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INTEGRAL POINTS OF FIXED DEGREE AND BOUNDED HEIGHT

MARTIN WIDMER

ABSTRACT. By Northcott’s Theorem there are only finitely many algebraic points in
affine n-space of fixed degree e over a given number field and of height at most X. Find-
ing the asymptotics for these cardinalities as X becomes large is a long standing problem
which is solved only for e = 1 by Schanuel, for # = 1 by Masser and Vaaler, and for n
“large enough” by Schmidt, Gao, and the author. In this paper we study the case where
the coordinates of the points are restricted to algebraic integers, and we derive the ana-
logues of Schanuel’s, Schmidt’s, Gao’s and the author’s results. The proof invokes tools
from dynamics on homogeneous spaces, algebraic number theory, geometry of numbers,
and a geometric partition method due to Schmidt.

1. INTRODUCTION

In this article we count algebraic points of bounded Weil height with integral coor-
dinates, generating an extension of given degree over a fixed number field.

Let k be a number field, let k be an algebraic closure of k, and let H be the absolute
multiplicative (affine) Weil height on K (for the definition see (1.4) below). One of the

most fundamental and important properties of the height asserts that subsets of K of
uniformly bounded height and degree are finite. This result was shown by Northcott
[20] in 1950, and his proof provides explicit upper bounds. However, for big n these
estimates are rather poor, and even nowadays, the correct order of magnitude is known
only in some special cases.

In 1962 Lang [15] proposed the problem of asymptotlcally counting points of bounded

height in a fixed number field, i.e., to count points in K" of degree 1 over k. This problem
has been solved by Schanuel [22] in 1964, with a detailed proof [23] published 15 years
later. The problem of counting points of bounded height and of fixed degree e > 1 overa
given number field k appears to be much more difficult. Indeed, it took over 40 years be-
fore the first significant improvement of Northcott’s Theorem was established. In 1991
Schmidt [24] obtained upper bounds that greatly improved upon Northcott’s bounds.
However, when the degree and the dimension are both bigger than 1 Schmidt’s bounds
are still significantly larger than what one expects. Later, in [25] Schmidt established
the asymptotics for points quadratic over Q, and this in all dimensions n. This in turn
yield new results on a generalized version of Manin’s conjecture (the special case n = 2
provides one of the rare examples of a cubic four fold for which the Batyrev-Manin con-
jecture is established and, as observed by Le Rudulier [17], leads to a counterexample
to Peyre’s predicted constant). Soon afterwards Gao [14] gave asymptotics for points in
n dimensions of degree e over Q, subject to the constraint # > e. The case n = 1 was
treated by Masser and Vaaler in [18], and was generalized in [19] by the same authors
to allow arbitrary ground fields k. The author [30] has established asymptotic estimates
for points in # dimensions of fixed degree e over an arbitrary number field, provided
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n > 5e/2 + 5. A short survey on counting points of fixed degree is given in Section 4 of
Bombieri’s article [5].

Regarding integral points of fixed degree e > 1 the subject is less developed. For a
number field k let us write N(Ox(n;e), X) for the number of points &« = (a1,...,a,) of
absolute multiplicative Weil height no larger than X, whose coordinates are algebraic
integers with [k(a1,...,a,) : k| = e. In[16, p.81] Lang has stated without proof

(1.1) N(O(1;1), X) = 1 X" (log X)% + O(X™ (log X) % 1).

Here m = [k : Q], g is the rank of the group of units and 7 is an unspecified posi-
tive constant depending on k. The formula (1.1) can easily be deduced from a counting
principle of Davenport [11], but it is not a straightforward application of counting lat-
tice points in homogeneously expanding domains (cf. [16, p.81]). The asymptotics for
N(Ok(n;1), X) can also be obtained from [8, Theorem 3.11.3]. Regarding higher degrees
Chern and Vaaler [9] proved asymptotic estimates for the number of monic polynomi-
als of fixed degree with rational integral coefficients and bounded Mahler measure. As
these estimates are of polynomial growth, and since the Mahler measure is multiplica-
tive, one can easily see that the reducible polynomials do not effect the asymptotics.
Thus Chern and Vaaler’s result implies asymptotics for N(Og(1;¢), X). More precisely,
their Theorem 6 yields

(1.2) N(Og(1L;e), X) = c.X* + O(x” 1),

with a positive and explicit constant c, depending on e. Very recently, Barroero [1] has
generalized (1.2) to arbitrary ground fields k, and then further generalized this to S-
integers [2]. Barroero’s approach follows the one in [19] of counting polynomials of
degree e. This strategy is more straightforward and easier than ours but, unfortunately,
works only for n = 1.

One of our goals here is to deduce statements about points with integral coordinates
analogous to the results of Schanuel, Schmidt, Gao, and the author alluded to above.
This is the first attempt to prove asymptotic estimates for N(Ok(n;e), X) with the ex-
ception of the special casese =1 orn = 1.

Another new aspect of this article is that our methods allow us to prove a multi-term
expansion of N(O(n;e), X). For instance, we are able to find the first g; + 1 leading
terms in (1.1), and an error term of order X"~ !(log X)4. This is in contrast to the results
on points of fixed degree, mentioned in the previous paragraph. The g, + 1 different
main terms of decreasing order have a simple geometric interpretation which we shall
explain later in Section 2. The main terms can be expressed using Laguerre polynomials,

eg.,
(1.3) N(Ok(m;1), X) = B X" Ly, (— log X"") + O(X""~(log X)"k).

Here L, (x) is the g;-th Laguerre polynomial, and By is a field invariant defined later on.
The somewhat unexpected appearance of the Laguerre polynomial in the main term is
another new feature of our result.

It is typical with these types of asymptotic expansions for the main term to be of
the form X“?P(log X) for some polynomial P(x). This polynomial is often obtained
via a meromorphic continuation of the corresponding height zeta function and a suit-
able Tauberian theorem; see, e.g., Franke, Manin, and Tschinkel’s pioneering article [13,
Corollary] for the case of rational points on Flag manifolds V. In their case the de-
gree deg P is also related to the rank of a group, more precisely, deg P is the rank of
the Picard group Pic(V) minus 1!. Franke, Manin, and Tschinkel obtained their result

IThere is a misprint in their Corollary, t should read ¢t — 1.
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by expressing the corresponding height zeta function as an Eisenstein series and then
using Langland’s work to study its analytic properties. Similar, technically intricate,
methods have been used in [7] and [8]. Our proof makes no use of complex analysis.
Indeed, we reverse the situation here, and we say something about the analytic prop-
erties of the height zeta function (i ,¢(s) = Lxeco, (ne) H(a) ~° using our estimates for
N(Ox(n;e), X).

To state our first result we need some notation. Let K C k be a number field, write
d = [K : Q] for its degree, and let Mg denote the set of places of K. For each place
v we choose the unique representative | - |, that either extends the usual Archimedean
absolute value on Q or a usual p-adic absolute value on Q. Let K, be the completion
of K with respect to v, and let Q, the completion with respect to the place of Q below
v, and write d, = [K, : Qy] for the local degree at v. For a point &« € K" we define the
absolute multiplicative (affine) Weil height of « as

dy
(1.4) H(a) = [ max{1,|ao,..., |an]o} .
veMg
As is well-known H(w) is independent of the number field K containing the coordinates
«;, and hence H(-) defines a genuine function on K.

For a subset S of k" of uniformly bounded degree and real numbers X > 1 we define
the counting function

N(S,X) = |{a € S;H(a) < X}|.

Thanks to Northcott’s Theorem the quantity above is finite for each X. For positive

rational integers e and n we define the set of integral points in # dimensions of degree e
over the field k

Or(n;e) = {a € OF; [k(«) : k] = e}.

Here O C k denotes the ring of algebraic integers, and k(«) = k(ay, ..., a,). Let C,(k)
be the collection of all field extensions of k of degree ¢, i.e.,

Ce(k) ={K Ck[K: k] =e}.

For a number field K we write Ak for the discriminant of K, rx for the number of real,
sk for the number of pairs of complex conjugate embeddings of K, and gx = rx +sx — 1
for the rank of the group of units. Moreover, we set

te(k) = sup{q; K € Ce(k)} = e(qx +1) — 1,
_2'K(2m)%K

By = ,
VA

and for 0 < i < t,(k) we introduce the formal sum

By (ax
(1.5) D; = Di(k,n,e) = ) )
KeCe(k) **

qg =i

For e > 1 we define
4 1 e 2

— 2 —— 4+ =17
Cem = max{ +e—1+m(e—1)' 2+me}_

Finally, we put log™ X = max{1,1log X}. Now we can state our first result.
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Theorem 1.1. Let k be a number field and m = [k : Q|. Suppose that either e = 1 or that
n > e+ Cem, and set t = t,(k). Then the sums in (1.5) converge, and for X > 1 we have

t .
(1.6) N(Ok(m;e), X) — Y D;X""(log X"™")'| < ¢ X" ! (log™ X)
i=0

for some positive constant c; = c1(n, m, e) depending only on n, m and e.

