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TOTAL DOMINATION IN GRAPHS*
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Abstract. Let H be a 3-uniform hypergraph of order n and size m, and let T" be a subset of
vertices of H. The set T is a strong transversal in H if T contains at least two vertices from every
edge of H. The strong transversal number 75(H) of H is the minimum size of a strong transversal in
H. We show that 775(H) < 4n + 2m, and we characterize the hypergraphs that achieve equality in
this bound. In particular, we show that the Fano plane is the only connected 3-uniform hypergraph
H of order n > 6 and size m that achieves equality in this bound. A set S of vertices in a graph G is
a double total dominating set of G if every vertex of G is adjacent to at least two vertices in S. The
minimum cardinality of a double total dominating set of G is the double total domination number
vx2,t(G) of G. Let G be a connected graph of order n with minimum degree at least three. As an
application of our hypergraph results, we show that vx2,:(G) < 6n/7 with equality if and only if G
is the Heawood graph (equivalently, the incidence bipartite graph of the Fano plane). Further if G is
not the Heawood graph, we show that vx2 ¢(G) < 11n/13, while if G is a cubic graph different from
the Heawood graph, we show that yx2,+(G) < 5n/6, and this bound is sharp.
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1. Introduction. In this paper, we continue the study of transversals in hyper-
graphs and their interplay with total domination in graphs. A hypergraph H = (V, E)
is a finite set V of elements, called vertices, together with a finite multiset E of arbi-
trary subsets of V, called edges. Two edges in a hypergraph are said to be overlapping
if they intersect in at least two vertices. A k-edge in H is an edge of size k in H. The
hypergraph H is said to be k-uniform if every edge of H is a k-edge. The number of
i-edges (of size 7) in H is denoted by e;(H). We denote the number of edges in H of
size at least 3 by e>3(H).

The degree of a vertex v in H, denoted dg(v) or simply by d(v) if H is clear from
the context, is the number of edges of H which contain v. A vertex of degree k is
called a degree-k vertex. The minimum degree (resp., maximum degree) among the
vertices of H is denoted by §(H) (resp., A(H)). The open neighborhood of v in H is
N@w) ={u e V|{u,v} Ce for some e € E}. Two vertices « and y of H are adjacent
if there is an edge e of H such that {z,y} C e. Further, x and y are connected if
there is a sequence x = vy, v1,vs, ..., v = y of vertices of H in which v;_; is adjacent
to v; for i =1,2,... k. A connected hypergraph is a hypergraph in which every pair
of vertices are connected. A (connected) component of a hypergraph H is a maximal
connected subhypergraph of H.

A subset T of vertices in a hypergraph H is a transversal in H if T has a nonempty
intersection with every edge of H, while T is a strong transversal in H if T is a
transversal in H that contains at least two vertices from every k-edge in H where k >
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3. The transversal number 7(H) and the strong transversal number 74(H) of H are
the minimum cardinalities of a transversal and strong transversal in H, respectively.
A strong transversal of H of size 7,(H) is called a 7,(H)-set.

In this paper, we also continue the study of total domination in graphs, which is
now well studied in graph theory. The literature on this subject has been surveyed
and detailed in the two books by Haynes, Hedetniemi, and Slater [8, 9]. A recent
survey of total domination in graphs can be found in [10]. Let G be a graph with no
isolated vertex, and let S be a subset of vertices of G. The set S is a total dominating
set of G if every vertex of G is adjacent to a vertex in S (other than itself), while S
is a double total dominating set (DTDS) of G if every vertex of G is adjacent to at
least two vertices in S. The minimum cardinalities of a total dominating set and a
DTDS in G are the total domination number v:(G) and the double total domination
number yx2,(G) of G, respectively. A DTDS of G of cardinality yx2+(G) is called a
vx2,+(G)-set.

We remark that a DTDS is also called a 2-tuple total dominating set in the
literature. The more general concept of a k-tuple dominating set S, where every vertex
is either in S and has at least k — 1 neighbors in .S or is not in S and has at least k
neighbors in S, has been studied by several authors (see, for example, [4, 5, 6, 7, 16, 17]
and elsewhere), while the analogous concept of a k-tuple total dominating set S, where
every vertex has at least k neighbors in S, is studied in [11] and elsewhere.

For notation and graph theory terminology we in general follow [8]. Specifically,
let G = (V,E) be a graph with vertex set V of order n = |V| and edge set E of
size m = |E|, and let v be a vertex in V. The open neighborhood of v is the set
N@w) = {u € V|uv € E}, and the closed neighborhood of v is N[v] = {v} U N(v).
For a set S C V, its open neighborhood is the set N(S) = UyesN(v) and its closed
neighborhood is the set N[S] = N(S)US. If Y C V, then the set S is said to totally
dominate the set Y if Y C N(S). For a set S C V, the subgraph induced by S is
denoted by G[S]. We denote the degree of v in G by dg(v) or simply by d(v) if the
graph G is clear from context. The minimum degree (resp., maximum degree) among
the vertices of G is denoted by 0(G) (resp., A(G)).

