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AND EFFECTIVE NONVANISHING
OF CLASS GROUP L-FUNCTIONS FOR CM FIELDS

LIYANG YANG

We show that the central value of class group L-functions of general CM
fields can be expressed in terms of derivatives of real-analytic Hilbert Eisen-
stein series at CM points. Using this in conjunction with an explicit CM
type norm formula established in Section 3, following an idea of Iwaniec
and Kowalski (2004), we obtain a conditional explicit lower bound for class
numbers of CM fields under the assumption ¢k (%) «r log Dg/r (note that
GRH implies ¢k (%) <0). Some results in the proof lead to an effective nonva-
nishing result for class group L-functions of general CM fields, generalizing
the only known ineffective results. Moreover, combining the CM type norm
formula with Barquero-Sanchez and Masri’s work (2016), we shall deduce
an explicit Chowla—Selberg formula for all abelian CM fields.

1. Introduction

1.1. A lower bound for the class number of CM fields. For imaginary quadratic
fields K = Q(+/—D), Gauss’ class number problem has for a long time inspired
the study of lower bounds of 2 (— D), the class number of K. Also, the magnitude
of h(—D) is closely related to the exceptional characters, i.e., those characters x
such that L(s, x) has a real zero near s = 1 [Landau 1918; Goldfeld 1975; Goldfeld
and Schinzel 1975; Granville and Stark 2000]. A repelling property of the excep-
tional zero gives the result 7(—D) — oo as D — oo [Deuring 1933; Heilbronn
1934]. Landau [1935] then obtained the lower bound i (—D) >, D'/37€ by a
quantitative analysis of the repelling effects. Siegel [1935] got a stronger result:
h(—D) >, D'/?7¢. See [Iwaniec 2006] for a more concrete historical introduction.
However, all these results suffer from the serious defect of being ineffective. Hence
one can not use them to determine the fields of class number one. Also, there are
many other situations requiring an effective lower bound for #(— D), for example, by
genus theory, the Euler idoneal number problem calls for an effective lower bound

h(=D) > DE/1loglD - with ¢ > log 2.
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Generally one hopes to show that h g > C D% for some positive (absolute) constants ¢
and C, where hg is the class number and Dy is the absolute discriminant.

Unconditionally, Stark [1974, Theorem 2] gave an effective lower bound for
the class number of a CM field K of the shape hg >, ¢ D}<//2; 1/ 2"D;, where
€ > 0, F is a totally real subfield of K with n = [F : ], and Dp is the absolute
discriminant of F and Dk r = Dy - D;z. When [K : Q] > 20, Hoffstein [1979]
generalized Stark’s result by removing the D -term and computing the implied
constant explicitly. Also, for any CM field K, Odlyzko [1975] gives an effective
lower bound of Ak in terms of the degree of K. For n = 1 the known unconditional
lower bound is ]_[mDK(l —-2/p/(p+ 1)t log Dk due to [Goldfeld 1985; Gross
and Zagier 1986]. On the other hand, if we assume the grand Riemann hypothesis,
the exponent ¢ can be taken to be % — € for any € > 0. Moreover, assuming the
Dedekind zeta function {k (s) has a Siegel zero, Louboutin [1994] obtained effective
lower bounds for i g, with ¢ = le'

It is well known that the class group L-functions of an imaginary quadratic field
K = Q(+/—D) can be expressed in terms of values of the real-analytic Eisenstein
series for SL,(Z) at Heegner points [Duke et al. 1995]. Based on this fact, Iwaniec
and Kowalski [2004] obtained an effective lower bound for the class number
hg > D'*log D assuming that L(3, xx/a) > 0, where xx/q is the quadratic
character corresponding the extension K /Q; see Section 2. In this paper we
generalize Iwaniec and Kowalski’s result to arbitrary CM fields and obtain an
expression for class group L-functions in terms of derivatives of real-analytic Hilbert
Eisenstein series at CM points. Due to the estimates on the Fourier expansions
we show that for any CM field K, if ;“K(%) <0, thenc = ‘l‘ is admissible, and the
implied constant is effective.

A precise statement is our Theorem A. To achieve it, we shall introduce some
analytic objects with respect to F. We let y; be the normalized Euler—Kronecker
constant, i.e.,

s—1

1
(1) vi =}g}<pF1¢F(s ——).

For any CM extension K /F, we will always denote by D (resp. Dg) the absolute
discriminant of F (resp. K). Let hp (resp. hg) be the class number of F (resp. K).
Then we have:

Theorem A. Let F/Q be a totally real field of degree n. Let K/F be a CM
extension. Assume that

2 ¢k (3



CM NORM FORMULA AND NONVANISHING OF L-FUNCTIONS FOR CM FIELDS 349

Then we have

vDxk

3) hg > W' DY log o
F

where
. —n -1 2 2yE42n+2 3/2
Vp=m"py hpDy+ e 225Dy,

and Yy =4yr +3log D +4n++/Tn +8.

Remark. Noting that {x (s) is continuous on (%, 1) and lim,_, |- (g (s) = —o0,
the grand Riemann hypothesis then gives ¢ K(%) < 0, which is stronger than the
assumption (2). Unconditionally, it is only known that g“@(%) < 0 currently. Also,
we can keep the normalized Euler—Kronecker constant y; here as an invariant of
F. We refer to Theorem 7 in [Murty and Van Order 2007] for an elementary upper
bound for y; and to Theorem 1 in [Ihara 2006] for a conditional upper bound.

Remark. Note that Stark’s bound is sharper than (3) except [K : @] < 4. However,
the proof of Theorem A, when invoked with Stark’s result, leads to effective results
on nonvanishing of class group L-functions (and their derivatives) for CM fields.
Note that previous results are all ineffective. See Section 1.2 for more details.

Also, we point out that, with a little bit more work, the inequality (3) can be
naturally generalized to a conditional lower bound for /o, where O is an order
of K and h¢o denotes the number of proper O-ideal classes of ©, since everything
in this paper has a counterpart in the order case.

The outline of the proof to Theorem A is described in Section 2.2 below, with
the new ingredients involved. See the rest of the sections for lengthy details.

Also, we have the following corollary to go beyond [Iwaniec and Kowalski 2004]
by plugging the upper bound for y; given in Lemma 20 into (3). It is of course
weaker than the conditional result in [Thara 2006] under GRH; however, it is simple
enough compared to the elementary bound in [Murty and Van Order 2007].

Corollary 2. Let notation be as before. Then there exist absolute constants ¢y, ¢y >0
such that if g (%) satisfies (2), then we have

(4) hy >c1Dg - D}(/4 log Dg/r,

where hy is the relative class number of K /F and Dk = D;ZDK is the relative
discriminant of K / F.

Remark. Combining the analytic class number formula with a result of Louboutin
[1994, Proposition A], one actually sees that if we assume {K(%) <0, then es-
sentially hy > D}(M, where the implied constant is effective. According to the
conditional estimate y; < loglog Dr [Ihara 2006], it is expected that one can take
¢y =3+4¢€in (4) for any € > 0. So (4) is an improvement of Louboutin’s result if
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we fix F and let Dk vary. Also, by Hermite’s theorem [1857] one sees that almost
every hy is a positive power of Dk /r.

1.2. Nonvanishing of class group L-functions. It is an important problem in num-
ber theory to determine whether an interesting L-function is nonvanishing at the
central value s = % However, it is usually pretty difficult to check individually. A
common strategy is to consider instead the average of L-functions over a family.
One fruitful way for dealing with such averages combines periods relations of
Waldspurger type with the equidistribution of special points on varieties (see, e.g.,
[Michel and Venkatesh 2007; Masri 2010]). However, in this paper, we will use
purely analytic methods to obtain asymptotic expressions for some averages of
weighted class group L-functions. This has several advantages. For instance, one
can obtain effective nonvanishing results, namely, avoiding using Siegel’s bound.
Although one can obtain the nonvanishing results on the critical line Re(s) = %
by the same method, here we just focus on the central value s = % for simplicity.
Precisely, we will use byproducts from the proof of Theorem A to obtain a lower
bound for the number of nonvanishing class group L-functions as (5). This bound, as
can be seen, is almost as good as the conjectural magnitude. Moreover, a significant
difference between our approach and that in [Masri 2010] is that subconvexity
bounds are not essential for us. Therefore, one might be able to handle higher
derivative cases by general convex bounds for Dirichlet series via our methods here.

Theorem B. Let F/Q be a totally real field and K / F is a CM extension. Denote
by Lg)(x, %) = LK(X, %) and Lg)(x, %) = L/K (X, %) the derivative of Lx (X, §)
ats = % Then for any € > 0 we have

hk

(5) #lx eClUK): LY (x, 1) #0} > ogDr k=01

where the implied constant in (5) is computable.

Remark. When F = Q), i.e., K is imaginary quadratic, Blomer [2004] followed
[Duke et al. 1995] to prove a better lower bound

—_— 1
#{x e CL(K): Lg(x.3) #0} =c-hg [] <1——>

pIDk p

for some constant ¢ > 0 and all sufficiently large Dg. Once Dk is chosen, the
constant ¢ can be taken explicitly. However, one does not know how large Dg must
be chosen for this lower bound to be valid because of an application of Siegel’s
lower bound for L(1, xx,r). For a general CM extension K /F, when F has trivial
class group, Masri [2010] proved a lower bound as

(6) #{X E@: LK(X,%);&O} >re D}{/IOO—e'
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Again, this bound is ineffective since Siegel’s bound is used here. The exponent

ﬁ comes from an application of subconvexity bound for GL(2).

