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Abstract

In this methodological paper, we first review the classic cubic Diophantine
equation a® 4+ b® + ¢® = d>, and consider the specific class of solutions ¢3 +
g5 + ¢35 = ¢} with each ¢; being a binary quadratic form. Next we turn
our attention to the familiar sums of powers of the first n positive integers,
Sk = 1% 428 ... +n* and express the squares SZ, S2,, and the product SiSm
as a linear combination of power sums. These expressions, along with the
above quadratic-form solution for the cubic equation, allows one to generate
an infinite number of relations of the form Q3 + Q3 + Q3 = Q3, with each
Q: being a linear combination of power sums. Also, we briefly consider the
quadratic Diophantine equations a? 4+ b? + ¢? = d? and a® 4 b? = 2, and give
a family of corresponding solutions Q? + Q3 + Q2 = Q2% and Q? + Q3% = @3
in terms of sums of powers of integers.

Keywords: Diophantine equation, binary quadratic form, algebraic identity,
sums of powers of integers, product of power sums, Pythagorean quadruples

MSC: 11D25, 11B57

1. Introduction

Our starting point is the cubic Diophantine equation

a®+ b+ =d, abed # 0. (1.1)


https://core.ac.uk/display/289124539?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

2 J. L. Cereceda

(Note that abed # 0 as, by Fermat’s Last Theorem, we cannot have a® + b® = ¢3.)
As pointed out by Dickson in his comprehensive History of the Theory of Numbers,
the problem of finding the rational or integer (positive or negative) solutions to
Equation (1.1) can be traced back to Diophantus [11, p. 550]. A first parametric
solution was given by Vieta in 1591 [11, p. 551] and, in 1754, Euler found the most
general family of rational solutions to (1.1) (see [11, p. 552] and [9]). Much more
recently, Choudhry [8] obtained a complete solution of (1.1) in positive integers.

It is to be noted that there are several different formulations equivalent to the
general solution discovered by Euler. In his third notebook, Ramanujan provided
a family of solutions equivalent to Euler’s general solution that appears to be the
simplest of all [4, 7]. In addition to this general solution, Ramanujan also gave
some further families of parametric solutions to (1.1) as well as several numerical
examples. Specifically, in a problem submitted to the Journal of the Indian Math-
ematical Society, (Question 441, JIMS 5, p. 39, 1913), Ramanujan put forward the
following two-parameter solution to Equation (1.1) [5]:

(3u?+5uv—5v%)3+ (4u? —duv+60v?)3+ (5u —5uv—3v?)3 = (6u® —duv+4v?)%. (1.2)

Relation (1.2) constitutes an algebraic identity and, as such, is satisfied by any real
or complex values of the parameters u and v. As we are dealing with Diophantine
equations, however, it will be assumed that u and v take only rational or integer
values. In particular, putting « = 1 and v = 0 in (1.2) gives us the smallest positive
solution to (1.1), namely 3% + 43 + 5% = 63.

In this methodological paper, we search for solutions of the kind shown in
Equation (1.2), that is, solutions ¢ + ¢35 + q3 = ¢} for which each of the ¢;’s
(i = 1,2,3,4) adopts the form of a quadratic polynomial of two variables, say u
and v (a binary quadratic form): ¢; = c;u? + B;uv +v;0%, where «;, 3;, and ~; take
integer (positive or negative) values. Our interest in this type of solutions stems
from the fact that, as explained in [12], by using the above identity 33 +43 +5% = 63
as a seed, one can generate quadratic-form formulas to Equation (1.1). Expanding
on this point, and borrowing a theorem of Sandor [22, Theorem 1], in Section 2
we show that, indeed, it is possible to construct quadratic-form representations for
the cubic equation (1.1) starting from any particular nontrivial solution to (1.1)
(see below for the definition of a trivial solution). The proof of this result given
by Sandor (which is essentially reproduced in Section 2) is particularly suitable for
our purpose since it utilizes only precalculus tools. Furthermore, Sandor’s theorem
allows one to readily produce a wealth of algebraic identities like that in Equation
(1.2) by simply adding and multiplying the integers a, b, ¢, and d constituting a
particular (nontrivial) solution of (1.1).