We remark that the sum in (1.6) can be written as the weighted sum of Laguerre
polynomials X"y, B,L,(—log X™"). Here g runs over the finite set {qx; K € Ce(k)},
and B; = By(k,e,n) = Y g B, where the sum is taken over all K € Cy(e) with gx = g.

Note that for e > 9 the condition n > e + C,, is equivalent to n > e 4 2. Unfortu-
nately, this is probably not the sharp bound. However, as N(Ok(1;¢), X) < N(O(n;e), X)
we see by comparing with (1.2) that if m = 1 then (1.6) cannot hold for n < e. Borrowing
ideas of Masser and Vaaler from [19], Theorem 1.1, combined with standard estimates
for the Mahler measure, shows that N(Oy(1;¢), X) > xme? (log X)%. Hence, (1.6) can-
not hold for n < e, even if m > 1. Note also that for e = n = 2 the sums in (1.5)
diverge.

Next let us choose e = 1. Then we get the formula (1.3) which is a new result, even
for n = 1. Here the multi-term expansion could probably be worked out from the results
in [7], but it is unlikely that the same error term can be obtained.

It is probably not too difficult to extend our theorem to the context of Lipschitz
heights as in [19] or even adelic Lipschitz heights as in [30]. These generalizations would
have further applications such as refined asymptotic estimates for N(O(1;e), X), im-
proving upon Barroero’s result, or for the number of integral solutions of fixed degree to
a system of linear equations, analogous to the main result in [31]. However, to keep the
technical difficulties and the required notation at a minimal level, and to emphasize the
main ideas and novelties of this work, we decided not to include these generalizations.

Let us formally define the height zeta function of O (n;e) as

Ckne(s) =}, H(a)™

xeOy(n;e)

The upper bound of order X" (log X)' implies that  , .(s) converges in the complex
half plane R(s) > men. But Theorem 1.1 implies also that  , .(s) has a meromorphic
continuation to $(s) > men — 1 with a pole at s = men of order t + 1. More precisely,
setting D;;1 = 0, and using summation by parts, we find that the principal part of the
Laurent series at s = men is given by

Hi (men)'(i —1){(Dj_y +iD;)

i=1

(s — men)! '
Theorem 1.1 will be proved via our main result Theorem 2.1 which we present in the
next section.

2. THE MAIN RESULT

Suppose K is a field extension of k of degree e = [K : k], and put [K : Q] = d, so that
d = em. We denote by o7, . . ., 0; the embeddings from K to IR or C respectively, ordered
such that 0,51 = 0,4 for 1 <1i <s,ie., 0,444; and 0, ; are complex conjugate. Let O
be a submodule of the free Z-module Ok of full rank. Let 2(» be the smallest ideal in
Ok that contains O, i.e., ¢ is the intersection over all ideals in Ok that contain O. Set

2.1) no = NAe)* > 1,
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where 91(2) = |Ok /2| denotes the norm of a nonzero ideal 2l of Ok. Furthermore, we
define

G(K/k) = {[Ko : k];k C Ky € K}

if K # k, and we put

GK/K) = {1}
if K = k. Then for an integer ¢ € G(K/k) we define

¢ (K/K) = inf[H(w, B);k(x, B) = K. [k(w) : K| = g},

and we set
(2.2) pe =mn(e—g)—1.
We remark that d (K/ k) refines the invariant §(K) introduced by Roy and Thunder [21].

For a point & € k" \{0} we write k(...,a;/ w;j, . ..) for the extension of k generated by all
possible ratios a;/a; (1 < i,j < n,a; # 0) of the coordinates of a. Next we introduce the
set of “projectively primitive” points in O"

OM(K/K) = {u € O"\{0};K = k(... a;/aj,...)}.

Note that for n = 1 the set O"(K/k) is empty if K # k and equals O\{0} if K = k. For a
subsetI C {1,...,rx +sx}and I° = {1,...,rx + sk} \I we define

O] (K/k) = {a € O"(K/k);|oi(&)|eoc > 1fori € I, and
loi(a)]|eo < 1forie I},

where |0;(&)|co = max{|c;(a1)|,...,|0i(ay)|}. Finally, let Z;(T) be the measurable set in
Euclidean space, defined in (5.1), and set g’ = |I| — 1. In Section 16 we will show that
for X >1

1
i=0 r

Volz (x%) = (2" )" (~1)7 (—1 Lxiny (_lgxd)) .

Recall that K/k is an extension of number fields and d = [K : Q]. We can now state the
main result of this article. All our results will be deduced from this theorem.

Theorem 2.1. Suppose q' = |I| —1 >0, X > 1 and either n > 1 or K = k. Then
25KVl Z; (X4) Xn=1(log* X)7
| < ) B T e
(VAk|[Ok : O]) geCK/b) Mo Og(K/k)Hs

where c; = cp(n,d) is a positive constant depending only on n and d.

‘N(O?(K/k),X) -

.
Using Py (x) = v, ’Z‘—,l we can rewrite the main term as

([OSKO]) (-1)7 (Xd”qu(flong") - 1) .

Note that this expression depends only on the cardinality of I but not on the particular
choice of I itself. Next let us consider some special cases. We start with the case K = k,
i.e., d = m. Then the statement takes the form

2°K"VolZ(X™)
(V18| [Ok - O)" g
Now we take n = 1, O = O, and let us assume ry > 1. If we choose I = {1} and

assume m > 1, then N(O7(k/k),X) = N(Op, X) counts the primitive Pisot numbers
in the real field oy (k). Here the primitivity is induced by the choice of the set I. The

mn—1 +v\q
N(O? (k/k), X) — X" (log " X)7

< ¢p(n,m)
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non-primitive Pisot numbers lie in a strict subfield of oy (k), and so their number has
order of magnitude at most X”/2. Thus for the total number of Pisot numbers in oy (k)
of height no larger than X we get

B X™ + O(X™ ).

Still with K = k, O = O, and n = 1 we now take I = {1,...,7; + s;}. Then we are
counting the nonzero elements a € Oy with H(a) = |Nm g (a)[!/™ < X. Their number
is given by

qk _ m\i
Z(—l)quka(lolf#,X) +O(X™ L (log™ X)k).
i=0 )

Next note that

(2.3) O"(K/k) = U0} (K/k),

taken over all non-empty subsets of I of {1,...,rx + sk}, is a disjoint union. Thus we
may sum the estimate in Theorem 2.1 over all non-empty sets I to get estimates for
the counting function of O"(K/k). We even get a geometric interpretation of the main
terms. The highest order main term comes from the points in O} (K/k) with maximal
I, i.e., points satisfying |0;(a)|e > 1 for all i. For the second order main term there is
a negative contribution from O} (K/k) with maximal I and a positive contribution for
each O} (K/k) with |I| = rx 4+ sg — 1, and so forth.

Let Z(T) = U;Z;(T), where this time I runs over all subsets of {1,...,rx + sk}, and
again this is a disjoint union. In Section 16 we will show that for X > 1

K dnyi
VolZ(Xd) = (zrxnsx)nxdn Z (logii}'()

<qIK> _ (2;'1( ﬂSK)nanLqK(— log an)'
i=0

As OJ(K/k) = @ we see that the union in (2.3) taken over all subsets remains equals
O"(K/k). In Section 15 we show that Theorem 2.1 remains valid for I = @, provided

(logtX )7 in the error term is replaced by 1. From this and Theorem 2.1 we may deduce
the following result.

Corollary 2.1. Suppose X > 1 and either n > 1 or K = k. Then
25K"Vol Z (X?) X1 (log™ X)ix
n < 3 Z dn—1 He ’
(V|Ak[[Ok : O]) geGlk/k) Mo Og(K/k)Hs

where c3 = c3(n,d) is a positive constant depending only on n and d.

N(O"(K/k),X) —

Note that here, opposed to in Theorem 2.1, all main terms are positive. Let us briefly
explain the strategy of the proof of Theorem 1.1. To this end we define the set of “non-
projectively primitive” points in O

01, (K/k) = {a € OP\OL(K/K);k(w) = K}.

Now any « in Ox(e, n) lies either in O (K/k) or in Oy, (K/k), with K = k() € C.(k).
Hence we have the following disjoint union

Oile,n) = |J OL(K/K)U O, (K/K).
Ce(k)

Therefore, we just have to sum N(Og(K/k),X) and N(Oy,,(K/k),X) over all K in
Ce(k). And indeed, we will show that the sum over all main terms as well as the sum
over all error terms of N(OF(K/k), X) converges, provided n > e + C,,;;, while the sum

over N(Oj,,,(K/k), X) has smaller order of magnitude.
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It now is obvious that a crucially important feature of Corollary 2.1 (and so of The-
orem 2.1) is the good dependence of the error term on the extension K/k; note that by

Northcott’s Theorem dq (K/k) ~#2 tends to zero as K runs over the subset Cg(g ) (k) of those
K € C.(k) with g € G(K/k). To compare with the discriminant we can apply a well-
known inequality of Silverman [27, Theorem 2] to get 5¢(K/k) > cx|Ak|"/ (2me(e=1)) for
some positive constant cy.

