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SHEAR LOCALIZATION AS A MESOSCOPIC
STRESS-RELAXATION MECHANISM IN FUSED SILICA
GLASS AT HIGH STRAIN RATES

W. SCHILL!, J. P. MENDEZ!, L. STAINIER? AND M. ORTIZ!

ABSTRACT. Molecular dynamics (MD) simulations of fused silica glass
deforming in pressure-shear, while revealing useful insights into pro-
cesses unfolding at the atomic level, fail spectacularly in that they
grossly overestimate the magnitude of the stresses relative to those ob-
served, e. g., in plate-impact experiments. We interpret this gap as
evidence of relaxation mechanisms that operate at mesoscopic length-
scales and which, therefore, are not taken into account in atomic-level
calculations. We specifically hypothesize that the dominant mesoscopic
relaxation mechanism is shear banding. We evaluate this hypothesis by
first generating MD data over the relevant range of temperature and
strain rate and then carrying out continuum shear-banding calculations
in a plate-impact configuration using a critical-state plasticity model fit-
ted to the MD data. The main outcome of the analysis is a knock-down
factor due to shear banding that effectively brings the predicted level of
stress into alignment with experimental observation, thus resolving the
predictive gap of MD calculations.

1. INTRODUCTION

Fused silica glass is abundant in nature and is widely used as an engi-
neering material in a number of areas of application, including protective
armor. - In a previous paper [1], we developed an atomistic model of fused
silica glass and carried out molecular dynamics (MD) simulations aimed at
interrogating the elastic and plastic behavior of the material over a wide
range of pressures, cf. Fig. 1. The MD calculations faithfully capture the
observed densification transition under volumetric compression and the per-
manent, or plastic, densification upon unloading. The MD data also reveals
an evolution towards a critical state of constant volume under pressure-
shear deformation, a behavior that is well-captured by a critical-state model
of plasticity. Most remarkably, the MD data also captures the well-known
anomalous non-monotonic pressure dependence of the shear modulus [2] and
the observed non-convexity of the elastic domain in the pressure-shear plane
[3]. The MD calculations additionally reveal insights into the mechanistic
basis for these behaviors, including the occurrence of shear transformation
zones (STZ) [4, 5], free-volume kinetics [6, 7, 8, 9], and changes in coordi-
nation number [10, 11, 12, 13, 14, 15].
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FIGURE 1. Schematic representation of the hypothesized multi-
scale hierarchy underlying the inelastic deformation of glass. Left:
Atomistic scale encompasses shear transformation zones (STZ),
free-volume kinetics and changes in atomic coordination number.
Right: The macroscopic response depends critically on the op-
eration of continuum relaxation mechanics such as shear banding.
Center: The mesoscopic hand-shake occurs at the single-band scale
and determines the shear-bank profile.

Despite these successes, MD calculations fail spectacularly in one im-
portant respect: they grossly overestimate the magnitude of the stresses
relative to those observed, e. g., in plate-impact experiments [16, 17, 18, 19].
We interpret this gap as evidence of relaxation mechanisms that operate at
mesoscopic lengthscales and which, therefore, are not taken into account in
atomic-level calculations.

In the present work, we specifically hypothesize that the dominant relax-
ation mechanism is shear banding, cf. Fig. 1. Indeed, shear bands are com-
monly observed to form in amorphous systems such as metallic glasses under
quasistatic loading [20, 21, 22| and in non-metallic glasses under dynamic
loading [16, 17, 23]. In this latter case, shear banding may be expected to
be nearly adiabatic. We evaluate the shear-banding hypothesis by extend-
ing the MD data mining of [1] for fused silica to include the dependence
on temperature and strain rate over the relevant range and carrying out
continuum shear-banding calculations in a plate-impact configuration. The
main outcome of the analysis is a knock-down factor due to shear banding
that effectively brings the predicted level of stress into alignment with ex-
perimental observation, thus closing the predictive gap of MD calculations.
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2. SUPPORTING MOLECULAR DYNAMIC CALCULATIONS

In this section, we generate data describing silica glass by means of atom-
istic simulations. Specifically, we seek to ascertain the relationship between
pressure, volume, shear stress, shear strain, temperature and shear-strain
rate under conditions typical of impact loading.