In Section 3, we consider the familiar sums of powers of the first n positive
integers, Sy, = 1¥ +2¥ 4 ... 4+ n* (with k being a nonnegative integer), and express
the squares SZ, S2,, and the product Si.S,, as a linear combination of power sums.
In this way, using such expressions for S7, S2,, and SiSy,, the following generic
quadratic form

Qi(k,m,n) = o;S; + BiSkSm + 1iSE, (1.3)
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can be equally expressed as a linear combination of power sums. (Note that
Qi(k, m,n) depends explicitly on n through the power sums Sy and S,,.) Therefore,
using the quadratic-form solutions obtained in Section 2, one can construct relation-
ships of the type Q1(k,m,n)® + Q2(k,m,n)3 + Qs(k,m,n)® = Q4(k,m,n)3, with
each Q;(k,m,n) being a linear combination of power sums. Moreover, substituting
each of the power sums in Q;(k, m,n) for its polynomial representation yields (for
fixed k£ and m) algebraic identities of the form Q1 (u)® +Q2(u) + Q3(u)? = Q4(u)3,
where each Q;(u) is itself a polynomial in the real or complex variable u (see, for
instance, Equation (3.8) below).

Finally, in Section 4 we briefly consider the quadratic Diophantine equation
a’? +b? + ¢? = d?. Using a particularly simple quadratic-form solution for this
equation, we give a corresponding solution in terms of Sy and S,% (see Equation
(4.4) below). On the other hand, starting from an almost trivial identity, we
give a family of Pythagorean triangles whose side lengths are given by |SZ — S2,|,
25kSm, and S3 +S2,. As a by-product, we also obtain a family of solutions for the
Diophantine equation a? 4 b% = 2 + d2.

From a pedagogical point of view, this methodological paper could be of inter-
est to both high school and college students for the following reasons. On the one
hand, it shows in an elementary way how to obtain systematically quadratic-form
solutions for the cubic equation (1.1). In this regard, as we shall see, Sandor’s
theorem proves to be extremely useful to this end since it provides a fairly elemen-
tary yet powerful method to generate quadratic-form formulas ¢3 + ¢3 + ¢35 = ¢
for Equation (1.1). On the other hand, we introduce some well-known formulas
(though rarely found in the current literature) involving sums of powers of integers,
in particular that expressing the product Si 5y, as a linear combination of S;’s. Us-
ing these formulas, and with the aid of a computer algebra system, students ought
reliably compute the quadratic form in Equation (1.3) for a variety of values of
the parameters. Last, but not least, equipped with the given formulas for S5,
S’,%, Sk and S»S%, students might want to explore other low degree Diophantine
equations (see, in this respect, [3, Chapter 2|) and recast some of their solutions in
terms of sums of powers of integers.

2. Quadratic solutions for the cubic equation

As was anticipated in the introduction, we shall make use of a theorem of Sandor
(see [22, Theorem 1]) in order to construct two-parameter quadratic solutions for
the cubic equation (1.1). Following Sandor, we say that a solution of (1.1) is trivial
ifd=aord="0ord=c. The said theorem, adapted to our notation, is as follows.

Theorem 2.1. If (a,b,c,d) is a nontrivial integer solution of (1.1) then for any
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integer values of u and v

q1 = a(a + c)u® + (d — b)(d + b)uv — c(d — b)v?,
g2 = b(a + c)u* — (¢ — a)(c + a)uv + d(d — b)v?, 2.1)
q3 = c(a + c)u® — (d — b)(d + b)uv — a(d — b)v?,
q1 = d(a + c)u* — (c — a)(c + a)uv + b(d — b)v?,

satisfy ¢} + 43 + @3 = q3.

Proof. As noted by Sandor, relations (2.1) can be obtained by generalizing Ra-
manujan’s quadratic solution (1.2) but, following [22], we will give a simpler proof
of Theorem 2.1 employing a technique devised by Nicholson [18]. Thus, let a® +
b3 + ¢ = d® be a nontrivial solution of (1.1), and consider Nicholson’s parametric
equation [22]

(ux—cy)3—|— (—ux—ay)3+ (wr:—by)3 = (w:—dy)g. (2.2)

Expanding in (2.2) and using the constraint a®+b%+¢3 = d?, the cubic terms vanish
and we are left with an equation involving only quadratic and linear exponents,
namely

— 3u’z?cy + 3uxcy? — 3ulzay — uxa’y® — 3vixtby

+ 3vab®y? = =30 a?dy + 3vzd>y>.
Dividing throughout by the common factor 3zy gives
x(dv2 —b? —cu® — auz) = y(d% —b*v+ad*u— &2 )

2

Clearly, the values x = d?v — b%v 4 a?u — c?u and y = dv? — bv? — cu? — au? satisfy

the equation, and then we obtain

ur —cy = u(d2v —b%0 +d*u— czu) — c(dv2 —b? —cu® — auz)

