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Abstract

We study the effects of quenched disorder and a dissipative Coulomb interaction on
an anyon gas in a periodic potential undergoing a quantum phase transition. We use a
(24 1)d low-energy effective description that involves Ny = 1 Dirac fermion coupled to
a U(1) Chern-Simons gauge field at level (§ —1/2). When 6 = 1/2 the anyons are free
Dirac fermions that exhibit an integer quantum Hall transition; when # = 1 the anyons
are bosons undergoing a superconductor-insulator transition in the universality class
of the 3d XY model. Using the large N; approximation we perform a renormalization
group analysis. The dissipative Coulomb interaction allows for two classes of IR stable
fixed points: those with a finite, nonzero Coulomb coupling and dynamical critical
exponent z = 1 and those with an effectively infinite Coulomb coupling and 1 < z < 2.
We find the Coulomb interaction to be an irrelevant perturbation of the clean fixed
point for any 6. At 6 = 1/2 the clean fixed point is stable to charge-conjugation
preserving (random mass) disorder, while a line of diffusive fixed points obtains when
the product of charge-conjugation and time-reversal symmetries is preserved. At 6 =
1 we find a finite disorder fixed point with unbroken charge-conjugation symmetry
whether or not the Coulomb interaction is present. Other cases result in runaway
flows. We comment on the relation of our results to other theoretical studies and the

relevancy to experiment.
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1 Introduction

Delocalization transitions determine the phase diagrams of various electronic systems [I-
3]. In three spatial dimensions, such transitions can occur between a diffusive metal and a
localized insulator. In two dimensions (and fewer), localization generally relegates T' = 0
metallic states to isolated critical points. The integer quantum Hall transition (IQHT)
and the superconductor-insulator transition (SIT) are prototypical examples of such two-
dimensional diffusive quantum critical points, having been well characterized by extensive
experimental and numerical work over the past 30 years (see [4-7] and references therein).

Nevertheless, our understanding of these quantum states remains incomplete.

Theories of noninteracting electrons have provided valuable insight to the IQHT [§]. As
the critical point is approached by tuning the external magnetic field or electron density to
criticality § — 0, the localization length is found to diverge as |§|™" with v = 2.593(5) [9],
while Ve & 2.38 experimentally [5l 6]. On the other hand, a diverging timescale & ~ 7
is also expected near the quantum critical point. Theories of noninteracting electrons yield
a dynamical critical exponent z = 2 [8, [0, I1]; zexpr ~ 1 [, [6] (although see [12])[] The
challenge is to develop a framework that combines the effects of electron interactions with
those of disorder [14].

Duality is a powerful tool for understanding the behavior of strongly interacting systems.
Recent work has uncovered a duality web that relates various (2+1)d relativistic quantum
field theories (see [I5] and references therein). Included in this set are simple, toy models for
integer quantum Hall and superconductor-insulator transitions. In this paper, we study the
combined effects of quenched disorder and a dissipative Coulomb interaction on the critical
properties of two such models. The hope is to abstract lessons that may be valid more

generally. As we discuss, these theories have a rich set of random critical behaviors.

For the first member of the duality web, consider a system of spinless electrons hopping
on a square lattice with a half-unit of magnetic flux penetrating each plaquette [16] ([17]
may alternatively be considered). An IQHT obtains as the ratio of the (staggered) chemical
potential to next-neighbor hopping is varied. The critical properties of the transition are

controlled by a free Dirac fermion ¥ with Lagrangian
= — 11
LDirac = \I/Z]DA\I/ — MUW + 54—Ad14, (1.1)
s

where A, is a non-dynamical U(1) gauge field and the Chern-Simons term AdA = e?A,0,A,.
The mass M vanishes at criticality. In the presence of an external magnetic field, (1.1)
describes the particle-hole symmetric limit of the half-filled zeroth/lowest Landau level of

'For the magnetic field-tuned SIT, Vexpt & 4/3 OF Vexpt & 7/3 and zexpt ~ 1 experimentally [13].
2 Additional details for the Lagrangians appearing in this section are given in
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Dirac/nonrelativistic electrons [I8]. In this paper, we consider vanishing magnetic field. A
dual effective theory to (|1.1]) consists of a Dirac fermion ¢ coupled to a dynamical (emergent)
U(1) gauge field a,,

Lo

— — 11 11
— Dilp ) — S adA4 - AdA - - 1.2

where the mass m oc M and the field strength f,, = d,a, — ayau.lﬂ was first introduced
as a dual description of the half-filled Landau level [I8] or the gapless surface state of a time-
reversal invariant topological insulator [20, 21] (when the AdA term is absent) with ¢ being
the Dirac composite fermion; its inclusion in the duality web was explained in [19], 22, 23].
When the external magnetic field is zero, the Dirac composite fermion chemical potential

sits at the Dirac point.

For the second member of the duality web, consider a collection of repulsive bosons in a
periodic potential [24]. For commensurate filling, the system exhibits a superfluid to Mott
insulator transition with a charge-conjugation symmetry as the ratio of the boson hopping
strength to repulsion is tuned. The long wavelength critical properties are described by the
3d XY model,

Lxy = |Da®|? — M|®|* — |®[*. (1.3)

(Broken charge-conjugation symmetry generally results in a term proportional to ®*i0,®.)
In mean-field theory, the M < 0 region is a superfluid, while the M > 0 region is an insulator;
we'll view ((1.3)) as describing a SIT. A dual effective theory [25-27] to (1.3)) is

_ 11 1 1 1,
EB = @ZJ'LlDa@Z) — m¢¢ + EECLCZCL — %adA + EAdA — Zf#l/‘ (14)

The statistics of the particles that (1.2]) and (1.4} describe is controlled by the coefficient of

the ada term.

Quenched disorder can have a profound effect on the nature of the above critical points
and lead to new universality classes. Ref. [16] considered the effects of quenched randomness
on the free Dirac fermion fixed point in . While for generic disorder the theory flows
to strong coupling, if only a random vector potential A(x) is present the theory features
a line of diffusive fixed points characterized by a continuously variable dynamical exponent
z; the clean fixed point is stable to random mass disorder M (x). Sachdev and Ye [28, 29]
generalized this study to fractional quantum Hall transitions in the presence of an unscreened
Coulomb interaction using a model closely related to (1.4). Recently, Goswami, Goldman,
and Raghu [30] and Thomson and Sachdev [31] considered the effects of randomness on

3We use “condensed matter” notation when writing these Lagrangians; see [19] for a precise explanation
of the meaning of, e.g., Chern-Simons terms with half-integer levels.



with 2Ny fermion flavors. We use the large Ny expansion and the dimensional reduction
renormalization group (RG) schemd| to reexamine these works and extend them to include
the effects of “topological disorder” ( and a dissipative Coulomb interaction, generally
finding agreement with this prior work that found interacting, diffusive fixed points. Related
work studying the effects of quenched randomness on theories of Dirac fermions coupled to

a fluctuating boson include [32], 33].

In contrast to the fermion models, only random mass disorder M (x) has resulted in
accessible diffusive fixed points of the XY model. Early work [34H37] studying the O(2Ny)
generalization of used a double-¢ expansion to find an interacting, finite disorder fixed
point. However, the nature of the renormalization group flow in the vicinity of the fixed
point is peculiar, exhibiting an anomalously long “time” to achieve criticality. Recently,
this problem was reexamined within a large Ny expansion by Goldman, Thomson, Nie, and
Bi [38], where it was argued that the anomalous renormalization group trajectories [34H37]
are a relic of the double-¢ expansion. Furthermore, [38] find remarkable agreement with
the critical exponents of the dirty XY model calculated by numerical simulation [39-H42].
We consider this analysis from the perspective of the “fermionic dual” of the XY model in
1.4} providing qualitative confirmation of the renormalization group flow found in [38]. To

O(1/Ny), we find a finite-disorder fixed point with critical exponents,

1.411
-1
v and =z + N, (1.5)
v =1and z =1+ .54/N; is reported in [38]. We also consider other types of disorder that
is sourced by the random gauge field A, (x).

The important influence of a Coulomb interaction on the critical properties of the above
transitions was stressed long ago [43], where it was argued that an unscreened Coulomb
interaction generically results in a dynamical critical exponent z = 1. In addition, the
observed IQHT and SIT appear to be sensitive to the precise nature of the Coulomb in-
teraction ([44] 45] and references therein). For example, a capacitively-coupled screening
plane has been found to affect the metallic behavior in thin films [46], lifting an anoma-
lous low-temperature metallic regime that intervenes a direct magnetic field-tuned SIT. To
investigate such effects, we consider a Coulomb interaction that is screened by a diffusive
two-dimensional Fermi gas [47]. The dissipative Coulomb interaction that results allows for
two types of fixed points: those with a finite, nonzero Coulomb coupling and z = 1 and those

with an effectively infinite Coulomb interaction and z # 1 [48]. For the “fermionic dual” of

4This scheme is valid for theories with or without Chern-Simons terms and is closely related to the
approach in [28] 29] [31].



the XY model with random mass disorder, we find critical exponents,
vl=1 and 1<2<2, (1.6)

with z saturating the lower bound for the unscreened Coulomb interaction and varying
continuously with an effective dissipation parameter for z > 1. In our approach, we’re
unable to access the “infinite 2" fixed point found in the study of the dissipative XY model
in [49]. Our result differs from that of Vishwanath, Moore, and Senthil [47] who studied the
effects a dissipative Coulomb interaction on the dirty XY model using the double-¢ expansion
and found a line of fixed points with z = 1 and continuously varying v. We also consider
the effects of other types of disorder on the theories in (and (L.2)) when a dissipative

Coulomb interaction is present.

2 Setup

In this section, we introduce the effective model that realizes an IQHT /SIT and whose critical
properties we’ll analyze in §3|

Consider the (2 + 1)d theory of N; Dirac fermions t; coupled to a U(1) Chern-Simons
gauge field a, at level (6 — 1/2)E|

Ny
W _ N~ (i L 0. oy L
L —;wl(zlba m); 247Tada+47r(a A)d(a — A) 4fW. (2.1)

When Ny = 20 = 1, we recover , the dual of a free Dirac fermion; when Ny = 0 = 1,
we find the dual to the 3d XY model. Reminiscent of conventional flux attachment
[50, 51], 6~' quantifies the number of attached flux quanta; for general #, £() is the model for
an anyon gas introduced by Chen, Fisher, and Wu [25]. We refer to ; as a Dirac composite

fermion. A, is a nondynamical U(1) gauge field that we identify with electromagnetism.ﬂ
In §2.1 and §2.2] where we discuss the phase diagram and symmetry of (2.1)), we take

Ny = 1. Otherwise, Ny is an arbitrary parameter that allows for analytic control as Ny — oo.

5The notation in is as follows: ¢ = ¢1y% D, = (8, — ia,)y* with p € {0,1,2} = {t,z,y}; and a
Chern-Simons term AdA = e***A,,0,A,. For the purpose of discussing the symmetries of later in this
section, we choose Minkowski signature n*¥ = diag(+1,—1,—1) and v-matrices (v°,~%,72) = (03, i0!,i0?)
where ¢/ are the Pauli o-matrices; in the renormalization group analysis in we’ll work in Euclidean
signature.

In we give Ay dynamics to discuss the Coulomb interaction.



2.1 Mean-Field Phase Diagram at N; =1

For a given 6, the mean-field phase diagram of (2.1)) at Ny = 1 is parameterized by the
Dirac composite fermion mass m. At energies less than |m|, we may integrate out|Z| the Dirac
composite fermion to obtain the effective Lagrangian,

_ sign(m) —1+20 1 7 7

off = —ada — —adA + —
Lo 2 47Taa 27ra +47T

AdA — i I (2.2)

Higher-order terms in a, can be ignored as |m| — oco. The Maxwell term fi,/ can also be

dropped in this long wavelength analysis.

0 =1/2

Setting 6 = 1/2, there are two phases. For m > 0 we find the effective Lagrangian for an

insulator at zero temperature,

1/1 1 1
£INS = 5(@@6&1 — %adA -+ EAdA) = 0, (23)

where the second equality follows from integrating out a,. For m < 0 we find the long

wavelength Lagrangian for an integer Hall state,

1, 1 1 1 1
— (- —uda— —adA —AdA) — — AdA. 9.4
Lign 2( T T A (24)

=1

Next set # = 1. We again find the insulator when m > 0,
1

1
A+ —AdA=0. 2.
27Tad +47r d 0 (2.5)

1
EINS = Eada —

To identify the m < 0 phase, it’s helpful to include the charge e, = ¢ (measured in units of
the electric charge e) carried by the boson @ in (|1.3)) by substituting A, — ¢A,:

oo = —Lada+ L Ada (2.6)
2 4

(2.6)) describes a Z/q gauge theory, the long wavelength description of a superconductor with
charge-q condensate [52, [53].