2.1. Temperature. The model used in calculations has been described in
[1]. We consider a sample of 1536 atom fused-silica initial configurations
obtained by a melt-quench procedure beginning from a fS-crystobolite. We
utilize a Nosé-Hoover (NPT) barostat to control the pressure and temper-
ature and the applied strain rate is of the order of 10% 1/s. To account for
the effect of variation in amorphous atomic structure, four different initial
conditions are prepared. The differences between the initial conditions is in-
troduced during the melt-quench procedure by running the melting stage for
different lengths of time (see [1]). All the results in this section are obtained
by computing an average over the resulting trajectories.

We first study the effect of temperature on densification and shear be-
havior of silica glass. In Fig. 2, we display pressure versus consolidation for
a large range of temperatures from 300K up to 1900K. Independently of
temperature, the material exhibits extensive consolidation as evidenced by
the unloading curves and a distinctive increase in slope during loading.

We may gain insight from the molecular dynamics calculations into the
underlying physics in this regime. The low density phase of silica, which is
4-fold coordinated (see Fig. 3), has a volume which is nearly independent
of temperature. The equilibrium volume of the high density phase of silica,
which is 6-fold coordinated, has substantial dependence on temperature. An
alternative hypothesis is that the tradeoff between 6-fold and 5-fold coor-
dinated symmetry in the high density phase of silica becomes reversible at
high temperature due to thermal activation, thereby resulting in a reduction
in permanent consolidation.

2.2. Pressure-shear deformation. We now examine the effect of com-
bined volumetric and shear deformation. In Fig. 4, we display shear stress
vs. shear strain for several temperatures. The behavior is qualitatively con-
sistent across a wide range of temperatures, exhibiting an elastic region and
plastic region. In each case, for a given shear strain, the shear stress first
decreases with increasing pressure and then increases. Furthermore, as the
temperature increases, the stress decreases.

The inelastic shear deformation is accommodated by Shear transforma-
tion zones(STZ) (c.f. [1, 24]). An STZ is a localized highly non-affine
rearrangement of atomic positions. The stress-strain trajectories are char-
acterized by a saw-tooth behavior where the stress drops whenever a STZ
occurs.

Additionally, the shear yield stress profile in silica exhibits an anomalous
dependence on the pressure ([1]). In particular, this is accommodated at the
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FIGURE 2. The isothermal pressure-compression relationship at
temperatures T = (a) 400 (b) 600; (¢) 800 (d) 1000 (e) 1200 (f)
1300 (g)1400 (h) 1500 (i) 1600 (j) 1700(k) 1800 (1) 1900 K.

microstructural level through the formation of microstress patterns. This
pattern formation may be viewed from the perspective of relaxation the-
ory. A related theory for micromechanical mechanism in amorphous solids
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FIGURE 3. We display the coordination number at 1900 K.

is free volume kinetics. Such theories have been applied to model plastic
deformation in [22].

2.3. Rate of deformation.
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FIGURE 4. The shear stress-shear strain relation at temperatures
T = (a) 400 (b) 500; (c) 700 (d) 900 (e) 1100 (f) 1300 (g)1500 (h)
1700 (i) 1900 K. The legend included in (i) applies to all the figures.

Next, we investigate the effect of strain rate on the behavior silica glass
over a range of strains from 107 to 10'° 1/s. A difficulty that arises in this
pursuit is that low strain rates are outside the range of applicability of molec-
ular dynamics. We overcome this difficulty by recourse to maximum-entropy
(max-ent) non-equilibrium statistical mechanics. In addition, atomic-scale
inertia is known to be negligible at low strain rates [25]. We therefore run
the low strain rate max-ent calculations in quasistatic mode using an imple-
mentation of MaxEnt-Lammps due to Ponga et al. [26]. Detailed accounts of
the max-ent method may be found in [27, 28, 29, 30] and references therein.
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Fig. 5 displays rate-dependence curves computed using standard molec-
ular dynamics at high strain rates and max-ent quasistatics at low strain
rate, including the effect of temperature. The general trend observed in the
figure is that the stress decreases as a function of decreasing strain rate. In
addition, the rate of loading has minimal effect for low temperatures 300K.
However, this decrease becomes more pronounced at increasing tempera-
tures and pressures.
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FIGURE 5. The shear strain rate behavior at various temper-

atures and pressures.

