COHOMOLOGICAL DIMENSION OF MACKEY FUNCTORS FOR
INFINITE GROUPS

CONCHITA MARTINEZ-PEREZ AND BRITA E. A. NUCINKIS

ABSTRACT. We consider the cohomology of Mackey functors for infinite groups
and define the Mackey-cohomological dimension cdgy G of a group G. We will
relate this dimension to other cohomological dimensions such as the Bredon-
cohomological dimension cdgzG and the relative cohomological dimension
§-cdG. In particular we show that for virtually torsion free groups the Mackey-
cohomological dimension is equal to both §-cdG and the virtual cohomological
dimension.

1. INTRODUCTION

Mackey-functors for finite groups have been around for a long time thanks to
having common properties of natural functors for finite groups such as group co-
homology, the Burnside ring, the representation ring, algebraic K-theory or topo-
logical K-theory for classifying spaces to name a few. Motivation for this work on
Mackey functors for finite groups was representation theory, see [18, 19, 20] as well
as equivariant cohomology theory [5, 6]. The study of Mackey functors for infinite
groups is a fairly recent phenomenon, see for example [11]. In connection with the
Baum-Connes conjecture, Bredon homology with coefficients in Mackey functors,
especially with coefficients in the representation ring, seem to be of importance [14].

Let G be a group and denote by OzG the orbit category, which has as objects
cosets G/ K, where K € § the family of finite subgroups of G and where morphisms
are G-maps G/L — G/K for G/L,G/K € 93G. The most common definition of
a Mackey-functor is a pair of functors

(M*, M,) : D3G — Ab,

where M* is contravariant, M, is covariant and which coincide on objects. Fur-
thermore they satisfy a certain pull-back condition, which we will describe later. A
different but equivalent definition turns out to be better suited for our purposes.
We shall introduce this in Section 3. As we are dealing with an abelian category,
things can be done pointwise and we therefore have the notion of exact sequences.
Also, the category of Mackey functors has enough projectives and hence there is the
notion of cohomology of Mackey-functors and of cohomological dimension cdgy;G.

Our motivation comes from classifying spaces for proper actions and their al-
gebraic mirror, Bredon cohomology. Bredon functors are slightly less compli-
cated gadgets. A Bredon functor, or Bredon module, is a contravariant functor
T : O5G — Ab and there is a natural way to define cohomology and the cohomo-
logical dimension edzG of a group G. This is the projective dimension in the Bredon
category of the constant functor Z. A classifying space for proper actions, denoted
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EG is a G-CW-complex X satisfying the following: the fixed point complex XX
is contractible if K is a finite subgroup of G and empty otherwise. Constructions
by Milnor [13] and Segal [17] imply that these always exist but these constructions
give us very big models. We denote by gdzG the minimal dimension of a model
for an EG. By taking fixed points, the augmented cellular chain complex of an EG
gives us a projective resolution of Bredon-functors

C.( X >z

and hence ¢dzG < gdzG. Work of Dunwoody [3] for dimension one and Liick [8] for
higher dimensions implies, that unless cdzG = 2, both ¢dzG = gdzG. Furthermore,
there are examples where cdgG = 2 but gdzG = 3 [1]. In Section 3 we shall
compare the Bredon cohomology with the cohomology of Mackey functors and will
show (Corollary 3.9) that for every group G

Cd,smg G S CdgG.

Another quantity of interest is the relative cohomological dimension §-c¢dG. This is
defined to be the length of the shortest relative projective resolution of the trivial
Z.G-module Z. A relative projective resolution P, — Z is an exact sequence of ZG-
modules, which splits when restricted to each finite subgroup of G and where the P;
are direct summands of direct sums of modules induced up from finite subgroups.
In particular, permutation modules Z[G/K] with K finite are relative projective.
It can be shown that cdgG < §-cdG. For detail on relative cohomology see [15].
We shall show (Theorem 4.3) that always §-cdG < cdgn, G and we therefore have
the following chain of inequalities:

cdoG < §-cdG < cdon G < cdzG.

