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Abstract

This thesis is concerned with the study of maximal subgroups of torsion multi-edge
spinal groups. We prove that every torsion multi-edge spinal group has maximal sub-
groups only of finite index. This implies that every such group does not contain dense

proper subgroups with respect to the profinite topology.

Moreover, for a torsion multi-edge spinal group, we show that all its maximal subgroups
are normal of finite index p, where p is the odd prime such that the group acts on the

p-adic regular rooted tree.

Multi-edge spinal groups are modelled after the GGS-groups, named after R. Grig-
orchuk, N. Gupta and S. Sidki. Every group in the class of GGS-groups is generated

by a rooted automorphism and a recursively defined directed automorphism.

In contrast to the GGS-groups, every multi-edge spinal group is generated by a rooted

automorphism and an arbitrary finite number of directed automorphisms.

The thesis follows the work of E. Pervova, who showed that every torsion GGS-group
has maximal subgroups only of finite index. A key ingredient in the description of
maximal subgroups of GGS-groups is the existence of a map ©1 under which the length

of elements in the derived group decreases.

We introduce a length function on elements of multi-edge spinal groups, and also a
second map O3 to use the recursive structure of the groups more effectively. For a multi-
edge spinal group GG, we prove that the length of every element of its derived group of
length greater or equal to 3, decreases under repeated applications of a combination of
the maps ©1 and O2. By introducing this second map ©2 we also simplify the methods
developed by E. Pervova.
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Chapter 1

Introduction

1.1 Historical remark

Branch groups were explicitly defined by R. Grigorchuk at the conference Groups St An-
drews 1997 in Bath. Even though they were defined as a class of groups only recently,
examples of what are now called branch groups appeared in the literature significantly
earlier, starting with the article of J. Wilson [34] on just infinite groups. Important
examples within the class of branch groups were produced by R. Grigorchuk [10] and
by N. Gupta and S. Sidki [13] in the early 1980’s. The group constructed in [10] is a
three generated infinite torsion 2-group that was initially defined as a group permuting
the halves of the unit interval and is now known as the first Grigorchuk group. It is the
first example of a finitely generated infinite group of intermediate growth, answering
J. Milnor’s question [20] on the existence of such groups. The first Grigorchuk group
was later realised as a subgroup of the full automorphism group of the binary tree.
A second class of examples was constructed by N. Gupta and S. Sidki and became
known as the Gupta-Sidki groups; see [13]. In contrast to the Grigorchuk group, each
Gupta-Sidki group, one group for every odd prime p, is a two generated infinite torsion

group acting on the p-adic regular rooted tree for every odd prime p.

The class of branch groups is related to the General Burnside Problem on torsion
groups. Even though the first example of a finitely generated infinite torsion group
was constructed by E. Golod [9], the class of branch groups provides many examples of
finitely generated residually finite infinite torsion groups which are considerably easier
to describe; see [10] and [13].

Branch groups play an important role in the theory of just infinite groups (i.e. infinite

groups all of whose proper quotients are finite). In [34], J. Wilson developed a structure



1.1. Historical remark 1. Introduction

theory for abstract just infinite groups. In that paper J. Wilson showed that the class
of just infinite groups splits into two subclasses, the groups with finite and the groups
with infinite structure lattice. However, J. Wilson’s dichotomy on just infinite groups
[34] was reformulated by R. Grigorchuk [11] in the form of a trichotomy according to
which every finitely generated just infinite group is either a branch group or can easily
be constructed from a simple group or from a hereditarily just infinite group (i.e. an

infinite group all of whose subgroups of finite index are just infinite).

There are two approaches to the definition of branch groups; see [3]. The first one
is purely algebraic, defining branch groups as groups whose lattice of subnormal sub-
groups is similar to the structure of a spherically homogeneous rooted tree. The second
approach is based on a geometric point of view according to which a branch group is
a group acting transitively on a spherically homogeneous rooted tree 7" and admits
a structure of subnormal subgroups similar to the corresponding structure in the full

automorphism group Aut(T") of the tree T

Various generalisations of the two families of groups led to the first distinction within
the class of branch groups; namely the Grigorchuk type of groups and GGS-groups
(named after R. Grigorchuk, N. Gupta and S. Sidki). In [1], S. Alesin found a family
of finitely generated infinite p-groups, arising as groups of automatic transformations.
In [19], Y. Merzlyakov showed that the groups introduced in [1] are very closely related
to the Grigorchuk and the Gupta-Sidki groups. In the Russian literature the groups
introduced in [1] have become known as Alesin type of groups (or AT-groups). In [4],
L. Bartholdi and Z. Sunik proposed a generalisation of the class of branch groups and

initiated a systematic study of the new groups that they named spinal groups.

At the moment of writing this thesis, the theory of spinal groups is a very active area
of research. Of course, it is beyond our scope to report on all recent developments in
this area. Perhaps, the most important recent developments concerning spinal groups
can be found in A. Zugadi-Reizabal’s Ph.D thesis [36]; see also [8] and [32]. The main
subject of study in [36] is the order of congruence quotients of groups in several families
of spinal groups. As a consequence, the author determines the Hausdorff dimension of

groups in several families of spinal groups. In particular, the family of GGS-groups.

It is also worth mentioning that in [12], R. Grigorchuk and J. Wilson established some
interesting results concerning abstract commensurability of subgroups for the first Grig-
orchuk group. More precisely, the authors showed that if a group L is commensurable
with the first Grigorchuk group, then all maximal subgroups of L have finite index in L.
Their result applies to GGS-groups, and it would be very interesting to investigate this

property for the class of spinal groups.
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In this thesis we deal with multi-edge spinal groups, that is with spinal groups for which
the corresponding spines have more than one vertex at every level; see Section 3.1. The
term multi-edge spinal group has been proposed by A. Zugadi-Reizabal; see [36]. The
groups that we study are modelled after the GGS-groups, but in our case each group
is generated by a rooted automorphism and an arbitrary finite number of directed

automorphisms.

1.2 Motivation

In [3], R. Grigorchuk, L. Bartholdi and Z. Sunik asked the following question.

Question 1. Is every maximal subgroup of a finitely generated branch group G nec-

essarily of finite index in G?

In [23] and [26], E. Pervova showed that this is indeed the case for the Grigorchuk
group and torsion GGS-groups respectively. On the other hand, I. Bondarenko [5]
constructed a finitely generated branch group which has maximal subgroups of infinite

index, answering in the negative Question 1.

The main aim of this thesis is to investigate the same question in the context of multi-
edge spinal groups. In particular, we extend and simplify the results obtained in [26]
to the class of torsion multi-edge spinal groups, and we show that these groups have

maximal subgroups only of finite index.

As indicated in [26] by E. Pervova, one motivation for our investigation comes from
a conjecture of Passman concerning the group algebra K|[G] of a finitely generated
group G over a field K with char K = p. The conjecture states that, if the Jacobson
radical J(K[G]) coincides with the augmentation ideal A(K[G]) then G is a finite p-
group; see [21, Conjecture 6.1]. In [21], Passman showed that if 7(K[G]) = A(K[G])
then G is a p-group and every maximal subgroup of G is normal of index p. Hence
multi-edge spinal groups that are torsion yield natural candidates for testing Passman’s
conjecture. It is important to widen this class of candidates, as even the Gupta-Sidki
group for p = 3 does not satisfy J(K|[G]) = A(K][G]); this follows from [31].

10



1.3. Structure of the thesis 1. Introduction

1.3 Structure of the thesis

In Chapter 2 we give a short introduction to branch groups and establish some no-
tation and prerequisites for the rest of the thesis. For a detailed account on abstract
branch groups the reader can consult the survey article [3], by L. Bartholdi, R. Grig-
orchuk and Z. Sunik. For an account on profinite branch groups see the article [11], by

R. Grigorchuk. In this thesis we deal almost exclusively with abstract branch groups.

In Chapter 3 we introduce the class of multi-edge spinal groups acting on the p-adic

regular rooted tree T' for the odd prime p. We prove the following.

Lemma A. Fvery multi-edge spinal group G is fractal.

For a multi-edge spinal group G, this means that the restriction of every vertex sta-
biliser, denoted by Stabg(u), to the subtree rooted at the vertex u coincides with the
group GG. The above property turns out to be a very useful tool in applying inductive

arguments.

For G a multi-edge spinal group that is not Aut(7")-conjugate to the GGS-group G,

arising from a constant defining vector we prove the following.

Proposition B. Let G be a multi-edge spinal group that is not Aut(T')-conjugate to
the GGS-group G. Then G is a branch group.

Moreover, we show that

Proposition C. FEvery torsion multi-edge spinal group G is just infinite.

In addition, Chapter 3 contains several technical results that are later used in the rest
of the thesis.

In Chapter 4 we restrict our attention to torsion multi-edge spinal groups for the rest of
the thesis. We describe the abelianisation G/[G, G] of a multi-edge spinal group G, and
define a length function on elements of G. In addition, we introduce the theta maps
©1,02 : [G,G] — [G,G] and we prove that the length of every element of [G,G] of
length at least 3 decreases down to 0 or 2 under repeated applications of a combination
of these maps; see Theorem 4.2.1. The maps ©1 and ©5 are defined in such a way to
investigate maximal subgroups of torsion multi-edge spinal groups. More precisely, we
are interested in descending to upper companion groups further down in the tree T
in certain coordinates. In this context, the theta maps ©; and ©2 enable us to use

induction to prove our main results.

11
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Chapter 5 constitutes another important part of this thesis. First we establish several
intermediate propositions, some of which are direct generalisations of respective results

in [26] to the context of torsion multi-edge spinal groups.

Then based on these propositions we establish our main result.

Theorem D. Let G = (a,by,...,b) be a just infinite multi-edge spinal group. Suppose
G is not Aut(T')-conjugate to a group in €. Then G does not contain any proper dense

torsion subgroups, with respect to the profinite topology.

As a corollary we obtain the following.

Corollary E. Let G = (a,by,...,b,) be a torsion multi-edge spinal group. Suppose G is
not Aut(T')-congugate to a group in €. Then G does not contain any mazximal subgroups

of infinite index.

Finally, for G a just infinite multi-edge spinal group, we show that all its maximal
subgroups are normal of index p, where p is the odd prime such that G acts on the

p-adic regulat rooted tree.

Theorem F. Let G = (a,b1,...,b) be a just infinite multi-edge spinal group. Suppose
G is not Aut(T)-conjugate to a group in €. Then every mazimal subgroup of G is
normal of index p, where p is the odd prime such that G acts on the p-adic regulat

rooted tree.

In Appendix A we provide a hands on computation using the theta maps ©; and
O2. We “test” Theorem 4.2.1 using a three generated torsion multi-edge spinal group
G = (a, b1, bs) acting on the p-adic regular rooted tree T for an odd prime p. More
precisely, we show that every element of its derived group of length greater or equal

to 3 decreases under repeated applications of a combination of the maps ©1 and ©O-.

Finally, in Appendix B we provide the code of a MAGMA [6] program we wrote
during the early stages of our research. This program allows to investigate the map ©;
introduced by E. Pervova in [26]. The code is adjusted for the case of the Gupta-Sidki
group for p = 3. We also provide the output of a “small” computation using as an
example the Gupta-Sidki group for p = 3. This example shows that one cannot expect
to reduce the length of elements in the derived group of the Gupta-Sidki group in all

cases, without using the map ©, we introduce in Section 4.2.

12



Chapter 2

Preliminaries

In this chapter we give a short introduction to (abstract) branch groups and establish
some notation and prerequisites for the rest of the thesis. All definitions in this chapter

are drawn directly from existing published literature; see [3] and [11].

2.1 p-adic trees

A tree is a connected graph with no cycles. There is a type of tree which is of par-
ticular interest due to its rich group-theoretical properties that appear in its group of
automorphisms. That is the regular p-adic rooted tree, for p a prime number; rooted
because it has a distinguished root vertex and regular because every vertex has the
same out-degree p. In this thesis all trees are regular p-adic with distinct root, for p an

odd prime.

Let X be an alphabet on p letters, e.g. X = {1,2,...,p}, and denote by X the asso-
ciated free monoid. A positive word of length n over X is any formal product of the
form w = x129 - - - x,,, where n € Ny and z; € X for alli € {1,...,n}. The unique word
of length 0, the empty word, is denoted by (). The length n of the word w is denoted
by |w|.

We introduce a partial order on the set of all words over X by the prefix relation <.
Namely, u < v if w is an initial segment of the sequence v, i.e. if u = uy...u,, v =
v1...v, where n < k and u; = v; for i € {1,...,n}. The partially ordered set of words
over X, denoted by T, is called the regular rooted tree over X. In order to simplify
the notation we denote 7% by T.

13



2.1. p-adic trees 2. Preliminaries

11

Figure 2.1: The p-adic regular rooted tree T" over the alphabet X = {1,...,p}

From the graph-theoretical point of view, every word over X represents a vertex in a
rooted tree. The empty word () represents the root; the p one-letter words z1,...,z, €
X represent the p children of the root etc. The ordered pairs (u,v), where v and v are
vertices of the form u = x1 ...z, and v = 1 ... 2,41, are precisely the (directed) edges
of the tree. The distance of a vertex u from the root vertex is denoted by |u| and is
called the length of u. This is the number of edges in the unique shortest path from ()

to u.

More generally, if u is a word over X, then the words ux for x € X of length |u| + 1,
represent the p children of the vertex u (see Figure 2.1). The cardinality of the set
of vertices which are both adjacent to the vertex u and of length |u| + 1 is called the

out-degree of u.

A rooted path in the tree T is a sequence of adjacent vertices which starts at the root
and is such that each vertex occurs at most once. If the tree T is infinite, the set of all
infinite paths is called the boundary of T and is denoted by OT.

The graph structure of the tree T induces a distance function on the set of words by
d(u,v) = |u| + |v| = 2ju Ao,

where uAwv is the longest common prefix of © and v. In particular, the words of length n
represent the vertices that are at distance n from the root. Such vertices constitute the

level n of the tree.

The subtree of T' containing only vertices from levels 0 to n is denoted by 7j,. We

write T, for the full subtree of T rooted at the vertex u and consisting of all vertices v

14



2.2. Tree automorphisms 2. Preliminaries

with v < wv. Since the tree T is regular, any two subtrees T;, and T,,, where v and v are

”

words over X of the same length, are “canonically” isomorphic under the isomorphism
that deletes the prefix u and replaces it by the prefix v. Based on this observation, we
denote by T}, any subtree rooted at a vertex in the same level as the vertex u. Thus we
write T,, for the subtrees rooted at any vertex at level n. This is partly motivated by a
more general setting described in Remark 2.1.1. In fact, it is clear that any subtree Ty,

and hence any 7;,, is canonically isomorphic to the tree T" via the map uv — v.

Remark 2.1.1. There is a more general construction to that of a regular tree; see [11].
The tree T is constructed over a sequence of alphabets X, Xo, X3,... with | X;| =
m; > 2, where m = {my}22 is a sequence of natural numbers. Such a tree is called
spherically homogeneous because vertices of the same length have the same out-degree.
All notions introduced above carry over to this more general situation. The main
difference is that the trees 7;, are in general no longer isomorphic to 7', but depend

on n.

2.2 Tree automorphisms

As in the previous section, let T" be a p-adic regular rooted tree on an alphabet X.

Definition 2.2.1. A tree automorphism of T is a permutation of the words over X

that preserves the prefix relation.

In the language of graph theory an automorphism of 7" is just a graph automorphism
that fixes the root. We denote the group of automorphisms of 7' by Aut(7"). The
orbits of the action of Aut(7") on the vertices of the tree T" are precisely its levels. For
any given vertex, a tree automorphism can be regarded as a labelling of the vertices
by elements of the symmetric group which acts on the edges (or vertices) below that

vertex.

