <w, 2+ b >

Using the cancellation (A3]) and (A4), we get

wzjj(t),)()) <w, 3;2; b2>

1 1 . 2
ugy(0) = —— gdy, Ugze (0) = —— & de = —= idw,
3
T R y T R X v R X

where we can use integration by parts twice for the second integral since w,(0) = 0 by normal-
ization condition and wy;(0) = 0 by odd-even symmetry. Hence

e G (0] 4 P (0).

For IT1, we first use (ZI1)) and (ZTI3) to rewrite ¢z + au

az + au = au — aug(0)z = ad.

3

I = —gui(o) +u(t)

<u(t)

wijj(((t)’)()) <w, ;1;29; b2 >

Note that

(2.16) I < —v(t)
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Using the elementary inequality |zy| < 2% + y; yields
b 2
ITT| = |((au + @), wi)] = al{ion, we)l < (@2 =) + (0% (@)%,

where b = \/g is the same constant used in ([2.8). We can use the Hardy inequality (A.6) with
p = 2 to control the velocity
4b 1 a? 4b 1 a?
2 2~ 2.4\ _ / 2 - N2 4
(2.17) |[I11] < <w ,§P> + E<w , (Wpp)°x > = <w 9 2 + @(wmw) x >
For D, we separate the singular and less singular part of the weight ¢ defined in (212])
(2 +?)° (22 +b2)3 — b° 6 “a s
W>:V(t)<wm,wT>+u(t)b <WII,W$ >:P1+P2

Note that w(0) = wz(0) = wz(0) = 0. Near the origin, we have
w=0(|2*),wz = O(|z*).

D = u(t)<wm, w

Thus we can use integration by parts to estimate P;

A= 0 = o ()

where we have used the following estimate to get the last inequality

($2+b2)3—bﬁ )
}( 20z }Sl—i—x S

For P, since w(0) = wy(0) = wy4(0) = 0, we can use Hardy inequality to get
(w270 S (i, 27 S (Wi 27%) S [lweasl[3.

Using the Cauchy-Schwartz inequality and the above estimate, we get

Py < v(t)(wig, 2™ )V 2w a7 S w(t)|lweaall3-

xx)

Combining the estimate of Py, P>, we yield

(2.18) D:P1+P2Sy(t)(<w2a‘:0>+||wwww||g)-
Collecting the estimate [2.14]), 2.16) and 2I7) and @2I8]), we derive
1d,, 1, _ _ - 2 2401
- < (_— S T
530099 < (5@ +an)p)e + (@ +),w7p) + (5 o + 5 (Bep)a)
2.19 T\ Weaa(t,0)

+Cr(t)(W?, @) + lweaal3) + (N (w), we) + (F(@, 1), wep).

We remark that the second and the third line in (ZI9) can be arbitrary small by choosing v(0)
and a—% to be small. Notice that we have analytic formulas ([2.8)) and 212) for @, ¢;, @, €, @, @
in the first line of ([ZI9). Using the pointwise estimate (AI(Q) in Lemma [A.4] whose proof is
elementary, we can further estimate the quantities in the first line on the right hand side of
2I9) and yield

1

L) <~ — Olla— 5] + )2 0) — Tult)

+ Cr(t)((w?, @) + |[waazll3) + (N (W), we) + (F(@,1), wp).

1
(2.20) 2
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2.4. Weighted H* estimate. Taking the x derivative on both sides of ([2.3) four times and
then multiplying 9w give
(2.21)

5 ((O8)2,0) = (—08(rr + am) + O3((Cu + 1)), D) + (O4((ua + €)2), Do)

— (02 ((qx + au)@y ), Otwip) + v(t) (98w, tw)

+ (02N (w), 02wy + (02F (@,t),0%wip) 2 T+ IT + IIT + Dy + Ny + F.
Denote f) = Ok f. For the terms in each inner product, we only keep track the perturbation

term with the same or higher order than w®, i.e. w®, w® WO 45 We use the terminology
l.o.t to denote the lower order term. For I, we have

I = (—(Gz + aw)w® — 4(¢ + atiz)w™® + (@, + t)w™, w®) + (Lot, W),
Using integration by parts, we get

(2.22) I= <ﬁ((ax + at)), — (48 + 4ati, — Gy — Tz, (w(4))21/1> + (Lot, (w®)2).

Notice that we have analytic formulas ([2.8) and (2.12)) for g, &, @, €, t. Using the pointwise
estimate (A1) in Lemma[A4] we get
1 1
(2.23) r<(- =+ Cla— 5| +v(), @ D)) + (Lot., wWy)

for some universal constant C.

For 11, we have
(2.24) IT = (03 ((t + c0)@), Djwr) = (W@, W) + (Lot., wVe)
' = —(w®wW (2% + b)) + (Lot., W),

Next, we show that the first term vanishes. Applying the cancellation (AB) with (ugy,ws)
replaced by (u(®,w®), we get

(2.25) —p*(u®w® ) = 0.
Using integration by parts yields
1 1 1
H(wWz)(0) = ——/ wWdz =0, H(w2?)(0) = ——/ wWdr = —/ w®dz = 0.
TJR T JR TJR

Note that H(w™®)(z) = u®. Applying Lemma [A2] we obtain
HwWz) = 2(HoW) = 20 (), H(wWz?) = zH(wWz) = 22(Ho®W) = 22u®) (),

Moreover, we have (22u(®)(0) = (22w®)(0) = 0. Therefore, applying Lemma [AT with w =
22w® | we yield

—(u® (2)w®, 2% = —(H(22w®) - (22w™), 271 = nH(H (z?w®) - (22w™))(0)
= 7 (H@W®)(0) - @2®)(0)?) = 0.

