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The pseudo core inverse of a companion matrix

Yuefeng Gao? Jianlong Chen! Pedro Patricio ¥ Dingguo Wang?

Abstract: The notion of core inverse was introduced by Baksalary and Trenkler for a
complex matrix of index 1. Recently, the notion of pseudo core inverse extended the notion
of core inverse to an element of an arbitrary index in *-rings; meanwhile, it generalized the
notion of core-EP inverse, introduced by Manjunatha Prasad and Mohana for complex
matrices, to the case of *ring. Many works have been done on classical generalized
inverses of companion matrices and Toeplitz matrices. In this paper, we discuss the
existence criteria and formulae of the pseudo core inverse of a companion matrix over a
*-ring. In particular, a {1, 3}-inverse of a Toeplitz matrix plays an important role in that
process.
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1 Introduction

Throughout this paper, unless otherwise noted, R is a *-ring, i.e., an associative ring with
1 and with an involution *. Let R"™*" denote the set of all m x n matrices over R and let
A = (a;;) € R™ ™ with the involution (a;;) — (ai;)* = (a};).

Let a € R. a is called (von Neumann) regular if @ has an inner inverse a™, i.e., aa”a = a.
A {1, 3}-inverse of a, denoted by a('¥), is a solution to the equations aza = a and (az)* = ax;
a {1, 4}-inverse of a, denoted by a(™¥ | is a solution to the equations aza = a and (za)* = za.
The Moore-Penrose inverse, Drazin inverse (resp. group inverse) and Drazin index of a are
denoted, as usual, by a', a” (resp. a*) and ind(a) respectively.

Baksalary and Trenkler [1] introduced the notion of core inverse for a complex matrix,
drawing lots of readers’ attention. Then, Raki¢ et al. [13] extended this notion to an arbitrary
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«-ring. Later, Xu et al. [15] gave a characterization for the core (resp. dual core) invertible
elements in *-rings in terms of three equations. The core inverse of a, denoted by a®, is the
unique solution (if exists) to the equations

ra’=a, ar’ =1z, (ax)* = ax.
We refer readers to [3] and [7] for a deep study of the core inverse. Since the core inverse
was restricted to a square complex matrix of index 1, the notion of core-EP inverse [8] for
an arbitrary square complex matrix was given by Manjunatha Prasad and Mohana as an
extension of the core inverse. Then, the pseudo core inverse [4] extended the core-EP inverse
from complex matrices to *-rings in terms of three equations. The pseudo core inverse of a,
denoted by a®, is the unique solution (if exists) to the equations

m+1

xa = a™ for some positive integer m, az? = x and (az)* = az.

The smallest positive integer m satisfying the above equations is called the pseudo core index
of a. If a is pseudo core invertible, then it must be Drazin invertible, and the pseudo core index
coincides with the Drazin index [4]. For convenience and consistency, we denote the pseudo
core index of a by ind(a). The pseudo core inverse is an outer inverse, i.e., a®aa® = a®. Tt
is obvious that if the pseudo core index is equal to 1, then the pseudo core inverse of a is the
core inverse of a.

These above definitions can be used, without modification, to characterize the existence
of corresponding generalized inverses of matrices over rings.

Many works have been done on classical generalized inverses of companion matrices, for
example, in [6] and [12], the authors considered the group inverse of a companion matrix; in
[10] and [11], the Drazin inverse of a companion matrix was studied; in [9], the author gave
necessary and sufficient conditions for a companion matrix to be Moore-Penrose invertible.

Inspired by the above papers, we are interested in considering the (pseudo) core inverse of
a companion matrix. In Section 2, we focus on studying the core invertibility of a companion
matrix over R. In Section 3, we consider the pseudo core invertibility of a companion matrix
over R and in this process, we find that a {1, 3}-inverse of a lower triangular Toeplitz matrix
over R plays a key role. Therefore, in Sections 4 and 5, a {1, 3}-inverse of a lower triangular
Toeplitz matrix is specially discussed.