Consider an automorphism f of 7" and a word w over X. We denote the image of u
under the automorphism f by uf. For a letter z in X we have (uac)f = ufz’ where 2’ is
a uniquely determined letter in X. Clearly the induced map = — 2’ is a permutation
of X. We denote this permutation by f(u) and we call it the vertex permutation of f
at u. Denoting the image of z under f(u) by 2/, we get

(uz)f = ulaf ™), (2.1)

15



2.2. Tree automorphisms 2. Preliminaries

which easily extends to

(129 ... 2p) = x{(mxg(xl) gl @) (2.2)

n

By using (2.1), it is clear that

-1

fg(u) = f(u)og(u’) and f~'(u) = (f(u/ )7, (2.3)
for all words u over X and f,g € Aut(7T).

Definition 2.2.2. Let f be an automorphism of 7" and u a word over X. The section

of f at w is the unique automorphism f,, of T}, =T defined by
olv =w if (w) = vl

for every word v over X.

Definition 2.2.3. Let G be a subgroup of Aut(7"). The set of sections at the vertex u,
denoted by Sec,(G) = {gu | g € G}, is called the section of G at u.

We now introduce some special classes of automorphisms which will be used in various
constructions.

Definition 2.2.4. An automorphism f € Aut(7T) is called rooted, if f(u) = 1 for all
u # .

Figure 2.2: A rooted automorphism

Definition 2.2.5. Let f be an automorphism of T'. The labelling support

¢supp(f) = {u | f(u) # 1}

of f, is the set of vertices at which f has non-trivial labelling.

16



2.2. Tree automorphisms 2. Preliminaries

Note that this notion differs from the usual concept of support. For instance, a rooted
automorphism f # 1 has ¢supp = {0}, while it does not move the root §) but other

vertices of the tree T'.

Definition 2.2.6. An automorphism f € Aut(7T) is called finitary, if the labelling
support fsupp(f) = {u | f(u) # 1} of its labelling is finite.

N

non-trivial
part of the
labelling

Figure 2.3: A finitary automorphism

Recall that if the tree T is infinite, the set of all infinite paths is called the boundary
of T and is denoted by OT.

Definition 2.2.7. An automorphism f € Aut(7) is called directed, with directing path

1 € 0T, if f(u) =1 whenever u is not at distance 1 from [ and f is not finitary.

Note that a directed automorphism is not necessarily non-trivial at every vertex of

distance 1 from the directing path [.

a=(1,2,3)

- a cyclic permutation

Figure 2.4: A directed automorphism “f = (a,a™!, f) ” of the 3-adic regular rooted
tree

17



2.3. Level and rigid stabilisers 2. Preliminaries

2.3 Level and rigid stabilisers

Let T be a p-adic regular rooted tree and G a subgroup of Aut(7") acting transitively
on every level of the tree. In this section we introduce some important subgroups of G

which are going to be used in later chapters.

Definition 2.3.1. The subgroup Stabg(u) consisting of all automorphisms in G that

fix the vertex wu, is called the vertex stabiliser of u in G.

Definition 2.3.2. The subgroup Stabg(n) = [, =, Staba(v) consisting of all auto-

morphisms in G that fix all vertices at level n, is called the n-th level stabiliser in G.

More generally, the subgroup Stab(n) of Aut(T") consisting of the automorphisms that
fix the n-th level is called the n-th level stabiliser.

Note that the elements in Stab(n) fix all vertices of the finite tree T},;. Moreover, the

subgroup Stab(n) is the kernel of the natural epimorphism
Tt Aut(T) — Aut(Tj,)
obtained by restriction. Hence Stab(n) is normal in Aut(7") and
Aut(T)/ Stab(n) = Aut(Ty,)).

Since Aut(T},)) is a finite group, it is clear that Stab(n) is of finite index in Aut(T).
In particular, since Stabg(n) = Stab(n) NG it follows that Stabg(n) has finite index
in G.

Recall from Section 2.1 that a positive word of length n over X is any formal product
of the form w = zyx9---x,, where z; € X for all i« € {1,...,n}. Note that any
g € Stabg(n) can be identified in a natural way with the collection (g1,...,gn,) of
elements of Aut(7),), where N, = p™ is the number of vertices at level n. Indeed,
gi € Aut(T},) corresponds to the restriction g|7, of g to the subtree T}, = T, where the

root is the i-th vertex u at level n.

Since T is a regular tree, Aut(7') is isomorphic to Aut(7},) after the natural identifica-

tion of subtrees. Therefore the decomposition g = (¢g1,. .., gn, ) defines an embedding

(e

Yy Stabg(n) — Aut(Ty, )X M Aut(Tyy, ) = Aut(T) x Plox Aut(T).

In the case where n =1,

p

1 Stabg (1) = Aut(Ty,)x -~ x Aut(T,,, ) = Aut(T)x -~ - x Aut(T).

18



2.3. Level and rigid stabilisers 2. Preliminaries

We write US for the restriction of the vertex stabiliser Stabg(u) to the subtree T,
rooted at the vertex u. Clearly US is a subgroup of Aut(T},). Notice that since G acts

transitively on all levels of the tree T, the vertex stabilisers at every level are conjugate
in G.

We write US C Aut(T),) for the common isomorphism type of the restrictions of the
n-th level vertex stabilisers, and simply U, when the group G is fixed. We call U,?
the n-th upper companion group of GG. Since T is a regular tree, U,? is a subgroup of

Aut(T') under the canonical identification T}, = T', determined up to conjugation.

In general, the upper companion group US may not be a subgroup of G or may be
a subgroup of infinite index. However, in certain classes of groups acting on regular
rooted trees such as branch groups, the upper companion groups are isomorphic to
finite index subgroups of G under the canonical identification of the original tree with

its subtrees; see Section 2.4 for the definition of branch groups.

In analogy to principal congruence subgroups of arithmetic groups such as SL4(Z),
the level stabilisers can be considered as natural principal congruence subgroups for
Aut(T); see [17, Ch. 6] for an overview on congruence subgroups in arithmetic groups.
Moreover, if G is a subgroup of Aut(7") we refer to the quotient G/ Stabg(n) as the

n-th congruence quotient of G.

Definition 2.3.3. The subgroup G < Aut(7T') has the congruence subgroup property if

every subgroup of finite index in G contains the group Stabg(n) for some n.

Another important class of subgroups of groups acting on regular rooted trees are the

rigid vertex stabilisers and the rigid level stabilisers.

Definition 2.3.4. The subgroup Rstabg(u) consisting of all automorphisms in G that

fix all vertices not having u as a prefix, is called the rigid vertex stabiliser of u in G.

trivial vertex
.+ permutations

possibly some
non-trivial vertex . __
permutations

Figure 2.5: An automorphism in the rigid stabiliser of u
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2.4. Branch groups 2. Preliminaries

Definition 2.3.5. The group Rstabg(n) is the product of the rigid vertex stabilisers
Rstabg(ui), ..., Rstabg(un,,)

of the vertices uq,...,uyn, at the n-th level, and is called the rigid n-th level stabiliser
in G.

We write Lg for the common isomorphism type of the n-th level rigid vertex stabilisers
and simply L, when the group G is fixed. We call LS the n-th lower companion group
of G. Notice that the lower companion group ij at a vertex u is a subgroup of the
corresponding upper companion group. Because the group G acts transitively on every
level of the tree, we have the inclusion
LE C UY C Sec,(Q).

Clearly automorphisms in different rigid vertex stabilisers on the same level commute.
Since G acts transitively on all levels, it follows that all vertex stabilisers Stabg(u)
corresponding to vertices on the same level are conjugate in G. Furthermore, since
the lower companion group L& at a vertex u is a subgroup of the upper companion
group UE , it follows that all rigid vertex stabilisers Rstabg (1) corresponding to vertices
on the same level are also conjugate in (G. Thus taking the direct product of the rigid
vertex stabilisers of vertices at the same level, we see that the rigid level stabilisers
Rstabg(n) are normal in G. In contrast to the level stabilisers, the rigid level stabilisers

may have infinite index, and may even be trivial.

2.4 Branch groups

Among the families of groups acting on rooted trees, there is a class of groups of

particular importance to group theorists. That is the class of branch groups.

We state the definition of branch groups slightly more generally for spherically homo-

geneous rooted trees.

Recall from Remark 2.1.1 in Section 2.1, that a spherically homogeneous rooted tree T

is constructed over a sequence of alphabets X1, X, X3, ... with | X;| = m; > 2, where
m = {m,}5°, is a sequence of natural numbers. Our main interest is in the case
X =X,=...and p=my = ... an odd prime, leading to a regular p-adic rooted tree.
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There are two approaches to the definition of branch groups; see [3]. The first one is
purely algebraic, defining branch groups as groups whose lattice of subnormal subgroups

is similar to the structure of a spherically homogeneous rooted tree.

Definition 2.4.1. A group G is said to be a branch group, if it has a descend-
ing sequence of normal subgroups H, of finite index in G with trivial intersection
Moo, Hy, =1, such that:

(1) H,, admits a factorisation H, = LS) X e X Lg) as a product of finitely many

copies Lg), ce Ly) of a group L,,, where r = r(n).

(2) The factorisation of H,, subdivides the factorisation of H,,_; for eachn € {2,3,...}.

(3) The group G acts transitively by conjugation on each set of factors as in (1).

Lo = Hp
Vs x L{m™) = H
L<21> X e X Lo - X Ly --ee-- XL;M) = H

Figure 2.6: Branch structure of a branch group

The second approach is based on a geometric point of view according to which a
branch group is a group acting transitively on a spherically homogeneous rooted tree
T, such that it admits a structure of subnormal subgroups similar to the corresponding
structure in the full automorphism group Aut(7') of the tree T'. In this thesis we use

the geometric definition of branch groups.

Definition 2.4.2. A group G is said to be a branch group, if there is a spherically
homogeneous rooted tree T' = Ti, with branching sequence m = (mq,mo,...), and an
embedding G — Aut(T") such that:

(1) The group G acts transitively on each level of the tree.

(2) For each level n there exists a subgroup L, of the automorphism group Aut(7},)

of the full subtree T, rooted at a level n vertex, such that the direct product
Hn = L»ELI) X oo X L%Nn) g StabAut(T)(n), Where L%Z) o~ LT“
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of N,, = myms---m,, copies of L, is normal and of finite index in G.

Recall from Section 2.3 that the lower companion groups LG denote the common iso-
morphism type of the rigid vertex stabilisers Rstabg(u), where v € T runs through
all vertices at level n. Thus condition (2) of Definition 2.4.2 means that all rigid level

stabilisers Rstabg(n) are of finite index in G.

Therefore the question whether a subgroup G of Aut(7') is branch, with respect to the
given realisation as a group of tree autmorphisms, reduces to checking two properties.
Firstly, that the group in question acts transitively on all levels of the tree. Secondly,

that every rigid level stabiliser Rstabg(n) is of finite index in G.

Recall that every lower companion group Lg is a subgroup of the corresponding upper

companion group US. Thus we have the (geometrical) embedding

LY x .- x LY = Rstabg(n) < Stabg(n) < US x --- x UY,

n

where each product contains N, factors, corresponding to the number of vertices at
the n-th level of the tree T

In addition, when the tree T is regular we have the following definition.

Definition 2.4.3. A subgroup G of Aut(7) is said to be fractal, if every upper com-

panion group Uf coincides with G, where w runs through all vertices of the tree T

2.5 Profinite groups

Profinite groups are objects of interest in a variety of mathematical areas. In abstract
group theory, they provide the means for focussing attention on properties of finite
homomorphic images; see [30]. For the number theorist, profinite groups are the groups
which arise as Galois groups of algebraic field extensions; see [35, Ch. 3]. And for the
analyst, they are the quotient groups of compact Hausdorff topological groups modulo

the connected component of the identity; see [15] and [14].

There are many characterisations of profinite groups; see [16, Ch. I]. But for our pur-

poses, we introduce the main notions that are most relevant to the current thesis.

Perhaps the most relevant characterisation of profinite groups in the context of branch

groups, is that of profinite groups as inverse limits and profinite completions.

Definition 2.5.1. A directed set is a partially ordered set I = (I, <) such that for all
1,7 € I there exists k € I such that k£ > and k > j.
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Definition 2.5.2. An inverse system (Gj; ;) of groups (or other mathematical struc-
tures such as sets, rings, etc...) over I consists of a family of groups (or sets, ...)
G;,i € I, and homomorphisms ¢;; : G; — G; whenever ¢ = j, satisfying the natural

compatibility conditions
i = idg, and @@ = @i for all 4,5,k € I with i = j = k.

Definition 2.5.3. The inverse limit of the inverse system (Gj; ;) is the group

(or set,...)
m Gy = {(gi)iel € Hiel Gi | givij = gj whenever i > j}

together with the natural coordinate maps ¢; : G — G; for i € I.

G=lmG; —————_ _

~ ““\\:““:::\\\

\ ~ ~ ~
\ N N
| ¢ \\\'»93 \\952 ~ ¥1
Y A A BN

rrrrr — G —— Gs G e
Pi+1,i Piji—1 P43 P32 P21

Figure 2.7: The inverse limit G of an inverse system (Gjy; ¢;j), I =N

If the G; are finite groups, we give each of them the discrete topology , and [[;.; G;
the product topology. Then 1'£1Gi with the induced topology becomes a totally dis-

connected, compact, Hausdorff topological group.

Another way to look at profinite groups is as profinite completions. Let I' be any group.
We write H <; I" to indicate that H is a subgroup of finite index in I'. Note that the
finite quotients of I form a natural inverse system I'/N, N <7 I', with ¢y given by
the natural projection I'/M — I'/N whenever M C N. The inverse limit of this system
is the profinite completion [:= @F/N of I'. There is a natural map from the original

group into its profinite completion, namely

19:F—)F, gH(gN)qur.

If I is residually finite, that is the intersection of all its finite index subgroups is trivial,
then ¥ is injective. Typically, 'Y is strictly contained in I’ but it is always a dense

subgroup, that is the closure of 'Y is equal to T'.
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Profinite groups are also topological groups.

Definition 2.5.4. A profinite group is a compact Hausdorff topological group whose

open subgroups form a base for the neighbourhoods of the identity.

Thus a profinite group is a compact Hausdorff topological group G, such that every
open neighbourhood of the identity contains an open subgroup. This means that the
open subsets of a profinite group G are precisely those sets which can be written as

unions of cosets gV of open normal subgroups N <, G.

Let G be a profinite group and X C G. Then X is said to generate G (topologically) if X
generates a dense subgroup of G. Accordingly, G is finitely generated (as topological
group) if it admits a finite (topological) generating set. We denote by d(G) the minimal
cardinality of a (topological) generating set for G. In order to check whether a given
subset X generates a profinite group G, it suffices to show that X generates G modulo
every open normal subgroup N <, G. Thus one has d(G) = sup{d(G/N) | N <, G}.

Definition 2.5.5. An infinite group G is called just infinite if all its non-trivial normal
subgroups have finite index; if G is profinite it means that all non-trivial closed normal
subgroups have finite index. The group is called hereditarily just infinite if each of
its subgroups of finite index is just infinite; if G is profinite it means that every open

subgroup is just infinite.

The Frattini subgroup ®(G) of a profinite group G is the intersection of all maximal
proper open subgroups of G. Since every open subgroup is closed, it follows that ®(G)
is a closed subgroup of G. Furthermore, one can show that X C GG generates G if and
only if X generates G modulo ¢(G).

A pro-p group is a topological group which is isomorphic to the inverse limit of finite p-
groups. Every group I' admits a pro-p completion fp, which is the pro-p group arising
from the inverse system of finite quotients I'/N where N runs through all normal

subgroups of p-power index in I.