= a(a + c)u® + (d — b)(d + b)uv — c(d — b)v?,

—ur —ay = —u(d2v —b%0 +ad*u — 02u) - a(dv2 —b? —cu? — au2)
=b(a + c)u® — (c — a)(c+ a)uv + d(d — b)v?,
vz — by = v(d?v — b*v + a*u — c2u) — b(dv2 —bv? —cu? — au2)
= c(a+ c)u® — (d — b)(d + b)uv — a(d — b)v?,
ve — dy = v(d?v — b*v + a*u — c2u) — d(dv2 —bv? —cu? — au2)

o
=d(a + c)u* — (¢ — a)(c + a)uv + b(d — b)v>.

Nicholson’s parametric equation (2.2) then guarantees that ¢; + g3 + ¢3 = q3, with
the ¢;’s being given by Equations (2.1). O
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Let us consider a few examples illustrating the application of Theorem 2.1. In
each case, starting from a given (nontrivial) integer solution (a,b,c,d) to (1.1), it
generates a two-parameter family of solutions (q¢1, g2, g3, g4) satisfying (1.1):

1. Substituting (a,b,c,d) = (3,4,5,6) into Equations (2.1), dividing by 2, and
using the linear transformation u — u/2, we get Ramanujan’s solution (1.2)
[22].

2. Using (a,b,¢,d) = (1,6,8,9) into Equations (2.1) and dividing by 3 yields
(3u? + 15uv — 8v?)3 + (18u? — 21uw + 9v?)?
+ (24u® — 15uv — v?)? = (27u® — 21uw + 60%)3.  (2.3)

Now, putting u = 1 and v = 2 in (2.3) gives 1® + 123 + (=10)% = 92 or,
equivalently,
13 +12° =93 +10% = 1729. (2.4)

Readers will recognize 1729 as the famous Hardy-Ramanujan number, having
the distinctive property that it is the smallest positive integer that can be
written as the sum of two positive cubes in more than one way [16, 23, 24].
On the other hand, for u = 6 and v = —1, we obtain

10 + 783% 4 953% = 1104°. (2.5)

3. Likewise, using (a,b,c,d) = (7,14,17,20) into Equations (2.1) and dividing
by 6 yields

(28u? + 34uv — 17v?)% + (56u? — 40uv + 200%)3
+ (68u? — 34uv — Tv?)? = (80u? — 40uv + 140?)%.  (2.6)
Putting u = —2 and v = —3 in (2.6) we find
163 + 164° + 5° = 206°. (2.7)
And, for v = 10 and v = 3, we obtain

3667° 4 4580° + 5717% = 6926°. (2.8)

Rather interestingly, it can be shown (see [22, Theorem 2]) that if (a, b, ¢, d) is a
nontrivial integer solution to (1.1) and (¢1, g2, g3, ¢4) is a nontrivial integer solution
obtained via Equations (2.1), then necessarily

a+c  q1+4q3
d—b q—q

(2.9)

Note that the denominators in Equation (2.9) are well defined since both (a, b, ¢, d)
and (q1, 2, g3, g4) are nontrivial solutions. Note further that, for given a, b, ¢, and d,
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relation (2.9) holds irrespective of the (integer) values taken by u and v in Equations
(2.1). Conversely (see [22, Theorem 3|), if (a,b,c,d) and (q1,¢2,q3,q4) are two
integer nontrivial solutions to (1.1) and ‘;fg = %, then there exist integers
u and v such that substituting these into Equations (2.1) yields (g1, g2, g3, q4) or
a multiple of it. Thus, the solutions (g1, g2, g3, ¢4) obtained from a given solution
(a,b,c,d) via Equations (2.1) can be essentially characterized through the condition
stated in Equation (2.9).

We can readily check that the said condition is indeed satisfied by the examples

given above. So, for the example given in (2.3), the condition (2.9) reads as

1+8 - 3u? + 15uv — 802 + 24u? — 15uv — v?
9—6 27u2 — 21luv + 602 — 18u2 + 21uv — Yv2

=3,

which is fulfilled for all integer values of u and v (discarding the trivial solution
u = v = 0). In particular, it holds for the numerical examples (2.4) and (2.5), as
é:—g = % = 3. Similarly, regarding the example given in (2.6), the condition
2.9) reads as

T+17 28u? + 3duv — 1702 + 68u? — 3duv — Tv?
20— 14~ 80u2 — 40uv + 14v2 — 56u2 + 40uv — 2002

which is equally fulfilled for any choice of integers u and v (excluding the case

u = v = 0). In particular, it holds for the numerical examples (2.7) and (2.8), as
16345 _ 366745717 _ 4
206-164 ~ 6926—4530
We conclude this section by noting that, naturally, given an initial solution