Combining (224), (Z25]) and (228]), we can derive

(2.26)

(2.27) IT = (l.ot., w™y).
For I11, it only involves u(® for i = 0,1,2,3,4. Hence
(2.28) I1T = (lot, w™®y).

Recall the definition of ¥ in (2.12)). For Dy, we use integration by parts to get

Dy = V(t)(@mmw(4),w(4)w> = —V(t)<w(5),w(5)w> — V(t)<w(5),w(4)¢m>
(2.29)

= (), 0O) + D 00, 0 0y) < T ® WOy < o @), ),
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where we have used the following estimate to derive the last inequality

22 4 1)°

For all the lower order terms in I,II,I1I, we can use interpolation between (w?,¢) and
(w(4), ) to control them. Since & is not singular and decays very fast 22 for large z, all the
coefficients, i.e. @, 7,1, in the interaction (l.0.t., w®1)) are bounded by some absolute constant.
We estimate a representative term. For (92(c;x + au)w,,w®) in III, we can estimate it as
follows

(02 (12 + au)is, w D) = al(uW i, w D) < [[ul®|l2]@at oo (W), 1) /2.
Using (2.8) and (212)), we have

e '3 <

e ~(14+2%)%2 <1
X

It follows
(0 (e + au)g, @) < JJu®|l2[[((W®)2, )2 < Jlw® |2 ()2, )12

S wlly @I (@ @)%, )2 S (WP, @)V (WD), ).

Using e-Young’s inequality, we further obtain
(03 (1w + au)wg, @) < e((WP)?,9) + Cle)(w?, o).

for some constant C() depending on e. Similarly, for all terms in (l.0.t., w*4), we have
(2.30) |(l-o.t., wW)| < (W), 0) + Cle) (WP, ).
Finally, collecting all the estimates [223)), (2Z27), 228), (ZZ9) and (230), we obtain the

weighted H* estimate up to the nonlinear term and the error
L @W,8) < { 3 +Clla— 172+ v(t), @) + (W), ¢)
+0(e){w?, @) + v (W), ) + (N (), wWy) + (B3 F (@, 1), w D),

where C(e) is some constant depending on e. We choose ¢ = 75 so that C(g) = C

universal constant. The above inequality can be simplified as follows
1d 1 1
- (4)\2 <{(_Z C - t (4)\2 C 2
1) S (@W)2) < (= 7+ Cila— 5+ v(0), W D)0) + C1 (w2, )
+ (0N (W), W) + (3 F (@, 1), wVy),
for some universal constant Cy > 0.

2.5. Nonlinear stability. Now we construct the main energy
1
(2.32) E2(t) = (% @) + (W), ), p= 8C’
where C is chosen in (231]). With this fix energy, we can control the L> norm of many terms
e.g.
105wlloo S llwllz + w2 S E@®),  [|05ualloo S E(2),

for k =0,1,2,3. We remark that w,.,(0) appears in ¢, ().

Recall the nonlinear term N (w) defined in (2.I0). Next, we control the nonlinear parts N, Ny

in the L?, H* estimates (2.13)), (2.21))
N = (N(w),wp), No=(9;N(w),dzwe).
Consider a representative term
P = (audtwy, 02wi)

in the nonlinear part of the H* estimate. Using integration by parts yields

1 z
1Pl = B s 0tr0) € (ual + B2, @100 S sl (020100 S B0,

R
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where we have used the calculation in (AI3) to yield % < 1 in the second inequality. We
can estimate other terms in the nonlinear part N, N, similarly. Hence, we prove

(2.33) (N (@), wp)| S L+ v)E*(t), (02N (), wWy)| S (14 v(8)) B ().

Recall the error term in the weighted L? and weighted H* estimate

(2.34) (F(@,t),wp), (0 F(@,1), Opwi)),

where F(@,t) is defined ((2I0)). Using the formulas of @, @ in ([Z.8]), one can easily verify that

[F (@, )] < (Ja— %I +v(t)) min(fz, [2] 7).

We use the Cauchy-Schwartz and the Hardy inequality (w?,27%) < ||w® |3 to get

I2 2\3
(P00 = (F@0,0 00 < (1p@, 0007+ )
(2.35) <(F(w, )2, aHY2 (w0, D)Y2 4 (F(@,1)%, 2722 (w2, 27 6)1/?

o — 5140 (llollze + 1@l122) £ (la = g1+ v(H)ED),

where in the last inequality we have used the interpolation between (w?, ) and (W™, ) to
control ||w®||>. For the second error term in (Z34)), the weight v is not singular and the error
02F(@,t) decays sufficiently fast. Hence, we obtain

(236)  {ONF(@,0),09) < (OHF@,0)%0)F (0@ 0)F £ (la — 5]+ v() B,

For the remaining terms

T Waaz(t,0)

——v(t)

2 Wy (O) (2um (O) + b2ummm(0)) + V(t)”wmcm”g

in the weighted L? estimate (Z.20), each term wy . (,0), 1 (0), Uzzz(0), ||warze||2 can be bounded
by an interpolation between (w?, ) and (w®, ). Hence, we have

(2.37) — gu(t)%%(%’)o) (2 (0) + b*tzaz(0)) + v(t)||waze 3 S V() E*(2).
Cobiing 2, @I, T8, G0 €0 s €D, we e
30 = 3 5P (@O < = (5= Clla= 121+ (0) ) (1) + CHOEA

(= 3+ Cula= 1724 v0), WOP0Y + €2 )
+CA+v)E*(t) + C(la — %| + v(t)E(t)

for some universal constant C. Recall y = 8171. We have

1 1 1 1
—3 +C(la— 5| +v(t) +puCy < ~1 +C(la— 5| + v(t)).

