
Western Michigan University Western Michigan University 

ScholarWorks at WMU ScholarWorks at WMU 

Paper Engineering Senior Theses Chemical and Paper Engineering 

4-1974 

Linear Programming as a Technique for Least Cost Furnish Linear Programming as a Technique for Least Cost Furnish 

Analysis Analysis 

James B. Keeler 
Western Michigan University 

Follow this and additional works at: https://scholarworks.wmich.edu/engineer-senior-theses 

 Part of the Wood Science and Pulp, Paper Technology Commons 

Recommended Citation Recommended Citation 
Keeler, James B., "Linear Programming as a Technique for Least Cost Furnish Analysis" (1974). Paper 
Engineering Senior Theses. 241. 
https://scholarworks.wmich.edu/engineer-senior-theses/241 

This Dissertation/Thesis is brought to you for free and 
open access by the Chemical and Paper Engineering at 
ScholarWorks at WMU. It has been accepted for inclusion 
in Paper Engineering Senior Theses by an authorized 
administrator of ScholarWorks at WMU. For more 
information, please contact wmu-
scholarworks@wmich.edu. 

http://scholarworks.wmich.edu/
http://scholarworks.wmich.edu/
https://scholarworks.wmich.edu/
https://scholarworks.wmich.edu/engineer-senior-theses
https://scholarworks.wmich.edu/pci
https://scholarworks.wmich.edu/engineer-senior-theses?utm_source=scholarworks.wmich.edu%2Fengineer-senior-theses%2F241&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/93?utm_source=scholarworks.wmich.edu%2Fengineer-senior-theses%2F241&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarworks.wmich.edu/engineer-senior-theses/241?utm_source=scholarworks.wmich.edu%2Fengineer-senior-theses%2F241&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:wmu-scholarworks@wmich.edu
mailto:wmu-scholarworks@wmich.edu
http://scholarworks.wmich.edu/
http://scholarworks.wmich.edu/


LINEAR PROGRAMMING AS A 

TECHNIQUE FOR LEAST COST 

FURNISH ANALYSIS 

by 

James B. Keeler 

A Thesis submitted to the Faculty 

of the Department of Paper Science and Engineering 

in partial fulfillment 

of the 

Degree of Bachelor of Science 

Western Michigan University 

Kalamazoo, Michigan 

April i974 



• 

ABSTRACT 

This study was a limited laboratory scale investi-

gation of whether or not linear programming was a viable 

technique for determining the least cost furnish blends. 

It is original in that it used actual laboratory deve-

loped data for input to determine the linear programming 

model, and the results were actually produced in the 

laboratory to see if constraints were met. The materials 

used were a bleached hardwood, a bleached softwood, tab 

cards, clay, and Ti02• It was found that requirements 

of linearity and averaging inherent in the linear pro-

gramming caused results which were not as accurate as 

needed. However, by using the technique several times 

in a successive approximation type procedure, readjusting 

between uses to compensate for the problems previously 

noted, results of sufficient accuracy to be realistically 

depended upon were obtained. It ia felt this justifies 

considerable optimism tor this technique as a meana of 

constantly economizing furnish costs. 
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INTRODUCTION 

One of the largest costs involved in any papermak~ 

ing operation is the cost of materials for the production 

of the final product. With today's scarce resources mar-

ket, particularly with regard to the natural resources of 

fiber and mineral involved in the pe.permaking process, it 

is of the utmost necessity that maximum efficiency be 

applied by the papermaker in his utilisation of these re-

sources. 

It was the objective of this study to evaluate linear 

programming as a means of determining least cost blends 

of various papermaking materials which are commonly found 

in the furnish. This seemed to be a particularly timely 

and appropriate concern since these material costs will 

probably be among the most rapidly rising costs to the 

industry in the next few years. Hopefully, it will be 

established that this means of evaluating the cost of 

each furnish against the final properties of the paper 

will yield a useful, everyday tool which the papermaker 

can apply on a routine basis to determine maximum utili-

zation at minimum cost. In order to do this a general 

introduction _to the meaning and assumptions of linear 

programming is necessary, as well as a review of what 

work has been done previously in this particular area, 

and work relating to the area in general. 
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HISTORICAL BACKGROUND 

Linear programming may be regarded as a means of 

solving a system of equations with more variables than 

equations. Its result is a determination of some optimal 

course or method while being restricted to the various 

constraints of the equations which have been ~et up to 

describe the particular area of concern. A further 

general introduction to what linear programming is and 

the assumptions it makes will be attempted immediately 

as a necessary prerequisite to an understanding of this 

project. 