"By “integrate out,” we refer to path integral relations of the form: [ D¢ et [(zoK o) eif(_%JKflJ)7
where ¢ and J are real fields and K is some kernel, e.g., a kinetic term for ¢. Thus, we equate the Lagrangians
10K¢ + ¢J = —2JK~1J upon integrating out ¢. Such identities follow directly from the ¢ equation of

motion when ¢ appears quadratically in the Lagrangian.



2.2 Discrete Symmetry at Ny =1

The types of randomness that can be added to (2.1]) are characterized by charge-conjugation
C and time-reversal T symmetries. (Parity, i.e., spatial reflection, is necessarily broken
in the presence of quenched disorder.) These symmetries are defined with respect to the
electron and boson Lagrangians in Eqs (1.1)) and (1.3). We discuss their implementation
[18), 19, 54-56] in the dual Lagrangian (2.1) at Ny =1 at criticality m = 0.
0 =1/2
The free Dirac Lagrangian in ([1.1]) is invariant under charge-conjugation C,

U o'W A, —A,L (2.7)
The presence of the Chern-Simons term for A, reflects the violation of time-reversal 7T

t— —t, VU —iUQ\I/, (A(), Al) — (Ao, —Al), (28)

which is anti-unitary (i — —i). On the surface of a time-reversal invariant topological

insulator, this Chern-Simons term is absent and so 7 can be preserved.
The dual Lagrangian (2.1)) at # = 1/2 is also invariant under C:

Yo', a, i —a,, Ay —A, (2.9)

Identifying the electromagnetic currents across the duality between (|1.1]) and (2.1)), M&B‘& =
n

L
6A,

we equate
= 1
Uyl = —e"?0,a,. (2.10)
4

Similarly, the ag equation of motion relates

1, -
160 A, = . (2.11)
Egs. (2.10) and (2.11]) imply that in (2.1]), CT:
l— _ta 1/1 = —i02¢*> (a’07 ai) = ((Io, _ai)v (A07 Al) = <_A07 A’L) (212)

Thus, 7 and CT are exchanged across the duality: the 7 transformations on ¥ and A,
is identical to the CT transformations on % and a,, and vice versa. In the absence of the
Chern-Simons term for A4, (2.1 is time-reversal invariant.

While the dual Lagrangians in (1.1)) and (2.1]) violate time-reversal invariance as (2+1)d
theories, they do preserve a “non-local” particle-hole (PH) transformation. To define this,

7



consider the following transformations of a general Lagrangian L(A) which has a U(1) sym-

metry current that is coupled to a non-dynamical field A, [57]:
1
T:L(A)— L(A)+ 4—AdA; (2.13)
T
1
S:L(A)— L(c) + 2—ch. (2.14)
T

T shifts the Hall conductivity by a unit; S converts A, into a dynamical U(1) gauge field
¢, and adds a BF term, which couples the field strength dc to a new external field A,,.
and implement modular transformations on the conductivity tensor of the U(1)
symmetry current coupling to A,. The PH transformation is defined as T followed by the
modular T transformation . Notice that the Dirac masses WU and 1) are odd under
PH symmetry and even under C. The S transformation will play a role in our discussion of
the SIT theory.

=1
The XY model in is invariant under charge-conjugation C,
o= 0", A, —A, (2.15)
and time-reversal T,
t——t, oo, (A, A;) — (Ao, —A;). (2.16)

The dual Lagrangian in (2.1)) at 6 = 1 is only invariant under C defined in (2.9); it isn’t

invariant under 7T,
l— _t7 w = _ng*a (a0a ai) = (—ao, @i)> (A0> Al) = (A07 _Ai)7 (217)

with ¢ — —i. Instead, time-reversal is an emergent symmetry of the long wavelength physics
[19, 54]. In addition, (2.1]) is invariant under a “non-local” particle-vortex (PV) transforma-

tion:
t— —t, ¢ — —1'0'21/@ (CL(), CLZ‘) — (ao, —CLZ‘), (Ao, Az) — (—Ao, A1>, (218)

followed by the modular S transformation (2.14]). The PV transformation is analogous to
the PH transformation of the previous section [58]; it maps the 3d XY model to its scalar
quantum electrodynamics dual [59, [60], and vice versa.

Duality maps |®|? <+ ¢1p. While it’s clear that the Dirac mass is even under C, it’s less
obvious that perturbation by 1) is time-reversal invariant. This can be understood in the
following sense: Perturbation of by 1) and its time-reversal, obtained using , by
—4n) result in identical phases.



Symmetry Assignment Summary

Table [l summarizes the transformations of the operators that appear in (2.1)) under charge-
conjugation C and time-reversal 7 symmetries. We use these transformation assignments to

characterize the types of randomness that may be added to £ for general N Iz

C|T

Py + | -
EW/J - |-
Yy -

Qo - -

+

CLj -
b=0.a,—0ya, | -

€; = Goaj — (9ja0 - -

+ |+

Table 1: Charge-conjugation C and time-reversal 7 symmetry assignments of various oper-

ators.

2.3 Dissipative Coulomb Interaction
Dualizing the Coulomb Interaction

The Coulomb interaction between fermions/bosons carrying charge e, arises from the ex-
change of a dynamical (3 4+ 1)d electromagnetic scalar potential Ay. In Fourier space, we
consider the action that couples a (2+1)d charge density Jy(ko, k) to the scalar potential
A()(k?(), k?)
1 /o - .
5 /d“k Ao (Ko, ) <k2)A0(—k0,—k) . /d3kJ0(kO,k)/dkgAO(—ko,—k), (2.19)
6*
where k = (ky, ko) and k= (K1, ko, k3). Jo(ko, k) is the Fourier transform of U~ (z) for the
free Dirac fermion (1.1]) or i®*9y®(x) — i(0y®*)P(x) for the XY model (1.3). The absence of

an Agk2Ap term means that Ay mediates an instantaneous interaction for particles moving

at speeds much less than the photon velocity. Integrating out the Ag field we find the

unscreened Coulomb interaction,

2
&

K|

between (2+1)d particles. It’s convenient to interpret Sunscreenca S arising from the exchange

™

Sunscreened - 9 /dgk JO(k[)a k) J0<_k07 _k)7 (220)

of a purely (2 + 1)d gauge field Ay with kinetic term and coupling to J, as

- g
Si, = —/d3k (Aoko, k) il

me2

Ao(—ko, —k) + Jo(ko, k) Ag(—Fo, —k)). (2.21)



The electromagnetic charge density Jo(x) dualizes in (2.1)) according to
LM 0

= ——¢€

Jo(z) = oA 5 €ii0id;,

(2.22)

for vanishing A;. Decomposing the gauge field a;(ko, k) = i%aL(kO, k) — i%eﬂaT(/{o, k) in
terms of its longitudinal and transverse components, the (unscreened) Coulomb interaction

becomes a kinetic term for ar [61]:

e20?

Sumrns =~ / @k a(ko, )| Elaz(—ko, —F). (2.23)

A similar transformation of the Coulomb interaction occurs in nonrelativistic composite
fermion theories [62]. Notice that the unscreened Coulomb interaction results in a kinetic

term that dominates a possible Maxwell coupling for a, at long wavelengths.

Dissipation

To model dissipation following [47], we consider an auxiliary system consisting of a parallel
two-dimensional electron gas (2DEG) that is coupled to (2.1)) through the Coulomb interac-
tion, specifically, through A,. The spatial separation between the system (2.1) and electron

gas is assumed negligible. The electron Green’s function is assumed to take a diffusive form,

k2 '
Gop(iko, k) = iko — (% —€ep) + %sign(k‘o). (2.24)
The dissipative effects arising from the coupling to the two-dimensional electron gas are

encoded in a correction to the Ay kinetic term in S i, 163 64],

o k? ~

—Au(—ky, —k 2.2
|k0|—|—Del{72 0( 05 )7 ( 5)

where the Drude conductivity 6. = ¢?ND, with N the density of states at Fermi energy ep

555, = /d3k Ag(ko, k)

of the two-dimensional electron gas and D, its diffusivity. Higher-order corrections due to
the two-dimensional electron gas will be ignored. Including 4.5, we obtain the dissipation-
corrected density-density (2.22]) interaction upon integrating out Ay

202 2
@ = S i ) (o Vap(—ko, —k 2.2
S 87T / CLT( 0, )<|k’|—|—f<k‘07k‘)>aT( 05 )v ( . 6)
where
o k? 9.
f(k’o, k’) = m, Oe¢ = €,0¢. (227)

We recover the dual of an unscreened Coulomb interaction when g. = 0, as expected, or as
|k|/|ko| — 0. The Coulomb interaction is shortranged as D, — oo at finite density of states
N or when |ko|/|k| — 0; in either of these limits, we find a Maxwell-like kinetic term for ar
(albeit with inverted charge 1/e,).

10



2.4 Quenched Randomness

We consider the effects of quenched disorder that’s induced by random A,(x) and M (x). In
this discussion, we assume the Coulomb interaction has been included via and A,(x)
is a non-dynamical quenched random variable. Since m(x) o< M (x), these perturbations
readily map across the duality to

6L = —m(x)(z) — %A(x)da(m), (2.28)

where x = (z1,22) and z = (xg,r1,22). The second term in Eq. (2.28)) is “topological
disorder,” i.e., a random source to the field strength or “topological” current da. We have

dropped a possible term proportional to €;;A¢(x)0;A;(x) arising from the Chern-Simons term
for A in ([2.1)).

Interactions generate additional operators with random couplings, consistent with the
symmetries of A,(x) and m(x). The Harris criterion [65] (for Gaussian-correlated ran-
domness) implies the relevant terms at low energies correspond to operators with scaling

dimensions A < z + 1. At large Ny [25, [66, 67] the most generic random terms to include
are [31]

Lais = m(x)p(z) + iag(x) 0y 1 (x) + ia; (x) by (z) — Ag(x)b(z) + ejpAj(x)er(x), (2.29)

where b = €;;0;a; and e, = Jya,—xap. The random couplings are assumed to be independent

Gaussian-correlated quenched random variables with zero mean:

(m(x)m(x'))ais = g™ (x — x'),
(do(x)ao(x'))ais = 906 (x — X'),
(ar()ar(x'))ais = g;0P (x = x'), k€ {z,y},
(Ao(x) Ao (x))ais = AodP (x — x'),
(A A s = A (x— X,k € (o, (230

where ( - )qis indicates a disorder average and there is no sum over k. The disorder variances
Gm, 90, 95, Do, A, are positive constants.

We study the effects of the randomness in using the replica trick, which enables
the calculation of the disorder-averaged free energy and all observables that derive from it.
To this end, we introduce n, replicas v, and a,, with ¢ € {1,...,n,} and consider the

replicated partition function,

- % SW[hg,ae]+S@ [ar)+Sais[t0e,a )
g H (/Dwﬂ)wﬂ)ae)e Zz( [1he,ae]+S [ae]+Sais[¥e,ac] ’ (2.31)
)4

11



where SW iy, af) = [ d®*x LD (¢, ap) with LY given in [2.1), S@a,] is given in (2.26), and
Sais[the, ag) = [ dPxLais(te, ap with Lais given in (2.29). Using the identity,

Zm —1

log Z = nl:r_r)lo _— (2.32)
the disorder-averaged free energy, proportional to (log Z)gis, is found upon disorder-averaging.
Using (22.30)):

— i S ,a +S@[ap]+iS® ,a,)
e =TI ( / DyDéDa )¢ (s tsuatss@latrisivcad , (2.33)
¢
where

SO ad =5 Y [ dtdt @ [gn (Ge0e) () () ©) + g0 (6600 ) 1) (00 ) €)
g5 (e’ 16e ) () (B’ ) () + Dobe(D)bi(t') + Ajen(t) - ex(t)]

(2.34)

(@W) (t) (1;,%/;;‘”) #) = 0 (2, )l (2, ) (2, ) (2, ') and similarly for the other

terms appearing in SS’).

