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1. Introduction and Preliminaries

Nudel’'man’s problem may be viewed as a method to implement the operator
approach to interpolation due to Sarason [15]. Assume given a linear operator
A on a complex vector space V into itself. Suppose there is a natural way to
interpret f(A), where f is an analytic function which is defined and bounded
by one on the open unit disk of the complex plane. The problem is to find
solutions f of the equation b = f(A)c for given vectors b and ¢ in V. A general
theorem based on the commutant lifting theorem of Sz.-Nagy and Foias [17]
provides conditions for the existence of solutions. Simple choices of A,b,c
yield classical interpolation theorems of the Nevanlinna-Pick, Carathéodory-
Fejér, and Loewner types. See [13, Chapter 2].

Indefinite generalizations of operator methods for interpolation were
pioneered by Ball and Helton [7]. Arocena, Azizov, Dijksma, and Marcan-
tognini [6] use a theorem of Ball and Helton to prove an indefinite form of
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the commutant lifting theorem. This raised the possibility of finding an indef-
inite generalization of Nudel’man’s problem, and such a generalization was
proposed in our paper [3] with T. Constantinescu. However, the proof of the
Main Theorem in [3] has gaps, which are identified in the Corrigendum [4].
Appendix B in this work describes the problems in the proof and includes
an example showing what can go wrong. We have no counterexample to the
original statement of the Main Theorem in [3], but we feel that its validity
is seriously in doubt. Five open questions are identified in the present work,
in Problems 3.3, 4.1, 5.1, 5.3, 5.5. Negative answers to any of them would
provide a counterexample to the original form of the Main Theorem in [3].

This paper is a revised version of [3] that repairs the Main Theorem and
shows the changes needed in the applications. Briefly, a stronger hypothesis
fixes the problems in the proof of the Main Theorem. The applications in [3] to
the classical interpolation problems of Pick-Nevanlinna, Carathéodory-Fejér,
and Sarason survive with minor changes. The main losses are the theorems on
boundary interpolation, for which the stronger hypothesis has not yet been
proved or disproved. The boundary theorems in [3] are reformulated here as
open problems, for which we obtain some partial results.

An effort has been made to make this paper self-contained, and thus we
repeat unaffected results from the original paper, including some verbatim
passages. However, although the statement and proof of the Main Theorem
(Alternative Form) in [3, p. 834] could be inserted verbatim at the end of
this paper, we shall not do so.

Throughout, x denotes a nonnegative integer. By a Hermitian form or
Hermitian kernel on a set ) we mean a complex-valued function K on £ x Q
such that K(¢,z) = K(z,() for all {,z in 2. We say that K has x negative
squares and write

sq_ K =k

if the maximum number of negative eigenvalues (counting multiplicities)
among all matrices (K (¢j, Q))?jzl, Ciyovoy Cn € Q,n > 1, is k. Inner products
are examples of Hermitian forms.

Proposition 1.1. A linear and symmetric inner product (-,-),, on a complex
vector space H has Kk negative squares if and only if the mazimum dimension
of a strictly negative subspace of H is k.

For the purpose of this work, a strictly negative subspace of H is a
subspace N such that (f, f),, <0 for every f # 0 in N.

Proof of Proposition 1.1. By definition, (-,-),, has k negative squares if and
only if the maximum number of negative eigenvalues of every Gram matrix

(<gjagl>’H)Zj=1a gla"'7g’rL€Ha nz 1a

is k. By [5, Lemma 1.1.1'], this occurs if and only if x is the maximum
dimension of a strictly negative subspace of H. O
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A bounded selfadjoint operator T on a Hilbert space H is said to have
k negative squares if the inner product

<fag>T=<Tfag>H7 fageH7

has k negative squares. In this case, we write sq_ T = k.

Proposition 1.2. Let H be a Hilbert space, T € L(H) a selfadjoint operator.
Then sq_T = k if and only if the negative spectrum of T consists of a finite
number of eigenvalues of total multiplicity .

Proof. Write H = H_ ® H, where H are the spectral subspaces for T' for
the intervals (—o0,0) and [0, 00). We must show that the inner product (-, ),
has k negative squares if and only if dimH_ = .

Suppose dimH_ = k. Then H_ is a strictly negative subspace of
(H, (-, -)) of dimension k. Let N be an arbitrary strictly negative subspace
of (M, (-,-)p). If P_ is the projection onto H_, then P_|N is a one-to-one
linear mapping from N into H_. For if f € AV and P_f = 0, then f € H,
and so (f, f)r = (T'f, f)3; = 0. Since f € N, f = 0. Therefore dimN < k.
By Proposition 1.1, the inner product (-, -), has k negative squares.

Conversely, suppose (-, -) has k negative squares. Again by Proposition
1.1, since H_ is a strictly negative subspace of (#, (-, -)), H_ has dimension
at most «, say dimH_ = «’. Then by what we just showed, (-,-), has &’
negative squares. Hence k' = «, and therefore dimH_ = k. o

2. Main Theorem

A function S(z) which is analytic on a subregion of the unit disc is in the gen-
eralized Schur class S,, = S, (D) if the Hermitian kernel [1—5(2)S(¢)]/(1—2¢)
has k negative squares. In this case, S(z) has an analytic continuation to D
except for at most k poles. When x = 0, Sy is the Schur class of analytic
functions which are defined and bounded by one on D. By the Krein-Langer
factorization [10, p. 382], every S(z) in S, has the form

S(z) = B(2)7' f(2), (2.1)

where f(z) belongs to Sp, B(z) is a Blaschke product of degree x, and f(z)
does not vanish at the zeros of B(z). Conversely, every such function belongs
to Si. Recall that a Blaschke product of degree  is a function of the form

K
zZ—aj
B(z)=c J cl=1, ay,...,a,€D.
( ) 1_[ 1—Zdj7 | | ) 1, s Uk
Jj=1
Here the points a,...,a, need not be distinct.

Assume given a complex vector space V with algebraic dual V'. We write

(z,2") = ' (x)
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for the action of a linear functional 2’ in V' on a vector x in V. Every linear
operator A: V — V has a dual A’: V' — V'’ defined by

(v, A'2") = (Ax,2'), eV, 2 eV.

Nudel'man’s Problem. Given vectors b,c in V and a linear operator A on V
into itself, find a pair (f, B), where f € Sg and B is a Blaschke product of
degree K, such that

f(A)e = B(A)b (2.2)
in the sense described below. We call (A, b, c) the data of the problem.

By an admissible set for given data (A, b, ¢), we understand a subset D
of V' such that!

(i) D is a linear subspace of V' which is invariant under A’;
(i) the sums 3,2 [(A7b,2")|* and 3}/ |[(A7¢, a’)[? are finite for all 2’ in D;
(iii) there is a constant M > 0 such that for all ' in D,

[(A7b,2")]> < M Y |(Ae, ). (2.3)

0 =0

r

J

When an admissible set D has been chosen, we interpret (2.2) to mean that

[ee] [e¢] )
Z i(Ale, ') Z B;j(A%b,x'), 7 €D, (2.4)

j=0
where f(2) = Z;O:O f;#? and B(z) = Z]O‘O:O Bjz7 are Taylor expansions.