The main motivation for studying Mackey functors came from looking at the be-
haviour of §-cdG and cdzG for virtually torsion free groups. A group G is said
to be virtually torsion-free if it has a torsion-free subgroup H of finite index. The
virtual cohomological dimension vedG is defined to be equal to the cohomological
dimension of H over Z. By Serre’s Theorem, see [2], this is well defined. Serre’s
Theorem also implies that whenever vcdG = n is finite then there is a model for
EG of dimension |G : H|n. Furthermore, vedG < §-cdG [1]. A question of in-
terest, which has become known as Brown’s conjecture, is whether we can always
find a model for EG of dimension equal to vedG. In [7] examples were exhib-
ited, where this is not so. In particular for these examples and positive integers m
3m = vedG = F-cdG < cdzG = gdgG = 4m. As Mackey functors seem to have a
more “symmetric” structure and seem to behave more naturally under induction
from finite index subgroups, see Theorem 3.3, one would expect that things are
slightly more straightforward, which is indeed the case.

Theorem 5.1 Let G be a virtually torsion-free group. Then
vedG = §-cdG = cdon, G.
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2. INDUCTION AND RESTRICTION BETWEEN CATEGORIES OF FUNCTORS.

Let € be a category and R be a commutative ring with 1. Denote by Modge the
category with objects contravariant functors

¢ - R-mod

and morphisms natural transformations between functors. As mentioned in the
introduction one can consider things pointwise and therefore we have coproducts,
colimits and the notion of exactness. We say a sequence 0 + A - B - C — 0in
Modge is exact if after evaluating at every object in €, we obtain an exact sequence
of R-modules. Given two objects A, B € Ob&, let Ror,(a,5) be the free R-module
generated by the maps in € from A to B. For any M € Modge there are Yoneda
Lemmas
HomC(Rmorz (—,A)> M) = M(A)

M ®¢ Rmorg (A=) = M(A)
Assume we have another category ® and a functor
F:C-59.

Then, associated to F' there are functors which we call restriction, induction and
coinduction given by

resg : Modgp — Modge
M- MF
indg : Modge — Modgo
T = Ruyore (—,r+) ®c T(*)
coindr : Modre — Modgao
T = Home (Rmorg (Fx,—)> T (%))

By the Yoneda Lemmas, the restriction functor can also be defined as
reSFM(*) = Homp (Rmorg(f,F*)a M(_)) = M(_) XD Rmorg (Fx,—)-

For any bifunctor N : € x ® — R-mod and T € Mod¢, M € Mody there is a
natural adjunction

Hom@ (T ®Q: N, M) = H0m¢(T, Hom@ (]V7 M))

which yields
Homg (indpT', M) = Home (T, resp M)
Homg (M, coindpT) = Home (resp M, T).

Lemma 2.1. Assume we have categories €, D, £ and functors
(R R S

Then indgindr = indgr and coindg coindr = coindy .
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3. THE MACKEY CATEGORY.

To define Mackey functors, we follow the third approach used in [19]. Let MzG
be the category with objects G/K with K € § and morphisms from G/S to G/K
the diagrams

G/S«+ G/L—- G/K
of G-maps up to the following equivalence relationship: two such diagrams
G/S + G/L - G/K and G/S + G/L1 — G/K are equivalent if Ly = L® for
some z € G such that the following diagram commutes

G/L

o

G/L,

Composition is given by pull-back. We define now the category of Mackey functors
as
MackzG = {functors MzG — R-mod}.

We will write M (K) instead of M(G/K).

