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Abstract: In this investigation, we present symmetry algebras of the canonical geodesic equations
of the indecomposable solvable Lie groups of dimension five, confined to algebras Agl}C to Afg.
For each algebra, the related system of geodesics is provided. Moreover, a basis for the associated Lie
algebra of the symmetry vector fields, as well as the corresponding nonzero brackets, are constructed

and categorized.

Keywords: symmetry algebra; Lie group; canonical connection; system of geodesic equations

1. Introduction

The use of Lie symmetry methods has become an increasingly important part of the study of
differential equations, ranging from obtaining new solutions from known ones [1,2], reducing the order
of a given equation [1-3], deriving conserved quantities [1], to determining whether or not a differential
equation can be linearized and construct explicit linearization when one exists [4-6]. Moreover, it can
be used to classify equations in accordance with their symmetry algebra [7,8]. This method was
devised by Sophus Lie [9-11]. Currently, vast literature exists discussing such techniques, and readers
can refer to books by Olver [1], Bluman and Kumei [2], Hydon [3], and Arrigo [12].

Very recently, Lie’s symmetry method has been extended to a special case of the inverse
problem for geodesic equations of the canonical symmetric connection belonging to any Lie group
G. Ghanam and Thompson initiated an investigation of symmetry algebras of canonical geodesic
equations for Lie groups of dimensions two and three [13], as well as four [14]. Furthermore, the first
author, together with Ghanam and Thompson, extended the investigation to dimension five [15].
In [15], we concentrated merely on the systems of geodesic equations of indecomposable nilpotent Lie
groups whose Lie algebras appeared in the article by Patera et al. [16]. We were able to determine
the basis of symmetry algebras for each given system of geodesic equations, and then proceeded to
classify their corresponding symmetry algebras.

The canonical connection, which we denote by V, belonging to any Lie group G was introduced
by Cartan and Schouten [17]. Two of the current authors investigated the inverse problem for canonical
connection V in the case of Lie groups of dimension five and less [18-21]. In the following section,
we present a brief summary of salient features of the canonical connection on a Lie group.

The current article continues the investigation for symmetry algebras of systems of geodesic
equations of five-dimensional indecomposable Lie algebras. In particular, we focus on the geodesics of
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solvable Lie algebras 7 through 18. In each given case, nontrivial infinitesimal symmetries are detected,
and the corresponding Lie algebra of symmetries are identified.

The paper is structured as follows. Section 2 provides a succinct description of the canonical Lie
group connection. Section 3 describes the methodology for finding symmetry algebras. Section 4 is the
main thrust of the article. In this section, we determine the basis of symmetry algebras for geodesic
equations and subsequently calculate their Lie brackets; thereafter, we identify all possible symmetry
algebras admitted by the governing systems of equations. We discuss our conclusions and future
research in Section 5.

2. Canonical Connection of a Lie Group

This section aims to present a brief overview of canonical symmetric connection V on a Lie group
without going into all the details. The background and main properties of such a canonical connection
have been well-described in the literature [19-21]. Let X and Y be left-invariant vector fields on a Lie
group G; then, the canonical symmetric connection V on G is defined by

VxY = S[XY] M)

and then extended to arbitrary vector fields via linearity and the Leibnitz rule. We now quote the
following result. For a more detailed presentation, interested readers are referred to Ghanam et al. [19].

Lemma 1. In the definition of V, we can equally assume that X and Y are right-invariant vector fields; hence,
V is also right-invariant and hence bi-invariant.

Following the above Lemma, connection V is symmetric, bi-invariant, and the curvature tensor
on the left-invariant vector fields is obtained by

R(X,Y)Z = ~[Z,[X,Y]]. @)

A

Furthermore, G is a symmetric space in the sense that R is a parallel tensor field. Ricci tensor R;;
of V is symmetric and bi-invariant. If {E; } is the basis of left-invariant vector fields, then

[Ei, Ej] = CliEy, ®)

where Cg‘j are the structure constants and relative to this basis; Ricci tensor R;; is given by

Rij = 1ClCll @
from which the symmetry of R;; is apparent. Since R;kl is a parallel tensor field, and R;; is symmetric,
it follows that Ricci gives rise to a quadratic Lagrangian that may, however, not be regular. We
assume that G is indecomposable in the sense that Lie algebra g of G is not a direct sum of
lower-dimensional algebras.

Since our starting point is the Lie algebra g of a Lie group, it was of interest to ask how the ideals
of g are related to V. We quote the following result [22].

Proposition 1. Let V denote a symmetric connection on a smooth manifold M. The necessary and sufficient
condition that there exist a submersion from M to a quotient space Q, such that V is projectable to Q, is that
there exists an integrable distribution D on M that satisfies:

(i) VxY belongs to D whenever Y belongs to D and X is arbitrary.
(ii)  R(Z,X)Y belongs to D whenever Z belongs to D, and X and Y are arbitrary vector fields on M, where R
denotes the curvature of V.
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In the case of the canonical connection on a Lie group G, we deduce

Proposition 2. Every ideal ) of g gives rise to a quotient space Q consisting of the leaf space of the integrable
distribution determined by b and V on G projects to Q.

For the sake of completeness, we state the following results, see Ghanam et al. [19].

Proposition 3. Let V be canonical connection on a Lie group G and R denotes the curvature of V, then the
following results hold:

(i) Curvature tensor R is covariantly constant.

(ii)  Connection has torsion zero.

(iii) Curvature tensor R is zero if and only if the Lie algebra is two-step nilpotent.

(iv)  Ricci tensor is symmetric and in fact a multiple of the Killing form.

(v)  Ricci tensor is bi-invariant.

(vi) Any left- or right-invariant vector field is a symmetry of the connection.

(vii) Any left- or right-invariant one-form on G gives rise to a first integral on TG, ie., any left- or
right-invariant one-form defines a linear first integral of the geodesics.

(viii) Geodesic curves are translations of one-parameter subgroups.

(ix) Any vector field in the center of the Lie algebra is bi-invariant.

As a way of trying to understand the meaning of symmetry algebras, we note that every left- and
right-invariant vector field appears, and they are independent except at identity, and their intersection
of course will comprise the bi-invariant vector fields. Any vector field in the center is, as such,
a bi-invariant vector field. Thus every symmetry algebra is guaranteed to have a certain number of
basic symmetries, that is left and right-invariant vector fields. The more “symmetric” that a certain
geodesic system is, the more it will have extra symmetry vector fields, that cannot be so readily
interpreted. Closely related to this issue is the fact that many of the Lie algebras in the range 5.7-5.18
in [16] depend on one or more parameters. For certain special values of these parameters, “symmetry
is broken”, in the parlance of physicists; one sees this phenomenon particularly in the first example
5.7abc, where there is a variety of cases. In each subcase for each class of Lie algebra, we list at the
top the values of the parameters and present the symmetry algebra accordingly. We provide a list of
symmetry generators and the non-zero Lie brackets that they engender.

Next, we obtain a formula for connection components F;:k of V in a coordinate system (x').

Suppose that right-invariant Maurer—Cartan forms of G are a’. Then, there must exist a matrix Y]? of
functions such that
o = Y]-’dx]. (5)

The fact that such a matrix Y]' exists is the content of Lie’s third theorem (Helgason [23]). We denote
the right-invariant vector fields dual to the &’ by E;. It follows that
L O
oxk’
where Xf‘ is the inverse of Y]’ We denote the structure constants of g relative to the basis E; by C;k.
Then, by definition,

E =X ©)

1
VEE; = ch;Ek. 7)

By Equation (7), we find the following condition relating to C]l:k and l";'.k:

1
XK( e+ X]l.rg;) = Ec{fjx;f. (8)
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Taking the symmetric part of Equation (8), we obtain
Ly j
Iy = —E(YqXqu + YPXZZP). )

3. Formulation of Symmetry Algebra

This section is designed to succinctly discuss Lie’s algorithm, adapted to obtain the symmetry
algebra of the geodesic system of equations. Consider a system of second-order ordinary
differential equations

AEZ) =gi(t,q,x,y,z,w,q,%y,2w), i=1,...5 (10)
where t is the independent variable, (g, x,y,z, w) are dependent variables, and (4, x,J,Z, w) denote
the first-order derivatives of (g, x,y, z, w) with respect to t. The Lie algebra g of symmetry algebra of
Equation (2) is realized by vector fields

d ) 3 ) )
r=Tsg, +Q GG Y et Zg + W, (11)

with first- and second-order extensions defined as

d d d d
r()—F+Qt +Xta +Ytay+zta + Weg, (12)
0 d d d ]
1@ =1 4 Qtt + Xt = 5% + Y — 39 + Zttafz + th%, (13)

respectively. Expressions Q;, Xy, Yt, Z4, Wt, Qtt, Xit, Yit, Zy+ and Wy are given as

Qt = Di(Q) —gDi(T), Qu = D(Qr) — 4D(T),

X; = Di(X) — ¥Dy(T), Xyt = D¢(X;) — ¥D¢(T),
JD(T), Yu = Di(Y;) — §D:(T), (14)

),  Zy = Di(Z) —ZD¢(T)

— Dy(W) — wDy(T), Wi = Di(W;) — @Dy(T),

7

where D; is the total t-derivative defined as

J 9 J J +zi+w J J —i—xi 2 +zi wi (15)

Dr=gp T35 355 TV5y T3z T W50 "5 5z 5y 55 T V5

Applying second prolongation (13) to (10), we have
2) (A2) —
r®(a; )‘A@:O =0. (16)

Splitting the resulting expression with respect to the linearly independent derivative terms lead to
an overdetermined system of linear PDEs. Such a system is known as a system of determining equations,
and its solution is the set of all possible infinitesimals T, Q, X, Y, Z, and W, from which we obtain the
basis for symmetry algebra g.

4. Geodesics and Their Symmetry Algebras

The systems of geodesic equations of all indecomposable solvable Lie algebras of dimension five
were constructed by Strugar and Thompson [21]. The list of algebras was based on the 1976 list given
by Patera et al. [16]. As mentioned in the Introduction, the focus of this article is to construct and
classify the symmetry algebras of geodesic equations of solvable Lie algebras. To be more specific,
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we consider the geodesic systems of algebras Agf’; through Afg. Following [16], we denote each of the
five-dimensional algebras as A}, ;, which means the gth algebra of dimension p and the superscripts,
if any, represent the continuous parameters upon which the algebra depends. It turns out that, of the
twelve solvable Lie algebras that are examined, three involve three parameters, two involve two,
and five involve a single parameter. The symmetry algebras may vary, as the parameters take on
certain specific values.