(a,b,c,d) to (1.1), we can use as well either of its permutations (a, ¢, b, d), (b, a, ¢, d),
(b,¢,a,d), (¢,a,b,d), or (¢, b, a,d) as inputs to Equations (2.1). For instance, instead
of the initial solution (1,6,8,9) used above, we can plug (1,8,6,9) into Equations
(2.1) to obtain

:47

(Tu? 4 17Tuv — 6v%) 4 (561 — 35uv + v?)?
+ (42u® — 17Tuv — v?)? = (63u® — 35uv + 8v?)3.  (2.10)
Incidentally, we observe that setting u = —1 and v = —3 in (2.10) yields (after
dividing by 2): 23 + 163 = 9% + 153 = 4104, which is the next Hardy-Ramanujan
number after 1729. We encourage the students to search for their own solutions to

the cubic equation (1.1) by means of Theorem 2.1, and to verify that they comply
with relation (2.9).

3. Quadratic forms of sums of powers of integers

Consider now the power sums S, = 142 4+...4nF and S, = 1" 4+2"+.. . 4n™.
Their product is given by

k/2
1 k+1
SkSm = el 2323‘( 9 )Sk+m+12j

Jj=0



Binary quadratic forms and sums of powers of integers 7

m/2

1 m—+1
+TTL—}-12B2J( 2] )Sk+m+1 275 (31)

where By =1, By = —1/2, B, =1/6, B3 =0, By = —1/30, etc., are the Bernoulli
numbers (which fulfill the property that Bsj 1 = 0 for all j > 1) |2, 10]; (:@) are the
familiar binomial coefficients; and where the upper summation limit k/2 denotes
the greatest integer lesser than or equal to k/2. Formula (3.1) is not commonly
encountered across the abound literature on sums of powers of integers. A notable
exception being the paper [15], where formula (3.1) is stated as a theorem. As
noted in [15], formula (3.1) was known to Lucas by 1891. For the case that k = m,
formula (3.1) reduces to

2 k+1
Sp= Pl Z:BQ]< 9 >S2k+1 2j- (3:2)

For later reference, we also quote the formula for the k-th power of S; expressed
as a linear combination of power sums

k 1

< k
Sk = 2 <2 H)S% 12 (3.3)

as well as the formula for the product

k+1
2k +3 -2 (k+1
k
S5t = 5 sz 1 ( % )SQM 2. (3.4)

Note that the right-hand side of Equations (3.2) and (3.3) involves only power sums
S; with j odd, whereas that of Equation (3.4) involves only power sums S; with j
even. Formula (3.3) (written in a slightly different form) appears as a theorem in
[15], where it is further noted that it was known as far back as 1877 (Lampe) and
1878 (Stern). Regarding formula (3.4), it looks somewhat more exotic, although
it is by no means new. An equivalent formulation of both Equations (3.3) and
(3.4) can be found in, respectively, formulas (17) and (22) of the review paper by
Kotiah [14]. Tt is worth pointing out, on the other hand, that the right-hand side
of Equation (3.3) [(3.4)] can be mterpreted as a sort of average of sums of powers

ke [0}
of integers as the total number > .2, (2g+1) ;2 2k2';il2j (kzl)] of power sums

appearing on the right-hand side of (3.3) [(3.4)] is Just 2F=1 [3 - 2K] (see [6, 21]).
Provided with Equations (3.1) and (3.2), we can thus write the quadratic form
(1.3) as the following linear combination of power sums:

k/2 k/2

205 kE+1 Bi E+1
Qi(k,m,n) = k+1jZOBQJ< 9 >52k+1 25 + k+1232]< 9 >5k+m+1 2j
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m/2

Bi m—+1 27; 2 m+1
+ = E By, mal_oj + ——— E By m+1-25- (3.
m—l—ljzo 2]( 29 )Sk+ +1-2 m—l—lj 2J< 2j >SQ -2 (3.5)

=0

Regarding the coefficients «;, 5;, and ~y;, we must choose them so that the quadratic
forms q; = a;u? + Byuv + ;02 satisfy the relation ¢3 + ¢3 + ¢5 = ¢} for any integer
values of w and v. This in turn ensures that the quadratic forms Q;(k,m,n) in
Equation (3.5) will satisfy Q1 (k, m,n)3+Qa(k, m,n)3+Q3(k,m,n)® = Q4(k, m,n)3
as well.