Theorem 2.1 (Main Theorem). Let (A,b,c) be given data, D an admissible
set. Define a Hermitian form IC on D x D by

Z [ (Ale,2")(Aic,y") — (ATb, ") (AIb, y’)] (2.5)

for all ',y € D. Let k be a nonnegative integer.

(1) If K has k negative squares, there is a pair (f, B), where f € Sg and B
is a Blaschke product of degree k, such that f(A)c = B(A)b.

(2) If there is a pair (f,B) as in (1), then K has k' negative squares for
some k' < K.

This is proved for the case kK = 0 in [13, pp. 23-24] using the Sz.-Nagy
and Foias commutant lifting theorem. The general case is derived using the
Ball-Helton almost commutant lifting theorem in the following form.

1We emphasize that condition (iii) for an admissible family in the form used in this paper
is stronger than that of [3]. See Appendix B for an explanation why the stronger form is
needed.
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Theorem 2.2. For each j = 1,2, let T; € L(H;) be a contraction on the Hilbert
space H;, let W; € L(G;) be an isometric dilation of T; on a Hilbert space G;,
and let P; be the projection of G; onto H;. Let C € L(H1,Hz) be an operator
such that CTy = T5C.

(1) If sq_ (1 — C*C) = &, there exists a pair (£,C) such that € is a closed
W1 -invariant subspace of G1 of codimension k and C' is a contraction
operator on & into Gy satisfying

CWile =Wol  and  P,C = CPye.
(2) If there is a pair (€,C) as in (1), then sq_ (1 — C*C) < k

Theorem 2.2 is proved in a more general form in Theorem 1.1 in Aro-
cena, Azizov, Dijksma, and Marcantognini [6].

Proof of Theorem 2.1. Let H. be the set of functions on D of the form

0
z) = Z (Ale, )27, z' €D. (2.6)
=0

By conditions (i) and (ii) for an admissible set, H. is a linear subspace of the
Hardy space H? which is invariant under S*, where S is multiplication by z
in H2. Condition (iii) assures that the formula

a0
Xo: Z (Alc, 2 Z (A7b, 2) x' €D, (2.7)
i=0 =0
defines a bounded operator on H, into H2. By the definition of X,
S*X()h = Xos*h, he Hc. (28)
Let X € £L(H,., H?) be the extension by continuity of X,. By (2.5),
K(z',y") = (ha, hy’>H2 - <X0h:c’7X0hy’>H2a z',y eD. (2.9)

An approximation argument shows that the number of negative squares of K
is the same as the number of negative squares of the Hermitian form

(1= X*X)h, k) o = (hok) o — (X, XE) oy hok€ He,

which is the same as sq_ (1 — X*X). That is, if any one of these numbers
is K, all are equal to k. By standard methods for Hilbert space operators,
sq_ (1 — XX*) =sq_ (1 - X*X).
Proof of (1). Assume that K has s negative squares, so sq_ (1 — X*X) =
Set

Hi=H?and T, = S;

Ho = H. and Ty = EfSEy, where Ey: Hy — H? is inclusion;

Gi=Ga=H?and Wy = W, = S

C =X*e L(H? Hs).
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Then Wi, Wy are isometric dilations of T1,T5. By (2.8), CTy = T>C'. Also
sq_ (1 -C*C) =sq_ (1 - XX*) =sq_ (1 — X*X) = k, and so the assump-
tions of Theorem 2.2(1) are met. By that result, there is a closed S-invariant
subspace £ of H? of codimension «, and a contraction C' € £(€, H2) such
that SCf = C'Sf for all f €&, and

Cf=nPCf,  fek&. (2.10)

Here P, is the projection on H? with range Ho. Write ¢(2) = (%) for any
complex-valued function ¢ on D. Then £ = BH? where B is a Blaschke
product of degree x. For any ¢ € H*, let M, be multiplication by ¢ on H?.
For every h € H?,

CMyzSh = CS(Bh) = SCBh = SCMh,

and therefore CM 5 commutes with . Since Cisa contraction, CM =M 7

for some f € Sg. To verify (2.4), consider any 2’ € D and h € H2. Then by
(2.10) and (2.7),

<Z(Ajc,x’)zj,Mf~h> = <Z(Ajc, z’)zj,5M§h>

H?2

0 [e¢]
<Z (Ale, ')z, P,C M, h> = <Z(Ajc,z )zJ,CM§h>
= H?2 3=0 H?2
X . . P . . ~
=<Z(A]c,m')zj,X*M§h> =<Z(Ajb,a:’)z],Bh> :
J=0 H? Jj=0 H?

When h = 1, this reduces to (2.4).
Proof of (2). Assume (2.4) holds for some f and B as in (1). For all 2’ € D,
0
<Z(Ajc,x’)zj,f(z)> <Z (ATb,2)27, B(z )> . (2.11)
Jj=0 H? j= H2

Hence for all ' € D and n = 0,

) g
=0 H2 .j=0 H?2
<Z(AJ (A/)”x')zj,f(2)> <Z (A%, (A)"a))27, B(= )>

J H?2 H?

Jj=0

0

=<Z(Aj+”b,x')zj,§(z)> <Z(Aﬂbx) né(z)> .
j=0 H?2 H2

Let h, be as in (2.6). Recalling the definition (2.7) of Xy, we deduce that

(i (e )
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first for g(z) = 2" and then for any g in H?. By the arbitrariness of 2/,
<h,fg> = <Xh,]§g> =<h,X*l§g> , heH., geH>
H?2 H? H?
Therefore the restriction of X* to & = BH? is a contraction. Write

X = (?) . X1 €L(H,E), XoeL(H.,EY)
2

Then X, is a contraction because X = X*|¢ is a contraction. Thus
1-X*X =1- XX, — X3 Xo,

where 1 — XX, = 0. Since B is a Blaschke product of degree x, dim £+ = k.
Thus —X3 X5 has rank at most x. It follows that sq_ (1 — X*X) < x, and
hence the kernel K has ' < x negative squares. o

3. Classical interpolation problems on the disc

The classical interpolation problem of Pick-Nevanlinna falls within the scope
of Theorem 2.1.

Theorem 3.1 (Cf. [3, Theorem 3.1]). Let z1,...,z, be distinct points in the

unit disc D, wq,...,w, any complex numbers, and let £ be a nonnegative
integer. Set
1—wyw \™
o () . (3.1)
1-— 2§ ij=1

(1) If P has K negative eigenvalues, then there is a pair (f, B) with f € Sy
and B a Blaschke product of degree k such that f(z;) = B(z;)w; for all
j=1,...,n.