Unfortunately, bounding the number of extensions K/ k of fixed degree e and bounded
discriminant is a difficult problem, satisfactorily solved only for e < 5, thanks to the
deep work of Datskowsky and Wright [10], and Bhargava [3, 4]. We surmount this im-
passe by deviating from the standard route and working with the new invariant J (K/k)
instead of the classical discriminant. As it turns out we have almost sharp bounds for

the number of fields K € Ce(g) (k) with 6,(K/k) < T, opposed to the case when we
enumerate by the discriminant. Furthermore, as larger ¢ gets, which means as larger

the error terms get, the better our upper bounds for the number of K € Ce(g) (k) with
d¢(K/k) < T become. These observations have already been used in [30].

Our method leads also to asymptotics for more specific sets, e.g., points « of degree
d whose coordinates are primitive Pisot numbers of Q(«), provided n > d + C, + 1.
Here the “+1” is required to exclude the points with some coordinates equal zero.

The special case K = k in Corollary 2.1 yields a generalization of (1.3) (to arbitrary
submodules of Oy of full rank) with a more precise error term. We have

25"VolZ (X™)
(VIAcl[Ok - O)"
Now let us choose O = 2l for a nonzero ideal 2. Then we have 70 = 9(A)'/™. This
allows one to carry out a Mobius inversion to count « € 2" satisfying another type of

primitivity, namely a1 Oy + - - - + 0, O = 2. Here we need n > 2 to get for the number
of such &

(2.4) N(O"\{0}, X) —

X mn—1
< c3(n,m) () (log™ X)k.
o

ZSanOIZ(Xm) N (an—1(10g+x)q>
T(n) (/B9 (2))" M(RA)n—1/m ,

where g = g if (n,m) # (2,1) and g = 1if (n,m) = (2,1).

3. TECHNIQUES AND PLAN OF THE PAPER

The paper is organized as follows. We start with a section on elementary counting
principles. Here we recall and provide some basic results on counting lattice points.
Then in Section 5 we state a precise estimate (Theorem 5.1) of the quantity |[A N Z;(T)|,
for lattices A that have a bounded orbit under the flow induced by a certain subgroup
T of the diagonal endomorphisms with determinant 1.

In Section 6 we introduce some notation and state some simple properties of the sets
Z;(T) and Z(T) which are required for the proof of Theorem 5.1.

Skriganov [28, 29] obtained very good estimates for the number of lattice points
inside aligned boxes, provided the lattice orbit under the above mentioned flow is
bounded. However, our set Z;(T) has hyperbolic spikes and is far away from box-
shaped. To overcome this hurdle we adapt a geometric partition method that goes back
to Schmidt [25], and combine it with tools from dynamics on homogeneous spaces. An
extensions of Schmidt’s partition method is applied in Section 7 and Section 8. To apply
the simple counting principles we still have to check some technical conditions such as
the Lipschitz parameterizability of the boundary, and this is done in Section 9. In Sec-
tion 10 we are finally in position to apply the elementary counting principles, and we



8 MARTIN WIDMER
can conclude the proof of Theorem 5.1.

The most important aspect of Theorem 2.1 is the good error term, in particular, with
respect to the extension K/k. This particular feature imposes serious additional chal-
lenges. Instead of the boundedness of the orbit of A under the flow of 7 we have to
prove that the orbit of A (scaled to have determinant 1) lies in a certain subset of the
space of lattices SLj, (R)/SL4,(Z) which is defined in terms of the higher successive
minima and involves a critical successive minimum A;. To show that this condition im-
plies the desired error term we need to utilize the machinery developed in [32]. How-
ever, the latter can only be applied to the set OF (K/k) of projectively primitive points,
and this is exactly why we have to restrict the counting in Theorem 2.1 to these points.
Thus, to prove Theorem 1.1 we have to deal with the set O};,,,(K/k) separately. In Sec-
tion 11 we show that the orbits of the lattices coming from embeddings of O" under the
flow of T are bounded, and satisfy the refined conditions involving the higher succes-
sive minima as well. The entire Section 11 is heavily based on [32, Section 9]. In Section
12 we prove an upper bound for the number of lattice points that are not projectively
primitive. With this upper bound we are ready in Section 13 to prove a precise asymp-
totic estimate for the number of projectively primitive lattice points for all components
that arise from the partition method. Section 14 finishes the proof of Theorem 2.1.

Corollary 2.1 is essentially an immediate consequence of Theorem 2.1. However, the
present statement requires an analogue of Theorem 2.1 in the case g’ = —1. The latter is
stated an proved in Section 15. The volumes of the sets Z;(T) and Z(T) are computed
in Section 16. In Section 17 we prove that the sum over N(O},,,(K/k), X) taken over
all fields K € Ce(k) is covered by the error term in Theorem 1.1. Finally, Section 18 is
devoted to the proof of Theorem 1.1.

We will use Vinogradov’s notation <. The implied constants depend only on 7, m,
e and d. Throughout this article T and X denote real numbers > 1.

4. GENERAL COUNTING PRINCIPLES

For a vector x in R we write |x| for the Euclidean length of x. The closed Euclidean
ball centered at x with radius r will be denoted by Bx(r). Let A be a lattice of rank D in
RP then we define the successive minima A (A), ..., Ap(A) of A as the successive minima
in the sense of Minkowski with respect to the unit ball. That is

A; = inf{A; Bp(A) N A contains i linearly independent vectors}.

Definition 1. Let M and D be positive integers, and let L be a non-negative real. We say
that a set Z is in Lip(D, M, L) if Z is a subset of RP, and if there are M maps o1, ...,0Mm :
[0,1]P~1 — RP satisfying a Lipschitz condition

l0i(0) — 0ily)| < Llx—yl forx,y € [0,11P i =1,...,M

such that Z is covered by the images of the maps ¢;. For D = 1 this is to be interpreted as the
finiteness of the set Z, and the maps o; are considered points in RP such that Z C {0;;1 <i <
M}.

We will apply the following counting result from [32, Theorem 5.4].

Theorem 4.1. Let A be a lattice in RP with successive minima A4, ..., Ap. Let Z be a bounded
set in RP such that the boundary 9Z of Z is in Lip(D, M, L). Then Z is measurable, and,
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moreover,

VolZ L
< (DM e
deta| = 4(DIM max ~——

|ZNA|—
For i = 0 the expression in the maximum is to be understood as 1. Furthermore, one can choose
c4(D) = D3P*/2,
If A is a lattice in R and a is an integer with 1 < a < D then we put
1) Ala) = {x € A x| > A},

Corollary 4.1. Let A be a lattice in RP with successive minima A4, ..., Ap. Let Z be a bounded
set in RP such that the boundary 0Z of Z is in Lip(D, M, L), and Z C By(xL) with x > 1.
Then Z is measurable and we have

(K L) D-1
Alufl/\ana :

'Zﬂ/\(a)| - VolZ‘

<
det A es(D)M
One can choose c5(D) = c4(D)(2D)P.

Proof. The measurability comes directly from Theorem 4.1. First suppose xL > A,. By
the triangle inequality we get

det A

VolZ VolZ
ZNA(a)| — <I||ZNA| - Bo(Aa) NAL
1Z0A@I - joa| < |20~ o] + IBalAn) nAl
We apply Theorem 4.1. Since ¥ > 1, we have
i D-1
‘|ZOA| - VOIZ‘ < c4(D)M max L < cy(D)M (xL)

0<i<D )\1 .. /\i - Alﬂ_l)LaD_a :

To estimate |By(A4) N A| we observe that 0By(A,) lies in Lip(D,1,2tDA,). Applying
Theorem 4.1 gives

VOIBO ()\a )

(2DA,)!
Bo(A Al < D _—.

Using Minkowski’s second Theorem we get

VolBy(Aa) _ b AP < oD A p_(kL)P
detA = A---Ap T /\?71)\’1137»1 =7 A D
Moreover,
i D-1 D-1
max @7DA)' < (2nD)P! Aq < (2rD)P~1 (L)

0<i<D Aqp--- /\i /\‘f_lALIID_u — Ala_l)\aD_a :
Next suppose kL < A,. Then, as Z C By(xL), we have |Z N A(a)| = 0. Again, by
Minkowski’s second Theorem and by Z C By(xL) we get

D a—1 D—a+1 D—1
Volz _ (xL)” _ p (KL) (KL) <2D/\(KL)

detA — A---Ap M Ay Iy D

This completes the proof. g
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5. COUNTING VIA FLOWS AND PARTITION TECHNIQUES

Let r and s be non-negative integers not both zero, and putd = r +2s and g =
r+s—1. Forl <i <r+swesetd; = 1ifi < rand d; = 2 otherwise. We write
z; = (zj1,...,2in) for variables in K, where K; = Rifi < rand K; = Cifi > r.
Moreover, we write

‘Zi|oo = max{|z,-1|, ey ‘Zin|}/

|(1/Zi)|°° = max{l, |Zi1|/ ey ‘Zin|}'
For T > 1 we define the set

r+s r+s i
Z(T) = (21, zris) € [TKET T 20) [ < T
i=1 i=1

1=

For each subset I C {1,2,...,r+s}and I° = {1,2,...,r +s}\I we define

(5.1) Zi(T) ={(z1,...,2r+s) € Z(T);|zilc > 1 fori € I and
|Zi|leo < 1forie I°}.
We put
=) d,
I
and

g =11 —1.
Let 7 be the group of R-linear maps ¢ on [T.1; K!' of the form

(5.2) 47(21/ e /Zr+5) = (Clzlz- . '/§r+szr+5)

with positive real ¢; satisfying

(53) [1& =1,

so that det¢ = 1. The following theorem is an important intermediate step.