At this point, it is obviously most useful to run a computer algebra system such
as Mathematica to quickly compute the quadratic form Q;(k,m,n) for concrete
values of «;, B;, Vi, k, m, and n. As a simple but illustrative example, let us first
take k =1 and m = 2 to obtain

1
Qi(1,2,n) = 6(@‘52 + (6c; + 2v;) S5 + 5854 + 47:S5).

Then, choosing for example the coefficients «;, ;, and v; appearing in Equation
(2.3) (namely, oy = 3, 1 =15, 11 = =8, ag = 18, B2 = =21, 79 = 9, a3 = 24,
B3 = =15, v3 = =1, ay = 27, B4 = —21, and 4 = 6), we get (after removing the
common factor 1/6) the following relationship among the power sums So, S3, Sy,
and Ss:

(1595 + 285 + 7555 — 3255)” + (— 215, + 12655 — 1055, + 3655)°
+ (= 1555 + 14285 — 755, — 455)°
— (=218, + 17455 — 1055, + 2455)°.  (3.6)
Equation (3.6) can in turn be written explicitly as a function of the variable n by
expressing each of the involved power sums in terms of n. It is a well-known result

that Sy can be expressed as a polynomial in n of degree k + 1 with zero constant
term according to the formula (see, for instance, [14, 26-28]):

k+1

1 k41 kt1—j i
_ Z _ , > 0. .
Sk % 1 < < j )( 1) Bk+1,jn 5 k = 0 (3 7)

Sy = %n‘j + %nQ + én

Sy = int + in® + in?

Su=dnf + 4t + 300 — don

S5 = %nﬁ + %ng’ + 1—52714 — %nQ

Se = %n7 + %nﬁ + %n‘r) — %n?’ + 4—1271
Sy = énS + %n7 + 1—72716 — %n‘l + 1—12712

Table 1: The power sums Sz, Ss, ..., S7 expressed
as polynomials in n
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This formula, which was first established by Jacob Bernoulli in his masterpiece
Ars Conjectandi (published posthumously in 1713 [1]), provides an efficient way to
compute the power sums Si. Table 1 shows the polynomials for Ss, Ss,..., 57 as
obtained from Bernoulli’s formula (3.7).! Thus, substituting the power sums S,
S3, Sy, and Sy in Equation (3.6) by the corresponding polynomial in Table 1, and
renaming the variable n as a generic variable u, we get (after multiplying by an
overall factor of 3) the algebraic identity

(32u® + 93u® + T4u* — 3u® — 16u°)° + (54u® + 63u* — 18u* — 9u® + 18u°)°
+ (85u? 4+ 123u® — 11u* — 51u® — 2u5)°
— (9302 + 135u® + 3u® — 270 + 12u°)°,  (3.8)

which is true for all real or complex values of u. For example, for u = 1, relation
(3.8) gives us (after dividing by 36): 53 + 33 + 43 = 63.

On the other hand, taking v = Sy and v = S¥ in the quadratic form ¢; =
a;u? + Biuv + ;02 yields

Fi(k,n) = ;S2 + B:S2S¥ + ~; 5%

Utilizing Equations (3.3) and (3.4), and noting that S3 = %53 + %55, we can then
write F;(k,n) as the linear combination of power sums

k+1
az 2k‘+3—2j(k}+1

2
Fi(k, 75 S
(kym) = 555+ =756+ 37 2k 27 +1  \ 25 ) 2422

2k—1

Vi 2 2k
T o1 2 + 1 Sak—1-2;. (3.9)
7=0

As before, in order to derive relations of the type Fy(k,n)3+ Fo(k,n)?+ F3(k,n)3 =
Fy(k,n)3, we must choose the coefficients a;, 3;, and +; such that the quadratic
forms ¢; = a;u? + Buv + ;02 satisfy ¢ + ¢35 + g3 = ¢} for any integer values of u
and v. As a concrete example, let us first take k = 2 in Equation (3.9) to get

1
Fz'(27 n) = E(4ai53 + 55154 + (8&1 + 6’}/@)55 + 7ﬁ156 + 6’7257)
Then, using the coefficients «;, 8;, and ~; appearing in Equation (2.10) (namely,

a] = 77 Bl - 173 71 = 767 Qg = 563 52 = 7353 Y2 = 93 a3 = 427 63 = 7177
v3 = —1, ayg = 63, B4 = —35, and 4 = 8), we obtain (omitting the common factor

IEquation (3.7) is often referred to in the literature as Faulhaber’s formula after the German
engineer and mathematician Johann Faulhaber (1580-1635). In our view, however, it is more
accurate to name Equation (3.7) as Bernoulli’s formula or Bernoulli’s identity.
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1/12) the following relationship among the power sums Sz, Sy, S5, Sg, and S7:

(2895 + 8554 + 2055 + 11955 — 3657)°
+ (22455 — 17554 + 50255 — 2455 + 5457)°
+ (16855 — 855, + 33055 — 11956 — 657)°
— (25255 — 1755 + 55255 — 2455 + 4857)°.