(2) If there is a pair (f, B) asin (1), then P has k' < k negative eigenvalues.
Proof. We apply Theorem 2.1 with ¥V = C". Identify V' with C" with the
pairing (z,y) = z1y1 + -+ + TpYn, where x;,y; are the entries of z,y. For
data, choose

w1 1
A =diag{z1,...,2n}, b=1 1, c=
W, 1
We show that D = V'’ is an admissible set for the data. Conditions (i) and
(ii) are easily verified. We check (iii). For any z in D,
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Thus (iii) requires that for some M > 0,

n
P
= 1— 22

where | - | is the norm in H?2. The inequality (3.2) is easily brought to the
form of a matrix inequality WCW* < MC, where

2
. zeCn (3.2)

n
P
= 1— 22

2
<M

1 n
C=|——"" y W:diag{wl,...,wn}.
1-— ZiZj ii=1
J
Here
n
C= (<givgj>)i’j=1 )
where gi(z) = 1/(1 — zx2), k = 1,...,n. Since z1,..., z, are distinct, the
functions g¢1,...,g, are linearly independent. Therefore C' is nonnegative

and invertible [9, p. 407]. Thus 61, < C < pl, for some o,u > 0. If
7 = max{|wg|: k= 1,...,n}, then

WCW* < un?l, <6 'un®C,

which implies (iii) with M = 6~!un?. Thus D is an admissible set.
A short calculation shows that the Hermitian form (2.5) is given by
/C(x,y) = Z 77‘%]@1 = <Px7y>(cn7
ij=1
for all x,y € C™. Therefore sq_ K = sq_ P, which by Proposition 1.2 is the
number of negative eigenvalues of P (counting multiplicity). The condition
f(A)e = B(A)b is also easily seen to be equivalent to the relations f(z;) =
B(zj)w;, j =1,...,n. Thus Theorem 3.1 is a special case of Theorem 2.1. o

In [3, Theorem 3.1], the matrix (3.1) is replaced by its transpose P*.
This does not change anything, because P and P? have the same eigenvalues
and multiplicities. In fact, for any selfadjoint n x n matrix M, the transpose
and conjugate of M coincide: M* = M. If X is an eigenvalue for M with
eigenvector z, then Mz = Az, and so Mz = AZ. A complete orthonormal
system of eigenvectors x1,...,x, for M with eigenvalues \q,...,\, thus in-
duces a complete orthonormal system of eigenvectors Z1, ..., Z, for M with
the same eigenvalues.

Theorem 3.2 of [3] is withdrawn (see Appendix B), but the special case
for countable sets can be derived from Theorem 3.1 using a normal families
argument.

Theorem 3.2 (Cf. [3, Theorem 3.2]). Let Q be a countable subset of D. Let
So : Q2 — C be a given function, and let k be a nonnegative integer. Set
1 — So(2)S
K()(C,Z) :Mv CaZ€Q~
1—2C¢
(1) Ifsq_ Ko = K, then there is a pair (f, B) with f € Sg and B a Blaschke
product of degree k such that f(z) = B(2)So(z) for all z € Q.
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(2) If there is a pair (f,B) as in (1), then sq_ Ko = &’ < k.
It is an open question what happens when () is uncountable.
Problem 3.3. Is Theorem 3.2 true for an arbitrary subset Q of D?

The answer is affirmative when x = 0 according to the following known
result: For any subset Q@ of D, a function Sy : Q@ — C is the restriction of
a Schur function f € Sq if and only if the kernel Ko is nonnegative. This
result is due to Krein and Rekhtman [11]; see also Akhiezer [2, p. 104]. It
also follows from our Main Theorem (Theorem 2.1) in the definite case, as
shown in [13, p. 25].

Our proof of Theorem 3.2 (the countable case) uses a compactness prop-
erty of Blaschke products.

Lemma 3.4. Let By, B, ... be a sequence of Blaschke products, each of degree
at most k. Then there exist positive integers n1 < ng < --- and a Blaschke
product B of degree k' < k such that B,, — B uniformly on all compact
subsets of D.

Proof. Write each B;(z) as a product of « factors (in any order),
Bj(2) = Bj1(2) -~ Bju(2),

where each Bjj(2) is either a constant of modulus one or a simple Blaschke

factor
Z—«

5 |v/=1 and |af <1.

1—az’
Consider the sequence of first factors: B11(z), B21(2), B31(2), . ... If infinitely
many terms in this sequence are constants 3 of modulus one, we can find
a subsequence that converges to a constant v of modulus one as scalars,
and hence as functions uniformly on compact sets. Otherwise infinitely many
terms have the form

zZ — Ok

o vkl =1 and |og| < 1.

k 1—apz’
By passing to a subsequence we can arrange that v, — v and a — « as
scalars, where |y| = 1 and |a| < 1. When |a| < 1, it is easy to see that

Z— Qg zZ—«

%1—5%2_)71—072

uniformly on compact subsets of D. When |a| = 1, one can show that

Z — Ok
Yo 7T——_ —
1—agz
uniformly on compact subsets of I, where = —v« is a constant of absolute

value one. When x = 1, we have produced the required subsequence. For
k > 1, we need only repeat the process for the second factors, third factors,
and so on. At each stage we choose the next subsequence from the previous
one. The final subsequence has the required properties. o
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Proof of Theorem 3.2. (1) Assume sq_ Ky = k. Suppose first that Q is a

finite set consisting of the points z1,...,2,. If wj = S(z;), j = 1,...,n, then
1— W; W "
Koz, 2))" = (A=%i%
( O(ZJ7ZZ))Z7J:1 ( 1— 2iZj >i,j1

is the transpose P! of the matrix (3.1). As noted above, P and P! have the
same number of negative eigenvalues and multiplicities, and therefore (1)
follows from Theorem 3.1(1) in this case.

Suppose € is countably infinite. Choose finite subsets 2; < Q5 < ---
such that Q) = U(io Q,. We can assume that Ky has x negative squares on
each of the finite sets. For each n > 1, by what we just showed there exist
fn € So and B,, a Blaschke product of degree at most « such that

fn(2) = Bp(2)So(2), z € Q.

By passing to a subsequence, without loss of generality we can assume that
frn — f uniformly on compact subsets of D for some f € Sy (see the theory
of normal families in e.g. Ahlfors [1, Chapter IV]). By passing to another
subsequence using Lemma 3.4, we can also assume that B,, — B uniformly
on compact subsets of D, where B is a Blaschke product of degree ' for some
K < k.

Consider an arbitrary z € Q. Then z € Q,,, for some ng. Hence z € Q,
for every n = ng, and so

Jn(2) = Bp(2)So(2), n = ng.

Letting n — o0, we obtain f(z) = B(2)So(z). If s = &, we are done. If
k' < Kk, we can multiply both f and B by s — ' simple Blaschke factors to
obtain a pair (f, B) having the required properties. This proves (1).

(2) This is an immediate consequence of Theorem 3.1(2). o

Another choice of data in Theorem 2.1 yields a result of Carathéodory-
Fejér type.

Theorem 3.5 (Cf. [3, Theorem 3.4]). Let w(z) = wo + w1z + -+ +w,2" be a
polynomial with complex coefficients, and set

Wo w1 Wy,
0 wo -+ Wnho
T — 0 n—1
0 0o --- wo

Let K be a nonnegative integer such that Kk < n + 1.