Theorem 5.1. Suppose q' = |I| —1 > 0. Let A be a lattice in the Euclidean space TT/X; KI' and
suppose there exist positive real numbers 17y, . . ., 1uq such that Ay ($(A)) > np for 1 < p < nd
and all ¢ € T. Then, for T > 1, one has

/ p/d
‘|AHZ1(T)| — VOIZI(T)’ < ce(log™ T)7 max Ti,
det A 0<p<nd 11 1p
VolZ(T) ,Tr=1/d
‘|Aﬂ Z(T)| - TdetA < c7(log™ T)" W’
1

where cg = c¢(n,d) and c; = c;(n,d) depend only on n and d. For p = 0 the expression in the
maximum is to be understood as 1. Moreover, if T < (111/x)% we have

IANZ(T)| =0,

where k = \/z%exp(\/ﬁ).
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6. PRELIMINARIES

Unless explicitly mentioned otherwise (which will be the case only in Section 15)
we always assume I # @. Suppose I = {iy,...,ip} with iy < --- < i, then we
put (z;); = (zil,...,zip). For subsets Z; C [[; K and Z; C [ K}’ we identify the
Cartesian product Z; x Zp with Z; if I is empty. It is more convenient to group the
coordinate vectors according to their maximum norm, and thus we redefine

(6.1) Z(T) = {(Zz’)l e [TKETT12il% < T, |zileo > 1fori € I}
I I

X {(Zi)[u e [[K|zilo < 1forie IC}.
IC

As we study the cardinality |A N Z;(T)| we shall permute the coordinates of A in the
same manner, and we modify ¢ € T accordingly to act on []; K} x [T;c KI'. Of course,
this leaves the volume VolZ;(T) and the values A;(¢(A)) invariant. Let £ be the hyper-
plane in R7*! defined by x; +---+ x4 =0and

5= (d;i/d").
Let F be a set in X and put F(T) for the vector sum
(6.2) F(T) = F+ §(—o0,10g T].
The map (z;); — (d;10g |z )1 sends [T; KI'\ {0} to R7 1. Now we define

(6.3) Sp(T) = {(Zi)l e [ TKI\{0}; (dilog|zi|e); € F(T)}-
1

Directly from the definition we get

(6.4) SP(T) = TV sp(1).

Moreover, if F lies in a ball centered at zero of radius 7, then for any (z;); € Sp(T)
(6.5) |2ileo < exp(rp) TV (i€ T).

For non-negative reals a; (i € I) let us write
(6.6) E((ai)1) = {(Zi)l € [ IK} |zilw > a; fori e 1}-
I

7. PARTITIONING AND TRANSFORMING Z(T)
In Section 10 we will prove that for 4/ > 0 we have
Zi(T) = (SE(T) NE((1)1)) x {(2:)1e}|zileo < 1fori € I}

for a certain F C X. In this section we focus on the first component S¢(T) N E((1);) but
we will allow arbitrary sets F C X. Throughout this section we assume

q > 0.
Fix once and for all an orthonormal basis ey, ..., ey of £ C R7+1. For i= (1. ,jq/) €
71 we define the fundamental cell
C]' = j1e1 + [0,1)81 + - +jq/eq/ + [0’1)617"
For F C X we define
Fj = Cj NF.
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Let mp be the set of those j that satisfy F; # @. Clearly,
(7.1) F=JF,
mp

and the latter is a disjoint union.
Lemma 7.1. Suppose F is a subset of ¥.and F C By(rg) with rp > 1. Then
|mp| < 1’1:{7/.

Proof. Clearly, F lies in the cube [—rp, r¢e; + - - - + [~7F, 7F]ey which has non-empty in-
tersection with at most (2[r7] 4+ 1)7 fundamental cells Cj (here [rf]| denotes the smallest

integer not smaller than rf). Since rr > 1 the lemma follows. O
Now (7.1) leads to
(7.2) Se(T) = |JSg(T),
mp

which again is a disjoint union. For each vector j = (ji,...,jy) € 74 we define a
translation tr; on R7 *! by

q/
trj(x) =x— Y jpep = x —u(j),
p=1

where u(j) = (u;); = Z‘;,Zl Jpep- This translation sends X to X and Cj to Co. Fori € I set
vi = 7i(j) = exp(—u;/d;), so that 7; > 0,

d.
(7.3) H'yl.l =1,
I
and

(dilog |vizileo)1 = trj((dilog |zi]eo) ).
Hence, for the automorphism 7 of []; K}’ defined by

T(zi)1 = (vizi)1,
we have
GSF(T) = Spry (r)(T)-
As trj(F) = trj(F) N Cop we get
(7.4) TjSFj (T) = Str]-(F)ﬁCo(T)'

Moreover, we have

GE(1) = {(Zi)l € HK?? |Ziloo > i fori € 1} = E((7i)1)-

As Co C By(+/q') we get from (6.5) that for any (z;); € Sc,(T)

(7.5) 1Zi]eo < exp(y/7) TV (i €1).

We extend 7j to a diagonal endomorphism ¢; on [; K} x []jc K}’ by setting
(7.6) ¢ (((zi) 1, (zi)1e)) = (75(zi)1, (zi)1e) = ((vizi)1, (2i)1e)-
Next we put

7.7) Zr = (st(T) mE((l)I))) x {(2;)1e; |Zi]oo < 1fori € I°}.
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8. FURTHER TRANSFORMING Z;(T)

We define a map
8.1) [ [KE <K — J K <[ [K!
I g I I

by
P(((zi)1, (zi)1e)) = (Y1 ((20)1), ¥2((2i) 1)),
where
p1((zi)r) = (T7V4 ),
Pa((zi)ie) = (T2 ).

For ' = q (i.e., for I° = @) we interpret, of course, i = 1 as the identity on []; K =
[T K. Asd’ = ¥ ; d; we see that

(82) dety = [T/ T rdin/d — 1,
I I¢
Therefore, ¢ liesin 7.
First suppose g4’ = 0, so that I = {i} is a singleton. Then
(8.3) YZ(T) =
{Zi S K:Z, Tﬁl/durl/d S |Zi|oo S Tl/d} X {(Zi’)i’#i c HKi/n,’ |Zi’|oo < Tl/d for i/ 7é Z} .
i

Now suppose g’ > 0. For j € 74 we set

(8.4) 21 =1 (58 (T) NGE(()) < TTKY,

I

and, with ¢; as in (7.6), we define

(8.5) 1[J]~ =to (p]'.

Moreover, we set
(8:6) 22 = 42 {(2)1s]ilew < 1 fori € I} = {(2)3 [2i]oo < TV fori € I} II—IK{’
so that
Z1 X Zp = llJ]'ZF]..
Lemma 8.1. Let x = \/dnexp(\/q) be as in Theorem 5.1. If g’ = 0 then we have
(8.7) WZ(T) C Bo(xTY%).
Ifg >0andj € Z7 then we have
(8.8) $;Zr, C Bo(kT').
In particular,
(8.9) Z, CBy(xT"?") (1<p<2)

for the respective balls By(xT1/%).
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Proof. As x > +/(q+ 1)n the claim (8.7) follows immediately from (8.3). Next suppose
q" > 0. Recall from (7.4) that 7;S (T) C Scy(T). From (7.5), and not forgetting the
effect of g1, we see that for any (z;); in Z; we have |z[|e < exp(+/q/)TY? (i € I). And,

obviously, we also have |z;|e < exp(+/q’) T (i € I°) for any (z;)c in Z,. This proves
8.8). 0

9. LIPSCHITZ PARAMETERIZATIONS

In this section we shall prove that the sets ¢Z;(T) (if ¢ = 0), and ; Z (if q > 0)
have Lipschitz parameterizable boundaries with Lipschitz constant L < T'/%. To this
end we need a few simple lemmas. For ¢’ > 0 we will identify ¥ with RR7 via the
basis ey, ..., ey from Section 7. For a subset Z of Euclidean space we write d.Z for its
topological boundary.

Lemma 9.1. Suppose q' > 0, and let F be a set in ¥ such that JF is in Lip(q', M', L"), and,
moreover, assume F lies in By(rg). Then 0Sg(1) is in Lip(d'n, M, L) with M and L depending
onlyonn,q',M', L, rp.