3 Renormalization Group Analysis

We now study the critical properties of the model introduced in Details of our calculations

are presented in Appendix [A]

3.1 Large N; Expansion and Renormalization Group Scheme

The Euclidean effective action in D + 1 dimensions is

Sp =59 + 5% + 5% (3.1)

12



wherd®
S,(El) —/deD [ (%(8 +i——

g .9 () 71
arp) +v7;(0; + i—==a; ) +m
N, o) +07;(9 N, ie) U Yy

+ %agdag] (3.2)
S = / dwd?i 2 - aer(w, l{:)mam(—w,—k), (3.3)
8 =3 / dfdf’d%[gm (26) () (207 () + g0 (B0 ) () (97 °0”) ()

g5 (@76 ) () (B ) (7) + Babu(m)bu(7) + Ajen(r) - en(r)]. (3.4)

We'’ve set the longitudinal component of a; to zero (Coulomb gauge): a;(w, k) = i%eﬁagp(w, k).
The gauge coupling is g/\/Ff with g fixed and Ny — oo [68], v is the Dirac compos-
ite fermion velocity, and the Dirac mass m vanishes at criticality. The disorder variances
Gms 905 95, Do, A; are assumed to scale as 1/Ny. The Chern-Simons level is controlled by
Kk = 22—;1: k = 0 gives an IQHT and k = 1/47 gives a SIT. w, = 63 parameterizes the
strength of the dissipative Coulomb interaction and f(w, k) = IH%

(electromagnetic) field A, = 0. In the remainder, we’ll often leave replica and flavor indices,

The non-dynamical

as well as the spacetime dependence of fields implicit.

We regularize UV divergent integrals that appear in our renormalization group analysis of
Sg using dimensional reduction [25] 69, [70]. This is the standard approach (e.g., [25, [70H73]
and references therein) used in the study of theories of Chern-Simons gauge fields coupled
to matter and, in contrast to dimensional regularization, has been shown to preserve gauge
invariance at least to 2-loop order in the perturbative analysis of Sg) [70]. We assume without
proof that this regularization procedure maintains gauge invariance in our large N; study
of Sg, which involves 3-loop integrals. We consider a slight variation of the conventional
dimensional reduction approach. First, all vector, tensor, and spinor algebra is performed in
3d; in particular, the antisymmetric symbol €#*? obeys the usual 3d identities. Second, loop

integrals are analytically continued to general (Euclidean) spatial dimension D < 2:

/dwd% R e/ dwdPk (3.5)
eme 1) @np '
where € = 2 — D and p is the renormalization group SC&IGH Simple poles proportional to

2/e are identified with logarithmic divergences proportional to log(A?/u?) in a theory with

momentum cutoff A; power-law divergences are set to zero.

8Replica indices 4,k € {1,...,n,} and flavor indices I, J € {1,..., Ny} with repeated indices summed. In
Euclidean signature (+, +, +), the coordinates (7, z;) = (it, z;), Fourier space variables (w, k;) = (—tko, k;),
and the y-matrices (y0,71,7%2) = (03,01, 02).

9Typically in dimensional reduction the spacetime dimension is analytically continued.
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3

Y

Figure 1: Feynman rules of Sg. The wavy line denotes the effective gauge field propagator
and the directed solid line indicates the fermion propagator with m = 0. Disorder is rep-
resented by a solid line without an arrow and specified by its disorder variance (g, go, g;)-

Screening of the disorder (g, g;) and topological disorder (Ag, A;) are discussed in the Ap-
pendix [C]

The large Ny Feynman rules that derive from Sg at m = 0 are given in Fig. [T, We've
summed once and for all the geometric series of fermion bubble diagrams in Fig. 2| and

replaced the bare gauge field propagator by the effective propagator,

92 ]{32 . -1
G _ 1_6‘/0.12-‘1-’02](?2 2"<“:|]{:2| (3 6)
mn — . 2 ) .
iri| k| ww'\k\+l;(w,k) + Ve tok? )

where m,n € {0, T} correspond to the zeroth and transverse components of a,. At large Ny
this resummation is equivalent to the random phase approximation. The same effect also
leads to a screening of the g and g; disorders (see Appendix [C]) [29, B0]. Aside from a few
exceptions that we’ll discuss, we’ve found disorder screening to be a subleading effect in our

analysis.

We use minimal subtraction [74] [75] to renormalize Sg. In this scheme, simple poles in

¢ appear in counterterms by, (AF) /e that relate bare (B) and renormalized (R) couplings:

YR
AP0 = 33y, ¢) 4 2] (3.7)
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Figure 2: The effective gauge field propagator G. The dotted line Gy represents the bare
gauge field propagator and II,, is the 1-loop gauge field self-energy. Each term in this
geometric series of diagrams produces an (’)(NJQ) correction to the gauge field propagator,
since each fermion loop contributes a factor of Ny and the two vertices associated to each

loop contribute an additional factor of g*/Ny.

where the vector of coupling constants (either B or R)

)\: (F7U7m7 K/awm70-67D€7gm7gO;gj,A0, Aj) . (38)

f
The renormalized couplings A2 (1, €) and residues by, (X% (u, €)) are analytic in e. The higher-
order poles that generally occur on the right-hand side of Eq. (3.7)) can be set to zero. The
bare couplings A2 have engineering dimensions equal to A, (¢) while the renormalized cou-

plings are dimensionless. Appendix |A| details the calculation of the counterterms by, (AF)/e.

Aa Ay, (€) Ay, | P

i’,—j € 0 1
{v,wg, 0} | 21 z—1 0
m z z 0

{r, A} 0 0 0
D, 2—2 | 2=2 10
{9m:90,9;} | 22—D | 22—2| 1
Ag 22 —2 1 22—21] 0

Table 2: Engineering dimension Ay, (€) = Ay, + pa,e€ of bare coupling A\Z (B superscript
omitted in the table), where A, is independent of ¢ = 2 — D and p,, is the constant

coefficient of e.

The engineering dimensions A, (e) of the bare couplings are given in Table 2| These
dimensions are determined as follows. Each term in S](;) is dimensionless with the assign-

ments:

A=Ay =—z, A, =-Ap=—1, (3.9)
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=z—ne, Aupr =1-1n¢, (3.10)
and
Apn, =206, Ay =2-1, Ap=2z Ay= (27— 1) (3.11)

where 7 is an arbitrary constant. We've introduced the dynamical critical exponent z with a
value to be determined later; in the absence of S](;) and SS), relativistic symmetry requires
that v be dimensionless and z = 1. In the large Ny expansion, g is fixed and we formally
take Ay, = —2ne. The effective gauge field propagator is consistent with the engineering
dimensions A,p(, ) = —D — ne and Aaf(w,k) =(1—2)—D —neif n=1/2. The dimensions
of the remaining couplings ensure the terms in Sg) and SEEP’) are dimensionless.

The beta functions 3, at € = 0 are read off from the residues b,\a(XR) using

ONE
o

dby, (NF)

_‘R = —
Bra(N7) = —p ONE

= A AE 4 A ba, (M) = AE

C

(3.12)

There is no sum over a in Eq. (3.12). The minus sign in front of uag‘f means that a

relevant /irrelevant coupling has a positive/negative beta function. Notice that only g?/Ny

and the variances ¢y, go, g; can contribute to the derivative term on the right-hand side of
Eq. .

We characterize any fixed points 5,\Q(XR) = 0 by the dynamical critical exponent z and
correlation length exponent v, evaluated at the fixed point. The dynamical critical exponent
enters the beta functions via Ay, (see Table [2) and we determine its value by the
condition of vanishing velocity beta function 8,(X%) = (!0}

by
z—l—l——z pa N N ). (3.13)

Since the transitions we consider in this paper are tuned by the Dirac mass, we define the
correlation length ¢ as the inverse momentum scale p5* at which vf(uo)/m% (o) = 1 We

write the mass beta function as
Bn(NE) = (z . W(XR))mR, (3.14)

1®Nonzero 3, implies a quantum correction to the tree-level dynamical exponent, i.e., the engineering

dimension —A,. This follows from the fermion dispersion relation |w| = v|k| (see, e.g., [48]). We’ve chosen
to introduce an arbitrary z in Table 3 with a value to be determined by vanishing renormalization of the
velocity. An equivalent choice is to take engineering dimensions consistent with conformal invariance and

infer any correction to the tree-level dynamical scaling from a nonzero velocity beta function.
UThe factor of v (o) accounts for possible running of the velocity in the equivalent approach where z = 1

is chosen in Table [2[ and the nonzero velocity beta function determines the correction z — 1 to dynamical
scaling.
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where the anomalous dimension +;,, controls the asymptotic scaling of the correlation func-

tion (i (r, )it (0)) ~ [v27% + 22| (P+70). Using Eqs. (B12) - BIH), we find

£=A"" (mAT/UA) B (3.15)

where A is an arbitrary momentum cutoff defining the “initial conditions,” m®(A) = my /A?

and vf(A) = vy /A*71, and the inverse correlation length exponent
e (3.16)

Note that mf does not enter the residues by, (XR) with M2 # m® and only appears linearly
in by, (A).
In the remainder of the main text, we drop the B and R superscripts for notional clarity.

3.2 General Analysis

We now present the results of our renormalization group calculation, which is valid to order
1/N; in the large Ny expansion. See Appendix [A| for details.

Vanishing velocity beta function determines the dynamical critical exponent to be
2 =14 Gm + 90+ 27; — Fu(Wz, K, 0c), (3.17)
where g; = ¢%/16, the rescaled couplings are

_ __ N 9m __ go __ gj N N
m=—Wy = ——0e = —,9m = Jo = W;Qj = FJUQ,AQ:A(),A]' :AjUZ, (318)

1 /"o a g1(=1+2y%) (0 + |y]) + Walyl /1 + ¢ (3.19)
o (142 (VIF (9 + 1)@+ ) + s )
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op

The beta functions ), = —p<s2 for the remaining couplings take the form:

B =W (2 — 1), (3.20)
Bre =0e(2 — 1), (3.21)
Bp. = De(z —2), (3.22)
B = (2 = Y5y), (3.23)
- 2490 95
Bom = 2m (2 — 1+ gij — Ygw); (3.24)
20 G
B = 255 (2 — 1+ “2LImy, (3.25)
go
o G0 o
5?j_2gj(z_1+ — _gm_g0_29j+Fw(fwxa"€aae))a (326)
J
_ I (A (g1 +w7)2 + Aok?)  GoGom Ny 02
64(91(91 + wx))
Tm (G2 Ao+ K2A; Ti G N pmo*
By = —2 (97 B0 + ])2+ng e (3.28)
128(g1 (g1 + W5) + 2) 64
where z is given in Eq. (3.17)), the mass anomalous dimension
'}%w - 29_m + 29_ - %gl — E<g1 i w_w) + Fm(w_:m Kwa_e) - Fw(w_xa Hlva—_e)a (329)
g7 + g1, + K?
and
Fo (i, 5. 02) = 1 /“ dy[ 91(@ + [y))(=2y* = 3) — We/1 + 2|y
m X ) e - 2 _ .
ATENs Jso T (1 4 g2)? [\/1 +y2(g7 + K2) (e + |y|) + 91 Wz |yl]
@+ 1) (VI (a7~ )+ ) + il
n (3.30)

2(1 4 y?) [\/1 +y% (97 + K2)(Te + |yl) + glw_xlyl} 2

To simplify the above expressions, we have ignored terms that arise from the screening of the
9o, g; disorders (see Appendix |C)); our detailed analysis below includes such effects whenever
relevant. The gauge coupling ¢g//Ny is marginal once the large Ny effective gauge field

propagator in Fig. [2]is adopted and so its beta function is not included.

Let’s make a few additional comments about these expressions.

1. In general, the above beta functions don’t have an IR stable solution at m = 0, even
when disorder screening is included. In the remaining sections, we analyze cases for

which we have found fixed points when a symmetry is present.
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2. We've taken the variances to scale as 1/Ny for Ny — co. The beta functions have terms
that scale as 1/Ny and 1 /NJ% The “classical” contributions to the beta functions arising
from the engineering dimensions of couplings scale as 1/Ny; the “quantum” corrections
generally scale as 1 /NJ? The exception to the latter appears in the third term in Sx;

and the second term in BA—J_.

3. The first three beta functions Bg, 85, Bp, characterize the dissipative Coulomb in-
teraction. In our analysis, we consider z < 2 and so the diffusion constant D, is an
irrelevant parameter that will be set to zero. A nonzero Coulomb interaction allows for
two classes of fixed points: (1) a finite Coulomb interaction either with w,, 7, # 0 and
z =1 or with W, = 7, = 0 and z determined by Eq. (3.17); (2) an infinite Coulomb
interaction with w, — oo, o, — 00, and 1 < z < 2 that is controlled by the dissipation

parameter &, /w,.