In each case, we methodically provide the nonzero brackets of the original Lie algebra,
the associated system of geodesic equations, a basis for the symmetry vector fields, and the
corresponding nonvanishing Lie brackets. Subsequently, we summarize our findings. An additional
point to emphasize is that determining the symmetry algebra basis and identifying its Lie algebraic
structure in each of these cases constitutes a major challenge. The intensive computational process
was facilitated and verified by the MAPLE symbolic manipulation program. Throughout this section,
(9,%,y,z,w) and their dots represent the position coordinates and the corresponding velocities
coordinates as described in [21]; moreover, R™ x R" denotes a semidirect product of abelian Lie
algebras, in which R™ is a subalgebra and R" an ideal. Further, H and N are abbreviated to the
Heisenberg Lie algebra and nilpotent Lie algebra, respectively. Finally, we use, for example, shorthand

D, for 5 to denote a coordinate vector field.

be.
4.1. AZS:
[e1,e5] = eq1, e, e5] = aey, [e3,e5] = bes, [es, e5] = cey; (abc #0,-1<c<b<a<1).
System of geodesic equations:

§=qw, i=axw, §=byw, %=-ciw, w=0. (17)

Symmetry algebra basis and nonvanishing brackets are, respectively,

er=D,, e = ebwDy, e3=¢e"Dy, es=Dy es=D; e =Dy, e;=Dy, e=e"Dy,

(18)
eg =e“Dy, ejg=wDy, ey1 =xDyx, epp=yDy, e3=2zD; ew=4qDy, e5=1tD; e15= Day.
[e1,e13] = e1, [e2,e12] = e2, le2,e16) = —ben, [e3,e11] =e3, [e3, e16] = —ae3, [es, e15) = ey,
[es, e14] = e5, les,e11] = €5,  [e7,e12] = ey, [es,e13] =es, [es, e16] = —ces, [eg,e14] =9, (19)
[eg,e16] = —e9, [e10,e15] = €10, [e10,€16] = —e4-

For a generic case, it is a 16-dimensional indecomposable solvable. It has a 10-dimensional abelian
nilradical spanned by e1, €3, €3, e4, €5, €4, €7, €3, €9, €19 and a 6-dimensional abelian complement spanned
by e11, €12, €13, €14, €15, €16. The symmetry algebra as a whole is isomorphic to R® x R10,

a=1,bc#1,
41.1. A5, :
Symmetries and nonzero Lie brackets are, respectively,

=Dy, e=Diy e=Dy, e =D; es=D; e =wD;, e =e"Dy eg=e"Dy,
eg = eb“’Dy, e =¢“D;, ey =Dy, ep=1tDy, e3=yDy, e =qDy+xDy, e;5=2D;, (20)

e16 = qDx, e17 = —qD;+xDy, e13 = xD;.
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[e1,e14] = €1, le1,e17] = e1, [e1, 18] = es, [e2,e12] = €2, [e3, e13] = e3,

les, e15] = ey, [es, e14] = e5, les,e16] =e1,  les,e17] = —es,  [es,e11] = —e2,

[e6, €12] = eq, le7,e11] = —e7, le7,e1a] =7, e7,e16] = €3, le7,e17] = —e7,  (21)
les, e11] = —es,  [es, e14] = es, les,e17] =es,  [es, e18] = e7, [eg, e11] = —Dey,

[e9, €13] = €9, le10,e11] = —cewo,  [er0,e15] = €10, [e1s, €17] = 2e16,  [e16,€18] = —e17,

[e17, e18] = 2e1s.

a=b,a# c,
412. Ag, :
Symmetries and nonzero Lie brackets are, respectively,
ep=Dy, e =Dy e=D; e=D; e=Dy e =wD; e =e"Dy eg= "Dy,

eg = ebwDy, elo=€"D;, ey1=2zD;, epp=Dy, e3=tD; ey= gD, €15 = xDx +yDy, (22)
e16 = xDy, e17 = —xDx+yDy, e1g=yDx.

[e1,e15] = e1, le1,e17] = e1, [e1,e18] = es, [e2,e13] = €2, le3, e14] = e3,

s, e11] = eq, [es, e15] = es, [es, e16] = €1, les,e17] = —es5,  [es, e12] = —ea,

[es, €13] = €6, le7,e12] = —e7, ez, ena] = e7, leg, e12] = —bes,  [eg, e15] =es, (23)
[es, e16] = €9, les,e17] = —es,  [eg,e12] = —bey,  eg, e15] = ev, [eg, e17] = e9,

[eg, e18] = es, e10, €11] = e10, le10,e12] = —ce10,  [e1s, €17] = 2e16, [e16, €18] = —e17,
e17, e18] = 2e15

413, AL
Symmetries and nonzero Lie brackets are, respectively,
eg=D;, e =D; e3= Dq, eg =Dy, e5= Dy, e = ellex, ey = wDy, eg= ECwDZ,

eg =e"Dy, ey =e“Dy, e =tD;, e =xDy, e3=qD; e =Dy, e5=yDy+zD, (24)
e16 =yDz, ey =—yDy+zD;, e13=2zDy.

[e1,e15] = e1, le1, e17] = e1, le1,e18] = e5, le2,e11] = [e3, e13] =

leq, €12] = €4, [es, e15] = es, [es, e16] = les, e17] = —es, [es, e12] =

le6, e14] = —aes,  [e7,e11] = e7, [e7,e14] = —e2, leg,e14] = —ces,  [eg,e15] = e,  (25)
les, e17] = es, e, e18] =e10,  [e9,e13] = leg, e14] = —e9,  [e10,€14] = —ceno,
[e10, €15] = e1o, ler0,e16] = €3, [e10,e17] = —e10,  [e1s,€17] = 2616,  [e16,€18] = —e17,
[e17, e18] = 2e15

For all subcases, the Lie symmetry algebra for each subcase is indecomposable Levi decomposition
s[(2,R) x (R> x R1?), where the semisimple part is spanned by ey, €17, e15. The radical consists
of a 10-dimensional indecomposable nilradical spanned by ej, ez, e3,¢e4,65,¢6,€7,€8,69,€19 and a
5-dimensional abelian complement spanned by e11, €12, €13, €14, €15.
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=1,b=1,c#1,
414, ALV,

Symmetries and nonzero Lie brackets are, respectively,

ep=Dx, e2=Dy, e3=D; e =Dy e5=D; e =e"Dy, e;=e"Dy, eg=e"Dy
eg =wD;, ey =e"Dy, en1=Dw, epn=1tD:, e3=2zD;, ey =qDy+xDx+yDy, 26)
e;s =yDx, e =4qDy, ez =xDy, eg=—gDg+xDx, e19=—qDy;+yDy, e =xDy,

e21 = yDy, e = qDx.

e1,e14] = e1, e1,e17] = le1,e18] = [e1,e20] = e5, e2,e14] = €2,
[z, e15] = ey, e2, €10] = ez, €21] = le3, e13] = €3, lea, e12] = €4,
[es, e14] = €5, les, e16] = [es, 18] = —es, [es, e19] = —e5, les, exn] =e1,
les, e11] = —eq, les, €14] = [es, €15] = e1o, les, €19] = €6, e6, e21] = e7,
ez, e11] = —e7, le7,e14] = le7,e16] = le7,e18] = —e7, ez, e19] = —e7,
e7, e20] = €10, [es, e11] = —ces, les, e13] = [eg, e11] = —ea, [eg, e12] = €9,
le10, €11] = —e1o, [e10, e14] = €10, 10, €17] = [e10, e18] = €10, le10,e20] = €7, (27)
le15,e16] = —ex2,  [e15,e17] = —e1g +e19,  [ers,e18] = €15, le15,e19] = —e15,  [e15,€20] = €21,
[e16, 18] = €16, [e16, €19] = 261, le16,€20] = —e17,  [ers 2] = —ero,  [er7,e18] = —e7,
e17, e19] = €17, [e17, €21] = ex, le17,e2] = —e16,  [e1s,e20] =220,  [e1s, e21] = €21,
le18,€22] = —2e2,  [e19,€20] = €20, le19,e21] =2e21,  [erg,e2] = —exn,  [ean, e22] = e1s,
[e21,€22] = e15.

4.1.5. ALZ"=

Symmetries and nonzero Lie brackets are, respectively,

el = Dyl 62 = DZ/ 63 = DQI €4 = Dtr 85 = DJC/ 66 = ecwDy, €7 = ecwDZ/ 88 = ecwa,

eg =wDy;, e =e“Dy, eyn =tD;, e;p=qDy, ez =Dy, e4=xDx+yDy+2zD,

e;s =zDy, e1g =xDz, ez =yD;, eig=—xDx+yDy, ey9=—xDx+2zD;, ey =yDxy, (28)
ex1 =zDx, ex =xDy

le1,e14] =1, le1,e17] = €2, [e1,e18] = e1, [e1, e20] = e5, le2,e14] = €2,

ez, e15] = ey, [e2, e19] = €2, ez, e21] = es, le3, e12] = €3, lea, e11] = eq,

les, e14] = es, [es, e16] = €2, les,e18] = —es,  es,en9] = —es,  [es,en] =1,

[es, €13] = —ces, [es, €14] = e6, es, e17] = €7, [es, e18] = eq, e6, e20] = es,

le7,e13] = —cez, le7,e14] = e7, le7, e15] = es, le7,e19] = e7, le7,€21] = es,

[es, e13] = —ces, [es, e14] = es, [es, e16] = €7, [es, e18] = —es, [es, e10] = —es,

[es, ex2] = €6, [eg, e11] = e9, leg,e13] = —es,  [er0,e12] =er,  [ero e13] = —ero,  (29)
le15,e16]) = —ex,  [e1s,e17] = —eig +e1o, [e1s,e18] =e15,  [ers,e19] = —e1s,  [e1s,e20] = exn,
[e16, 18] = €16, [e16, €19] = 2e16, le16,€20] = —e17,  [e16,621] = —e19, ez, e18] = —enz,
e17, €10] = €17, e17, €21] = ex0, le17,e20] = —e16,  [e1s, 20] = 2e20,  [e18,€21] = em,
le18,€20] = —2e:,  [e19,€20] = €20, le19,e01] =2e1,  [erg, 0] = —exn,  [e20,€20] = €15,
[e21, €22] = e1s.
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For both subcases, the symmetry algebra is a 22-dimensional indecomposable Levi decomposition
with an 8-dimensional semisimple s((3,R) spanned by ejs,eq6, €17, €18, €19, €20, €21, €22 as well

as a 14-dimensional solvable consisting of a 10-dimensional abelian nilradical spanned by

e1,€2,63,e4,6s5,66,€7,68,69, 610 and a 4-dimensional abelian complement spanned by e11, €1, €13, €14.

4:16 Aﬂ 1b 1C1

Symmetries and nonzero Lie brackets are, respectively,

e1=Dy, e=Dy, e3=D; e =D es=Dy; e =¢"Dy, e;=e"D,, eg=e"Dy,

eg =e“Dy, ejg=wDy, eyq =tD;, e;p =qDg+xDx+yDy+2zD;, e;3 =Dy, e1q=2zDy,
ers = gDy, e =xDy, ez =zDy, e13=9Dg—xDx, e19=—xDx+yDy, e =Dy,

ep1 =xDq, exn =2xD;, exn=yD;, ey =—xDx+2zD;, e =yDy, e =2Dq, ey =qDxs,
ez = yDx.

le1, e12] = e1, le1,e16] = le1,e18] = —e1,  [er,e10] = —e1, le1,e21] = e5,
le1,e20] = €3, le1, e24] = —e1, [e2,e12] = €2, le2, e19] = €2, [e2, 23] = €3,
le2, e25] = es, le2, e28] = les, e12] =3, les, 1] = €1, le3, e17] = e,
le3, e24] = €3, [e3, e26] = lea, e11] = €4, [es, e12] = es, [es, e15] = e2,
[es, e18] = e5, [es, ex0] = [es, e27] = e1, [es, e12] = eq, les, €13] = —eq,
[es, e16] = €7, [ee, 18] = —e6, [es, e19] = —e6, [es, €21] = €9, [es, e20] = e5,
leo, 24] = —e6,  [e7,e10] = le7,e13] = —e7, ez, e19] = e7, le7, 23] = es,
[e7, 5] = €9, le7, e8] = [es, e12] = es, [es, e13] = —es, [es, e14] = e6,
[es, e17] = e7, [es, €24] = [es, e26] = €9, [eg, e12] = €9, [eg, €13] = —e9,
[eg, e15] = e7, [eg, 18] = [eg, ex0] = es, [eg, e27] = eq, [e10, €11] = e1o,
le10,e13] = —eq,  [e14,€16] = €17, le14,e18] = —e1a,  [e1a,e10] = —e1g, e14, €20] = —e27,
le1a,e01] = €26, [e1a, 2] = €24, le1a, 23] = —e28,  [e1a, 4] = —2e14, [e15, e18] = —e1s,
le15,e19] = €15, [e1s,e21] = —erq, le15,e23] = €20, [e15,€25] = €15 —e19,  [e1s,e26] = —e17,
[e15, €28] = €27, [e16, €18] = €16, le16,€19] = 2e16,  [e16,€23] = €22, [e16, €24] = €16,
[e16, €25] = ex1, e16, €27] = —e15, le16, €28] = —e19,  [e17,€10] = €17, le17, €20] = —e15,
le17,e0] = —e16, [e17,€23] = —e19 +e2s, [e17,e24] = —e17,  [e17,€25] = €26, le17, e28] = €14,
le1s,e20] = €20,  [e1s, 21] = —2e21, le18,e20] = —exn, [ers, e25] = —eo5, e1s, e26] = —e26,
18, €27] = 2e27,  [e18, €28] = e2s, le19,€21] = —e21, [e19,00] = —ea, [e19, €23] = €23,
[e19,e25] = €25, [e19,€27] = €27, le19,e28] = 2e28,  [eno, €21] = —en, [e20, €24] = €20,
leo, €25] = —e23,  [e20,€26] = €18 — €24, [e21,024] = €21, [e21,€27] = —exs, e21, €28] = —e2s,
lex2,€24] = 2e20,  [exn, e26] = €21, lex2,€27] = —e20, [exn, e8] = —e23, [e23, €24] = €23,
[e23, e26] = €25, [e24, 6] = €26, [e24, €27] = e27, [e24, 28] = es, [e2s, ex7] = eos,
[

€26, €27] = e14.