Proof. The case n > 1 follows directly from [19, Lemma 3] (see also [32, Lemma 7.1] for
a more detailed and completely explicit version). However, for n = 1 the proof remains
correct without change. O

Lemma 9.2. Suppose q' > 0, and recall the definition of trj and Fj from Section 7. Let Y > 1
be a real number and suppose the boundary of trjF; lies in Lip(q’, M', L") with M' < 1 and

L’ < 1. Then the boundary of 4 SE, (Y) lies in Lip(d'n, M, L) with M < 1and L < Y7

Proof. Clearly, trj(F;) = trj(F) N Co is contained in By(/4’). Now GSE(Y) = Stry () (Y)
and thus the lemma follows from (6.4) and Lemma 9.1. ]

Lemma 9.3. If ¢ = 0 then dYZ;(T) lies in Lip(dn, M, L) with M < 1and L < TV4. If
q' > 0and otr;F lies in Lip(q', M, L") with M’ < 1 and L' < 1 then the set 0y; Zp, lies in

Lip(dn, M, L) with M < 1and L < T4,

Proof. Fist suppose q' = 0. The sets in K!' defined by |z;|cc = ¢ are in Lip(d;n,2n,{’)
with {’ < {, e.g., we can take 2n linear (if i < r) or n trigonometrical (if i > r) maps.
Then one easily gets a parameterization of the sets |zi|e = {1, |20 < {2 (i’ # i) in
IT; K x TTjc KI' with M < 1 maps and Lipschitz constants L < max{(3,{>}. In view
of (8.3) this proves the lemma for g = 0.

Now suppose g4’ > 0. We need to show that d(Z; x 2Z;) liesin Lip(dn, M, L). Clearly,
d(Z1 x 2,) is contained in the union of Z; x 2, and 92, x Z,, where the bar de-
notes the topological closure. Moreover, by (8.9) we know Z; and 2, lie both in a ball
BO(KTl/d). Therefore, it suffices to show that 92y € Lip(d'n,M",L") and, ifd —d’ > 0,
also 92, € Lip((d —d")n, M", L") with some M" < 1 and some L” < T'/%. Next note
that

1P1Tj (SFj (T>) = Tl/dster]' (1>/

917 (E(()n) = E(TV o)),
As Zj is the intersection of these two sets, we see that dZ; is covered by the union
of 9E((TY/4-1/?4.);) N Z] and aTl/dSt,ip]. (1). Regarding the latter recall that trjF C
Co C Bo(+/q’) and 9trjF; lies in Lip(q’, M’,L"). Therefore, we can apply Lemma 9.1 to
conclude aTl/dSt,ip]. (1) lies in Lip(d'n, M",L") with some M” < 1 and some L” <
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T4, And for 9E((T4-1/4+,);) N Z; we use the same argument as for ' = 0 to see
that it is in Lip(d'n, M", L") withan M” < 1and an L” < T4, And again, the same
argument shows that, ford > d’, 0.2; lies in Lip((d — d’')n, M", L") withan M"” < 1 and
an L” < T4, This proves the Lemma 9.3. O

10. PROOF OF THEOREM 5.1

To simplify the notation we write Zj for Z(T). First we assume ¢’ = 0.
Recall that ¢ lies in 7, and, clearly, we have |Z; N A| = |[¢Z; N pA|. By (8.7) we
have ¥(Z;) C Bo(xT'/%), and by hypothesis of Theorem 5.1 we have A;(pA) >
for 1 < i < dn. Thanks to Lemma 9.3 we can apply Theorem 4.1 which gives the
first inequality of Theorem 5.1. For the second inequality we apply Corollary 4.1 with
a = 1 and note that 0 ¢ ¥(Z;). And finally, as 0 ¢ ¥(Z;) and ¢(Z;) C Bo(xT'/?) we
see that [A N Z;| = 0if T4 < (1/x)#;. This finishes the proof of Theorem 5.1 for 4’ = 0.

For the rest of this section we assume ¢’ > 0, and, for the rest of the paper, we fix F
as
(10.1) F=(RLS' — 6logT) NE.
Lemma 10.1. We have
Z; = (SE(T)NE((1)1)) x {(zi)1c; |zileo < 1 fori € I°}.

Proof. In view of (6.1) it suffices to show

(10.2) {(Zi)l eTIKETT12i0% < T, |2i]e0 > 1 fori € I} = Sp(T)NE((1)1)
I 1

From the definitions (6.3) and (6.6) we see immediately that the right hand-side is con-
tained in the left hand-side for any choice of F C X whatsoever. Now for the other
inclusion note that the left hand-side in (10.2) means

(di1og zil)1 € RLy" 1 (2 + 6(—c0,log T)).
Thus we need to show
R75" N (Z + 8(—o0,log T]) C F(T) = ((mgo“ ~810gT) NX) + §( o0, log T].
Any element in the set on the left hand-side can be written as x 4 Jt with x € ¥ and

t € (—oo,log T]. Asx + Jt € ]qulo+1 we get x € ]Rq;)rl — dlog TN X, and therefore

x+dt € ((Rg;l —dlog T) N Z) + &(—o0,log T1.
This concludes the proof. O
Lemma 10.2. We have
(10.3) F C By(2logT)

Proof. Suppose (x1,...,Xy41) € F. Asx1+ -+ xy,1 = 0 we see that the sum over
the positive coordinates equals minus the sum over the negative coordinates and thus
|x1| + -+ + |xgr4q| <2X(d;/d’) log T = 2log T. This proves the lemma. O

Recall the definition of ij from (7.7). The disjoint union (7.2), in conjunction with
Lemma 10.1, leads to the disjoint union

(10.4) Zr=J Zg,
mp



16 MARTIN WIDMER

which in turn yields

1ZIN Al =) |Zg N Al

mp

As the 9; are automorphisms we conclude
(10.5) 1ZIOAl =) 19 Zk DAl
mp
We will apply Lemma 9.3 with our choice of F given in (10.1). We start off by verifying
the necessary conditions.

Lemma 10.3. Let F be as in (10.1). There exist M’ < 1 and L' < 1 such that aterj lies in
Lip(q’, M, L").
Proof. Clearly, F, and therefore also tr;F, is convex. And, clearly, Cp is convex and con-

tained in By(+/¢’). Hence trF; = trjF N Co is convex and lies in By(1/q’). Now if g/ =1
the lemma is trivial, and if ¢’ > 1 it follows immediately from [33, Theorem 2.6]. O

Lemma 10.4. The set oy; (Zp].) lies in Lip(dn, M, L) with some M < 1 and some L < T'/4,
Proof. This is an immediate consequence of Lemma 10.3 and Lemma 9.3. 0

Lemma 10.5. We have

7 A VOIZFj TP/d
45(25) D) = g a | < gmax
VolZpj Tn-1/d
9§ (Zg) N5 (M) = 5o T

95(ZE) N (A)] = 0 T < (1/x) 1.
Proof. Again, we want to apply Theorem 4.1 and Corollary 4.1. First recall that ¢; € T,
in particular, Vol;Zr, = VolZg, and det y); (A) = det(A). By Lemma 10.4 we know
o (Z, ) lies in Lip(dn, M, L) with some M < 1 and some L < T1/4, By (8.8) we have
iZE C Bo(kTV/%) with1 < x < 1,and as 0 ¢ Z; we also have 0 ¢ ¥iZF,. Applying
Theorem 4.1 and Corollary 4.1, and using the hypothesis A, (;(A)) > 17, yields the
inequalities of the lemma. And the last statement follows just as in the case ¢’ = 0. O
Lemma 10.6. We have
Img| < (log* T)7.
Proof. This follows immediately from (10.3) and Lemma 7.1. O

We can now easily conclude the proof of Theorem 5.1. Combining (10.5) and Lemma
10.5 with (10.4) implies

VolZ Tr/d
’|ZIHA 2« Y max ——,
det A g 0Sp<dn 11 1p
VolZ; Tn-1/4d
|ZiNA|— < —.
’ detA ;F U{ld 1

And, if TV4 < (1/x)n1, we have
ZinAl=)_0=0.
mp
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Finally, we use Lemma 10.6 to deduce
Y 1< (log"T)7.
mr

This proves Theorem 5.1.

11. ESTIMATES FOR THE SUCCESSIVE MINIMA

In this section, we state the fact that the successive minima of the lattice poO" are
bounded away from zero, uniformly in ¢ € 7. We also state a crucial refinement in-
volving a critical higher successive minimum A; and two other results. All these results
are slight generalizations of those in [32, Section 9] but they are proved by exactly the
same arguments. Therefore we skip the proofs and simply state the lemmas.

As in Section 2 let K/k be an extension of number fields, and d = [K : Q]. Recall
that oy, ..., 07 denote the embeddings from K to K;, ordered such that ¢, 4,; = 7,; for
1 <i <s. We write

r+s
(11.1) c:K—T]K;
i=1

o(a) = (@1(1), ..., 05 (1))

Let ¢ be as in (5.2). By abuse of notation we may regard ¢ also as an automorphism of
R" x €%, and from now on, depending on the argument, we view ¢ as an automorphism
of R" x C° or R™ x C*". Applying ¢ to the lattice cO gives a new lattice pcO in R" x
C®. As is well-known, see, e.g., [6, Chapter VIII, Lemma 1], we can choose linearly
independent vectors

o1 =¢o(61),...,05 = po(0a)
of the lattice ¢poO with
(11.2) |vi] = Ai(poO) (1<i<d)
for the successive minima A;(¢oO). The vy, ...,v,; are R-linearly independent. Hence,
01,...,8; are Q-linearly independent, and therefore %’ eeey, 9—‘1’ are Q-linearly indepen-
dent. As [K: Q] = d we get K = Q(%,...,%) = k(%,...,%), and this allows the

following definition.

o ags . . 0 0
Definition 2. Let | € {1,...,d} be minimal with K = k(g, ..., g.).