Together with Stark’s effective lower bound, Theorem B implies that:

Corollary 4. Let F/Q be a totally real field of degree n and K /F a CM extension.
Then we have

- 1/2—1/(2n)
#{x e CLK) : L (x, 1) #0} >r. ﬁ)g—DK’ k=0,1.
Moreover, the implied constants are computable.
Remark. By (5) and Theorem A, if we assume (2), in particular, if we assume
{K(%) < 0, then we obtain

#{x e CLK): LY (x. 1) £0} >re DY k=0.1,

where the implied constant is computable. Moreover, Siegel’s theorem gives that

— Dl/2
k
#{x € CLK) : L (x, 3) #0} >r.c oeDr” =01

where the implied constant is ineffective. This is a significant improvement of (6).

1.3. An explicit Chowla—Selberg formula for general abelian CM fields. The cel-
ebrated Chowla—Selberg formula was first proved for imaginary quadratic fields
in [Selberg and Chowla 1967] by analytic methods. A geometric interpretation
was given by Gross [1978]. Yoshida [2003] obtained such a formula for arbitrary
CM fields. For any abelian CM field which contains a totally real subfield with
trivial narrow class group, Barquero-Sanchez and Masri [2016], combining Lerch’s
identity [1897] and the results in [Deninger 1984], were able to obtain an explicit
Chowla—Selberg formula in terms of (generalized) gamma functions, paralleling
the original Chowla—Selberg formula.

In this section, we point out that Barquero-Sanchez and Masri’s idea works
for all CM fields with our Proposition 15 being the new input. Hence we shall
avoid repeating the proof of [Barquero-Sanchez and Masri 2016] and just state the
generalized formula below.

Let K be an abelian CM field and F is its maximal totally real subfield. Then
there is some N € N such that K C Q(¢y) with ¢y = e?™i/IN Let Hg (resp. Hr)
be the subgroup of Gal(Q(¢y)/Q) which fixes ﬁ(iesp. F). Fix an isomorphism
Gal(Q(¢n)/Q) ~ (Z/NZ)*. Set Xx ={x € (Z/NZ)* : x |x,=1}. Let Xf be
defined similarly. For any xy € Xk, it can be written as x = x*xo, where x* is
primitive and xo is trivial. Write ¢, the conductor of x*. Since x* is uniquely
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determined by x, then c, is well-defined. Define the Gauss sum associated with
X € Xg tobe

T(x) =) _ x (ke e,

k=1
Define the function 'y (w) = e®™), Re(w) > 0, where

n—1

R(x) = nli)ngo(—g‘&(O) +xlog*n —log® x — Z(logz(x + k) — log? k))
k=1

This function I'; (w) is defined in [Deninger 1984] and it is analogous to I'(s) /2.
Now we state a general version of the Chowla—Selberg formula for abelian CM fields.

Theorem C. Let F/Q be a totally real field of degree n and K /| F a CM extension
with K /Q abelian. Let ® be the fixed CM type for K as before. For any fractional
ideal a of K, denote by {4 a fixed integral ideal in the Steinitz class of a with minimal
absolute norm, and write z4 for the corresponding CM point of type (K, ®). Then

25()(()( )) hZKT(LX()IX(lj)
X Cx X
[ seom=ct T TIr(2)™ 1 TIm(5) "
[a]eCI(K) XE€XK\XF k=1 XEXF k=1

x#1

where for any fractional ideal b of F,
H(z; b) = [No(Im(2) N/ (0) "1 ¢ (z; b),

and ¢ (z; b) is defined via

12 ¢ -1

7" D 2p
E o @ IOK D=5 s ST NG 20, 0eb),

1 b =——
08Pz b) a(®) ro(®) 2

and

A, s) = Z Z || (1299

(a,0)eb~l o7 xOF O
ac=b

Also, the constant Cf equals Q" gD 12 Dp)hx/2,

Remark. It is clear that by definition H (zq, f4) is independent of the choice of f,.
If A, =1, we may take f, = OF to recover Theorem 1.1 in [Barquero-Sanchez and
Masri 2016]. Combined with Colmez’s theorem [1993], the formula above can be
used to compute the average of Faltings heights of certain CM abelian varieties.
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2. Proof of Theorem A in imaginary quadratic case

2.1. Review of the imaginary quadratic case. We start by reviewing the case of
Theorem A in the imaginary quadratic case. This is Iwaniec and Kowalski’s original
idea. For the sake of illustration, we give a brief proof following [Iwaniec and
Kowalski 2004].

Let K = Q(+/—D) be a imaginary quadratic field. Since @ has class number 1,
we can often factor a nonzero integral ideal uniquely as (/)a where [ € Z.¢ and a is
a primitive ideal, i.e., a has no rational integer factors other than +1.

If a is primitive, then it is generated by

[ b+i@]
a= a,T 5

where a = Na and b solves the congruence b>*+D=0 (mod 4a), and is determined
modulo 2a.
Conversely, given such a and b we get a primitive ideal a = [a, %ﬁ]. Thus
there exists a one-to-one correspondence between the primitive ideals and the points
b+ivD
Zg = 4_21—\/_ €H determined by modulo 1.
a
These will be called the Heegner points. Moreover, we have a~' =[1, Z,]. Then
according to [Duke et al. 1995] one has the following formula:

1 D\*
@ =D x(a)LK(s,x>=w—1<§> £(25)E (za. 5).

x€CI(K)

where h = h is the class number, w is the root of unity of K, a is any primitive ideal,
Zq 18 the Heegner point, and E(z, s) is the real analytic Eisenstein series of weight 0
for the modular group. The Eisenstein series E(z, s) admits the Fourier expansion:

0 it
O()E (. 5)=0()y' +O(1—s)y' *+4y'2 3 3 (%) Kif(2mky) cos(2mkx).
k=1 mn=k

where O (s) := 7 °I"(s)¢(2s). Applying Fourier inversion we get from (7) that

(VDN _
®) Li(s. x)=w 1(7) £(25) Y X(@E(zq,9),
ZaeAp
where Ap :={z, € F: a primitive} and F is the fundamental domain for SL,(Z).
Clearly from the Fourier expansion we have E (z, %) = (0, since ¢(2s) ~

when s — % and the right-hand side is well defined.

1
2s—1
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Thus take the derivative of (8) at s = % and note Ko(y) < y~1/%2¢7 to get

V2 oo RS
Li(z3x) = —ZIDIT Y X (@E (20, 3)

1 ¥ (a) VD] > wn/D] nb
= ;Za Ja {1"%7*4"2:1 ’(”)KO(T) (—)}
1 x(a) VD]
=32

loe Y=+ O(h(D)|D|~ %),
ﬁog2a+ (h(D)|D|~"%)

since #A p = h(D).
Assuming L(% xp) =0, ie., LK(%, X0) = g(%)L(% xp) <0, we derive

h(D)|D|~"/* >>271 Z —+0(h(D)|D|*1/4)

Thus we have h(D)|D|~"/4 > Ya L log ‘/lﬁ > log | D|, which implies:

Theorem 6 [Iwaniec and Kowalski 2004]. Let notation be as before. Assume that
L(% XD) > 0. Then we have

9) h(D) > |D|"*10g|D|.

Remark. The implied constant in (9) is absolute. Actually, by estimating everything
explicitly one can get an explicit lower bound:

Theorem 7 [Dittmer et al. 2015]. Let notation be as before. Assume L(% X D) >0,
then for any € € ((), 2) we have

h(D) > 0.1265¢|D|"/*log |D| for all D > 200"/(1-2).

2.2. Sketch of proof of Theorem A and Theorem B in the general CM case. To
generalize Iwaniec and Kowalski’s results to the CM fields case, one has to establish
a general form of the Eisenstein period (7) (see below). The analogue of (7) in
the CM case is easy to build if F, the totally real subfield, has trivial narrow class
group (see, e.g., [Masri 2010]). In general, one needs to compute CM points
associated to each Steinitz class. However, the situation is quite different from the
imaginary quadratic case since generally, integral representatives in C/(F) bounded
by Minkowski bounds may not necessarily be primitive. In addition, the CM type
norm of the imaginary parts of CM points should be computed explicitly in order
to compute the constant terms of Fourier coefficients of Eisenstein series. These
problems are solved by the crucial Proposition 13 in Section 3.2 below. Roughly
speaking, fix a CM type ® on K, then a fractional ideal a C K corresponds to a
CM point z, in a Hilbert modular variety (see Section 3); we calculate the CM
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type norm Ng¢(y4) explicitly, where y, the imaginary part of z,. Also, unlike the
cases in [Iwaniec and Kowalski 2004] or [Masri 2010], generally a single Hilbert
Eisenstein series does not have a functional equation, but it turns out that it does
vanish at the central point s = % Then we prove Proposition 15, which is an
expression for Lg (%, X) in terms of derivatives of Eisenstein series similar to (7).
Then following Iwaniec and Kowalski’s idea, an explicit lower bound for L g (%, Xo)
is given in Proposition 18, Section 4.1. Furthermore, several effective estimates
such as bounds for Lk (1, x) and the normalized Euler—Kronecker constant y;; are
established in Section 4. With all these preparations, we eventually complete the
proof of Theorem A in Section 4.2.