Let G be a pro-p group. Then every closed subgroup of G is a pro-p group and any
quotient of G by a closed normal subgroup is a pro-p group. In particular, the index
of any open subgroup of GG is a power of p. The Frattini subgroup of G is equal to the
subgroup GP[G, G}, i.e. (G) = GP[G, G|, where GP is the closed subgroup generated by
all p-powers of G and [G, G| is the closed commutator subgroup of G; see |7, Proposition
1.13]. In particular, one has d(G) = dimp,G/®(G).
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2.6 Branch groups as profinite groups

Let T be a p-adic regular rooted tree on the alphabet X = {1,...,p}. Recall that T},
is the subtree of T" ending at level n. The fact that Aut(T") is a profinite group becomes
clear if one observes that the sequence of groups Aut(7},) forms an inverse system.
The homomorphisms

Aut (T 1)) — Aut(Ty,))

are defined by restricting the action of Aut(7},41)) to T}, and the group Aut(7) is the

inverse limit of the system

Aut(T) = I&H Aut(T[n]).

n—oo

Note that the topology of this group is defined by the open subgroups {Stab (1) (n) }52

n=1"
A Sylow pro-p subgroup of Aut(T) is obtained as follows. Fix a cyclic permutation

a=(12---p) of the alphabet X, and regard a as an element in the symmetric group
Sym(p).
Define Aut,(T') < Aut(7T) to be the set of all elements whose labelling {g(u)} takes

values in (a) = C), a cyclic group of order p, where u runs through all vertices of the tree.
Thus for every vertex u € T we have g(u) = ' for some i(u) with 0 < i(u) < p — 1.
The group Aut,(T") is isomorphic to the infinitely iterated wreath product

yLn (Cp l Cp ... Cp)n factors;

n—oo

and is a Sylow pro-p subgroup of Aut(7). In the current thesis all groups will be
constructed inside this Sylow pro-p subgroup of Aut(7'). For the finite tree T}, ending

at level n, Aut(7j,)) is isomorphic to the finite iterated wreath product

(Sym(p) { Sym(p) Lot Sym(p))n factors-
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Chapter 3
Multi-Edge Spinal Groups

In this chapter we introduce the class of multi-edge spinal groups. In Section 3.1 we
give the general construction of the groups and establish some definitions for the rest

of the thesis. In Section 3.2 we prove some general properties of such groups.

Again, we work with the p-adic regular rooted tree for an odd prime p. We choose the

spine to be the rightmost infinite path starting at the root vertex of the tree.

3.1 Construction of multi-edge spinal groups

Let T be the p-adic regular rooted tree over the alphabet X = {1,...,p} for an odd

prime p.

Definition 3.1.1. Let L = (I,)»>0 be an infinite path in T starting at the root. If we
consider, for every n > 1, immediate descendants s, i, for k € {1,...,p}, of [,,_; not
lying in L, we say that the doubly indexed sequence S = (s, k)n>14% IS & multi-edge

spine of T.
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Figure 3.1: A multi-edge spine (sp, 1)n>1 in the 5-adic rooted tree, associated to the
right-most path (I,,)n>0, where I, = (x1--- )

We denote by a the rooted automorphism corresponding to (12 --- p) € Sym(p) which
cyclically permutes the vertices of the first level of the tree T'. Clearly a is of order p.

Recall from Section 2.3 the map
Unt Stabg(n) — Aut(Th,)x " x Aut(Tyy ) 2 Aut(T)x ™+ x Aut(T),
where N, = p". In particular, for n =1

1: Stabg(1) = Aut(Ty,)x -~ - x Aut(T,,,) = Aut(T)x -~ - x Aut(T).

Given a finite set E of (Z/pZ)-linearly independent vectors

e =(€e1,1,€1,2,--,€1p-1)
e = (€e21,€22,...,€2p-1)
e3 = (€e3,1,€32,...,€3p—1)
€r = (er,la €r2; ... aer,p—l)

wherer € {1,2,...,p—1} and each e; = (e;1,...,€ip—1) € (Z/pZ)P~ fori € {1,...,r},
we define recursively a finite set B = {b1,...,b,} C Stab(1) of directed automorphisms
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via

7/)1(51) = (a61’17a€1727 v 7a€1,p—1,b1)
Y1(ba) = (a1, a2, .., a1 by)

P1(bs) = (a®1, a2, ..., a®P=1 bs)

P1(by) = (a1 a2, 0 a1 D,).

Definition 3.1.2. We say that the subgroup Gg = ({a} U B) of Aut(T) is the multi-

edge spinal group corresponding to the set of defining vectors E.

Remark 3.1.3. We observe that B = (bi,...,b,) is an elementary abelian p-group of

rank r. Indeed, the map

<61,...,6r> — <bl,...,br>
given by
' ' .
Zjiei — H by’
i=1 i=1
is an isomorphism of groups, and (e1, ..., e,) = C.

Remark 3.1.4. By choosing the defining vectors e; € E linearly independent, we
avoid that one of the directed automorphisms by, ..., b, of a multi-edge spinal group is
redundant. To see this, assume the contrary. That is there exist constants cj,..., ¢, €
(Z/pZ)P~*, not all zero, such that

cre1+---+ce, =0 (mod p).

Cr—1

Without loss of generality assume that ¢, = —1 (mod p). Then b, = b7 ---b,"7 €
(b1,...,b,—1). Therefore we can find a set E C E of linearly independent defining
vectors €1,...,€,_1, giving rise to directed automorphisms 51, ... 757‘—1 such that the
set {a}U{by,...,by,_1} generates the same multi-edge spinal group. Observe that, the

assertion above is an immediate consequence of part (3) of Lemma 4.1.9.

Definition 3.1.5. A defining vector e; € E is said to be symmetric, if e; ; = e; p,—; for

all j € {1,..., %} Otherwise, e; is said to be non-symmetric.

Definition 3.1.6. A multi-edge spinal group Gg is said to be symmetric with respect
to E if every defining vector e; € E giving rise to a generating directed automorphism

is symmetric. Otherwise, Gg is said to be non-symmetric with respect to E.
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Remark 3.1.7. By choosing only one defining vector
e=(e1,...,ep_1) € (Z/}!)Z)p*l7
for p an odd prime, and defining an automorphism b of Aut(T") via
P1(b) = (a®,...,a®*"1,b),

we obtain the GGS-group Ge = (a,b) corresponding to the defining vector e. For in-
stance, the Gupta-Sidki group arises by choosing p an odd prime and e = (1,—1,0,...,0).
Thus the GGS-groups form a subclass of all multi-edge spinal groups. As a refer-
ence for the GGS-groups, the reader can consult Section 2.3 of the monograph [3] by
L. Bartholdi, R. Grigorchuk and Z. Sunik, or the papers [33] by T. Vovkivsky and
[22, 27] by E. Pervova.

The next theorem, adapted to the context of multi-edge spinal groups, gives the con-

dition for a group in the class of multi-edge spinal groups to be an infinite p-group.

Theorem 3.1.8 (Grigorchuk [11], Vovkivsky [33]). Let G = ({a} U B) be a multi-edge
spinal group corresponding to a set of defining vectors E. Then G is an infinite p-group

if and only if for every e; € E

p—1

Zei,j =0 (mod p).

j=1

We do not know a proof that the GGS-group G in (3.7) is not branch. From properties

that were established in [36] we derive the following result.

3.2 General properties of multi-edge spinal groups

We continue to work with the p-adic regular rooted tree T" for an odd prime p. We fix

a multi-edge spinal group G = (a, b1,...,b,) as defined in Section 3.1.

Recall from Definition 2.4.3 that a subgroup G of Aut(T") is fractal, if every upper
companion group Uf coincides with G. This means that for every vertex u € T, the
restriction of its stabiliser to the subtree rooted at u, denoted by Stabg(u),,, coincides
with G.
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Lemma 3.2.1. Every multi-edge spinal group G is fractal.

Proof. Clearly Stabg(u), C G for every vertex u € T. To show that G C Stabg(u),,
we induct on the length n of the vertex u. Firstly, assume that n = 0. That is, u is

the root vertex of the tree T' and hence the result is trivial.

Let u be a vertex of length n > 0. Writing v as u = vk, where k € {1,...,p} and v a
vertex of length n—1, we can conclude by the induction hypothesis that Stabg(v), = G.
Therefore there exist elements @, b; € Stabg(v), for all i € {1,...,r}, acting as a and b;

on the subtree T, rooted at the vertex v.

Fix 1 € {1,...,r}. If k = p, then the directed automorphism b; € Stabg(v), is acting
as b; on the subtree T,,. Otherwise, conjugating bi by a suitable power @/ of @, we can
get b; at the k-th coordinate of the decomposition vector of Efj Furthermore, choosing
suitable j € {1,...,p} we can get a power of the rooted automorphism at the k-th
coordinate in the decomposition vector of ij In addition, we can choose a suitable
Il €{l,...,p— 1} such that (Bf])l produces the rooted automorphism a at the k-th
coordinate in the decomposition vector of (E?J)l Thus (Efj)l € Stabg(u), is acting
as the rooted automorphism a on the subtree 7T,. Therefore G = (a,b1,...,b,) C
Stabg (t)s. O

Proposition 3.2.2. Fvery multi-edge spinal group G acts transitively on every level
of the tree T'.

Proof. Let u, v € T be two vertices at level n. We induct on the length |u| = |v| = n.
For n = 1, it is clear that u® = v for some k € {1,...,p}, where a is the rooted

automorphism permuting the p vertices of the first level.

Next suppose that n > 1 and the result is true for all vertices up to level n — 1. There
are two cases. Suppose that the vertices u and v begin with same letter j € {1,...,p}.
That is, u = ju’ and v = jv’. Then by the induction hypothesis there exists an element
f € G such that f(u') = ¢v'. By Lemma 3.2.1 Stabg(w), = G for every w € T.

Therefore there exists an element g € Stabg(1) having the decomposition

with the automorphism f located at the j-th coordinate in the decomposition vector

of the automorphism g. Then u9 = v.

Finally, suppose that u and v begin with different letters. Acting by a suitable power

of the rooted automorphism a on u, we can arrange that uak, for k € {1,...,p— 1},
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and v begin with the same letter. Thus we have reduced the argument to the previous

case. O

In the next lemma we show that our group remains essentially unchanged when we

reorder the p labellings of the branches in the p-adic regular rooted tree T'.

Lemma 3.2.3. Let G = (a,by,...,b;) be a multi-edge spinal group. Then there
exists an automorphism f € Aut(T) of the form f = fo(f,....f) = (f,-.., f)fo,
where fo is a rooted automorphism corresponding to a permutation ™ € Sym(p), such
that G = GI = <&,51, .. .,IN)T). The group GY is a multi-edge spinal group generated
by the rooted automorphism a = a and directed automorphisms bi,..., by of the form
bi = (a1, ... a%»1,b;) for alli € {1,...,r}, and such that €17 = 1.

Proof. Since the defining vectors {e1, ..., e,} have been chosen to be linearly indepen-

dent over Z/pZ, each defining vector e; € {eq,...,e,} satisfies

e = (ej1,---,€ip-1) Z0 (mod p).

In particular, e; # 0 (mod p). Without loss of generality, assume that e;; = k for
some k € {1,...,p — 1} (otherwise we can replace b; by a power of b;). There exists
some [ € {1,...,p— 1} such that kl =1 (mod p).

Let X = {1,...,p} be the alphabet on p-letters over Z/pZ. We consider a permuta-
tion m € Sym(p) defined by zm = lx, where x € {1,...,p} is a vertex in the first level
of the tree T. Observe that z7w~! = kx for all z € {1,...,p}. We proceed to construct
an automorphism f € Aut(T) of the form f = fo(f,...,f) = (f,..., f)fo, where fy is

a rooted automorphism corresponding to the permutation = € Sym(p).

Set @ = (a*)f = (a¥)f0, a rooted automorphism. Then

xa = :):fo_lakfo
= (kx)a" fo
= (kz + k) fo
= (kxz + k)l
=z+1

=xa

for every x € X. Hence @ = a. It follows that a = (a*)/ = (a/)¥ which implies a' = a/.
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Now let b; = (b;)f for i € {1,...,r}. Then

= (O folfs s f)

= (f—l) ey f_l)(aei’ka RN aei,l’aei,kJrl" oo 7a’ei’pik7 b’i)(f7 ce 7f)
[th (l+1)st

= (alei*’“, . ,alei*p*k, b{)

(@t by

where the intermediate values represented by the dots denote unspecified powers of
the rooted automorphism a. In particular, choosing i = 1 we conclude that 1y (b1) =
(a', ... ,51) = (a,..., 51) which implies that é; 1 = 1. O]

Lemma 3.2.4. Let Gg = (a,by,...,b;) be a multi-edge spinal group associated to an
r-tuple E with r > 2. Then there exists an r-tuple of defining vectors E such that Gg

is conjugate to Gg by an element f € Aut(T) as in Lemma 3.2.3 and the following
hold:

(1) éi1 =1 (mod p) for eachic{l,...,r},
(2) if r=2 and p =3, then &; = (1,0), &3 = (1, 1),
(3) if r =2 and p > 3, then either

(a) for eachi € {1,2} there exists k € {2,...,p—2} such that & ;_16; y+1 % €7},
(mod p), or

(b) & = (1,0,...,0,0), & = (1,0,...,0,1),

(4) if r > 3 then for each i € {1,...,r} there exists k € {2,...,p — 2} such that

Cik—1€ikt1 F é?,k; (mod p).

Proof. We split the proof into two cases: r > 3 and r = 2.

Case 1: r > 3. Observe that p > 5 and consider the r x (p — 1)-matrix

el o elp—1

€1 ' €e2p-1
M(E) =

€rl " Erp-1
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encoding the defining vectors for the group Gg. By Lemma 3.2.3, we may assume that
e11 # 0 (mod p). Using elementary row operations, we transform M (E) into reduced

row-echelon form:

1 a am 0 % * * *
0o 0 --- 0 1 % - % 0 * --- =«
o o0 - 0 0 0 -~ 01 % - =«
where m > 0, ay, ..., ay € Z/pZ and the symbols * denote other, unspecified elements.

Adding the 1st row to every other row, we obtain

1 aq -+ am 0 =% * * *
S S B
D o am 0 % e e 1 x e s
The row operations that we carried out yield a new set of generators for (by,...,b;),

corresponding to an r-tuple E of defining vectors that are encoded in the rows of M (E)

Let ¢ € {1,...,r} and consider the ith row of M(E). We identify two patterns which

guarantee that the ith row satisfies the condition in (4):
(A) (¢ ... x 2y 0 % ... %),

(B) (... x 0yz * ... %),

where z,y € Z/pZ with y # 0 and the symbols * again denote unspecified elements.
Observe that, if the patterns (A) and (B) do not appear in the ith row, then the row

does not have any zero entries at all or must be of the form (x 0 ... 0 ).

Suppose first that 2 < ¢ < r — 1. In this case the ¢th row contains at least one zero

entry and cannot be of the form (x 0 ... 0 %). Hence the pattern (A) or (B) occurs.