Two edges in a graph G are independent if they are not adjacent in G. A set
of pairwise independent edges of G is called a matching in G, while a matching of
maximum cardinality is a mazimum matching. The number of edges in a maximum
matching of G is called the matching number of G, which we denote by o/(G).

Much of the recent interest in total domination in graphs arises from the fact that
total domination in graphs can be translated to the problem of finding transversals
in hypergraphs. For a graph G = (V, E), we denote by Hg the open neighborhood
hypergraph (ONH) of G; that is, Hg is the hypergraph with vertex set V(Hg) =V
and with edge set E(Hg) = {Ng(x) | * € V(G)} consisting of the open neighbor-
hoods of vertices of V in G. We observe that v,(G) = 7(Hg). This idea of using
transversals in hypergraphs to obtain results on total domination in graphs first ap-
peared in a paper by Thomassé and Yeo [18] and subsequently in several other papers,
including [13, 14, 15].

Chvétal and McDiarmid [3] and Tuza [19] independently established that if H
is a hypergraph on n vertices and m edges with all edges of size at least three, then
47(H) < n+m. Thomassé and Yeo [18] proved that if H is a hypergraph on n vertices
and m edges with all edges of size at least four, then 217(H) < 5n + 4m.

In this paper, we obtain upper bounds on the strong transversal number of a
hypergraph along the lines of the Chvatal-McDiarmid and Tuza upper bound and the
Thomassé—Yeo upper bound on the transversal number. We then study the interplay
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between strong transversals in hypergraphs and double total domination in graphs.
We shall need the following key observation.

Observation 1. If G is a graph with 6(G) > 3, then vx2+(G) = 7:(Hg).

Let H be a connected 3-uniform hypergraph on n > 6 vertices and m edges. We
remark that there are many pairs of numbers (a, b) such that the inequality 7,(H) <
an + bm holds; clearly, both (1,0) and (0,2) work. By Observation 1, this inequality
implies that if G is a graph of order n with §(G) > 3, then vx2+(G) < (a+b)/n since
the ONH Hg of G has size m = n. We wish to choose a and b so that their sum is as
small as possible, as this would be interesting for double total domination purposes.
This is the same approach used for total domination where 7(H) < n/4 + m/4 is
used when H is 3-uniform (see [3, 19]) and 7(H) < 5n/21 + 4m/21 is used when H
is 4-uniform (see [18]). The whole idea is to minimize a + b, and the big problem is
often deciding which values of @ and b to use.

Applying probabilistic arguments used by Alon [1], we note that by choosing
vertices at random with probability p and then picking one or two more vertices
from edges that had only one or zero vertices picked randomly, we have 7,(H) <
pn + (3p(1 — p)2 + 2(1 — p)®)m for all 0 < p < 1. Hence, (a,b) can be chosen to be
the pair (p,3p(1 — p)?2 + 2(1 — p)?) for any value of p with 0 < p < 1. However, for
such a choice of a and b, we note that a +b = 2 — 2p + p3, which attains its minimum
nonnegative value when p = \/2/_3 Thus for all such choices of a and b, we note that
a+b > 0.9113. To improve this trivial probabilistic lower bound on the sum of a and
b, a much more detailed and intricate analysis is needed.

In this paper we determine that a = 4/7 and b = 2/7 work in our case. Further-
more we note that a + b cannot be less than 6/7 due to the Fano plane. Of course
it would also be interesting to determine other values of a and b, but they cannot
improve the 6/7 bound we get for double total domination.

1.1. The hypergraph family #. In order to state our main results, we first
define a hypergraph family H.

DEFINITION 1. Let H = {Fy, Fs, Fs, F7, Hs, Hy, H5, T5} be a family of eight hy-
pergraphs shown in Figure 1. We remark that the Fano plane Fx is obtained from Fg
by adding a new vertex v and expanding the three 2-edges in Fg to three 3-edges that
contain v.

2. Main results. We shall prove the following two hypergraph results. A proof
of Theorem 1 is presented in section 3.6, while a proof of Theorem 2 can be found in
section 3.8.

THEOREM 1. If H is a hypergraph with only 2-edges and 3-edges, then

147,(H) < 8|V (H)| + des(H) + 2eo(H)

with equality if and only if every component of H belongs to H.

THEOREM 2. If H is a connected 3-uniform hypergraph on n > 6 vertices and m
edges, then Trs(H) < 4n + 2m with equality if and only if H is the Fano plane.

In order to state our main graph theory results, let G14 be the Heawood graph
(or, equivalently, the incidence bipartite graph of the Fano plane) on 14 vertices shown
in Figure 2.

Using our earlier hypergraph results, we shall prove the following results about
double total domination in graphs.

THEOREM 3. If G is a connected graph of order n with 6(G) > 3, then yx2+(G) <
6n/7 with equality if and only if G is the Heawood graph Gig.
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Fy F5 Fg

The Fano Plane F7

Fic. 1. The hypergraphs F4, F5, Fg, H3, Hy, Hs, T5, and F7.