2 The core inverse of a companion matrix

In this section, we consider the core invertibility of an n X n companion matrix L,, = [ In(ll g;]
over R, where a = ag, 8 = [a1,a2, - ,an_1]" and I,_1 is an (n— 1) x (n — 1) identity matrix.
Let us begin with a useful lemma.

Lemma 2.1. [12, Theorem 3] If L,, = [Ino_l g} with B = [a1,az, -+ ,an_1]" is a companion
matriz over R. Then the following conditions are equivalent:
(1) LY exists.



(2) a is reqular with an inner inverse a~ and h = a — (1 — aa™)ay is invertible.
(3) a is reqular with an inner inverse a~ and k = a — a1(1 — a~a) is invertible.
In this case,

zy0 0
L# == |: In_g :| 5
zy0 0
U)h@?"@ I = [.’L'l, e 7$n—1]T7 Yy = [yh T 7yn—1]T and

yi =0n +aiy, i =yiq1+aw, i=1-- ,n—-1
r=—araeon + b, y=o1, n>2
r=ai+mpB, y=[an][5 5] [%], n=2

a1 =—-h"1—aa"], m=h"taa”, B1=1+(a+a1)h [l —aa"] and
51=1—(a+a)h taa".

Theorem 2.2. If L, = [Iﬁl g] with B = [ay,az,- -+ ,an_1]" is a companion matriz over R.
Then the following conditions are equivalent:

(1) L? exists.

(2) a3 ezists and h = a — (1 — aa"3))ay is invertible.

(3) a3 exists and k = a — a1 (1 — a"®a) is invertible.

In this case,

zaa(l:3) y0 - 0
L? - In_—2 3
zaa(l3) y0 - 0
T T
where x = [x1, -+ ,Zn—1]", Yy = [Y1,- s Yn—1]  and

Yi =0n t @y, Ti=yiq1+ax, t=1- ,n—-1L
r=—maxar +mp, y=o, n>2
{33:04%4'7151, y=[oam] G 5 ][%9], n=2
o = —h M1 —aa®], v =h"taa™®, B =1+ (a+a)h 1 —aa?)] and
61 =1—(a+ar)h taa?).

Proof. Consider the factorization of L:

0 a 0 1 n— n— —
Lo=[r0 8] =[1l00] ["5t o] [Mg1 7] = PAQ.
Notice that P is a unitary matrix and @ is an invertible matrix. Then Lq(ll’3) = (PAQ)(L?’)
exists if and only if (AQ)(L?’) exists if and only if A13) exists if and only if a(13) exists.
Indeed, if (AQ)(13) exists, then Q(AQ)™M?) is a {1, 3}-inverse of A; conversely, if A(13) exists,
then Q~1AM3) is a {1, 3}-inverse of AQ. In this case,

|2t o] € 1,3} and L L3 = [oaG? 0 ],

a(l’g) 0 n—1
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From Lemma 2.1, together with, L# exists if and only if both L¥ and LS’?’) exist (see [15,

Theorem 2.6]), the equivalences of (1)-(3) follow. and
0

zy 0 s zaa(H3) y0 - 0
zy0 - 0 " zaa® y 0 - 0

O]

The following result is a characterization for the Moore-Penrose invertibility of a compan-
ion matrix, which extends [9, Theorem 3.1] from invertibility to one-sided invertibility. We
begin with an auxiliary lemma.

Lemma 2.3. [16] Let a € R be regular with an inner inverse a~. Then the following conditions
are equivalent:

(1) al exists.

(2) a*a+1—a"a is left invertible.

(3) a*a+ 1 —a~a is right invertible.

Theorem 2.4. If L, = [Ino_l g] with B = [a1, a9, ,an_1]" is a companion matriz over R.
Then the following conditions are equivalent:

(1) L, exists.