4. Whenever two of the three disorder variances g,,, go, g; are considered, the third vari-
ance is radiatively generated. When all three variances g, go,g; are present, both
types of topological disorder Ay, A; are generated. This is consistent with the symme-

try assignments in Table [I}

3.3 Finite Coulomb Interaction
No Disorder

In the absence of any disorder, the only nontrivial beta functions are associated to the

Coulomb interaction,
BW: _w_fll F’w(w_ita I{7O-_e)' (331)

Since 0:1(36@ = w%ﬁw—x, it’s sufficient to consider the behavior of w, when studying a finite
Coulomb interaction. The integral that defines F, in Eq. can only be evaluated numer-
ically for general .. We've found that F,, is positive for any x when w, # 0. Consequently,
the clean fixed point with w, = &, = 0 is perturbatively stable to the addition of a Coulomb

interaction and z = 1. Two examples for the behavior of 3z are displayed in Fig. [3]

In particular, in the limit of 7, = 0 the beta function for w, is always negative for any
Chern-Simons coupling x. This result should be contrasted with earlier work [28] where

a critical value of |k| was reported above which the Coulomb interaction was found to be
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oe=5.0

Figure 3: B as a function of w, and k

relevantH As a check on our calculation, we find the mass anomalous dimension is given by
- 128 1-—512k?
1w = 302N, (1 + 256K2)2

in agreement with [25] 67, [76, [77] for general k. For the IQHT (k = 0), v~ &~ 1 — 4.3/Ny;
for the SIT (k = 1/47), v ™! ~ 1+ 1.4/Ny.

(3.32)

C Symmetry

According to Table , the Coulomb couplings and random mass disorder (g,,) are allowed

when there is charge-conjugation symmetry. The beta functions are
Bﬂ = w_m(g_m - Fw(w_xa R, O'_e)> ) (333>

Bgm = —20m (g_m + Fo (W, n,o—_e)) : (3.34)

where F,, and F), are defined in Eqs. (3.19) and (3.30). The flow of the random mass is

controlled by the mass anomalous dimension 7z, = 26, — Fu(We, k,0¢) + Fp(Wy, K, 0e).

Within the large Ny approximation, random mass disorder is only a relevant perturbation to
the clean fixed point of the previous section (W, = ¢ = 0) when v, < 0, i.e., when 1 < 512K
(see Eq. (3-32)), in agreement with [31]. The presence of a Coulomb interaction does not
appear to alter this conclusion within our analysis. For x = 1/47 (or any x* > 1/512), there
exists a line of fixed points with finite disorder and Coulomb interaction parameterized by
0.. Fig. |4 shows a few examples of this behavior. Since By, oc 2 — 1 and (g, < —7y, when

z = 1, any fixed point with finite disorder and Coulomb interaction has

vili=z2=1. (3.35)

12The discrepancy seems to arise from assigning the Chern-Simons coupling x an engineering dimension
proportional to ¢ = 2 — D. This choice, which appears to be inconsistent with the scaling of the effective

gauge field propagator in the large Ny expansion, results in additional derivatives with respect to  in the

beta function in (3.12)).
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Figure 4: RG flow of w, vs. g,.

At the (generally unstable) fixed point with nonzero random mass disorder and vanishing
Coulomb interaction,

128 1 — 5122

—1
~1 and 2=1-
Y e s 372N, (1 + 25612)2°

(3.36)

where k? > 1/512. For k = 1/4m, z ~ 1+ 1.4/N;.

It’s interesting to compare our results for the critical exponents with recent analytic
and numerical studies of the dirty XY model. In a large Ny expansion [38] report v = 1
and z = 1+ .5/Ny; numerics [42] directly probes Ny = 1 with the result v = 1.16(5) and
z = 1.52(3). In [30], a finite disorder fixed point of quantum electrodynamics without Chern-
Simons term was found using an € expansion about (3+1)d. Since our approximation schemes
are different, there is no contradiction with our conclusion that random mass disorder is

irrelevant when x = 0. Nevertheless, it would be interesting to consider this issue further.

CT Symmetry

According to Table [1} the Coulomb coupling, random scalar potential g, and topological
disorder A; are allowed by C7T symmetry. Because a nonzero Chern-Simons term is odd
under time-reversal symmetry, we only consider k = 0 in the next two subsections that

study CT and T preserving disorder. The beta functions are

Bm:w_x<%(1 —¢1) = Fy(Wy, k= O,cr—e)), (3.37)
-

Bes = %} s (3.38)

Ba; =0, (3.39)
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where ¢; isolates any terms that arise from the screening of the disorder: ¢; = 0 means
disorder screening is ignored; ¢; = 1 means that disorder screening is included. While we’re
unaware of a general reason to exclude disorder screening, we’ll discuss the behavior of the

above beta functions both with and without screening to illustrate its effect.

As mentioned previously, F,, in Eq. is positive for any x when w, is nonzero; in
particular when &, = 0, F,,(w,,0,0) is a monotonically increasing function that approaches
ﬁ for w, — oo. When disorder screening is ignored (¢; = 0), there is a fixed surface
defined by go = F,, which is parameterized by (w, 7o, 4;), in agreement with [3I]. This
fixed surface is unstable, e.g., consider perturbation to go at fixed w, and A;. When dis-
order screening is included (¢; = 1), there is a line of stable fixed points parameterized by
(w7, %0, 4,) = (0,0,A;). This result is consistent with [30]. This behavior is illustrated in

Fig. . The corresponding critical exponents at the stable fixed point (¢; = 1) reduce to

wx—g0,Screening,x=0,0e =0 wx—g0,No Screening,x=0,0e =0

Figure 5: RG flow of w, vs. gp.

those of the clean theory without Coulomb interactions. Recall that gy and A; disorders
are generated by random electrical vector potential A;(x) in the free Dirac fermion dual at
N¢ =1 for which a line of diffusive fixed points was found in [16]. It’s unclear to what extent

the line of fixed points parameterized by A; is related.
If CT and T are emergent symmetries of the SIT theory we consider, then the beta

functions should only have fixed point solutions respecting these symmetries at k = 1/4.

Unfortunately, the leading terms in the large N; beta functions don’t produce any such

nontrivial fixed points. Even if g, is initially tuned to zero, the random mass beta function

receives a positive correction from disorder screening equal to
8g0°gi k"

(91 + g1z + K2

8By = (3.40)

Nonzero gg and g, then results in the generation of all couplings, for which we find runaway
flow.
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T Symmetry

According to Table , the Coulomb coupling, random vector potential g;, and topological

disorder A are allowed by 7 symmetry. The beta functions are

g1 (91 + 2wy)

B =5 (277 (1 — é1 TEHE ) — Fu(wy, k = 0,7,)), (3.41)

By =0, (3.42)
27,

g = b (3.43)

where we continue to use ¢ to isolate terms that arise from the screening of the disorder.

If screening is ignored (¢ = 0), there is a surface of fixed points defined by 2g; =
F,(w;,0,7.) and parameterized by (w0, gj, Ag) with g; < 4/N;m* and non-negative Ay. On
this surface z =1 and v ! =1+ 2g; — % — F,(w,,0,7,); F,, is a monotonically decreasing
function of w, when k = 7, = 0: 37322]% > F,.(w;) > _w;;\rf' For fixed gj, this surface is
stable to small deformation by W, since F), is an increasing function of w,. For g; > 4/N f7r2,

we find runaway flows. This behavior is shown in Fig. |§| If screening is included (¢ = 1),

wx—AD, gj=0.0,No—Screening,x=0,0e =0 wx-AD, gj=0.2,No—Screening,x=0,0e =0 wx—AD, gj=0.9,No—Screening,x=0,0e =0
sy, S L SNy,
“ I g f}/ /// /// //// / | I j H/'/J/j{/r/////"/’//////:;%//;,’?/ HH." f f/f/ [/ /// /// /
T 1T 7707 LT 00 W7 1
R ey, I wliNiHn Iy
U T 000, tH / i 7
W 120000 1 e s
0.06 h; H"/'# "f//f/,/,/ ////?é{/ "//%?/ 0.06 ‘? ;’ 0.06 ?r“‘/”/f /f‘//////// //;7//«///
RN 7 2R R e
777 2 | Wi 7
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N = Wiy, ==
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Figure 6: RG flow of w, vs. Aqg.

the fixed points are determined by the equation,

Fy(wz)

2wy
201

= fs(wz) (3.44)

5=

where f;(w;) monotonically decreases from fs(w, = 0) = oo to fs(w, — o00) = ﬁ. If g;
is chosen to be smaller than ﬁ, then the RG flows to (w;*, Ag") = (0,0) because By is
nonnegative and only vanishes when w, = 0. If g; > ﬁ, then there exists a finite value of
w, for which the beta function vanishes, however, the resulting fixed point is IR unstable.
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3.4 Infinite Coulomb Interaction

Dissipation has played only a minor role in the above analysis. We’ll now discuss how
dissipation allows for fixed points with z # 1 in the presence of a nonzero Coulomb interaction
[48].

The runnings of the Coulomb interaction parameters w, and o, are determined by their
engineering dimensions, which are both equal to z — 1 (see Egs. and (3.21))), in the
large Ny expansion. Any situation with nonzero Coulomb interaction and z > 1 necessarily
requires w, and o, individually flowing to strong coupling. Note, however, that it is their
dimensionless ratio 7. /w, that appears in the action Sg in the limit w,,o. — oco. Con-
sequently, we can parameterize this infinite Coulomb interaction limit with the marginal
parameter o = 7, /w,. We refer to « as the dissipation strength. z > 1 is required for any
fixed point with infinite Coulomb interaction to be IR attractive; treating o as a tuning
parameter, we’ll view any infinite Coulomb interaction fixed point with 0 < z < 1 as an IR

unstable fixed point.

For w, — oo, F}, in (3.19) reduces to

> a1+ 32(=1+2y%) a+ (1+9°) |yl
Foo(k,a) E/ dy ; R — (3.45)
—o0 47TNf(1+y)2(\/1+y(91+f€)a+glly|>

For any x and a > 0, 0 < F(k,a) < Nf87r2' In this limit, the dynamical critical exponent

at infinite Coulomb coupling is
Zoo = 1+ Gm + G0 + 20, — 01 G0 — Fio(k, @), (3.46)

where we’'ve explicitly indicated how screening appears in z...

C Symmetry

At infinite Coulomb coupling and in the presence of charge-conjugation symmetry, there

exist nontrivial fixed points for any k. These occur at small values of g, and are found by

solving 35— = 0 from (3.24) using Eq. (3.46):

g (@) = Fon(a, k)

_/°° VI+y?lyl+ g1 (3+2y?)

dy
oo ANT2(1+ 922 [gilyl + a /1 + y2(g? + K2)]

a2yl + (L4 y) (g — k) a
SN2 (1 +32)2 [gily| + a /1T + 42(g5 + k2)]

Fig. (7)) shows the behavior of the renormalization group flows for x = 0 and x = 1/4.

(3.47)
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Figure 7: RG flow of a vs. ¢,,. The dissipation parameter « is exactly marginal, so it’s a

free parameter that can be tuned.

Note that the beta functions for w, — oo are different from the case of finite w,, even
when o = 0: nontrivial fixed points exist for any value of k. The correlation length exponent
v~! = 1 because the fixed points are solved from By = 0 (see Eq. (3.29)). The dynamical
critical expoennt z., is found using :

Zoo(@) = G () — Fio (K, ). (3.48)

To guarantee the irrelevancy of the diffusion constant D, of the 2DEG bath, 2z, < 2 is

required. Fortunately, z,, does not exceed two for the values of a we’ve considered—see
Fig. .
CT Symmetry

As with finite Coulomb coupling, we focus on x = 0 in this and the next subsection because
the Chern-Simons term is odd under C7 and 7.

In the w, — oo limit, only Sz = 0 is nontrivial:
200°(—1+ ¢1) + 290 Foo(k = 0,) = 0 (3.49)

Including disorder screening (¢; = 1), go is marginally irrelevant. If disorder screening is
ignored, an unstable fixed point lies at §o* = Fo(k = 0, ). Perturbation by gg about this

fixed point results either in flow (along the gy direction) towards strong coupling or towards

25



a-zplot, Nf=3

k=0 (IQHT)

1
k=—0(SIT)
4n

14+

12+

“

o 4 6 8 0 &

Figure 8: Dynamical critical exponent z., versus effective dissipation strength o evaluated
on the fixed points when Ny = 3. The green line corresponds to a z,, < 1, which is an
unstable w, — oo fixed point. When x = 1/4m, 1 < zo, < 2 for v > 1.47.

the infinite Coulomb interaction clean fixed point with critical exponents:
Zoo(@) =1 = Fy(k=0,a) <1, (3.50)
v l=1-F,(a,k=0). (3.51)

Since z,, < 1, these infinite Coulomb coupling fixed points are IR unstable. This renormal-
ization group flow is shown in Fig. [9]

20—a RG flow, k=0.0
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Figure 9: The RG flow of gy with respect to a.