As already mentioned in the introduction, the most common definition of Mackey
functors is as a pair of functors, (M*, M,) which coincide on objects and with M*
contravariant and M, covariant. This pair of functors now satisfies a pull-back
condition as follows: Let L, S, K € § and

I—lzGLQ\S/Kgl G/HQ U Kg’z—l . G/K_

| g

G/L J G/S

Then the following diagram commutes:

=1

@weLg\S/Kgr M(G/HIUK9® )<— M(G/K)

l l/M*(QI)

M(G/L) M(G/S).

The relationship between both definitions can be seen if we consider the map cor-
responding to

M*(g)

G/S & G/LSG/L
as the contravariant structure and the map associated to
G/S&G/ISBa/L

as the covariant. In particular, if M is a Mackey functor, then for any S € F, M(S)
is a bi-Ng(S)/S-module and the equivalence of the diagrams

G/SEG/S S aG/S
G/S &GS G
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implies that for any = € Ng(9),

xm = mz L.

Given an RG-module V' the fixed and cofixed points functors which we denote
V'~ and V_ respectively are examples of Mackey functors.

Let Q ba a subset of § and M a Mackey functor. The subfuctor of M generated
by M(K), K € Q is defined as the intersection of all the subfunctors N of M with
N(K) = M(K) for all K € Q. If this subfunctor equals M, then we say that M
is generated by those values. Note that for any K € §, g € G, the morphism
associated to G/ K La /K % G/K maps M(K) isomorphically onto M (K?) so in
such a set 2 it suffices to consider one representative of each G-conjugacy class of
subgroups.

Let S, K < G and

A%(S, K) = free R-module generated by the morphisms from S to K in MMzG
Then, by [19], if K € §, A%(—, K) is a projective Mackey functor and

A9, K) = P P Rp,.

geS\G/K L<LSINK
up to S? N K-conjugacy

Note that there is an obvious isomorphism between the R-modules A% (S, K) and
A% (K, S). Moreover

AG(_JK) = AG(Ka _)
as Mackey functors.
Later on we need to be able to describe induction and coinduction of Mackey
functors from a subgroup H of G. Hence, consider the inclusion functor
i:§NH—F,

where § N H is the family of all finite subgroups of H. Denote by res$, indg and
coind$; the restriction, induction and coinduction functors as in Section 2. First,
we consider restriction of projective Mackey functors.

Proposition 3.1. For H< G and K € §
resGAS(—, K)= @ AY(-,K* nH).

z€eH\G/K
Proof: For any S € § with S < H, we have
S\G/K= || S\H/K* nH= || || ha.
z€H\G/K z€H\G/K heS\H/K>"'nH

Taking into account the previous description of A% (S, K) this implies that
AS(S,K)= @ AM(S, KT nH).
z€ H\G/K
Finally, one easily checks that this is in fact an isomorphism of Mackey functors.
O

Using the above formula we may also describe explicitely indg and coindg.
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Lemma 3.2. Let T be any Mackey functor over FN H, then
coind GT(S) = [[ T(s* nH)
z€H\G/S

ndGT(S)= € T(S* nH)

reH\G/S
Proof:
coind §T(8) = Homgy, ., (A9 (S, %), T(x)))
Homam,., ( @) A"(S™ N H,%),T())

z€H\G/S
[I Homam,, (A"(S* NH,%),T(») =
z€H\G/S
H T(S*"' N H) (by the Yoneda Lemma).
zeH\G/S
The proof for induction is analogous. O

Theorem 3.3. For any Mackey functor T over § N H, if the inclusion of the
coproduct into the product is an isomorphism between indST(K) and coind$ T (K)
for each K € §, then
indST = coind§T,
that is, they are isomorphic as Mackey functors for §. In particular, this happens
if the index |G : H| is finite.
Proof: One easily checks that for S, K € N H
A% (K,S) —» AH(K,S)
1 2 9 -
K&LSY g0 K&~L>SifgeH
0 otherwise.

yields a morphism of Mackey bifunctors for § N H (that is, it behaves well with
respect to morphisms in both variables). From this, using Yoneda, we deduce the
existence of a Mackey functor morphism

T(-) =H0mgj(5nH(AH(*, =), T(x)) =
Homaon, ., (A% (x,—), T(x)) = (res$coind G T) (—).
Using the adjoint isomorphism
Homgy, ., (T, res$ coind G T) = Homgy (ind$¥ T, coind$ T)
we obtain a morphism of Mackey functors
ind§T — coind$T.