(30)

(31)

This is a 28-dimensional indecomposable with nontrivial Levi decomposition s((4,R) x

(R3 x

R1?). The semisimple is spanned by ey4, €15, €16, €17, €18, €19, €20, €21, €22, €23, €24, €25, €26, €27, €25-

The radical is a semidirect product of a 10-dimensional indecomposable nilradical spanned by
e1,e,e3,64,65,66,€7,€8,09,€19 and a 3-dimensional abelian complement spanned by e11, €12, €13.
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42. AS,
le2, 5] = e1, [e3, 5] = e3, [eg, 5] = cey; (0 < c] < 1).
System of geodesic equations:
j=2xw, %=0, y=yw, Z=ciw, w=0. (32)
The symmetry algebra basis and nonvanishing brackets are, respectively,
ep=Dy, e=D;, es=Dy, e =Dy e=D; e =wDy e =wD; eg=e“Dy,
=D - LD D D p = gD, + tD; + xD =yD
eg =¢ tr elO*EW g T WDy, ellfT“F w, €12 =qDg +tDy+xDy, e13 =yDy,
(wx —2q) Dy
ey =zDz, e5= — s  * tDy, e =1tDg, ez =xDy, e13=xDy, (33)
thq
e19 = gDy 4+ xDyx + (xw —2q) Dy, e0 = tDx + — - = (xw —2q) Dy,
2
ey = (? —qw) Dy + (xw — 2q) Dy
ey ez
[81,611] = E/ [611612} =e1, [811615] = E/ [611617] = ey,
le1,e18] = e4, le1,e19] = €1 +e7, le1,e21] = e, le1,€22] = eqo,
e
le2, e12] = e, le2, e15] = e, le2, e16] = e4, le2, e20] = €1 + 57,
le3, e13] = e3, lea, e10] = les, e15] = —ey, les, e19] = —ey,
lea, e21] = —2e9, lea, e0] = —2e1 — ey, les, e14] = es, e, e11] = —e2,
[es, e12] = es, les, e15] = [es, e16] = €7, [es, e20] = —e1o,
le7,e11] = —ey, le7,e12] = le7,e15] = —e7, le7,e19] = —e7,
le7,e21] = —2e6, le7,e20] = —2eq, les, e11] = —es, les, e13] = es,
e7
leg, e11] = —ce, [eo, e14] = €9, ler0,e11]) = —e1 X [e10, €12] = e1o, (34)
[e10,€17] = e6, le10, e18] = [e10, €19] = e10, [e15, e16] = 2e16,
[e15,e17] = —e17, [e15, 18] = e1s, [e15, €20] = €20, e15,€21] = —2e1,
le15, e00] = —en, le16,€17] = —e1s, [e16,€19] = —e16, le16,€21] = —2e15,
[e16,€22] = —2e20, le17,e19] = —eq7, [e17, €20] = —e15 + €19, le17,e20] = —e1,
[e18,e19] = —2e1, [e18, €20] = —e16, 18, €21] = —2e17, e18, e22] = —2e19,
[e19, e20] = —e20, le19,€21] = —en1, [e19, €20] = —2e2, [e20, €21] = —e.

For the generic case, the symmetry algebra is sl(3,R) x (R*

x R19). The semisimple part

sl(3,R) is spanned by ejs,e16, €17, €18, €19, €20, €21, €22; the abelian nilradical R10 js spanned by
e1,6e,€3,ey4,6s5,66,€7,€8,€9,e10, and the abelian complement to R10 is spanned by ej1, e12, €13, €14.

c=1
A5,8

Symmetries and nonzero brackets are, respectively,
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e1=Dy, e=D; e3=Dy, e =Dy, es=D; e=wDy e;=wD; e =¢e"Dy,
w2

eg =¢"D;, ey = 5

X
Dq + wDy, e1] = Dy + EDq/ e1p = qu + tDt + xDy, e13 = ]/Dy +zD,,

(wx —2q)

ey =yDy —zD;, e;5=2zDy, e1g=yD;, ey =1D:+ Dy, eig=xDy, e19 =1tDy, (35)

o0 = gDy +xDy + (wx —2q)Dy, ey = xDi, ep = tTqu +1tDy, ep3 = (wx—2q)Dy,

ey = 7(xw22— ) Dy + (wx — 2q)Dy.
le1,e11] = %3/ le1, e12] = ey, le1,e17] = ezl’ [e1,e18] = €3,
le1,e20] = €1 +e7, le1, e21] = e, [e1, e23] = €6, [e1, €24] = €10,
[e2,e12] = €2, [e2, €17] = €2, [e2,€19] = €3, e2,€20] = €1 + %7,
le3, e12] = e3, [e3, e17] = —e3, le3, e20] = —e3, [e3, e23] = —2¢3,
ez, e24] = —2¢1 —e7, es, €13] = ey, e, €14] = €4, eq, e16] = es5,
[es, e13] = e5, [es, e14] = —e5, [es, e15] = ey, les, e11] = —ea,
[ee, e12] = es, [es, e17] = €6, les, e19] = €7, [e6, e22] = €10,
le7,e11] = —e3, le7,e12] = €7, le7,e17] = —e7, [e7,e20] = —e7,
e7,€23] = —2e6, le7, e24] = —2e10, les, e11] = —es, les, e13] = es,
[es, e14] = es, [es, e16] = €9, [eg, e11] = —e9, [eg, e13] = €9,
leo, e14] = —e9, [eg, e15] = es, le0,e11] = —e1 — ezl/ [e10, €12] = exo, (36)
[e10, e18] = €7, [e10, €20] = €10, 10, €21] = €6, 14, €15] = —2e15,
[e14, €16] = 2e16, [e15, €16 = —e14, [e17, e18] = exs, [e17, e19] = 2e19,
le17,e01] = —ea1, e17, €22] = e, [e17, €23] = —2e23, le17,€24] = —e24,
[e18, €20] = —2e18, [e18, e22] = —exo, [e18, 23] = —2em, [e18, e24] = —2e20,
[e19, €20] = —e19, 19, €21] = —e1s, 19, €23] = —2e17, le19, €24] = —2em,
[e20, €21] = €21, [e20, €20] = —em2, [e20, €23] = —e3, le20, €24] = —2e04,
[e21, €22] = —e17 + enq, [e21, €24] = —e23, [e22, €23] = —e24.

The algebra is a sl(2,R) @ sl(3,R) x (R> x R”) Levi decomposition algebra.
The semisimple factor is direct sum of sl(2,R) spanned by ey, e15,e16 and s((3,R) spanned
by e17, €18, €19, €20, €21, €22, €23, €24. The radical comprises a 10-dimensional indecomposable nilradical
spanned by ey, ep,e3,¢e4,65,¢65,€7,68,€9,619 and a 3-dimensional abelian complement spanned by

€11, €12, €13-
4.3. Ay
[e1,e5] = €1, [ea,e5] = €1+ eo, [e3,e5] = bes, [eq, e5] = ceq;  (be # 0).
System of geodesic equations:

j=qw+xw, I=3xw, y=byw, Z=ciw, w=0. (37)
The symmetry basis and nonzero brackets are, respectively,

e1 =Dy, e=D; e=xD; es=e"Dy, e5=(w—1)e"Dy+e“Dy, es=wD; e; =Dy,
eg = DZ, €9 = ebwDy, e10 = Ectz, e11 = Dt, €1p = tDt, €13 = Dw, €14 = yDy, (38)

e1s =zDz, e1g = qDgq + xDx.
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le1,e3] = le1,e16] = [e2,e16] = €2, le3, e5] = —eq,
eq, e16] = les,e13] = —ey —es5,  [es,e16] = e5, [es, €12] = e6,
le7,e14) = €7, les, e15] = [eg, e13] = —beg, [eg, e14] = €9,
[e10,e15] = e10,  [e11,e12] =

11 0f 30

[64/ 613] = Ty,
les, €13] = —e11,  (39)
le10, €13] = —ceqo,

For the generic case, the symmetry algebra is a 16-dimensional indecomposable solvable

R® x (Hs © R®). The nonabelian nilradical is Hs & R°.

Here, H denotes the 5-dimensional

Heisenberg algebra spanned by ey, 3, e3, €4, €5, and the R® summand is spanned by eg, e7, e, €9, €19, €11-

The complement to the nilradical is abelian spanned by ey, €13, €14, €15, €16-

b=1,c#1,
4.3.1. A5,9 :

Symmetries and nonzero brackets are, respectively,

e1=xDg, e =Dy, e3=Dy;, e =xD; e =(w—1)e"Dy+e“Dy,
ez =zD;, eg=¢"D;, e =D; eo=Dy, e =Di epn=e"D,y,
elq =tDy, e;s =Dy, eg=yDy, eyy=2zD; eg=qD;+xDs.
[e1,€2] = —e3, le1, 5] = —eg, [e2, e14] = e9, [e2, 18] = €2,
[ea, e5] = —es, eg, 7] = ea, e17] = e4, lea, 18] = —eu,
[es, e8] = es, [e6, e15] = —es, [es, 18] = e, le7, e8] = —es,
[e7,e17] = —e7, 7, e18] = [es, e15] = —es, [es, e17] = es,
[e10, €16] = €10, [e11,e14] = €11, [e12,e15] = —cery, le12, e16] = e12,
e13, e15] = —en1.
432. AL

Symmetries and nonzero brackets are, respectively,

ep =xDg, ex=Dy, e3=Dg es=xD; e5=(w—1)e"Dy+e“Dy,
ez =zD;, eg=¢e“D;, e9=D;, e=Dy, e =D; epn=e"Dy,
ey =tDy, e15 =Dy, e =yDy, e7=2D;, eg=qDy+ xDy.
le1, e2] = —e3, le1,e5] = —e, [e2, e14] = e9, [e2, 18] = 2,

lea, e5] = —es, es, 7] = lea, e17] = e, es, e18] = —eq,

[es, e18] = es, [es, e15] = —es, [es, e18] = e, e7, e8] = —eq,
le7,e17] = —e7, le7, e8] = [es, e15] = —es, [es, e17] = es,