(2) a is regular with an inner inverse a=, { =a*a+1—a"a+ B*S(1 —a~a) is left invertible.
(3) a is reqular with an inner inverse a™, £ = a*a+1—a"a+ *5(1 —a~a) is right invertible.

Proof. Consider L, = [[no_l 5] =14 Ino_l] [1731 (1)] := AQ. Since () is a unitary matrix,
then LIL exists if and only if AT exists. From Lemma 2.3, it is known that A' exists if and
only if A is regular with an inner inverse A~ and A*A+ I, — A~ A is left invertible if and only

if A is regular with an inner inverse A~ and A*A+ I,, — A~ A is right invertible. Observe that

A is regular if and only if a is regular. In this case, [7%;, Ino—l] is an inner inverse of A and
* - A _ |efatl—aTa+pB"B B* | _ |1 B* € 0 1 0
A A+In_A A_ |:a ¢ ﬁj_aa In71:| - |:O In711| |:0 In71:| |:,8a’a In—1:| :

Thus, Af exists if and only if @ is regular with an inner inverse a~ and £ is left invertible if and
only if @ is regular with an inner inverse o~ and ¢ is right invertible. We use (A*A+1I,,—A~A)~!
and ¢! to denote the inverse of A*A + I,, — A~ A and &, respectively. In this case,

_ 1 N 1 0 5_1 0 1 7,3* o 6—1 _6—1,8*
(A*A + In —A A) - [*50_06 In—1 } |: 0 In_1 } [0 In—1:| - [—Ba’a{fl Ba~at~18*+1,_1
and

* — A\ —17% ag ! —at~1p* *
AT = A A+ L = ATA) ] = [5(1—5—@5—1 Infl—ﬁ(ls—a_ﬁa)g_lﬁ*} '

P o147 — —ag~ ag™! 1"
Hence Ih = Q7' Al = [ 508 Fcs saime | -

From Theorem 2.4 and Lemma 2.1, we can characterize the core invertibility and dual
core invertibility of the companion matrix L, since L and L, exist if and only if L} and

L¥ exist [15]. Here we omit the details.



3 The pseudo core inverse of a companion matrix

In this section, our main goal is to characterize the pseudo core invertibility of an n x n
companion matrix over R. Let us begin with two auxiliary lemmas.

Lemma 3.1. [4, Theorem 2.12] Let T € R™ ™. Then T® exists with ind(T) = k if and
only if k is the smallest positive integer such that TF = X(T*)*1Tk = YT*1 for some
X, Y e RM",

Lemma 3.2. [4, Theorem 2.3] Let T € R™*". Then T® exists if and only if TP and (T*)(H3)
exist, where k >ind(T). In this case, T® = TPTk(T*)(13),

Now, let L, be an n X n companion matrix [Ino_l g} with 8 = [a1, a2, -+ ,an,_1]T and let
al a
T}, be a k x k lower triangular Toeplitz matrix S over R.
Qh_1 - .. a1 a

Theorem 3.3. The following conditions are equivalent:
(1) LY exists with ind(Ly,) = k(< n).

(2) k is the smallest positive integer such that
0 Tp| _ 0 In_(kt1) 0 T.]| _ 0 Tha1
[Infk 0 } =X [Té‘ﬂ 0 ] [Infk 0 } =Y [In—(m) W[n,@“)]mﬂj

ak+1 0 0
for some X, Y € R™", where Wip,_(j41))x (h+1) = [ ] .
an—1 00

Proof. Note that

Ik — |:0k><(n—k>) T

" I, O(n—k)xk] Q for some invertible matrix @,

0 . T . . .
Lt = [ (e ErDl b ] Q' for some invertible matrix Q’
n—(k+1) [n—(k+1)]x (k+1)
and
k1 _ k1 0 al[O%kxm-r T — [ Okt 1)xn—(kt1)) Tt
Lyt = Lol = [1,, §] [ In_k O(n—k)xk] @ = [ ooy Wine(kt1))x (k1) @