T Symmetry

When time-reversal symmetry is preserved and x = 0, the only nontrivial beta function is

fag- In the limit of strong Coulomb coupling, the disorder screening terms vanish. Solving
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fx; = 0 gives the condition
.1
9" = 5Fwla,k=0) (3.52)

on the marginal couplings g; and a. The resulting fixed point is IR unstable along the Ay
direction and, depending on the values of g; and «, flows either to strong coupling or to zero
when perturbed about this fixed point. This is shown in Fig. . Using Eq. (3.46]), we see

BAD >0, strong—coupled

BAD <0, irrelevant

. . . . .
0 2 4 6 8 10

Figure 10: In the case of W, — 0o, the fixed point solution for Ay is obtained by tuning g5

and « so as to sit on the curve above.

that 2z, = 1 at the fixed point defined by Sx; = 0. The correlation length exponent is given
by v =1+2g; — Fo(a, k= 0) — % =1-TF(a,k =0) — F,(a, kK = 0), where the second
equality is obtained after evaluating on the fixed point defined by Eq. (3.52)).

4 Discussion

In this paper, we studied the influence of quenched disorder and a dissipative Coulomb
interaction on two different quantum phase transitions: an integer quantum Hall transition
(IQHT) and a superconductor-insulator transition (SIT). We considered both transitions
using effective theories that consist of a Dirac fermion coupled to a U(1) Chern-Simons
gauge field at level (6 — 1/2): 6 = 1/2 corresponds to the IQHT, while # = 1 corresponds
to the SIT. We performed a renormalization group analysis using a large Ny expansion in
which the number fermion flavors Ny — 0o to study the critical properties of these theories.
We found both theories to be stable to the addition of a Coulomb interaction. The IQHT
was stable to C preserving disorder and exhibited a line of diffusive fixed points with CT
disorder. (C is charge-conjugation symmetry and 7 is time-reversal symmetry.) The SIT
exhibited a line of fixed points parameterized by the Coulomb coupling when C is preserved.

Other cases resulted in runaway flow.

Without disorder, the free Dirac fermion in (I.1) has a correlation length exponent
Vi = 1, while the 3d XY model in (1.3)) has a correlation length exponent vg . =~ 3/2. In
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the large N; expansion, we find v=1(0 = 1/2) ~ 1 —4.3/N; and v=1(0 = 1) =~ 1+ 1.4/Ny, in
agreement with [25, 67, 76, [77]. Evidently the leading order term in the large Ny expansion
provides a poor approximation to the critical exponents of the clean fixed points [25]. Com-
paring our results (v~ =1,z = 1+ 1.4/N;) for the correlation length and dynamical critical
exponents with recent numerical (v ~ 1.2, z ~ 1.5) [39-42] and analytic (v = 1,z =~ 14.5/Ny)
[38] studies (without a Coulomb interaction) suggests this may also be the case for the dirty
3d XY model. Higher-order O(1/N7}) terms may improve the comparison. Interestingly,
the free Dirac fermion and 3d XY model admit duals involving a Dirac fermion coupled to
a non-Abelian U(N) Chern-Simons gauge field for any N > 1 [78] [79]. Such formulations
suggest alternative approximation schemes. For instance, without disorder, these theories
have a correlation length exponent equal to unity at 2-loop order in the planar limit [72].
Might the planar limit furnish better approximations to such theories, compared with the
large Ny expansion?

There are a variety of other observables and generalizations to consider. For example,
scaling dimensions of the lowest dimension monopole operators in the Chern-Simons theories
we studied should correspond to the  exponents of the Dirac and XY models. In (241)d, the
dec T'— 0 conductivity tensor can be universal [43, [80]; it would be interesting to calculate
and compare across the duality [81]. Perhaps considering the effects of finite density is most

pressing, given that the electronic systems inspiring this work have a finite density of states.

One of the motivations of the current work was to better understand the emergent sym-
metries that are found at IQHTs and SITs via electrical transport experiments. For concrete-
ness, consider the magnetic field-tuned SIT at which a “self—duality”ﬁ with dc 0., = (2¢)?/h
and oy, ~ 0 is found at low temperatures [83]. It was argued in [27] that PV symmetry (see
of the “fermionic dual” to the XY model in results in self-dual transport. How this
symmetry might be preserved quantum mechanically is unclear [55]. This question is related
to the emergent time-reversal symmetry of this “fermionic dual” at zero Dirac composite
fermion density. Perhaps unsurprisingly, the leading order large Ny beta functions that we
studied do not appear to respect the emergent time-reversal symmetry; at least, we haven’t
found nontrivial solutions with an emergent time-reversal invariance at x = 1/4x. It would

be interesting to further understand this apparent shortcoming.
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A Calculation Overview

In this appendix we derive the residues b), (/\R (1, €)) in Eq. .

by, (AR
)\C]_L%,U/an(E) — )\CIE(L%E) + Aa( (,u, 6))’ (Al)
€
that determine the beta functions at ¢ = 0 via Eq. (3.12):
o ONE - by, (N7
N = % = A\ N+ pa b, (V) — N2l 2 A2
/B)\a( ) /”Lau )\a a_l_p)\a )\a( ) Zp)\c Cc 8}\5 ( )

C
After establishing notation, we’ll list the main results used in the main text. Later sections

provide algebraic details.

Setup

Identify Sg in Egs. (3.2) - (3.4) with the bare action S by endowing all fields and couplings
with bare (B) subscripts/superscripts. To simplify notation, we’ll leave replica and flavor

indices implicit. Define renormalized (R) fields and couplings,

Yp = Z}/Q¢R, aoB = Zi/O2 AR, CLjB = Z;,/J'Qag% )‘f = ZC_I/Q)‘f (A3)
where the vector of couplings (either B or R)
- 92 T
A= (Nf v, m, K wxao_mDmgmagOagj?AOaAj) . (A4)
Separate Sp into physical and counterterm actions:
1 1 2 3
Sp =SS0+ S0 + S8+ 85+ SE+ S (A.5)

with
€/2 ' )
Sr();)ys /d’TdD ¢R 77(87+Z9RM T)+URMZ_17j(a] +Z%a%)>¢R

a
VN; /Ny

+ u meRwR + MTRCLRdCLR] (A6)
@ _ p, Wrp g K g A
Sohys /dwd k i ap(—w, k)]kl—i—fR(w k)aR(w k), (A.7)

2

S}()i?ys - /deTldDiU [(gm)Rﬂ%iD(waR)(waR) + (90) R P (VR UR) (VR UR)
+ (95)r1> P (bR R) (WRY R) + (Do) U™ 2bRbR + (Aj)ReR'eR]’ (A.8)
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€/2 €/2
S(l):/ddD bi (75 (07 + i BE 0781 4 wpp iy (89 + i I a7)o
CT T x[wR(‘Y ( ? m aR) 1 VR 7]( t m aR) 2)%113
2 - i/iR
+ WmrYRY RO, + TaRdaRén} , (A9)
z—15 k?
5(2)_/ddeMT_ B Tk A.10
cT W 2 aR( W, >|]€’ +fR(w,]€>aR(w, )7 ( )

S(cg% = —% /deT/dDﬂU [(Qm)RMQ%D%m(l/jRiﬂR)(TzR?PR) + (90) R P60 (VrRY UR) (VR UR)

+ (g5) ri P00, (WRY UR) (WRY UR) + (Do) r1** 02,bRbR + (A))ROA,€R - €R|, (A.11)

63 Oe R:LLZ?l
I (o)

"W+ (Do) ppe2k2

(A.12)

and the renormalization group scale p enters in accord with the engineering dimensions
listed in Table 2] The counterterms dx have poles in € with coefficients determined by the
requirement that correlation functions of physical fields have no divergences as ¢ — 0. We
focus exclusively on the terms in x proportional to 1/e. Using Eq. to impose Eq. ,

we relate the bare and renormalized couplings:

UBul—z _ UR(l + 0y — 51)7 ( )
mPu* = mP(1+45,, — 6), (A.14)
kP = kf(146,), ( )
w7 = wh(1 4 6,), ( )
gen” = g (1 =26 +65),  9x € {gm: 90, 95} (A.17)
AP = AR+ 64a,), (A.18)
AP = AR(1 4 4,,), (A.19)

ol pt ™ = ol (1+4,,), (A.20)
DP = DF(1+dp). (A.21)
(A.22)
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Thus, we can read off the residues:

by = v (0y — 6))e (A.23)
by = M (6,0 — 61)e (A.24)
b, = kF9,.€ (A.25)
by = wio,e (A.26)
box = —9% (261 — 0gy )€, 9x € {Gm> 90, 95}, (A.27)
bay = ARSace, Ax € {Ag, A}, (A.28)
b,, = 05506, (A.29)
bp, = DEope. (A.30)

B Counterterms

As discussed in the main text, we choose the dynamical critical exponent z in such a way
that the fermion velocity v does not run, i.e., the velocity beta function is zero. In the
expressions below, it’s convenient to redefine couplings to absorb the velocity dependence as
follows:

= Im 90 = 9 AT A A= A2
Im v 90 27_(_0279] 27”}2’ 0 0, J jU

w—x:—,g_ezﬁ,/ sz(z):/ vdyF(yZE)7 (B.1)
) _ (Y

o0 —00

where the function F'(z) is introduced below. We also define g; = g/16 and m = m/v.

Let us make a few remarks about the expressions below.

e We use ¢ to parameterize the screening of the disorder described in Appendix [C]

¢1 = 0 means the screening is ignored; ¢; = 1 means the screening is included.

e Terms proportional to £ are divergent. However, this is an unphysical divergence due
to our gauge choice: This divergence does not appear in physical quantities such as

critical exponents.

e The Ward identity guarantees the gauge field corrections to d; and dgy cancel; the
ones in dy and J,, likewise cancel. In the absence of the Coulomb interaction, the
equality of the gauge corrections in d; and dy is a coincidence, which makes 3, 5,
independent of the gauge corrections. When the Coulomb interaction is included, 3,

receives corrections from the gauge field, while 3, does not.
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0r, Ow, 0y, and Op Counterterms

Quantization of the Chern-Simons level and finiteness of the gauge field self-energy in 3d

implies
0p =0y =0, =0p =0. (B.2)

Consequently, renormalizations of x,w,, o., and D, are controlled by their engineering di-

mensions.

01 Counterterm

The diagrams that contribute to §; are given by taking the temporal component of Fig. [11}

2_ J— J— —_ J— J— —_—
o 910z (919] — 9190 — Go Wa) | g1 (915 + 9190 + 290 Wy)
61€=—(Gm + 0 + 27;) +
! (G + 90 +295) + 6 { (g2 + 1y + K2)2 G2 + Wy + K2

+/°° 1T (=) (q10ey® +wa/1+ 32 y]) + g1 |yl v? (1 — y2€) (B.3)
. — — . .
oo ANy (1 22 [\/1 +42(g3 + £2)(Tc + y]) + @1 W, |y\]

09 Counterterm

The diagrams that contribute to d, are given by taking the spatial component of Fig. [T1}

5o 911979 + 2019w — (90 — 29;) K7
2=~ (&% + 105 + K2)?
9i + 1z + K )
N /°° 0 1 g(l—y* =y o, — (W y*/1+v?) Jyl + g1(1 — y2 — y*E) |y
oo AmN; (1+y?)? [\/1 + y2(g; + K2) (e + |y|) + g1 W Iyl}
(B.4)
G(j(x (w: k) [/Vﬁa{k) g?’?l
Ye Vs Ve B 1ayo 1ayo

Figure 11: Diagrams contributing to 1, ds.
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gm gm gm Gm w gm w gm
m w
gm w g w w 1%% w
Figure 12: 2-PI diagrams contributing to dy,,,, dg,, g, -

dg,, Counterterm

dg,. 18 extracted from the diagrams in Figs. [12| and

2@ -2 |, 6w T
o Im g+ g1 w0, + K?

o {491 91 (=g0° = 7°) + 55 90 (291 + 49t + 2w + g1 (@ + W)ﬂ
dm [g% + g1 Wy, + ’%2]2

o [gf(%—g—n + 91 W, (290 — 39;) +g%(_%w—£ — 2g;W," + 3go k° — 39, K*)
(g2 + g1 W, + K?)?