As a generality, many problems can be thought of as 

a choice between a set of activities or activity levels. 

Each activity contributes to an objective but also inter-

acts with other activities. Some problems which have 

been successfully analyzed with the aid of linear pro-

gramming include production, scheduling, capital budget-

ing, portfolio selection, marketing, advertising, trans-

portation, and personnel assignment. 

Linear programming deals with activity levels (1,2). 

In its simplest form different activities represent 

different product output, more generally, activity levels 

represent different values of the controlled variables. 

Combinations of various activities are termed choice vari-

ables. A common problem is the choice of the best combi-

nation from the possible, feasible combinations. The 
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limits of the various activities are represented by a 

system of constraint functions. Taken as a whole set, 

these indicate the possible, feasible programs. The rate 

at which each activity contributes to a given objective, 

such as profit, is represented by an objective function 

or equation. The optimal feasible programs are those 

which optimize the value of the objective fun"ction and 

also satisfy the constraint functions. 

Whenever one is using a model, two things must be 

known, One is a knowledge of what is being described 

by the models the other is a knowledge of the model it-

self. Without this information about how the model 

corresponds to reality and the abstractions and assump-

tions it makes, one cannot know how much confidence to 

place in the results it yields. This is true of linear 

programming, some of the assumptionsof which will be dis-

cussed here. 

Linear programming presumes that the objective 

function and every constraint function is of linear form. 

In relation to the objective function, this means that 

it is assumed that the contribution of each activity to 

the optimization of this function is directly proportional 

to the level of that activity. Economically speaking, 

marginal profit is constant ~ithin the interval for each 

individual production. In many real situations it is 

found that the objective function does not vary linearly 

against one or more of the activities. This problem can 



be dealt with by various methods but it will not be dis-

cussed in detail here. In terms of the constraint func-

tions, linearity is assumed with regard to input and 

output, that is, doubling the input to any activity is 

expected to double its use of any factor of production 

and to double its output. 

4 

A further assumption of linear programming is addi-

tivity. Not only must the various activities contribute 

linearly to the objective function, but it is assumed that 

their total contribution to the objective function is the 

sum of their individual contributions. This should not 

represent much of a problem with blending, but as an illus-

tration in terms of economics, two closely substitutable 

items might have interaction effects causing variations 

in contribution through an objective function when various 

levels are changed. In the same manner, direct interac-

tion between various constraints is ruled out. 

Another assumption which should be mentioned but 

which probably should not present a problem is divisibility. 

Linear programming assumes a continuous choice for the 

variable, .that is, that any real value within the con-

straints may be used. In many problems this is not the 

case; for example, if one were deciding a capital cost 

problem, the solution to build J,35 paper machines does 

not exist in reality and in certain cases rounding may 

remove one from the actual optimal solution. Special 



integer linear programming solutions do exist for whole-

number problems such as these. 
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Constants representing certain values in the functions 

also can represent a problem, that of certainty. It may 

aid the solution of a problem to make assumptions of con-

stants, but often these are predictions which may vary 

widely from actual values wh.en the problem is encountered. 

If the condition of certainty exists this is not a problem. 

However, in cases of uncertainty, various techniques are 

available for recognition and dealing with the problem. 

Sensitivity analysis incorporated into the problem can 

study to a limited extent the ability of certain constants 

to vary before an optimal solution becomes non-optimal. 

A more systematic variation of the constants is used in 

a system referred to as parametric programming. A treat-

ment of one or more constants as random variables together 

with the use of probability and statistical decision 

theory permits the most satisfactory resolution of the 

uncertainty problem in linear programming. 