Therefore, we can simplify (2.38)) as

(2.39) %%E%) = <_i +C(la—1/214 V(f))> (@2 @) + n(W™)?, )+

+ Co(1 +v(t)E3(t) + Co(|a — %| +v(t)E(t),
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where Cy > 0 is some absolute constant. From the definition of ¢, ¢, in (Z38)), (Z.I1)), we obtain

alt) +a - 3| < Calla—1/2]+ B (),

(2.40) ’cw(t) +E, o+ 1‘ < Cslla—1/2| + v(t) + (1 + v(1)E(1)),

2(ci(t) + @) + cu(t) + 2 < —% + Cs(la — 1/2] + v(t) + E(t)),

for some universal constant C3. Recall the definition of v(t)

v(t) = exp </0 2(a(t) + @) + co(t) + Ew> C1(0)72C,(0)v.

From (2.40), we see that the integrand in the exponent is bounded above by —1/3 and a small
term. Since v < 1, if we choose C,,(0) = 1 and C;(0) to be sufficiently large, then v(¢) remains
small. We choose 9§,y > 0 such that

(2.41) (14 Co+ C3 4+ C2C3 + C3) (6 + 1) < To00°

For any diffusion coefficient 0 < v < 1, we choose C,(0) = 1,C;(0) large enough such that
v(0) < C(0)72 < 1. For any v < 1, |a — 1/2] < 4, it is easy to check that the bootstrap
assumption

E(t) < 8Ca(la —1/2|+v(0)) £ Ey,

v(t) < v(0) <y,

can be continued provided that E(0) < FEy. In fact, if (242]) holds for ¢ € [0,7), 240) and
2.4T) give

(2.42)

_ _ 1 1 1
2(c1(t) + @) + co(t) + ¢, < ~3 + 20 < T
which implies
"1 t
(2.43) v(t) <exp|-— Zdt v(0) < exp(—Z)V(O) < v(0).
0

When E(t) = Ey, the right hand side of (2.39) is negative. Hence (2.42)) holds for all ¢. As a
result, (2.40), (Z4I) and the bootstrap result ([2:42) imply
1 1 1
4> — — o(t) + 0 < =1+ — < 0.
cl()—|—cl>3 20>0,c()+c < —|—20<0

Therefore, for small odd perturbation w with E(0) < Ey (we fix C,(0) = 1 and choose C;(0)
large), the bootstrap result and ¢, (t) + ¢, < —% imply finite time blowup in the original physical
space after rescaling the time variable. We remark that F(0) < +oo implies w,(0,0) = 0 due to
the singular weight ¢.

Remark 2.1. [243) implies that the diffusion term in ([2:6) vanishes as t — +o0.

2.6. Convergence to the self-similar solution. We use an argument similar to that in [5]
to establish convergence. Instead of rewriting the estimates, we only sketch some steps.

We choose odd perturbation wy with F(0) < Ey. According to the nonlinear stability analysis
and (Z42) in the previous Section, we have a-priori estimate E(t) < Ey for all ¢, where E(t) is

defined in (Z32).
We choose weight ¢ defined in (Z.I2) for the L? estimate and

s T (22 + b2)?2

w2

for the H3 estimate. Taking time derivative on the both sides of ([Z9) yields
(244) W = E(wt, I/(t)) + ﬁ(w, V(t)t) + 8tN(w) + 8tF(cD, t)

p
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A key observation is that the right hand side is linear in w;. F'(w,t) is time-dependent and we
have
(2.45) O F (@,t) = U(t)0gg.
From (243]), we know that v(t) decays exponentially fast, so does 0, F(@,t).

In ([Z44), we have some terms related to (t) £ <v(t). From (271), we have

v(t) = (2(ci(t) + @) + co(t) + co)v(t).

Using (Z40), the bootstrap result (Z42) and the smallness of |a — 1/2|,v(0), E(t), we obtain
(2.46) [o(t)| S v(t).

Using an argument similar to that in the L2, H* estimates of w and the a-priori estimate
([242)), one can perform the weighted L? and H? estimates for w; and obtain an estimate similar

to that in (2:39)
S—GP(t) < - G —Cyulla—1/2| + V(t))) G*(t) + C4(1 + v(t))E(t)G(t)?
+ Cu(t)(E)G(t) + EX(1)) + Cav(t)G(t) = T + T + 111 + 1V,
where Cy > 0 is absolute and G(¢) is the energy for w,
G2 (1) £ (W, ) + M(wi”)* ).

I comes from the estimate of linear term £(wy, v(t)), I1 corresponds to the estimate of nonlinear
term, I11 comes from the terms related to %v(t) and we have used (Z46) to control i(t) and
IV comes from the error term 0, F(@,t) (see (243])).

By choosing |a — 1/2| < §,v(0) < vy sufficiently small (see the discussion in the paragraph

after (2.41])), then using a-priori estimate (Z42]) and the smallness of E(t), we further obtain
1d 1 1

(2.47) §£G2(t) < —ng(t) + Cyv(t)(G(t) +1) < —ng(t) + Csv(t)
for some universal constant Cf.
Remark 2.2. Compared to the differential inequality obtained in [5], (2:47) contains an extra
term Csv(t) because the error term F'(@,t) is time-dependent (see (2.43])).

Using v(t) < v(0)exp(—%) in (243) and then solving the above ODE inequality obtain
exp(£)G?(t) < C(v(0),G(0)) exp(z), or equivalently,

t
G(t) < C(G(0), v(0)) exp(—7).