Since (Q and @’ are invertible, then the continued equality

0 Tu|l — x [ 0 Inein 0 T _y 0 Tht1
In_p 0| — Ti, 0 In—p 0| — I (k1) Win— (k+1)]x (k+1)

in (2) is equivalent to

=, Q= x1@)y @) [4f, e [0 %] @ = xu@) kLl

k+1
and
L“ - [ In_x O } Q= [In—(k+1) W[n—(k+1)]x(k+l)] Q= YL" ’
According to Lemma 3.1, we derive that (1) is equivalent to (2). O



Theorem 3.4. The following conditions are equivalent:

(1) LD exists with ind(Ly) = k(< n).

(2) k is the smallest positive integer such that Tél’g) exists and Uy, = Lffb + [Ik—TIBTzil’S) 8} 18
inwvertible.

(3) k is the smallest positive integer such that T,il’g) exists and Vi, = Lﬁ + [8 Ik—T,?l’g)Tk] 18
invertible.

. Ok (n— T,
Proof. Since LF = [ Fxn=k) »

N O(nfk)xk] Q for some invertible matrix Q. Thus, (LF)(1:3) exists

0 T (1,3)

if and only if [I } " exists if and only if T,El’3) exists. In this case, LF(LF)(1:3) =

n—k O

(1,3) I, 0 .
[TkTg ; 0 } and (LF)(I3) Lk = [ Ok 3 } From [11, Proposition], we know that L2
n—k k k

exists with Drazin index k(< n) if and only if k is the smallest positive integer such that
Ty is regular in R*** and LE + I, — LE(LE)~ is invertible if and only if k is the smallest
positive integer such that T} is regular in R*** and LF + I,, — (LF)~LF is invertible. Hence,
the equivalences of (1)-(3) follows from Lemma 3.2. O

From the above result, we know, before we characterize the pseudo core inverse of a n xn
companion matrix L, in terms of an invertible matrix, we need to get a {1,3}-inverse of
Tk. In addition, from [6, Theorem 2], we know that T, ,f) exists if and only if a” exists. By
Lemma 3.2, if we characterize the pseudo core invertibility (resp. core invertibility) of T,
noting that for any positive integer m, T} is still a lower triangular Toeplitz matrix, then it
suffices to characterize a {1,3}-inverse of a k x k lower triangular Toeplitz matrix.

In what follows, we specially discuss a {1, 3}-inverse of a k x k lower triangular Toeplitz
matrix.

4 A {1,3}-inverse of the lower triangular Toeplitz matrix

In this section, we discuss a {1, 3}-inverse of a k x k lower triangular Toeplitz matrix T}, =
a

ai a
D (k > 2) over R. First of all, we should note the following fact.
ak’,l . CL’l a
Example 4.1. Let T, = [éll 2] Then we have the following facts:

(1) a13) exists, which may not imply that T2(1’3) exists. For example, take To = [99] € Ziw
with transpose as involution. Observe that 0 is {1,3}-invertible, but Ty has no {1, 3}-inverse.
(2) T2(1’3) exists, which may not imply that a3 exists. For example, take Ty = [29] € ZZXZ
with transpose as involution. Observe that 2 has no {1,3}-inverse in Za, but [31] is a {1,3}-
inverse of Ts.

We recall that R satisfies the Rao condition [14] provided that

n
a; = E a;a; implies a; =0 whenever i # 1.
i=1
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Proposition 4.2. Let T}, = o be a lower triangular Toeplitz matriz over R.
ag_1 - ..a1a
(1) If a?) ezists with aaV3a; = a;, i =1,--- ,k —1. Then T,Em) exists.

(2) If R satisfies the Rao condition and Tlgl’g) exists. Then a(13) exists.