(3.10)

Likewise, replacing each of the power sums in (3.10) by its respective polynomial
in Table 1 yields (after multiplying by an overall factor of 12) the algebraic identity
(28u? + 270u® + 820u* + 1038u° + 502u® — 1207 — 54u%)°
+ (2240 + 11340° + 1943u* + 112205 — 885 — 96u” + 81u®)’
+ (168u? + 906u® + 1665u* + 1062u° — 96u® — 240u” — 9u®)”
— (252u® + 1302u® + 2298u* + 1422u° — 30u® — 132u” + 72u%)’,

(3.11)

which has been written in terms of the generic (complex or real) variable u. More-
over, it is to be noted that each of the four summands in Equation (3.11) can be
factorized as u?(u + 1) times a polynomial in u of degree 4, so that the identity
in (3.11) can be neatly simplified to

(28 + 214u + 364u” + 96u® — 54u*)’ + (224 + 686u + 347u? — 258u? + 81u?)’
+ (168 + 570u + 357u? — 222u® — 9u*)” = (252 4 T98u + 450u° — 276u* + T2u)’

In particular, for v = 0, we obtain 283 4 2243 + 1682 = 2523 or, after dividing each
term by 28, 1% + 8% + 63 = 93,

Trivially, for v = 0, all four summands in either of relations (3.8) or (3.11)
vanish. Less obvious is the fact that the same happens for u = —1. To see why, we
need to extend the domain of definition of S, = 1¥42% 4. .. +nk to negative values
of n. As explained in [13], this can be achieved simply by subtracting successively
the k-th power of 0, —1, —2, etc. In this way, it is not difficult to show (see Table 1
of [13]) that, for all k£ > 1, the polynomial Sy is symmetric about the point —% (see
also [17, Theorem 10] for a rigorous proof of this assertion). Thus, as Sy = 0 for
n = 0, this means that S, equally vanishes for n = —1.2 (It is readily verified that
the polynomials in Table 1 indeed satisfy Sj(—1) = 0 for each j =2,3,...,7.3) As
a consequence, the quadratic forms Q;(k, m,n) and F;(k,n) (defined in Equation

2Tt is left as an exercise to the reader to show the following basic recurrence formula for the
Bernoulli numbers
1= (k: +1
k1

By = )Bj, for all k> 1,
employing Bernoulli’s formula (3.7), and using that Si(—1) =0 for all £ > 1.

3That Si(—1) = 0 also follows directly from the well-known fact that S1 = %n(n +1)is a
factor of Sy for all k > 1.



Binary quadratic forms and sums of powers of integers 11

(3.5) and (3.9), respectively) are zero for n = —1, regardless of the values that «;,
Bis Vi, k, and m may take (provided that k,m > 1).

Again, we encourage the students to construct their own algebraic identities
like those in Equations (3.8) and (3.11) by making use of the quadratic forms (3.5)
and (3.9), and Bernoulli’s formula (3.7).

4. Concluding remarks
In what follows, we briefly consider the Diophantine quadratic equation

a? + b+ =d> (4.1)
Quadruples of positive integers (a,b,c,d) such as (2,3,6,7) satisfying (4.1) are
called Pythagorean quadruples in analogy with the Pythagorean triples (a,b,c)
satisfying a? +b% = ¢2. A full account of Equation (4.1), including its most general

solution, can be found in, for instance, [19, 25]. A partial, quadratic-form solution
to (4.1) was given by Titus Piezas III in [20]

(au® — 2duv + a02)2 + (bu® — bv2)2 + (cu® — 0112)2 = (du® — 2auv + dv2)2, (4.2)

where (a,b, ¢, d) is a Pythagorean quadruple and u and v are integer variables.*
On the other hand, setting u = S, in the algebraic identity®

uw? + (1+u)? + (u+u?)? = (1 +u+u?)?, (4.3)

and utilizing the formula (3.2), we obtain the following solution to Equation (4.1)
in terms of sums of powers of integers:

k/2

2
2 kE+1
(Sk)Q + (1 + Sk) <Sk + — Frl ZBQJ( 9 )52k+1 2j>

o2 kel ’
<1+Sk + MZng( )52k+1 2;) . (44)