The remaining steps are standard. Hence, we have exponential convergence to the self-similar
profile in the dynamic rescaling equation provided that |a — 1/2|,v(0) are small enough. Since
v(t) converges to 0, such profile is the same as the inviscid profile associated with a. This
concludes the proof of Theorem [Tl

3. GLOBAL WELL-POSEDNESS AND A BLOwUP CRITERION FOR a > —1

In this Section, we consider (LI with a > —1,v > 0 and prove Theorem [[L3l Without loss
of generality, we assume v = 1. Then (L) becomes

(3.1) wi + auwy, = uzw — Lw, u, = Hw.
Recall the dissipative operator Lw defined in Section [[.3]

(3.2) Lo(z) 2 P.V./Wdy,

where m : [0, 4+00) — [0, +00) satisfies the following assumption
(a) m is a non-decreasing function.
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(b) Slightly subcritical dissipation:

1
1
(3.3) lim rm(r)l/Q/ ———ds =400, lim m(r)=0.

r—0+ s2m(s) r—0+
Recall three classes of initial data with odd symmetry or satisfying some sign property.
Class 1. wp has a fixed sign for all z € R,
Class 2. wg is odd and w > 0 for x > 0,
Class 3. wp is odd and w < 0 for z > 0.
It is not difficult to verify that the above symmetry and the sign property in each class are
preserved by (1) during the evolution.

Lemma 3.1. (a) For wg in class 1 and 2, w(t,-) satisfies

(3.4) lw@Ilzr < [lwollzr-
(b) For wy in class 3, w(t,-) satisfies

(3.5) [lw@®)||r S exp ((1 + a)/o UI(S,O)dS) “Nwol| L1

Proof. For wy in class 1, integrating (3.I)) on R and then using integration by parts yield

i/wdgcz(1—}—(1)/uggo.)—/ﬁ(w)dgczo,
dt Jg R R

where the last equality can be easily verified by symmetrizing the integral in the Hilbert trans-
form and the dissipative operator £ ([3.2]). Since w(t,-) has a fixed sign, ||w||p: is conserved.
For wy in class 2 and 3, integrating (B]) from 0 to oo and then using integration by parts
give
d oo o0 oo
(3.6) i ), wdy = / (14 a)uzwdy — / L(w)dr =T+ 1I1.
0 0

For I, since (x —y)~! is antisymmetric, we have

1+a/ / (I_ _Iiy)w(y)w(x)dxdy

For 11, symmetrlzlng the mtegral, we get

w(y) w(z) +w(y) w(y)
/ / Ix—yl |z —yl? +m(lx+yl)|x+y|2 / / |x+y| Ix+yl2d

For wy in class 2, we have w(z),w(y) > 0 for z,y > 0 and then both I and I are non-positive.
Hence, the time derivative in (B is non-positive and we prove

0< [Ty [ wndy,
0 0
which implies (34).
For wy in class 3, we have w(x),w(y) < 0 for z,y > 0. It follows IT > 0 and

2 t 2 [ w(t
__/ ( y>dy< / Mdy:um(t,()).
T ), THY T Jo Y
Plugging the above estimates in [3.0) and using w(x) < 0 for > 0, we prove
L 2(l+a) [ = wy) /°°
— dy>1=-""—"" dy > (1 +(0 dx.
S e L [T [ 2y = (14 0u(0 [ e
Using the Gronwall inequality yields

o< | m(—w(t, iy < exp (14 [ uss0)ds) [ n)in

Note that ||w||;1 = =2 [~ w(y)dy. We conclude B.3). O

xdy.
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For the subcritical case, e.g. £ = A% a > 1, the proof of Theorem follows from the
standard energy estimate. For the case where L is slightly stronger than A, we use the nonlinear
maximum principles [8].

Proof of Theorem [[.3. According to Lemma Bl it suffices to prove that the solution exists as
long as ||w||r: remains bounded. Based on the BKM type blowup criterion, see for instance
[2], ||uz]loo can be bounded by ||w||s and a Sobolev extrapolation inequality with logarithmic
correction. Hence, it suffices to control ||w||ec assuming that ||w||p: remains bounded. Other
steps are standard and hence omitted.

From the definition of the dissipative operator £, we have

[ (@) — () w())?
“(l’)“"(x)‘/ |x—y|2m<|w—y| = / |:c—y|2m |w— I

(y) N 2
/ |x—y|2m Ty & 5P+ L)

where

Ry B

|z —y*m(|z —yl)
Multiplying w(z) on both sides of B.Il) gives
1 2 1 2
(3.7) 3 (O + audy + L)w” + §D(w) = ug(x)w (z).

For some § > 0 to be determined, we have

(3.8) ,
Uy (2)w?(z) = wT(x) / ;u(—_y:)gdy
_w2 (x) w(y) —w(z) w?(x) w(y)
B ™ ~/|;E y|<d (.I - y) dy * ™ ~/|m—y|>t5 T — ydy

1/2

l 1/2
2 wiy) —w(@) w? (x)
<) ( [ () dy) ( /quyndy) + D,

w 2
P 1 smpt @) + ol

<) (D)2 (bm(E) 2 + D . < 2

We choose 6(z) as follows

w1 . 1 m(8)*(w(x)® +1)"/?2
(3.9) 52m(8) = T+e?(@) or equivalently 5= o ||1/2 .