After evaluating at objects this is precisely the inclusion of the coproduct into the
product. Therefore, if this inclusion is an isomorphism on objects, it must in fact
be an ismorphism of Mackey functors. O
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Definition 3.4. Let B¢ = A%(G, —) given by

BY(K) = &b Ry
L<K
up to K-conjugacy
for K € §.
Next, we define
Hy (G, M) = Eutyy (B, M)

and cdony G := maz{n : Hyy (G, M) # 0 for M € MackzG}

53

One more consequence of 3.1 is that resg takes projectives to projectives. More-
over, note that res B = BH and that res% is an exact functor. Therefore there
is a Shapiro Lemma, that is

Hiy (G, coind§N) = Hypy - (H,N).
We give now another description of A%(—, K).

Proposition 3.5.
AG(SaK) = @ PIC(;(L)/ ~Ng (L)

LS

up to S-conjugacy
with 9,91 : G/L - G/K g~ ¢1 if tq1 K = gK for some x € Ng(L).

Proof: By [19], any morphism in the Mackey category from G/S to G/K is equiv-
alent to one of the form

G/S & G/L S GIK.
Moreover, we may represent such a diagram by a pair (L, g) with g € P¢(L) and
(L,g) and (L, g;) are equivalent if and only if for some z € S, Ly = L* and
zg1 K = gK. Clearly in that case L and L, are S-conjugated. And conversely, if
Ly = L for some z € S then (L, g) and (L;,z~!g) are equivalent.

This means that we only have to choose pairs with one subgroup for each S-
conjugacy class of subgroups of S and pairs for different classes are not equivalent.
Finally note that (L, g) and (L, g1) are equivalent if and only if for some z € S with
L® = L (thus z € Ng(L)), zg1 K = gK. O

Note that if we see each P§ (L) as a left module for the group Ng(L)/L (using
the contravariant structure of P§), then the above formula yields

Proposition 3.6. As covariant Bredon functors we have

AG(S,—) = @ R®N5(L)/L P_G’(L)
up to é—%ﬂijugacy

Proof: 3.5 may be rewritten as
AS(S,K) = D  Bengmm PR().

L<S
up to S-conjugacy

Moreover, the covariant structure on A%(S, —) is given by
G/S+G/L—-G/K - G/K;

which is precisely the covariant structure on the right hand side. |
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Let DzG be the orbit category. The functor OzG — MzG given by the identity
on objects and taking a G-map G/S % G/K to

G/S & G/K 5 G/K
provides, by Section 2, restriction and induction maps

res : MackzG — MorgG
M- M

ind : MorgG — Mackz G
T — T(x) @3 A%(—, %)
and an adjoint isomorphism
Homg (T, resM) = Homgy, (indT', M).
As res is clearly exact, the adjoint isomorphism implies that induction takes

projectives to projectives. But this is also a consequence of the next result.

Theorem 3.7. For any Bredon contra-module T and S € §
(indT)(S) = €  Rnswyr T(L).

LS
up to S-conjugacy

Moreover for K € §
indR = B® and

indPg = A%(—, K)
Proof: By 3.6 we have
(indT)(S) = A%(S,-) @5 T=( @ ROy PG/L)@sT =

LS
up to S-conjugacy

LS
up to S-conjugacy

@ R ®ng(ry/L (PS(G/L)®3T) =

L<S
up to S-conjugacy

P  Ren,wTG/L).