41t is to be noted that, for the specific case in which b? + ¢2 happens to be a perfect square,
say €2, Equation (4.2) becomes

(au2 — 2duv + av2)2 + (eu2 — ev2)2 = (du2 — 2auv + d112)27

which constitutes a two-parameter solution to the Pythagorean equation 72 4+ s2 = t2. For
example, for (a,b,c,d) = (8,9,12,17), where 92 + 122 = 152, we have

(8u? — 34uv + 8v%)% + (1502 — 150%)® = (172 — 16uv + 170%)°.

5Clearly, Equation (4.3) is of the form q% + qg + qg = qZ, with each ¢; being a quadratic form
q; = ou? + Biuv 4+ v;v2. For example, taking v =1, a1 =1 =0, and 81 = 1, we have q; = u.
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For example, for k = 2, from Equation (4.4) we find (after multiplying by an overall
factor of 3)

(352)" + (3+352)" + (352 + 53 +255)° = (34352 + S5 + 255)°.

Now, replacing Sy, S3, and S5 by its respective polynomial in Table 1, and multi-
plying by an overall factor of 12, we arrive at the following identity

a® + (a+18)* + b* = (b+ 18)2,
where
2 3 19, 3, 13 4 5 6
a=3u+9u”+ 6u’, and b:3u+?u + 9u —l—?u + 6u’ + 2u°,

with u taking any real or complex value. (It is easily seen that b is integer whenever
u S0 is.)

Let us finally mention that, by replacing v with S7 and v with S2, in the basic
identity (u — v)? + (2y/uv)? = (u + v)?, one can generate infinite Pythagorean
triangles through the relation

(82— 52)% + (28kSm)” = (52 +52,)%. (4.5)

Using Equations (3.1) and (3.2), the side lengths of the triangle can furthermore be
written as a linear combination of power sums. For example, for K =1 and m = 3,
from Equation (4.5) we get (after multiplying by a global factor of 2) the relation

(S5 + 7 —255)” + (S5 +355)” = (25 + 55 + 57) .
This is to be compared with the following relation
(255 + 257 — S3)° + (S5 +355)” = (S5 + 255 +257),
which was derived by Piza [21] using the algebraic identity (y*—v?)%/4+(2y%)%/4 =
(y* +y?)?/4 and then taking y = 25;. Now, from the last two relations, we readily
obtain

(55 + S7 — 2S3)2 + (53 + 2S5 + 257)2 = (253 + S5 + 57)2 + (255 + 257 — 53)2.

Taking into account that Ss + S; = 257, this relation can be simplified to (after
dividing by the common factor Ss3):

(2u—2)° + (4u+1)° = (2u+2)° + (4u—1)°, (4.6)

with w = S5. The identity in Equation (4.6), which actually holds for arbitrary
values of u, gives us a family of solutions to the Diophantine equation a?+b? = c?+
d?. For example, for u = 17, from Equation (4.6) we find that 322 +692 = 362 +672.



Binary quadratic forms and sums of powers of integers 13

Acknowledgment. The author thanks the referee for carefully going through
the manuscript and for valuable comments.

References

(1]

(2]

(3]

(4]

[5]

(6]
7]

(8]

(9]
(10]

(11]

[12]

[13]

[14]

[15]
[16]

(17]

G. L. ALEXANDERSON: An anniversary for Bernoulli’s Ars Conjectandi, Math. Mag. 86.5
(2013), pp. 319-322,
DoI: https://doi.org/10.4169/math.mag.86.5.319.

T. M. AprostoL: A primer on Bernoulli numbers and polynomials, Math. Mag. 81.3 (2008),
pp. 178-190,
DoI: https://doi.org/10.1080/0025570X.2008.11953547.

E. J. BArRBEAU: Power Play, Washington, DC: The Mathematical Association of America,
1997.

B. C. BErNDT, S. BHARGAVA: Ramanujan—for lowbrows, Amer. Math. Monthly 100.7
(1993), pp. 644656,
DoOI: https://doi.org/10.1080/00029890.1993.11990465.

B. C. BernDT, Y. S. CHOI, S. Y. KaANG: The problems submitted by Ramanujan to the
Journal of the Indian Mathematical Society, in: Ramanujan: essays and surveys, History of
Mathematics, Vol. 22, Providence (RI): American Mathematical Society, 2001, pp. 215-258.