Fic. 2. The Heawood graph G14.

THEOREM 4. If G # G14 is a connected cubic graph of order n, then vyx2(G) <
5n/6, and this bound is sharp.

THEOREM 5. If G # G14 is a connected graph of order n with 6(G) > 3, then
Yx2.4(G) < 11n/13.

Proofs of Theorems 3, 4, and 5 can be found in sections 4.3, 4.1, and 4.2, respec-
tively. Our proof techniques demonstrate an interplay between strong transversals in
hypergraphs and double total domination in graphs.
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3. Proof of hypergraph results. In order to prove our two main hypergraph
results, namely, Theorems 1 and 2, we need to prove two key results. However, in
order to state these results, we shall need certain hypergraph definitions.

3.1. Hypergraph definitions. In the definitions that follow, we assume through-
out that H is a hypergraph with all edges of size at least 2.

DEFINITION 2. By shrinking an edge e of H we mean either deleting the edge e
if € is a 2-edge or replacing e by an arbitrary 2-edge €', where ¢/ C e if e is an edge
of size at least 3. Further, we define e* = e if e is a 2-edge and e* = €', where €' is
an arbitrary selected 2-element subset of e if e is a 3-edge. If we shrink an edge in H,
then we say that the resulting hypergraph is obtained from H by an edge-change.

DEFINITION 3. For a subset X of vertices in H, let H — X denote a hypergraph
obtained from H by

e deleting the vertices in X,

e deleting all 2-edges incident with X,

o deleting all edges of size at least 3 that intersect X in at least two vertices,

e shrinking all edges of size at least 3 that intersect X in exvactly one vertex to a
2-edge that contains no vertex of X, and

e deleting the resulting set of isolated vertices, if any.

If X = {v}, then we simply denote H — X by H —v. We note that if T' is a strong
transversal in H — X, then T' U X is a strong transversal in H.

DEFINITION 4. If F is a set of edges in H, then we define H — F to be the
hypergraph obtained from H by deleting the edges in F. If F = {e}, then we simply
write H — e rather than H — {e}. If F is the set of all edges in H of size at least 4,
then we denote the hypergraph H — F by H<s.

DEFINITION 5. We define a component of H to be a bad component if it belongs to
the family H. We define b(H) to be the number of bad components in H. Further, we
define b<3(H) to be the number of bad components in H<s. Thus, b<s(H) = b(H<3).

DEFINITION 6. If Hy is a bad component of a hypergraph that can be obtained
from a hypergraph H by an edge-change but Hy is not a bad component of H itself,
then we say that Hy is an edge-bad component of H. We define eb(H) to be the
mazimum number of vertex-disjoint edge-bad components in H. We note that an
edge-bad component of H may not be a subhypergraph of H.

DEFINITION 7. If Hy is a bad component of a hypergraph that can be obtained
from a hypergraph H by two edge-changes resulting from two distinct edges in H but
H, is neither a bad component nor an edge-bad component of H, then we say that Ho
is an edge-bad 2-component of H.

DEFINITION 8. We define ve(H) (standing for “vertex-edge contribution”) and
be(H) (standing for “bad contribution”) by

ve(H) = 6|V (H)| + 4e3(H) + 2e2(H),
be(H) = 2b(H) + eb(H),
o(H) = ve(H) + be(H).

DEFINITION 9. For every edge e in H, we define the cost of the edge e to be

2 ifeis a2-edge,
ole) = {4 if e is a 3-edge.

3.2. Key results needed to prove Theorems 1 and 2. We are now in a
position to state two key results we shall need to prove our main results, namely,
Theorems 1 and 2.
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THEOREM 6. If H is a hypergraph with only 2-edges and 3-edges, then the fol-
lowing holds: (a) 127s(H) < 6|V (H)| + 4es(H) + 2ex(H) + 2b(H) + eb(H).
(b) 1375(H) < 7|V(H)| + 4es(H) + 2e2(H) + b(H).

Proofs of Theorems 6(a) and 6(b) are presented in sections 3.4 and 3.5, respec-
tively. We next prove a slight strengthening of Theorem 6(b), a proof of which can
be found in section 3.7.

THEOREM 7. If H is a hypergraph with all edges of size at least 2, then 1374(H) <
7|V(H)| + 4623(H) + 2e2(H) + b§3(H),

3.3. Properties of hypergraphs in . In this section, we list properties of
hypergraphs in the family H that we will need in the subsequent proofs of our main
results. We begin with the following observation. We omit the proof of Observation 2
since it is a routine exercise to verify that these properties hold for each of the eight
hypergraphs in the family H. A vertex v in a hypergraph H is said to cover H if v is
adjacent to every vertex of H.