Next suppose that ¢ = r and assume that patterns (A) or (B) do not appear. As r > 3
the rth row contains at least one zero entry and consequently has the form (10 ... 0 1).
Changing generators, we may replace the rth row by the rth row minus the 2nd row

plus the 1st row, yielding

(1 0 ... 0 —1 % ... * 1) (3.2)
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with m zeros between the entries 1 and —1. If m > 0 then pattern (B) occurs in this

new row. Suppose that m = 0. Then the row takes the form
(1 —1 % ... = 1) (3.3)
For the condition in (4) to fail, we would need the row to be equal to
(1-11-1...1-1)

with the final entry being —1 as p — 1 is even. This contradicts (3.3).
Finally, suppose that ¢ = 1. Similarly as above, we assume that patterns (A) and (B)
do not occur. Since it contains at least one zero entry, the 1st row is of the form

(1 0 ... 0 x) (3.4)

and we change generators as follows. Generically, we replace the 1st row by the 1st
row plus the 2nd row minus the 3rd row. Only if r = 3 and we already changed the
rth row as described above, we replace the 1st row by 2 times the 1st row minus the

3rd row. In any case, this gives a new 1st row:
(1 0 ... 01 % ... % =1 % ... =x)

with m zeros between the entries 1 and 1. If m > 0 then pattern (B) occurs. Suppose

that m = 0 so that the new row takes the form
(11 % ... % =1 % ... x). (3.5)

For the condition in (4) to fail, the row would have to be of the form (1 1 ... 1)
contradicting (3.5).

Case 2: r = 2. The statement in (2) for p = 3 can clearly be achieved by a simple
change of generators. Now we suppose that p > 3. By Lemma 3.2.3, we may assume
that e; 1 # 0 (mod p). Using elementary row operations, we transform the 2 x (p —1)-

matrix M (E) encoding the defining vectors into reduced row-echelon form:

1 a 0 b
001 c)’
a b . .
where at most one of (0> or ( ) could be the empty matrix. Further row operations,
c
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1
corresponding to multiplication on the left by <1 y), where y, z € Z/pZ with y # z
z
are to be specified below, yield

M(E) = 1 a y b+yc (3.6)
1 a z b+zc

encoding an r-tuple E of defining vectors for a new set of generators.

First suppose that a = 0 is not empty and zero. If b = () then

~ 10 ... 0
M(B) = ’
10 ... 0 =
leads to (3)(b). Otherwise, if b # (), we choose y = 1 and z = —1 (mod p), yielding

pattern (B) in both rows so that the condition in (3)(a) holds.

Next suppose that a = (a1 ... ay,) # 0 is not empty and non-zero. Suppose further
that the truncated rows (1 a y), (1 a z) do not yet satisfy the condition in (3)(a). Then
pattern (B) does not occur in these and a cannot have any zero entries. Consequently,
there exists A € Z/pZ \ {0} such that M (E) is of the form

M(E)*l)\v o ATy ok Ll
I D D A PR

As p > 3, we can choose y, z € Z/pZ with y # z and y, z Z A™T! (mod p) so that the

condition in (3)(a) is satisfied.

Finally suppose that a = (). Then

- 1
M(E)_< y by t+ycr * *)

1 z bi+zer * ... %

for suitable by, c¢; € Z/pZ. We can choose y, z € Z/pZ with y # z such that
y?#b1+ycr and 2* #bi+2c1 (mod p),

because quadratic equations have at most two solutions and p > 3. Once more, the
condition in (3)(a) is fulfilled. O

Definition 3.2.5. The lower central series of a group I' is the series of characteristic
subgroups of I'
I =31 (T) 2 92(0) > 3(0) > ...,
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where v;(I') = [vi—1(I"), '] for all ¢ > 1. The sections v;(I') /vi+1(I") are the lower central
factors of T'.

The next result mimicks [36, Lemma 3.3.1], which applies to GGS-groups. We remark

that there are no new exceptions, in addition to the GGS-group
G = (a,b) with Y1(b) = (a,a,...,a,b), (3.7)

arising from a constant defining vector (1,...,1).

Lemma 3.2.6. Let G = (a,by,...,b,) be a multi-edge spinal group that is not conjugate
to G in Aut(T'). Then

1 (73(Stabg (1)) = 73(G) x -~ x73(G).

In particular,

13(Q)x - x33(G) € 1(13(G)).

Proof. Since 11(Stabg (1)) is contained in G'x 2. XG by Lemma 3.2.1, it suffices to
prove the inclusion O. When r = 1, the result follows by [36, Lemma 3.3.1], so we may
assume that r > 2. Without loss of generality, we perform a suitable automorphism
f € Aut(T) of the form fo(f,...,f) on G as in Lemma 3.2.3 (here v3(G) remains
unchanged). That is

11(73(Stabe(1)))0U) = 4y (v3(Stabe(1)7) = 1 (Stabgr (1))

Thus
(3(Q)x -~ x3(GQ)) = 13(GF)x ¥ xy3(GY).

So we may assume that ¢q(b1) = (a®',...,a®»=1,by) with e;; # 0 (mod p). For
(r,p) # (2,3), we further apply Lemma 3.2.4, and so assume here that our set E
satisfies the conditions (1) and (2) of Lemma 3.2.4.

By Proposition 3.2.2, G is acting transitively on all levels of the tree T', and hence it

suffices to show
v3(G) x 1 x -+ x 1 C 9y (y3(Stabg(1))).

We divide the proof into two cases.

Case 1: Suppose (r,p) # (2,3).
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If e p—1 =0 (mod p) for some i € {1,...,7}, then
wl(bz) = (CL, aei’27 cee 7a€i’p727 17 bl)?

(the intermediate values represented by the dots denote powers of the rooted automor-

phism) and consequently

¢1([bi, b?, bz]) = ([CL, bi, a], 1, ey 1),

1 ([bi, b, b))

and for j € {1,...,r} with j # 1,

([CL, biabi]7 17 RN ]_),

1/] ([bz,bg,b?]) ([a7biabj]717""1)a

Y1([bi, b7, 671) = ([a, b5, bi], 1, ..., 1),
where the intermediate values represented by the dots are all 1 in this case.

Suppose €;,—1 # 0 (mod p) for some i € {1,...,r}. By Lemma 3.2.4, there exists
k € {2,...,p — 2} such that (e;—_1,€;%) and (e;,€;x+1) are not proportional, i.e.
€ik—1"€ik+l 7 ef,k-

Let us set
ap*k#»l

gig = (B ) (B e
for k € {2,...,p — 2}, so that

wl (gl,k’) = (ae?’kiei’kilei’mr% ) 1)7

where the intermediate values represented by the dots are not necessarily 1 in this case.

In the exceptional case, as in part (3) of Lemma 3.2.4, in which é; =

= (1,0,...,0)
and & = (1,0,...,0,1), giving b; = (a,1,...,1,b1) and by = (a,1,...,a,by), we can
replace g2 by 532 = (a,by,a,1,...,1).

Since (e; x—1,€;%) and (e; k, €; k+1) are not proportional, we have

612,1@ —eikp—1€ik+1 Z0 (mod p).

Hence there is a power g; of g;  such that

¥1(gi) = (..., 1),
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where the intermediate values represented by the dots are not necessarily 1 in this case.

Additionally, since
GG e B (N I}

with the help of g; we can get an element h; € Stabg(1) such that

where the intermediate values represented by the dots are not necessarily 1 in this case.

Consequently,
wl([biﬂ b?hgi]) = ([CL, bi, CL], L..., 1)7

P1([bi, b, hil)

and for j € {1,...,r} with j # 1,

([CL, biabi]7 1, RN ]_)7

wl([bia b;‘Ly hZ]) = ([a’ bj’ bi]a L..., 1)7

wl([biv bg7 hj])

([a, bi, bj], 1, ey 1),
or

wl([biv b?’ b?]) - ([CL, bi, bj]: L..., 1)7

if ej,—1 = 0 (mod p), where the intermediate values represented by the dots are all 1

in this case.

If ej,—1 # 0 (mod p) as in the previous case. For u a level one vertex, we note that
Stabg(u), = Stabg(1),. Since

v3(G) = ([a, b;, al, [a, bi, bj] | 3,5 € {1,...,7})C,

using Lemma 3.2.1, we have

73(G) X1x---x1 - wl(’)/g(Stabg(l))).

Case 2: Suppose (r,p) = (2, 3).

Without loss of generality, by Lemma 3.2.4, we may assume that e; = (1,0) and
ez = (1,—1). Note that 11 (b2) = (a,a™ 1, bo).

Then
1[)1(()2[)%) = (abg, 1, bga_l)
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and
U1 (b287) = (boa ™Y, abo, 1).
Hence
W1 ([b2, b8, 0868 ]) = ([a, b, baa™1],1,1)
and

U1y 85,babg]) = ([ b2, aba], 1,1).
Now, since G’ = ([a, b1], [a,b2])¢ and (aba, baa™ ') = (b2,b2a~") = (a, by), we have

73(G) = <[CL, b17 CL], [CL, b17 b1]7 [CL, blu b2]7 [a7 b27 b1]7 [CL, b27 ab?]v [CL, b27 b2a71]>G-

Hence
'73(G) X1x---x1 Q 'lﬂl(’)/:;(stabg(l))).

O

Recall from Section 2.3 that the rigid vertex stabiliser, denoted by Rstabg(u), of a
vertex u € T, is the subgroup consisting of all automorphisms in G that fix all vertices
not having u as a prefix. Again, for a vertex u € T, we write Rstabg(u), for the

restriction of this rigid vertex stabiliser to the subtree T, rooted at the vertex wu.

Proposition 3.2.7. Let G be a multi-edge spinal group that is not Aut(T)-conjugate
to the GGS-group G in (3.7). Then v3(G) C Rstabg(u), for every vertex u of T', after

the natural identification of subtrees.

Proof. Let u € T be a vertex of length n. We induct on n. Firstly, assume that n = 0.
That is u = ) is the root vertex of the tree T' and hence Rstabg(0)y = G. Therefore
73(G) C Rstabg (0)p.

Now suppose that n > 0. Writing u as u = vk, where k € {1,...,p} and v a vertex of
length n — 1, we can conclude by the induction hypothesis that v3(G) C Rstabg(v),.
By Lemma 3.2.6

v3(G)x %+ x~3(G) C b1 (Rstabg(v)y).
In particular,

Ix - x1x793(G)x1x--x1Cyi(Rstabg(v),)
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where 73(G) is located at position u in the subtree T), rooted at the vertex v. Hence
73(G) C Rstabg(u)y. O

Proposition 3.2.8. Let G be a multi-edge spinal group that is not Aut(T)-conjugate
to the GGS-group G in (3.7). Then G is a branch group.

Proof. We show that every rigid level stabiliser Rstabg(n) is of finite index in G. Since
G is a finitely generated group, every quotient of G is also finitely generated. The
abelianisation G//y2(G) is a finitely generated abelian group, and since each generator
of G is of finite order, v2(G) is of finite index in G. Using the surjective bi-additive
map G/72(G) x G/72(G) = 72(G)/73(G), given by (272(G), y12(G)) = [z, y]s(G),
we further have that v3(G) is of finite index in G. By Proposition 3.2.7, the image of
Rstabg(n) under the maps 1, contains the direct product of p™ copies of v3(G). Since
the image of any level stabiliser Stabg(n) under the map v, is contained in the direct
product of p™ copies of G, we have 1, (Rstabg(n)) is of finite index in ¢, (Stabg(n)).
Therefore Rstabg(n) is of finite index in Stabg(n) and hence in G. O

Recall from Definition 2.4.1 that a group K is branch with respect to a branch structure
({Ln}, {H,}). Recall also that by LX we denote the common isomorphism type of the
rigid level stabilisers Rstabg (n); see Section 2.3. When the group K is fixed we simply

write L,. The next theorem gives a criterion for a branch group to be just infinite.

Theorem 3.2.9 (see [11], Theorem 4). A branch group K is just infinite if and only if
for eachn > 1, the index of the commutator subgroup [L.,, Ly] in Ly, is finite. Moreover,

if this condition holds, then every non-trivial normal subgroup N of K contains the
subgroup [Hy, Hyp| = [Ln, Ly X -+ X [Ly, L] for some n = n(N).

For the next result, we require our group to be torsion.

Proposition 3.2.10. Let G = {(a,b1,...,b.) be a torsion multi-edge spinal group.
Then G is just infinite.

Proof. By Proposition 3.2.8, G is a branch group. Hence Lg = L, is of finite index
in G. Since G is a finitely generated torsion group, it follows that L,, is also finitely
generated and torsion. Therefore its abelianisation L,,/[Ly,, L] is a finitely generated

abelian torsion group. Therefore, by Theorem 3.2.9, G is just infinite. O

We do not know a proof that the GGS-group G in (3.7) is not branch. From properties

that were established in [36] we derive the following result.
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Proposition 3.2.11 (see [2], Proposition 3.10). The GGS-group G in (3.7) is not just

infinite.

Proof. Write G = G = {(a,b) with ¢y (b) = (a,...,a,b), and put K = (ba=")¢. From [36,
Section 3.4] we have that

(1) |G: K| =pand K’ = ([(ba=1)?,ba"1])¢ < Stabg(1);

(2) |G/K'Stabg(n)| = p"*! for every n € N with n > 2.
Hence K’ is a non-trivial normal subgroup of infinite index in G. O

What about just infinite multi-edge spinal groups that are not torsion? For p > 5,
it is shown in [11, Example 7.1] that the non-torsion group G = (a,b) with ¢(b) =
(a,1,...,1,b) is just infinite, and more generally in [11, Example 10.2] that G = (a, b)
with ¥1(b) = (a*,a®?,...,a%4,1,1,1,b) where e; #Z 0 is just infinite. For the latter

example, when Zf:_f e; Z 0 (mod p), then the group is non-torsion.

Let G be the multi-edge spinal group with defining vectors e; of the form

(€i,1,€i25 -, €ip—2,€ip—1)

satisfying e;1 # 0 (mod p) and €; -3 = €jp—2 = €;p—1 = 0 (mod p) for every i €
{1,...,r}. In similar spirit, it can be shown that G is just infinite, and furthermore
when z;’;f eij 70 (mod p) for at least one ¢ € {1,...,7}, then G is non-torsion. It is
not always the case that the last three elements of the defining vectors are to be zero.
For example, the non-torsion multi-edge spinal group G with e;1 =e;p—2 =¢;p—1 =0

(mod p) and e; 2 # 0 (mod p) is likewise just infinite.
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Chapter 4

Theta Maps

Let T be the p-adic regular rooted tree over the alphabet X = {1,...,p} for an odd
prime p. We fix a multi-edge spinal group Gg = (a,b1,...,b,) with respect to E as
defined in Section 3.1.

We assume that the group Gg is torsion. According to Theorem 3.1.8, we require for

every defining vector e; € E, i € {1,...,r}, that
p—1
Zem =0 (mod p).
j=1

In Section 4.1 we describe the abelianisation G/[G, G| of the group G. In addition, we
define a natural length function on elements of the commutator subgroup [G,G]. In

Section 4.2 we introduce the theta maps
@h @2 : [G7 G] - [Gv G]

and we prove that the length of every element of the commutator subgroup of length

at least 3 decreases under repeated applications of a combination of these maps.

4.1 Abelianisation of multi-edge spinal groups

We recall some elementary facts about free products of groups; for a detailed account
see [28, Ch. 6].

Definition 4.1.1. Let {I'y | A € A} be a non-empty family of groups over an index
set A. By a free product of the groups I'y, A € A, we mean a group I' and a family of
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homomorphisms ¢y : 'y — I'; A € A, with the following universal property. Given a
family of homomorphisms @y : I'y = W, XA € A, into some group W, there is a unique
homomorphism ¢ : I' = W such that tyx¢ = @), for all A € A. That is the following

diagram commutes.

5
Ty T

(2 e

Figure 4.1: Universal property of free products

Proposition 4.1.2 (see [28], Propositions 6.2.1 and 6.2.2). For every non-empty family
of groups {T'y | A\ € A} there corresponds a free product. If T and T are free products
of a family of groups {T'x | A € A}, then T is isomorphic to T.