(1) If 1 = T*T has k negative eigenvalues, then there is a pair (f, B) with
f € So and B a Blaschke product of degree r such that B(z)w(z) =
f(z)+ 0",

(2) If there is a pair (f,B) as in (1), then 1 — T*T has k' < K negative
etgenvalues.
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Corollary 3.6 (Cf. [3, Corollary 3.5]). Let w(z) = wo + wiz + -+ + wpz"
and T be as in Theorem 3.5, and let K be a nonnegative integer such that
k <n+1. If 1 —T*T has k negative eigenvalues, there is a k' < k and
a function S(z) in S, which is holomorphic at the origin and such that

w(z) = S(z) + O(z"F17").

Proof of Theorem 3.5. Let V and V' be as in the proof of Theorem 3.1 but
with C™ replaced by C"1. For the data (A, b,c), choose

0 0 0 0 wo 1

1 0 0 0 wy 0
A=10 1 0 01, b= . c=

00 --- 10 W, 0

We check that the set D = V' is admissible. Condition (i) in the definition of
admissibility is clear, and (ii) is trivial because A7 = 0 for j > n. The sums
in (2.3) can be evaluated, reducing (iii) to the assertion that 7" is bounded
as an operator on C"*! in the Euclidean metric. Thus D = V' is admissible.

The Hermitian form (2.5) is given by K(z,y) = (1 = T*T)x,y) cnsr for
all z,y € C**!. In fact, for any x € C**!,

K(z,z) = (lzo]> + -+ + [2n]?)
— (Jwozo + - + Wxp|® + [woz1 -+ + Woo12n >+ -+ |woz,[?)
= [#gnss = 1T Gnrs
=((1=T*T)x, ) cnsr-
By Proposition 1.2, sq_ K is equal to the number of negative eigenvalues of
1 — T*T. The equation f(A)c = B(A)b with f(z) = >/7 f;27 and B(z) =
Z;OZO szj is equivalent to the identities
fo=woBg, f =w1 By +woB1, ..., fn=w,By+wy_1B1 + -+ wyBy,
or B(z)w(z) = f(z) + O(2"*1). The result thus follows from the Theorem
2.1, o

Proof of Corollary 3.6. Let (f, B) be a pair as in part (1) of Theorem 3.5.
If B(z) has a zero of order r at the origin, f(z) has a zero of order at least
r at the origin. Hence S(z) = f(z)/B(z) belongs to S, for some &' < k
and is holomorphic at the origin, and w(z) = S(z) + O(z"" ") = S(z) +
O(ZnJrlfn). o

A simultaneous generalization of the Pick-Nevanlinna and Carathéo-
dory-Fejér problems can be treated in the same way by choosing A in Jordan
form. The calculations are straightforward but somewhat lengthy, and we
shall not pursue this direction. For the definite case, see [8] and [13, §2.6].

The Main Theorem also yields a result on generalized interpolation in
the sense of Sarason [15]. Let C' be an inner function on D, and let

H(C) = H*© CH?
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in the inner product of H2. The reproducing kernel for #(C) is given by

Ko(w, z) = M, z,w e D.
1—zw
Let S be the shift operator S: h(z) — zh(z) on H?, and let T be the com-
pression of S to H(C), that is,

T = Pyc)Sluc),

where P3¢y is the projection operator on H? with range H(C'). The space
H(C') is invariant under S* and T* = S*|y;(¢). Since T' is completely nonuni-
tary, for any ¢ € H® an operator ¢(T) on H(C) is defined by the H%*-
functional calculus (see [16] and [17, p. 114]):

o(T) = s—liTHll o(rT).

Equivalently, for this particular situation, ¢(T) = Py (o) My|y(c), where M,
is multiplication by ¢ on H?. For every ¢ € H*, o(T) commutes with T,
and ¢(T) is a contraction if ¢ is a Schur function.

Theorem 3.7 (Cf. [3, Theorem 3.6]). Let C' be an inner function on the unit
disc, and define T on H(C) as above. Let R be a bounded linear operator on
H(C) such that TR = RT.

(1) If 1 — RR* has k negative squares, then there is a pair (f, B), where
f €S0 and B is a Blaschke product of degree k, such that

B(T)R = f(T).

(2) If there is a pair (f,B) as in (1), 1 — RR* has k' negative squares for
some K < k.

If R is a contraction, the condition in (1) is satisfied with k = 0, and in
this case the result reduces to the original theorem of Sarason [15, Theorem 1].

Proof. In the Main Theorem, let V = H(C), A = T, ¢ = K¢(0,-), and
b = Rc = RKc(0,-). Let D be the set of continuous linear functionals on
V = H(C); thus D = {x}.: k € H(C)} where for any k € H(C),

(h.a}) = (hK)yeys  he H(CO).

Then A'x) = a7, for any k € H(C), and so condition (i) holds in the
definition of admissibility. To verify (ii), notice that for any k(z) = > a;27
in H(C),

a0 [e¢]
Z()|<A1c7x2>|2=ZO|<KC(0,->,T*k ol = Z ja* = k|32 < co.
J= J=

(3.3)
If we replace ¢ by b and use the identity RT = T R, we obtain

(AT, ) 2 [(Kc(0,), T R*k),, o] = |R* k|32 < 0, (3.4)
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and thus (ii) holds. Condition (iii) is immediate from (3.3) and (3.4) because
R is bounded in the norm of H(C), which is the norm of H2.
The form (2.5) is given by
0

7=0

~(TIRKG(0,), h)y 0y (ks T RE (0, -)>H(C)]

= (k,h) 2 — (R*k, R*h) 2

= (b, Mgy — (R* K, R* By
= ((1 = RR*)k, h)yyc) (3.5)

for any h and k in H(C).

(1) Assume that 1—RR* has s negative squares. By (3.5), the Hermitian
form (2.5) has k negative squares. Hence by part (1) of the Main Theorem,
there is a function f € Sy and a Blaschke product B of degree k such that
B(A)b = f(A)e, that is, if B(z) = Yy B;j2’ and f(z) = > f;#’, then for
every h € H(C),

X .

>} Bi{(T'RK¢(0,-),h Daio) Z Fi{TIEe(0.), h) gy -

=0 j
Using Abel summation of these series, we see that

B(T)RK¢(0,) = f(T)Kc(0, ). (3.6)

Since R commutes with 7', it commutes with B(T) and f(T). Hence B(T)R
and f(T) agree on the smallest invariant subspace of T' containing K¢ (0, -).
The latter subspace is all of H(C'), and thus we obtain B(T)R = f(T).

(2) Assume that a pair (f, B) exists as in (1). Reversing the preceding
steps, we see that B(A)b = f(A)c, hence by part (2) of the Main Theorem
the form (2.5) has x negative squares. Therefore by (3.5), 1 — RR* has &’
negative squares for some &’ < k. D

4. Boundary problems, disc case

Theorem 3.8 of [3] is withdrawn (see Appendix B), but in its place we can
formulate an open problem. We make a minor change in the hypotheses of
[3, Theorem 3.8] by assuming there that |b/c| < 1 a.e.; this is a necessary
condition for the desired representation, and so nothing is lost. This change
appears in Problem 4.1 in the hypothesis that |Sp(u)| < 1 a.e. It is essential
for the application of Kronecker’s theorem in Theorem 4.2(3).