Since m(r) is increasing, there exists a unique 6. Then ([B.8) can be reduced to
(3.10)

w w2 )Y/ 2(w(z)2 1/2
Uy (2)w?(z) < # + m(8)Y 2w (x) o2 (H )||+ i/ + ©) |(| |(|1)/2+ 2 ||w||Lrw? ()
< 29 o (@) 2l () + 1772
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Next, we estimate a lower bound for D(w). We split the integral in D(w) into two parts

D(w)z/ (w(x) — w(y))? dy

6<|z—y|<1 |.’IJ— |2m(|$ |)
)
*m(

2
=/ Sy 2u(a) [ AD gy
setoyit T — gm0 myizs TP yPmE 3]

> 2w(9c)2/5 LI ;';”(f)J ol

<r<1 r2m(r)

B 1 2|w(z)]
_2w(x)2WT(5) 7 ()II wl|L1,

(3.11)

where 7(r) is defined below

) 2 [
Using the definition of ¢ in ([3.9), we yield
W2(2))1/2 w(z)3
(3.12) D(w) > 27’(6)4;.)(96)2%—2|w(x)|(1+w(x)2) > 27(9) :| (||1)/|2 —2(14w(z)?)%/2.

Combining all the estimate (317), BI0) and B.12), we derive

1 D
Ot aud, + 0w + 2 < om(@) el (w2(w) + 17 - P

< <2m(5)1/2||w||L1 + i) (w2(a:) + 1)3/2 _ Z7'(5)

At the maximal point zg = arg max |w|, we get

(313) 30 < (2m0) Zlellis + 1 ) () + 12 - 176)

A(t) 2 max <exp <(1 +a) /Ot uz(O)dt) ,1> .

From Lemma 3] we have ||w||p1 < A(t)||wol|z1. From B3), we have

Let

2 sy wller  _ Al)]lwollr:
om(9) = w?(z) +1 = w(z) +1

Therefore, if max |w(z)| = 400 , we get § — 0. According to the assumption (B3],
m(&)Y? =0, 7(6) = +oo.

Therefore, the right hand side of (BI3)) is negative for sufficiently large w(x)

t
w(t,2)| >C(||w0||L1,m,a,/ s (5,0)ds).
0

It follows that supg<,, ||w(s,-)||ze is bounded if supg< ., ||w||L < 400,

Using arguments similar to [10] or symmetrizing the integral (see the proof of Proposition
A1), we can obtain that £ is positive on LP estimates. In particular, it is positive in the L?
estimate of w,. Therefore, passing from the L> estimate of w(t,-) to the H! estimate follows
from the standard argument, which can yield the well-posedness result. We omit it. O
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4. GLOBAL WELL-POSEDNESS FOR a < —1

In this Section, we prove Theorem We consider
(4.1) wr + auw, = ugw — ANw, u, = Hw,

with a < —1, where v € (0, 2].
Denote p = |a] > 1. Performing the L? estimate of (A1) and using integration by parts yield

1d

2wl = [ uwlP = u(wP)eds — | wlwP2A wdz

pdt L R p R

(4.2) .

= /(1 + —ug|wPdx — / W|wP A wdzx <0,
R p R

where we have used 1+ % = 0 and Proposition 1] below about the fractional Laplacian.

We mainly focus on the proof of the global well-posedness with critical or supercritical dis-
sipation. The global well-posedness in the subcritical case, i.e. v > |a|~! follows from the
standard Sobolev energy estimates.

For a < —1, it seems difficult to apply the method of modulus of continuity [23] or the
nonlinear maximal principle [§] to establish the global well-posedness due to the vortex stretch
term in ([@T]).

Our proof of the global well-posedness is based on a-priori L!1*¢ estimate for sufficiently
small € > 0 by exploiting the cancellation between the transport term and the vortex stretching
term. Firstly, we need a positivity estimate about the fractional Laplacian, which has been used

to derive (2.

Proposition 4.1. For v €[0,2],p > 1, we have
1
/ wlw|[P"2A wdz > Cmin(p — 1, =)||AY/2|w|P/?])2,.
R p

Similar results on the torus 7¢ when p > 2 is even have been established in e.g. [7], [10]. We
defer the proof to Appendix [A3]
We separate the proof of Theorem for a = —1 and a < —1.

4.1. Global Well-Posedness for a < —1.

Proof. Denote p = |a| < 1. From ([@2)), we know a-priori that w(¢,-) is LP bounded.
Let 0 <e <1, (2p)~! < <p~!tobe determined and ¢ = p+¢e. We consider v € [y1,p ]
Multiplying w|w|?~2 on both sides of ([@I]) and then performing L4 estimate yield

1d a _
caplwllze = (us, Jwl*) — 5<u7 (lw]M)z) — (wlw] 72, AVw)

= (g, [w]7) — (w]w] 72, AVw) & T —IT,
q

where we have used integration by parts and 14+ ¢ =
small parameter ¢ is from the cancellation between
term. Applying Proposition [4.1] yields

11> Cmin(g — 1,¢7Y)[|A72|w]2[|7. > Cmin(p — 1,p~H)[A7?]w|*/%|| 1.,

q"’T“ = % to obtain the second equality. The
the transport term and the vortex stretch

where we have used ¢ = p+¢ € [p,p + 1]. Applying the Sobolev embedding H/? sy L&, we
obtain

112 e[|l 21132 2 cplllwl 21?2 = el lwl?ll, 2
LT L

2
H~/2 =
where we have used (2p)~! < v < v < p~! so that the constant in the Sobolev embedding

(the second inequality) only depends on p. Using the Holder inequality, L boundedness of the
Hilbert transform and y~1 € [p, 2p], we yield

€ q q
I< qllumllﬁll Wil s < eCpllwll 2] 1wl s

where we have used ¢~ < C,,.



GENERALIZED CONSTANTIN-LAX-MAJDA EQUATION WITH DISSIPATION 17

Combining the above estimates, we prove

(4.3) 21111 < Gl 1 —ep)ll wlll o

LT=7
Next, we determine the parameter v; and e. Notice that for any m € [p, o], the Holder
inequality and the simple bound ||w||re < ||w||g1 imply
(4.4) lwl[m < flwllze + [lw]|ze < [lwllz2 +[[wl]m
For any initial data wy € LP N H!, we choose €, v, as follows
Cp
AC (1 + [lwoll e + [lwol &)

1
, = max((2 _1,
), M x((2p) pTe

).