LS
up to S-conjugacy

This implies that on the one hand indR and BY and on the other indP§ and
A%(—, K) coincide in objects and one easily checks that they are in fact isomorphic
as Mackey functors. a

Ind is not exact in general. However, we prove in the next result that it is exact
when applied to projective resolutions.

Theorem 3.8. Let
P, » R

be a projective resolution of Bredon contramodules. Then
indP, —» BY
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s a projective resolution of Mackey modules. Therefore for any Mackey functor

Hyp (G, M) = Hg(G, M)
Proof: For each L € 3,

P(L) » R(L) =R

is an exact sequence of Ng(L)/L-modules. Moreover, by 3.2 of [15], this sequence
is split when restricted to the finite subgroups of Ng(L)/L. In particular this is
split when restricted to Ng(L)/L = (Ng(L) N S)/L for each S € §. This implies
that

(ndP)(S)= €@  Renswyw P(L) - (indR)(K) = BY(K)
L<S
up to S-conjugacy

is an exact sequence. Now, by 3.7 each indP; is a projective Mackey functor and
therefore

indP, - indR = B

is a projective resolution. The result follows from the adjoint isomorphism. O

Corollary 3.9.
CdgmgG < CdgG.

4. MODULES FOR WK.

In this section we consider some results which are proven in [19] for finite groups
to check that they remain true in the general case.
Let 7 be the functor between the Mackey categories for G associated to the
familes {1} and § given by
7:{1} = F
1—1.

As we may identify Macky(G) and RG-mod, the coinduction and restriction
functors associated to 7 as in Section 2 are given by

coind; : RG-mod — Mackz(G)
V — Hompg(A%(1,-),V)

and
res, : Mackz(G) — RG-mod

M — M(1).
We have
Lemma 4.1. For Se §
A%(1,8) = R1¢ (induced module).
Proof: By 3.6 there is an isomorphism of right RG-modules
A9(1,8) = AY%S,1) = R®s PF(1) = R®s RG = R1§ .

From this we recover one of the adjunctions of [19]:
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Lemma 4.2. [19] There are isomorphisms of Mackey functors
coind,V =V~
ind,V =V_
and for any Mackey functor M we have adjunctions
Hompg(M(1),V) = Homop, (M, V™)
Hompg(V, M (1)) = Homgp, (V_, M).
Proof: Using the previous result we have
coind, V(S) = Hompgg (R 1¢,V) = Homgs(R,V |§) = V5

and it is easy to check that this yields in fact an isomorphism of Mackey functors.
The proof for ind, is analogous.
The adjunctions are a consequence of the adjunctions of Section 2. |

Theorem 4.3.
§-cdG < cdon, G

Proof: For any Bredon contramodule 7', 3.7 implies that (ind7")(1) = T'(1) and this
is in fact an isomorphism of left RG-modules. Therefore by the previous result
there is an adjunction

Hompge(T(1),V) = Homgy, (ind7, V™) = Homg(T,V ")

It suffices now to use the fact that by [15], evaluating a Bredon projective resolution
of R at 1 we obtain a relative §-projective resolution of R. O

Assume for a moment that we have K € §, K <G and N any Mackey functor
for G/K with respect to the family § = {LK/K : L € §}. From N we can get a
Mackey functor for G defined as
N(S/K)ifK<S
0 in other case.

Conversely, a Mackey functor for G, say M, yields Mackey functors for G/K
defined in the following way. For each L, J € § with J < L we put RY resp. I¥ for
the morphisms

RY - M(L) = M(J)

I - M(J) - M(L)
asociated to the maps G/L « G/J — G/J resp. G/J + G/J — G/L in the
Mackey category. With the same notation as in [19] we put

SM(L)= (] KerR}
J<L
KZJ
TM(L)= M(L)/S ,<, ImI%.
K¥%J
These functors are respectively left and right adjoint to inflation. This is proven in
[18] for finite groups and the proof works equally well for arbitrary groups.