Finally, the assumption is made that only non""'. 

negative activity levels are feasible. This usually 

takes the form of part of the constraint functions in 

that the various activity levels are allowed only a posi-

tive value or zero. In terms of production this would 

mean that an activity cannot be reversed and thereby 

create a factor of production from a product. 
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The objective of this project was to evaluate linear 

programming as an effective tool for optimizing pulp fur-

nishes in the real world; that is, actual properties of 

base pulps were determined and used to predict properties 

of sheets produced from them. Sheets were then made and 

analyzed for agreement with predicted values. This fol-

lows quite closely an article published by Foster {J). 

Foster states that pulp blending is generally con-

sidered an art, supported partly by experience, partly 

by technical judgment, and partly by trial and error. 

He proceeds to discuss a generalized problem involving 

116 pulps, the number arising by considering each as a 

separate combination of species, pulping method and de-

gree of refining. His problem seeks to determine the 

least cost blend with controlled properties, including 

density, burst, tear, tensile, smoothness, and opacity. 

From this generalized problem he abstracts a specific 

problem limiting the input to six different pulps and 

setting constraint conditions uses linear programming to 

find an optimal solution. He does not, however, state 

whether this final solution was actually produced to 

check the results. He does state that input data was 

determined from actual laboratory tests and reminds the 

reader of the. general rule of thumb that accuracy of re-

sults never exceeds the accuracy of the data. 
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Further study of this situation was introduced on a 

theoretical level by Lamer (4). Mr. Lamer introduces 

several different aspects to the problem. He states that, 

even though knowing the properties of each individual mate-

rial entering the final pulp blend is the most accurate 

means of determining final properties, it is also possible 

to approach the problem by determining the properties of 

a large number of different mixtures, each mixture being 

significantly different from every other one. This is 

more applicable to mixed beating types of situations. 

He also discusses the effect of filler additives, 

stating that these would probably have a negative effect 

on strength property, which would have to be determined, 

but that they, too, can easily be factored in to the ,total 

problem. He concludes with a simple problem based on 

estimated values which illustrates the possibility of 

the technique, but again fails to have real input and 

output comparison to justify whether the technique 

actually proves out. Some of the assumptions, primarily 

those regarding linearity, have been dealt with before 

and are the prime points of interest for starting the 

basic problem. Therefore, these will be discussed next. 

Linear programming depends on what might be called 

linear blending theory. At least this is the term chosen 

by D.R. Nordeman in his article on the subject published 

in the March 20, 1972, Paper Trade Journal ( 5). N ordeman 
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uses the example of burst vs, freeness curves for a 100 

percent softwood and 100 percent hardwood pulp. The 

theory states that by taking two points, one on either 

curve, a pulp resulting from a mixture of hardwood and • 

softwood would lie the appropriate percentage distance 

along a line joining the two points that the mixture 

would call for. He also discusses application of the 

theory with regard to the liner board industry, Opti-

mality in this situation would be a maximum hardwood 

utilization. Therefore, a target point lying somewhat 

between the hardwood and softwood curves would be chosen, 

and the possible combinations would result from all 

lines which pass through this point and intersected the 

two curves. Graphical optimali ty:is reached where the 

slopes of both curves are equal at the point of inter-

section with the line between these points and the tar-

get point. Beyond this point, increasing hardwood ·con-

tent would increase burst at a lesser rate than the 

removal of the softwood could justify. 

The increased value of Nordeman•s study was the 

fact that it was checked out using actual laboratory 

pulps. He states that some results did vary somewhat 

beyond normal 95 percent confidence limits, but that the 

actual variation was not beyond usual production capa-

bilities in terms of correctability and that theory-

wise some utility could be seen for on-line use. 
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Very little , information could be found with regard 

to the linearity of substitution of one ingredient of a 

furnish for another. However, some further work was done 

on substitutability of softwood by hardwood in a study at 

the Department of Paper Science and Engineering at Western 

Michigan University on "Means and Techniques for Increasing 

the Utilization of Michigan Hardwoods" (6). This report 

found quite good linearity with regard to substitutions, 

"Pulp blends, ranging in hardwood content from zero to 

100 percent (softwood content--100 to zero percent), 

showed near linearity with respect to all tests performed." 