The above mentioned results such as Proposition 15 and Fourier expansion of
derivatives of Hilbert Eisenstein series (i.e., Lemma 17) will lead to a lower bound
for the first moment of class group L-functions and an upper bound for the second
moment for class group L-functions; see (52) and (53). Then a standard technique
using the Cauchy inequality will imply the £ = O case of Theorem B. The k =1
case simply follows from the k£ = 0 case and functional equation.

3. Generalization to the CM case

3.1. Hilbert Modular varieties and CM zero-cycles.

3.1.1. The basic correspondence. Let F/Q be a totally real extension of degree n.
For any S C F, let ST be the subset of S consisting of totally positive elements.
Given a fractional ideal f C F, define

T(f) = {y — (‘Cl fz) €SLQ2,F): a,deOp, bef, cef—l}.
Let H be the upper half plane. Then I'(f) acts on H" via

y-z=(1(¥)21,...,00(¥)zy) forall z=(zy1,...,2,) €H".

Recall that the quotient
X{ :=TH\H"

is the open Hilbert modular variety associated to §. It’s known [Goren 2002,
Theorem 2.17] that X (f) parameterizes isomorphism classes of triples (A, i, m)
where (A, i) is an abelian variety with real multiplication i : O < End(A) and

m:(Ma, M) = (0P~ 0rP~"F)
is an Op-isomorphism 94 —— (oFf)_1 which maps DITZX to (oFf)_l’Jr, where
My :={A:A— AY|Lis a symmetric Op-linear homomorphism}

is the polarization module of A and S)JIX is its positive cone.
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Let K/F be a CM extension and let ® = (o7, ..., 0,) be a CM type of K. Then
7=(A,i,m) € X(f) isa CM point of type (K, ®) if one of the following equivalent
definitions holds:

(a) Because z € H", there is a point T € K such that

@ (1) = (01(0), ..., on(1)) =2

and A; =+ Oprt is a fractional ideal of K.

(b) (A,i’) is a CM abelian variety of type (K, ®) with complex multiplication
i :Og — End(A) such thati =i’ |o,.

To relate CM points with ideals of K, recall that we have fixed €p € K™ such that
€0 = —¢p and ®(ep) € H". Let a be a fractional ideal of K and §* := epog/raan F.

Then by Lemma 3.1 in [Bruinier and Yang 2006], the ideal class of {® is the
Steinitz class of a C K as a projective Op-module. Then it is clear that the CM
abelian variety (A, = C"/®(a), i) has the polarization module

Ma, M) — ((pfH " (0pfH ™).

To give an Op-isomorphism between the above pair and ((o Ff)_l, © Ff)_]’+)
amounts to giving some r € F* such that {* = rf. Therefore, to give a CM point
(A, i,m) € X(J) is the same as to give a pair (a, ), where a is a fractional ideal of
K and {* = rf for some r € FT. Two such pairs (a1, r1) and (az, ) are equivalent
if there exists an y € K> such that a = ya; and ro = r1yy. We write [a, r] for the
class of pair (a, r) and identify it with its associated CM point (A, i, m) € X (f).

Note that for any fractional ideal f C K and any r € F* we have the natural
isomorphism of varieties:

T X)) == X(f), z=(2)r>rz=1(0;(rz).

3.1.2. Upper bounds of Minkowski type and Steinitz class. Let L/Q be a number
field of signature (rq, rp). Let n be the degree of L/Q, then n = r; 4 2r,. Minkowski
showed that there is a constant M (r, r;) only depending on the signature such
that for any C € CI(L), there exists an integral ideal ac € C satisfying Ny g(ac) <
M(ry, r2)v/Dr, where Dy is the absolute discriminant of L.

We can make the corollary in [Zimmert 1981, p. 374] more explicit. In fact, an
elementary estimate gives that
(10) logL > (2log2+y)r1 + (log2m +2y)r2—\/ﬁ.

Npjo(ac)

Then for n > 6, the right-hand side is always positive since /1 < \/r1 + +/2r2. Let
M (n) := (4"2n!)/(n"2n"). Then M (n) /Dy gives the Minkowski constant of L/Q.
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Combining M (n) with (10) we can take
(11) M(ry, rp) :=min{e~ @08 2t0n—(og2m 42 tvTn 4 M(6)-1,26, M (n)}.

In particular, when n is large, we have M (ry, ;) < 50.7771/2.19.97"2. From
now on, we shall fix M (ry, rp) in (11). For totally real extension F/(), each ideal
class C € CI(F) contains an integral ideal f¢ satisfying Ng,q(fc) < M (n, 0)/DF.

Now we fix a set of fractional ideals

(12) I :={f: fC Orand N(f) < M(n,0)y/Dr},

such that
CUF)" ={[fl: feZ}),

where CI(F)* denotes the narrow ideal class group of F. For simplicity, we assume
OF €T} Then for any fractional ideal a C K, there exists a unique f € Z;\ such that

fa = GOUK/FClC_lﬂ F € [fl,

i.e., we can find some r € FT such that {* = rf. Then by the above discussion,
[a, r] gives a CM point in X (f). Actually we can construct the CM point more
explicitly. To achieve this, let’s recall the standard result:

Proposition 8 [Yoshida 2003, Proposition 2.1, p. 179]. Let F be an arbitrary
algebraic number field and K | F be an algebraic extension of degree n. Let a C K
be a fractional ideal. Then there exist a1, ..., o, € F and a fractional ideal f C F
such that

a=0r0;® - -®Oroy_1 P foy,.

Moreover, we have
[f]=I[c- Nk/r(a)] € CI(K),

where ¢ is a fractional ideal of F, independent of a, such that
[¢*] = [Dxk,rl, where Dx/r:= Nk/r(0k/F).

Proof. The first part of the assertion comes from the structure theorem for a finitely
generated torsion free module over a Dedekind domain. Then we can write

Ok =0ra1®---®OFroy—1 P cay;
Cl=OF,31@"'®OF,Bn—1®f,3n,
where {«g, ..., o} and {1, ..., By} are basis of K over F and f and b are fractional

ideals of F. Then there exists some y € GL(n, F) such that yo; = 8;, 1 <i <n.
Take x € A; such that div(x) = c_lf and set y = diag[x, 1, ..., 1]. Then clearly
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vy Ok = a. On the other hand we have a=aOg, where a € AIX( such that div(a) = a.
Therefore we have
a”'yyOg = Ok,

which gives that Ng/r(a~'c71f) = det(y) "' Ng/r(a~yy) € OF, ie.,

[Nk, r(@)] = [Ng/r(c"')] € CI(F).

Therefore the last assertion is reduced to the case a = O.
Let {af, ..., a,} be the dual basis of K/F with respect to the relative trace
Trk,r. Then we have

-1 4 1 -1
0k p=0ra; @ - ®O0ra, 1 &¢ a,,

where ok, is the relative different with respect to K/F. Then by the above
discussion (i.e., taking a = 0;(} ) we have

[Nk/r(og) )l =" ¢l e ClK).

Hence we have [D,/r] = [Nk /r(0x) )] =[*] € CL(K). O
Let a be any fractional ideal of K, let [{*] be the Steinitz class of a. Denote by
(13) Sta={fa: Nr/a(fa) = fem[gl] Nra(}.

Given a fractional ideal a C K, take an f, € St,. Without loss of generality, we
may assume that f, € I;“. We then fix this choice for any fractional ideal a € K
once and for all. Then by Proposition 8 there is a decomposition

(14) a=0ra® f.p.

By the above proposition and the definition of {* we can take a appropriate
such that there exists some r € F such that * = rf,.

Define z, := % Then we have as in the proof of Lemma 3.2 of [Bruinier and
Yang 2006] that

(@p — aP)fOk = ok Fad.

Then we have
e@B—aB)=re forsomee € OF

Replacing B by € ! 8 if necessary, we can assume € = 1. This implies that

r
(z—2)=—-—=¢€F~",
€0 —2 ,3,3

and thus 7, € K* NH" = {z € K* : ®(z) € H"}. Moreover, z represents the CM
point [a, r] € X (f).
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Let CM(K, D, f) be the set of CM points [a, r] € X (f) which we regard as a
CM O-cycle in X (f). Let

CM(K, ®):= Y  CM(K, ..
[fleCl(F)*
We have the natural surjective map
CM(K,P) - CI(K), I[a,r]+> [a].

The fiber is indexed by € € O;’Jr /Nk/ rOg, since every element in the fiber of a
is of the form [a, re] with r fixed and € € (’);’Jr a totally positive unit. Note that
B(Op " /Nk/rOF) <2.

3.2. Representation of ideals. Let z, be the CM point corresponding to the frac-
tional ideal a. Write x, (resp. yq) to be the real part (resp. imaginary part) of z4. To
prove our main results, we need to compute y, explicitly. We start with recalling
some definition.

Definition 9 (primitive ideals). Let a be a fractional ideal of Ok. We say that a is
primitive if a is an integral ideal of Ok and if for any nontrivial integral ideal n
of O, n~!a is not an integral ideal.

Fact 10. For any fractional ideal a of Ok, there exists a unique fractional ideal n
of F such that w™'a is a primitive ideal. The ideal n will be called the content of
the ideal a.