J. L. CERECEDA: Averaging sums of powers of integers and Faulhaber polynomials, Ann.
Math. Inform. 42 (2013), pp. 105-117.

M. CHAMBERLAND: Families of solutions of a cubic Diophantine equation, Fibonacci Quart.
38.3 (2000), pp. 250-254.

A. CHOUDHRY: On equal sums of cubes, Rocky Mountain J. Math. 28.4 (1998), pp. 1251—
1257,
Dol: https://doi.org/10.1216/rmjm/1181071714.

R. Cook: Sums of powers, Math. Spectrum 32.1 (1999,/2000), pp. 7-10.

E. Y. DEEBA, D. M. Ropricugz: Bernoulli numbers and trigonometric functions, Internat.
J. Math. Ed. Sci. Tech. 21.2 (1990), pp. 275-282,
pol: https://doi.org/10.1080/0020739900210214.

L. E. Dickson: History of the Theory of Numbers, Volume II: Diophantine Analysis, New
York: Dover Publications, 2005.

J. D. HAarRPER: Ramanujan, quadratic forms, and the sum of three cubes, Math. Mag. 86.4
(2013), pp. 275279,
DpoI: https://doi.org/10.4169/math.mag.86.4.275.

R. HersH: Why the Faulhaber polynomials are sums of even or odd powers of (n + 1/2),
College Math. J. 43.4 (2012), pp. 322-324,
DoI: https://doi.org/10.4169/college.math.j.43.4.322.

T. C. T. KoTiaH: Sums of powers of integers—A review, Internat. J. Math. Ed. Sci. Tech.
24.6 (1993), pp. 863-874,
DoI: https://doi.org/10.1080/0020739930240611.

J. A. MacDoucaLL: Identities relating sums of powers of integers — An exercise in gener-
alization, Australian Senior Math. J. 2.1 (1988), pp. 53-62.

U. MUKHOPADHYAY: Ramanujan and some elementary mathematical problems, At Right
Angles (March 2018), pp. 13-21.

N. J. NEwsoME, M. S. Nocin, A. H. SaBuwaLA: A proof of symmetry of the power sum
polynomials using a novel Bernoulli number identity, J. Integer Seq. 20 (2017), Article 17.6.6.



14

J. L. Cereceda

18]

[19]
[20]
21]

[22]

23]

(24]

(25]

[26]
(27]

28]

J. W. NicHoLsoN: A simple solution of the Diophantine equation U3 = V3 + X3 4+ Y3,
Amer. Math. Monthly 22.7 (1915), pp. 224-225,
DpoI: https://doi.org/10.1080/00029890.1915.11998120.

P. Ovriverio: Self-generating Pythagorean quadruples and N-tuples, Fibonacci Quart. 34.2
(1996), pp. 98-101.

T. Piezas III: A Collection of Algebraic Identities: Sums of Three Squares,
URL: https://sites.google.com/site/tpiezas/004.

P. A. Piza: Powers of sums and sums of powers, Math. Mag. 25.3 (1952), pp. 137-142,
DOI: https://doi.org/10.2307/3029445.

C. SANDOR: On the equation a® +b3 + 3 = d3, Period. Math. Hungar. 33.2 (1996), pp. 121
134,
DOI: https://doi.org/10.1007/BF02093510.

P. ScHUMER: Sum of two cubes in two different ways, Math. Horizons 16.2 (2008), pp. 8-9,
DOI: https://doi.org/10.1080/10724117.2008.11974795.

J. H. SivErMAN: Tazicabs and sums of two cubes, Amer. Math. Monthly 100.4 (1993),
pp- 331-340,
DoI: https://doi.org/10.1080/00029890.1993.11990409.

R. Spira: The Diophantine equation x2 +y? + 22 = m?, Amer. Math. Monthly 69.5 (1962),
pp. 360-365,
DoI: https://doi.org/10.1080/00029890.1962.11989898.

J. TANTON: Sums of powers, Math. Horizons 11.1 (2003), pp. 1520,
DoI: https://doi.org/10.1080/10724117.2003.12021732.

K. S. WiLLiaMs: Bernoulli’s identity without calculus, Math. Mag. 70.1 (1997), pp. 47-50,
DpoI: https://doi.org/10.1080/0025570X.1997.11996499.

D. W. Wu: Bernoulli numbers and sums of powers, Internat. J. Math. Ed. Sci. Tech. 32.3
(2001), pp. 440443,
pol: https://doi.org/10.1080/00207390117519.