Observation 2. If H € H, then H has the following properties:
a) Every two vertices of H belong to a common edge, and so every vertex covers H.

i) For any two 2-edges e; and es in H, there exists a vertex in V/(H) \ (e1 U eg).

j) For any vertex v and 2-edge e in H, there exists a vertex in V(H) \ ({v} Ue).

k) For any two vertices v; and ve in H, there exists a vertex in V(H) \ {v1, v2}.

The following characterization of the family H will prove to be useful.

LEMMA 1. Let H be a hypergraph with only 2-edges and 3-edges. Then, H € H
if and only if ve(H) < 12(|V(H)| — 1) — 2 and every vertex covers H.

Proof. The necessity follows immediately from Observations 2(a) and 2(e). To
prove the sufficiency, for the sake of contradiction, let H = (V, E) be a counterexample
such that |V| + |E| is a minimum. Thus, ve(H) < 12(]V| — 1) — 2, and every two
distinct vertices of H belong to a common edge, but H ¢ H. Clearly, |V| > 3. Let v
be a vertex of maximum degree in H.

Suppose that dg(v) > 4 and consider the hypergraph H' = H — v. We note
that if {v,x,y} is a 3-edge in H, then {x,y} is a 2-edge in H’. Hence since every
two distinct vertices of H belong to a common edge, every two distinct vertices of
H' belong to a common edge. Thus every vertex of H' covers H'. We also note that
ve(H') = ve(H)—6—2dg (v) < ve(H)—14 < 12(|V]|-1)—2—-14 = 12(|V(H")|-1)—4 <
12(|V(H")| — 1) — 2. By the minimality of H, we have that H' € H. But then by
Observation 2, ve(H') = 12(|V(H')| — 1) — 2, contradicting our earlier observation
that ve(H') < 12(|V(H')| — 1) — 2. Hence, dg(v) < 3. Since v covers H, we have that
V| <T7.

Suppose |V| = 7. Then every vertex in H has degree 3, and there are no overlap-
ping edges in H. Hence, H is a 3-regular 3-uniform hypergraph with the property that
every two distinct vertices of H belong to a common edge. But then H is the Fano
plane F7 € H, contradicting the fact that H is a counterexample. Hence, |V| < 6.

Suppose |V| = 6. By assumption, ve(H) < 12(|V] — 1) — 2 = 58. If ea(H) = 0,
then H is 3-regular, and so es(H) = 6 and ve(H) = 60, a contradiction. Hence,

(

(b) 7, (H) = |V (H)| — 1.

(c) Every set of |[V(H)| — 1 vertices in H is a 75(H)-set.
(d) 1275(H) = ve(H) + 2.

(e) ve(H) = 12(|V(H)| — 1) — 2.

(1) 127,(H) = 6(H).

(g) If e and f are distinct edges in H, then e € f.
(h) If H # Hs, then H is 2-edge connected.

(

(

(

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/03/12 to 134.219.64.158. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1342 MICHAEL A. HENNING AND ANDERS YEO

e2(H) > 1. Let V = {v,v1,v2,...,05}. Renaming vertices if necessary, we may
assume that v is incident with a 2-edge and that {{v,v1, v}, {v,vs,v4},{v,v5}} C E.
If {v1,v9,v5} € E, then {v3,v4,v5} € E since vs covers H. But then {vy,v3,v4} € E
and {va,vs,v4} € E, and so dy(v3) > 4, contradicting the fact that A(H) = 3. Thus,
{v1,v2,v5} ¢ E. Similarly, {vs,vq,v5} ¢ E. Since vs covers H, we may therefore
assume that {{vi,vs,v5}, {va,v4,v5}} C E. But then {{v1,v4},{ve,v3}} C E, and so
H = Fg, a contradiction. Hence, |V| < 5.

Suppose |V| = 5. By assumption, ve(H) < 46. Let V = {v,v1,v2,v3,v4}. Since
every vertex covers H, every vertex is contained in at least one 3-edge. Thus, es(H) >
2. Suppose e3(H) = 2. Then we may assume that {{v,v1,v2},{v,v3,04}} C E.
But then {{v1,vs}, {v1,va}, {va,vs},{ve,v4}} C E, whence H = F5, a contradiction.
Hence, e3(H) > 3. Then H contains two overlapping 3-edges. We may assume
that {{v,v1,v2},{v,v1,v3}} C E. Suppose es(H) = 3. We note that ve(H) =
6|V |+4es(H)+2ex(H) = 42+2e5(H). By assumption, ve(H) < 46. Hence, eo(H) < 2.
This implies that {ve,vs,v4} is the third 3-edge and that {{v,v4},{v,v1}} C E.
Thus, H = Hj;, a contradiction. Hence, es(H) > 4. We note then that ve(H) =
6|V|+4es(H)+2ex(H) = 46+42e3(H). By assumption, ve(H) < 46. Hence, es(H) = 4
and ex(H) = 0. It follows that {{v,v1,v4},{ve,v3,v4}} C E, whence H = T5, a
contradiction. Hence, |V| < 4.