The calculated stress strain relations are

shown for pressures of p = 0.1 GPa, 5 GPa, 10 GPa , 20 GPa, and
30 GPa for several temperatures and strain rates.
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3. CONTINUUM MODEL

With a view to the shear-banding analyses that follow, we proceed to
modify the constitutive model recently introduced by [1] to incorporate tem-
perature and rate dependency. We assume a free energy of the form

(1) A(F,FP,T) = M <J6—2/3 tr(C°) — 3) + f(J5,T).

Cam-Clay yield criterion,

2—pe—p\> | (q)
(2) (M) +(_> —1.
Pec — Dt dc

In the rate-independent limit, hardening is determined by the locus of points
(Pm» qc), Pm = (P — pt)/2, in the (p, q)-plane, or critical state line, and the
consolidation relation p.(JP). We assume a reference critical state line of

the form
%%, DPm < P1,

B3)  ePm, T =To,y =) = (s+%(pm—r)2)1/2, P1 < Pm < P2,
Byp?, P2 < Pm-

We recall [1] that a critical state line of this form is the correct macroscopic
limit resulting from microscopic stress field fluctuations. In general, the
effective shear stress g. at the critical state depends on temperature and
strain rate, cf. Sections 2.2 and 2.3. We account for this dependence through
a critical-state line of the power-law form

Qe(Pm, T, %) =
(4)

Y

T v2 log(%)411
)

4elPrs T = o = o) 1 (103™+™27 4 1) <_

and a consolidation relation of the form
JP OWP
P = ———
(5) pC(J Y ) J aJp
A Jo— I )T — T,
=pot 1=+ A exp(™! Jp)( )y |

where A1, Ag are fitted to the MD consolidation curves at different tempera-
tures. The parameters are provided in tables 1, 2, and 3. Further details and
additional parameters, including the assumed form of the elasticity functions
w and f may be found in [31].

TABLE 1. Critical state line constants

qt Dt B B
7.402 GPa —8.5 GPa 1.168 vGPa 0.5
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TABLE 2. Critical state line constants specific to rank two connection

D1 D2 r S
4.141 GPa 6.084 GPa 5.176 GPa 7.674 GPa2

TABLE 3. Thermal and shear rate critical state line parameters.
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FIGURE 6. Selected comparisons with MD data illustrating the
goodness of fit achieved by the continuum model. a) Pressure
consolidation relation. b) Shear yield stress v. pressure and strain
rate. ¢) Pressure-volume response. d) Pressure-shear response.

Fig. 6 displays selected comparisons with the MD data that illustrate the
goodness of fit achieved by the critical-state continuum model. The model
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reproduces salient aspects of the MD data, including the densification tran-
sition at around 5 GPa and the permanent or plastic densification upon un-
loading, the pressure-shear response, including shear-induced densification
and hardening (loosening and softening) at low (hight) preconsolidation, the
anomalous non-convex dependence of the shear strength on pressure and the
dependence on temperature and strain rate. In bear emphasis that the non-
convexity of the elastic domain in the pressure-shear plane, is consistent
with that identified by [1] and persists over a broad range of strain rates
and temperatures. We refer the reader to [31] for additional examples.

4. LOCALIZATION ANALYSIS

As noted in the introduction, the MD data just reported, and the con-
tinuum model fitted to those data, grossly overestimate the level of stress
measured experimental, e. g., in plate-impact experiments [16, 17, 18, 19],
whence we conclude that there must be additional relaxation mechanisms
at the mesoscale that bring the stresses down to the level of observation.
Remarkably, we note from Table 3 that m 4+ v < 0, which suggests that
fused silica glass is prone to adiabatic shear localization [32]. We proceed to
analyze the efficiency of adiabatic shear localization as a relaxation mech-
anism and its ability to close the gap between atomic-level predictions and
observation. For definiteness and to facilitate comparisons with experiment,
we confine attention to deformations corresponding to pressure-shear plate-
impact tests [16, 17, 18, 19].