Proof. (1) For k=2, Ty = [ a 0], if aa™3a; = aq, then we can check that

ai a

a(1:3) 0 . .
|:—a(1'3)a1a(1*3) a(173> 1S a {1, 3}—1nVerse Of T2

Suppose that T,gl_’:f) exists. Observe that Ty, = [T’fw—l 2], where v = [ak_1, a2, -+ ,a1]. From

aal¥a; = a;, it follows that ’yT,gl_’?) 4+ aX = 0 has a solution X = —a(1’3)yT,£1_’i’). Thus, we
T,ﬁl_’i’) Ok—1)x1
—a3) 73 q(18)

can check that { } is a {1, 3}-inverse of Tj,.
(2) Let Ty, = [%Tko_l], where ¢ = [ay,a9, - ,a,_1]T and suppose [5L 52] € T){1,3}. Since

R satisfies the Rao condition and T}g1,3) exists, by [14, Lemma 1], TkT,gl’g) =diag(e1, - ,ex),

e? = e; = ef. Checking equations (TkT,Em))* = Tleng) and TkT,gl’g’)Tk = T}, we have

(2 K3

azx1)* = azx, and axia = a. Hence f (T} (1’3)f1€a 1,3}, where f; =[1,0,---,0]". (]
( ) fl I ) )y Yy ’

In the following, we give characterizations for T} to be {1, 3}-invertible, under some pre-
scribed conditions.

al a
Theorem 4.3. Let T} = ST be a lower triangular Toeplitz matriz over R such
ag_1 . ..a1a
that a™\3) and Tlilj) exist.
(1) Suppose w = (Ik,l—Tk,lT,gl_’i’))5(1—@“72’3)@) such that w(t3) exists, where § = [a1, a9, - ,ap_1]T.

Then T,gl’g) exists if and only if

=1+ (a3 (I — Tk_lT]glj’) — ww)§aH33) s invertible.
(2) Suppose s = (lfaa(lvg))’y(lk_lfT,gl_’?’s)Tk_l) such that s(3) exists, where v = [ak—1,aK—2, - ,a1].
Then T,El’g’) exists if and only if

B8=1I,_1+ ('yT,gl_’f’?’))*(l —aaM?) — 33(1’3))7T,§1_’?’3) is invertible.

Proof. (1) Since al3), T,gl_’:f), w3) exist, then a(123), T,gl_’f’g), w®23) exist and aa?) =

aa(1*2’3), TT,El_’zf) = TT,gl_’%?’), ww3) = ww®23) | Let

_fa O o 1 0 a 0 1 0 o
Ty, = [5 Tk—l] - [[Ik_l—Tk_lT,il_’f)]éa“*z’B) Ik—l} [w Tkl] [T;il_’f’?’)é In_1 | "™ PAQ.



a(1:2:3) [1—q(1:2:3) gJp(1,2,3)

It is easy to check that { ] is a {1, 3}-inverse of A. By computation,

1,2,3
0 T{h23)
—aa(H3) 0
_ (1,3)y — | 17 —J_ (1,3)
P(I AA ) == 0 I}gflkaflT]gli’?)*ww(l’?)) == I AA .

According to [2, Theorem 3.1], PA™3) exists if and only if

U=P*PAALS) 1 T - A4S
1+(5a(1,2,3))*[Ik_l_Tk_lTél_,il‘s)](;a(l,z,s) (5a(1,2,3>)*ww(1,3)