| 9iR7 (30 W) + 2911°(F; — %)}
97 + g1 W, + K
291(5 — o) + 493 W=(5 — o) + 93 (—290 W — 6gor” + 67; £?) — 491%@#}
91 + 9170, + K2
462772 K2 g2 (g7 + 2017 — W;2) + 201 (g1 — Wp)K? — k! ]
Imlgi + g1 Wy + 2]

+¢1 {

+¢3

+4Q%%2’f2 (2(g3 + 201005 + W52) + 291(g1 + W) k? — K]
Tml9} + 1 W5 + &2

+4% 91 — 93 (g1 + W) (1 + 2w5) — 297 (g1 + W5) (291 + 3W,)K? — g1(Bg1 + 2w,)k* + 2k5] ]

Tml9t + g1 Wy + K24

dy
o 2m2 Nf(l+y2)2[\/1+92(9%+“2)(‘7_e+ yl) +glw_x|y|}

@z + Iy (<1 T ?)(gE — k) @+ lyl) + (91 T T ) |y|)

+/ dy 2
o am Ny (L ) [V 20+ k) (3 + Jyl) + 0 |

/oo 91(y* +2)(1 +y°) e + (w_x(l + 1) V1+y?+ g2+ 3y +y4€)>|y|

(B.5)
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X = Gpalw, k), D3 (), Wa (k) gm

1ox2 Loyo

G Wagp G Gap

Figure 13: The mass vertex contributions to dg,,

0 Counterterm
0 is extracted from the diagrams in [13}

1
m€dy, = 59m € (5gm — [2-PI boxes])

:%_2£]_j+g_m_gl(go 7;) G | o <_gl(90 ;) +391(30 — gj) + 250 W,

2(¢? + g1 W5 + K2) G+ g1 W, + K2
o G493 + 45 + g1 (7 + 2w07) | — Goldg? + Wy (7 + 2w;) + ¢1(7 + 615)]
! 2(g2 + g1 Wy + K2)?
_ —2¢{(g1 + Wx) [~ 9175 + Go(g1 + W) | )
(2 + g1 w0, + K2)3
/oo ] gy +2)1+y*) o+ (w_z(l + ) V1+ 92+ a2+ 3y% + y4§)) Y|
— y
e 4m? Ny (1 +y2)? [\/1 +y2gi + 2@+ lyl) + g1 W, !y@

r @ + ) ((1 F42)(g = R (Gt yl) + (91 T TH ) |y|)
+ dy 5
- 872 Ny (14 42)2 [\/1 +y2(g7 + K2)(0e + |y|) + 91 W Iyl]

where [2-PT boxes] refers to the contributions to d,, from the diagrams in Fig. [12]

(B.6)

dgy Counterterm

dg, is extracted from the diagrams in Figs. [12] and

_ 20 +25;) (Go + Gm)

dgo€ = 0
éy [4g% T G (97 + 2005 +26%) 203 (9195 + 201, s + (3, — 2m) #°)
90 91 + 91 W5 + K?]? 93 + g1 W, + K?]?
. 29091 (93 + 2930, + 262 W, + 10,2 + 91%2)]
91 + 91 W5 + K?]?
+/°° a7 vA-y)oc+ gy’ -y Oyl + (L -y ) w1+ 9 y| (B.7)
o 2w Ny (L4 922 [T 263 + m2) (o + Jyl) + 1w
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X = Gpalw, k), D (K), Waa(k) gm

loyo Loyo
Yo

Figure 14: ~,-¢ vertex component contributions to dg,

X = Gpalw, k), DE3(K), Waa(k) gm

Yo 8
Vi

Figure 15: ~,—; vertex component contributions to 5gj

5gj Counterterm

dy; is extracted from the diagrams in Figs. [12) and [I5}

—2G0 Gm 297 (G0 — Gm) K°
56— 209 +¢1h 91 (@0 g)m}

95 93 + g Wy + K2)?

{291 To g—m<gi” +2¢3 W, + 2w, K2 + g1 + 291n2> ]

_l’_
o T o 1 P
+/°° " 1 g(l—y* =y o — @y’ V1+y2) [yl + (1 — > = y*E) |y (B.8)
. . — . (B.
oo 22Ny (14 12)2 [\/Tgﬂ(g% + £2)(0e + |y]) + g1 W05 [y

Figure 16: Diagrams contributing to da,, da,
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da, Counterterm

da, is extracted from the diagram in Fig. [16}
s e “Im (9D 42010 A+ WA + Ao K?)
Bo 6440 (92 + g1 W, + K2)?
—J0 Gm Ny 7 0? L g, D9 Ny 10 [=q1G5K* + Golg1 + W2) (g7 + 91 Wz + 257) |
324, 1 328 (97 + g1 W5 + K2)?

].(B.9)

5A]. Counterterm

da, is extracted from the diagram in Fig.
—Tm (9300 + A K?)
6A-€ = —
’ 128A; (91 + g1 W5 + K?2)?
~; Gm Ny 70 93 Gm Ny 7097 G5 + 291 9 W — (G0 — 295" ]
N +h N (2 — 2)2
64 Aj 64A] (91 + g1 Wy + K )

]. (B.10)

C Feynman Rules for Disorder and Screening

Feynman Rules for Disorder Vertices

From the action (A.8)), we can read the Feynman rules for the various types of disorder.

4-fermion mass vertex:

GG = [Tgn2miw=0)] ()
4-fermion density vertex:
L@ = ()62 = 0)] (©2)

4-fermion current vertex along the k-direction, k = x or y:

TG = [(+e)@) (Mmoo = 0)] (C3)

b(T)b(7") disordered 2-pt vertex rule:
1

§bz b, = Ao (61']'1{2 — klk])Qﬂd(w)al(k)aJ(—k) . (C4)
e;(T)e; (1) disordered 2-pt vertex:
1
5(% ext+eye,) = [(=A;P) (k2 + k;) 210 (w) ap(k)ao(—k) |- (C.5)

The factor of % factor is canceled by symmetry factor equal to two. The 27 factor always

cancels with the 1/27 that accompanies any frequency integral [ g—:.
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Gauge Propagator

Vacuum Polarization Tensor

M, (ko k) = ;i (L)t x Ny x (-1) / O Sk + D Se)] (C.H)

(2m)3
2—6u0—0v0 ___ dpEde r (]%+p>a(ﬁ>5
= ()= (2ot o [ SRR Trpy ol B ()
1, (ko, k) = “lg I (Yy2—tuo=buo ka ok k= (w,vk) , |k = Va2 + o’k (C.8)

16 02 ' ¢

[l
The minus sign comes from the fermion loop. The ratio v/c can be set to v in future
equations.

“I-p "Vacuum Polarization Vector

(I e vy (—1) [ PR
Tl 9 = VAR ) | 5% AR
T (i) (=i ()1 5 [ SRR 1l sl Bl 0. (caao

The momentum part is proportional to d,s p?, while the trace is proportional to the €44

tensor, and so it vanishes.

“1-1"Vacuum polarization scalar

I (ko, k) = (v/Gm) Ny x <_1)/ gﬁgm 1 Sp(k+p) 1 Sp(p)] (C.11)
pidpy (k+0)u®)s  _ ~IHgn

= gmﬁ (2r)? Tr[ Yo vl (C.12)

ek +p?+ (1 —2)p?? 80
Although nonzero, when connecting external fermion lines, the resulting diagram would be
proportional to the number of replicas ni and vanish in the n, — 0 limit.

Effective Gauge Propagator

In Coulomb gauge (longitundal component ay, = 0), the kinetic term for the gauge field is

s. 1 / dk2dw (a a> fi v L N (C.13)
gauge 2 0 UrT Zl€|l€| wxm_}_% w2—|—U2/{32 ar 5 .
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where (k* = ]kf). Recall that g = {—Z =4, :
flk,w) = M‘j‘:ﬁ. The transverse component of the gauge field is ar(k,w) = ikya,(k, w) —
ikyag(k,w), where k; = k;/|k|.

When dealing with the gamma matrix contraction in Feynman diagram calculations,

the effective coulomb coupling w, = 17637 and

we have to write the effective gauge propagator obtained from Syquge in the ay, a,, a, basis

(4,7 = x,y):

1 g1 vw? +0v2k?+ F(k,w)

Goo = —
gkt
K —€ik; K +eijk;
GO':_ ] G'OZ—GD':— J ")
i 2 F(kw ) ¢ v 2 F(kw
k2 g2 4 2+ Sl k? g2 4 2 4 SLfe)
o
G,,_(d‘_kikj) N
Y kT, g1 F(kw)
g1+ R+ e
2 k 2 2 k 2 critical limi = 2 k 2
where F(k,w) = +62 IS — +€2 | |U - tical limit, D=0 +€2 | |J -
4 |k| +f(k:,w) 4 |k|+m 4Am |k|—|—|ew—|

Screened Disorder W,

The disorders gy, g; are screened by the fermion polarization. The Feynman rules in (C.2))-
(C.3) have to be adjusted to account for this screening:
W = W + ¢ Wi (C.18)

N2

where W% = Diag (go, i*g;,i%g;) is the bare part in ‘HD and W55 is the screening
part from the summation of fermion bubbles.

; S (0) gauge gauge o -
W, wo w G G&aug WO (Geavge WO (Geause
......... = e e + *

The prefactor ¢; isolates the screened and un-screened contributions: ¢; = 0 means that
disorder screening is ignored; ¢; = 1 means that disorder screening is included. When dis-
order connects with the gauge propagator, we should set g, = 0 before setting w = 0 (due
to the presence of the d(w)) factor. Otherwise, there is no disorder screening. Note that the
vertex factors are included in W,,, so when applying the Feynman rules, we only need to

multiply by «, without any constant or velocity factor.
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We separate the screening part into symmetric and antisymmetric components:

Wse) = pysvm y pyas, (C.19)
— 196> + go(g1 + Wz) (91 + g1ws + 2K2)

— C.20
00 g1 (5 + 10, + K2)? ) ( )

pevm _ 9109195 + 201950 — (90 —295)K%) 1 os C.21
v (97 + i + K2)? 0 = k) 2

pas _ 95 (91975 + (=90 + 9)K%) —€ijh; (C.22)
01 [g% +glw_x+ ,{/2]2 k . .

Other components of W) not included above vanish.

Effective Gauge Disorder Dd”

The expressions in (C.4)) and (C.5) 2-point vertex rules: each side of the vertex connects
with dressed propagator found in (C.14])-(C.16)). The effective gauge disorder is defined by

DY = G0 Dyg” Gy, (C.23)

where Dgi™ = —A; k? defined in (C.5), D)™ = A (6;;k% — k;k;) defined in (C.4), and

0,di 0,di S . . .
Dy = D™ = 0. We decompose D into symmetric and antisymmetric components:

Dl = D5, + Do, (C.24)
S gvaA] + 2010°W0, A + V02 A + Agk?
(gl + Q1 Wz + K )
S _ (gl2A0 + U2Aj/‘€2) k25ij — klk] (C 26)
YA g+ g+ K72 R '
Da“is _ K (—gle + 91U2A]‘ + vzw_zAj) Eijkj . (027)

v (g7 + 105 + K?)? k

Components of D% not listed above are zero.

Since G, is constructed by the RPA sum of fermion loops, G, can no longer connect
any more fermion loop Consequently, Ddis does not include any fermion loops. Note that

Dd“ generates —7* Lo, f . This disorder renormahzes Ao, A; at 3-loop order.
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D Fermion Self-energy

Self-energy—Screened Disorder Correction W,

A’k A’k
Xa(po,p) = / W (Lax2) Sp(po — 0,p — k) (12x2)gm + / WVVSF(pO —0,p—k)yWu(k)
d’k ’k Yopo + v(p — k)i
- | =" 1 — —kQ1 m ———, | (i W (k
/(271')2 ( 2><2) SF(pO Oup )( 2><2)g +/ (277_)27 |:(+Z> p%+v2(p—k)2 7# o ( )
+i poo d’k L YoPo +v(p — k)i
_tipovo o, [ dk J(k D.1
T30 (g + [ g | () B i W (k) (D.1)
+ipo7o +iPoYo
~ ren? 9m + 2men? (90 + 295)
v [g%w? (919/ — 9190 — G Wa) | G (glg—j+g@+2%w—x)] “n
' (g3 + 1wy + K2)? g3+ 1wy + K2 e 0N
(—=1)g7 9195 + 2019, Wz — (0 — 29;) %] —i
+¢1 1[ 197 155 J ] ?Upj ;. (DQ)

(g7 + 1wy + K2)?