Clearly, we have € € (0,1],7 € [(2p)~!,p~1). For this 7; and any v in [y1,p~ ], we show that
(@I) with initial data wp is globally well-posed. Firstly, we have

€ = min(1,

1
)

_ _ g
(4.5) p§71§711§p+5<q-

Consider the bootstrap assumption ||w(t,-)||zs < |lwol|za. Under the bootstrap assumption,
using a-priori L? boundedness of ||w||r», a simple interpolation, (£4]) and the definition of €, we

have
eCpllwll, 1+ < eCp(llwllLr + llwllLe) < eCpllwollrr + [lwollre)

Cp
< 2eCy(|lwollr + [lwol[r2) < -

Combining ([@3)), we know that the bootstrap assumption can be continued. Hence, we obtain
a-priori L? boundedness of w(t, -).

From (@A), we have ¢y > 1. Therefore, this a-priori L? estimate is subcritical. The proof of
the global well-posedness follows from the standard Sobolev energy estimates. We omit it. [

4.2. Global Well-Posedness for a = —1. We focus on the critical case of (@), i.e. v = 1.
The proof is based on establishing L'*¢ a-priori estimate.

Proof. Let 0 < € < 1/4 to be determined and ¢ = 1+¢. From ([#2)), we have a-priori L' estimate

of w(t,-). Multiplying w|w|9~2 on both sides of @) (a = —1,7 = 1) and then performing L4

estimates, we yield

1d q q 1 q 9=2 A7V

——wllLe = (e, [w]?) + = (u, (|w]*)2) — (Wlw|"™, AVw)

(4.6) dt . q
= —(Ug, |w|?) — (W|w|T %, Aw) £ T — D.

q

For I, we cannot simply apply the Hélder inequality since when we bound ||uz||pm by ||w]|zm
with m sufficiently close to 1, we will have a large constant, which compensates the small
parameter £. We exploit the cancellation between u, and |w|? for ¢ sufficiently close to 1.
Symmetrizing the integral, we get

=2 _ q—2
(Ug, |w]?) PV // |w )Ndyde = — // (@)l w(y)lwl dxdy,
r—=y

= (w|w|"™%, Aw) = C - P.V. // y|2 ($)|W($)|q72dyd:p
a C// y|2 (w(@)w(@)|? = w(y)w(y)|"?)dydz,

where C' > 0 is absolute. Next, we show that for any X,Y
(4.7) (X = V)X X2 = Y|V [772) > (X[ X]772 = Y]V )2 Xy |

Without loss of generality, we assume that |X| > |Y| and X > 0. Then we have X |X|9~2
Y|Y]972 > 0 and it suffices to verify

SL(X—Y)— (X|X|72 - Y[Y|*2)|XY|=" > 0.
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It follows from the following identity
S = (X" = Y[R (X X2 4 YY) >0,

where we have used | X| > |Y|, X > 0 and that both terms are non-negative.
Applying (£1) with X = w( ) Y = w(y), we yield

D> o// 2)|77? —w(y)lw(y)|*~?)* w(z)w(y)| =" dady.

|z —yl?

Hence, using the Cauchy-Schwartz inequality, we prove

1/2 g
o 5 0 ([ otwrott = andy) < D 5
Applying Proposition [Tl with p = ¢ = 1 + ¢, we have
| w]?]1%,2 Se7'D.

Using the interpolation in Lemma M we obtain

IIWII S Sl Il 1wl /2
Combining the above estimates, we der1ve
[tz )] < Collell s DM2(e D)2 = Coe™ /2D w1,
where Cg > 0 is absolute. Substituting the above estimate in (€8], we prove

€ _
prladli? < ( Coe V2wl = 1)D < (Coe'/?||wol |1 — 1)D,

where we have used q > 1 and a-priori L! estimate ||w(t,-)||z1 < ||wo||z1- Choosing e sufficiently
small, we obtain that ||w(¢,)||Le,¢ = 1 + € is decreasing.

With this a-priori L? estimate, the dissipation A is subcritical. The proof of the global
well-posedness follows from the standard Sobolev energy estimates. We omit the details. (Il
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APPENDIX A.

A.1. Properties of the Hilbert transform. Throughout this section, we assume that w is
smooth and decays sufficiently fast. The general case can be obtained easily by approximation.
We list several properties of the Hilbert transform and we refer the reader to [5] for the proof.

Lemma A.1 (The Tricomi identity). We have

(A1) H(wHw) = %((Hw)2 —w?).
Lemma A.2. Suppose that u, = Hw and % is well-defined. Then
(A.2) (Hw)(z) = (Hw)(0) + 2H (g) .

The following cancellation results and estimates are crucial to establish the linear stability in
Section

Lemma A.3. Suppose u, = Hw. (a) We have

x — Ux O
(A3 [ et 220) 4 w20) 2 0.
Furthermore, if w is odd (so does uy, due to the symmetry of Hilbert transform), then

(A.4) /M = T(w2(0) — u2,(0)) = ~w2(0) > 0.

3
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In particular, (A3) vanishes if u,(0) = w(zx) = 0; (A4) vanishes if w,(0) =0 .
(b) We have

(A.5) /umwzx =0.
(¢) Hardy inequality: Suppose that w is odd and w,(0) = 0. For p = 2,4,

o R () [ -G [

The first inequality in (AXG)) is the standard Hardy inequality [I8].