B [I;H—kalT,El,’?]éa“’“) Ip—1

_ [ 1 (80123 ) e (1:3) a 0 1 0

- |:0 Ik,1 [0 kal] [kal*kalTléli’?)]éa(l’z’s) kal

is invertible if and only if « is invertible . In this case, AL U1 P* is a {1, 3}-inverse of PA,
and then Q TAUSIU~1P* = [41 22 is a {1, 3}-inverse of T}, where
2y = a2V - - a(1’2’3)a]w(1’2’3)5a(1’2’3)a_1;
za=[1— a<1’2’3)a]w(1’2’3) Y- w123)§ 4 a(1,2,3)aw(1,2,3)5]
« a(1’2’3)a*1(5a(1’2’3))*[Ik,l _ kalT,El_’:f) _ ww(1,3)];
r3 = [T,glj’?’)é(l - a(1’2’3)a)w(1’2’3> - T,gi’f’3)]5a(1’2’3)a_1;
T4 = T,gl_’f’g) — Tlgl_’f’g)é[l — a(1’2’3)a]w(1’2’3) + Tk(;l_’f’g) [0(1— a(1’2’3)a)w(1’2’3) — Ii_1]

x 8a123) a1 (5a M) 1, — Tk,lT,il_’f) — wwH3)],
(2) It is analogous. O

Corollary 4.4. Let To = [2 9] such that a'?) exists. Suppose w = [1 — aat3]as[1 —

a123)a) such that w3 exists. Then To{1,3} # 0 if and only if o = 1 4 [a1a(b23]*[1 —
aa™3) — wwHD]a;a123) is invertible.

Corollary 4.5. Let T3 = |:0(«11 o 8} such that a3 and T2(1’3) exist.

as a1 a
(1) Suppose w = (I — T2T2(1’3)) (4] (1 — a2 a) such that w'?) exists. Then Tél’?’) exists if
and only if o = 1+ ([&]aM23)) (I, — T2T2(1’3) — ww3)) [21]a(1:23) s invertible.

(2) Suppose s = (1 — aaH3)) [az a1 ] (I — T2(1’2’3)T2) such that s(53) exists. Then T3(1’3) exists
if and only if B = I + ([a2 a1] T2(1’2’3))*(1 —aaH®) — s5(13)) [az a1 ] T2(1’2’3) is invertible.

R satisfies the extended Rao condition [5, 14] provided that

1= Z a;a; implies a; = 0 for every index ¢ except possibly one.



a
ar a

Theorem 4.6. Let T, = S # 0 be a non-right invertible lower triangular
ag_1 . ..a1a

Toeplitz matriz over R. If R satisfies the extended Rao condition. Then the following condi-

tions are equivalent:

(1) T,El’3) exists.
0

2) T, = | * - = [N 0], where N, (0 < r < k) is an r x r right invertible lower
x..%x 0

triangular Toeplitz matriz.

Proof. (1) = (2) If T,El’g) exists, then T,El’273) exists. By [14, Lemma 2],
TkT,gl’Q’g) = diag(ey,- - ,ex), where e; =0 or 1.
Since T}, is non-right invertible, there is a permutation matrix P such that

PO P =[30]. (x)

o

Observe that

P = P A PP, = [§ 0] PT = [ 5]

T rXxk

and
T2 p = T2 ppim 2 p = T2 P[0 0] = [0 G ]

From (%), it follows that B« xCkx, = I. Hence T}, = P [fok } , where B,y is right invertible.
0
0
Thus, T}, must have at least one zero row and hence T}, must be of the form |* - , 1.e.,

x..% 0
T, = [ ]\(])r 8}, where N, is an r x r lower triangular Toeplitz matrix and the first row of N,

is not zero, which mean that each row of NV, is not zero. Suppose Té1’2’3) = [f; fﬂ, then

Tka(:Lz’g) = [N7(»]L1 NPLQ]' Again by [14, Lemma 2], Tlegl’Zg) = [8 N,.OLQ] = [8 HOT] s Where
H, = diag(er,--- ,e.), e = 0 or 1. From T,T*T = [991[9.9] = [ 9] = T, it
follows that H,N, = N,. Since none of the rows of N, is zero, then H, = I,. Therefore N, is

right invertible.
2)= (1) If T = [ 2 9], then [29] is a {1, 3}-inverse of T}, where S, stands for the right
Ny 0 00

T

inverse of N,. O

5 The commutative case

In this section, the matrices considered are over a commutative x-ring R.



a
ar a

Theorem 5.1. Let Tj = R be a lower triangular Toeplitz matriz over R. If a
ag_1 ... a1a

and a; (i=1,--- ,k —1) are {1,3}-invertible in R. Then Ty is {1,3}-invertible in R***.