Let o be normalized Lebesgue measure on 0D = {u: |u| = 1}, and write
L?,L® for L?*(dD), L*(dD). We identify H? with a subspace of L? in the
usual way. The class of boundary functions for S, (D) is denoted S, (D). If
A is a Borel subset of 0D, L?(A) is the subspace of functions in L? supported
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on A. Let S;(A) be the space of restrictions to A of functions in S, (dD).
The characteristic function of A is denoted 1a; if ¢ is a function on A, we
view pla as a function defined on ¢D which is equal to ¢ a.e. on A and equal
to zero on the complement of A. In what follows, we exclude the degenerate
case that A is a Lebesgue null set.

Problem 4.1 (Cf. [3, Theorem 3.8]). Let So be a measurable complez-valued
function on a Borel subset A of 0D such that |So(u)] < 1 a.e. on A, and let
k be a nonnegative integer. Deﬁne a Hermitian form on L*(A) x L2(A) by

s =t [ [ ) i do o), e 12(8),

11
Does it follow that Sy € S(A) if and only if sq_ L =k?

The limit defining the Hermitian form L always exists [13, Theorem A,
p. 30]. In fact, for all ,1 € L2(A),

lrl%rll fA fA % do(u)do(v)
- 2 (J, et dot) (f 7001 a0() = (@ p18) 10,

(4.1)

where @)_ is the orthogonal projection on L? whose range is the closed span
of all functions u/, j < 0.

Theorem 4.2. In Problem 4.1:
(1) The answer is affirmative for k = 0.
(2) If So € Si(A), then sq_ L < k with equality for k = 0 and K = 1.
Moreover, sq_ L # 0 for all k > 1
(3) If A = 0D, then Sy € S, (D) if and only if sq_ L = k.

Proof. (1) This follows from [13, Theorem A, p. 30].

(2) The case k = 0 is covered in (1). Assume k£ = 1 and Sy € S, (A).
The Hermitian form L is an inner product on L?(A). Hence by Proposition
1.1, to prove that sq_ L < &, it is sufficient to show that any subspace of
L?(A) which is strictly negative with respect to L has dimension at most k.

By the Krein-Langer factorization, Sy = B~!f a.e. on A, where B is a
Blaschke product of degree x and f € So(dD). By the definite case applied
to f, the Hermitian form

)=t | [ 5 L J0J0) o  drtwdote), e (A,

rtl
is nonnegative. Write

1 —r2up 1 —r2up 1 —r2up

SQ(U).
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An induction argument shows that

K

1 - Bw)B() = (1—uv) Y ¢;(u)e; (0)

where ey, ..., e, are rational functions which are bounded on D. Thus
1= So(w)So(v) 1= f(u)f(v) -
1 —r2up 1 — r2up 1—r2uv Z o (v)So ().

Therefore for all ¢, € L2(A),
L(p, ) = Lo(p,9)

IR ¢<u>so<u>ej<u>ej<v>so<v>w<v>da(u)dc(vy

rtl

For all u,v € A and r in (0, 1),

1—uv

1—r2uv

Hence

L(QD, 1/’) = L0(<p7 Z/J)
— Z J (u) do(u) JA ej(v)So(v)¥(v)do(v). (4.2)

Consider now any subspace N of L?(A) such that
L{p,p) <0, 0#peN. (4.3)

We show that any x + 1 elements ¢1,. .., @.+1 of N are linearly dependent.
Set

P = MP1 + - F Ne+1Pr+1,

where 71, ...,7n,.+1 are scalars to be determined. No matter how 71, ..., 7. 4+1
are chosen, ¢, belongs to N because N is a subspace, and so L(px, ¢x) < 0.
We choose 71, ...,Mm4+1, not all zero, such that
J s (u)So(u)ej(u) do(u) =0, j=1,... k. (4.4)
A

Such a choice is possible because (4.4) is a system of x equations in x + 1
unknowns. Then by (4.2) and (4.4),

Loy, 1) = Lo(px, @x) = 0.

Therefore L(ps,px) = 0 and so ¢, = 0 by (4.3). This yields a nontrivial
dependence relation for o1, ..., @.y1. It follows that dim N < k, and hence
sq_ L < k.

It remains to show that sq_ L # 0. If sq_ L = 0, then Sy € So(A) by
[13, Theorem A, p. 30]. This is impossible since we assume Sp € S,;(A) with
k = 1. Therefore sq_ L # 0. This completes the proof of (2).
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(3) Set
P_ = projection on L? = [u"',u™?,...
Q_ = projection on uL? = [1,u~',u"2,...],

where [-] indicates closed span in L2 Then P = v~ 1Q_u.
Assume sq_ L = k. Define a Hermitian form Ly (h, k) on H? x H? by

Li(h,k) = L(uh, uk), h,ke H?.
Since L; is essentially a restriction of L, sq_ L; = k' < k. By (4.1), for all
g,y e L?
L(@a w) = <thpa 1/}>L2 - <Q75090a SO¢>L2'
If ¢,7 € uH?, then Q_p = 0, and so
L(@a 1/}) = 7<Q—SOQ07 SO’I/)>L2'
For any h,k € H?,

Ly (h,k) = L(uh, uk) = —(Q_Souh, Souk) > = —(P_Soh, Sok) .

= —(P_Soh, P_Sok) ;2 = —(Hs,h, Hs,k) 2 = —(HE Hsoh, k) 1o

where Hg,: H?> — L? is the Hankel operator with symbol Sy (see Appendix
A). By Proposition 1.2,

k' =sq_ L1 =sq_(—HE Hs,) = rank H Hg, = rank Hg,.

By Kronecker’s Theorem (Theorem A.1), there is a Blaschke product By of
degree £’ such that BySy = fo € H®. Since we assume |Sp(u)| < 1 a.e. on dD,
|fo(u)] <1 ae. on dD, and so fy € So(dD). If By and fy have common zeros
in D, we can remove them by dividing By and fy by appropriate Blaschke
factors. Then we obtain a Blaschke product B of degree k” < k’ and f €
So(dD) such that

Sy =B7'feS,n(0D).
By part (2) of the theorem proved above,
k=sq_L <K'

By construction, £” < k' < k, so K" = k' = k. Thus Sy € S,(dD), and the
sufficiency part of (3) follows.

Conversely, assume Sy € S,;(0D). Again by part (2),
sq_ L = k1 < k.

Hence by what we just proved, Sy € S, (6D). Since Sy € S,;(dD) by assump-
tion, this is possible only if k1 = k. Thus sq_ L = k, and the necessity part
of (3) follows. o
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5. Boundary problems on a half-plane

The half-plane boundary theorems in [3, Section 4] are also withdrawn (Ap-
pendix B). We shall similarly reformulate them here as open problems and
give partial results analogous to the disc case. We omit [3, Theorem 4.5] in
the interest of brevity.