Suppose |V| = 4. By assumption, ve(H) < 34. Let V = {v,v1,vz,v3}. If
es(H) = 0, then every two vertices in H are joined by a 2-edge, and so ez(H) = 6 and
ve(H) = 6|V |+ 4es(H) + 2e2(H) = 24+ 12 = 36, a contradiction. If es(H) > 3, then
ve(H) > 36 + 2eo(H) > 36, a contradiction. Hence either eg(H) =1 or e3(H) = 2. If
es(H) =1, then H = F, while if e3(H) = 2, then H = Hy. In both cases, H € H, a
contradiction. Hence, |V| = 3.

By assumption, ve(H) < 22. If e3(H) = 0, then every two vertices in H are
joined by a 2-edge, and so e2(H) = 3 and ve(H) = 6|V| + 4es(H) + 2e2(H) = 24,
a contradiction. Hence, e3(H) > 1. But then ve(H) = 22 + 2e5(H), implying that
es(H) =1 and ex(H) =0, and so H = Hs € H, a contradiction. a

3.4. Proof of Theorem 6(a). Before presenting a proof of Theorem 6(a), we
shall need the following result about matchings in cubic graphs which first appeared
in a paper by Biedl et al. [2]. We remark that a short proof of this result can be found
in [12].

THEOREM 8 (see [2]). If G is a connected cubic graph G of order n, then o/ (G) >
4(n—1)/9.

For n > 4, we note that [§(n —1)] > [-=n]. Hence we have the following
immediate corollary of Theorem 8.

COROLLARY 1. If G is a cubic graph G of order n, then o' (G) > 7n/16.

Using the hypergraph terminology defined in section 3.1, Theorem 6(a) can be
restated as follows.

THEOREM 6(a). If H is a hypergraph with only 2-edges and 3-edges, then 1274(H) <
6(H).

Proof. For the sake of contradiction, among all counterexamples, let H = (V, E)
be one such that |V|+ |E| is a minimum. We proceed further with a series of claims
that we may assume the hypergraph H satisfies.

Cram A. The following properties hold in H :

(a) H¢ H.

(b) H is connected.

(c) b(H) =0.
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(d) If e and f are distinct edges in H, then e L f.
(e) 6(H) > 2.

(f) eb(H) = 0.

(g) There is no edge-bad 2-component in H.

(h) A(H) <3.

(i) H is 2-reqular.

() H is 3-uniform.

(k) There are no overlapping edges in H.

Proof. (a) If H € H, then, by Observation 2(f), 1275(H) = ¢(H), contradicting
the fact that H is a counterexample to the theorem.

(b) Suppose H is disconnected. By the minimality of H, we have that 1275(H') <
¢(H') for each component of H. Since 75(H) =Y 75(H') and ¢(H) = >_ ¢(H') where
the sum is taken over all components H' in H, we have that 127,(H) < ¢(H), a
contradiction.

(¢) If b(H) > 0, then, by part (b), H € H, contradicting part (a).

(d) Suppose e and f are distinct edges in H but e C f. Then, e must be a 2-edge
since H has only 2-edges and 3-edges. Further, every strong transversal in H — e in
a strong transversal in H, and so 75(H) < 75(H — e). By the minimality of H, we
have that 127,(H —e) < ¢(H — e). Now ve(H —e) = ve(H) — c(e) = ve(H) — 2.
If there is a new bad component in H — e, then it contains the edge f and by (c)
b(H —e) = 1. Furthermore eb(H — e) < eb(H). Thus, bc(H —e) < be(H) + 2.
Thus, 127,(H —e) < ¢(H —e) < (ve(H) —2) + (be(H) + 2) = ¢(H), contradicting
the fact that H is a counterexample to the theorem. Hence, b(H — e) = 0. If there
is a new edge-bad component in H — e but not in H, then b(H —e) =0 = b(H) and
eb(H—e) <eb(H)+3. If eb(H—e) < eb(H)+2, then once again 127,(H — e) < ¢(H),
a contradiction. Hence, eb(H —e) = eb(H)+ 3 and be(H —e) = be(H) + 3. But then
e is a 3-edge, a contradiction.

(e) Suppose that dg(v) = 1 for some vertex v in H, and let e be the edge of H
containing v. Suppose first that e is a 2-edge. Let e = {u,v}. If dy(u) =1, then V =
{u,v} and E = {e}. But then 75(H) = 1 and ¢(H) = 14, and so 127,(H) < ¢(H), a
contradiction. Hence, dp(u) > 2. We now consider the hypergraph H' = H — u. Let
U denote the set of isolated vertices resulting from deleting v from H. We note that
v € U, and so |U| > 1. Then, ve(H') = ve(H) — 6|{u}| — 6|U| — 2dg(u) < ve(H) —
12 — 2dg(u). Further we note that the number of new bad-components or vertex-
disjoint edge-bad components that are created in H' is at most dy(u) — 1. Hence,
b(H')+eb(H') < b(H)+eb(H )+ (dp(u)—1). However, every new bad component in H’
(that was not a bad component in H) is an edge-bad component of H or is intersected
by two or more edges incident with w, implying that be(H') < be(H) + (dg (u) — 1).
Hence, ¢(H') = ve(H') + be(H') < (ve(H) — 12 — 2dg (u)) + (be(H) + dy(u) — 1) =
¢(H)—13—dy(u) < ¢(H)—15. Since H' is not a counterexample to our theorem, we
have that 1275,(H') < ¢(H'). Hence, 1275(H) < 12(7,(H') 4+ 1) < (¢(H) — 15) + 12 =
¢(H) — 3, a contradiction.