We abbreviate
for 1 <i < d. Recall the definition of 7 from (2.1).
Lemma 11.1. We have

Al > d/271(9
. 01y - .

Lemma 11.2. With Ky = k(g—i,...,lg—ll) ifl >2and Ko = kifl =1,and g = [Ko : k] €
G(K/k) we have

1
Al > ——1p0,(K/k).
12 5o ¢(K/k)
For the rest of this section we assume that

n> 1.
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Lemma 11.3. Let (wy,...,wn) be in O"\{0} with k(... ,w;/wj,...) = K. Then for v =
(powy, ..., powy) we have

o] > Ay
We remind the reader that [K: k] = ¢, [k: Q] = m, and d = em.
Lemma 11.4. If] > 2 then

-1 0, 64
—_— — .., — | < .
P [k (91, '8 ) k] < max{1,e/2}

12. UPPER BOUNDS FOR THE PROJECTIVELY NON-PRIMITIVE POINTS

We extend the embeddings o; from (11.1) componentwise to get an embedding of

Ki’l

r+s

o: K" —J]K"

i=1
Depending on the argument we either see ¢ as a map on K or on K". Again, let ¢ be as
in (5.2). In this section we prove an upper bound for the number of nonzero points in
¢oO" that (as projective points) do not generate K/k and lie in some ball. For brevity
we write

N = prO™\ (prO" (K/k) U {0}).

Lemma 12.1. Suppose n > 1, let By(R) be the zero centered ball in the Euclidean space R x
C™ of radius R, and let A; be as in (11.3). Then

, Ri Ri "'
A"NBy(R _— .
OB (e )
Proof. We follow the lines of proof in [32, Proposition 10.1]. For (¢powy, ..., pow,) in A’
the field k(...,w;/ Wi, . . .) lies in a strict subfield, say K;, of K. Hence, there exist two
different embeddings oy, 03, of K with

Ok = Opix

for all a in K;. Now (¢owy,...,¢pow,) # 0, and thus, at least one of the numbers
w1, ..., wy is nonzero. By symmetry we lose only a factor n if we assume wj # 0. So let
us temporarily regard w; # 0 as fixed; then for 2 < j < n every w; satisfies

Therefore, all these owj lie in a hyperplane P(w;) of RY, and so all these ¢powj lie in
the hyperplane ¢P(w1). As (powy,...,pow,) € Bo(R) we have |pow;| < R. The
intersection of a ball with radius R and a hyperplane in R? is a ball in some R~ with
radius R’ < R and thus, lies in a cube of edge length 2R. Thus, this set belongs to the
class Lip(d,1,2R). Moreover, its d-dimensional volume is zero. Hence, by Theorem 4.1
we obtain the upper bound
i
<< [
(}Igllagi /\1 e /\i

for the number of ¢ow; for each j satisfying 2 < j < n.
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Next we have to estimate the number of pow;. Again, we have |¢pow;| < R. Now
by virtue of Theorem 4.1 we deduce the following upper bound

R R
< detgo0 TN
for the number of ¢pow;. Going right up to the last minimum, we see that this is bounded
by
i
oA A

Multiplying the bounds for the number of ¢ow; and ¢powj, and then summing over all
(of the at most 2¢) strict subfields K; of K leads to

R R \"
A'| < max max .
| ‘ 0<i<d )\1 e ')\i 0<i<d )\1 cee /\i

This completes the proof. O

13. COUNTING PROJECTIVELY PRIMITIVE POINTS
The height of an element & = (aq,...,a,) € O" C OF is given by
r+s
d;/d
H(w) = [T101,0:(a))|&".
i=1
Therefore, and by the definition (5.1) of Z;(X?), we have
(13.1) N(O¥(K/k), X) = |Z;(X?) ncO"(K/K)|.

Recall the definitions of ij, ¥, ¥j and F from (7.7), (8.1), (8.5) and (10.1). Also recall that

g’ = |I| — 1. We permute the coordinates of ¢O" and cO" (K/k) as in (6.1), so that they
become subsets of []; KI' x []j K'. Just as in (10.5) we conclude

WZi(T) N yoO"(K/k)|  ifg =0

(13.2) lcO"(K/k)NZi(T)| = {Zmp ¥ Z, N 00" (K/K)| ifq >0

Of course, the first equation in (13.2) holds always, although we use it only for 4/ = 0.
It is well known that cO" is a lattice of determinant

detcO" = (275/|Ak|[Ox : O])".

Proposition 13.1. Suppose T > 1 and n > 1, and recall that | was defined in Definition 2
(Section 11). If g’ = O then we have
Tn—1/d

A;t(lfl)/\;1(dfl+1)fl 4

25KVl Z; (T)
(V|Ak|[Ok = O])"

where Aj = Ai(pcO). If ¢’ > 0 then we have

(Yo O™ (K/k) N9pZi(T)| -

2°K"Vol Z,

(V]Ak|[Ok = O])"

Tn—l/d
n(l-1) yn(d—I+1)—1’
PUX

’¢jUO"(K/k)ﬂ¢jZFj| - <

where A; = Ai(p;0O).
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Proof. As the case ¢’ = 0 can be proven by exactly the same arguments we restrict
ourselves to the case g/ > 0. Let us write R = kT4 where « is as in Lemma 8.1, and
thus R < TV, and

¥jZF, C Bo(R).
Put A = ¢;00", and recall that i; € 7. The proof splits in two cases. First we assume
R < Ay

By Lemma 11.3, and recalling the definition (4.1), we conclude ;00" (K/k) C A(l). As
¥jZr, C Bo(R) we get in particular 0 = |A(I) N Zg | = |pjo0O" (K/k) Np;ZE|. Using
Lemma 104, det¢; = 1, and applying Corollary 4.1 proves the proposition in the first
case. Now we assume

R> A

First we ignore the primitivity condition defining O"(K/k) and we count all points in
A(l) D ;00" (K/k). Again, using Lemma 10.4 and applying Corollary 4.1 yields

2567Vol(Zg,)
(V/|Ak[[Ok = O])"

Next we estimate the number of points in A(I) N ¢j(Zf,) that do not generate K/k (in

Tn—l/d
n(l-1) yn(d—I1+1)-1"
AL

‘IA(l) Ny (Zg)| -

the projective sense), i.e., that do not lie in ¢;0O0"(K/k). To this end we apply Lemma
12.1. Using R > A; we get the following upper bound for these

Ri Ri n—1 Rd Rd—l n—1
< max maX ———— < .
0<i<d A1 - - Aj \0<i<d Ap- - - A ALING=IL QLT

As n > 1 we see that the latter is

Rdnfl Tnfl/d
< < .
A;z(l—l)}\7(d—l+1)—1 A;z(l—l))\;a(d—l-i—l)—l
This concludes the proof of the proposition. g

Recall the definitions of 7o and pg from (2.1) and (2.2) respectively.
Lemma 13.2. Suppose X > 1andn > 1. If ¢/ = 0 then
25K"VolZ(T)

(V/|Ak[[Ok = O])"

Tn—l/d

Z dn—1

geG(K/k) o 5o (K/k)is

[po O™ (K/k) NypZ(T)| -

If g’ > 0 then

|1IJJU'OH(K/k) N QU]ZF]| —

ZSKHVOIZF]. ‘ Tn—1/d

(VIAk][Ok : O))" D

gcGlr/k) Mo Og(K/k)Hs

Proof. Recall that ¢ and P are in 7T, and thus, to estimate the successive minima we
can apply the results from Section 11 with ¢ = ¢; and ¢ = ¥ respectively. Let Ky =
k(g—i,...,eg—;l) ifl >2,and let Ky = kif ] = 1, and put ¢ = [K : k]. In particular, we
have ¢ € G(K/k). Therefore, and by Proposition 13.1, it suffices to show

(13.3) AP DL s ydn=15 (K /K)Fs.

First suppose I = I(¢) > 2. Then by Lemma 11.4 we have n(d —1+1) =1 > p,,
and thus, (13.3) follows immediately from Lemma 11.2. Now suppose | = 1. Then
d¢(K/k) = 1 and thus, (13.3) follows again from Lemma 11.2. This proves the lemma.

O
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14. PROOF OF THEOREM 2.1

We start with the case n = 1. Hence, by hypothesis, we have k = K. From (13.1) and
since 0 ¢ Z;(X%) we obtain

N(O(K/K),X) = [cO(K/K) N Z1(X?)| = |cO N Z(X)].