19

A.2. Estimates of the linearized operator. We introduce S, R defined below to simplify the

quantities in (2I9) and ([2:22)
1 1 /4b 1 2
S(Ela Cuw) a,x) = —((E[JJ + a’ﬂ’)(p)m + (Ew + a:ﬂ) + = a 2 + a_(wwsp)2x4 ’
(A7) 2¢ p\92x 4b

1
R(¢, ey, a,2) £ @((Ela@ + au)), — (4¢ + 4ati, — €, — Uy),

where b = \/g, Cly Cuw, W, Uy are given in (2.8) and ¢, 9 is given in 212).

Lemma A.4. (a) S satisfies the following pointwise estimate

(A.8) S(l 1,2 :v) ! ((E—i—g)@)m-l-(—l-l-ﬂm)—i—l (@iJrM) <1

377027 ) T \'3 o\ 9 22 16b 2

(b) For any x, we have

TP)a (@p)a Lo 124 -2 4
A9 H(— <1, H <1, H—wzgp x H = ||wzex™||pe S 1.
o) |52 2= @t _ = llatea|
In particular, for a close to % and some universal constant C' > 0, we have
(A.10) S(C1,Cu,a,x) < —1/24 C(la — 1/2| + v(t)).
(¢) For a close to % and some universal constant C > 0, we have

1
(A.11) R(El,éw,a,x)§—§—|—C’(|a—1/2|+y(t)).
Proof of (A.g). Denote
1 1

(A12)  Si(x) b1 M)

r U B 1
_%((§+§)so)m+(—1+um)+§, 52(x)_;<§ﬁ+ =

Recall the definition of ¢, @, @ in (ZI2) and 21). A direct calculation yields
(@0)e 2 ((z2+b2)3> B 2 6z(a? +b2)2  3x(z? + b2)3
(

0 (2 + 12)3 3 22 + b2)3 23 4
622 ~ 3z? — 3p?
- 2 + b2 - 2 + b2 ’

(up)o ! (22 +06%)?\ a2t do(a® + %) 3(a? +b?)?
© B (22 4 b2)3 3 B (22 4 b2)3 3 T4
4l 3 a?-3b?

- (22 + b2)2 - 22 + 52 (:1:2—|—b2)2’

o 4 —2ba 2@ 40?3 ~2  %w-da 2 (a2 +b2)3
WgPZ = (b2 + 22)2 N 2% - (22 + b2)2 (b2 + 22)3 2%

C(26(322 —12)\? (a2 +02)3  2b(32% — b2)?
O\ (@2 +02)3 26 (@2 +02)3

where b = \/g . Using the above calculations and a simple estimate yields (A.9).
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Plugging the above computations and the formula of 4, given in (Z8) in S (x), we get

1322 -3 1 22— 3b° b? — 22 1 —2b? b? — 322
Si(x) = = + = + -5 = +

6 22402  4(z2+b2)2 (22 +02)2 2 2022 +b2)  4(22 4 b2)2

—Ab2(2? +b?) + b2 — 322 —3(a® +b°) + b7 — 327  —5b% — 3a°

A(z? + b2)2 - 4(z? + b2)? T 4@+ p2)?”

where we have used b? = %. Using the calculations about @w?px?, we derive
20zt 4b n 1 2b(32% —b%)?  64b%2? +9(322 — b*)?  9b* + 8lz* + 10b%x?
(22 +02)3 922 © 16b (22 +b2)3 72(z% + b?)3 o T2(22 +b2)3

From (AR) and (AI2), we have S(3,—1,%,2) + 3 = S1(x) + S2(z). To prove (A, it suffices
to verify that Sy (z) + S2(x) < 0, which is equivalent to

SQ((E) =

1
(—§b2 - gx2) 18(x? + %) + 9b* + 812 + 106%2% = (10 — 9 — 81)b%2? < 0.

Hence, we yield (A.S]).
Recall the definition of ¢, ¢, S in ([238), (A1). Clearly, we have

st 1l @o LHyEo L@k

1.1
S(Ela Eu)v a, I) - + (CW + 1) (CL - —)—@§¢$4

3 T 37 20 27 20 47 4b
1. (Tp)e L (ap)e  v(H)@ra2(0) 2 1 1 o2

Note that i, (0), Weze, W, (0) # 0 are some absolute constants. Plugging the estimates (A.8]) and
(A29)) into the above calculation yields (AI0).

The proof of (AL is similar. Recall the definition of @, iy, ¢ = & +b2)g in Z.8) and 212).
A direct calculation yields

x@bm: :10-6:107 () _1+$¢m:1+ 622 7
(A13) ) 2 4+ b2 ) ) 2 4+ b2
' (uh)e n WrYy b? — a2 n 1 6z  b?+ ba?
W = Ug z Y - (3:2—|—b2)2 22 4+ b2 (a:2—|—b2) - (b2+3:2)2'
Taking ¢ = £,6, = —1,a = & in (), we get
1 1 11 1 4 1 622 1 v2+52%2 7
R(=,—1,= o= (= + 20, +1—1,) = (1 - — L
(37132 = g (Gr 3 = (5420 +1—0) = 50+ 5m5) + 17 77 ~ 3
_ B z? N b? + 5 b2 —a® 13 z? N 9% — 3b>
6 2242 422 4+02)2 (224622 6 (22 +b2)  4(b% + 22)2’
Next, we show that R(% — %, z) < —%, which is equivalent to

11 22 22
0> —E-4(3:2—|—b2)2+43:2(3:2—|—b2)—|—9:1:2—3b2 = —(?—4)x4+(9+4b2—?-2b2) ( b4+3b2) 27

Using b% = %, we can rewrite the above inequality as

10 3 44 3 3,22 3 10 3 23
IT=—"a*+9+4- - —.25 2 S 43)=——az'+5 =,
g Ot d g -5 (g gty = et - g
SIHC64X—X%X——52 230 — 25> 0, we get I > 0 and therefore
1 1 1
R(=,—1,2,2) < —=.
(37 ,2715)_ 3

Using this estimate and an argument similar to that in the proof of (A10) implies (AI1). O

_ﬂm
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A.3. Inequalities about the Fractional Laplacian. In this Section, we prove Proposition
[T and establish an interpolation Lemma [A.6l Firstly, we need an elementary Lemma.