Definition 4.1.3. Let I' = Frycp ') be the free product of a non-empty family of
groups {I'y | A € A}. A word in (Jycp 'y is called reduced (or in normal form) if
none of its symbols is an identity and no two consecutive symbols belong to the same

group I'y.

Theorem 4.1.4 (see [18], Theorem 1.2). Every element g € Fraca I'x can be uniquely

represented as a reduced word of the form

g=g192---gr forr>0

where 1 # g; € I'y;, A\i # Nit1, and r the length of g as an element of the free product.

Before we turn our attention to multi-edge spinal groups, it is worth mentioning that
in 1972 S. Alesin [1] found a family of finitely generated infinite p-groups, arising as
groups of automatic transformations. In [19], Y. Merzlyakov showed that the groups
introduced in [1] are very closely related to the Grigorchuk and the Gupta-Sidki groups.
In the Russian literature the groups introduced in [1] have become known as Alesin

type of groups (or AT-groups). A closer look in the literature shows that the class
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of AT-groups is essentially the class of special groups that was described in [11, §8]
by R. Grigorchuk. It is therefore clear that the class of multi-edge spinal groups is a
subclass of AT-groups. As a reference for AT-groups, the reader can consult the papers
[24, 25] by E. Pervova, or [29] by A. Rozhkov.

The following proposition due to A. Rozhkov plays a crucial role in proving Proposi-

tion 4.1.10, in which we describe the abelianisation of multi-edge spinal groups.

Proposition 4.1.5 (see [29], Proposition 1). Any relation in an Alesin type group , is

a relation of some finite rank.

Remark 4.1.6. Before we proceed, let’s try to understand Proposition 4.1.5 in the

context of multi-edge spinal groups.

Let G = (a,b1,...,b,) be a multi-edge spinal group acting on the p-adic regular rooted
treet T for an odd prime p. Denote by A = (a) the subgroup of G generated by the
rooted automorphism, and by B = (b1,...,b,) the subgroup of G generated by the
directed automorphisms. Let R4 be the set of relators in the subgroup A , and Rg the

set of relators in the subgroup B.

Relations of rank 0 in the group G are elements of the normal subgroup generated by
Ry and Rp, ie.a? =10 =1foralli e {1,...,r}, and [b;,b] =1for 4,5 € {1,...,r}
with ¢ # j. If the relations of rank m — 1 are already defined, then a relation of rank m
is any relation in the group G such that any w-section of it, where u is a first level

vertex, is a relation of rank m — 1 in the group Stabg(u),.

Loosely speaking, what A. Rozhkov means by finite rank, is that given a relation in
the group, its sections, descending in the tree, reduce/restrict to just elements from

the normal subgroup generated by R4 and Rpg.

So by Proposition 4.1.5, all relators of G' lie in a subgroup K = U,>0K,,, where K are
the relators of rank 0, K are the relators of rank 1 (so you have to go down to the
sections of just one level below, to get to the stage where the relators reduce/restrict

to just relators of A and relators of B, in each such section), etc.

Let G = Gg = (a,b1,...,b,) be a multi-edge spinal group acting on the regular p-
adic rooted tree T, for an odd prime p. Here E is the r-tuple of defining vectors

e;, = (61',1, .. .,ei,p_l), for ¢ € {1, e ,T}.

In order to study G/G’" we consider

P =W =...=0 =1, and [b;,bj] =1 for 1 <i,j <7), (4.1)
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~

the free product (a)  (b1,...,b.) of a cyclic group (&) = C) and an elementary abelian

group (51, e Br> = (C}. There is a unique epimorphism : H — G such that a — a and

~

bi — b; for i € {1,...,r}, inducing an epimorphism from H/H’' = (@) x (b1,..., b.) =
C’]’;“ onto G/G’. We want to show that the latter is an isomorphism; see Proposi-
tion 4.1.10 below.

Let h € H. As discussed, each h can be uniquely represented in the form
ho=a - (B0 By a2 et (B et (4.2)
where m € NU {0} and s1,...,8m+1, 51,1, .-, Brm € Z/pZ with
si Z0 (mod p) for i € {2,...,m},
and for each j € {1,...,m},

Bi; #0 (mod p) for at least one i € {1,...,r}.

We denote by d(h) = m the length of h, with respect to the factor (by,...,b,). Clearly,
for hq, ho € H we have
O(hiha) < 9(hy) + 9(h2). (4.3)

In addition, we define exponent maps

m+1
ca(h) = ijl sj € Z/pZ and

(4.4)
m .
€Bi<h) = ijl Bi; € Z/pZ forie{l,...,r}
with respect to the generating set a, l;l, o by
The surjective homomorphism
H— (Z/pZ) X (Z/pZ)r¢ h (Ed(h)v 51}1 (h)7 s >€[}r(h)) (45)

has kernel H' and provides an explicit model for the abelianisation H/H'. The group
L(H) = (by,...,b.) is the kernel of the surjective homomorphism

H — Z/pZ, hw e4z(h).
Each element h € L(H) can be uniquely represented by a word of the form

h=(e1)"" - (Em)™™, (4.6)
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where m € NU{0} and t1,...,t, € Z/pZ with t; # t;;1 (mod p) for j € {1,...,m—1},
and for each j € {1,...,m},

& = b5 € by, B\ (1), (47)

Let a denote the cyclic permutation of the factors of H x .?. x H corresponding to the

p-cycle (12 ... p). We consider the homomorphism
O: L(H) = Hx.2.x H
defined by

() = (a%,... a% 1, b)) forie {1,...,r}, k € Z/pZ.

™
H G
Ul Ul
| L)
L(H) Stabg (1)
@ [\
TX o X
Hx---xH Gx---xG

Figure 4.2: A commutative diagram

For completion, we give a self-contained interpretation of Proposition 4.1.5 in the con-

text of multi-edge spinal groups.

Lemma 4.1.7. Let G = (a,by,...,b.) be a multi-edge spinal group acting on the p-adic

reqular rooted tree T, for an odd prime p. Let

H={a,by,....b, |aP = =--- =0 =1, [b;,b;] =1, 4,5 € {1,...,r} withi # j)

be the free product {(a) *
abelian group (by, ..., b,)
m: H — G such that a —

.....b,) of the cyclic group (a) = Cp and the elementary
C"’ for the odd prime p. Then there is a unique epimorphism
— a and b; — b; forallie{1,...,r}. We also have

H — H/[H,H] = C, x CJ.
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Proof. Tt follows immediately from Definition 4.1.1 of free products of groups, and the

fact that H is generated by r + 1 elements each one of prime order p. O

Lemma 4.1.8. Let H be as above, and h € L(H) with ®(h) = (h1,...,hp). Then
P_10(hi) <I(h), and d(h;) < [@1 for each i e {1,...,p}.

1=

Proof. Let h € L(H) and consider
®(h) = (h1,..., hp). (4.8)

Every h € L(H) of length d(h) = m can be written in the form

* S

NPT LY ~a
h=¢l -¢§ ¢y Cm (4.9)

where the symbols a* represent unspecified powers of a.

Each factor ¢2” in (4.9) contributes to the i-th coordinate of the vector (4.8), either a
power a* of @ or an element of (by,...,b,). Therefore there are at most {@1 factors
of ¢; in each section h; in (4.8). It is also clear that d(h) > >-F_| d(h;). O

Lemma 4.1.9. Let G = (a,by,...,b.) be a multi-edge spinal group acting on the p-adic

reqular rooted tree T, for an odd prime p. Let

H={(a,by,....b, |aP =0 =--- =W =1, [b,b;] =1,4,5 € {1,...,r} withi # )

be the free product (@) = (by,...,b.) of the cyclic group (@) = Cp and the elementary
abelian group <131, cee l;r> = O} for the odd prime p.

Consider the subgroup K =\J,- | K, of H obtained from the sequence of subgroups
Ko={1} and K,=® YK, 1x " xKn_1),... forn>1.
For L(H) = (by,...,b)" < H, we have that

(1) K, < L(H) and K,, < H,
(2) Kn—l - Kn;

(3) Ker(n) = K, where m: H — G. In particular, G = H/K.

Proof. (1) We induct on n. For n =0, Ky = {1} and hence the result holds.
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Suppose that n > 1. By the induction hypothesis K,,_; < H which implies that
p P
K, 1x -+ xK,_1<Hx --- xH.

Therefore

Since H is generated by {a} U L(H), it suffices to show that K¢ C K,,. The definition
of the map ® gives that for all h € L(H)

®(h) = (ha,. .., hy)

if and only if
O(h) = (hp, hiy ...y hp_1).

Therefore

Ko = (@ Y (Kp_1x -* xKp_1))?

O (Kp_1x -* xKp_q)?
O Ky 1x - xKp_1)
K.

(2) Again we induct on n. For n =1, Ky = {1} C K; because K; < L(H).

Suppose that n > 2. By the induction hypothesis we have that K, o C K,_1, which
implies that
anQX Ay XanQ - anlx A Xanl-

Therefore
Kooy =7 (Kyoox " xKp9) COTH (K% -5 xKpy) = Ky

as required.

(3) Recall that the epimorphism 7 : H — G is given by a — a and bi — b; for all
i € {1,...,r}. Hence 7 induces an isomorphism H/L(H) = G/Stabg(1) of cyclic
groups of order p. By the definition of K, it follows that K C L(H) and hence we need
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to show that for all h € L(H), w(h) =1 if and only if h € K.

Suppose that h € K. Then h € K,, for some n > 0. We induct on n. If n = 0, then
h € Ky and hence h = 1. Therefore m(h) = 1.

Suppose that n > 1. From the commutative diagram in Figure 4.2 it follows that
() = (h1,...,hy) € Ky 1% -2+ xK,_1,
and

(w(h1), ... 7(hy)) € T(Kp_1)x % x7(Kp_1)
={1}x 2 x{1} (by induction on n)

= {1}

in Gx -*+ xG. Therefore mw(h) = 1.

Now suppose that h € L(H) with m(h) = 1. We induct on the length 0(h) of h € L(H).
Suppose that d(h) € {0,1}. If 9(h) = 0, then h = 1 and hence h € K.

Suppose d(h) = 1, so that h = a~* - ¢ - @® with ¢ a non-trivial element of (51, A ?)r)
Writing ¢ = 7(é) € (b1, ...,br) \ {1}, we see that m(h) = a™%-c-a® # 1, contrary to our

assumption, and hence the case d(h) = 1 does not arise.

Now suppose that d(h) > 2. Using again the commutative diagram in Figure 4.2, from
m(h) = 1 we deduce that ®(h) = (hy,...,h,) with w(h;) =1 for all ¢ € {1,...,p}. In
particular, h; € L(H) for all i € {1,...,p}.

By Lemma 4.1.8, we have that d(h;) < d(h) for all ¢ € {1,...,p}. Hence, by induction,
there exists m € Ny such that

(hi,...,hp) € Kpx L. X Ky,

Consequently,

p

hed N Kyux - xKp) =Kny1 CK.
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In the following proposition we describe the abelianisation of multi-edge spinal groups.

Proposition 4.1.10. Let G = {(a,b1,...,b;) be a multi-edge spinal group, and H
as in (4.1). Then the map H — (Z/pZ) x (Z/pZ)" in (4.5) factors through G/G’.
Consequently,

G/G'=H/H =C)t.

Proof. Below we prove that
dYH x.?».x H)< H' (4.10)

Let K =, Kn < L(H) be as in Proposition 4.1.9 so that the natural epimorphism
m: H — G has ker(r) = K, and G = H/K. From (4.10), we deduce by induction that
K, < H' for all n € NU{0}, hence K < H' and G/G' ¥ H/H'K = H/H'.

It remains to justify (4.10). Consider an arbitrary element h € L(H) as in (4.6) and
(4.7). We write ®(h) = (h1,...,hp). Fori € {1,...,r} and k € {1,...,p}, let &;_,(h)
be the sum of exponents B;;, j € {1,...,m} with t; =k, so that g; (hx) =&, (h). It
follows that for each i € {1,...,r},

&, (h) = Z:; B = ) =2 5 (b, (4.11)

Now suppose that h ¢ H'. From (4.5) and ¢;3(H) = 0 we deduce that gj, (h) # 0 for at
least one 7 € {1,...,r}. Thus (4.11) implies that &; (hx) # 0 for some k € {1,...,p}
and ®(h) € H' x .?. x H'. Therefore (4.10) holds. O

We now define a length function on elements of multi-edge spinal groups.

Definition 4.1.11. Let G = (a, by, ..., b,) be a multi-edge spinal group, and 7: H — G
the natural epimorphism with H as in (4.1). The length of g € G is

d(g) = min{d(h) | h € 7} (g)}-

Based on (4.3), one easily shows that for g1, g2 € G,

9(9192) < 9(g1) + 0(g2). (4.12)

Moreover, using Proposition 4.1.10 we may define €,(g), €y, (9), - .-, e, (9) € Z/pZ via
any pre-image h € 7 1(g):

(€a(9):26:(9), - 6. (9)) = (calh), &5, (h), .. ., & (h)). (4.13)

r
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Lemma 4.1.12. Let G be a multi-edge spinal group as above, and g € Stabg(1)
with ¢1(g) = (91,---,9p). Then S0, 0(gi) < A(g), and d(gi) < [%2] for each
ie{l,...,p}

In particular, if 9(g) > 1 then 0(g;) < d(g) for everyi € {1,...,p}.

Proof. 1t follows immediately from Lemma 4.1.8. O

4.2 Length reduction

We continue to consider a multi-edge spinal group Gg = G = (a, by, . . ., b,) with respect
to a set of defining vectors E; see Section 3.1. Again, we work with the p-adic regular

rooted tree T for an odd prime p.

In this section we introduce the theta maps
01,0:: [G,G] — [G,G]
and we prove that the length of every element of the commutator subgroup of length

at least 3 decreases under repeated applications of a combination of these maps.

The maps ©1 and ©2 are defined in such a way to investigate maximal subgroups of
multi-edge spinal groups. More precisely, in Chapter 5, we are interested in looking to

upper companion groups further down in the tree T in certain coordinates.

Let g € Stabg(1) be an element in the first level stabiliser. Recall from Section 2.3

that every such element has a decomposition

Y1(g) = (915 -+, 9p)

where each g; for i € {1,...,p} is acting on the corresponding subtree rooted at a first

level vertex uq, ..., up.

For i € {1,...,p} we define the map
vi(g) : Stabg(1) — Aut(Ty,), »i(g) =9 € Ug_ (4.14)

where UuGi is the upper companion group acting on the subtree rooted at the i-th vertex
of the first level.
Let

Ibl(bz) = (ae“, ey aei’p_l, bl)
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4.2. Length reduction 4. Theta Maps

be a directed automorphism where the last non-trivial power of the rooted automor-
phism a is positioned at the n-th coordinate, with n € {2,...,p — 1}. While the value

of n does not feature, n is fixed throughout.