Let K/F be a CM extension. There exists some D € F* /(F?>N F*) such that
K = F(+/D). We may assume D € O and fix this choice once and for all. Let q
be the index-ideal [Ok : Or[+/D]]. Set § = qOk.

Proposition 11 [Cohen 2000, Section 2.6]. Let a be a fractional ideal of K. There
exist unique ideals n and m and an element b € O such that

(15) a=nme@q ' (-b++D)),
where q is the index-ideal [(9 k.0 F[\/B]]. In addition, we have the following:
1. nis the content of a.
2. ais an integral ideal of Ok if and only if w is an integral ideal of OF.
3. ais primitive in K / F if and only if n = Op.
4. m is an integral ideal and ad = mn?.

Remark. The element b is determined by the modulo relation
d—beq,
b* 4+ D € mg?,

where § € O comes from the corresponding pseudomatrix on the basis (1, v/D)
[Cohen 2000, Corollary 2.2.9].
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The equations (14) and (15) give us two decompositions of a fractional ideal a
of K. However, the main obstacle comes from the factor n in (15). We may not
easily get rid of n unless the ideal class group CI/(F) is trivial. Noting that n is
a content, one natural way is to use the decompositions to construct a group of
primitive representatives of the ideal class group CI/(K) such that the CM norms of
the imaginary part of the corresponding CM points can be computed explicitly. In
fact, It can be seen from the definition that an integral ideal a of O is primitive if
and only if its primary decomposition is of the following form:

a=TT%; [T8r%
Jj i

where ‘B/j are ramified primes and *3; are splitting primes with «; - 8; = 0. In
particular, every split prime ideal of Ok is primitive. On the other hand, by
the Chebotarev density theorem, there exist a group of representatives of CI(K)
consisting of split prime ideals. This gives us a set of primitive representatives
of CI(K). However, since we have to bound these representatives uniformly (as
can be seen in the last section) and it is not easy to give such a bound for splitting
ideals in each ideal class, we move on in another way.

It’s well known that, for any fractional Of-ideals a and b, we have the isomor-
phism a @ b >~ Op @ ab. But this is not enough to make (15) into the form of (14),
we need to make the isomorphism into an identity.

Lemma 12. Suppose K/ F is a finite extension of number fields. Let a and b be
fractional ideals of Of. Let a, B be two elements in K*. Assume thata € a, b € b,
ceb landd € a=" such that ad —bc =1 € F. Set

S a c
(@, B) = (a, B) (b d)’
then we have
ao+bB = Ora’ +abp’.

Proof. We have o’ = aa + bB and B’ = ca + dfB. Hence
Ora' +abB’ C (O -a+ab-c)a+ (Of -bab-d)B C ax + bp.
Conversely, we have « = da’ — bp’ and B = —ca’ + ap’. Hence
ao +bB C Opa’ +abp’. ([

Let z, be the associate CM point to a. Define the CM type norm of y, as
No(ya) :=[[ycp 0 (Vo). In Section 3.3 we will see that CM type norms show up
naturally in Fourier coefficients of Hilbert Eisenstein series and their derivatives at
the central value. According the period formula (27) CM type norms of imaginary
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parts of CM points also connect with central values of class group L-functions. By
the above preparation we can prove an explicit expression of Ng(y,) as follows:

Proposition 13. Let notation be as before. Then we have

Nk ja(ca) Nrja(Fo) NFja(9)? ~ Dk

(16) No(va) = Nk o (@) o

’

where f, € Stq, cq is an element in the content of ag ™' that is of the minimal absolute
norm, and Dk (resp. Dp) is the absolute discriminant of K /Q (resp. F Q).

Proof. By the argument in the above remark, we may assume a is an integral ideal
of Ok such that ag~! is integral. Let n be the content of ag~!, then n is integral.
Noting that q C O, hence by (15) we have the decomposition

(17  a=n-(=b+vVD)®n ' lada=n-(—b+~D)®n 'q 'aa,

where b € Of and q is the index-ideal [OK : Op[«/ﬁ]].
Let ¢, € n be an element of the minimal absolute norm, and we fix one such
choice for each a once and for all. Then by Lemma 12 we have

(18) a=n-(—b+vD)@®n g lad=0r co- (~b+VD)®q 'aa-c;".

The direct sum in the right-hand side of the above identity can be verified easily
from the proof of Lemma 12. Also noting that by the definition of q we have
OK/F = 4Dq*2, where ok is the relative ideal-discriminant, then [qfla&] is the
Steinitz class of a.

Combining the decomposition (17) with (14), i.e., a = Ora @ §8, we have, by
the uniqueness of Steinitz class, that

o =ca-(—b+x/5)e and .8 =q_1aa-ca_1,

for some unit € € O;f. So we have
Cq - IJm(v/ D)
5 .

Noting that o) = Nk /r(0k/r) and Dg = D%NF/@(UK/F), we thus obtain

_ ca D _ Ngja(ca)Nrja (o) Nejo(9)? v Dk
Nolw) = H( B )_ 2" Nk ja() D’

Remark. From the above expression, it is clear that N¢(y,) is independent of
a particular choice of f, € St,. Also, the term Nk ,q(cq) in the right-hand side
of (16) does not depend on a particular choice of ¢4. In fact (16) shows that N (y,)
is independent of the choice of a particular representative of the class [a]. This
is because the factors N/ (fa) and Nk o (cqa™ 1) are both invariant under scalar
multiplication by K *.

Ya=IM(zq) =

O

oed
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We will always fix the CM type & in this paper. For the sake of simplicity, we
will write yg for the CM type norm Ng(y,) in computations in the following parts.

3.3. Hilbert Eisenstein series. Let notation be as before. Let a and b be fractional
ideals of F. Take ¢ to be the characteristic function of the closure of ab@® b. Let @4y
be the characteristic function of the closure of ab, and ¢, be the characteristic
function of the closure of b. Then we define

Gi(z, 53 @) = y /250 Z o(c, d)(cz+d) Kcz +d|<>.
(c.d)eF2% JOX

Define
ab -1 +
Iy:=3{ve o d €GLR2,F):a,deOf, bea ", ceaq, dety € Oy ¢.

Then clearly ¢ (xy) =¢(x) forx € F® F, y € I'y. From now on, we assume k =0.
One can check that

Gk(yz,s; a,b) =Gg(z,s;a,b) forally eI,.
Let G(z, s; a, b) := Go(z, s; a, b) and define the regularized Eisenstein series as
E(z,s;a,b):=r(25)"'G(z, 5; a,b), Re(s) > 1.

Then based on the Fourier expansion of G(z, s; a, b) [Yoshida 2003, Chapter V]
we have the explicit Fourier expansion:

-1
E(z,s;0,b)= N(b)_zsy”w

{r(2s)
\/_F(S—-)) p-i2 1. (1-5)o 1-2,6F(2s—1,[ab] ")
N N
( () (0 N ED) £r(29)
2 yo/? 12
+ N ~V2u(b, s)ebd
(m)) Dl/zN(b)gp(Zs)b§x| B0 (b, 5) e(bx)
x [T K_1@ayulbu)).
veJso

We have the following Laurent expansion of (partial) Dedekind zeta function
around s = 1:

hy
19) ¢r(s,C) = —+VF[C]+0(S—1)



CM NORM FORMULA AND NONVANISHING OF L-FUNCTIONS FOR CM FIELDS 363

where C is an ideal class in CI(F), and pfr = 2”hFRFw;1DF_1/2 is the residue of
¢r(s) at s = 1. In particular, around s = 1 we have

(20) tr() = 4y + 06—,
where
h*l
YF.C = 1im{§F(S, C)— F—'OF};
s 1 s—1

and by ¢r(s) = X je1eci(r) SF (s, C) we have

YF = Z YF.C = PFYF
CeCI(F)
where y is defined in (1). Constants yr and yr ¢ are called unnormalized Euler—
Kronecker constants with respect to F'/Q, which we will deal with later.
From the Fourier expansion above we see that E(z, s; a, b) has a meromorphic
continuation to C with a simple pole at s = 1 with residue

2”717'["RF

Ress=1 B 530, 0) = o S O N @b)2r )

We have the Taylor expansion around s = 0 such that I'(s) = s~'+0(1) and

hrRF o1

21 CF(S):—w—F + O0(s"),

where Ry is the regulator and w is the number of roots of unity. Then E(z, s; a, b)

is holomorphic at s = % Moreover, we can show actually E(z, s; a, b) vanishes at

s=%f0rallz€@.
Lemma 14. Let notation be as above. Then we have
E(z, %; a, b) =0 forallzeH".

Proof. Let f C F be a fractional ideal and f be its dual, i.e., [f] - [J] = [©], where D
is the different of F/Q. Let

Zr(s, [f]) = ZF00(s)Cr(s, [f]) and  Zp(s) := ZF 0o (s)CF(s),

where Zf o (s) =D P22 (s /2)". Itis well known that we have the following
functional equation for the partial completed zeta function:

(22) Zr(s, [f) = Zr(1 —s, [f).

An immediate consequence of this is the functional equation for the completed
Dedekind zeta function (obtained adding the partial ones), which has exactly the
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same form. Also, all the partial zeta functions have a simple pole at s = 1 with the
n -1 1/2
same residue 2"Rrw, Dp
Let’s introduce some functlons to simplify the notations. Define

1
M (s) := Zr(2s)N(b)~ 2s SUM

Cr(2s)
= Zr.00(29)N(6) > y*7¢p (25, [6]7");
_ L)\~ _ -1
M (s) == <%s)2)> DN ()~ y1=99 N(ab)!- 2s§F(2S§F(12,S[)ab] );

M;(s) = Zp(2s) M5 (s)
= Zr.o0o2s — DN (6) "'y N (ab) =z (25 — 1, [ab] 7).