] =

[610, 616] = €10, [611/814 =e11, [612,616] = €12,

[e13,e15] = —e11-

ee = e Dy,
e13 = wDy, (40)
[e3, e18] = e3,
les, e15] = —es — e,
[e7,e9] = —e3,
[eg, e17] = eo, (41)
le13, e14] = e13,
e = €“Dy,
e13 = wDy, (42)
les, e18] =
[es, e15] = —e5 — es,
le7,e9] = —e3,
[, e17]) = (43)
]

le13, €14] = €13,

For both subcases, the symmetry algebra is an 18-dimensional indecomposable solvable algebra.
The nilrdaical is an nonabelian Lie algebra, Ng & R*, where Ny is a 9-dimensional indecomposable
nilpotent spanned by ey, e, 3, €4, eseq, €7, €3, €9, and R* is spanned by ej, €11, €12, €13. The complement

to the nilradical is a 5-dimensional abelian spanned by ey4, €15, €16, €17, €18-
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43.3. AL5C:
Symmetries and nonzero brackets are, respectively,
e1=Dyx, e=¢e"Dy, e3=xD;, eg=(w—1)e"Dy+e“Dy, es=D;, e =D, e =Dy

es =Dy, e9g=eYD;, eyg=e"Dy, eq=wD; en=qDg+xDy, e3=1tDy, (44)
ey = Dw, e15 =yDy+2zD;, e =yDy—2zD;, e7=1zDy, e13=yD:.

e1,e3] = le1,e12] = [e2, e12] = e2, [e2, e14] = —eo, [e3, ] = —e2,
lea, e12] = lea,e14] = —ea —es,  [es,ern] =e5, [es, e15] = es, [e6, €16] = —e6,
[es, €17] = ez, e15] = [e7, e16] = €7, [e7, e18] = es, les, e13] =
[eg, e14] = —ceo, [eg, e15] = [eg, e16] = —eo, leg, e17] = €10, [e10,e14] = —cero,  (45)
[e10, €15] = e1o, [e10, €16] = €10, [e10, 18] = eo, [e11, e13] = e11, [e11, €14] = —es,
le16, €17] = —2e17, [e16, €18] = 2e15, [e17, e18] = —e16.

The symmetry algebra is a s[(2,R) x (R* x R® @ Hs) Levi decomposition, where the radical
consists of a decomposable nilradical R® & Hs spanned by e, ¢e7,¢e5,6e9,610,€11 and ey, ez, e3,e4, 65,
respectively, as well as an abelian complement spanned by ejy, €13, €14, €15. The semisimple part
is s[(2,R) spanned by e1¢, €17, €18
434, AL

Symmetries and nonzero brackets are, respectively,

ey =Dy, ex=2xD;, e3=xDy, e;=¢e"Dy, es=(w—1)e"Dy+e“Dy, e =Dy,
ez = Dy, eg =e“Dy, eg=wDy, ey =2zD; ey =Dy en=yDy e;3=Dy

els =e“D;, ei5=2xD;, ejg =Dy, e7=1tD;, eg=4qgDy+xDy, e9=yDy,+2zD;, (46)
e0 =yDy —zD;, ey =2zDy, exn =yD:.
e1, e2] = e, e1,e3] = [e1, e15] = e13, [e1,e18] = e, [e2,e5] = —ey,
le3, e5] = —es, les, e12] = [e3, e18] = —e3, [es, e19] = €3, [e3, e20] = e,
[e3, ex0] = e, ea, e16] = lea, 18] = es, [es, e15] = e1a, [es, e16] = —e4 —es,
[es, e15] = es, [es, €17] = e7, e12] = en1, [e7, e10] = e7, [e7,e20] = e7,
le7,e2] = eq3, e, e10] = [es, e16] = —es, es, e19] = es, [es, e20] = es,
[es, exn] = e1s, [ea, e16] = —es, [eg, e17] = eo, 10, e13] = —e11, le10, e14] = —ey,
[e10, €15] = —e2, [e10, e18] = €10, le10,€19] = —e10,  [e10,€20] = €10, le0, 2] = —e1n,  (47)
[e11, e18] = e, le12, €18] = ena, [e12, €10] = —en2, [e12,e20] = —e12, le12, €21] = —eno,
13, €10] = e13, [e13, €20] = —e13, [e13,e21] = e7, [e14,€16] = —e1a, 14, €10] = e1a,
[e14, €20] = —e1a, le14, €21] = [e15, e18] = —e15, [e15, €10] = €15, le15, €20] = —e15,
le15, €21] = €3, [e20,€21] = —2e31,  [ea0, e20] = 220, [e21, e22] = —eno.

The symmetry algebra is s[(2,R) x (R* x R'®) indecomposable Levi decomposition with a
22-dimensional. It has a 19-dimensional solvable consisting of a 15-dimensional nonabelian nilradical
spanned by ey, e, €3, €4, €5, €, €7, €g, €9, €10, €11, €12, €13, €14, €15 and a 4-dimensional abelian complement
spanned by ey, €17, €15, €19. The s[(2,R) part is semisimple spanned by ey, €21, €2;.
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4.4, A5’10.'
[62/ 65] = €1, [63/ 65] = €, [64/ 65] = €3.
System of geodesic equations:
j=xw, ¥=vyw, §=0, £=zw, w=0. (48)
Symmetry algebra basis and nonvanishing brackets are, respectively,
€1 :Dt, eZZtDQ/ 83:DZ/ 84:Dl]/ eSZDXI 66:Dy1 87:ZUDtr eSZyDt/ €9 :qu/
1
el =wDy, e11 =xDg+yDy, epp= e“D;, ez = szDq +wDy, ey = wyDg+2yDy,
1 1
e15 = gw“”Dq + szDx +wDy, e6=Dy, e17=2D;
1 49)
e1g = qDg + xDy +yDy, — E(wx — wzy)D - E(—wy +2x)Dy,
1 1
e19 = tD; + E(wx — wa)Dq + E(—wy +2x)Dy,
1
ex0 = tDy — E(wx —w?y)Dy — E(—wy +2x)Dy, ey =twDy+2tDy, ey = (wy —2x)D;.
le1, e2] = ey, e1, e19] = €1, [e1, e20] = eq, le1, e21] = e1o + 2es,
[e2,e7] = —eqo, [e2, e8] = —eo, [e2,e18] = e2, [e2,e19] = —e2,
le2, e20] = —e2, le2, e20] = 2e11 — €14, [e3, e17] = e3, [, e18] = eq,
es,e11] =e [es, e18] 16 [ee]e—l—le [es, e20] 16 e
[5/ 11] = €4, 57 18:_5101 5,619 = €5 5101 5/20:_510_5/
les, e0] = —2eq, lee, e8] = e1, le6, e9] = e4, les, e11] = es,
€6, €14) = €10 + 2e [ee]e—i—l L L
es, e14] = e10 5/ 6,€18] = €6 5613, les, e19) = —5613, les, e20] = 5613,
[e6, e22] = e7, [e7,e16] = —e1, [e7,e19] = e7, [e7,ex0] = e7,
[e7,e21] = 2e13, [es, e15] = —e7, [es, e18] = —es, es, e10] =
[es, ex0] = es, [es, e21] = e1a, [eg, e15] = —e1q, [e10, €16] = —e4, (50)
[e10, €18] = e1p, le11,e13] = —eqo, le11, €14] = —2eq, le11,e15] = —eq3,
[e11, e18] = e11 —eus, le11,e19] = —e11 + €14, le11, €20] = e11 —e1a, le11,€01] = —2e,
[e11,€20] = —2es, [e12,€16] = —e12, [e12,€17] = e12, [e13,€16] = —e10 — es,
[e13,19] = €13, le13, €20] = —e13, [e13, €00] = —2e7, [e14, €15] = —2eq3,
[e14, €16] = —e9, le14, 18] = —e1y, [e14, €19] = €14, le14,20] = —e14,
1
[e14, €20] = —4es, e15,€16] = —e13 — ¢6, [e15, 18] = e15, [e16,€18] = 5(—311 +e14),
1 1
[e16, €19] = 5(611 —ew), [ewse20] = 5(—311 +e1s), [ers,e21] = €2, [e16,€22] = es,

[e20, €21] = 2e1, [e20, €20] = —2e09, [e21, €20] = —4epg.

The symmetry algebra is a 22-dimensional indecomposable Levi decomposition, where
the semisimple is s[(2,R) spanned by ey, €1, €20 and the nilradical is nonabelian spanned by
€1,€2,€3,¢64,¢65,66,€7,€8,69,€10,€11, €12, €13, €14, €15-

4.5. Ag,ll"
(c #0).

[e1,e5] = e1, [ea, e5] = e1 + €2, [e3,e5] = ex +e3, [eq, €5] = cey;
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System of geodesic equations:
j=qw+xw, X¥=3xw+yw, j=yw, Z=czw, @w=0. (51)
Symmetry algebra basis and nonvanishing brackets are, respectively,

e1 =Dy, e =Dy, e=xDg+yDy, es=Dy, e5=(w—1)e"Dy+e“Dy, e5=e"Dy,

2

ez =yDy, eg= (% —w+1)e"Dy + (w—1)e“Dy +e“Dy, e9=D;, ejg=¢e“D;, ey =Dy, (52)

erp =wDy, e13 =Dy, eyq=1tD;, e15=2zD; e14= qu + xDy +yDy.

le1,e16] = [e2, €3] = [e2, e16] = €2, le3, ea] = —e2, le3, e5] = —eq,

[e3, es] = —es, leg, 7] = es, 16 = €4, les,e13] = —es —es,  [es,e16] =

les, e13] = —e6,  [es,€16] = [e7, e8] = —es, les, e13] = —e5 —es, les, e16] = (53)
leg, €15] = [e10,€13] = —cer0,  [er0,e15] = exo, le11,€14] = en1, le12, e13] = —e11,
[e12,e14] =

For the generic case, the symmetry algebra is a 16-dimensional indecomposable solvable Lie
algebra R* x (Ng @ R3). The nilradical is composed of a 12-dimensional decomposable, a direct
sum of 9-dimensional nilpotent spanned by ey, ey, 3, €4, €5, e, €7, €3, €9 and R3 spanned by ey, €11, e12.
The complement to the nilradical is a 4-dimensional abelian spanned by e;3, €14, €15, €16.

A5 11

Symmetries and nonzero brackets are, respectively,

elth/ eZZDQI 63:DX/ 64:DZ/ 65:Dy, 36:]/Dz/ 37:]/Dq/ ESZZDL]/

e9g = wDy, ey =xDy+yDy, ey =e“Dy, epp=¢e“D;, e13=(w—1)e"Dy+e“Dy,
w> (54)
614 = (7 —w + 1)€qu + (w — 1)ewa + ewDy, e15 = Dw, 16 = tDt, ey = ZDz,

le1,e16] = [e2, 18] = €2, e3, e10] = [e3, e18] = e3,

les, e8] = e, leq, e17] = €4, les, e6] = [es, e7] = ea,

[es, e10] = e3, [es, e18] = e5, les, es] = les, €14] = —e12,

[es, e17] = es, [es, e18] = —es, le7,e14] = —en, les, e12] = —en,

les, e17] = —es, [es, e15] = es, [eg, €15] = —e1, eg, e16] = €9,  (55)
le10,€13] = —e11, le10,e14] = —e13,  [enn,e15] = —en, le11, e18] = e11,
le12,e15] = —eq2, e12,e17] = e12, e13,e15] = —e11 —e13,  [e13,e18] = e,
e14,€15] = —e13 — e14, le14, €18] = e14.