By Lemma 3.2.3, we may assume that

¢1(b1) = (ael’l, ey ael’p_l,bl)

with the last non-trivial power of the rooted automorphism a positioned at the n-th
coordinate, where n € {2,...,p—1}, and also that e;; =1 (mod p). We construct the

maps O1 and O9 as follows:

Conjugating by by (az)~!, for z € [G,G], we have that

¢1(b§az) 1) _ (z (a’ aeLz’ o ,ae1,p71’b1) . Z—l)a*1
= (21 s 2p) - (@002, a1 by) - (oYL 2 )
— — — —1 _
— (azl 17 (ael’Q)ZQ 17 L (aeLp—l)zp_ll?bip )a 1
_ ((ae1,2)22—1’ L (ael’pil)zpill,bip_ljazl_l)
Therefore
az)! 271 —
ep((b1) ™)) = a® = ala, 27 "].
We define
O, :[G,G] =[G, G
by
©1(2) = [a, 2 '].
Similarly, as with ©1, by considering bgaz)pin we get
wl(bg_aZ)pin) = ((az)il : (a, a€1727 e 7a€1,p—1,b1) . az)(a‘z)p_n_l
= (z"ta7 - (a,a%2, ... a1t by) - az)(az)“”*l
= (1. 7Zp_1) <(br,a,a®2, o at ) e (2, ,z]:,))(az)pini1
- (b? ) aZ27 (aeLQ)ZBa ey (ael’p_l)Zp)(az)pinil

ce K, (a€1,n—1)2n+1“'2p)’

where the symbols * denote unspecified powers of the rooted automorphism a and b;’s.
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Therefore

@p((bl)(az)pin) _ a(Zn+1~"Zp) — a[a’ Zn+1 e Zp]~

So we define
0q : [G,G] = [G,G]

by

O2(2) = [a, znt1 - 2p)-

To deal with the case n = 1, we define £ to be the family of all multi-edge spinal groups
G = {a,by,...,b) that satisfy

¢1(b1) = (a, 1, ey 1, bl)
ei1 =1 (mod p) for every i € {1,...,r} (4.15)
eip—1 0 (mod p) for at least one i € {1,...,7}.

We remark that, by Theorem 3.1.8, there are no torsion groups in &.

The next Theorem is one of the main results in this thesis. In Appendix A, we “test”

Theorem 4.2.1, using a three generated multi-edge spinal group.

Theorem 4.2.1. Let G = (a,by,...,b,) be a multi-edge spinal group acting on the
reqular p-adic rooted tree T', for an odd prime p. Suppose G is not Aut(T)-conjugate
to a group in €. Then the length O(z) of an element z € G' decreases under repeated

applications of a suitable combination of the maps ©1 and Oy down to length 0 or 2.

Proof. Let z € G'. We observe that 9(z) # 1; see Proposition 4.1.10. Suppose that
Jd(z) =m > 3. Then z € G’ C Stabg(1) has a decomposition

P1(z) = (21, -, 2p)-
From Lemma 4.1.12 and (4.12) we obtain d(z;) < [ ] for j € {1,...,p} and

0(z1) + 0(2ns1 - 2p)

IN

m.

If 9(21) < % then 0(©1(2)) < m, and likewise if O(zn11---2p) < & then 0(O2(2)) < m.

Hence we may suppose that m = 2y is even and

9(z1) = 0(znt1 - 2p) = 1.
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We write 2,41 2p as

S1

a .CI.GSQ..“.(J/SH.C#.G/S}H’l’

where s1,...,8,41 € Z/pZ with s; # 0 (mod p) for i € {2,...,u} and ¢1,...,¢, €
(b1,...,by) \ {1}, and distinguish two cases. To increase the readability of exponents

we use at times also the notation s(i) = s;.

Case 1: 5,41 =0 (mod p). Expressing
O2(2) = [a, zn41- - 2p) = [a,a° 16 - - - a®F ;)]

as a product of conjugates of the cfﬂ by powers of a and relabelling the cgﬂ as ¢; for
je{l,...,m}, we get

_a —qglts(w) _glts(m)+..+s(2)  _gs(pu)+...+s(2) _as(k)  _
O2(z) =¢f' - ¢35 Ty “Ch Ce Co1 * Cm. (4.16)

Consider now

P1(02(2)) = ((02(2))1, - - -, (O2(2))p)-

If 0((0©2(2))1) < p then ©1(O2(2)) has length less than m. Hence we suppose
A((©2(2))1) = p-

Using the symbol * for unspecified exponents, we deduce from (4.16) that the first com-
ponents (EJ@*)l for odd j € {1,...,m — 1} must be non-trivial elements of (by,...,b;),
and the (EJ@*)l for even j € {2,...,m — 2} must be non-trivial powers of a. In partic-
ular, looking at the (m — 1)th term we require s, = 1 (mod p). This implies that the

second factor in (4.16) is ¢

In the special case n = 1, €;,-1 = 0 (mod p) for every i € {1,...,r} and so we
immediately get a contradiction, because (6512)1 contributes a trivial factor 1 to (©2(2))1

instead of a non-trivial power of a.

In the generic case n > 2 we claim 0((0O2(2))n+1- - (02(2))p) < p, leading to

8(@2(@2(2))) <m.

Indeed, only factors EJ‘?* in (4.16) for even j € {2,...,m} can contribute non-trivial
.,by) to the product (O2(2))n+1---(O2(2))p. But since n > 2, the

second factor 62“2 in (4.16) contributes only a power of a.

elements of (b1, ..
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Case 2: 5,41 # 0 (mod p). Similarly as in Case 1, we write

_alts(utl)  _ gl4s(ut1)+s(n) _aS(ptD)+s(pn)  _ gs(p+1)

O2(z) = ¢ - Cy ceC “Cpy, , (4.17)

where the cfﬂ are relabeled as ¢; for j € {1,...,m}. As before, it suffices to show that
9((02(2))1) < por A((O2(2))nt1 -+ (O2(2))p) < p-
Suppose 0((02(z))1) = p. Then either:

(i) (EJ@*)l for odd j € {1,...,m — 1} is a non-trivial element of (by,...,b,), and (5]41*)1
for even j € {2,...,m — 2} is a non-trivial power of a; or

(ii) (Ej@*)l for even j € {2,...,m} is a non-trivial element of (by,...,b,), and (5]9*)1 for
odd j € {3,...,m — 1} is a non-trivial power of a.

In case (i), we deduce from the (m — 1)th term in (4.17) that
Su+1 + s, =1 (mod p),

and the second term in (4.17) is equal to 62a2. We may argue as in Case 1 that
0((©2(2))n+1- -+ (©2(2))p) < p so that I(O2(O2(2))) < m.

In case (ii), we deduce from the mth term in (4.17) that
su+1 =1 (mod p),

and the first term in (4.16) is 6‘112. In the generic situation n > 2 we argue similarly as
in Case 1 that 9((©2(2))n+1 - (02(2))p) < p so that 9(02(O2(2))) < m. It remains
to deal with the special situation n = 1, which makes use of the fact that the defining
vectors satisfy e; ,—1 = 0 for every i € {1,...,r}. For m > 6 the argument follows as
before. For m = 4, proceeding similarly, we obtain ©3(z) = EfQEg c3cf, s0 (O2(2))1 =
ba"c for some b,c € (by,...,b,) and w € Z/pZ. Thus subject to relabelling,

©1(02(2)) =¢'ey €5 4. (4.18)

As before, for 9(01(02(2))) = 2, weneed (¢§ )1 to be a non-trivial element of (b1, . . ., b,
and (¢¢")1 to be a non-trivial power of a. Looking at the third term of (4.18), we re-
quire w = 1. However, then 652 contributes a trivial factor 1 to ©1(02(z)); instead of

a non-trivial power of a. So we see that the length decreases, as required. O
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Chapter 5
Maximal Subgroups

In this chapter we extend the methods developed in [26] to the class of torsion multi-
edge spinal groups which are known to be just infinite. In particular, we prove that no
torsion multi-edge spinal group contains proper dense subgroups with respect to the
profinite topology. As a corollary, we obtain that such a group has maximal subgroups
only of finite index. Moreover, we show that for G a torsion multi-edge spinal group,
all its maximal subgroups are normal of index p, where p is the odd prime such that G

acts on the p-adic regular rooted tree.

5.1 Dense subgroups

Definition 5.1.1. Let G be a group and M an arbitrary subgroup. For every normal
subgroup N of finite index in G, denote by €y the natural projection G — G/N. Then
M is dense in G with respect to the profinite topology, if for every normal subgroup N
of finite index in G

en(M) =en(G).

Lemma 5.1.2. Fvery dense subgroup M of a multi-edge spinal group G is necessarily

infinite.

Proof. Let M be a finite dense subgroup of a multi-edge spinal group GG. Then there
exists ng € N such that M NStabg(n) =1 for n > ng. Then since M is dense, we have

|G : Stabg(n)| = |M : Stabys(n)| = |M]|, for every n > ny,
which is impossible, since |G : Stabg(n)| goes to infinity as n — oc. O
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Lemma 5.1.3 (see [26], Lemma 3.1). Let G be a group. Then every proper dense
subgroup M of G with respect to the profinite topology has infinite index.

Proposition 5.1.4 (see [26], Proposition 3.2). Let T' be a spherically homogeneous
rooted tree and let G < Aut(T) be a just infinite group acting transitively on each level

of T. Let M be a dense subgroup of G with respect to the profinite topology. Then

(1) the subgroup M acts transitively on each level of the tree T,
(2) for every vertex uw € T', Stabps(u), is dense in Stabg(u),.

Proposition 5.1.5 (see [26], Proposition 4.1). Every mazimal subgroup M of infinite

index in a group G is dense with respect to the profinite topology.

Assumption 5.1.6. For the rest of this chapter we fix a just infinite multi-edge spinal
group G = (a,by,...,b.) acting on the p-adic regular rooted tree T for an odd prime p.
Let u be any vertex of the p-adic reqular rooted tree T. We write G, for Stabg(u),, i.e.
the restriction of this vertex stabiliser in G, acting on the subtree rooted at the vertex

u; see Section 2.8. Similarly, for a subgroup M of G, we write M, for Stabs(u)s.

Recall from Section 4.2, that for i € {1,...,p} the map
@i : Stabg (1) — Aut(7,,)

is defined by
vi(9) = g9: € Uy
where ¥1(g) = (91, ..,9p) and Ug is the upper companion group acting on the subtree

rooted at the i-th vertex wu; of the first level.

The next result extends [26, Lemma 3.3], which addresses just infinite GGS-groups.

Here we give a different and shorter proof for just infinite multi-edge spinal groups.

Theorem 5.1.7. Let M be a proper dense subgroup of G with respect to the profinite
topology. Then M, is a proper subgroup of Gy for allu € T.

Proof. Assume on the contrary, that there exists a vertex u of T' such that M, = G,.
Let u be a vertex of minimal length n with the specified property, and suppose © = wz
where |w| = n—1. By Proposition 5.1.4 and induction, M, is a proper dense subgroup
of Gy. Since Gy, is isomorphic to G, we have |u| = 1, say u = u; among the vertices

ut, ..., up at level 1.
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Let R = Rstabps(u),. By our assumption, we have R < M,, = G,. Since G, = G is

just infinite, either R has finite index in Gy, or R is trivial.

Suppose first that R has finite index in G,. Then

G : M| < |G : Rstabas(1)] = |G : Stabg(1)] | Stabe (1) : Rstabar(1)]
< |G : Staba(1)] ‘Hil Gu, - [T\, Rstabas(us),
< |G : Stabg(1)| |Gy : RIP

is finite. But, being a proper dense subgroup, M has infinite index in G.

Hence R is trivial, and so Rstabj(1) is trivial. By Lemma 5.1.2 M is infinite, and thus
|G/ Rstabg(1)| > |M/ Rstaby(1)] = | M|

is infinite.

By Proposition 3.2.11, G is not Aut(T")-conjugate to the GGS-group G in (3.7). Hence
Proposition 3.2.8 shows that G is a branch group. Thus Rstabg (1) has finite index

in GG, a contradiction. O

We remark that by M{ we mean that we first take the restriction of the subgroup M

to the subtree rooted at the vertex u € T and then we conjugate by an element g € G.

Theorem 5.1.8. Let G = (a,by,...,b.) be a just infinite multi-edge spinal group
and M a dense torsion subgroup of G, with respect to the profinite topology. For each
i€ {l,...,r}, there is a vertex u of T" such that, under the natural identification of T,
and T, the following holds: there exist g € G and b € (by,...,b) with e, (b) # 0 such
that (M?Y),, is a dense subgroup of Gy, = G and b € (MY),. Furthermore there exists

k

k € Z/pZ such that (M9), = (M,)" .

Proof. Clearly, it suffices to prove the claim for ¢ = 1. Since |G : G'| is finite, G’ is
open in the profinite topology. Thus we find x € M Nb;G’. In particular, x € Stabg(1)
with e, () Z 0 (mod p). We argue by induction on d(x) > 1.

First suppose that d(x) = 1. Then x has the form z = 2", where b € (b1,...,by) with
b, (b) #0 (mod p) and k € {0,1,...,p—1}. Thus choosing the vertex u to be the root
of the tree T and ¢ = a*, we have b € MJ.
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Now suppose that d(x) > 2. Recall from (4.4) and (4.13) the definition of e, (z), and
from (4.14) the definition of the maps ¢;: Stabg(1) — G.;, where uy,...,u; denote
the first level vertices of T. For any vertex u of T, the subtree T, has a natural
identification with T" and G, = G. We freely use the symbols a,bq,...,b. to denote

also automorphisms of T, under this identification. We claim that

e, (P1(2)) + -+ + e, (pp(@)) = &3, () Z0 (mod p). (5.1)

To see this, write x as a product of conjugates b?* of the directed generators b;, i €
{1,...,r}, by powers a*, where the symbol * represents unspecified exponents. Then
ep, (z) is the number of factors of the form b¢ . Each of these factors contributes
a directed automorphism b; in a unique coordinate, and none of the other factors

a* a*
@b

@ contributes a by in any of the coordinates. Hence (5.1) holds.

By (5.1), there exists j € {1,...,p} such that e, (¢;j(z)) # 0 (mod p). Moreover,
Lemma 4.1.12 shows that

O(pj(x)) < [0(x)/2] < (0(x) +1)/2 < O(x). (5:2)

Suppose that & = ¢;(z) € M,; belongs to Stabg,, (1), where we write u(j) = u;
for readability. By Proposition 5.1.4, the subgroup M,; is dense in G,; = G. Since
b, () # 0 (mod p) and 9(z) < d(z), the result follows by induction.

Now suppose that ¢;(z) ¢ Stabg,,,(1). For £ € {1,...,p} we claim that

&b, (pe(j(2)")) = v, (pj(2)) #0  (mod p). (5.3)
To see this, observe that ¢;(z) is of the form
pj(x) = a*h,
for k # 0 (mod p) and h € Stabg,, (1) with ¢1(h) = (h1,. .., hp), say. Hence raising
@;(x) to the prime power p, we get

(p—1)k, 4(P—2)k k

pi(a)’ = ()P = """ he - h*h,
and thus for ¢ € {1,...,p},
oi(pj(x)P) = hihg---hy (mod G, ).

Uj[
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Here ;¢ denotes the fth descendant of u;. Arguing similarly as for (5.1), this yields

et (elp)(2)7)) = vy (h1) + .. e, (hy) = e, (h) = &3, (95(2))  (mod p)

and (5.3) holds.

Furthermore, we claim that

Ape(j(2)P)) < 0(pj(2)) < O(). (5-4)

The second inequality comes from (5.2). To see that the first inequality holds, we note
that

0uli(@)?) = oo(h® ") - u(h ) u(h),

and 0(¢j(z)) = Jd(h). We write h as a product of d(h) conjugates c;‘* of directed
automorphisms ¢; € (b1, ...,b,), where the symbol * represents unspecified exponents.
Each factor c?* contributes a directed automorphism c; in a unique coordinate and
powers of a in all other coordinates. Focusing on the fth coordinate, we can write
we(@j(z)P) as a product of powers of a and the d(h) directed automorphisms ¢; €

(b1,...,br). Hence (5.4) holds.

If @ = @i(pj(z)P) € My, belongs to Stabg, ,, (1), we argue as follows. By Proposi-
tion 5.1.4, the subgroup M,,, is dense in G, = G. Since &, () # 0 (mod p) and
d(z) < d(z), the result follows by induction.