Then by (22) (taking § = ab) we see that M»(1 —s) = H(s)M;(s), where

¢r(2s, [ab] ™))
tr2s, [b]71)

Since the Dirichlet series ¢ (2s, [b] 1 absolutely converges when Re(s) > 5, H (s)
is holomorphic when Re(s) > 2, and can be continued to a meromorphic functlon
on C. Since all the partial zeta functions have a simple pole at s = 1 with the same
residue, we see H (s) is holomorphic at s = § and H(3) = 1.

Let L(s)~':= H(s)H (1 —s5), then we have

¢r(2s, [ab]™1)Zp(2 — 25, [ab] ™)
tr2s, [617 ¢ (2 =25, [b]71)

Likewise, L(s) is a meromorphic function on C and is analytic at s = % with
L(3) = 1. So we have M(1 —s) = H(s)M;(S) + H(s)L(s)Ma(s). Now let

275\ " ya/Z ya/Z
) 1/2 =

2}’[ DS .
I'(s) N (b)¢r(2s) DY*N(®)’

H(s):= N®)> 'N@p)>!.

L)'=

Ei(s) = ZF(2S)<

Ex(s):= ) INDI™'2hb, s)edx) [] K,_1@ryulbul)

beF* veJso
=Y IN®PT2 YN INOI' e [ [ K_y@uylbul)
beFx (a,c)eb~ o xC V€]
ac=b

IN@]) 2
-y Y'Y <|N(i>|> e(bx) [ K, @ryolbul.

beF* (a,c)eb~lo~IxC vEJo
ac=b
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Also set E(s) = E((s)E>(s). In fact both E(s) and E;(s) are entire functions.
Let’s briefly explain why E,(s) is entire: by Turan’s inequality for Bessel functions,
log K, (x) is convex. Also note the fact that
log K
lim 282 v(x) =

X —+00 X

-1,

hence we have K, (x) < (eK,(1))e™. Namely, the Bessel K-function has exponen-
tial decay, which forces the sum in E>(s) to converge absolutely. Also one sees
easily that E{(s) = DIZDS_] E{(1 —s). So we have

E(1—5) =D}y 2 E{(s)Ea(1 —s).

Let £(z, s; a,b) := Zp(25)E(z, s; a, b) be completed Eisenstein series, then by the
Fourier expansion of E(z, s; a, b) we have

E(z,s;0,0)=M(s)+ E(s) = Mi(s) + Ma(s) + E1(s) Ea(s).
By the above computation we have
E(z, 1=s5:0,0) = H(s)M(s) + L(s)H ()Ma(s) + D E1 () E2(1 —5).
Therefore, we have (noting that K,(x) = K_,(x))

1 . E(z,8;a,b) ) E(z,1—s50a,b)
E(z, 3;a,b) = lim = lim
s> Zroo(29)CF(25) gl ZF00(2—25)p (2 —2s)

H(s)M;(s) + L(s)H (s)Ma(s) + Dy 2 E{(s) E2(1 — 5)

= — lim
s|—>% ZF,oo(z_zs)gF(zs)
L HMO + LA EOM + B G)E)
s|—>% ZF,OO(ZS)Q‘F(ZS)
= — lim t@siab) —E(z, %; a, b).

s ) Zroo(25)CF(28)

Thus we have E(z, %; a, b) =0. O

Remark. Note that E(z, s; a, b) may not have a functional equation, since the
Hilbert modular variety may have several cusps. The Eisenstein matrix will always
have a functional equation. However, when a = b = Op, there is only one cusp. In
fact, we see that in this situation H(s) = L(s) =1 and E(s) = E(1 — 5), then we
have the functional equation

E(z,s;a,b)=E(z, 1—s;0a,b),

which gives immediately that E (z, %; a, b) = (0. This is the case in [Iwaniec and
Kowalski 2004].
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3.4. Periods of Eisenstein series. In this section we combine the discussion in last
two subsections to show the class group L-function Lg (), s) can be expressed as a
weighted period of the Eisenstein series E(z, s; f) with respect to the CM 0-cycles
CM(K, @, ), where [f] € CI(F)™.

Recall that we have the natural surjective map

CM(K, ®) - CI(K), [a,r]t+[a]

And the fiber is indexed by € € (’);’JF/NK/F(’)IX( with order at most 2.

Recall that by Proposition 13, since K /F is a CM extension of number fields of
degree 2n, we have that (see [Zimmert 1981]) for each ideal class C € CI(K), there
exists an integral ideal ac € C such that

Nga(ac) < M(0,n)y/Dk.

Clearly, we may assume ajp,] = Ok. Thus we can define a set of representatives
of CI(K) as
(23) Tk :={a: a=acq forallC € CI(K)},
where ¢ is the index ideal in (15).
For convenience, let us fix Zx once and for all. Clearly we have

CI(K)={[a]: aeZx}.

For any a € Zg, let y, be the imaginary part of z,, the associated CM point. Then
by (16) we have
M(©0,n)~'Nrja(fa)
2"Dp
Also, for any fractional a of K, there exists a unique f, € Z; and a CM point
[a,r] € X(Ja) := T (fo) \ H" mapping to [a]. Note that there are at most 2 preimages
of [a] € CI(K). From now on, we fix one of them [a, r] € CM(K, &, f,) for all a.
Then we have a decomposition (14), i.e.,

a=0Orag +fafa

with z4 ;== /B € K*NH" ={z € K* : ®(z) € H"}. Moreover, z, represents the
CM point [a, r].

forall a e Zg.

(24) Ya =No(ya) =

Proposition 15. Let K be a CM extension of a totally real number field F of
degree n, and ® be a CM type of K. Then we have

2”D S
@5) Li(t$)=—o 3 F((aDN (o) e 2 E i iy o),
Dy [0k 1 O] (i-nicci)

where fq € I; is defined as above and z, is the corresponding CM point of a via the
map CM(K, ®) - CI(K).
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Proof. Let C € CI(K) be an ideal class. Then there exist a unique primitive ideal
a € Ik such that [a] = C~!. Hence as b runs over integral ideals in C, ab = (w) runs
over principal ideals (w) with w € a/Og. Let >~ denote that the summation is taken
over nonzero integral variables (e.g., Z/a means the summation is taken over all
nonzero integral ideals a C K), then the partial Dedekind zeta function can be written

k(s.0) =Y Neo® ™ =Ngo@ Y. Neo(@)™

beC wea/O%

N S /
_ Ngja(@)® > Njo((coa+da)™

X . X
[Ok : OF] (c,d)EOFBfa/OF

_ Nk/a@)*'Nk/a((B))” Z’ Nk ja((cza+d)™*

X . X
(O - OF] (c,d)€OFBfa/OF

. NK/@(OFZa‘i'fa)S Z’

N akd)
(07 0] k/0((czqa +d))

(c,d)eOFr®fa/ O}
Write z4 = x4 + iyq, then a calculation with determinants yields
2"Dp
VDx

By a calculation with the CM type ® we have Nk, q((czq +d)) = |czq + d|?e,
where we have identified z, with ®(z,) € H". Thus by combining the preceding
computations we obtain

(26) NK/@(OFZa+fa) :ygNF/Q(fa)'

(2"DrNFrja(fa))® Z/
DY?10% - 0F] e
(2"DrNFr/a(fa))®

= G(za» 5: 570 Fa)-
pPox-ox e

¢k (s, C) = ¥i¥\ezq +d|TH

Or®fa/OF

Finally, using that Lg (x, s) = ZCGC,(K) x (C)k (s, C) we obtain (25). O
In particular, it comes from Lemma 14 and Proposition 15 that:

Proposition 16. Let notations be as above. Then we have

211/2—1,0F /DF B ) 3
Q) Lx(x.3)="5r—— Y. XUDVNGIE (2. 3: ;" fa)-
DO 1 0F]
K YK -~ F [a-YecCl(K)
Remark. Note that \/Nr,q(fa) E’ (za, %; f;l, fa) is independent of the choice of f,
for any fractional ideal a in K. Formula (27) is known when the narrow class group

of F is trivial [Masri 2010], in which case one can take f, to be O.
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We will use this Eisenstein period formula (27) in conjunction with the CM type
norm formula (16), following an idea of Iwaniec and Kowalski [2004], to obtain
Theorem A in Section 4.

3.5. Derivatives of Eisenstein series at the central point. In this subsection the
derivative of the Eisenstein series and its Fourier expansion will be investigated.
Further estimates will be provided in the next section. We start from the vanishing
property of E’(z, %; a, b) as follows.