Much further information is contained in the report in 

the form of data on lndividual pulp species and many graphs 

relating various paper properties to percentage mixtures 

of hardwood and softwood pulps. This data, however, may 

not be particularly applicable beyond the general trends 

it shows. As has been stated previously, output data can-

not be expected to be any more accurate than input data, 

and in an experiment in which one depends upon the other 

as in this one, input data muat be determined quite closely 

within the actual experiment for true evaluation of .the pro-

ject as a whole. Therefore, some general preliminary work 

was necessary to establish the basic properties of certain 

papermaking substances and the degree to which substitut-

able linearity exists between them. 
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EXPERIMENTAL DESIGN 

Since the object of this study was to determine the 

actual practicality of linear programming for determining 

least cost furnish blends, the essence of the experiment 

was to generate actual laboratory test data for input to 

the program and then actually generate sheets -according 

to program specifications to determine if the model actu-

ally succeeded in determining a blend which provided the 

necessary properties. Previous work dealt only with 

linear programming theoretically, and did not use actual 

input data or check results. 

Five basic papermaking materials were obtaineds 

Espinola bleached softwood kraft, Burgess bleached hard-

wood kraft, tab cards, and a moderately bright filler 

clay, and a very bright Ti02 from departmental stocks. 

It was then necessary to determine the interaction of 

ea.ch papermaking material towards certain properties of 

the final sheet to check whether the linearity assumption 

of the linear programming model was, · in fact, accurate 

enough to use. 

In order to do this the tab card, softwood, and 

hardwood stocks were refined using the Valley beater to 

250, JJO, and J80 ml. Canadian standard freeness respec-

tively. Handsheets were then made using the standard 

procedure on the Noble and Wood sheet machine. These 

sheets were approximately 2 • .5!.1 g., which is equivalent 
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to a 60 g. per meter square basis weight. Handsheets 

were made with 100% of each of the kinds of fibers. Then 

the interaction effects would be determined by decreasing 

one fiber percentage by 25 percentage point steps while 

increasing another fiber in the furnish by the same amount. 

In this way, the properties of the various mixtures of the 

three fiber elements in the furnish were determined. The 

properties of interest were tensile, tear, mullen, opacity, 

and brightness--all being determined by the usual TAPP! 

test methods. In order to determine the interaction effects 

of the various fillers, handsheets were made using five 

different loading levels of each of the two fillers with 

each of the fibers. These sheets were then tested for ash 

content to determine the actual loading level and the same 

properties as before were tested. 

The data derived from these tests essentially consti-

tutes the input to set up the linear programming model for 

the furnish interactions, it is also presented in tabular 

and graphical display subsequently. 

The next step was to determine two sets of constraints 

and, after arranging the input material to fit the linear 

programming problem set-up, to use the Western Michigan 

University linear programming program (hereinafter referred 

to as LPR), to determine the least cost furnish and then 

to return to the laboratory and make this sheet according 

to the program generated furnish to determine whether the 

actual properties met the arbitrarily picked constraints. 
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This was done, and the handsheets produced from the 

program generated furnish by and large met most of the con-

straints. The program provides considerable other data 

with regard to predicted values of the constraint proper-

ties, such as marginal costs, limits on various properties, 

and data on which material would enter or leave the furnish 

if certain properties were extended beyond certain points, 

A more complete description of these results, that is the 

LPR output, and its meaning and significance will be given 

under results. 

Arranging the data to fit the linear programming 

problem set-up corresponds to the statement of the problem 

included on the following separate sheet. What this 

amounts to is a function which the program seeks to 

maximize while maintaining itself within the constraints. 

The function consists of each component amount times its 

cost; therefore, the program minimizes total cost. The 

constraint equations represent the summing of the contri-

bution of each furnish material to that particular property, 

Therefore, these are maintained according to the constraints 

plugged into the right hand side, The final four of these 

equations simply represent that each of the fillers must 

individually maintain itself below 20%, that the sum of 

the fillers must be below JO%, and that the sum of all 

the constituents must equal 100%, Some of the problems 

with this format will be brought up later under other 

headings. 