In general, we apply the operation y — ¢y(y?) more than once. Since M is a torsion
group, € Stabps(1) and ¢;(z) have finite order. Clearly, if y € G has finite order
then @p(yP) has order strictly smaller than y. Thus after finitely many iterations, we

inevitably reach an element

&= u(pe(- - elpe(pi (X)P)P)P - - )P) € Moy,

which in addition to the inherited properties ey, (Z) #Z 0 (mod p) and 9(Z) < 9I(x)
satisfies @ € Stabg, ,, ., (1). As before, the proof concludes by induction. O

Recall the definition of the family £ of groups by means of (4.15).

Proposition 5.1.9. Let G = (a,by,...,b,) be a multi-edge spinal group. Suppose G is
not Aut(T')-conjugate to a group in E. Let M be a dense subgroup of G, with respect
to the profinite topology, and suppose that by € M. Then there exist a vertex u of T
and g € G such that a,by € (MY),,. Furthermore there exists b € (by,...,b,) such that
(Mg)u = (MU)b
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Proof. Observe that G’ is open in G. Since M is dense in G, there is z € G’ such that
az € M. Write ¢1(z) = (z1,..., 2p).

Let u, denote the pth vertex at level 1. The coordinate map ¢, allows us to restrict
Stabas(1) to M,,. Clearly, by € M implies by = ¢,(b1) € M,,. Based on Lemma 3.2.3,
we assume that the defining vector e; for by has first coordinate e;; = 1. Consider
the theta maps 01, O, defined in Section 4.2, with reference to b;. By their definition,
a©1(z) and a O3(z) belong to M,,. Moreover, repeated application of ¢, corresponds
to repeated applications of ©1 and ©s. By Proposition 5.1.4 and Theorem 4.2.1, we
may assume that d(z) € {0,2}. If 9(z) = 0 we are done.

Thus we may assume that 0(z) = 2 and we write z = b= " for b, c € (b1,...,b-)\{1}
and m, k € Z/pZ with m # k.

Case 1: m,k # 1. Here z; = a¥ for some w € Z/pZ. Thus ©1(z) = [a,2;'] =
l[a,a™] =1, and a € M,,.

Case 2: m =1, k # 1. Here
P1(b7) = (b1, %,...,%) and wl(cak) = (a",*,...,%),

where w € Z/pZ and the symbols * denote unspecified entries. Hence 2; = b~'a® so
that ©1(2) = [a, 2 '] = [a,b]. This gives a ©1(z) = b~'ab. Remembering that b; and b

. —1
commute, we obtain a, by € Mgp .

Case 3: m# 1, k=1. Here

Y1) = (a¥,%,...,%) and ¥1(c?) = (¢,%,..., %),

where w € Z/pZ and the symbols * denote unspecified entries. Hence z; = a”c so that

01(2) = [a.5 1] = ¢

1—w

¢ ", If w# —1 (mod p), we are back in Case 1 or Case 2.
Suppose that w = —1 (mod p). Then ©;(z) = ¢ ¢4, where

a2

@ = (x,¢%,...,%) and ¢ %= (c K., %)
and the symbols * denote unspecified power of a. We recall from the definition of ©5

that in the generic case n > 2 this gives ©2(01(2)) = 1, hence a,by € M, , where u,,

pp’
is the p?th vertex at level 2. In the special case n = 1 we have ©1(01(z)) = [a,¢]. In

this case we proceed similarly as in Case 2. O

61
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Proposition 5.1.10. Let G be a just infinite multi-edge spinal group. Suppose G is not
Aut(T)-congugate to a group in E. Let M be a dense torsion subgroup of G, with respect
to the profinite topology. Then there exists a vertex uw of T such that M, = G, = G.

Proof. By Theorem 5.1.8, there exist g € G, a vector u; of T and k € Z/pZ such
that 21 € (M9)y, = (My,)" with z1 € (by,...,b,) and &, (21) # 0. We modify our
generating set of directed automorphisms, by taking b; = x; instead of b;. Denote
(M?9),, by M,. By Proposition 5.1.9, we have a,b; € ((Ml)ﬁ)fu for h € G,, and a
vertex v of T. We denote ((Ml)il)v by Mj.

Applying Theorem 5.1.8 again, we see that there exist [ € Z/pZ and a vertex us
of T such that zo € ((Mg)uQ)al with 29 € <Z~)1,b2,...,b7«> and ep,(r2) # 0. Note
that €, is now defined with respect to the new generating set {51, ba, ..., by} of directed

automorphisms. Since a, b € My, it follows that:

(i) a, by € (Msy)y, for all vertices w in T’ (recall Lemma 3.2.1 and Proposition 3.2.2 with
respect to the multi-edge spinal group (a, b1));

(i) (M2)y)™ = (Mz)y as a € (M)u-
Hence a, by, z9 € ((MQ)UQ)‘LZ = (M3)y,. Again we replace by by by = x2. So a,by, by €
(MQ)U2'

Continuing in this manner, we obtain a, bi,....by € (M2)usy.. u,, Where {I;l, . ,BT} is a

generating set of directed automorphisms.

Now My = (((Mg)ul)i‘)v. There exists an element h € G such that (G"),, = (Gul)ﬁ.
Therefore My = (M9"),,,. Setting u = ujvus...u,, we have (M), = G, = G.
Lastly, there exists f € G, such that (M9"), = (M,)/. Then M, = (Gu)f*1 =G, =2G.

O]
Theorem 5.1.11. Let G = (a,by,...,b.) be a just infinite multi-edge spinal group.

Then G does not contain any proper dense torsion subgroups, with respect to the profi-

nite topology.

Proof. Suppose on the contrary that M is a proper dense subgroup of G with respect
to the profinite topology. By Theorem 5.1.7, for every vertex u € T we have M, is
properly contained in G,. However, by Proposition 5.1.10, the subgroup M, is all of

G =2 G. This gives us our required contradiction. O

As a corollary, we obtain the following.
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Corollary 5.1.12. Let G = (a, by,...,b,) be a torsion multi-edge spinal group. Then G

does not contain any maximal subgroups of infinite index.

Proof. Suppose, for a contradiction, that M is a maximal subgroup of infinite index
in G. By definition, M is dense in G with respect to the profinite topology. By
Theorem 5.1.11, the group GG does not contain dense proper subgroups with respect to

the profinite topology, a contradiction and hence the result follows. O

5.2 Normal subgroups

Let G = (a,b1,...,b,) be a torsion just infinite multi-edge spinal group acting on the
p-adic regular rooted tree T', for an odd prime p. In this section we show that for

such G, all its maximal subgroups are normal of index p.

Proposition 5.2.1 (see [28], Proposition 5.2.4). Let I' be a finite group. Then the

following are equivalent:

(1) The group T is nilpotent.
(2) The mazimal subgroups of ' are normal of prime indez.
(3) Ewvery subgroup of I' is subnormal.

(4) The group T' satisfies the normaliser condition.

The normaliser condition in Proposition 5.2.1, means that every proper subgroup is

properly contained in its normaliser.

Corollary 5.2.2. Let G = (a,by,...,b,) be a just infinite multi-edge spinal group.
Suppose G is not Aut(T)-conjugate to a group in E. Then every mazimal subgroup
of G is normal of index p, where p is the odd prime such that G acts on the p-adic

regulat rooted tree.

Proof. Let M be any maximal subgroup of finite index in G. By Theorem 3.2.10,
the group G is just infinite. That is every non-trivial normal subgroup N of G is of
finite index in G. Hence M being maximal and of finite index in G, it contains a
normal subgroup N of finite index in G. By Theorem 3.1.8 GG is also a p-group. It
follows that the quotient G/N is a finite p-group. It is clear that the image of M /N in
G/N is a maximal subgroup. By part (2) of Proposition 5.2.1, it follows that M/N is
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normal of index p in G/N. Therefore M is of index p in G. By part (4) of Proposition
5.2.1, M/N is properly contained in its normaliser. Since M /N is a finite group, its
normaliser is strictly bigger than M /N. Since M/N is of index p in G/N, it follows
that its normaliser is G/N. Therefore M is normal in G. O
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Appendix A

A three generated multi-edge

spinal group

The aim of this Appendix is to demonstrate a hands on computation using the theta

maps 01 and Oy introduced in Section 4.2.

More precisely, we “test” Theorem 4.2.1 using the multi-edge spinal group G = (a, b1, ba),
generated by the rooted automorphism a and two directed automorphisms b; and by

of the form

1[)1(()1) = (a,a_l, 1, ey 1,51)
P1(be) = (1,a,a_1, 1,...,1,b9).

Again, we work with the p-adic regular rooted tree T for an odd prime p.

Let z € [G,G] be an arbitrary element in the derived group of G. Since the derived
group |G, G] of G is a subgroup of Stabg (1), every z € [G, G| has a decomposition

P1(2) = (21,5 %p) (A.1)

where every z; for i € {1,...,p} is acting on the subtree rooted at the i-th first level

vertex; see Section 2.3.

Let z € [G,G] be an element of length d(z) = r, and p an odd prime. We define
by D(z) the matrix with row entries z; ; fori € {1,...,p}, j € {1,...,7}. We call D(z)

the decomposition matriz of z.

For example, if z € [G, G| is an arbitrary element of length 9(z) = r, its decomposition

matrix is the (p x r)-matrix of the form:
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A. A three generated multi-edge spinal group

21 212 v e Rl A
2.1 2% SRR ] 29
D(z) =
Zp—1,1 Zp—-1,2 **° ° Zp—1lr—1 Rp—17r
Zp71 Zp72 e e Zp7r_1 var

Consider the maps
01,02 : [G,G] — [G,G]

defined by

O := 2z [a,2]]

O =z [a,z3- - 2.

Proposition A.0.3. Let G = (a,by,bs) be the multi-edge spinal group defined above.
The group G is acting on the p-adic regular rooted tree T for an odd prime p. Let z
be an element of the derived group [G,G] of length at least 3. Then the length O(z)

decreases under repeated applications of a combination of the maps ©1 and Os.

Proof. As in Theorem 4.2.1, for every z = (21,..., 2p) € [G, G| of length 0(z) = m, the
length 0(z;) for i € {1,...,p} of each section is less than or equal to m/2. If 9(z1) or
O(2324 - -+ 2p) is strictly less than m/2, then d([a, z;']) < m and d([a, 2324 - -~ 2]) < m

respectively.
Suppose that 0(z1) = 0(2324 - -+ 2p) = . Clearly m must be an even number.

For such an element z € [G, G| we have that z,; - - - 2p is of the form:
Zntl 2p = a? D p* w2 px qwB) x| qwlm/2) (A.2)

or
oyl 2y = aw(l)b*aw(2)b*aw(3)b* e aw(m/z)b*aw((m/2)+l), (A?))

where w(i) # 0 (mod p) for i € {2,..., 2+ 1} and the symbols b* represent non-trivial
elements of (by, b).

We need to examine four cases. We write b;; for non-trivial elements of (b1, ba) which
appear in the decomposition matrix D(z) of z € G'. Also, the exponents of the rooted

automorphism are to be taken modulo p, for an odd prime p.
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A. A three generated multi-edge spinal group

Case 1: We consider an element z € [G,G] of length 0(z) = 4. In this case the

decomposition matrix D(z) is of the form:

bil adl big af3

at a® qfr 1
a2 a¥ g2 1
a® 1 a® 1
Diz)=|1 1 1 1
1 1 1 by
1 1 1 ah

1 b, 1 af?

It is clear that 0(z1) = 2. Note that in order to have 0(z3z4--- 2p) = 2, the directed
automorphism b;, cannot be in the first two and the last two rows. Thus we have in

total p — 4 matrices arising in this case. We need to consider two subcases.

Case 1.1: In this case z3 - - 2, is of the form:
2324 -+ zp = a1 b a"?b*a"?

where w; Z 0 (mod p) for i € {1,2,3} and the symbols b* represent elements in (by, b3).

For example, the decomposition matrix is of the form:

bi1 adl bi3 af3

at a% go 1
a2 a¥ g2 1
a®® 1 a® 1

1

D) =|1 1 1

1 biQ 1 a3

Thus

2324+ 2p = a? a®a®2q%a®3b; L0 2bi, a3,

Setting
wy = cg +d3 + ez +c3 +e3,
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A. A three generated multi-edge spinal group

we get
2324 -+ Zp = a1 a?b*a".

Applying the map ©y on the element z € [G, G] we get

-1 —w33—1_— -1 _— W
O2(2) = [a, 2324~ zp] = @™ a”"*b; "a”"?b;  a” " aa"" b, 0" b, a™?
— g~ (Fws)p—1 —wap—1 . w2y _ws
=a( b, a” by ~ab;,a"?bi,a
_ _ _ _ w3
= a” sl La w2 ab;, a2 T bl

— a7(1+w3)b‘—1a ’LU2b a(1+w2+w3)ba(w2+w3) bawg
2 14

_—(14ws)p—1  —ws (1+w2+w3) 1\ q(I+w2+w3)  g(watwsz), qws
=a b, a "a (bZ4 ) b7, bi,

—a (1+w3)b a(1+w3) (bl41)a<l+w2+w3) b@(werws) pa’’s

(wa+ws3)

ba

) (1+w3>(b-_ ) a(Itwat+ws)

14

— w3
= (le ba2

. —1 a(1+w3)
It is not hard to see that for (b, ")
decomposition we need ws = 0 (mod p). Hence b2 contributes a rooted automor-

q(watwsz)
bi

to contribute a bl-_l1 in the first section of the

phism in the first section of the decomposition. Since w3z = 0 (mod p), for

1)a(1+w2+w3)

to contribute b;, we need wy = 1. Therefore (b, contributes the identity

element in the first section of the decomposition. As a result
z11([a, 2324 - - - ZPD = (b;buaa oy k).

Therefore, applying the map ©; on z11([a, 2324 - - - 2p]) we see that the length of its

image is equal to two.

On the other hand, for b%ws to contribute a directed automorphism in the first section

of the decomposition we need wg = 1. For (bfl)“(1+w2+w3)

s to contribute a directed

automorphism we need wg = —1. Then (bi4)a(w2+w3) gives a rooted automorphism and

we see that the length is equal to two. But in this case

)a(1+w3)

1,b 1 a* 0 a%1,...,1)

7127

(b

)a(1+u72 +wsg)

(b; bla,a*,a*,l,...,l)

T4 T4

(b)Y = (a%,a*,a%, 1., 1,by,)

(
= (
= (
= (biy,a*,a*,a*,1,...,1).

Therefore the length of 2324 - - - 2, in the product of the directed automorphisms above

is equal to one. Hence applying the map Oy again we see that the length of its image

68



A. A three generated multi-edge spinal group

is equal to two.

Case 1.2: In this case z3-- - 2, is of the form:
2324+ 2p = a0 a"?b"

where w; # 0 (mod p) for ¢ € {1,2} and the symbols b* represent elements in (by, ba2).

For example, the decomposition matrix is of the form:

bi, at by, 1
a a® ¢ 1
a® a® g2 1
a® 1 a* 1
1 1 1
D(:) = s
1 1 1 b,
1 1 1 ah
1 1 1 ak
1 1 1 af
1 b, 1 1
Thus
2324 2p = aa®a®2a%a%b;,a al2al3b,,.
Setting
w1 = cg +d3 + ez +c3 +e3,
and
wy = f1+ f2+ f3
we get

Z3Z4 te Zp - awl b’i4aW2bi2.
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A. A three generated multi-edge spinal group

Applying the map O3 on z we get

o _ o —13—-1 _ —woy—1_ —wi, wiy. W21 .
O2(2) = [a, 2324+~ 2p] = a” by, a”"?b; "a” " aa"" b;,a"?b;,
_ o —1p—1_—wop—1 7 _wap.
=a b, a""?b; abi,a™?b;,
_ =171 _—wop—1 (14ws)pa™2y.
=a b, a b a b, " bi,

(—wa+14w2) (bfl)a(l'*'%) b?4w2 b

N P |
=a b a is i

—1ya/p—1yallTw2) ; qw
= (b, ) (b, )™ b, by

12 14

It is not hard to see that (b;;)a and b;, contribute a directed and a rooted automorphism

in the first section of the decomposition respectively. Also for bgim to contribute a
directed automorphism we need wo = 1. Then (b;ll)“(Hw?)

hence applying the map ©; on z11([a, 2324 - - - 2p]) we see that the length of its image is

contributes the identity and

equal to two. The remaining cases are identical.