Homan (N, SM) = Homay, (inf N, M)
Homgy, (T M, N) 2 Homgy, (M, infs;/ 5 N).



MACKEY FUNCTORS FOR INFINITE GROUPS 11

We turn now to the general case and fix K € §. Let WK = Ng(K)/K be the Weyl

group of K and denote
SkM = S(resq ) M)(K) = )| KerRY
JSL
for any Mackey functor M. We may compose the following maps

coind inflg )
RWK-mod =" Mackzqn, ) WK =5

Mackgnny )N (K) 39 Macken, G
and we get an adjunction for any RW K-module U as in [19]
Hompw (U, Sk M) 2 Homan, (ind$,, s infy U, M).
In particular if we take U = Sxg M we get a morphism of Mackey functors such that

the evaluation in K is the inclusion Sk M — M(K).

Proposition 4.4. If K «G and we have K < L < G, then for any Mackey module
M for L/K we have

infgcindy e M = indSinfl), M.

Proof: Let S € §. Then if K < S,

infg, xcind5/ 5 M (S) = ind§;/ 5 M(S/K) = ) M(S* NL/K)=
z€L/K\G/K/S/K
@ inff (M(S* N L) =indfinf}, M(S).
zeL\G/S

If K £ S one easily checks that both functors annihilate on S. Hence they
coincide in objects. It is also easy to check that this yields an isomorphisms of
Mackey functors between them. a

5. VIRTUALLY TORSION FREE GROUPS.

Let G be a virtually torsion free group. Then there is a subgroup H <« G with
|G : H| < 0. The virtual cohomological dimension of G is

vedG = cdH.

Theorem 5.1. Let G be a virtually torsion free group. Then
cdon; G = vedG.
Proof: Let H be a subgroup H <« G with |G : H| < 0.
If cdH = oo then obviously
cdon, G = cdH = cc.
Therefore we may assume cdH < oo and then by Serre’s Theorem, see [2], cdzG <

oo thus also cdgn;G' < oo. Note also that there is a bound on the orders of the
finite subgroups of G.
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Put n = cdon, G and let M be a Mackey functor such that
Hiy (G, M) # 0.

For a certain set Q of subgroups of G M is generated by M (K), K € Q. Note that
we may assume that {2 contains at most one representativeof each conjugacy class
of finite subgroups. The strategy of the proof is to find a group ) and a Mackey
functor T such that Hyy | (Q,T) # 0. and such that @ is the extension of a finite
by a torsion free group. Theorem 3.8 allows us to consider Bredon-cohomology.
Applying spectral sequences as in [12] will then reduce the problem to considering
a torsion-free subgroup of H. We proceed in six steps: Step 1 to Step 4 are needed
to construct @ and T, while we show in Step 5 that indeed H”ﬁmSn o (Q,T) #0. The
last step then consists of the reduction to a suitable torsion-free subgroup of G,

which will finish the proof.

Step 1: For each K € Q let Mg be the subfunctor of M generated by M (K). The
homomorphisms Mg — M yield an epimorphism

@MK—»M.

KeQ

We get
0 # Hiy, (G, €D M),
KeQ
Step 2: We shall now show that we may assume the following: For any K € ) and

S e Fwith S < K, Mg(S) =0.
We argue by induction on

max{|K|: K € Q does not satisfy this claim}.

Note that as the order of the finite subgroups of G is bounded, the previous
maximum is finite.

Now, if K € Q satisfies the claim, put S = K. Otherwise choose an S < K with
Mgk (S) # 0. In both cases let Nx be the subfunctor of Mk generated by Mk (S).

We have a s.e.s.
D Nk — D Mx ~ D Mi/Nk
KcQ Ke KeQ

which yields a l.e.s. in cohomology

.= Hp (G, @ Nx) » Hiy (G, @ Mk) = Hy (G, @ Mk /Nk) — ...
KeQ KeQ KeQ
Thus we have either

tey (G, D Mic/Ni) #0
KeQ
or

o (G, €D Nk) # 0.