STATEMENT OF PROBLEM IN THIS EXPERIMENT 

Maximize: F(X)=-295Xl-285X2-J21XJ-90X4-5JOX5-5000Xl4 

Constraints: 

lJ 

-12.JX1-6.JX2-8.5XJ+l9.JX4+16X5+X6 = -Tensile Req. 
-75Xl-42X2-5JXJ+40X4+10JX5 +X? = -Tear Req. 
-42Xl-20X2-21XJ+75X4+76X5 +XB = -Mullen Req. 
-8R.7Xl-9J.6X2-70XJ-15X4-51X5 +X9 = -Brtns Req. 
-67Xl-79X2-76XJ-66X4-85X5 +XlO = -Op. Req. 

X4 +Xll = 20 
X5 +Xl2 = 20 

X4 + X5 +XlJ = JO 
Xl+X2+XJ+X4+X5 +Xl4=100 

Xl: softwood% 
X2: hardwood% 
XJ: tab cards% 
X4: · clay % 
XS: Ti02 % 
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EXPERIMENTAL RESULTS 

The prel iminar y results on the properties rela ted 

to fiber composition and filler level are presented in 

Tables l through 4 and Figures 1 through 20. The tables 

are self-explanatory. The first set of graphs relates 

the various properties to percent composition, Which 

fiber is increasing in percentage and which is decreasing 

may he determined from the key. Since there was consider-

able data already generated on hardwood-softwood inter-

actions, only the two 100 percent levels were determined 

and a straight-line relationship between them was presumed 

as is consistent with the previously determined data (6). 

Many of these relationships turned out to be surpris-

ingly linear; however, most have at least a slight curved 

character, and several have decidedly non-linear character-

istics. It is possible, though not particularly valid 

scientifically, to hope that the problems this causes with 

the results of the linear programming and its presumption 

of line8rity will tend to balance out against one another 

and have essentially a small effect. In fact, it was found 

that this is an invalid assumption and that further tech-

niques either in an alteration of the linear programming 

model itself, or more realistically and easily accomplished, 

alterations on a short-term basis by the operator, were 

necessary to attain a sufficiently accurate result for 



furnish adju s t ment. This effec t will be discussed more 

completely under "D i scussion of Results." 
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Figure s 6 t hrough 20 show the r elationship of the 

var ious pro perties to the percent a sh by the type of 

filler ; tha t is , one can s ee the relative gain in opac ity 

or brightness as the percentage of clay or Ti0 2 in the 

sheet increases . The r elat i onship of the phy s i ca l prop-

erties to the percent a sh is also shown for ea ch of the 

fillers and each of the sheets. Approximately the same 

remarks on non-linearity made above hold in th i s case. 

The mos t i nterest i ng results and t hose most perti-

nent to the outcome of the project as a whole are in the 

out put from LPR for each of the various furnishes and 

constraint s. This is quite hard to interpret in the form 

which is printed out by the computer, so the most meaning-

ful results have been tabulated in a more explanatory 

fashion in Tables 5 through 9. 

The first two columns give the variable name and 

what it correlates with. The first five variables are 

assigned to these elements of the furnish so the corre-

lation i s obvious, X6 through XlO are the slack variables 

for the constraint equations on the properties with which 

they are associated, and this is where they derive their 

a ssoc iation ~ith these properties. The following column 

simply g ives the unit cost assigned each of the furnish 

constituents. These are actual prices supplied by a local 

mill. Following this are the number of units, that is, 
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the percentage of each furnish constituent which according 

to the linea r program can be combined to give a ll desired 

properties at a minimal cost. 

The next three columns show the various values of 

the tested properties which are derived at various points 

in the project. First of these, the constraint value, is 

the arbitrarily chosen value of the property to be used 

as a constraint which the program must satisfy while 

attaining the least cost. The second column is the pre-

dicted value of the property. This is the number which 

according to LPR should be the value of this property in 

the sheet made according to the furnish it provided. The 

final column of this group is the actual value of this 

property in a sheet made according to the furnish pro-

vided by LPR. The various discrepancies and the meaning 

of these will be further discussed under "Discussion of 

Results." 

After this column comes one labeled "Marginal Cost." 