The symmetry algebra is R* x R1* indecomposable solvable. It has a 14-dimensional nonabelian
nilradical spanned by ej,e),e3,€4,65,¢6,€7,68,€9,€10,€11,€12,€13,€14 and a 4-dimensional abelian
complement spanned by e;s, e14, €17, €13-

4.6. A5,12.'

le1,e5] =e1, [ex,e5] = e1 + ey, [e3,65] = ex +e3, [es, e5] = e3 +ey.
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System of geodesic equations:
j=qw+xw, X¥=xw+yw, j=yw+ziw, Z=ziw, w=0. (56)
Symmetry algebra basis and nonvanishing brackets are, respectively,

e1=Dg, e =Dy, e3=Dy, e=D; es=Di e =2zDg e;=wDy eg=yDy+2zDy,
eg =e“Dy, ejg=xDg+yDy+2zDy, e1q = (w—1)e"Dy+e“Dy,

ey = (w? — 2w +2)e“ Dy + (2w — 2)e“ Dy + 2¢“ Dy, (57)
w3 w2 w w2 w w w
813:(?—7-’-&]—1)6 Dq+(7—w+1)e Dx—l—(w—l)e Dy—i—e DZ/ 614:tDt, 815:Dw,
e16 = qDg + xDx + yDy + zDx.
le1,e16) = [e2, e8] = e1, le2, e10] = le2, e16) =
le3,e10] = [e3,e16] = €3, les, e6] = leg, e8] =
les, e10] = lea, e16) = €4, les, e14] = lee, e13] = —e9,
le7,e14] = [e7,e15] = —es, [es, e12] = —2e9, [es, e13] = —e11, (58)
[eg, e15] = —e, [eg, e16] = €9, [e10,€11] = —e9, le10, €12] = —2eq1,
€12
le10,€13] = T le11,€15] = —e11 —eg, [e11,e16] = e11, le12, e15] = —2e11 — ern,
e12
[e12,€16] = €12, [e13,e15] = ——5~ —e13, e13, e16] = €13
2

It is a 16-dimensional indecomposable solvable algebra. The nilradical is a 19-dimensional
nonabelian spanned by ey, €3, €3, e4, €5, €6, €7, €3, €9, €19, €11, €12, €13, Where its complement RR3 is abelian,
spanned by ey4, €15, €16.

be .
4.7. A3
le1,e5] = e1, [e2, e5] = aey, [e3,e5] = bez — ceq, [es, 5] = ce3 +bey; (ac #0,]al <1).
System of geodesic equations:
§=qw, ¥=axw, §=Dbyw+ciw, %= —cyi+biw, w=0. (59)
Symmetry algebra basis and nonvanishing brackets are, respectively,

el :Dy/ eZZDZ/ 63:Dql 64:DX/ 65:Dtl 66:ZUDt/ e7:equl es:eﬂwa/

bw (

eg = "’ (sincwDy + coscwDy;), ey = e’ (coscwD, —sincwD;), e11 = Dy, (60)

ep =tDy, e13 = qu, e14 = xDy, e5= yDy +zD,, e15= ZDy — yDz-

[e1,e15] = [e1,e16] = —e2, [e2, e15] = €2, [e2, e16] = le3, e13] = e3,

lea, e14] = [es, e12] = e5, les, e11] = —es,  [eg,e12] = le7,e11] = —e7,  (61)
le7,e13] = [es, e11] = —aeg, les, e14] = es, leg, e11] = —589 —cep, [eg, e15] = eg,

leg, e16] = €10, [er0,€11] = —beig +ceg, e, e15] = €10, [er0,€16] =

For the generic case, it is R® x R indecomposable solvable Lie algebra.
The nilradical and its complement are abelian, spanned by ej, e, e3,¢e4,¢5,¢6,€7,63,69,€19 and
e11,€12, €13, €14, €15, €16, Tespectively.
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a=1,bc# 1,
471 ALY

Symmetries and nonzero brackets are, respectively,

€1 = Dt/ € = D}// €3 = DZ/ €4 = Dq/ €5 = DX/ €6 = thl e7 = equ/ €g = ewDXI
eg = ebw(sin cwDy +coscwD;), ey = ebw(cos cwDy —sincwD;), e11 = Dy, ep =tDy, ©2)
el3 =yDy +2zD;, ey =2zDy—yD;, e15=4gDg+xDx, 16 =9qDg—xDx, e17 =xDy,
e18 — qu.
le1,e12] = e1, le2, e13] = le2, e14] = —e3, le3, e13] = e3,
e3, e14] = e2, les, e15] = le4, e16] = les, e18] = e5,
[es, e15] = e, [es, e16] = —e5, [es, e17]) = [es, e11] = —e1,
[es, e12] = eq, le7,e11] = —e7, le7,e15] = le7,e16] = €7,  (63)
le7,e18] = es, leg,e11] = —es, les, e15] = les, e16] = —es,
[es, e17] = e, leg, e11] = —beg — ceqp, leg, e13] = [eg, e14] = e10,
le10,€11) = —beig +ceo,  [erp, e13] = e1o, le10,14] = —e9,  [e16,€17] = —2e17,
[e16, 18] = 2e18, le17, 18] = —e1.-
b= Oac;«éO
472 ALY
Symmetries and nonzero brackets are, respectively,
ep=D;, e=Dy e3=D; e=D; e =Dy e =wD;, e;=e"Dy eg=2e""Dy,
eg = sincwDy + coscwD,, e19 = coscwDy —sincwD,, ey; = Dy + %(sz —yDy),
e =tDy, e;3 =qDy, ey =xDx, e5=yDy+2zD;, e =2zDy—yD;, (64)
e17 = (zcoscw + ysincw) Dy, + (y cos cw — zsincw) Dy,
e1g = (ycoscw — zsincw) Dy, — (zcos cw + y sin cw)D,.
le1,e12] = e1, le2, e11) = _2663, le2, e15] = ey, le2, e16) = —e3,  [ez,e17] = e,
C
le2, e18) = €10,  [e3,e11) = e le3, e15) = e3, le3, e16) = €2, les, e17] = e1o,
le3,e18] = —e9,  les, e13] = ey, [es, e14] = es5, les, e11] = —e1,  [es,e12] = €6,
le7,e11] = —ey,  [er,e13] = ey, leg, e11] = —aes,  [es,e14] = eg, leg, e11) = ;610, (65)
C
leg, e15] = e9, [eg, e16] = €10, leg, e17] = e2, leg, e18] = —e3, [e1p,e11] = 569,

le10, €15] = eio,

[616, 618] = 2eyy,

For both subcases, the symmetry algebra is sl(2,R) x

le10, €16] = —e9,

le17, e18) = 2e16.

le10, €17] = e3,

le10, e18] = €2,

le16, €17] = —2e1s,

(R x R!Y), where s[(2,R) is spanned

by e¢, €17, €18. The RS factor is spanned by e11, €12, €13, €14, €15 and the nilradical R10 is spanned by

€1,€2,€3,¢64,65,66,€7,€8,6€9,€10-



Symmetry 2019, 11, 1354 17 of 30

47.3. AL,
Symmetries and nonzero brackets are, respectively,
€1 :Dyr eZZDZ/ 63:Dq/ 84:DJC/ 65:Dt, 66:wa/ €7:€qu, e8:eawDX/

eg = e (sincwDy + coscwD;), ejg = e“(coscwDy —sincwD;), e;; = Dy, ey =tDy, (66)

ei3 =qDy, e1q =xDx, e15 =yDy+2zD;, e =2zDy —yD:.

e1, e15] = e1, [e1,e16] = —e2, [e2,e15] = e2, [e2,e16] = ez, e13] = e3,
lea,e14] = €4, [es,e12] = e, e11] = —es,  [es, e12] = e7,e11] = —e7, (67)
le7,e13] = €7, [es, e11] = —aes, les, e14] = [eg, e11] = —ce1p —e9, [e9, e15] = e9,

g, e16] = €10, [e10,e11] = ceo —e10, [e10,e15] = €10, [e10,€16] =

The symmetry algebra is R® x R indecomposable solvable where the nilradical
and its complement are abelian, spanned by eq,ep,e3,64,65,65,€7,63,€9,19 and
e11, €12, €13, €14, €15, €16, respectively.

4.8. Ay
[e2,e5] = e, [e3,e5] = ae3 — ey, [eg, 5] = e3 + aey.
System of geodesic equations:
j=xw, ¥=0, §=ayw+zw, %= —yiw+azw, w=0. (68)
Symmetry algebra basis and nonvanishing brackets are, respectively,
e1 =D;, ey =e"™(sinwD; —coswDy), e3=D; e =D; e =D, e =Dy,
ez = "™ (sinwDy 4+ coswD;), eg=wD,, e9=wD; ejp= %szq +wDy, ey = —zDy+yD;,
erp =yDy+zD;, e;3 =gDg+1tDi+xDy, e14=Dy+ %xDq, e15 = tDy, (69)
e = tDy + %(wx —2q)Dy, eiy=2xDg, e =xDt, ey9 =qDy+ xDy + (wx —2q)Dy,

1 1
ey = Ethquth, e = (wx —2q)D;, exn = (Exwzqu)Dqu(wx*zq)Dx
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le1,e13] = eq, le1,e15) = e3, le1,e16) = €1, le1,e20] = €6 + 58/
[ez, 611] = —é¢y, [82,612] = €, [62, 814] = —aey; — ey, [63,6’13] = €3,
[e3, e16] = —e3, [e3, e19] = —e3, e3, e21] = —2ey, le3, 2] = —2e6 — €3,
lea, e11] = —es, lea, e12] = ea, les, e11) = ey, les, e12] = es,
1 1

les, €13] = e, lee, e14] = 5631 les, e16] = 568, les, e17] = e3,
[66/ 618] =é1, [66, 619] = e T ¢eg, [66, 621] = €9, [36/ 622] = €10,
[67, 611] = [67, 612] =ez, [67, 614] = —aey + e, [68,613] = eg,
es, e14] = —e3, leg, e16) = —es, leg, e19] = —es, leg, e21] = —2e9,
leg, e22] = —2eq, leg, e13] = €9, leg, e14] = —e1, leg, e15] = es,

1
leg, e16] = e9, leg, €20] = €10, le10, €13) = eio, le10, €14] = —e6 — 508 (70)
le10, €17) = es, [e10, €18] = [e10, €19) = €10, le15, e16] = —2e1s,
le15, e18] = —e17, [e15, e19] = —e1s, le15, €21] = —2e, le15, €22] = —2ey0,
le16, €17] = €17, e16, 18] = —e1s, le16, €20] = €20, le16,€21] = —2e01,
le16,€22] = —em, le17,e19] = —2e17, le17,e20] = —eqs5, le17,e21] = —2e1s,
[617, 622] = —2ey9, [6181619] = —e18, [618,620] —e16 + €19, [618,622] = —és1,
le19, e20] = —en, le19,€21] = —ea1, le19,€20] = —2ep, le20, €21) = —enn.