KeQ
In the first case, as Nk is generated by Nk (S), the claim follows by induction.
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In the second case note that Mg /N is generated by Mk /Nk(K). Moreover,
Mgk [Nk (S) = 0. As the number of subgroups of any K € § is bounded after a finite
number of steps this process yields a Mackey functor with no trivial cohomology
which is a direct sum of functors generated by their value at a single subgroup and
satisfying the conditions in the claim.

Step 3: We show that there exists a subgroup L with H < L < G such that
gﬁs(G’eaKEQL MK) 75 0, where Qf = {K e N | HK = L}.
To see this, note that 2 is the disjoint union

"= H<LIJ<G{QL}

with Qr = {K € Q : HK = L}. As the number of possible subgroups L is finite
we get

0# Hy (G, D Mx) = P Hx, (G, D Mx)
KeQ H<L<G KeQr
so that for some L, the corresponding cohomology is not trivial and the claim
follows. From now on we keep L fixed and denote Q2 = .

Step 4: We now fix a subgroup K € Q and take a closer look at the situation for
Mp. Our objective is to find a suitable Mackey functor mapping epimorphically
onto Mg . In the process we shall define the group @ and the functor T', which will
later enable us to make the necessary reductions. For simplicity we put M = Mg.
We have

SkM = (] KerR§ = M(K).
S<K
Let U = Sk M and consider the adjunction
Hompwk (U, Sk M) = Homgy (indﬁc (K)infg[,GIgK) (U-), M).
When we evaluate in K the map ¢ corresponding to the identity on the right
hand side we get
ind§ o infy O (U_)(K) = A%(K,») @ infy 8O (U_)(+)  BM(K)
u I
AK,K)@Ug = A9(K,K)@U-» U
0 ¢k is surjective. Consider now the subgroups L and @ = LNNg(K) = KNu(K)
and denote V' = U /% As the index [Ng(K) : Q| is finite we have an epimor-
phism of RW K-modules
Vigk—U
which induces an epimorphism of Mackey functors for W K (since the functor taking

V to V_ is right exact)
(V18/%)- = U-.
As the functor inf is also right exact we get an epimorphism of Mackey functors
for Ng(K)
infus ™ (V A0 1) - - iU
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From this and inducing to G we have
lndNG (K) lanG K) (V TQ/K) — lndga( )lanG(K)U —) M

When we evaluate this composition on K we get epimorphisms and therefore, as
M is generated by M (K), it is in fact an epimorphism of Mackey functors

Next, we describe the functor on the left hand side of the previous expression in
a different way. Using 2.1 (recall that by 4.2, V_ =ind, V) and 4.4 we get

inf G(K)(V TQ/K) mfNG(K)lndQ/K(V) ind,) Na(K )lnfg/K( ).
Therefore again by 2.1

indgg (K)indga (K)infg/K(V,) = indfindémfgﬂ(( ).

Put

mfg/K

(V_) and

The previous formula implies we have an epimorphism
ind$ Fg — M.
We may describe quite explicitly the functor Fx as follows. Taking into account
that /K is torsion free, it follows that T is a Mackey functor in § N Q given by

{OforK7éS

T =\vior Kk = 5.

We compute now the value

Fx(S)=mnd5T(S)= P T(S* nQ).

z€S\L/Q

That module is trivial unless K = S*~ NQ < S® . In that case, and as S*_ < L,
we have K = L/H = HS® ' /H = §°"' thus K® = S. But then, if that is the case
for 1 # xo, we deduce :1:1;1:2_1 € LNNg(K) = @ thus Sz1Q = Sz2@Q. Therefore

0 for K not conjugated to S
Fg(S) = {

V for K conjugated to S.
The same computation for coinduction yields
Fx (S) = indgT(S) = coindgT(S)

for any S € §N L. So by 3.3, both Mackey functors are isomorphic.