In the case of the first five variables the number in 

this column is the amount by which the cost of these fur-

nish constituents must decline before they become feasible 

for making this sheet. In the case of the second five 

variables, which reflect the various properties, the num-

ber in this column is the marginal cost of one more unit 

of the property. That is, it is the amount by which the 

furnish cost would increase if one more unit of the 

critical constraint were needed. 
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The last four columns display various limits on values 

in one of the previous columns, In the case of the first 

five rows, the lower limit number is the cost below which 

a furnish constituent cannot go without in some way alter-

ing the furnish and the variable affected by this is stated 

under lower limit variable. The same relationship holds 

for top limit variable and top limit on these·rows. That 

is, if the top limit is exceeded, the indicated variable 

will enter the furnish. For rows six through ten these 

columns have similar but slightly different meaning, In 

these rows, if the columns are filled in, it is for a 

critical constraint, meaning one which is only barely met 

by the furnish and therefore has a marginal cost. The 

first of these columns shows the number of units by which 

this critical variable could be decreased, in the second 

column the variable which causes this limitation. The 

third and fourth columns reflect the same relationship 

for the upper limit. 
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DATA ON Fl BER BLENDS 

%6,V\J 6r Tl\e:S'S Tef\~; l€. -
~'dy tea., Mu Llen 

loO?c S.W, 67, I gg,7 /~,3 7S' ~.2 

10010 H,W, 79.1 °13,l 6,3 L/.1 ~o 

too It> TC. 7f>,5'° 70,0 9,S- ~3 ~/, 2. 
7S-%S'.w 

71.I go,9 31,'J ~S% T.C. 12,' &o 
~% 5.W. 
S-0/o T.C. 73,~ 75',7 /0,"f" s-y ~g',.J 

2~s.w. 
7S-to r.c. 7-i,5' 7~,2 /l•t to 3C> 
7S-9o H,u.J . 
~s-;t-r.c. ?f,O $'J,? 7,7 ~f ~~.( 

SO% t-(,W, 

Sb/o T.C. 78, I '80,'f ~.o f't ;R7, 7 
~S% /-1,W. 
¼%Tc. 77,~ 7S";'1 r.'i s-o 
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DAT A ON °/o f\S H FO~ SOf"TW0O0 

%fbk Dp=c-~+y &-:,~ \.-t..1!'~ lef\~\ le ,~, t'\.u l le." 

2,D(; Clay ·70, °t 8'1, J Is ~,.s- 38 

3.SD ~/ 7~,S gs-, 8 //,6 7:1.0 :J:2 

'l.5'S~y 73,.5" <;IS, 7 //,3 75,0 33 

13,~ Glay to . , C\O ,'f 9.G\ 76 32 

~o .3Ck-7 ~6, 3 90.i 7,S- 67 :lO ,'} 

2, tJ"" Ti0.2, 7'?,4 tg,t, ,2 73 J,,7 

.3 ;i'f T;o~ ~o.7 8'1 12 ,3 36,6 

!SS"T,02. 'jj'O, 5' SC\,S' 11.J 6B "){p'-f 

11-L< no~ 1i,'i 'll • S" 8 , 6 S-6 .Z6,) 

~.( T,O;i 'f3,7 lco .C, ,.o '-t '-f l I I 
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-
% Its~ OF-e-;~ ~1'~t~ss ~t)J l·o~ ... r Mv l \e" 

l.~2 do.y '7'1 .S" 9'i & 3 ,.2 l{ '1 le• '-f 

1.01 c\o.y 7l\, i <r3. C\ ,.~ ~'i ,-, 
2,'<l C lo._y ~o. \ q"3, I ,.2 416 \~.J 

G\,20 c\o.7 ~-'3 9o &'\ S",2. 2"1 II, I 

n.sclQ-y 17,'1. 90,7 w ~o 6,7 

,.~6Ti02 go,7 '1~.'1 ,.9 40 17 

,.~ 7:02, vo.~ 95",~ ,.o 'I~ II,/ 

7,~ Ti 0.2 iS-,2 r,.-:1 ,,s J.(Jf /9, L/ 

,e ., 110:t. 'i1,s ,s-.2 s: f :is> tJ,S-

111, I -no~ g~.~ ~ca.o Lt,0 ~, 9,3 

,aLle 3 
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DATA ON % ASH FOR -rAB CARDS-