Therefore, e is a 3-edge. Let e = {v,v1,v2}. We may assume that dg(vy) >
dg(vi). It E = {e}, then H = Hs € H, contradicting part (a). Hence, dg(v2) > 2.
Let X = {v1,v2} and consider the hypergraph H' = H — X. Let Y denote the set of
isolated vertices resulting from deleting X from H. We note that Y| > 1 since v € Y.
Then ve(H') = ve(H) — 6| X| — 6]Y| — 2du (v1) — 2du(v2) < ve(H) — 18 — 2d g (v1) —
2dg (ve). Further we note that be(H') < be(H) + (dg(vi) — 1) 4+ (du(v2) — 1).
Hence, ¢(H') = ve(H') + be(H') < ¢(H) — 20 — dy(v1) — dg(ve). Since H' is
not a counterexample to our theorem, we have that 127,(H’) < ¢(H’). Further,
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7s(H) < 7(H') 4+ 2. Hence, 127,(H) < 12(7s(H')+2) < ¢(H) +4 —dg(v1) — dg (v2).
If dp(vi) + dg(ve) > 4, then 127,(H) < ¢(H), a contradiction. Hence, dg(v1) =1
and dp(ve) = 2. But then the hypergraph with vertex set {v,v1,v2} and edge set
consisting of the 3-edge e is an edge-bad component of H, and therefore contributes 1
to eb(H). Thus, since this edge-bad component is deleted from H when constructing
H’, we have that bc(H') < be(H) — 1+ (dg(v1) — 1) + (dg(v2) — 1), implying that
1275(H) < ¢(H) + 3 — dp(v1) — du(ve) < ¢(H), a contradiction. Hence, 6(H) > 2.

(f) Suppose eb(H) > 0. Let Hy be an edge-bad component of H that results
from shrinking the edge e of H. Then |e N V(H7)| > 1. Suppose that e C V(Hy).
Then V(Hy) = V. If e is a 2-edge in H, then by Observation 2(a), there exists
an edge f of Hy such that e C f, contradicting part (d) above. Hence, e is a 3-
edge, and so H; contains a 2-edge implying that |V(H)| > 4. Let v € V \ e. By
Observation 2(c), the set V' \ {v} is a 75(H1)-set. Since V' \ {v} is a strong transversal
in H, 7,(H) < 75(H1) = |V| — 1. We note that ve(H') = ve(H) — 2. Further, we
note that b(H) = 0, b(H') = 1, eb(H) = 1, and eb(H’) = 0, and so be(H) = 1 and
be(H') = 2. Thus, be(H') = be(H) + 1 and ¢(H') = ¢(H) — 1. By Observation 2,
G(H') = 127,(H') = 12([V(Hy)| — 1) = 12(V] — 1). Thus, 6(H) = ¢(H') + 1 =
12(|[V| = 1) + 1 > 127,(H), contradicting the fact that H is a counterexample to our
theorem. Hence, e € V(H1), and so V' \ V(H;) # 0.

We now consider the hypergraph H' = H — V(H;). We note that ve(H’) =
ve(H) — ve(Hy) — 2 and that H' is connected. By Observation 2(e), ve(H;) =
12(|V(Hy)| — 1) — 2, and so ve(H') = ve(H) — 12(]V(Hy)| — 1). If H' € H, then
H'’ is an edge-bad component of H, and so b(H) = 0, b(H') = 1, eb(H) = 2, and
eb(H') = 0, whence be(H') = be(H). If H ¢ H, then b(H) = b(H') = 0 and
eb(H') < eb(H), and so be(H') < be(H). In both cases, we have be(H') < be(H),
and so ¢(H') < ¢(H) — 12(|V(H1)| — 1). Since H' is not a counterexample to our
theorem, we have that 1275(H') < ¢(H'). Let x € V(Hy)\e, and let X =V (H;)\ {x}.
We note that 75(H) < 7,(H') + | X| = 7s(H') + (|V(H1)| — 1). Hence, 1275(H) <
127,(H' )+ 12(|V(H1)| — 1) < ¢(H')+12(|V(H1)| — 1) < ¢(H), contradicting the fact
that H is a counterexample to our theorem. Hence, eb(H) = 0.

(g) Suppose that H; is an edge-bad 2-component of H that results from shrinking
the (distinct) edges e and f of H. Then |eNV(Hy)| > 1and |fNV(Hy)| > 1. If e is
a 2-edge and e C V(H;), then by Observation 2(a), there exists an edge ¢’ in Hy such
that e C ¢/, contradicting part (d) above. Hence we note that if e C V(Hy), then e is
a 3-edge. Similarly, if f C V(H;), then f is a 3-edge.