Proof. Observe that if €2 = e = ¢* in R and X, Xo are {1,3}-invertible in R***  then
Xie+ Xa(1 —e) is {1, 3}-invertible in R¥** and X§1’3)e + Xél’s)(l —e) are all {1, 3}-inverses
of X1e+ X5(1 —e). Conversely, if X1e+ Xo(1 —e) is {1, 3}-invertible in RFXE then both Xe
and X»(1 — e) are {1, 3}-invertible in RF*.

Since all the components of T} are {1,3}-invertible in R, then they must be {1,2,3}-
invertible. Hence we factorize T}, as

a 1
ai[1—aa(1:2:3)] a a1a(1:2:3) 1
az[1—aa12:3)]  a;[1—aa(23)] o a2a(1:23)  g1a(123) 1 )
Ty = . . = ApQk.
ap_1l—aa2d] L ol lap_jam2® o 1

Note that Q) is invertible, then T,El’?’) exists if and only if Ag’g) exists. In this case,
Q,;lA,(cl’S) is a {1, 3}-inverse of T}. Consider the factorization of Ay:

L0 000
a a1 0
A = a4 ay C | 1= aa2)].
a : o
| ag_1 o a1§0_

Thus, we derive a reduction formula of a {1, 3}-inverse of T.

0
a1 (1,3)
. az  a
lela(l,2,3) + Q,;l . i [1 _ aa(l,Q,S)]
; Ap_1 as aq
.
1 010 0

10



where a = ag, e = ey, €, =1 — a;a

0:
‘ 1,3
| o 13)
-1, (1,2,3) -1 | (1,2,3)
Qr 101 + Q)1 | [1—aja; 7]
! ag—1 a2
0,
00 0
oio L (7)77_
is a {1, 3}-inverse of Tj. O
Corollary 5.2. Under the conditions of Theorem 5.1.
a 0](1,3) . a123) (123 [1_qq(1,23)]
ai a - 7a1[a(1,2,3)]2 a(1,2,3) ’
1,2,3 1,2,3 1,2,3
e 0 01(1,3) a(1:2:3) ag )[lfaa(1’2’3)] a; )[lfala(l )][lfaa(1’2’3)]
a1 a 0i| = —al[a(1’2*3)}2 a(1,2,3) a(11,2,3)[1_aa(1,2,3)]
4z a1 a a?(a®23)3—ay(a(123))2  —gq[a12)]2 alh23)
0 0 0
+ | 0 —azfa{"*?2[1-aa®:23)] 0 |,
0 0 0
a 0 0 07(L3)
a; a 00
a2 a1 a 0
a3z a2 ai a
a(1:2,3) a{129) P
_ _al[a(1,2,3)]2 a(1,2,3) a§172»3)e a;1v273)616
a2(a(1:23))3 _ gy (a(1:2:3))2 —a[a1:23)]2 a(1.2.:3) a(1.2.3),
201 a[a(L 2B —az]at 232 —a3[a(12]4 a2 (01233 —ag(a(129)2 —ay[a(12]2 a(1:2:3)
0 0 0 0
0 7a2[a(11’2’3)]26 fag[agl’z’d)]Qele 0

_.I_

0 [a3[a{"** P —asla{"**?Je—az[a1 2] —asfal"*¥)2e 0 |
0

(1,2,3)

i

,i=0,1,2.

Remark that in the above three cases, the special {1,3}-inverse Tk(:l’s) of Ty, is the sum of

a Toeplitz matrix and a zero-bordered Toeplitz matrix.
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