For the generic case, the symmetry algebra has a s[(3, R) x (R* x R1%) Levi decomposition, where
the semisimple part is sl(3,R) spanned by e3s, €14, €17, €18, €19, €20, €21, €22. The radical R* x R10 js
spanned by ey, e, €3, €4, €5, €6, €7, €8, €9, €10 and e11, €12, €13, €14-

Ag’,:lg :
Symmetries and nonzero brackets are, respectively,
e1 =Dy, e = Dq, e3s=D,, e = Dy, es = Dy, e =sinwD; — cos wDy,
ey =sinwDy +coswD;, eg=wD,;, e =wD; ep= %szq +wDy, ey =yDy+2zDz,
e1p = qDg +tDy+xDy, e13 =Dy + %(xDq +zDy —yD;), ey =1tDy,
e15 = tDy + %(wx —29)Dy, e1g=xD;, ey =2xDy, eg= (%xwz — qw) Dy + (wx —2q) Dy, (71)
e19 = %thq +tDy, ey = qDg+ xDyx + (wx —2q)Dg, ex1 = (wx —2q)D;, ep = —zDy +yD;,

ex3 = (zcosw +ysinw)Dy, + (ycosw — zsinw) D,

exy = (—ycosw+zsinw)Dy + (zcosw + y sinw)D;.



Symmetry 2019, 11, 1354

e1,e12] = e1,
[e2,e12] = €2,
le2, e21] = —2e1,
[e3, e23] = —e6,
[e4,€22] = €3,

1
les,e13] = Sea,

2
[es, e18] = e1o,
[es, e13] = 16
6,€13] — 2 77

le7,e11] = e7,

le7,€04] = €3,
[es, e18] = —2e1,

[391613] = —e1,

[e10, €12] = e1o,

[e10, €20] = €10,

le14, €20] = —e14,
le15, e18] = —e1s,
le16, €19] = €20 — €15,
le17,€20] = —2e17,
le19, €21] = —e1s,
[e23, €24] = 2e20.

e1,e14] = €2,
ez, e15] = —ea,
le3, e11] = e3,
le3, e24] = €7,
lea, e23] = e7,

[es, e15] = 16
5,€15] — 2 8/
les, ex0] = e5 +eg,
les, e20] = —e7,

[e7, e }—16
7/13726/

[es, e12] = es,

[es, e20] = —es,

[eg, e14] = €5,

e10, €13] = —e5 — %5’8/
[e14, €15] = —2e14,
e14, €21] = —2e15,
[e15, €19] = €19,

[e16, €20] = —e16,
[e17,e21] = —2e16,
[e20, €21] = —em,

e1,e15] = e1,
[e2, e18] = —2¢5 —es,
1

[es, e13] = 54

lea, e11] = €4,

[ea, e24] = €6,

les, e16] = €1,

[es, e21] = €9,

[es, e23] = —e3,
[e7,e22] = e6,

les, e13] = —ea,
[es, e21] = —2e9,

[89/ 615] = €9,

[e10, €16] = €9,

le14, €16] = —e17,
le15, €16] = —e16,
le15,e21] = —2en1,
[e17, e18] = —2en0,
[e1s, €20] = 2e1s,
e22, €23] = —2e4,

19 of 30

1
[e1,e19] = e5 + 58/

le2, e00] = —e2,
le3,e00] = —ey,
leg e15) = —2
4, 813 - 263/

les, e12] = es,
les, e17] = e,
les, e11] = €6,
les, e24] = €4,
le7,e03] = €4,
[68/315] = —esg,
[eg, e12] = e, (72)

[eg, e10] = €10,
[e10, €17] = es,
e14,€18] = —2eq9,
e15,e17] = e17,
e16,€18] = —ea1,
e17,€19] = —e14,

e19,€20] = €19,

€2, €] = 2623,

The symmetry algebra has a sl(3,R) @ sl(2,R) x (R3 x R') Levi decomposition algebra.
The semisimple part is 5[(3, R) 5) 5[(2, R) sparmed by €14, €15, €16, €17, €18, €19, €20, €21 and ey, €23, €4,
respectively. The solvable comprises a 3-dimensional abelian complement spanned by ey, €17, €13 and
10-dimensional abelian nilradical spanned by ey, 3, €3, e, €5, €6, €7, €9, €19.

4.9. Ag,15"

[ell 65] = €1, [62/ 65] = €1 + €, [63/ 65} = aes, [64/ 65] =e3 + aey,

System of geodesic equations:

4 = quw + xw,

Symmetry algebra basis and nonvanishing brackets are, respectively,

X =xw,

e‘l:Dx, 32:Dq/ 63:~XDq/

(aw — 1)e"™
e7 = Dy +¢e"D;, eg=2zDy,
e13 = Dw, e4=1tD;, e;5=qDg+xDy,

J = ayw + 2y,

es = (w—1)e" Dy +e“ Dy,

69 = DZ/

Z = azw,

el = Dy,

16 = yDy +zD,.

e11 = Dy,

(la] <1).

W = 0. (73)

e5 — Equ, € = TDy/

e1p = wDy, (74)
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[e1, €3]
[eq, €13]
[es, €13]
le7, e16]

I =

le11, €14

For the generic case, the symmetry algebra is R* x

€z,

—eé4 — €5,
—aee,

ey,

€11,

[e1, e15] = e1,
ea, e15] = ey,
[es, e16] = €6,
[es, e0] = —e1o,
e12, €13] = —en,

le2, €15
les, €13

]
]
[e7, es] = aeq,
] =
] =

—és,

leg, €16

le12, €14] = e12.

le10, €16) = €10,

20 of 30
[63/ 64] = —¢és5,
les, e15) =
le7, e13] = —aeg — aey, (75)
]

(Hs @ N7) indecomposable solvable, where

the decomposable nilradical comprises a five-dimensional Heisenberg spanned by e, e, €3, e4, €5 and
a 7-dimensional nilpotent spanned by eg, ¢7, es, €9, €19, €11, €12. The R* factor is abelian, spanned by

€13, €14, €15,€15-

=0 .
49.1. AZ7L

Symmetries and nonzero brackets are, respectively,

e1=¢e“Dy, ey =Dy, e3=Dy, e4=xDy,
1
eg = Dy, €9 = DZ/ e = §w2Dy + ZUDZ,
1
e13 = []Dq +xDy, ey =Dy+ EZDy’
1

elg =zDy, e = Ethy +tD;, ey =

e = (%zw2 wy)Dy + (wz — 2y)D
e1, e13] = ey, le1,e14] = —eq,
[63,613} = €3, [64/ 5] = —€1,
les, e12] = €6, [es, e14] = —e11,
[361619} = €10, [‘37, 612] =ez,
le7,e20] = —2e6, le7,e21) = —ey,
[es, e16] = —es, les, e20] = —2e11,

1
[69,612} = €9, [69/ 614] = 538/
[eg, e18] = es, leg, €20] = e6,
1

[610,612} = €10, [310/ 314] = —567 — €9,
[6101621} = €10, [811/612] = €11,
le11,e19] = 5e7 +eg, [e5,e16) = —2e15,
le15, €21] = —e1s, le15, €22] = —2e19,
[e16, €19) = €19, [e16, €20) = —2e20,
[617, 621} = —eé17, [617, 622] = —e0,
le18, €21] = —2es, [e18, €22] = —2ep1,
[e20, €21] = e, le21, €20] = —2ep.

e11 = Dy,
e15 = tDy,

(wz —2y)Dy,

w—1)e”Dy + ¢“ Dy,

eg = wDy,

ez = wDy,

1
e1p = tDy + szDy +zD;+ (y — %)Dy,
1
e16 = tDy — (y - sz)Dy, e1y = zDy, (76)
e = %szy +2zD; — (y — %)Dy,
[62, 6’13] =€y, [63/64] = e,
les, e13] = es, les, e14] = —e1 —es,
les, 15] = e7, e, €16] = €6,
le7, e14] = —e, le7,e16] = —e7,
le7,e20] = —2eq, les, e12] = eg,
leg, e21] = —es, les, e22] = —ey — 2e9,
1
[69/ 816] = 587, [69, 617] = €11,
leg, e21] = e7 + e9, leg, e20] = e19, (77)
[610, 617] = €6, [610, 618] =e7,
[311/615] = eg, [6111616] = €11,
le15, e17] = —exs, [e15, e20] = —2e16,
[616, 317] —e17, [616, 618] = €18,
le16,€20] = —en, le17, e19) = —e16 + €21,
le1s, e19) = —e15, le18, €20] = —2e17,
le19, €20] = —e22, le19, €21] = eqo,

The symmetry algebra is 22-dimensional indecomposable, 5/(3,R) x (R? x Hs @ R®). The radical

is a semidirect product R?® x

(Hs & R®) with an 11-dimensional nonabelian nilradical spanned by

e1,e,e3, 64,65, and eg, 7, eg, €9, €19, €11, respectively, as well as a 3-dimensional abelian complement
spanned by ey, €13, e14. The semisimple part is s(3, R), spanned by e;s, e16, €17, €13, €19, €20, €21, €22-
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=1.
49.2. Azl

Symmetries and nonzero brackets are, respectively,

e1=D e =Dy e3=Dy, e =Dy, es=D; e =wDy e;7=xDy es=2zDy,
eg =xDy, ejg=2zDy, e =e“Dy, ep=e“Dy, e3=(w—1)e“Dy+e“Dy,

ey = (w—1)e“Dy +e“D;, e15 =Dy, e15=1tD;, ey =qgDy+xDyx+yDy +zD, (78)
e18 = qDg +xDy —yDy — 2D, e19 =yDg+2zDx, ex =qDy+ xD;.
e1,e16] = €1, [e2, e17] = €2, [e2, e18] = €2, [e2, e20] = e3,
e3, e17] = e3, les, e18] = —e3, le3, e19] = €2, les, e7] = €2,
eq, €9] = e3, e, e17] = ey, e, e18] = ey, es, e20] = e5,
[es, es] = €2, [es, e10] = e3, [es, e17] = es, le5, 18] = —es,
[es, e19] = ey, les, €15] = —e1, [es, €16] = €6, le7,e13] = —e11,
ez, e19] = —es, le7,e20] = €9, les, e14] = —e11, [es, e18] = 2es,
[es, e20] = e10 — €7, [eg, e13] = —er2, [eg, e18] = —2e9, [eg, e19] = —e1o+e7,  (79)
e10, €14] = —en2, [e10, €19] = es, [e10, €20] = —ev, le11,€15] = —en,
le11, e17] = en1, e11, e18] = e11, le11,e20] = e12, 12, e15] = —eqa,
le12, e17] = e12, le12,e18] = —e1a,  [enn,e19] = ey, le13,e15] = —e11 — e,
e13,€17] = e13, e13, €18] = e13, e13, €20] = e1a, 14, €15] = —e12 — e14,
[e14,€17] = e1a, e14, €18] = —es, 14, €10] = €13, [e18, €10] = —2e19,
[e1s, e20] = 2e20, e19, €20] = —ezs.

It is a 20-dimensional indecomposable. The semisimple part is s[(2, R) spanned by e1g, €19, €20.
The radical constitutes a 3-dimensional abelian complement and a 14- dimensional nonabelian
nilradical spanned by €15,€16,€17 and e1,6ep,63,64,6s5,6€¢6,€7,€8,€9,€10,€11,€12, €13, €14, respectively.
b .
4.10. A5}y
[e1,e5] = e1, [e2,e5] = e1 + ez, [e3, e5] = aes — bey, [ey, 5] = bez +aey; (b # 0).

System of geodesic equations:
§=qw+xw, ¥=xw, §=ayw+biw, %= —byw+aiw, w=0. (80)
Symmetry algebra basis and nonvanishing brackets are, respectively,

e1r=Dy, e=D; e3=Dy,, e =Dy e=e"Dy e5=2xDy

e7 = (w—1)e"Dy+¢“Dy, eg = e"(cosbwDy —sinbwD;), eg = "™ (sinbwDy + cosbwD,), 81)
e =D, enn =wDy, e =qDg+xDx, e3=zDy—yD;, ey =yDy+2zD;, e5=1D,

16 = Dw.