Self-energy—Gauge Correction

Only the symmetric part of the gauge propagator produces a divergence at O(Nif)

4 (po, P) = (\}%)2(2)2‘5““5” / % % SE(p — k)Y G ko, ) (D.3)

_ __92 ; U\ 2-8,0—3v0 i d?k dkq (po — ko)yo + (P — /_f)a% -
N, (+0)(=) = / 2ny [% = ) T G %} G (Ko, k) (D.4)

Carrying out the momentum integral and setting ¢ = 1:

— Xy(po, P)
ig? ((v2 — 221 2200 + [12%07 — g12? X €+ w02 + 22 (0 — 2] |z‘) (PoYo)

dz

/_O" 4 € Ny w2 (v? + 22)2 {\/02+z2(9%+/@2)06+ |2] ((g%+/€2)\/v2+22+ g1 Wy )}

w ig* (gl(v4 —v?22? — 2o — (w2 V02 + 22 + gi(—vt + 022+ 2 x €)] ‘Z|> (vpsj)
dz

o — —
T de Ny 7T2(U2—|—22)2[ v2+z2(g%—|—ﬁ2)ae+|z|((g%—I—/iz) v2—|—22+glwx>}
(D.5)

To obtain the above expression, we first perform a gradient expansion of (pg, p) around
po = p = 0. Next, focus on the linear term in pg,p and replace the frequency integral
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ko — z|k|. When the 2d spatial momentum integral is done, the result is the expression
shown above. The above expression is integrable only at o, = 0. The £ term is a divergent
integral that arises from the choice of Coulomb gauge. Physical observables are free from
any ¢ dependence.

pvd

Self-Energy— Effective Gauge Disorder D% (’)(?V—);)

—1 U\ 2-8,0—0,0 d*k is
So(po, P) = (—e)2(2)’ /— Y%Sk(po— 0,p — k)y, D (k) (D.6)

\/ Nf c (27T)2
_ Fi(Ag+v?Ay) —i (g7 A0 + K*0?A)
- 2N;m2e(g? + K2) oo 2Npmv2e(gi + Kk2)?

(v;p;)- (D.7)

E 3-point Vertex @(q) 6T u(p)

X = Gpalw,k), DS (K), Waa(k) gm

I'*—Gauge Correction

—1G \3 ;U\ 3—600—850—00 d’kdw
I = (L) (0 [ G 2Sela = BSe(o = DGk )

U, e (27)?

_ ( _'Lg )3(2)3—(5040—550—5#0 1

\/ Nf & v?
/ d*kdw Yo(qo — ko) + 7e(q ~ k).

; Yo(po — ko) + Ya(P — k)a
err ) )t (- R

LA vy w ey RS
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To isolate the divergent part, one can set the external momentum p = ¢ = 0. Following the

same steps we used in the self energy diagram evaluation, we obtain

(—9%) ((02 — 22)g1 2200+ [91220% — g2t X £+ we VT + 22 (v? — 22)] |2 \)

= (o)
\/FféleNf 72 (v2 + 22)2 {\/m(g%qL/{?)aeqL 2] ((g%+/{2)\/m+ glwwﬂ !

(—g%) (gl(v —v%2% — 2o, — (w22 V02 + 22 4 g1 (— v4—|—v222+z4><§)”z0

]<7j>'

—ig v

+
1
Vb eny 7 ook 22 VIR 4 4o 4 1 (a8 4 ROV 4 g, )

(E.3)

As before, ¢ labels the divergent part. Gauge invariance is easy to check by comparing with
Eq. (D.5): Tt = 2% 1 — -9 0%

Ny O 1T NG o

I'*—Effective Gauge Disorder Correction

p =G \3U\3-6a0—bs0—0u0 [ d°K "
= () ) [ vaSita = KSilo = kpaDE ) (B

—i(Ao +0°4;) o i(giAo +v?K%A))

2]\/?/277'1}26(9% + K?) 2Nﬁ/27rve(g% + K2)?
I'*—Screened Disorder Correction W,
—ig ., U\1-6,0 A’k
It = -) U x oSE(q — k)v.Sr(p — k)vsWsa E.6
b= Nf)(c) /(2 B #(q — k)7, Sr(p — k)W (E.6)
_ —ig 1(90 +2g; o 9tz (=195 + 9100 + 9o Wz) 91 (915 + 9190 + 290 Wy) }) N
Nye\ 2mv? (91 + gy + K2)? 9% + g1y + K2
— 1 T + 2019, w, — (g0 — 207) K> A
L iy 41 <91 il9i5; 915, T (92 : %) ]) ) (£.7)
(gl + g1Wy + K )

'*-Random Mass Correction g,

—i o d?*k —i - ,
I = ( g)( ) J“X/ 51 .Sp(q — k)7, Sr(p — k) 1 gm = g _Im_ 04047 (ES)

VN e (27)2 /Ny 2mvZe
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F  3-point Vertex u(q) laxo u(p)

X = Ggalw,k), D (k), Waa(k) Gm

1oxo—Gauge Correction

m —1g 9, Vo 5.0 I
I = (S J2(2)2 000 ()

3

- - 2 B _ 7
% / d k:dw ’}/Q(QQ CU) + '-Yc(q k)c 1 70(p0 OJ) +'}’d(p k)d '76 Ga,@- (Fl)

P " (g —w?2+(G—F)?  (po—w)’+(p— k)

@+ 2) 2@ + o+ FEE (2074 o |
F’ln — 12><2

4 e Npm?(v2+ 22)2 |:\/U2 +22(g3 + K2 )oe + | 7] ((gf + K2) VU2 4+ 22+ grw, )}

g° {91(202 + 22)(v? + 22) 00 + w, (V2 + 22) VU2 + 22 4 g1 (20 + 32202 + € %) |2

= 12><2.(F.2)
4 € Ny 2 (v? + 22)? [\/v2 + 22(g7 + K2 ) oe + | 7] ((g% + K2) VU + 22 + g w, )}
15wo—Effective Gauge Disorder Correction
. —1g \2 ;U\ 2-800—630 d’k dis
= - WSr(qg—k) 1 Sp(p — k)ys DG (k
P = (R [ G eSela =R 1 Selp— kDB
Ay — V2N (g% — AK?
- (QON 2 3)2(91 4,2 2> Loxo. (F.3)
TNpv2e(gi + cik?)
15xo—Screened Disorder Correction W,
Fm—/ K Sr(q— k)LSp(p — k)vsW,
3 = (27r)2%’ Fq F\P VBV Ba
_ w2 1( _ 9129 +T) (=019, + T+ T 13T 91 = 39,75 + 2%107)) X
2mv2e e (g3 + 1w, + K?)? g3 + g1y, + K2 22
(F.4)
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lsws—Random Mass Correction g,

Fm—(_—ig)x/dz—le(—k)IS(—k)l _ 9m 4 (F.5)
4 — \/Ff (271')2 Flq F\pP 9m = 2102¢€ 2%2- .

G 4-point Fermion-Fermion Interaction

Define .
, = Dhs(—L)2(Z)2dd, (G.1)

\/Nf C

) and H,, ~ (’)(NLf) Take the external three momenta to be

H

In

Note that W,, ~ O(

-

wi, Pi)- Schematically, the interaction has the form, [¢)(p3)...1¥(p1)] [¥(p4).. 0 (p2)]-

~—~

b1, P2, D3, P4, where Di =
Define:

FA = (777/707 +fy:l:7 +7y) y V1 = 12><2 ) TAI = (1gm7 W,LW7H,LLV) ) fAl = (]—gm7 Wl,(l,B)J H,ul/) <G2)
W) = Diag(go,i%g;,g;) (G.3)

We use A, B,C,D = {1,2,3,4} indices to label 1,7, 7,7, and number subscripts, e.g.,
Ay, Ay, to label which interaction we choose: A; = 1 for the g,, interaction; A; = 2 for the

W, interaction; A, = 3 for the H,, interaction.

The diagrams below correspond to the following expressions:

b= / (;‘ZQT];QE(F?))FBSF(M +E)Cav(p1) &(p)TpSr(pz — k)Tt (p2)

X Tgh(k,w = 0) T (pr + k — ps,w = 0), (G.4)
2
B, = / %wm)%&:m BT a(p1) DTSk (s + BT ot (ps)
x T (k,w = 0) Th3(py — ps + k,w = 0), (G.5)
B; = @k = 'pS E)T4S BT
5 = / Wiﬂ(p:%) pSr(p3s — k)T aSr(p1 — k)T'sY(p1)
< T (k,w=0), ¥(p)Tcth(p2) Tad(ps — pr.w = 0), (G.6)
P2k _
By = / Ww(p?;)rzﬂb(pl) Tfé(]?:s —p1,w=0)
X Y(pa)LpSk(pa — k) TeSk(p2 — k)L pip(pa) Tap(k,w = 0). (G.7)
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Ta, Ta,

5 C D

¢ D D c c U

Ta,

By By Bs B

For diagrams Bs, By, the Ty; vertex is un-dressed, i.e., W° | which is directly related to the

v
random coupling being renormalized.

4-point Interaction—Boxes B, B,

Diagrams of type Bs, By can be directly obtained from the 3-point vertex corrections in
Appendices and with symmetry factor 2 (counting upper or lower vertices), so we
don’t have to recompute them at here. The terms in I'* renormalize gy, g; and the terms in

'™ renormalize g,,.

4-point Fermion Interaction—Boxes B, By

Diagrams for boxes By, By are presented below.

gm gm gm gm w W w w
Gm w gm w W H w H
w I w Gm H W H 2%

The W-H diagrams are O(Afvf’fx). The H-H diagrams are O(]AV—%).
7

For each interaction, (¥00)(¥1)), (Vyob)(Wyorb), (Wiv;)(ivsh), we sum all these dia-

grams with the help of computer software to O(g%, ?V—’;) The contribution from diagrams

45



By, B, are the following.

9190 G;(29% + 4g1w; + W,2) — K2[Go° g1 + 195> — 290 G5 (2g1 + W)
€ (g + 1wy + K2)?

K (493972%2[9%(9% + 2010, — W;%) + 291 (g1 — Wy)R® — K]

€ Tmlg; + g1 Wy + w2

49790°K* (93 (9} + 20105 + W52) + 291(g1 + W )K* — K]

mlo? + g1 W0, + K2

2909;
TV2 € G

BOXy; = + ¢1(—4g1)

+

+4% G [ — 7 (g1 + W) (g1 + 2W5) — 267 (g1 + We) (291 + 3W,)K2 — g1 (Bgr + 2w,k + 2k )
Tmlg; + g1 W + K2
X (Y1) (P11)). (G.8)
[ 20;m 463 Glg3T; + 2015, s — (90 — 2)8% |~ -
BOX. . = |—22Im J J ] . G.9
Y0Y0 71_2}2 € go ¢1 %E[g% ‘l‘ 7 w—x _|_ /{2]2 (@/J’Volﬁ)(@b%d)) ( )
[ 2000m 9D1Tml= 91555 + Go(g} + 2070, + 2wk?) + g1 (W + 25%) ||, - -
BOX, . = — . D).
R mvleg; 1 Tielg? + g1 + K22 (i) (i)
(G.10)

As mentioned before, the index j = x or y; there is no index sum here. And we assume the

random current disorder variance g, = g, = g;(isotropic).

H 2-loop Vertex Corrections

At leading order, the generic two-loop diagram has the form pictured below.

T Loxo
Xy X, Xq Xy

The interaction legs X; and X, can be chosen to be the gauge propagator G, or disorder
E,, € {W., gm}. Inprincipal there are four possibible choice: (X1, X5) = (G, G), (E,G), (G, E),
or (E,E). In the replica limit n, — 0, the (E, E) diagram vanishes because the fermion
bubble is proportional to ng. Also, (F,G) and (G, E) are the same diagrams so we only
need to compute one of them. The top vertex can be either v* or 1545. However, we’ll see
below that diagrams using the y* vertex are zero.
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Mass Vertex u 1540 u—one leg gauge, one leg disorder

T'x,

1oyxo Ty, 1oxo

19 (Y=t upy) G (k) (~1) x Ny

Ve
X Tr{ —Y (U)1 20,18k (q — p1 + p3) 1 Sr(q) (;) Sp(k+q—p1 +P3)] ( gm ) :

c Was(k — p1 + p3)
(H.1)

le - %/d(;gzo%/ (6217:;2 u(ps) <1> Sr(p1 — k)| 9 (1—})1_5“0%} u(p1) Guv(k) (=1) x Ny

V8 VAT
=19 U\1_ 5, B 1 B Im
< | [ ()5 Sn(q b (7) Se(a— 1+ 2) 1 Sv(0) (Waﬁ(k_pl+p3)).
(H.2)

The direction of the fermionic loop momenta is different in I" and [. We use the upper/lower
components to distinguish the diagrams that arise from either g, /W,

To extract the UV divergence, we can set p; = p3 = 0. For g,,, the divergences in I'x,
and T x, cancel (upon changing variables ¢ — —¢ in r x, and using basic properties of the

trace). For W3, 'y, and I'x, have identical divergences.