4.1. Steady state analysis. We consider a plate in a state of pressure-
shear stress

o11(x3) 0 o13(x3)
(6) o*(x) = 0 J929 (xg) 0
o31(x3) 0 o33(x3)

where (1, 23) is the plane of the plate and x3 the transverse direction. Static
equilibrium demands,

(7) o13(w3) =0, oza(ws) =0,

whence in follows that o13(z3) and o33(z3) are constant and no equilibrium
restrictions apply to o11(z3) and o92(x3). In addition, we assume that at
steady state the entire plate is critical and undergoes pure shear,

0 0 diz(x3)
(8) d(x3) = d"(x3) = o 0 0 :
d31(5€3) 0 0

where d(x3) is the rate-of-deformation tensor and dP is its plastic component.
From the flow rule, at the critical state we have,

(9) dP(z) o< s(z) ,
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where s(z) denotes the stress deviator. From these relations, we conclude
(10) o11(x3) = 022(z3) = 033(x3) = p = constant.

Inverting equation (4), we obtain the relation

(11) V(2) = f(p, 7, T(2))-

where we write z = x3, ¥ = 2d13 and 7 = 013 for shorthand.

Under the conditions of the analysis, the heat equation reduces to the
one-dimensional form

(12) pcTy (z,t) = KT, (2,t) + 79(2, 1),

where, for simplicity, we assume that all plastic work is converted to heat.
Inserting relation (11) into this equation, we obtain

(13) pcTy (2,t) = KT, (2,t) + 7f(p, 7, 1(2,1)).
We additionally append velocity boundary conditions of the form
L
(14) | itends=s
0

where L is the thickness of the plate and v is the prescribed velocity, and
adiabatic boundary conditions,

(15) KT, (0.t) = kT,, (L,t) = 0.

At steady state, (12) reduces to

(16) KTz (2) + 7f(p, 7, T(2)) = 0.

This is the Euler-Lagrange equation of the minimum problem
Lk

(17) R(TY= /0 (572 (2) + 9(T(2))) d= — min,

with

(18) J(T)=—7f(p,7,T),

which renders the problem in variational form.

For materials prone to adiabatic shear localization, we expect the solution
to localize into shear bands having an optimal profile in the sense of (17).
The optimal profile can be determined analytically using a trick of Kohn
and Miiller [33, 34]. Multiply (16) by 7', (2) to obtain

(19) —KT 2 (2)T2 (2) + ¢'(T(2))T,2 (2) = 0,
(20) L(—w12 () +9(T() =0
Integrating,

(21) ~ET2(2) + 9(T(2) = C,

2
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where C' is a constant of integration. Suppose that the edge of the of shear
band is at z4 and the mid point at zj;. By symmetry at the middle we have
T .(zym) = 0, whence C' = g(T'(zpr)) and

(22) 572 (2) = 9(T(2)) — 9(T(en)),

which is a statement of equipartition of dissipation. The total dissipation
across one interface can now be computed as

Fu= [ (5720 +o(0() d:

A

(23) = /ZAM 29(T(2)) — 9(Tm) d=

Ty
= /T \/2f-€(g(T) —g(Twm)) dT + hg(Tar)

where Ty = T(za), Tar = T(zp) and h is the thickness of the interface.
The thickness of the interface follows from (22) as

(24) h=zy—2za= / \/7 TM)

We may solve equations (24) and (14) numerically for 7 and T)s for given
v and h. Subsequently, the temperature profile follows from (22), which is
separable and can be solved explicitly up to a quadrature, and the shear
strain rate profile follows from (11).
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FIGURE 7. Optimal profile of shear band in fused-silica glass at
pressure p = 0 GPa, applied shear 7 = 0.44 ¢.(p) and initial tem-
perature Ty = 300K. a) Temperature profile; b) Shear strain rate.