. 
0/4 A5~ ~;~y 6r~h+t\.eSS lei'\S~ \~ to:>..~ Mo\ \.e" 
~. oc~, 7ff I 7 72,i 7,7 L[g' ~3 

L{ . o Ckll 7~ ,<is' 73.3 7,<J Lfg,S- ~1 

~,7 Cla.7 ~C>.O 73,7 7,~ ;s- l Jo.S' 

~"1 cl~7 ~g.g 7i.8 4;2 ;2.& //,/ 

3'-1 Clo.r 9o,o ~,. 0 3,~ 19 7,S-
7.9 

'3,07 T,Ol 7q.i 75",3 :10., s-o .( :i~ 

5,7-S-T,02. -n'·l. l 76 .o 7, {, L{~ 

.y .gs -r;o,_ 8''-f,'? 7~'' Li~ 20.S' 

11.1 Tio~ 9:l,S- Y1.o 5",'( :J.i /S-, 2 
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DISCUSSION OF RESULTS 

As shown in Tables 5 through 9 the essence of the 

results is contained in the three columns reflect ing the 

various values of the constraints for each of the outputs. 

While there are other significant aspects to be noted, 

this will be discussed first because it is by far of the 

most importanc e with regard to the long-term practicality 

of this scheme a s a mill procedure. 

In each of these furnishes the constraint value is 

merely the a rbitrarily selected number which was used 

when picking the properties for the output sheet. How-

ever, if the model had operated perfectly the predicted 

value wh i ch is given by the output from LPR should have 

matched within experimental variability the actual value 

of the output sheet for each of the constraints. While 

these two values agreed closely enough of the time to 

encoura ge great optimism for the success of the procedure, 

they also d i sagreed significantly enough that steps had 

to be taken to determine the reason and what could be 

done about it. 

The problem was that in presuming linearity the ·pro-

gram was using only an approximation on a large scale of 

various constraint-constituent interactions. This means 

that the actual interrelationship on a critical variable 

would differ so much from this estimation that the pre-

dicted value would be significantly different from the 
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actual value. This is not critical if there is a margin 

to work with above the actual limit on the constraint, 

but several times it can be seen that the critical varia-

ble was predicted to be nearly on the constraint and the 

value actually turned out considerably below. In 8 mill 

this would be an intolerable situation. 

What could be done to remedy the problem? There are 

two possible courses of action. One would be to attempt 

to make enough alterations in the model by replacing 

curvilinear relationships with straight-line approxima-

tions of the same. This would be tedious, difficult to 

do accurately, and not entirely satisfactory in the end. 

Therefore, for this project a second approach was 

adopted. This was to use the linear programming itself 

as a sort of estimation procedure in which each succeeding 

approximation was better than the one which preceded it. 

What this amounts to, in fact, is taking the first LPR 

output and seeing approximately where one stands as a 

furnish and then readjusting only those variables which 

need adjusting around this point and then rerunning LPR 

and getting a second estimation. If the paperrnaker's 

experience at this point tells him that in all likeli-

hood this furnish would actually perform, then it could 

be tested out. However, if he feels it .would not, the 

model could again be altered to a better description 

around the critical area described by the furnish and 



a new furnish generated which a gain should be more accurate 

tha n the old . 

An example of this is the interaction of clay with 

ha rdwood and tab card fibers. The hardwood was quite 

bright 2nd the addition of clay would actually decrease 

its brightness, whereas the tab cards were quite dull and 

clay would considerably help their brightness: Since in 

this means of programming a single coefficient must be 

used to describe the interaction of clay with the bright-

ness constraint, there was no particularly satisfactory 

way this could be described. The means used was an average 

of the two correct values which was, in fact, a long way 

from describing either accurately. There is no way this 

could have been compensated for by the first procedure 

since this deals not with a non-linear relationship but 

simply with essentially two different interactions. 