Applying Theorem 5.1 with A = ¢O and using Lemma 11.1 yields

_ 2%KVolZ(X?) (log" X)7 x4-1
‘N(O,(K/K),X) (\/TIA[OK:O])‘SC(l'd)nél .

This proves Theorem 2.1 for n = 1.

Now we assume 7 > 1. Combining Lemma 13.2, (13.1) and (13.2) yields for ' = 0

25K"Vol Z; (X?) Xdn-1
N(O7(K/k),X) — < —
‘ (VIAk|[Ok - O])" gec%:(/k) de 15 o (K/k)ks
For g’ > 0 we additionally use (10.4) to get
25"Vol Z; (X xdn—1
N(O7(K/k),X) — < —
’ : (VI12k[[Ox : O] ) mngecqu) neog (K/R)s

By Lemma 10.6 we know |mg| < (log* X)7, and this completes the proof of Theorem
2.1

15. PROOF OF COROLLARY 2.1

Recall that O (K/k) = @, and thus N(O"(K/k), X) = ¥; N(O}(K/k), X), where
the sum runs over all subsets of {1,...,7x + sg}. Also recall the definition of Zp(X%)
from (5.1). As the 2"*° sets Z;(T) define a partition of Z(T) we see that Corollary 2.1
follows immediately from Theorem 2.1 and the following lemma.

Lemma 15.1. Suppose X > 1 and either n > 1 or K = k. Then

; 25K"Vol Zp (X?) 1
N(OL(K/k),X) — e
‘ (O (K76), X) <\/|AK[0K:0DH| e (KT

Proof. We have O%(K/k) = @, VolZp(X9) = (27K )" and detc O = 275 /[A[[Ok :
O]. As 1pdg(K/k) > 1and pg = mn(e — g) — 1 it suffices to show that for some g €
G(K/k)

(15.1) VI8k|[Ok : O] > 138 (K/k)"E9).

Let ¢ be the identity on R” x C®, let A; be as in (11.2), and let ! be as in Definition 2. Then

VIAK|[Ok : O] > A -+ Ay > ATTAYH,

If | = 1then K = k and §¢(K/k) = 1, so that (15.1) follows from the above and Lemma
11.1. If | > 2 we take g = [k(61/61,...,6;,_1/61) : k] € G(K/k). Applying Lemma 11.1,
Lemma 11.2 and Lemma 11.4 yields (15.1), and thereby proves the lemma. g
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16. VOLUME COMPUTATIONS

Lemma 16.1. Suppose q' > 0and T > 1. Then we have

A

VolZ(T) = 2" (—1)7 (—1 4T i (_lofT)) .

i=0 :
Proof. Put v’ = |[IN{1,...,r}|and s’ = [IN{r+1,...,7r+s}|. From (6.1) we see
that VolZ;(T) is given by the product of 2= (=5 and the d’n-dimensional vol-
ume of the set {(z;); € TT; Ki;T1; |z,»|§é < T,|zile > 1fori € I}. Denote the latter
by Vs &(T). For the sake of readability let us momentarily rewrite the variables z; for
ielIn{l,...,r}lasxy,...,xpand z;fori € IN{r+1,...,r+s}asyy,...,yg. Clearly,
we have V1 (T) = 7" (T" — 1), and Fubini’s Theorem implies

Vor (1) = [ Vosra(T/ sl

Vosr—1(T/ [ys1|?)dys - - dysn

/1<ys/1<ﬁ 0=ygr2|<[yy| /0<ys/n<|ysrl|
2\n—1 2

n (elysn 2" Vo1 (T/ lysn Py

lS\ys/l\S\ﬁ

L oYV (T 02)d6d
nfo ) o(mo”) 0,s—1(T/¢")dbdo

VT 2
:27r”n/1 0" Voe1(T/0")de

By induction we conclude

, , s'—1 (_l)s’flfini .
VO/SI<T) =" (—1)5 -+ Z 17| n(lOgT)l .
i=0 :
Again, by Fubini’s Theorem we find
Vs (1) = [ Vo 1,0(T/ ooy
l§|xr/\oo§T

T
= 2”7’1/1 xf,IlVr/_LS/(T/xrq)dx,/l.

Once more a simple induction argument shows

/ / q q'—i l ;
Vo (T) =2""m" ( 1y Z T"(log T)’)

/ / / q, (—IOng)i
=2 (_1)d (—1+T“Zi! .

i=0
As VolZ;(T) = 20r=r")ngls=s')n ¢ (T) the lemma is proved. O
Lemma 16.2. Suppose T > 1. Then we have

VolZ(T 2 c;iT"(log T") y

Q11 Sh
Ci = Iy (q) .
1! 1

where
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Proof. Clearly, we have VolZ(T) = }_; VolZ;(T), where the sum runs over all subsets I
of {1, o, s}. Now in order to compute the coefficient c; we have to sum the contri-
bution from each VolZ;(T). First note that

r._sn '+1 rn an+1 (q+1
2y ()T =2 Yy (—1) ; =0.
i =0

It remains to compute the coefficients c;. The contribution of VolZ;(T) is zero if g =
[I| —1 < i, and

o1 St (_1)l] i
i!
if ¢ > i. As we have (;,fl) sets I of cardinality 4’ + 1 we conclude
orn psn A . a1 TN st
P I (q’+1> I <LZ>
T q !
This concludes the proof of the lemma. O

17. UPPER BOUNDS FOR THE NON-PROJECTIVELY PRIMITIVE POINTS

Recall the definition of the set of non-projectively primitive points in O%
Onpp(K/k) = {a € Og\Og(K/k); k(&) = K}.

Let k(1;¢) be the subset of k- of points & with [k(&) : k] = e. Schmidt [24, Theorem] has
shown the following estimate:

(17.1) N(k(n;e), X) < ca(m, e, n) X"e(m+0),
where ¢y (m,e,n) = yme(e+n+3)+e?+n?+10e+10n
Lemma 17.1. Suppose e > 1. Then we have

Y. N(O},,(K/k), X) < sup xm(g*gn+et/g+e)
Cek) gle

where the supremum runs over all positive divisors § < e of e. Moreover, fore =1 (and X > 1)
we have

Y. N(O},,(K/k), X) = 1.
Ce(K)

Proof. 1f e = 1 then C(k) = {k} and Oy, (k/k) = {0}. As X > 1 the lemma holds.
From now on we assume ¢ > 1. Then the left-hand side counts points &« = (aq,...,a,)
in Ok(e;n) with k(...,a;/aj,...) S k(a) and H(a) < X. First suppose n = 1. Then the
left-hand side simply counts algebraic integers of degree e over k and height no larger
than X. The number of these is by (17.1)

< ca(m,e, 1) X)) « sup Xm(& Hentet/gte),
8le

This proves the lemma for n = 1. Now we assume n > 1. As e > 1 each « is nonzero,
and so we loose only a factor n if we assume a; # 0. Under this assumption « has the
forma = (0,082, ...,0Bx) such that with F = k(...,a;/aj,...) one has: k(«) = F(0) and
k(B2,...,Bn) = F. Furthermore, we have

X > H(a) = H(6,0Bs,...,0B,) = H(1/6,Ba, ..., Bn) > max{H(0), H(Ba, ..., Bn)}.
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Therefore, it suffices to give an upper bound for the number of (By,...,Bx, 0) € K" with
[k(B2,...,Bn) k| =g<e/2,
k(0 Bas- ., Bu) : k(B Bu)] = e/,
H(Ba,...,Bn), H(O) < X.

Let us fix a g as above. From (17.1) we obtain the upper bound

(17.2) e (m, g, n —1)X"8&+n)

for the number of such vectors (B, ...,Bn). Next for each (By,...,Bn) we count the
number of 6. Now we have [k(6,B2,...,Bx) : k(B2,...,Bn)] = e/g, and, moreover,
H(6) < X. Applying (17.1) once more yields the upper bound

(17.3) Cp (mg, e/g, 1)X[k(.52/---//3n)1Q](e/g)(e/g-H) < xme(e/g+1)

for the number of 6, provided (Ba, ..., Bn) is fixed. Multiplying the bound (17.2) for the
number of (Ba, ..., Bx) and (17.3) for the number of 6 gives the upper bound

< Xm(&*+gn+e/g+e)

for the number of tuples (B, ..., Bn,0). Taking the supremum over all possible values
of ¢ proves the lemma. O

18. PROOF OF THEOREM 1.1
We start with a simple lemma. Put
(18.1) v =m(g> +g+e/g+e).
We remind the reader that y; = mn(e — g) — 1 and C,y = max{2 + ;%; + mﬂ -
e 2
7t et

Lemma 18.1. Supposee > 1,1 > e+ Cey and 1 < g < e/2. Then we have

(18.2) ve—Hg < —2/e,
(18.3) m(g*+gn+e*/g+e) < men—1,
(18.4) (e4+2)/4—1/2 < —Com/2.

Proof. Let us write (18.2) as
m(g*+g+e*/g+e)—mn(e—g)+1+2/e<0.