Lemma 17. Let a and b be fractional ideals of F as before. Then we have

E'(z,3;a,b)
yo/? | Ay —hE vr)
=2 Dopllegyr + 21T
Nrja(b) hrpr

+h' [log Nrja(ab™")—n(y+2log2)]

+pfi/+;_FZ S5 etw [] Ko@awlbib .

beF* (a,c)eb'o"xC veJoo
ac=b

where the Euler—Kronecker constants y p1-1 and yr are defined in (19) and (20)
respectively, y = 0.57721 ... is the Euler—-Mascheroni constant and

Ci=(abNF*)/OF™.
Proof. To simplify the computation, let’s introduce some notation. Set

2 -1
M (s):= NF/@(b)—ZsysaM;

Cr(2s)
. «/EF(S—%) R 1, (1-5)0 122, §F(2s=1,ab] ")
M(s) == (TS)) Dy ""N(b)"y N (ab) or(25) ;
E(s):= 27y 3 INBE b, $)ebx) [ [K,_1 Qryulby))
VDT (5)"N (b)r(25) =, ’ L1R gt

Note that for convenience, we shorten the notation of the norm Nr/g to N occa-
sionally. Then clearly E'(z, %; a,b)= Mi(%) + Mé(%) + E/(%) Also,

25, [61°1)
Mi(s) = [—210g N(b) +log y"] - Mi(s) +N(b)—2sym <§F(Ss—[b])> .

Cr(2s)
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By (19) and (20) we have

(CF(Zs, [5]1))’ — lim 20125, [6]7NEr(28) — 201(25)¢p (25, [B]7H)
¢r(2s) =1 sl CA(2s)
4 hy! 4h7!
. (zsfﬁ)z( 5T+ VE1) — (2sF—f)F2 (35 +7r)
= lim 5
sn—)% _PE__
(25—1)2
_ 4ro — he'yr)
PF '
Note that by (19) and (20) we have
0/2 2 —1 o/2
Ml(%):y lim ¢r(2s, [b] ): y ‘
N(®) s>1  ¢r(2s) hrN(b)
Thus we have
°/2 ° 4 —hEve)
78 M (L) = y y F,[b] F ‘
29 1) hFN(w{ SO or

For the Mé(%)—term, by definition we have

log M>(s) = C +nlogI'(s — 3) —nlogI'(s) + (1 —s) log y°
+(1—2s)log N(ab) +log cx(2s — 1, [ab]™") — log ¢ £ (2s),

where C :=nlog /7 — % log Dr —log N (b). From this identity we obtain

nI(s — ) _ nl(s)
I(s—1) I'(s)

M} (s) = M(s) - [ —log y? —2slog N(ab)

20525 — 1, [ab]™!) 20525 —1)
¢r@2s—1,[abl™))  ¢p@s—1) |

2 2 2
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By (20) and (21) and the functional equation (22) one can easily deduce that
My(3) = —h;'N(b)~'y®/2. Hence we have

nl’(1
(29) M5(3) = hp' N(o) "y /2. {% +log y° + log N(ab)}.

Now let’s compute I’ (%) Differentiating the Hadamard decomposition of I'(s)~!
logarithmically at s = 1 we see I’ (1) = —y by the definition of y. Since I'(s+1) =
sT'(s), we have I'"(2) = 1 — y. Now consider the duplication formula

F(2s) =" 222710 ()0 (s + 3).

Differentiating it at s = 4 we thus obtain I"’ (%) = —/7(y +2log?2). Plug this into

2
(29) to obtain
(30) M5(%) =hz'N(@®)'y/? - {log y7 +log N(ab) — n(y +2log2)}.

Finally we deal with E’(})-term. Noting that limy,, 1,2 {5 1(25) = 0, we have
—2nyo/2 2052
«/ DFN(b) s|—> KF(ZS)

x Y INOIFTPab, 9)e®x) [ K,_1Cryulby))
beF* velyo
2n+l 0/2

—_c Y Z A(b, 5)e(bx) l_[ K 1 Qmyylby])

1 2
/ N(b)pr beFx vEJ oo

2n+1 0/2
> ZZ e(bx) [] Ko@myylby)).

beF> (a,c)eblo~!'xC vEJso
ac=b

DY2N(b)pr

Combining this formula with (28) and (30) we thus obtain the conclusion. O

4. Proof of the Main Theorems

4.1. Estimates related to L-functions. Let F/b\e a totally real number field of
degree n. Let K/F be a CM extension and CI/(K) be the dual group of the ideal
class group CI(K). Note that L(x, 1) is finite for any nontrivial x € CT(E) SO we
can define

(31) Lr:= max |Lp(x, DI
X€CLF)\{xo}

Also, in this paper we will always use M (r, r;) as the generalized Minkowski
function defined in (11).
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Proposition 18. Let notation be as above, and xg be the trivial character in C/l(\K)
Then we have

PF 1 \/D 0 _1/4)
32 L ,l > lo — &L -hxgD
(32) & (xo 2)_[02. or T hF( og Dy K

where

25n/2M 0 D7/4h2 B
Fip

and L}, = 4,0;1£p +log D + (3log2 —logm)n ++/7n + 4.
Proof. By Lemma 17 we have E’ (z, 3 fu) = Iy (z; fo) + 1E(Z; fa), Where

o/2 4Y 5 -1
W)= i {21°g L
—2l0g Nrja(ie) — (v +2log 2>n},
RET Sy L L SH 30 o [T Koxy.lbub.
' Nro(fa) ,OF\/D_FbeFX et tx veda

ac=b

where C := O3 /O™, and

_ 1
Lt = VE - —hF e = I Z X(FaDLr(x. D.

x€CI(F)
XFX0

By Proposition 15 we can write Lk (x, 3) = Lu.y + LE,,, Where

2"2/D
Lty = ]/f-[o;pfox] S xabyNrjaGe - In( o),

2D Fa-11eci(k)

2"2/D
Lpy= ],f-[(,);pfOX] S xahyNejalo) - Te(: o).

2D Fa-Necl(k)

We will start with bounding I (z; fa) and further estimating Lg ,:

15 (z: fa)|_N(f) ph/_ S 3> T 1ke@ryulbu))l

beF> (a, c)efy lo=Ixc vel)x
ac=b

yo/2 2moF 05T Y ]
= . | Ko yylby )|
N(fq) Pr~ DF befzlo-lnF> Vel
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To compute [(’); : (’);’Jr], let’s fix an ordering (¢y, ..., ¢,) of Hom(F, Q) and
consider the homomorphism

P £, x> (01(x0)/ 11 (X)), - -y G (x)/1n ()D-
Then clearly, ker(t) = O ™. Hence Im(t) =~ O /O ™. In fact, by Lemma 11.2
of [Conner and Hurrelbrink 1988] we have

coker(t) >~ Gal(H+/HF) ~ker(CI(F)* — CI(F)),

where Hp is the Hilbert class field of F and H;f is the narrow Hllbert class field
of F. By the above isomorphism, we have [Of : O M =2"hp h+ . Noting that '
is totally real, consider the canonical embedding

j: F— Fr:= 1_[ F,~R".
vEJ o
Since f;lo™! # 0, the lattice T := j(f;'o™!) is complete in Fg. Let ay, ..., ay,
be a Z-basis of f;'o~!. Let B, = j(a,), then we may assume that B, > 0, for all

1 <v<n.Since Zis aPID, we have ' =78, & - - - ® Zp,. Then a computation
with determinants gives

[] 8" =vom) "=

vels

J%T - Nrjo(fa0) = Nrjo(fa)v/Dr.
For any b € fa_lo_l N F*, we may write j(b) = (m81, ..., m,B,), where m; # 0,
for all 1 < v < n. Otherwise, we may assume m| = 0. Then there exists some
v € Joo such that b, = 0. Then the minimal polynomial of b has O as its root. This
is impossible unless b = 0.

On the other hand, note that Ko(x) < Ky,2(x) = \/ge_x for all x > 0. Com-
bining these results we have

ya/2 22n+th \/7 2y fm
I T = : TP
(@ fol Nro(fa) prhi~/Dr 1_[ (Z YoBu )

velyo
1 22n+th
= . ’3 1/2 ( —2nytﬂvm>
Nro(fa) prhi~/Dr vl;[ Ul;[ Z V. m

< 1 22n+1hF 1_[ ﬁ,l/z l—[
~ Nrja(fa) ,OFhJ;«/D v eZﬂyuﬁv -1

veJo veJoo

- 1 22n+1hF l_[ ﬂ 12 l_[
~ Nrja(fa) prhin/Dr 27Tyv,3v

vEJ o veJso

2n+lh D1/4
< Nra(a) - —+y_a-
hF
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Therefore, by Proposition 13 and the definition of Zg, we have

2n+1h D1/4 2"DFN[(/@(0)
£ 5l < o/ NejaGa) -
Bl Ja HO  anpeht Nejo(Ga)Nrja(@)2y/Dx

_ 27 MO, mhp D
= a"prht/Nrja(fa)

Note that by definition, each f, € I;r is defined in (12). Thus we have

for all a € Zg.