What the second procedure allowed was an iteration 

whereby, knowing the shortcomings, the operator could 

look at the first furnish and noting either a high amount 

of tab cards or of hardwood could either greatly increase 

the coefficient for the clay or greatly decrease it re-

spectively. This would achieve the better description 

previously mentioned, enabling the second output to be 

more realistic than the first. Of course, this can be 

repeated many times in a small amount of time, and theo-

retically very accurate results could be obtained 
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depending primarily on the skill and papermaking know-how 

of th e jnd ividual adjusting the model. 

The outcome of such a procedure is demonstrated by 

the LPR output labeled "5A-E2" (Table?). This represents 

the second estimation by observing previous results and 

cha nging the model to a better description in the case of 

Furnish SA. Although it is still a less-than~perfect 

match between predicted and actual results, enough improve-

ment seems to be demonstrated to establish the validity of 

the procedure as a means of obtaining more realistic and 

accurate results. 

Other significant results which demonstrate capabi-

lities of this system are the minimum cost figures recorded 

in the upper right-hand corner of each output. Assuming 

proper entry of the problem, this is guaranteed to be the 

absolute lowest cost for which such properties could be 

obtained with these furnish elements. Therefore, any 

inaccuracy is only inherent in the model itself. 

One cost-saving demonstrated by these outputs can 

be noted by looking at the contrast in furnish and cost 

between Furnishes 5 and 5A and 6 and 6A (Tables 5, 6, 8, 

and 9). Furnishes 5 and 6 are two different sets of con-

straints but the same set of costs, which are approximately 

the current prices for these.materials. Furnishes 5A and 

6A represent the same constraints but have costs represen-

tative of approximately two years ago. Although the costs 
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have increased greatly, accounting for most of the increase 

i n costs of the final output furnish, the item to be noted 

i s that the a ctual percentage composition of the various 

materia ls in the output furnish in each case changes quite 

dr a s tica lly . In other words the furnish used two vears 

ago to a tta in certain properties in an output sheet is no 

lon ger what one could use most cheaply to ach!eve the same 

results today. In the rapidly changing price and avail-

ability structure of today, this procedure would be most 

useful in maintaining a constant least cost furnish, since 

actual constituents may change almost as rapidly as was 

seen in the two-year interval. 
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CONCLUSIONS 

Li near programming by itself falls somewhat short 

of exactlv producing least cost furnishes with cert8 in 

constraint s due to the inaccuracies of certain approxi-

mati ons within the model. However, by using it as a 

successive approximation or iteration procedure, and each 

time revising the model to better suit actual interactions 

around the point predicted by the last linear programming 

output, very accurate results can be obtained which would 

be ~reatly useful in maintaining constant maximum economy 

of furnish costs. 

In addition, it was shown that under situations of 

fluctuatin g price and availability furnish blends which 

will provide certain properties at least cost will change 

rapidly over a short time period and such a technique is 

therefore a valuable tool in this sort of situation. Some 

work, of course, remains, probably the most important of 

which would be a basic feasibility study on a sort of 

project basis in a mill situation. 
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SUGGESTIONS FOR FURTHER STUDY 

This study obviously has very limited scope with 

resoect to the potential of the technique being investi-

fated. Further lab work could be done by simply expand-

ing the size of the model to many more variables, which 

should result in more realistic results in terms of 

actual furnish properties versus constraints. Another 

major area would be a study on basis weight correlation. 

This experiment was limited to a single basis weight. 

Probably the model could be extended to cover a whole 

range of basis weights with the same linear relation-

ships over the short range, which make the rest of the 

technique viable. Other areas, such as coloring with 

dyes, could also be studied in the laboratory. 

The other large segment of' further work which would 

be necessary for implementation in a mill would be a 

study of the technique as regards certain variables 

introduced around a paper machine which are not encoun-

tered in a laboratory. This would mean a study of' such 

paper machine effects as pressing, drying, drainage, 

sizing, and other e:f':f'ects introduced only in the paper 

machine situation. Probably it would also involve a 

large study of past production in terms of input versus 

output quality to determine a preliminary model for a 

particular mill situation. That is, a large statistical 

: .• ,.,f ' 
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study, orobably computerized, of this large amount of 

a lrearl v ee~erated data could yield a very good prelimi-

nary model from which to work in setting up actual equa-

tions for the linear programming problem itself. 
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