_ &k koo + v ke
Iy, = = (2)2uo- 50/ S u(ps) [75 O%)—W}U(pl)

1 e (27) k3 + v2k?
d*q oo +V qaVa , 90Yo + UV GeVe (ko 4 qo)vo +v (kg + qp)vs
G v kf Wa ]’C v (64
X Gru(k) X Wag(k) x / (2m)3 [ g + v2¢? q + v2¢? i (ko + qo0)? + v2(k + q)?

Refer to the calculations in (H.15]) to compute

/ d*q T { G0 +VqiYa G0V +vqe (ko4 qo)yo +v (ks +qp)vy } i €yao (Ko, v k)y
34| 2 2,42 2 2,2 o 2 2 (
(2m) @ + v*q d +v*q (ko + q0)* + v*(k + ¢)? 8v2\/k2 + v2k?

H.4)
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After setting g = c =1,
i €vac (kOa v k)a

8v2\/kZ + 12k

2 3
—q v 2_5H_5V0 d k _ k'O'VO kac%
Lo == () / (27r)su(p3) [76 K2tk u(pr) X Gy (k) X Wegs (k) x

_ (9091 — 9591 — 9;Wy)
dmvre(gi + 1wy + K?)
293 (9 +W) (=915 + 9190 + o) _ 9i[TGolor + W) = G;(Tor +4Wa)] . 91(90 —Gy)

€ (91 + 1wy + K2)3 2¢ (g2 + 1w, + K?)? € (2 + giw, + K2) |
(H.5)

+¢1

In total, we need to multiply by a factor of 4 to count the clockwise/counterclockwise fermion
loops and the exchange of W <+ G in the diagrams.

Ty, + Dx, + (rxl + le> =4l (H.6)

W+

Vector Vertex u~” u—one leg gauge, one leg disorder

Replace the mass-vertex expressions 1 by -,

9 ()5, ulp) G () (—1) x Ny

1 Im
Spk+q—p1+0p ] .
7&) F< ' 3> (Wa[?(k —P1 +p3)>

(H.7)

d*qdqo 1 d’k 1 —1g V15,
I, = — <%P§/@ﬂ2wm( )%m—@[ ()] ulp) Guu(k) (=1) x Ny

VN¢
x Tr {[ U (U1 1S (g — ) (;) Se(q — p1 + ps) %SF(q)] ( gm ) .

Was(k —p1 + ps)
(H.8)
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By similar argument, the term with an even number of 7’s in the trace would cancel between
[ and T, so in this case we only need to compute upper component (g,,). Set p; = p3 = 0,

straightforward calculation gives

L, = (~Np)(~) (A >2<9>”“°‘”°i/ <d3q l/ <dk

VN e v2 ) (2m)3 02 ) (27)2
x [u(ps) (_k—];)%% w(p1)] Trvudrod(d + )] m@”(k”“ =0) gm
=0. (H.9)

So there is no contribution from 'y, r X,

Mass Vertex u 1540 u—both legs are gauge propagators

le f*Zl

—19 \4 U 4=040—0v0—0a0—0p0 v (_1) x —ddkddq u — U
o = () (0) (=15 (7). | s o) 73 Selon = k) %, (o)

X G (k)Tr [%SF(Q —p1+p3) 1 Sp(q) Yo Se(k+q—p1 +p3)] Gop(k — p1 + ps3).
(H.10)

Ty = —ig ) (L)y4-duo=du0=0a0=ds0 5 (1) (Ny) /%ﬂ(m) Y Se(p1 — k) vu u(pr)

X G (k)Tr [%SF(—/C +q+p1—D3) Ya Sr(Q) 1 Sp(qg+p1 — pz)] Gop(k — p1 + ps3).
(H.11)

Upon taking the external momenta to zero,

4 3

9" VN 46,0—500—Bu0—5 &’k _ Koo + v kee

1—‘ — 2 (_ 10 v0 a0 B0

=N, ) /(2@3“@3) {75 e
dq QY0 +VqaYa , QY T vaeYe (ko + o)y + v (ks +qp)vy
XG (k) Gag(k) % Tr v, 1 o
(k) Gop(k) / (2m)3 " {7 @ + v2¢? q@ + v2¢? " (ko + qo0)? + v2(k + q)?

(H.12)
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Perform the ¢ integral first,

Fl"z (l{) =

/ d*q T [ QY0 +vqiva 0% +vaye (ko + qo)yo +v (ks +qp)vy (11.13)
(2m)3 a§ + v2¢? @ +v2¢2 " (ko + qo)?+ v3(k + q)? '

1 Q Qi Q7 (K +Q)s .

— = [ 2= Tr|n, ple o lo | H.14
=7 CZaEk {” @ @ "R QP (H.14)
Here we define Q = (qo,vq) , d*Q = dgod*(vq) , K = (ko,v k)

Standard Feynman tricks give

o ? €rac (k07vk)a

8v2\/kg + v2k?

Fr, (k) (H.15)

So we have (ko = w)

4 3

9 VN4 6,0—6,0—ba0—5 &k _ koyo + v ke

1—‘ — 2 (_ ©n0—0v0 a0—9030
1 €raoc (ko,?]k)o-)

xXG (k) Gag(k
1) Gl (25 e

= u(ps) Laxo u(pr)

/OO —g*v?(o, + |2|) {(v2 +22)(g? — k) 0. + |2| (glwx\/vQ + 224 (g2 — k%) (v* + 2%) ) }
X dz

.
*® 16e N2 (v2 4 22)2 {\/02 + 22(g3 + K2) 0e + | 2] (gf\/zﬂ + 22 + (g1 wy + VU2 + 22 /12)>]
(H.16)

The same manipulations are used in the computations of 41, d3. Note that unlike the case of

01, 09, this term renormalizes g,, without any divergent integration, labeled by &.

Taking the limit o, = w, = 0, the expression reduces to

4 2 2

) —g" (91 — K°)
T = 1 X H.17
2 Te=w,=0 U(p?)) 2x2 U(pl) 8€Nf 7T2(g% + /{32)2’ ( )

which agrees with the result in [25] Unlike the case of I'x,, the two legs are identical so the

symmetry factor is 2:

Ty +Dy =20,. (H.18)

Vector Vertex u~” u— both legs are gauge propagators

Replace 1 by v, to obtain the vector counterparts
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Ty, -

Ty, =( Y ) (24t —be0—ds0 5 (1) x (Ny) /%ﬂ(m) Vs Sr(pr — k) v, u(pr)

X G, (k)T'r {%SF(q —p1+D03) Y SF(Q) Yo Sr(k+q—p1 + P3)] Gag(k — p1 + ps3).

(H.19)
Do, = (o)t () bmbamsn s (1)x (V)| st 3 Selps =) ()
X G (k)T'r {%SF(—k’ +q+p1—p3) Yo Sr(q) v, Se(g+p1 — p3)] Gop(k — p1 + p3).
(H.20)

By the same argument as before, there are six 7’s in the trace, so I'z, and r z, cancel one

another:

Iy, +1z =0. (H.21)

I 3-loop Corrections of Disorders A, A;
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With DJs Propagator

w [ Bk [ P [ PQAQy, —ig \4 V\i-be—ti—berdn 12 2
= [ | o e ) A

x Tr |:")/M SF(]C — p) 1 Sp(k — Q)"ya SF(]{):|

% g 800 — Qo)(Q0) DY5(Q. Qo = 0) x Tr [%SF<qmsF<q —Q)15:(g —p>] (L1)

(flipping the signs for k and ¢ variables )
d2Q dsk v 2_5u0_5a0
= / 2n)? [/ e (o) Ty, Se(k +p) 1 Sp(k + Q)% sF(k)ﬂ

X {/ (;i:;‘;g (5)2_&0—&30% [%SF(q)’mSF(q +Q)1Sp(q+ pn}

19 \4 A2 pdis
X gm (—==)" N Da3(Q, Qo = 0)d(po = 0)}. (1.2)
[ /Ny
Naively evaluating this diagram is problematic because the Feynman parameter integrals are

not doable. To extract the divergence, we Taylor expand the expression to second order in

p. First, we define

T"(Q,p) = [ / (Z:;g (%)2*‘5“0*‘*0% (7. Se(k +p) 1 Sp(k + Q)7a Sp(k:)]} . (1.3)

By reversing the trace order , we have

d3 —0v0—930
U#(%)? 0700 [y, S (q)vsSk (g + Q) 1 Sk(g —l—p)}] (L.4)
d3 v —0v0—0830 v
— (—1)5{/ (2753 (2)2 0700 [y, Se(q + p) 5(Q+Q)WSF(Q)]] = -T"%(Q,p). (1.5)
Let
= [ S Q) @) ¢ [an () NF DIE(Q. Q0 = 0) s =0
1 (27)2 ’ ’ m \/ﬁf fZap\: %0 0
(L.6)
and
Ty(Q,p) = T"T"" (L.7)
B o, 0T,  1[*Ty , T , _ O%Ty ,
T5(Q,p) = T2(Q,0) + et ap, +3 { o P + o Py + QMzwy +O(p°). (1.8)
B (6T”a 8TVﬁ> > <8T“°‘ 8T”f3> 2, (8T“0‘ orve  oTre 8T”f3> o
ope O ), \ Oy Opy ) s \ope Opy T Opy, Ope )y T Y

o2

(L.9)



Straightforward calculation gives

T"(Q,p=0) =0. (1.10)
For first order derivatives, we can also obtain (after lengthy algebra)
o1 U\2-50-b00 L 1= ( hoi L (e A A PR A A
— _ 7 « _ 7 Q. — aT - . Q)T - _ T - o . ];11
Opj (c) v? 32|Q)| S Q2 [€7QQ; + €77QrQu — €77Q-Qa] | (111)

Notice that this result is true in 3d with general temporal component Q)

Plugging into Eq. ([.2) and taking the four diagrams into consideration (each triangle has
either clockwise or counterclockwise flowing momenta), the total result is

it = dr,, (I.12)

v
where
2 2N 2
10249:U(i1(§§oi gvl ;j i LQ)2 (P, + P5), (1.13)
Im (1024 + 210 wo Aj + wIA; + Agk?)
512mvte(gf + g1 4= + k2)?

T = (—1)

Tij = (+1) (0" — i), (L.14)

and p; = vp;. w11 renormalizes A; and 7;; renormalizes Ag. This diagram scales as 1/N7 if
Gm, Do, A scale as 1/Ny.

With W,3 Propagator

Replace the internal propagator with W,g, the remaining calculations are the same:

Tooy = A, (L.15)
where
2 2 w 2
~ 9m Gj Nf 2 2 glgme (glgj + 291ngx + (ng - 90)'% ) 2 2
11 = (_1) m(py +p:r> + ¢1 10247102 € (g% g we I€2)2 (py +px)<116)
~ gogme _ _
iy = (+1) S5 i (0;;P° — Pibj)

919mNy 019547 = golon + 22) (g7 + g1 + 26%)
512mvt e (gF + g1 4= 4 K2)?

+¢1 (5ij152 — piDj)

(1.17)
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and p; = vp;. 711 renormalizes Aj, and 7;; renormalizes Ay. This diagram scales as 1/N; if

Gm., g; scale as 1/Ny.

With Gauge Propagator G,z

By dimensional analysis, this term should be UV finite,

11,1
~ [ EQS=pP S :
/ QR Q Qo=po
J Summary
51907 + G20 Py = g+ By + 5, (J.1)

g (U10) (U14) = BOXyy +2(T7 + T + T + 4Ty, +27, ) +2I% (1.2)

B0 (09°0) (97°0) = BOX, g +2(T T4 4 T) (L) omy=i (100 (19

u=t /Ny VN
5, (Vi) (Pini) = BOX, . +2(D¥ + T¥ + % Y o ()34
gj Y ¢) (WW d}) Yivi + 1 + 3 + 4 = (\/Ffv> + 2 (\/Ffv> ( : )

where X, T5", T4~ T4~ are the subleading order terms in the above expressions.

SAU (5i]~p2 — pipj) = 47'[‘2‘]‘ + 477'” (J5)
0n;(P3 + 1) = 4min + 471 (J.6)
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