The generalized Schur class S, (C,) on the upper half-plane is the set

of functions
z—1
S(2) = So(z + i)’

where Sy belongs to S, (D). The generalized Nevanlinna class N, (C.) is the
set of functions f(z) which are analytic on a subregion Q of C4 such that
the Hermitian kernel [f(z) — f(¢)]/(z — ¢) has s negative squares on € x €.
If S(z) belongs to S, (C. ), then

1+S()

f(z) = 1_75() (5.1)

defines a function in N, (C, ), and every function in N,(C,) is obtained in
this way; when k = 0 we exclude S(z) = 1 from this correspondence. The
associated boundary classes are denoted S, (R) and N, (R). Given a Borel
subset A of R, S;(A) and N, (A) are the spaces of restrictions to A. Let
H?(Cy4) be the Hardy classes for the upper and lower half-planes, H3 (R)
their boundary classes. We note that L?(R) is the orthogonal direct sum of
H2(R) and H2(R).

Problem 5.1 (Cf. [3, Theorem 4.1]). Let Sy be a measurable complex-valued
function on a Borel subset A of R such that |So(u)| < 1 a.e. on A, and let
be a nonnegative integer. Define a Hermitian form on L?(A) x L*(A) by

1—50(s)So(t) , = 2
L) =tm 3 [ | S o yiasar, g e (D).
Does it follow that Sy € Sx(A) if and only if sq_ L = k?

By [13, pp. 33-34], for all p,1 € L2(A),

le 2JLS—t+leddt _
(LG o) (1L (5 o)

= m(P_(pla), ’l/}]-A>L2(]R) ) (5.2)

where P_ is the projection from L?(R) onto H?(R). Hence the Hermitian
form L is well defined.
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Theorem 5.2. In Problem 5.1:
(1) The answer is affirmative for k = 0.
(2) If So € Sc(A), then sq_ L < k with equality for k = 0 and K = 1.
Moreover, sq_ L # 0 for all k > 1
(3) If A =R, then Sp € Sk(R) if and only if sq_ L = k.
Proof. (1) This follows from [13, Theorem B, p. 31].
(2) By (1) it is sufficient to treat the case x > 1. Since Sy € S,(C), we

can write So(x) = B(z)"!f(z) a.e. on R, where B is a Blaschke product on
C. of degree k and f € Sy (C+) The Hermitian form

Y 2
rote =t s [ [ L0 p@asa, e )
is nonnegative by the known case x = 0. Write
1—So(s)So(t) 11— f(s)f(t)
WS _ 1= FFD g
s—1t+1€e s—t+1e
By induction,

1 — B(s)B(t)

s—1t+ 1€ So(t).

1= BE)B) = - (- 0) Y. ¢s(2)e; (w)

where each e1(2),...,e.(2) is rational and belongs to H?(C). Thus

i 1= So()So(t) _ i 1= f(s)f()  s—t < _
2 S—Ot+iz T2 s—t+ie 7S—t+isj;SO(s)ej(s)ej(t)SO(t)-

Then for all ¢, in L2(A),
L(p, ) = Lo(p,9)

~lim f L ki o 6180606, ()5 ST ds

el0 57t+zs

Here ¢Spe; and 1 Spe; are in Ll(A) for allj =1,...,k, and

s—t _ (s —t)? -
s—t+ic| (s—t)2+e2
for all s,t € A and £ > 0. Hence
Lig, ) = Lo(e,v) — Z[ Des(s)ds [ GOSEIO

This identity is parallel to (4.2) in the proof of Theorem 4.2(2). We use it

in the same way to show that any subspace N of L*(A) which is strictly

negative with respect to L has dimension at most k. Hence sq_ L < k by

Proposition 1.1. The last statement in (2) also follows as in Theorem 4.2(2).
(3) Assume sq_ L = k. By (5.2), for all p,% in L*(R),

. w(s)Y(t) B
D) JR JR s i1 BU =TV,
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and hence
L(p,¥) = ”(P—@»¢>L2(R) — m(P_Sop, 501/)>L2(1R)-
Let Ly be the restriction of L to H? (R) x H%(R). For ¢, in H? (R),

Li(p, ) = —m{P_Sop, Sot) 12(r)>
because P_¢ = 0. Then
Li(p,¥) = —=m(P_Sop, P_Sot) 12z,
= _7T<IH50907 HSO1/J>HE(R)
= _”<H§DH50‘P7¢>H3(R)’

where Hg,: H2(R) — H2(R) is the Hankel operator with symbol Sy (see
Appendix A). Since L, is a restriction of L,

sq_ L1 =K < k.
By Proposition 1.2,
k' =sq_ Ly =sq_ (—H§ MHs,) = rank HE Hg, = rank Hsg,.

By Kronecker’s Theorem for the half-plane (Theorem A.3), there is a Blaschke
product By on the half-plane of degree s’ such that the function

fo = BoSo

belongs to H*(R). Since we assume that |Sp(x)| < 1 a.e., fo is bounded by
one a.e. on R, and hence fy € So(R). Viewed as functions on C, fo and By
may have common zeros. These can be removed by cancelling appropriate
Blaschke factors. We thus obtain a Blaschke product B of degree x” < &’
and an f € So(R) having no common zeros, such that

SO = B_lf € S,{N(R).
By part (2) of the theorem,
k=sq_L <K'

Since k” < k' < Kk by construction, K/ = k’ = k. Therefore Sy € S, (R), as
was to be shown.

For the converse direction, suppose Sy € S, (R). Apply part (2) again to
conclude that sq_ L < k. By what we just proved, it follows that Sy € S, (R),
where k1 = sq_ L. Then Sy € S, (R) n S,(R), and this is possible only if

K1 = K. o
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Problem 5.3 (Cf. [3, Theorem 4.2]). Let fy be a measurable complez-valued
function on a Borel subset A of R such that Im fo(z) = 0 a.e. on A, and let
k be a nonnegative integer. Let D be the linear space of measurable functions
@ on A such that ¢ and fop belong to L?(A). Define a Hermitian form on

D x D by

L(g, ) = lim fo(s) = fol®)

el0 R JR s—t + 15
Does it follow that fo € N (A) if and only if sq_ L = Kk?

e(s)b(t)dsdt, ¢, eD.

Theorem 5.4. In Problem 5.3:

(1) The answer is affirmative for k = 0.

(5.3)

(2) If fo € Nx(A), then sq_ L < k, with equality when k = 0 or k = 1.

Moreover, sq_ L # 0 for all k = 1.
(3) When A =R, then fy € Nx(R) if and only if sq_ L = k.