Step 5: Now, we go back to the general case and show that H"WSHQ(Q,T) # 0
for certain T. One more consequence of the previous formula is that we have an
isomorphism of Mackey functors

D rie= ] Fic

KeQ KeQ
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To see this, consider the inclusion of the direct sum into the product and note that
it is an isomorphism on objects, thus it is in fact an isomorphism. Now as the index
|G : L| is finite we have by 3.3

P indf{Fx =ind7 @ Fx =
KeQ KeQ

= coind¥ @ Fg =
KeQ

coindg H Fg.
KeQ

Moreover we have for any K € {2 an epimorphism indfFK — Mg and this yields
an epimorphism

coindf [ Fx = @ indf Fx - @ M.
KeQ KeQ KeQ
This implies that
0 # Hpp (G, coindf [[ Fx) =Hg, (L, [[ Fx) = [] Hk,,., L Fk).
KeQ KeQ KeQ

Therefore, for some K € Q, 0 # HnﬂﬁgnL(LFK)' Now, with the same notation
as in Step 4 we have

0#Hy, , (L, Fx) =Hy , (L,indgT) =
= Hyy_ ., (L, coindgT) =
= Hiy; o (@, T).

Step 6: We have reduced the problem to the group @ and the functor 7', which

now enables to finish the proof. As
nf)ﬁgnQ (Q7 T) = gﬂQ(QJ T)
we may use the spectral sequence of [12] for K, @ and @/K and we get
HP(Q/K, Hi ¢ (K,T)) = HEL4,(Q, T).

As K is finite,
0forg>0
Hq

sx (K T) = {T(K) =V forq=0
thus

HY(Q/K,V) = Hzno(Q,T) # 0
and we have (note that /K = Ng(K))
n<cdNg(K)<cdH <n

which yields the result. a
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6. OPEN QUESTIONS

There are still a number of open problems relating to the cohomological dimension
for Mackey-functors over MzG and for some of them partial answers are known.

Since the main motivation for this work was the relationship between the co-
homology of Mackey-functors and Bredon cohomology, the following two questions
spring to mind.

Question 6.1. For which classes of groups G do we have equality
CdgmsG = CdgG?
Question 6.2. Let cdon G be finite. Can we conclude that also cdzG is finite?

Question 6.1 is obviously true for polycyclic-by-finite groups and countable virtu-
ally torsion-free nilpotent groups as here vedG = cdzG [10, 16]. Also, Question 6.2
is trivial for elementary amenable groups of finite Hirsch length since their Bredon-
cohomological dimension is finite [4] . It is also conceivable that Question 6.1 has
a positive answer at least when they are virtually torsion-free. Here the problem
can be reduced to checking whether for soluble groups of type VFP ¢cd3G = hdzG.
There are not many naturally occuring examples for which it is known whether
¢dgG = c¢dzG. Dunwoody’s result [3] implies that this is so for groups acting on
trees with finite stabilizers, where cdg = 1 = cdgG. But even for hyperbolic groups
or mapping class groups , which both admit cocompact models for EG, see [10],
this is not known to hold. An answer to Question 6.1 would at least give a partial
solution.

Since in Theorem 5.1 we have only dealt with a very special kind of group
extension, namely with torsion-free -by finite groups, it is natural to ask whether
this can be extended to more general settings.

Question 6.3. Let N — G — Q be a group extension with cdon; N and cdon; Q
finite. What can be said about cdon, G ?

By Theorem 3.8 it is possible to obtain a similar spectral sequence to the one
in [12] and in particular a Hochschild-Serre spectral sequence [12, Theorem5.1].
These however require a bound on the orders of the finite subgroups of @. In
view of Theorem 5.1 one would expect that for () a finite group one gets that
cdon; N = cdgn, G. A slightly more optimistic conjecture to make would be that in
general cdon; G < cdony N + cdon; Q.
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