With
2 2
g +gte/g+e 1
F(g) = + ,
(®) =3 m(e—g)
this means
2
> _
(18.5) n>F(g)+ me(e—g)

As F(g) is a fraction with denominator dividing mg(e — g) we conclude that n > F(g)
implies n > F(g) + m > F(g) + m Hence, it suffices to check n > F(g).
Using that (e — g)e?/g% > ¢2/g? for 1 < g < e/2, one sees that the second derivative
F’(g) is positive for 1 < ¢ < e/2. Hence, F(g) is here concave, and so it suffices to check
that n > F(1) and n > F(e/2), which is equivalent to our hypothesis n > e + C,,. The
claim (18.3) is equivalent to

(18.6) n>F(g) — ef’g.
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But we have just seen that (18.5) holds and thus (18.6) holds as well. And, finally, (18.4)
follows from the assumptions n > e + C,,;; and e > 1. This proves the lemma. O

We have the following disjoint union
Ox(n;e) = |J Ok(K/k)U O}, (K/k).
Ce(k)

Therefore,

(18.7) (Ok(n ), Z N OK K/k) ) 2 ( npp(K/k) )
Ce(k) Ce(k)

Combining Lemma 17.1 and Lemma 18.1 shows that fore > 1 and n > e+ Ce
2 N(Op,p(K/k), X) < X™en=1,

But by Lemma 17.1 the latter remains trivially true for ¢ = 1. Therefore, we may focus
on the first sum in (18.7). By virtue of Corollary 2.1 and Lemma 16.2 it suffices to show
that the following sums converge

(18.8) Y Ak,
Ce(k)

(18.9) Yo )Y Gg(K/k)Hs
Ce(k) geG(K/k)

First suppose e = 1. Then C.(k) = {k} consists of a single field, and, hence, both sums
converge. Next we assume

e>1,
and thus by hypothesis n > e 4 C, ;. Let us start with the sum in (18.8). Let
Na(Ce(k), T) = {K € Ce(k); [Ak| < T}

be the number of fields in C,(k) with discriminant no larger than T in absolute value.
Schmidt [26] has shown that

(18.10) Na(Ce(k), T) < c(k,e)T+2/4

Ellenberg and Venkatesh [12] have established a better bound for large values of e. How-
ever, for our purpose Schmidt’s bound is good enough. A simple dyadic summation
argument proves the desired convergence. More precisely,

_ = NA Cg (k), 2"
|AK| n/2 _ |A | —-n/2 < NA\Ce\t), 27
c%) z; Ke%k) Z (= n/2
2i-1<|ag|<2!

0 ni(e+2)/4

< c(k,e) Z

/2°o i(e42)/4—n/2
— o(i=T)n/2 c(k,e)2"/2 Y 2il(e42)/4=n/2),

i=1
By (18.4) we have (e +2)/4 —n/2 < —Cem/2 < 0. Therefore, the last sum converges,
and this proves the convergence of (18.8).

To deal with the sum (18.9) we need some more notation and an analogue of (18.10)
for the counting function associated to §;. We define

Gu = |J G(K/k).
Ce(k)
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Clearly, G, C {1,...,[e/2]}. Now for any g € G, we define
¥ (k) = {K € Co(k); g € G(K/K)}
and its counting function
Ni, (CE¥)(k), T) = [{K € CE¥)(k); 65 (K/k) < T}

Lemma 18.2. For gin Gy, and yq as in (18.1) we have

N3, (€ (k), T) < Ts.
Proof. Since H(a1,a2) > max{H(a1), H(ap)} it suffices to show that the number of tu-
ples (aq,a) € k> with

[k(ar) - k] = g,

k(a1 a2) - k(a1)] = e/g,

H(Dcl),H(le) < T

is <« T7:. But the latter can be shown exactly in the same manner as in the proof of
Lemma 17.1. O

Now we can show the convergence of (18.9). We proceed similar as for (18.8).

DD SRR N(YZSRIED S DRI/ ORT

KeC, (k) geG(K/k) g€Gy KeCe(g> (k)

[ee]
LY L K
8€Gu =T gecl®

2i-1<go (K/k)<2t

© Ny, (CF) (K), 2)
i—1)

=< 2 Z 2(1—1 He

9€Gy i=1
0 .
< Z Zzl(Vg—Vg).
8€Gy i=1

By (18.2) we have ¢ — g < —2/e, and this proves the convergence of (18.9). Therefore,
the proof of Theorem 1.1 is complete.

ACKNOWLEDGEMENTS

I would like to thank the referees for carefully reading the manuscript and for pro-
viding various helpful comments.

REFERENCES

[y

. E. Barroero, Counting algebraic integers of fixed degree and bounded height, Monatsh. Math. 175, no.1 (2014),
25-41.

, Algebraic S-integers of fixed degree and bounded height, Acta Arith. 167 (2015), 67-90.

. M. Bhargava, The density of discriminants of quartic rings and fields, Ann. of Math. 162 (2005), 1031-1063.

, The density of discriminants of quintic rings and fields, Ann. of Math. 172 (2010), 1559-1591.

. E. Bombieri, Problems and results on the distribution of algebraic points on algebraic varieties, ]. Théor. Nombres

Bordeaux 21 (2009), 41-57.

J. W. S. Cassels, An Introduction to the Geometry of Numbers, Springer, 1997.

7. A. Chambert-Loir and Y. Tschinkel, Integral points of bounded height on toric varieties, preprint (2010).

, Integral points of bounded height on partial equivariant compactifications of vector groups, Duke Math.

J. 161 (2012), 2799-2836.
9. S-J. Chern and J. D. Vaaler, The distribution of values of Mahler’s measure, J. reine angew. Math. 540 (2001),
1-47.

S NN

o




10.

11.
12.

13.

14.
15.

16.
17.
18.

19.
20.
21.
22.
23.
24.
25.
26.
27.
28.

29.

30.
31.

32.
33.

UK

INTEGRAL POINTS OF FIXED DEGREE AND BOUNDED HEIGHT 27

B. Datskovsky and D. J. Wright, Density of discriminants of cubic field extensions, J. reine angew. Math. 386
(1988), 116-138.

H. Davenport, On a principle of Lipschitz, ]. London Math. Soc. 26 (1951), 179-183.

J. Ellenberg and A. Venkatesh, The number of extensions of a number field with fixed degree and bounded dis-
criminant, Ann. of Math. 163 (2006), 723-741.

J. Franke, Y. I. Manin, and Y. Tschinkel, Rational points of bounded height on Fano varieties, Invent. Math. 95
(1989), 421-435.

X. Gao, On Northcott’s Theorem, Ph.D. Thesis, University of Colorado (1995).

S. Lang, Diophantine geometry, New York, Interscience Publishers (Interscience Tracts in pure and applied
Mathematics, 11), 1962.

, Fundamentals of Diophantine Geometry, Springer, 1983.

C. Le Rudulier, Points algébriques de hauteur bornée sur une surface, in preparation (11.12. 2013), 39 pages.
D. W. Masser and J. D. Vaaler, Counting algebraic numbers with large height I, Diophantine Approximation
- Festschrift fiir Wolfgang Schmidt (eds. H. P. Schlickewei, K. Schmidt, R. F. Tichy), Developments in
Mathematics 16, Springer 2008, (pp.237-243).

, Counting algebraic numbers with large height II, Trans. Amer. Math. Soc. 359 (2007), 427-445.

D. G. Northcott, Periodic points on an algebraic variety, Ann. of Math. 51 (1950), 167-177.

D. Roy and J. L. Thunder, A note on Siegel’s lemma over number fields, Monatsh. Math. 120 (1995), 307-318.
S. H. Schanuel, On heights in number fields, Bull. Amer. Math. Soc. 70 (1964), 262-263.

, Heights in number fields, Bull. Soc. Math. France 107 (1979), 433—449.

W. M. Schmidt, Northcott’s Theorem on heights I. A general estimate, Monatsh. Math. 115 (1993), 169-183.

, Northcott’s Theorem on heights 11. The quadratic case, Acta Arith. 70 (1995), 343-375.

—, Number fields of given degree and bounded discriminant, Astérisque 228 (1995), 189-195.

J. Silverman, Lower bounds for height functions, Duke Math. J. 51 (1984), 395-403.

M. M. Skriganov, Constructions of uniform distributions in terms of geometry of numbers, Algebra i Analiz 6,
no.3 (1994), 200-230.

, Ergodic theory on SL(n), Diophantine approximations and anomalies in the lattice point problem, Invent.
Math. 132, no.1 (1998), 1-72.

M. Widmer, Counting points of fixed degree and bounded height, Acta Arith. 140.2 (2009), 145-168.

, Counting points of fixed degree and bounded height on linear varieties, ]. Number Theory 130 (2010),
1763-1784.

, Counting primitive points of bounded height, Trans. Amer. Math. Soc. 362 (2010), 4793-4829.

, Lipschitz class, narrow class, and counting lattice points, Proc. Amer. Math. Soc. 140 (2012), 677-689.

DEPARTMENT OF MATHEMATICS, ROYAL HOLLOWAY, UNIVERSITY OF LONDON, TW20 0EX EGHAM,

E-mail address: martin.widmer@rhul.ac.uk