" |<2"/2~/_DF oF 22+ M (0, n)hp DY
el < .
©T apt 1001 & wtprhy
_ 1 2"Me, m D! hp e p-l/A
~ 005 T Kok o
K *~F F

where Z is defined in (23), so that (24) is available here.
On the other hand, we will give a lower bound for Ij/(z; fo) and Ly . Recall
the definition of L given in (31); then clearly for any a € Zx, we have

1
Lrzi- D0 ILrGe DIz Lrgel
x€CIF\{xo}

Hence by the expression for y° given in Proposition 13 we obtain

N N 2 VD D/*
k/a(ca) NFrja(q) {210 K_ ¢ } K

(33)  Im(zfa) = \/

g R
Nk o(@)NF/a(fa) 2"D /2"Dphp
where the tail Cr 4 is defined as
N a 4LF
Cr.a=2log x/a(8) - + (y +2log2)n.
Nk ,a(ca)NF/a(q)
Combining (33) with (24) yields
OF Nk/o(ca)Nrja(q)?
b = S0 of1 2 Neja@
FURE onecik) /
N 4L
X {210g —2log x/0(®) 5~ £_ (y +210g2)n}
2"Dp Nk a(ca) Nr/a(q) PF
2"Nk a(a)
Ny(a) - {ZIOg K 210 og —Cpt,
EXI;( 1 Nk a(ca)Nrjo(g)?
where

_ PF-Nrjo@  [Nkjalc) -
Nq(a)_[OE:O;]‘hF Nk jo(a) and - Cp=dpp Ly +(y +2log2)n.
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Write Ny(a)* = 2”N[(/@(Ca)_1NF/@(Q)_ZNK/@(G), then we can introduce an
undetermined parameter T satisfying 0 < T < M (0, n)+/Dg such that
JDr 1 ;
Ly = Z Ng(@) - <10g DFTq(a)* - §CF — Ly 4o

aelg
Nq(a)*ST

where the truncation term L},, P is defined as

~/ Dk 1
L= Nq(a)-{‘log— +2Cr Y.
0 ol Dr -J\fq(a)* 2
No(@=T

We can take 7 = Tx/r = min{(e"“"v/Dg)/Dr, 2"M(0,n)s/Dx}. Then due
to (11) and (12) we have Tk, r = e Cr D;l Dg if n > 9. Note that the choice of
Tk r above implies that

v Dk
log ——————— > Cr forall a e Zx such that Ng(a)* <7,
&, Ny = F K (@) < Tk/F.
Noting that N(a)* < M (0, n)s/Dk, we define
D
OFAES max log S St S 1CF.
Tk /F <Nq(@)*<2" M (0.n)/Dx Dp-Ng(a)*1 = 2

Then by monotonicity we obtain
34) op= max{%Cp, log2"M (0, n)Dp + %Cp} <logM(O,n)Dp +2Cp.
When e~ €~ D;ls/DK > 2"M (0, n)s/Dg (e.g., when n > 9), this implies that

(e 2o 3 I S
M, xo = [Og : Ofl-hp ol VNG (@)*
Tk /F<Ng(a)*<2"M(0,n)/Dg
Cr/2
prPre~rt —1/4
=—————/Dp-hgD .
(0505 -hp Y T TETK

And when e € D7 1«/DK <2"M (0, n)s/Dg (accordlng to our discussion before,
this might happen only when n < 8), we just take L, K/ " = 0. Hence, we have

1 \/DK TK/F
Lunzy 2 Nq<“>'1°gm‘%o

aelg
Nq(@)*<Tk,r

1 ~/ Dk pr®peCr/? —1/4
> ~Ny(q) - 1o — Dp-hgD
Z 5 q(q) - log Dr 07 O;]'h}?\/ F-hxDg
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Since Ny(q) = [Of : OF] ~,0th_1, then involving the upper bound of |[Lg |
developed as before we have

PF 1 Dk _1/4>
35 L s — 2 ([ log X" — @ -hgD .
( ) K(XO 2) = [O;; . O;] hp <2 g Dr F NPKYg

where

251201 (0, n) D}/ h2 o
P = Ty + ® e/ Dy

By (11) and the usual Minkowski constant M (n) one can obtain an elementary
computation of M (0, n), substituting this bound into (34) leads to the inequality

q>F < 2CF +log e—(Zy-i-log27'[)114-\/%4-41)[:7

from which one then has

(36) ®p <4py'Lp+log Dp + (3log2 —logm)n +~Tn +4.
Then the proof follows from the estimate (35) and inequalities (36). U

From Proposition 18 one sees naturally that an upper bound for |Lr(x, 1)| is
needed to make the inequality (32) more explicit. The desired estimate is provided
in the following lemma.

Lemma 19. Ler F/Q be any field extension of degree n < +00. Let x be any
nontrivial primitive Grossencharacter of modulus m. Then we have

(37) ILr(x, DI =< 2[%10g(DFNF/@(m))} :

Moreover, if for any x € C/l(?) \ {xo0}, we have

2log2—1 1 _
(38) |LF<><,1>|5<1+V+ 5 °g”n+§10gDF+pF1yF)-pF,

where pp := Resg—1 Cp(s) and yr is the Euler—Kronecker constant of F /Q.

Proof. Denote by (r1, r2) the signature of F/Q. Let b be the number of real places
of F dividing the infinite part of the conductor of x. Leta :=r; —b. Thena >0
and b > 0. Consider the completed Hecke L-function associated with y:

(39) AF(x,$) = (DFNpm) ?LE oo(x, )LF(X, 5),
where L o (X, s) is the infinite part of Lr(x, ), i.e.,

(40) Lroo(x,s) =272 (s/2)T ((s + 1)/2)’T'(s)".



376 LIYANG YANG

Then Ar(yx, s) is an entire function satisfying the functional equation:
(41) AF(Xvs):WXAF(le_S)a

where W, € C is the root number with |[W, | = 1.

Let ®, (x) be the inverse Mellin transform of Ar(x, s). Then one can verify
easily that (41) yields the functional equation of ® ,:
(42) 0,(x)=x""W,0;(x7.

Then by Mellin transform and (42) we have the integral representation of Ag(x, s):

o0

o0 o0
AF(X,s):f xs_1®x(x)dx:/ x"_1®x(x)dx+WX/ xS @z (x) dx.
0 1 1

Since I'(s) is the Mellin transform of the function f(x) =e™*, (x > 0), the inverse
Mellin transform of g, ,(s) :=I'(As + ) (for all A > 0, u € R) is

(Mflgx,u)(x) = )flx“/'xefxm, A>0, nek.

Clearly, M~ 'g;. u 1s positive. Since the parameters a, b and n are nonnegative
integers, we can regard ' (s /2)*T" ((s+1)/ 2)’T(s)2 asa product of gamma functions
of the form I'(As), A > 0. Let ®, « denote the inverse Mellin transform of
2572 Lp oo(x, 8) = T(s/2)*T ((s + 1)/2)PT'(s)"; then we have

O.00(X) = (Mg ok M7 ¥ gy 1ok MT1¥2g1 ) (x)  for all x > 0,

where for any m € N, M~1*"¢ denotes the m-fold convolution of M~!g, the
inverse Mellin transform of the function g. Hence ®, ~(x) > 0 for all x > 0.
Note that by definition we have

1 c+ioo B 2r2nn/2NF @(Cl)
®X(X):T/ _ X SAF(X,s)dsz Z X(a)®x,oo(—/'x>
Tl Je—ioo 0£acOF DFNF/@(m)

By the definition of a and b we see Oy o = Oy . Since O,  is positive, we
have ®5 = ©,. Thus for any s > 1, we obtain

|Ar(x, DI < \flw 0, () dx| + ’/wal(ax(x)dx‘

00 227" 2N g (a)
2 § O, ol —m// =" .x|d
= ‘fl (@O ( VDFNEg(m) x) x‘

0#£aCOF

00 ' 2 n/ZN a
52 Z / x‘3_1®x’oo<n—F/CD().x)dx
0#£aCOF 0 v DFNF/@(m)

= 2(DpNE/g(m)*?Lr.oo(x, $)CR(S).



CM NORM FORMULA AND NONVANISHING OF L-FUNCTIONS FOR CM FIELDS 377

From this inequality we obtain the upper bound for Lg(x, 1):

L ,
(43) ILF(X,I)I52(DFNF/@(m))(“1)/2M-;(s)" for all s > 1.

LF,OO(Xal)
Let
e atr, HLF’OO(X’S), n__ n b+r;
H(s):=s""(s—1) LraG 1) C(s)" =8(s)"G(s)" 7,
where
E() = 55— D T(s/22(s) and G(s) o= YO D/D),
sT'(s/2)

Then by (43) we have |L ¢ (x, 1)| 2(Dr Nrja(m) 0D/ 2 (so—1)" 557" H (o),
where so := 14 2n[log(DrNF /@(m))]_l. Recall that we have the well known
Hadamard decomposition for entire functions

1 N N
K —s/n Bs s/p
_(s) =se’ | |<1+—n)e and £(s)=e | |(1——>e ,

n=1 P

where B € C is a constant and p runs through nontrivial zeros of ¢ (s). Then

o¢]
G'(s)/G(s) = (log G(s)) = Z(—l)j(j +5)"'<0 foralls>0.

j=1
This gives that (log G)"(s) = Y_72(=1)/7'(j +5)7> > 0 when s > 0. Hence
log G is convex when s > 0. Now we work out B and thus see for every nontrivial
zero p = o +it, we have |t| > 6. In fact, by definition, B = £(0)'/£(0). The
functional equation £(s) = &(1 —s) gives &£(s)'/&(s) = —&(1 —s)'/E(1 — ). Thus
B =—&(1)'/£(1). Therefore,

1 T3\ . (e 1 y o1
B=11 ———(—)—1 (_ —)=—1—— ~ log 47.
loem =3 3) ~ m (6 + 7 Tplogam

On the other hand, by B = —&(1)'/£(1) and symmetry of the nontrivial zeros,
1 ( 1 1 ) 1 20
2 4 - P P p=0+iT P p=0+iT ot +T

Then for any p = o + it with % <p<1,onehas —B > 20 - (624 1%)~!, which
gives the lower bound
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Thus the function

1 §s—0
h(s):= Y =Y ————. 1=<s<6
p:a-i—its_p p=0-+iT (S_G) T
>0

is increasing. So (log&(s)) = &(s) /&€(s) = B + h(1) + h(s) is increasing when
1 <s < 6. Then logé&(s) is convex when 1 <s < 6. Therefore log(s™*"2H (s)) is
convex when 1 <5 <6.