Proof. Part (1) follows from the theorem in [13, p. 34].
For parts (2) and (3), set So(z) = (fo(z) —4)/(fo(x) + i). Then
20[fo(®) — fo(s)]
[fo(s) + Z] [f()(t) — Z]

1= So(s)So (1) =

~—

(5.4)

Hence |Sp(x)] < 1 a.e. on A because Im fy(z) = 0 a.e. on A. Define a Her-

mitian form on L?(A) x L?(A) by

K(p,1) = lim ~ J J 1= Sols )ap(s)mdsdt

elo 2 s—t + 1€
for all ¢,v € L*(A). We show that

sq_ K =sq_L.
By (5.4),
2i] fo —fo(s)]  w(s)(t)
K(p, v EwQJJ O(t)_i]s—t+iad8dt
— lim fo( ) fo( ) ols) U0 oo
€l0 s—t+ic  fo(s)+i fo(t)—i
- 13{8[ J f‘SS_Hf:E B(s)(t) ds dt
= L(QD,'I/)),
where (&) )
oy (s Ty Yl
Pls) = fo(s) +i’ v fo(t) +i

To deduce (5.5), we need to show that V: o(z) — ¢(z)/[fo(z) +

(5.5)

one-to-one mapping from L?(A) onto D. Let ¢(z) € L%(A), and set ¢(z) =
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o(z)/| fo(z) +i]. Decompose fo(z) into its real and imaginary parts, fo(z) =
u(z) + tv(x). Then v(z) = 0 a.e., and so

2

1 _ 1 <1
Jo(z) +1i u(z)? + [v(z) + 1]2 7
folr) [P w@)+oe@?
fo(z) +1 u(z)? + [v(z) + 1]2

Therefore ¢, fo@ belong to L?(A), and hence @ is in D. Conversely, if ¢ € D,
then @, fo@ belong to L2(A), and hence ¢(z) = [ fo(x) + i]@(x) is in L*(A).
Thus V is one-to-one and onto, and hence (5.5) follows from (5.6).

By (5.1), fo € N,(A) if and only if Sy € S,(A). Thus by (5.5), parts
(2) and (3) of the theorem follow from the corresponding parts of Theorem
5.2. o

The classical Loewner Theorem uses difference-quotient kernels and ap-
plies to real-valued functions [3, p. 38]. In Problem 5.3, the Hermitian form
(5.3) can be written in an analogous form when f is real valued.

Problem 5.5 (Cf. [3, Theorem 4.4]). Let fo be a measurable real-valued func-
tion on a Borel subset A of R, and let k be a nonnegative integer. Let D be
the linear space of measurable functions ¢ on A such that ¢ and fop belong
to L?>(A). Define a Hermitian form on D x D by

L(p,1) = lim H fo(s Sit fols) = folt) o(s)p()dsdt,  @,beD.  (5.7)

el0
[t—s|>¢e

Does it follow that fo € N (A) if and only if sq_ L = k?

The double integral in (5.7) is taken over {(s,t) € A x A: [t — s| > €},
but we write simply |t — s| > & when no confusion can arise.

Theorem 5.6. In Problem 5.5:

(1) The answer is affirmative for k = 0.

(2) If fo € Ni(A), then sq_ L < &, with equality when k = 0 or K = 1.
Moreover, sq_ L # 0 for all k = 1.

(3) When A =R, then fo € N.(R) if and only if sq_ L = k.

As before, let P_ be the projection from L?(R) onto H2(R). Then [14,
p. 113]

1
P_ = J(1+iH), (5.8)
where H: L?(R) — L?(R) is the Hilbert transform. This is defined by
1 t 1 t
(Hy)(z) = PVfJ PO gy 1imff 20 4
™ Jr [t—z|>e t

t—=x elo —x
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for all ¢ in L?(R). The limit exists pointwise a.e. on R and in the norm of
L?(R). The operator iH is selfadjoint and unitary. For any Borel subset A
of R, let Ha be the compression of H to L?(A). Then for all ¢ in L?(A),

o(t)
t—=x

dt

1
(Hav)(a) = PV |
T JA
a.e. on A. The operator iHa is selfadjoint, and therefore HX = —HAa.

Proof of Theorem 5.6. By (5.8), we can write (5.2) in the form

. o(s)i(t) _ 2

i [, J, 2 o= T (1) 1) g
= g (L4 iH)(pla), ¥1a) 12
=71 ((Ha — 1) ¥) 12 ()

Hence if o, foi and 1, fo1p belong to L?(A), the Hermitian form (5.3) is given
by

lim fo(s) —fTU)

elo Jpdp s—t+ie

©(s)(t) ds dt

= ((Ha = 9)(for), V) 2(a)
—m((Ha — )¢, fo¥) r2(a)

= (Ha(fo): V) 12y + 7 (@ Halfo)) 12(a)
+ 27 ((Im fo) @, ¥) 2(a) -

The last term on the right side is zero because we assume that f; is real
valued. For (5.7) we obtain

lim Jfo S_t o(s)0(t) dsdt

210
- tim A(L_Sbﬁf() p(s) >()

[t—s|>e€
G
“wl (. 2yu)uaer
el0 Ja [t—s|>e S

= 7 (Ha(fop), 7/)>L2(A) —m (Hap, f0¢>L2(A)

= 7 (Ha(fo), V) r2(a) + T (0 Ha(for))) 12 (a)

Thus (5.3) and (5.7) coincide when fj is real valued, and so the result follows
from Theorem 5.4. o
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Appendix A. Hankel operators

In this appendix, we review Kronecker’s theorem for the disc and half-plane.
The standard source for Hankel operators is Peller [12].
Let P_ be the projection from L?(dD) onto the closed span L% of

u™t,u72,.... The Hardy space H? is identified with the associated space

of boundary functions in L?(dD). Given ¢ € L*(JD), the Hankel operator
H,: H? — L? is defined by

H,f = P_opf, feH
The identity
P_SH, = H,S (A1)
is verified by checking the action of each side on u™ for all n > 0. By (A.1),
the kernel of H,, is invariant under the shift operator S.
Theorem A.1 (Kronecker’s Theorem for the Unit Circle). Let p € L® (D).

(1) If rank H, = k < o0, there is a Blaschke product B of degree k such
that Bp € H®.
(2) If Bop e H*® for some finite Blaschke product B, then rank H, < deg B.

Proof. (1) Suppose rank H, = x. Since H,, is one-to-one on the orthogonal
complement of its kernel,

dim (H? ©ker H,) = k. (A.2)

Since ker H,, is invariant under S, ker H, = BH 2 for some inner function B,
by Beurling’s theorem. By (A.2), B is a Blaschke product of degree . Since
H,, is zero on BH?,
P_oB=H,B=0.
Therefore Bp € H? n L*(dD) = H®.
(2) Assume B is Blaschke and By € H®. Then By € H? and so H,B =
P_¢B = 0. Since ker H,, is invariant under S, BH? < ker H,,. Therefore

rank H, = dim (H? © ker H,,) < dim (H?> © BH?) = deg B,

as was to be shown. o

To derive a version of Kronecker’s Theorem for the real line, we define
mappings a and 3 = a~! connecting the unit disc and upper half-plane by

a(w) = z% we D\{1},
Bz = 22, 2eC\().