Suppose e C V(H;) and f C V(Hy). Then V(H;) =V and V \ {v} is a strong
transversal in H for any vertex v € V. Thus, 75(H) < |[V| =1 = 75(H1). We
note that ve(H;) = ve(H) — 4. Further, we note that b(H) = 0, b(H;) = 1, and
eb(H) = eb(H;) = 0, and so be(H) = 0 and be(H;) = 2. Thus, be(H;) = be(H) + 2
and ¢(H1) = ¢(H) — 2. By Observation 2, ¢(Hy) = 12(|V| — 1). Thus, ¢(H) =
¢(H1)+2 = 12(JV] — 1) + 2 > 127,(H), a contradiction. Hence, e ¢ V(H;) or
fZV(Hy),and so V\V(Hy) # 0.

We now consider the hypergraph H' = H — V(H;). We note that ve(H') =
ve(H) — ve(H1) — 4. By Observation 2(e), ve(H;) = 12(|V(H;y)| — 1) — 2, and so
ve(H') = ve(H) — 12(|V(H1)| — 1) — 2. If there is a bad component in H’', then
since eb(H) = 0 by part (f) above, this bad component is H' itself (and both e
and f intersect H'), implying that b(H) = 0, b(H') = 1, and eb(H) = eb(H’) = 0,
whence be(H') = be(H) + 2. If there is no bad component in H', then b(H) =
eb(H) = b(H') = 0 and eb(H') < 2, and so be(H') < be(H) + 2. In both cases,
we have be(H') < be(H) + 2, and so ¢(H') < ¢(H) — 12(|V(H1)| — 1). Since H'
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is not a counterexample to our theorem, we have that 127,(H') < ¢(H'). We note
that either e is a 2-edge, in which case [e N V(Hy)| = 1, or e is a 3-edge, in which
case [eNV(Hy)| =1 or e* is a 2-edge in Hy (see Definition 2). A similar statement
holds for the edge f. We note therefore that by Observations 2(i), 2(j), and 2(k)
there exists a vertex ¢ € V(Hy) \ (e* U f*). Let X = V(Hy) \ {#}. We note that
Ts(H) < 15(H') + | X| = 7(H') + (|V(H1)| — 1). Hence, 1275(H) < 1275(H’) +
12(|V(Hy)|—1) < ¢(H')+12(|V(H1)| — 1) < ¢(H), a contradiction. Therefore, there
is no edge-bad 2-component in H.

(h) Suppose that A(H) > 4. Let x be a vertex of maximum degree A(H) in H,
and consider the hypergraph H' = H — x. Since H’ is not a counterexample to our
theorem, we have that 127,(H’) < ¢(H'). Let Y denote the set of isolated vertices, if
any, resulting from deleting « from H. Then ve(H') = ve(H)—6|{z}|-6|Y|—2du(z) <
ve(H) — 6 — 2dy(x). By parts (c) and (f) above, we note that be(H) = 0.

If b(H') + eb(H') < 1, then be(H') < 2, and so be(H') < be(H) + 2, whence
o(H') < ¢(H) — 4 — 2dg(z) < ¢(H) — 12. Thus, 1275(H) < 12(1,(H') +1) <
Pp(H')+12 < (¢(H) — 12) + 12 < ¢(H), a contradiction. Hence, b(H') + eb(H') > 2.

By parts (f) and (g) above, we note that if there is a bad component in H’, then
at least three edges incident with = intersect such a component, while if there is an
edge-bad component in H’, then at least two edges incident with z intersect such a
component. Hence, 3b(H') + 2eb(H’) < dg(z), implying that be(H') = 2b(H') +
eb(H') < dp(z)—b(H')—eb(H') < dg(x)—2=bec(H)+dp(z) — 2, whence ¢p(H') <
¢(H)—8—dp(x) < ¢(H)—12. Thus, 127,(H) < 12(7s(H')+1) < ¢(H')+12 < ¢(H),
a contradiction. Hence, A(H) < 3.

(i) Suppose that H is not 2-regular. Then, by parts (e) and (h), we have that
A(H) = 3. Let z be a vertex of maximum degree A(H) in H and consider the
hypergraph H' = H — z. As shown in the previous part (h), 3b(H') + 2eb(H') <
dp(z) = 3, and so b(H') + eb(H') < 1. Further, 127,(H’) < ¢(H') and ve(H') =
ve(H) — 12. If b(H') + eb(H’) = 0, then bc(H') = be(H) = 0, and so ¢(H') <
¢(H) — 12 and 1275(H) < 12(7:(H') + 1) < ¢(H') + 12 < ¢(H), a contradiction.
Hence, b(H') + eb(H') = 1. Thus either b(H’) =1 and eb(H’) = 0 or b(H') = 0 and
eb(H') = 1.