By [Zimmert 1981] we know that there exists an integral ideal a such that

Nrja(a) < M(ry, r2)a/Dr. Then clearly
log(DrNpjq(m)) >log Dp > M(ri, r2) "
Recall that M (r{, ry) < M (n) := (42n!)/(7xn""). Hence

4"p!
ahtn”

<6.

s0=1+2n[log(Dr Nrja(m)] ™" < 142nM(ri,r2) < 142n-

By convexity we have H (sg) < max{H (1), H(6)} = 1.
Let x € CI(F) be a nontrivial Hilbert character. We have that
CUF)~Ip/IPF*, where I :=[[ Fy* x [[ OF,-
ploo pfoo

So in this case b = 0, a = r; and m = Of. Then we have the completed
L-function (39), where Nr/o(m) = 1 and (40) becomes

Lroo(x.8) =277 (s/2)" T (5)".

As before, noting that @5 = G)_X, Mellin transform and functional equations imply

(44) |AF(X,1>|sf |®X<x)|(1+x—1)dxsf 1©(x)|(1+x"")dx,
1 1

where O is the inverse Mellin transform of I"(s/2)"'I"(s)"? and

2r27Tn/2NF/@(Cl)
O = . ®OO<—-x).
0#£aCOF vDr

Let ¢ > 10 and A p(s) := DY/ *27"25 7 ~"/2 (5 /2)"'T'(s)"2 £ ¢ (s). Then by (44),

o0 c+00
|AF<X,1>|5/1 (2#/ AF(s)x_Sds>(1+x_l)dx

Tl —i00

1 c+00

= — Ar(s)ds,
2mi c—ioo

where A F(s):=Afp(s)- (% + lel) Denote the right-hand side by /r. The functional
equation Ar(s) = Ap(l —s) gives us that Ap(s) = —Ap(l — ).
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Recall that combining the elementary bound and functional equation of g (s)
and by the Phragmén—Lindel6f theorem we have the fact that
tr(o+in < 1|7 logt], 0<o <1, |r|=2.

By functional calculus we have ¢r(o +it) < [t]'/>7 % log|t], o <0, |t| > 2. Note
thatinthe area S:={s =0 +it: 1 —c <o <c, |t| > 1} we have uniformly that

T'(s) = /2 e~ /DM it Qog 1= it/ Q=12 (] 4 0 (1t]~1Y).

So Ap(s) decays exponentially in S as |f| = oco. Thus shifting the contour we get

- - 1 l—ct+ico
IF=R6Ss:1 Ap(s)+Ress:1 AF(S)—F—./ AF(S)dS
270 J1—c—ico

c+00

~ 1 ~
=2Res;—1 Ap(s) — — / Arp(s)ds.
2mi c—ioo
Hence Ir = Resy—; 1~\F(s) = AF1+ AF,, where
App:=lim(s—1)-Ap(s) and App:=lim(s—1)-Ap(s).
s—1 s—>1

By the Laurent expansion of ¢z (s) at s = 1 we have lim;_, | (ﬁ + g—i(s)) = ,0;1 VFE.
Hence Ar2/AFp1 = (log Ap(s)) |s= is equal to

1 _ _n al 1’(1) r —1

2logDF ry log2 210g7‘r+2 5 —I—rgr(l)—i-,op YF
=%10gDF—%logn+%-rl+(J/+10g2)"2+:0;17F-

Then by the inequality |Ar(x, 1)| < Ir we obtain (38). U

Now we move on to the Euler—Kronecker constant yr. Clearly we need an upper
bound for it. The known result on upper bounds for yr is essentially 2 loglog /D,
which is established under GRH [Thara 2006]. To prepare for the proof of Theorem A,
we give an elementary unconditional effective upper bound for yr.

Lemma 20. Let notation be as before. Then there is an absolute constant ¢ > 0

such that

(45) _llOgDF_J/+210g2—logn
2 2

Remark. Note that the main term of this lower bound in (45) is —% log DF, which

is slightly better than the general result (i.e., lower bound of main term — log Dr)

given in [Ihara 2006]. On the other hand, under GRH, one has y; <« loglog Dr

according to the main theorems in [Ihara 2006].

n—1<yp<clogDr.

Proof. The lower bound for yr can be deduced simply from (38). We thus will
focus on the upper bound here. For s = o + it € C with % <o <1, we have

(46) (s — D¢r(s) < prlsDp| =72,
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Note (46) is essentially Theorem 5.31 in [Iwaniec and Kowalski 2004] without
|s Dr|€. We drop the e-factor by using a subconvexity bound for ¢ at 0 =Re(s) = %
as an endpoint rather than using the bound for ¢z (i) via the functional equation
before applying the Phragmén—Lindelof theorem. In fact, a subconvexity result (see,
e.g., [Venkatesh 2010]) shows that there exists some § (e.g., one can take § = zlm)
such that ¢p(s) < |sDp|'/?7%, where s = § + it. Then the Phragmén-Lindelf
theorem implies that

(47) (s — D¢p(s) < [sDp|/279079)  where s =0 +it, 1 <o < 1.

Hence (46) comes from (47) and Theorem 5.31 in [Iwaniec and Kowalski 2004].
Let C be the circle centered at s = 1 with radius r =1—(2log D r)~ L. Since ¢F is
a meromorphic function with a simple pole at s = 1, by Cauchy’s theorem we have

1 s
VE=— er( )ds <<7§ pr 2Idsl < prlog DF.
2mi Jo s —1 cls—1]

Then the proof follows. O

With these preparations we can now give a proof of our main theorems.

4.2. Proof of Theorem A.

Proof./As\ before, let K/F be a CM extension and [F : Q] = n. Note that for every
x € CI(K), the conductor of x is Ok. So we have, by Lemma 19, that

y+2log2—logm
2

Then Lemma 20 implies that p;1£ r < ¢} log DF for some absolute constant ¢} > 0,
since a classical lower bound for D implies that log Dg > n.

Likewise, one has L7}, = 4,0;1/3p +log Dp+(4log 2—m)n++/Tn+4 < cylog D
for some positive absolute constant c/z. Then (3) follows from Proposition 18 and
thus (4) follows from (3) and elementary computations of M (n, 0) and M (0, n). J

pr'LF <1+

n—i—%logDF—l-y;f.

4.3. Proof of Theorem B. Substituting orthogonality into Proposition 16 we have:
Lemma 21. Let notations be as above, then we have

2"2pp/DF Z

@8) Li(x,1)=
2DMOF : OF1 o

X([aDVNG)E (za 3: T3 ' fa)

1eCI(K)
and
1
— Lx(x,1/2)?
» Zj\| k(x,1/2)|
x€CIl(K)
_2n—2DF ,0%

X
VDx  [0F: 0P

> Nelo |E (o i o)

[a—11eCI(K)
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After inserting the Fourier expansion Lemma 17 and the CM type norm formula
(16) into (48), we get the following generalization of (7):
Proposition 22. Let notation be as before. Let a be a fractional ideal of K. Then
1
@) = Y x@Le(e D =M@ {log No (o) + & (F, K ),
Kk =
xeCI(K)

where

PF - Nrja(q) Nk a(ca)
50 N, = . .
G0 =10 051 hr | Nejat

Here cq is given by (16), and {, is determined by a according to (14). The error
term £ (F, K ; a) above satisfies that

hD/*N (o)

(51) E1(F, K; a) K log Dp + ——L——""Ng (ya) /.
thF

where the implied constant is absolute.

Taking a to be trivial in (49), combined with (16), (50) and (51), we have

1 log Dk
52 — L L) > E—
( ) h[( Z\ K(X 2) F [O;é@;i]
xeClL(K)

On the other hand, substituting Lemma 17 into the second formula in Lemma 21
leads to

1 w2 2 ’Dp PF / 1. ¢—1 2
K - F

x€CI(K) [a=']

(log Dg)* 3 1

05 O | N @
Then a standard estimate on
1
L W@

N(a)<+/Dg

implies that

| (log Dy ) d(n) (log Dg)?
(53) h_ Z |LK(X, %)|2 < [(9><g—(9[<x]2 Z <F [Oxg (9K><]2a
K K"F! .« Dx Kemr

x€CI(K)

where d(n) is the divisor function, and the implied constants are effective.
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Proof of Theorem B. By (52), (53) and the Cauchy inequality, we have

hi log Dg)? 2
{ax Tog Dg)” K 08 XK) <<p‘ > LK(X,%)‘
[0k : OFT? —
xeCI(K)
PPN 1 1\]2
<rilx TR Le(o ) 201 Y ia( )
xeCI(K)
—— hk(log Dk)?
# I(K): L 1 ot ———.
Lre#{x € CI(K): Lg(x,5) #0} (05 OFP

Now the k = 0 case of Theorem B follows. The k = 1 case then comes from the
k = 0 case and logarithmic derivative of the functional equation of Lg (x,s). U
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