Symmetry 2019, 11, 1354

le1,e12] = €1,
[e3, e14] = €3,
[es, e16] = —es,
[es, e13] = —eo,
[eg, e14] = e9,
[e11, e16] = —e10-

[e2, e13] = [e2,e14] =
leq, €6] = leq, e12] =
les, e7] = —e5, ez, e12] =
les, e14] = [es, e16] =
[eg, e16] = —aeg — beg,  [e10,e15] =

—aeg + beg,

[
[
[e7,
[

[611,615

€9,€13

22 of 30
= —ey,
I
= —é5 — €y, (82)
= e11,

For the generic case, the symmetry algebra is a 16-dimensional indecomposable solvable.
The nilradical is an 11-dimensional decomposable, N7 & R*, spanned by eq,ep,e3,64,¢5,¢66,67

and eg, e9,€10,€11-

€12, €13, €14, €15, €16-

a=0,b#0,
4.10.1. A516 :

Symmetries and nonzero brackets are, respectively,

e = Dq, €y =

eg = Dy,

b
€13 = Dy + 5 (ZDJ

(w

e9 = sinbwDy, + cos bwD;,

]/Dz)/

—1)e“Dy + e“ Dy,

e14 = qDg + xDy,

e3 = xDq,

e1p = cosbwDy — sinbwD,,

e17 = (zcos bw + y sinbw) Dy + (y cos bw — zsinbw)D;,

e1g = (ycosbw — zsinbw) Dy, + (—zcosbw — ysinbw)D.

[6’1,814] = e,
[34, 814] = €4,
le7,e13] = e

[68; 612] = eg,
leg, e18] = —e7,

[e10, 18] = e11,

[e11, e18] = e1o,

e2, €3] =

les, e13] =
[e7,e15] =
[eg, e13] = —-
e10,€13] =

le11,e13] = —

le16,€17] =

_2818/

le2, e13] =

[es, e14] = es,
le7, e16] = €11,
[eg, e15] = €9,
[e10, €15] = e,

le11,€15] = e11,

le16, €18) = 2e17,

€4 = DX/

e1s = yDy +zDz,

—€y — €5,

The complement to the nilradical is a five-dimensional abelian spanned by

es =e“Dy, eg=wD;, e; =D,
enn =Dy, e =1tDy,

16 — ZDy — (83)
[62,614} = €y, [63, 64] = —eq,
[66,612} = €6, [361 813] = —é€g,
le7,e17] = eqo, le7,e18] = —eg,

e, e16] = €10, [eg, e17] = e11, (84)
le10,€16) = —e9, [e10,€17]) = €7,
[611,616} = —ey, [611/617] = €9,

le17, e18] = 2e16.

They symmetry algebra is an 18-dimensional indecomposable Levi decomposition.
The semisimple is s[(2, R) spanned by ey, €17, 13, whereas the radical comprises an 11-dimensional
decomposable nilradical Hs & RO spanned by e1, e, €3, e4, €5 and ey, eg, €9, €19, €11, respectively, as well
as a 4-dimensional abelian complement spanned by e1, €13, €14, €15.

A8=LbAL,

4102. AL

Symmetries and nonzero brackets are, respectively,

er =Dy, e=(w—
eg =D, e9 =Dy,
e;p =tDy,  e13 = Dy,

1)e“ Dy + e“ Dy,
e1o = € (sinbwDy, + cos bwD;),
e14 = qDg + xDx,

ez = xDy,

e, =Dy, e5=¢"Dy,

e15 = yDy +zDy,

eq1 = € (cos bwDy — sin bwD),

€16 = ZDy

e = wDhy,

—yDs.

ez = Dy,
(85)
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le1,e14] = le2, €3] = ez, e13] = —e2 —es, ez, e14] = €2,
le3, e4] = leg, e14] = [es, e13] = —es, les, e14] =
es, e12] = les, €13] = le7,e15] = ez, e16] =
[es, e12] = [eg, e15] = [eg, e16] = —e7, [e10,e13] = —5611 —e1o,
e10, €15] = e1o, e10, €16]) = €11, [e11, €13] = beg — e11, le11, €15] = en1,
e11, e16] = —e1o-

a=1,b=1,
4103. A5
Symmetries and nonzero brackets are, respectively,
ep =Dy, ex=(w—1)e"(Dy+ D), e3=xD;, eys=Dy, e5=¢e"Dy, eg=wD; e;=Dy,

eg =D;, e9=D; ey=e"(sinwDy+coswD;), ey =e“(sinwD;—coswDy), ey =tD;,

e13 =Dy, e14=4gDg+xDx, e15=yDy+zD;, e =yD;—2zDy.

le1, e14] = [e2, €3] = [e2, e13] = —e2 —es, [e2,e14] = €2,
le3, e4] = e, e14] = [es, e13] = —es, [es, e14] = e5,
[es, e12] = le6, €13] = —es, [e7,e15] = e, [e7,e16] = €9,
[es, e12] = [e9, €15] = [e9, e16] = —e7, le10, €13] = —e1o +e11,
e10, €15] = e1o, le10, e16] = €11, le11,€13] = —e10 — e11, le11, e15] = e,
le11, e16] = —eno-

(86)

(87)

(88)

For both subcases, the symmetry algebra is R? x (R® & Hs) indecomposable solvable. Its nilradical
is an 11-dimensional nonabelian spanned by ey, e, €3, e4, €5 and eg, e7, eg, €9, €19, €11. The complement to

the nilradical is abelian spanned by e, €13, €14, €15, €16-
be .
4.11. AT,
[e1,e5] = ae1 — ey, [en,e5] = €1 + aey, [e3,e5] = bes — cey, [eg, 5] = cez +bey; (¢ #0).

System of geodesic equations:

j=aqw+xw, X=—gw+axw, ij=0byd+ciw, Z=—cyw+biw, w=0. (89)
Symmetry algebra basis and nonvanishing brackets are, respectively,
er = " (cos cwDy —sincwD;), ex =Dy, e3=D; es=Dy e5=D;
e = ebw(sin cwDy +coscwD;), e; =Dy, eg=wD; eg=e"(—coswD,+sinwDy), 90)
el = e“w(s'm ZUDq + cos '(,UDX), e = yDy + zDy, e1p = I]Dq + xDy, e13 = —xDq + l]Dx,
el =zDy —yD;, e15 =Dy, e16=1tDt.
e, en1] = e, e14] = —eo,  [e1,e15] = —bey +ces,  [ea,e11] = e, le2, e14] = —e3,
es enn] = [e3, e14] = e, e12] = e4, e, e13] = €7, [es, e16] = e5,
les, e11] = les, e14] = le6, e15] = —beg —ce1,  [e7,e12] =7, le7,e13] = —ea, 91)
[es, e15] = —es, les, e16] = [eg, e12] = e9, leg, e13] = —e10,  [eg, e15] = —aeq — ey,
= =

ler0,€12] = €10, lero,e13] = e9, [e10, €15] = —aeqp +e9
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For the generic case, the symmetry algebra comprises a 16-dimensional semidirect product,
R® x R, The nilradical and its complement are abelian, spanned by ey, e, €3, ey, €5, €, €7, €g, €9, €19 and
e11, €12, €13, €14, €15, €16, Tespectively.
a=0,bc# 0,
4.11.1. A5,17 :

Symmetries and nonzero brackets are, respectively,

e1=D;, e=Dx, es=Dy e =Dty e=Dy, e =wDi e =sinwD,;+coswDy,

eg = sinwDy —coswDy, eg = " (sin cwDy + coscwD;), ejg = " (cos cwDy — sincwD;),

1
e1 =tDt, ep=qDg+xDy, e3=yDy+zD., ey =zDy—yD., e15=Dy+ =(xDy—qDyx), (92)

2
e16 = qDx —xDy, e17 = (xsinw — gcosw)Dy + (x cosw + gsinw) Dy,
e1g = (xcosw + gsinw)Dy + (g cosw — x sinw) Dy.
1
le1, e13] = eq, [e1, e14] = es, e, e12] = e, ez, e15) = 6
[321‘316] = —é€s3, [621617] = ey, [62,618} = —é€s, [63,612} = €3,
1
le3, e15] = —5e le3,e16] = €2, le3, e17] = eg, le3, e18] = e7,
[641611] = €4, [651613] = €5, [65,614} = —e1, [66,611} = €6,
1
les, e15] = —eq, le7,e12] = e7, le7,e15] = 508/ le7,e16] = e, (93)
1
le7,e17] = €2, le7,e18] = es, [es, e12] = e3, les, e15] = —5e7,
[38/‘316] = —€7, [381317] = €3, [68,618} = —6y, [69,613} = €9,
[eg, e14] = e1o, [eg,e15] = —beg — ce1g,  le1o, e13] = e1o, [e10, €14] = —e,
[e10,€15] = —beyg +ceq,  [e1q,€17] = 2e1, le16,e18] = —2e17,  [e17,e18] = —2eys.

b=0,ac#£0.
411.2. A7

Symmetries and nonzero brackets are, respectively,

e1=Dy, e=Dy, es=D; e =Diy e=Dyx, e =wD: e7=sincwDy+ coscwDy,
eg = coscwDy —sincwD;, eg = e"(sinwDy +coswDy), ejg = €' (sinwDy — coswDy),
c

e1] = tDy, e1p = ]/Dy +zD,, e13 = qu + xDy, 14 = qu — XDq, e15 = Dy + 3

(zDy —yDz), (94)
e16 = zDy —yD;, ey = (zcoscw + ysincw)Dy, + (y cos cw — zsincw) Dy,

e1g = (ycoscw — zsincw)Dy — (z cos cw + y sincw) D;.
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[61,613] =e1, [61/6’14] = ¢€5, [62, 812] = ey,

le2, e16] = —e3, [e2,e17] = ey, le2, e18] = es,

C
le3, e15] = € [e3, e16] = €2, le3,e17] = es,
[ea,en] = ey, [es, e13] = e5, [es, e14] = —e1,
[es, e15] = —eq, [e7, e12] = ey, [e7,e15] = _%egl

[67/ 617] = ey, [67, 618] = —e3, [68/ 612] = ég,

les, e16) = —e7, les, e17] = e3, les, e18]) = €2,
leg, e14] = €10, leg, e15] = —aeg +e19,  [e1o,e13] = €10,
le10, €15] = —aeyp — e9, le16, €17] = —2e1s, le16, €18] = 2e17,

le17, e18] = 2e16

25 of 30
ez, €15] = *%6’3,
[e3, e12] = €3,
le3, 18] = —e7,
les, e11] = e6,
le7,16] = €3, (95)
les, e15] = 267,
[eg, e13] = €9,
[e10, €14] = —eo,

For both subcases, the symmetry algebra is 5[(2, R) x (R® x R!%) Levi decomposition algebra.
The radical comprises a five-dimensional abelian complement and a 10-dimensional abelian nilradical
spanned by e11, €1, €13, €14, €15 and ey, €3, €3, €4, €5, €6, €7, €3, €9, €19, respectively. The s[(2,R) is spanned

by e16, €17, €18.

a=0,b=0,c#0,
411.3. AL} :

Symmetries and nonzero brackets are, respectively,

[e10, 18] = —e9,

le16, €17] = 2e15,

The symmetry algebra

[e10, €19] = €1,

le1s, e19] = —2e0,

[e10, €20] = e,

[e18, €20] = 2e19,

[e15,e16] = —2e17,

[e19, €20] = 2e13.