Sample temperature and strain-rate profiles for pressure p = 0 GPa, ap-
plied shear 7 = 0.44 ¢.(p) and initial temperature Ty = 300K are shown in
Fig. 7. The temperature in the shear band rises sharply above the ambient
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temperature and peaks at the center of the shear band, as expected. The
deformation vanishes outside the shear band, which moves rigidly at the pre-
scribed velocity, and attains a maximum value of 2 x 10°1/s at the center of
the band. Interestingly, due to the cusp in the dissipation potential at the
origin, the shear strain rate exhibits a slope discontinuity at the boundary
of the shear band as it decreases to zero.

The preceding results bear out the hypothesis that fuse silica glass be-
comes unstable and undergoes adiabatic shear banding at sufficiently high
strain rates characteristic of dynamic impact loading.

4.2. Comparison with pressure-shear impact experiments. It remains
to be verified that shear banding results in stress levels consistent with obser-
vation. To this end, we aim to replicate the conditions of the plane-impact
experiment of Clifton et al. [16, 17, 18, 19] at steady state. Pressure-shear
experiments are designed to subject specimens to well-characterized, easy
to interpret, states of stress and deformation with compressive stresses on
glass specimens of the order of 3 GPa and shear strain rates of the order of
105 1/s.

The response of soda-lime glasses and similar glasses to impact loading
has received considerable attention owing to the observation of failure waves
[35, 36, 37, 38, 39, 40, 16]. When the glasses are subjected to normal impact
above a certain threshold compressive stress, a failure front is observed to
move from the impact face at a speed of approximately one-third the lon-
gitudinal wave speed of the intact glass. The measurements are generally
interpreted as an indication that the glass behind the failure front possesses
lower impedance, corresponding to a fall in shear strength, than the intact
material.

(a)
(B)

Soda-Lime Glass
Experimental Results

PROJECTILE “—\  FIVER PLATE—, SODA-LIME GLASS
A)

$89701
o,=25GPa

$89703 ~ 400
0,=3.5GPa

$59702
o.=5.7 GPa

Transmitted Shear Stress (MPa)

Transverse Free Surface Velocity (um/ns)
1
g

FRONT PLATE

REAR PLATE 0 0 ED 7% Toc
Time (ns)

S

FIGURE 8. Pressure-shear plate impact experiments of soda lime
glass [41, 23]. a) Experimental setup. b) Shear stress evolution for
three different shots.
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TABLE 4. Soda lime glass pressure-shear plate impact experi-
ments of Sundaram and Clifton [41, 23].
Projectile Shear Compressive Shear
Skew angle . .
Shot No. (degrees) velocity strain rate stress stress
5 (mm/pss) (1/5) (GPa) (MPa)
SS9701 22 0.118 0.5x10° 2.5 510
SS9703 22 0.169 3.2x108 3.5 100
S59702 22 0.198 NA 5.7 60

Sundaram and Clifton [41, 23] tested soda lime glass, commonly referred
to as plate glass or window glass, in a pressure-shear plate impact sandwich
configuration. In these experiments, a flyer plate travelling at speeds of the
order of 50-500 m/s strikes a stationary target plate, Fig. 8a. Stress waves
generated upon impact travel through the target plate and are monitored
at the rear surface using laser interferometry. In pressure-shear impact ex-
periments the impacting plates are inclined relative to their direction of
approach, which results in compressive as well as shear waves. The tar-
gets consist of a thin specimen film (5-500 pm) sandwiched between two
thick elastic plates, causing the specimen film to undergo extremely high
shearing rates. Since the plates remain elastic during the experiment, one-
dimensional elastic stress wave theory can be used to obtain the stresses and
nominal strain rates in the specimen from the recorded rear-surface motion.

Sundaram and Clifton [41, 23] carried out three high strain-rate pressure-
shear plate impact experiments on the soda-lime glass. Table 4 summarizes
the parameters for the three shots and Fig. 8b shows the measured transverse
velocity /shear stress profiles after the first arrival of the transmitted shear
wave. For the low-velocity shot (SS9701), the normal compressive stress on
the soda-lime glass is 2.5 GPa and the shear stress saturates at 510 MPa
with no apparent loss of bearing capacity. By contrast, for the high-velocity
shots (5SS9703 and SS9702) the normal compressive stress rises to 3.5 GPa
and 5.7 GPa, respectively, and the shear stress dramatically falls to values of
approximately 100 MPa and 60 MPa, respectively, after an initial ramping
increase.