Case 2: We consider elements z € [G, G| of length 0(z) = 6. As before, we need to

consider two subcases.

Case 2.1: In this case z3-- - 2, is of the form:
23242 = a1 h* aV2b* a3 h* g4

where w; # 0 (mod p) for i € {1,2,3,4} and the symbols b* represent elements in
(b1,b2).

For example, the decomposition matrix is of the form:

bi, a® by a? b, 1
a® a® g afs oM 1
a® % g2 1 ol 1
a® 1 a® 1 a» 1
1 1 1 1 1 1
D(z) = :
1 1 1 1 1 by
1 1 1 1 1 a™2
1 1 1 b, 1 a"
1 by, 1 a'v 1 a

Thus

2324+ 2p = a a®a®a2a%a%a bisa"?b;,a"? bi,altaks.
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A. A three generated multi-edge spinal group

Setting
wy =cp+d3+ex+hy+c3+e3+ hs
and
wg = f1+ k3
we get

2324 -+ zp = a1 a"?b a3 b a1,

Applying the map O3 on the commutator z we get

O2(2) = [a, 2324 - - - 2p]
_ (b7;_21)a(1+w4) (b;ll)a(l+w3+w4) (b;jl)a(l+w2+w3+w2)

(bis )a<w2+w2+w4) (bi4 )a(w3+w4) (big )a“’4 .

For (b;,)*"* to contribute a directed automorphism in the first section of the decom-

wa+wz+w : 1 i
)a( 2restea) oo contribute a directed automorphism

)a<1+w2 +wgtwy)

position we need wy = 1. For (b
we need wy + w3 # 0 (mod p). But then (b,

i contributes the identity in

the first section of the decomposition. Therefore applying the map ©1 we see that the

length of its image is at most four.

On the other hand, for (b;, 1)“(1+w4) to contribute a directed automorphism in the first
section of the decomposition we need wy # 0 (mod p). But then for (b;,
)a(1+w3+w4)

ko+w
)a< 2 4) tO

contribute a directed automorphism we need ws = 1. Hence (b * gives the

4
identity in the first section of the decomposition and therefore applying the map ©4
we see that the length of its image is at most four.

Case 2.2: In this case z3--- 2z, is of the form:
. . _ w1k Wk W3k
2324+ 2p = a"tb*a"b a"?b

where w; # 0 (mod p) for i € {1,2,3} and the symbols b* represent elements in (by, b).

For example, the decomposition matrix is of the form:
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A. A three generated multi-edge spinal group

bi, a2 bi, alt bi;, 1
at a¥ g of2 oM 1
a 1 a2 af a2 1
a® 1 a® 1 a™ 1
1 1 1 1 1 1
D(z) = :
11 1 1 1 b
1 1 1 1 1 am
1 1 1 1 1 ak
1 b, 1 1 1 abs
1 a®™ 1 b, 1 1

Thus

2324+ 2p = a1 biga"?bi,a"? by, .

Applying the map ©5 on z we get

@2(2) _ [a’ 2324 - Zp] _ (b—l)a(b—l)a(l+w3)(b—l)a(l+w2+w3) (biﬁ)a(w2+w3) (biz)aw3 bz‘4-

i4 12 i6

Now, (bil)“ gives a directed automorphism is the first section of the decomposition.
For (b;,)*" to give a directed automorphism we need ws = 1. But then (bs, 1)“(1+w3)
contributes the identity and hence the length of the first section of the decomposition
is at most two. Therefore applying the map ©1 we see that the length of its image is

at most four.

On the other hand, b;, gives a rooted automorphism in the first section of the decom-
position and hence the length of the first section of the decomposition is at most two.
Therefore applying the map ©1 we see that the length of its image is at most four. The

remaining cases are identical.

Case 3: We consider elements z € [G, G] of length d(z) = 8. In this case it is not hard

to see that in order to have 0(z1) = (2324 - - - 2p) = 4, the decomposition matrix is of
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the form:
bi, ads bi, all bis ak b, 1
a1 a2 afs am d a1
a2 1 a2 1 a"™ ad¥s o2 1
a® 1 a® 1 a™ 1 a3 1
1 1 1 1 1 1
D(z) = 3
1 1 1 1 1 1 1 by
1 1 1 1 1 1 1 am
1 oby, 1 1 1 1 ™
1 a® 1 b, 1 1 1 a™
1 a2 1 ot 1 bis, 1 1
Thus
2324+ zp = @1 biga?bi, a3 b a" by,
where

wi =cpg+ex+hy+ks+la+cg+ez+hs+13
wo = N
w3 = ng +di

wg =ng +da + f1.
Applying the map O35 on the commutator z we get

O2(2) = [a, 2324 - - - 2p]
_ (bi:;l)a (bizl)a1+w4 (bigl)a1+w:3+w4 (b;sl)a1+w2+w3+w4

(i)™ (b )b

12

)2 by, ) b

Now, (bl-_(jl)“ contributes a directed automorphism in the first section of the decompo-

sition. For (b;,)*"* to contribute a directed automorphism we need w4 = 1. But then
(bl—l)a(l"'wll)
is

position is at most three. Therefore applying the map ©; we see that the length its

gives the identity and hence the length of the first section of the decom-

image is at most six.

On the other hand, b;; contributes a rooted automorphism in the first section of the

decomposition. Hence its length is at most three and the result yields.

Case 4: We consider commutator words of length greater or equal to ten. Firstly note

that in order to have 9(z1) > 5, the directed automorphisms in columns 2, 4,6, ..., m—2
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can only be positioned in the last three rows. Thus the decomposition matrix is of the

form:

bi, a* by a* by a* by a* a*
a8 1 a* 1 a* 1 a* a* a*
a1 o 1 o 1 a aF a*
a8 1 a* 1 a* 1 a* a* 1
1 1 1 1 1 1 1 1 1
D(z) =
1 1 1 1 1 1 1
1 b, 1 1 1 b, 1 1 --- 1
1 a 1 b, 1 a 1 by --- 1
1 1 o ar 1 1 et e by,

Note that there is at most one directed automorphism either in position (p, m) or in

position (p — 4, m). Also there is at most one directed automorphism in row p — 2 and

at most mT_E‘ in row p — 1. In total

—5 m-—1
Ozpzaw2p) 1414 22 = T

Therefore applying the map ©2 we see that the length of its image is at most

m—1

2

x2=m—1<m=209(z).

The remaining cases for elements z € [G, G| of length 9(z) > 12 are identical and the
result yields. O
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Appendix B

A MAGMA program

In [26], E. Pervova showed that the GGS-groups have maximal subgroups only of finite
index. A key ingredient in the proof for the GGS-groups relies on a single theta map

01 : [G,G] — [G,G]

defined by
2+ [a, 27

Recall from Section 4.2, that in the current thesis we have introduced a second theta
map

O3 : [G,G] — [G,G]

defined by

Z > [a, Zpg1 - 2p).

During the early stages of our research, we wrote a program in MAGMA [6] in our

efforts to get a better insight of the theta map used in [26].

It turned out that introducing the second map ©s allowed us to extend our result in
the class of torsion just infinite multi-edge spinal groups. It is worth mentioning, that
even in the case of the GGS-groups, by using the second map ©2 one can simplify to

a great extent the methods used in [26].

We present a MAGMA [6] program which allows to investigate the map ©; for the
Gupta-Sidki group for p = 3. Recall from Remark 3.1.7, that the Gupta-Sidki group

G = (a,b) is generated by the rooted automorphism a and the directed automorphism
P1(b) = (a,a71,1,...,1,b).
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The text after // denotes some comments for making the code more readable.

//

//
//
/!
//
/!
//
/!
//
//
//
//
//
//

basic parameters

Magma program to investigate the map

Theta-1 : G —> G, z = (z-1,2.2,2.3) —> [a,z_-1"{—-1}]
for the Gupta—Sidki group G for p=3

with generators

a: rooted automorphism

b: directed automorphism (a,a"{—1},b)

The program searches for fixed points under Theta_l among elements
of bounded length in G.

September 2013

clear;

//

//
//
//
//
/!
//
/!
//
/!
//

//
//

basic parameters

3;

:= 10; // maximal length of elements that are tested

Candidates g in G are written as
a“{e_.1} b {d-1} a"{e-2} ... a"{e_r} b"{d.r}

with e.i, d_j in {0,1,2}.

The exponents are recorded as vectors
(e.l,e2,...,er,d1,d2,...,d.r)
in a vector space U \cong W \oplus W

auxiliary vector spaces
U \cong W \oplus W
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V := VectorSpace (FiniteField (p),r);
W := sub<V | [V.i = V.(i41) : i in [1l..r—1]]>;

// functions

function reduced(a) // reduces elements of W x W to standard form

e := a[l]; // e = (e.l,...,e_r) exponents of a’s
d :=a2]; // d=(d.1,...,d.r) exponents of b’s
repeat

finished := true;

// tests for 0Os in the vector e and shifts them to the right
for i in [2..r] do
if e[i] eq 0 and d[i] ne O then
dli—1] = d[i—1] + d[i];
for j in [i..r—1] do
e[jl = elj+1];
dfj] = d[j+1];

0;
dir] = 0;
finished := false;
break i;
end if;
end for;
// tests for Os in the vector d and shifts them to the right
for i in [1..r—1] do
if e[i+1] ne 0 and d[i] eq 0 then
e[i] = e[i] + e[i+1];
d[i] = d[i+1];
for j in [i+1..r—1] do
e[j] i= e[j+1];
dlj] = d[j+1];
end for;
e[r] = 0;
d[r] = 0;
finished := false;

break i;
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end if;
end for;

until finished;

return [e,d];

end function;

/) —

function theta(a) // theta map from W x W to W x W

// vectors e = (el ,...,e.r), d = (d-1,...,d.r)

// and e_seq : e as a sequence [e_l,...,e_r 0]
e := a[l];
e_seq := ElementToSequence(e) cat [FiniteField(p)!0];
d := a[2];

// index set for non—zero d._i’s
I.d :={1i:1in [1..r] | d[i] ne 0};

// work out first coordinate z_1 of element z corresponding to e, d

m = []; // sequence to encode factors of z_1
sum_e := FiniteField (p)!0;
for j in [i+1 : i in I.d] do
sum_e := sum-e + e_seq[j];
end for;
for i in I.d do
if sum_e eq 0 then // shift by 0 — (a,a"—1,b)"{d_i}
entry := [1,d[i]]; // endcodes factor a“{d_i}
else
if sum_e eq 1 then // shift by 1 — (b,a,a”"—1)"{d_i}
entry := [2,d[i]]; // encodes factor b {d_i}
else // shift by 2 — (a"—1,b,a) {d-i}
entry := [1,—d[i]]; // encodes factor a"{d_i}
end if;
end if;
Append (“m, entry );
sum_e := sum.e — e_seq[i+1];
end for;
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// form commutator [a,z_-1"—1] of a with z_.1"—1
m_rev := Reverse(m);

// sequence c¢ encodes commutator

c.seq := [[1,—1]] cat /] a"—1
m cat /] z-1
[[1,1]] cat // a
[ [entry[l],—entry[2]] : entry in m_rev ]; /] z-1"—1

// build exponents e’,d’ as elements of W x W corresponding to commutator
c := [WIO,W!I0];
i = [1,0]; // start by determining e’_1
type := 1; // search 1st for a’s (a has type 1, b has type 2)
for entry in c_seq do

if entry[l] eq type then // collecting the same generator as previously

new_vec := c[type];
new_vec[i[type]] := new_vec|i[type]] + entry[2];
if type eq 1 then
¢ := [new_vec,c[2]]; // update e’ _i
else
¢ := [c[l],new_vec]; // update d’_j
end if;
else // start collecting the other generator now
type := Integers ()!entry[1l]; // update type (a: 1, b: 2)
i[type] := i[type]+1; // move to the next position
new_vec := c[type];
new_vec|[i[type]] := new_vec|[i[type]|] + entry[2];
if type eq 1 then
¢ := [new_vec,c[2]]; // update e’ _i
else
¢ := [c[l],new_vec]; // update d’ _j
end if;
end if;
end for;
¢ := reduced(c); // reduce to normal form
return c;

end function;

79



B. A MAGMA program

function UtoWxW(u) // transforms u into (wl,w2)
wl := W![ElementToSequence(u)[i] : i in [1..r]];
w2 := W![ElementToSequence(u)[i] : i in [r4+1..2%r]];

return [wl,w2];

end function;

// MAIN

// successively build supply of ‘reduced’ pairs of vectors

// and search for fixed points

print ”77;
print ”Building set of candidates. Please wait...”;
WxWred := [];
Ul := [W!([0,0] cat [0 : i in [3..r]]),
WI([1,2] cat [0 : i in | r]]),
WI([2,1] cat [0 : i in [3..1]])];
U2 := [WI([1,2] cat [0 : i in [3..1]]),
WI([2,1] cat [0 : i in [3..r]])];

Ul = [];
for u_old in Ul_old do
for x in FiniteField (p) do
if u_old[k] ne —x then
u = u_.old + x*W.k;
Append ("Ul,u);
for u2 in U2 do
Append ("WxW_red, [u,u2]);
end for;
end if;

end for;

80



B. A MAGMA program

end for;
U2 = [];
for u in Ul do
if u[l] ne 0 and u[k+1] ne 0 then
Append ("U2,u);
end if;
end for;

end for;

Number := #WxW _red;

print ”There are ” ,Number,” candidates to test.”;
3 79,
print ;

// start search among candidate set

print "Now searching in the Gupta—Sidki—group G (p=3) for”;
print ”fixed points of the map Theta.l : G’ —> G’ defined by”;

print 7 2z = (z_1,2z.2,2.3) maps to [a,z_1"{—1}].”;
print ”7;
count := 1;

Step := Number div 10;

for u in WxW_ured do
if count mod Step eq 0 then
print Number — count,” candidates remain...”;
end if;
if theta(u) eq u then
print ”Found one:”;
print u;
end if;
count := count + 1;

end for;
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The following example shows that one cannot expect to reduce the length in all cases,

without using ©s; see Section 4.2.

/* OUTPUT

> load "MAGMA-Sep2013.txt”;
Loading "MAGMA-Sep2013. txt”

Building set of candidates. Please wait ...
There are 174420 candidates to test.

Now searching in the Gupta—Sidki—group G (p=3) for
fixed points of the map Theta.l : G’ —> G’ defined by
z = (z-1,2z.2,2.3) maps to [a,z_1"{—1}].

Found one:

[

]

Found one:

[

]

Found one:
[
(112112100 0),
(112122000 0)
]
156978 candidates remain...
139536 candidates remain...
Found one:
[
(221211210 0),
(111212220 0)
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Found one:
[
(221211210 0),
(211212210 0)
]
122094 candidates remain...
104652 candidates remain...
87210 candidates remain...
69768 candidates remain...
52326 candidates remain...
34884 candidates remain...
17442 candidates remain...
0 candidates remain ...

>

*/

Problem. Study the dynamical system ([G,G],©1). What are the fixed points (or
periodic points)? Are there infinitely many? How do the answers depend on the multi-

edge spinal group G?
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