e1=D;, e=Dy, e3= Dq, eg =D, e5= Dy, e = wDy, ey =sin qu + coswDy,
eg = —coswDy +sinwDy, eg = sincwqDy + coscwD;, ej9 = coscwDy —sincwD;, e11 = tDy,
1 1 c
elp = gDy +xDy, e3 =yDy+zD;, ey =Dy + EXD”’ — Equ + E(sz —yDy),
e15 = gDy —xDy, ey = (xcosw + gsinw)Dy + (qcosw — xsinw) Dy,
e17 = (xsinw — gcosw)Dy 4 (xcosw + gsinw)Dy, e13 = zDy —yD2,
e19 = (zcoscw + ysincw) Dy, + (y cos cw — zsin cw) Dy,
ex0 = (y cos cw — zsincw)Dy — (z cos cw + y sin cw) D;.
c
e1,e13] = eq, le1,e14] = 565, [e1, e8] = es, [e1, e19] = e10, [e1,e20] = —eo,
1
[e2,e12] = e2, le2, e14] = 563/ le2, e15] = —e3, [e2, e16] = —es, le2, e17] = €7,
1
[e3, e12] = e3, le3,e1a] = —5e [e3,e15] = e2, le3,e16] = €7, le3,e17] = es,
c
[e4,e11] = e4, [es, e13] = es5, les, e14] = —56’1, [es, e18] = —e1, [es, e19] = eo,
1
les, e20] = €10, les, e11] = e, le6, e14] = —ey, le7,e12] = e7, le7,e14] = 568/
1
[e7,e15] = es, [e7,e16] = €3, le7,e17] = ea, [es, e12] = es, les, e1a] = —§€7,
c
[eg, e15] = —e7, [es, e16] = —e2, es, e17] = e3, [eg, e13] = e, leg, e14] = —5310,
c
[eg, e18] = e1o, [eg, e19] = €5, [eg, ex0] = —e1, [e10, €13] = e1o, [e10,€14] = Se9,
2

[e15,€17] = 2e16,

(96)

97)

is indecomposable with Levi factor sl(2,R) @ sl(2,R) x (R* x
R10), where the semisimple has two copies of sl(2,R) spanned by e;s, 14,17 and e, €19, €x0-
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The nilradical R0 and its complement R* are abelian, spanned by ey, 3, €3, €4, €5, €5, €7, €3, €9, €19 and
€11, €12, €13, €14, respectively.

a=b,c# ab,
4.11.4. A5,17 :

Symmetries and nonzero brackets are, respectively,

el = Dy, ey = DZ/ e3 = Dq, eq4 = Dt/ e5 = DX/ g = th, ey = Euw(SiHZUDq +COSZUDX),

HZU(

eg = e™(—coswDy +sinwDy), eg = ™ (sincwDy + coscwD;), e1g = e" coscwDy — sincwD,), (98)

e1] = tDy, ey = Dy, e13 = yDy +zD,, e14 = E]Dq + xDy, e15 = ZDy — yDZ, €16 = qu . xDq.

le1,e13] = e1, [e1,e15] = —ea, e2, e13] = €2, ez, e15] = ey,

le3, e14] = e3, [e3, e16] = es, les, e11] = e, les, e1a] = es,

[es, e16] = —e3, les, e11] = eq, les, e12] = —ey, le7,e12] = —ae7 +es,  (99)
[e7,e14] = €7, [e7,e16] = e5, les, e12] = —aeg —e7,  [es, e1a] = es,

[es, e16] = —e7, [eg, e12] = —aeg — ceqp, [eg, e13] = e9, [eg, e15] = e1o,

e10, €12] = —ae1g + ceq, [e10, €13] = e1o, [e10, €15] = —e9.

The symmetry algebra is 16-dimensional indecomposable solvable R® x R0, where
the nilradical and its complement are abelian, spanned by ej,ep,€3,¢eq4,65,¢€4,€7,€8,€9,€19 and
e11, €12, €13, €14, €15, €16, respectively.

412, AL
le1,e5) = ae; — ey, [ex, e5] = e +aey, [e3,e5] = e1 +ae3 — ey, [e4,e5] = ex +e3 +aey;  (a >0).

System of geodesic equations:
§ = agw + 2w+ yi, ¥ = —gw + axw + 2w, §=ayw + 2w, = —yi+azw, w=0. (100)
Symmetry algebra basis and nonvanishing brackets are, respectively,

elszl EZZDXI 33:Dq, 64:Dtl 65:DZ/ 66:ZUD1‘/ 67:qu+ZDX/

elZZU D eﬂw Dx

es =YDy —zDg+, 9 = (sinwa — cos w)ﬁ + (acosw + sinw)m,
. e™ Dy . e" Dy
e19 = (—sinw — acosw)m + (sinwa — cosw)m,
e11 = (—wcosw + sinw)e™ Dy + (wsinw + cosw)e™ Dy + e (— coswDy, + sinwDx), aov
s . euqu 5 . e”wa
e = ((a°w —2a + w) smw+2cosw)w + ((a*w — 2a + w) cosw —2s1nw)m+

+ e (sinwD)y, + coswDy),
313 = tDt/ 614 = le 615 = qu + xDx +yDy +ZDZ/ 616 = _xDq + qu - ZDy +yDZ
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le1, e7] = e3, e1, e8] = e, le1,e15] = e1,
e1,e16] = e5, [e2,e15] = €2, [e2, €16] = —e3,
e3, e15] = e3, [e3, e16] = €2, les, €13] = €4,

[es, e7] = e, les, e5] = —es, [e5, e15] = es,
[es, e16] = —e1, [e6, €13] = e6, [e6, €14] = —eq,
le7, e11] = —aeqp — e9, [e7,e12] = —aeg + e1g, les, e11] = aeg —e1p,  (102)
[es, e12] = —aeqp — e9, [eg, €14] = —aeg + eqp, [eg, €15] = €9,
[eg, e16] = €10, [e10, €14] = —aeyg — eo, [e10, €15] = e,
[e10, €16] = —eo, e11,e14] = —aey1 — e1a — 2e9, [e11, €15] = en1,
[e11, e16] = ae1g — e12 — €9, [e12,e14] = —aeyn —2ae9 +-e11,  [e1n,e15] = e1,
le12,e16] = —aeq — €19 + €11

For the generic case, it is a 16-dimensional indecomposable solvable Lie algebra with
a 12-dimensional nonabelian nilradical spanned by ej,ep,e3,¢eq4,65,¢6,¢€7,€3,€9,€10,€11,€12 and a
4-dimensional abelian complement spanned by e13, €14, €15, €16.

a=0.
518"

Symmetries and nonzero brackets are, respectively,

eg=Dy, e=Dy, es=D; e =Dy, e=D;, e =wDy, e =yDy+zDy,
eg =yDy —zD,;, e9 =sinwDy —coswD,;, ejp = —sinwD; —coswDy,

e11 = (zsinw — ycosw)Dy + (zcosw + ysinw) Dy,

el = —(zcosw +ysinw)Dy + (zsinw — y cosw) Dy,

e13 = (2cosw + wsinw) Dy + (wcosw — 2sinw) Dy + sinwD), 4 cos wDy,

ey = (sinw — wcosw) Dy + (cosw + wsinw) Dy — cos wDy + sinwD;,

1
€15 = qu + xDy +yDy +zD,, e1g = tDy, e17 = Dy + *(XDq - qu +ZDy - ]/Dz)/

2 (103)

e1s = qDx —zDy +yD; — xDy,
1
e19 = (zsinw — ycosw)Dy + (zcosw + ysinw) Dy + E((wz — x +2y) cos w—
1

sinw(q 42z — wy))Dy + E((wy —q—2z)cosw — sinw(wz — x +2y)) D+

1 1

E(zcosw +ysinw)Dy + E(ycosw —zsinw)D,,
e = —(zcosw+ ysinw) Dy + (zsinw — y cosw) Dy + ((q +z — wy) cosw + (wz — x + y) sinw) Dy +

((wz — x4+ y) cosw — sinw(q +z — wy)) Dy + (zsinw — y cosw) Dy, + (z cos w + y sinw) D,
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[e1,e7] = e3, [e1, e8] = e2, le1,e11] = eo,

[e1, e12] = e1o, le1,e15] = e1, le1,e17] = —%95,
[e1,e18] = e5, le1, e19] = €9 + %61& [e1,e20] = e10 + €1,
le2,e15] = e, lea, e17] = %e:‘h [e2, e18] = —e3,

le2, e19] = %69/ le2, e20] = €10, e3, e15] = e3,

[es, e17] = *%82/ es, e8] = e, [es, e19] = %810,

es, ex0] = —e9, [eq, e16] = €4, [es, e7] = e,

[es, es] = —e3, es, en] = —e1o, [es, e12] = e9,

[es, e15] = es, les, e17] = %61, [es, e18] = —e1,

es, e19] = — % (e10 +e14), les, ex] = e13 + 2e9, [es, e16] = €6,

leg, e17] = —ea, le7,e13] = €10, le7, e14] = —e9, (104)
[e7,e19] = en2, le7, e20] = —2e11, [es, e13] = —eo,

[es, e1a] = —exo, eg, e15] = €9, [eg, e17] = %910,

[eo, e15] = e1o, [eg, €10] = %EZr [eo, e20] = —e3,
[e10, €15] = e1o, [e10, e17] = *%691 [e10, e18] = —e9,
[e10,e19] = %83/ [e10, €20] = €2, le11,e13] = —e2,
le11,e14] = —e3, le11, e18] = 2e12, [e11,€20] = —2e7,
12, €13] = e3, 12, e14] = —e2, [e12, e18] = —2e11,
[e12, €10] = e, [e13, e15] = e13, e13,e17] = %(310 +ew),
[e13,e18] = —e10 +e1a, [e13, €19] = %61 — e, [e13, €20] = 23 +e5,
[e14,€15] = e1a, 14, €17] = *%(613 + 3e9), [e14,€18] = —e13 — €9,
[e14,€10] = —%(83 +es), 14, €20] = €1 — e, [e17,e19] = —%612,
[e17, e20] = ex1, [e18, e19] = —e20, [e1s, e20] = 4ero,

[e19, €20] = exs-

The symmetry algebra is sl(2,R) x (R® x R') with nontrivial Levi decomposition.
The semisimple part is sl(2, R) spanned by eyg, e19, €29, whereas nilradical R and its complement R3
are abelian, spanned by e1,6ep,€3,64,6s5,6¢6,€7,€8,€9,€10,€11,€12,€13,€14 and €15,€16,€17, respectively.

5. Conclusions and Future Work

In this work, we investigated the Lie symmetry algebras properties of second-order systems of
geodesic equations of the five-dimensional Lie groups and elaborated on the methods of obtaining
them. We specifically considered the geodesic systems of solvable Lie algebras 5.7-5.18. For each
system, we found a basis for the symmetry algebra and calculated the corresponding Lie brackets.
We then proceeded to identify each symmetry Lie algebra, noting whether it was solvable, semisimple,
or neither, and, in the latter case, gave the semidirect sum of semisimple and solvable algebras.

Algebras As; through As 13 have a four-dimensional abelian nilradical, as described by [16],
are mutually nonisomorphic, are unlike many of the low-dimensional nilpotent Lie algebras,
and belong to continuous families that include parameters.

We remarked that, for exceptional values of the parameters, the dimension of symmetry algebras
appeared to be larger than that of other comparable algebras. There may be two underlying causes
that help to describe this phenomenon. First, solvable algebras, at least in dimension five, depend
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on parameters. Furthermore, it seems as though geodesic systems for some solvable Lie algebras do
not always contain more than one trivial geodesic equation, that is, when the right-hand side is zero.
Finally, we observed that the complement of the radical of case ten was not a Lie algebra, and this may
be because its geodesics were trivial and did not contain parameters. In the future, we plan to apply
our procedures to the geodesics of algebras As 19 to As 49, and the six and higher dimensional algebras,
though new methods are required.
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