Table 5 collects the results of steady-state shear-banding calculations for
the normal compressive stress and average shear-strain rate corresponding
to the three shots reported by Sundaram and Clifton [41, 23]. For com-
parison, Table 5 also collects the values reported by Sundaram and Clifton
[41, 23] at steady state and the values computed without shear banding,
i. e., under uniform deformation conditions. As may be seen from the table,
the uniform-deformation shear stresses greatly overestimate the experimen-
tal values. The large knock-down factor in shear stress induced by shear
banding is quite remarkable and brings the computed shear stresses into
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TABLE 5. Comparison of steady-state values computed from
shear-banding analysis and pressure-shear plate impact experi-
ments of Sundaram and Clifton [41, 23].
Shear stress Shear stress Shear stress Peak Shear band
Shot No. | (experiment) (uniform) (shear banding) | temperature thickness
(MPa) (MPa) (MPa) (K) (i)
SS9701 510 2410.38 600.249 2186.52 12.3542
SS9703 100-180 624.288 155.094 2193.95 22.9908
SS9702 60-80 396.289 98.4295 2194.54 34.5278

alignment with the experimental measurements.

This agreement is spe-

cially remarkable considering that the data corresponds to soda-lime glass
whereas the model calculations correspond to fused silica, which suggests
that the behavior of both glasses is quite similar.
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FIGURE 9. Comparison of the computed transient shear-banding
shear stress vs. time for shot SS9703 and the experimental data of
Sundaram and Clifton [23] after the end of the initial ramp.

Fig. 9 shows a comparison of the computed transient shear-banding shear
stress vs. time for shot SS9703 and the experimental data after the end
of the initial ramp. The agreement between the calculated and measured
shear stresses is likewise remarkable and, again, suggests that the behavior
of soda-lime glass and fused silica is quite similar.
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5. SUMMARY AND CONCLUDING REMARKS

Molecular dynamics (MD) simulations of fused silica glass deforming in
pressure-shear, while revealing useful insights into processes unfolding at
the atomic level, fail spectacularly in that they grossly overestimate the
magnitude of the stresses relative to those observed, e. g., in plate-impact
experiments. We interpret this gap as evidence of relaxation mechanisms
that operate at mesoscopic lengthscales and which, therefore, are not taken
into account in atomic-level calculations. We specifically hypothesize that
the dominant mesoscopic relaxation mechanism is shear banding. We have
evaluated this hypothesis by first generating MD data over the relevant
range of temperature and strain rate and then carrying out continuum shear-
banding calculations in a plate-impact configuration using a critical-state
plasticity model fitted to the MD data. The main outcome of the analysis is a
knock-down factor due to shear banding that effectively brings the predicted
level of stress into alignment with experimental observation, thus resolving
the predictive gap of MD calculations.

The failure of MD to predict levels of stress in fused silica glass consistent
with observation provides a noteworthy cautionary tale on the limitations of
MD calculations. As noted by Ortiz et al. [42], while many of the fundamen-
tal mechanisms underlying the inelastic behavior of materials are mediated
by crystal-lattice defects and are, therefore, accessible to direct atomistic
simulation, either by means of empirical potentials or through ab initio
quantum-mechanical calculations, the relevance of atomistic calculations as
regards the macroscopic behavior of materials is often overstated. To be
sure, there are macroscopic phenomena which can be directly elucidated at
the atomic scale, e. g, first-principles calculations of the equation of state
(EoS) and the elastic moduli of metals up to high pressures and tempera-
tures. However, in general atomic-scale mechanisms are separated from the
macroscopic behavior they underlie by a vast array of intervening contin-
uum scales. These mesoscopic scales both filter (average) and modulate (set
the boundary conditions or driving forces for) the atomic-scale phenomena
and are an essential part of the understanding of material behavior. This
realization takes on special significance due to overwhelming dominance of
MD calculations in present-day materials research.
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