Lemma A.5. For any x,y > 0 and n > 1, we have

n+1 n

(@ —y" )’ < Cn(a" —y")(@ ~ y).
Proof. The inequality is trivial if x = 0, y = 0 or x = y. For other cases, without loss of
generality, we assume z >y > 0 . Denote A\ = 5 > 1. Then the inequality is equivalent to

n+

(A" 1—1)2<n()\ —1)(A—1).
For any m > 1, there exists k € ZT such that k < m < k+ 1. For A > 1, we have

m

-1
< NPT amT2 4 AR 4,

A
AL TR <

The lower bound and the upper bound are comparable. Suppose that k < ”TH < k+1. We

n+1
have 2k — 1 < n < 2k + 1. Applying the above inequality with m = n, '2"

A" -DA-1) AT AnT2 o Anm 2kl g
(ABFD/2 Z1)2 = T (Am+D/2=1 4 \(HD)/2=2 4 \(n+1)/2-k)2”

we get

Using the Cauchy-Schwartz inequality, we prove
(}\nfl + )\7172 4o+ )\n72k+1 + 1)TL > ()\(n+1)/271 + )\(n+1)/272 4o+ )\(n+1)/27k)2'
Combining the above two estimates completes the proof. O

Proof of Proposition [.1] Fro v = 0,2, the results follow from integration by parts. Recall the
definition of the fractional Laplacian A” with v € (0,2) (see e.g. [10] and the references therein)

w(z) —w(y)
Nw(z) = C,PV. RW@
Symmetrizing the integral, we have
I—/W|W|p 2Nwdz = C PV/ ()P~ QL?ZEKJ)dy
o ( >| ?|> 7
oww(z) —w(y
=& [ [e@i@r - swlwr Q)Wdy

Next, we show that
() £ (w(@)w(@)P~* — w(y) )P~ (@) - w(y)
> Cmin(p — 1p~ (@) ~ wy)”*)*

If w(z) = 0 or w(y) = 0, the above inequality is trivial. For p = 1, the inequality is verified
by discussing the sign of w(z),w(y). For p > 1, if sgn(z) # sgn(y), using the Cauchy-Schwartz
inequality, we have

H(z,y) = (@)~ + lwy) P~ (jw@)] + lw@)]) = (w@)? + wy)P?)?,
which implies (A15). If sgn(z) = sgn(y), we get
H(z,y) = (lw(@) P~ = lw(m) P~ (w@)] - lwy)]) = (X" = Y")(X - Y),
where n, X, Y are defined as follows:
X =w(@)|* Y =w)|® a=mn(p-1,1), n=max(p—1,1)-a"'
Clearly, n > 1, (n + 1)a = max(p — 1,1) + min(p — 1, 1) = p. Applying Lemma [AH we yield
[I(z,y) > Cn~Y(XD/2 _ y(n+1)/2)2,

(A.15)

Since ( )
1 min(p — 1,1 . 1
- -~ > —1
n ax(p—1,1) = Cmin(p—1,p7 ),
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we prove (AJH) when sgn(z) = sgn(y) # 0. Combining different cases, we prove (ATH]).
Plugging the estimate (A.T5) in (AI4)) conclude

/2 _ p/2)2
120w~ 17 Ow(m)” :Tfi’)' Y dzdy = Cmin(p — 1,p )N 2) 2.
r—=y

where C' > 0 is some absolute constant. O
We have used the following Lemma in Section to prove the global well-posedness.

Lemma A.6. Suppose that q € [1,5/4] and w € L', |w|?/? € H'. We have
qu q/2
Il %pa S Holln ]l ™=/

Remark A.7. We will only apply this result for ¢ close to 1. It seems that the above Gagliardo-
Nirenberg type interpolation is hard to find in the literature. We provide a proof.

Proof. Denote f = |w|9/2. The inequality is equivalent to

142 2
A0 S AR e

Let x : R — [0,1] be an even smooth cutoff function such that x(z) =1 for |z] < 1 and x(z) =0
for |x| > 2. Denote h = F~1x, where F is the Fourier transform. Let A > 0 to be determined.
We decompose f into low and high frequency parts f = f; + fr as follows

fi=F AOXATO), fa=D_f 2 FHFEO(x2ea(§) = x2r-12(6),

k>1 k>1

L

where § denotes the Fourier transform of g and xx(£) £ x(A71€). The frequency of f; supports
in |¢] < 2\ and f; supports in the annulus |¢] € [2F71), 281 )].

Applying the Bernstein inequality (see e.g. [I]) and then the Young’s inequality for convolu-
tion, we obtain

q2

g_ _ 1 q9_ _q
fillpavere S A2TT074 || fill pora S AET 72| £| 120 = A7 || £| L2/,
1,1 1 __4q_
1 fullprezra S XN 72275270 ||A fil 2 S (250) 772 || f] 10,

where the constants are absolute since ¢ € [1, %] Applying the triangle inequality yields

q2 _
[ fllzr+2ra S fillprezra + Z 1 fullpivara S ATaT2 || £l para + X772 || £]] o
k>1

Optimizing A (balancing two terms in the upper bound) as follows
-2 2
A=A A1
completes the proof. (I
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