We use a natural unitary operator U: L?(0D) — L?(R), which is defined by
Uf =F,
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where f € L?(dD) and F € L?(R) are connected by
1 1

F)= = o JB0), teR\) (A3
£ = 2T Fa@e), ey, (A4)

To check that U is unitary, we show that both mappings f — F and F' — f
are isometric. The following formulas to change variables are given in (5-4)
and (5-5) in [14]. For p € L*(dD),

27
% (e do = % JR ‘igﬂfi) dt. (A.5)
For ¢ € LY(R),
B 27 _261'9 i
wa(t) dt — L Ty V(e ) . (A.6)

First suppose f € L?(dD) and F is defined by (A.3). By (A.6),

J|F )2 dt = Jm B0

(ao) (720 s
[ et as

_ o —2et 1/7 N
,JO (1 _62'9)2 |a(ei(9) +i\2 |f(5( (

2T
_ j () db.

0

¢*))[? db

Suppose F € L?(R) is given and f is defined by (A.4). Then

@(e*)

Fla(e))

1 271'
L™ pe) dp = f
27T 0 27T

(as) 1 [ o(B())
B ?JR 2+1 di

2i\/T

1—e?

dt

2 [ e Fleeo))

Tl 2 +1]1-0()

JR |F(t)]? dt.

The unitarity of U follows.
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Define H? (R) and H*(R) as the spaces of boundary functions of the
Hardy classes H?(C4) and H*(C,). Write L?(dD) = H>@® H?2, where

H? = [1,u,u?,...], H? =[utu2...],
and let Py be the projections on H? and H?. One can show that
UH? = H{(R), UH? = H*(R),
L*(R) = H2(R) ® H2(R).
Let P4 be the projections from L?(R) onto H (R). By the preceding relations,
P, =UPU . (A7)

We define the Hankel operator Hy: H2 (R) — H? (R) for any ¢ € L*(R)
as in Peller [12, p. 51]:

HyF =P_oF, F e H3(R).
The following result is given in Peller [12, Lemma 8.3 on p. 51].
Theorem A.2. If ¢ € L*(dD) and ¢ € L*(R) are connected by ¢ = 1 o a,
then
H, =U"'H,U.
Proof. For all f e L?(0D),

Uof = % = e(BO)F(B() = v(0) % =
Therefore

f(B(t) =4US.

P .Upf=P_yUf =HyUf.
By (A.7), P_U = UP- and hence
P_Upf=UP_¢f =UH,f.
Thus HyUf =UH,f. o

Theorem A.3 (Kronecker’s Theorem for the Real Line). Let 1) € L™ (R).
(1) If rankHy = K < 0, there is a Blaschke product B for the upper half-
plane of degree k such that By € H*(R).
(2) If By € H*(R) for some finite Blaschke product B for the upper half-
plane, then rank H, < deg B.

Proof. Set ¢ =1 oa. A function B on C, is a Blaschke product of degree k
if and only if the function B o « is a Blaschke product of degree x on D.

(1) If rank H, = &, then rank H, = « by the Theorem A.2. By Theorem
A.1(1), there is a Blaschke product BonD of degree k such that ]§cp belongs
to H* on D. Then B = Bo [ is a Blaschke product on C; of degree , and
Bip = (By) o a belongs to H®(R).

(2) Suppose By € H*(C,) for some finite Blaschke product B. Then
B = Boa is a finite Blaschke product on D such that By = (By) o a
is in H*(D). By Theorem A.1(2), rank H, < deg B. Therefore rank Hy <
deg B. o
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Appendix B. Brief corrigendum

The first and third paragraphs that follow are quoted verbatim from the Cor-
rigendum [4] to the original paper [3]; the second is a paraphrase from [4].
The example at the end is new.

The Main Theorem in [3, p. 816] has gaps. In the proof of Part (1),
the statement on p. 832, line 6, that the operator Xy = Yy + K is bounded
is an error, because no reason is given why the finite-rank summand K is
bounded. A similar error occurs in Part (2) on p. 833, line 15, where again it
is asserted without justification that X, is bounded. A correct version of the
Main Theorem is obtained by replacing the condition (iii) in ([3, Definition
2.1]) with a stronger version:

(iii") there is an M > 0 such that Z;O:O |(ATb,2")|? < MZ;OZO |(Ade,2")|? for
all 2’ in D.

Condition (iii") makes Xy bounded from the start, and then the proof of
the Main Theorem goes through as written. The Main Theorem (Alternative
Form) on p. 834 is correct as written provided that condition (iii’) is adopted.

A number of applications survive this change. The following results in [3]
are true as stated: Theorem 3.1 on Pick-Nevanlinna interpolation, Theorem
3.4 and Corollary 3.5 on Carathéodory-Fejér interpolation, and Theorem 3.6
on Sarason generalized interpolation. (Proofs are given in Section 3 above.)

Other applications do not survive because (iii’) is not satisfied or can-
not readily be verified. Theorem 3.2, its corollary, and Theorem 3.7 are in
this category and are withdrawn. The boundary results in Theorem 3.8, its
corollary, and the results in Section 4 are withdrawn for the same reason. An
exception here is the Alternative form of Corollary 3.9 on p. 824, which does
not use the Main Theorem and is correct as written. The Example on p. 825
remains valid when (iii) is replaced by (iii’).

Example. Let M be a linear subspace of a Hilbert space H, Xy a linear
operator on M into H. We show that the inner product

<f7g>/\/1:<fag>H_<X0faX0.g>’H7 f:geMa

on M may have a finite number of negative squares with Xy unbounded in the
norm of H. In fact, let M be the subspace of polynomials in H = L?(—1,1).
Let X be the operator

Xo: p(z) — p(0)e(x), peM,
where e(z) = 1 on (—1,1). Then for all p,q € M,
(@) pq = (0, 0)3 — (Xop, Xo@)y = (P, @)3 — 20(0)g(0).  (B.1)

The operator X is unbounded in the norm of H because we can make |p(0)]
arbitrarily large for p in M such that |p|y < 1. Such a polynomial can be
chosen of the form p(z) = C(1 — 2?)"; with C any positive constant, by
various means we can choose n large enough that ||p[lz < 1.
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We show that the maximum dimension of a strictly negative subspace
of (M, (-,-) v,) is one. If p(z) = 1 — 22, then

1
14
:Phaa = Bl — 2O = [ (1= aPdo -2 =5 <o
—1

Hence there is a one-dimensional strictly negative subspace of (M, (-,-) \,)-
Let N be any strictly negative subspace of (M, (-,) \,), so for any p in N,
(p,p) pq < 0 with equality only for p = 0. We show that any two elements p, ¢
of N are linearly dependent.

Case 1: p(0) = 0 or ¢(0) = 0. If e.g. p(0) = 0, then (p,p) \, = (P:P)3 =0
by (B.1). Since p € N and N is strictly negative, (p,p),, < 0 with equality
only for p = 0. Therefore p = 0, and trivially p and ¢ are linearly dependent.

Case 2: p(0)q(0) # 0. Set r = q(0)p—p(0)g. Then r € N and r(0) = ¢(0)p(0)—
p(0)g(0) = 0. As above, this implies r = 0, and hence p and ¢ are linearly
dependent.

A particular instance of this situation is when X is the operator defined
in [3, p. 831, line 16]. The example shows that the hypothesis of a finite
number of negative squares, by itself, is not sufficient to conclude that Xy is
bounded.
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