Suppose that b(H') = 1 and eb(H’) = 0. Then be(H') = 2 = be(H) + 2. Hence
since ve(H') = ve(H) — 12, we have that ¢(H') = ¢(H) — 10. By Observation 2,
ve(H') = 12(|[V(H")| — 1) — 2 = 12(|V]| — 2) — 2, and so ve(H) = ve(H') + 12 =
12(|V] — 1) — 2. Further, ¢(H') = 12(|V]| —2), and so ¢(H) = 12(|V| — 2) + 10. Since
b(H') = 1, all three edges incident with z intersect H', and so V = V(H') U {z}.
If there is a vertex v not covered by z, then V' \ {v,z} is a strong transversal in H,
and so 1274(H) < 12(|V| — 2) = ¢(H) — 10 < ¢(H), a contradiction. Hence, 2 covers
H. By Observation 2(a), every vertex of H' covers H'. Therefore every vertex of H
covers H. As observed earlier, ve(H) = 12(|V| — 1) — 2. Hence, by Lemma 1, H € H,
a contradiction. Thus, b(H’) = 0 and eb(H’) = 1.

Let R be the edge-bad component of H’ resulting from shrinking the edge e. By
Observation 2, ve(R) = 12(|]V(R)| — 1) — 2. By part (g), at least two edges incident
with « intersect R.

Suppose V = V(R) U {z}. Then all three edges incident with z intersect R and
e C V(R). We note that ve(R) = 12(|V|—2)—2 and ve(R) = ve(H)—6—2dg(x)—2 =
ve(H) — 14, and so ve(H) = ve(R) + 14 = 12(]V| — 1). Thus, since be(H) = 0 we
have that ¢(H) = ve(H) + be(H) = 12(|V| — 1). However, the set V' \ {2} is a strong
transversal in H, and so 127,(H) < 12(|V]| — 1). Consequently, 127,(H) < ¢(H), a
contradiction. Therefore, V' \ (V(R) U {x}) # 0.
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We now consider the hypergraph H* = H — (V(R)U{z}). We note that ve(H*) <
ve(H)—ve(R)—6—2dy(x)—2 = ve(H)—12|V(R)|, and so ve(H ) > ve(H*)+12|V(R)|.
By parts (f) and (g) above, we also note that b(H*) = 0 and eb(H*) < 1, and so
be(H*) <1=bec(H)+1.

Suppose eb(H*) = 0. Then be(H*) = be(H) = 0 and ¢(H) > ¢(H*) + 12|V (R)].
Therefore since H* is not a counterexample to our theorem, we have that 1274(H*) <
o(H*) = ¢(H) — 12|]V(R)|. We note that if R = Hj, then the edge e intersects
R in exactly one vertex (otherwise R would have a 2-edge), while if R # Hj, then
|[V(R)| > 4. Hence there exists a vertex v in R not contained in e. Every 74(H™*)-set
can be extended to a strong transversal in H by adding to it the set (V(R)U{z})\ {v}
of size |[V(R)|, and so 1275(H) < 12(rs(H*)+|V(R)|) < ¢(H), a contradiction. Hence,
eb(H*) = 1.

Since eb(H*) = 1 and there is no edge-bad 2-component in H, the edge e intersects
H* as does one edge, f, say, incident with . Let Ry be the edge-bad component of H*
resulting from shrinking the edge g. By Observation 2, ve(Ry) = 12(|]V(R1)| — 1) — 2.
We note that the edges e, f, and g all intersect R;.

If g CV(Ry), thengisa3-edgeand V =V (R;) UV (R2) U {z}. Lety € V(R)Ne,
and let z € V(R;) \ (e U g). Then V \ {y, 2} is a strong transversal in H, and so
1275(H) < 12(]V|—-2). We note that ve(H) = ve(R)+ve(R1)+6|{z}|+2du(x)+c(g) =
ve(R)+ve(R1)+16 = (12(|JV(R)|—1)—2)+ (12(|V(R1)|— 1) —2)+ 16 = 12(|]V|-2) >
1274(H), a contradiction. Hence, g € V(Ry), and so V(H*)\ V(R1) # 0.

Let H” = H* — V(Ry). If b(H"”) > 0, then eb(H) > 0, a contradiction. If
eb(H") > 0, then there would be an edge-bad 2-component in H, a contradiction.
Hence, b(H") = eb(H") = 0, and so bc(H") = be(H) = 0. We note further that
ve(H") = ve(H)—ve(R) —ve(R1)—16 = ve(H) — (12(|V(R)| - 1) —2) — (12(J]V(R1)| —
1) —2) =16 = ve(H) — 12(|V(R)| + [V (R1)| — 1). Thus, ¢(H") = ¢(H) — 12(|V(R)[+
|[V(R1)|—1). By Observations 2(i), 2(j), and 2(k), there exists vertices y € V(R)\ N (z)
and z € V(R1)\ (e U g). Any 7,(H")-set can be extended to a strong transversal in H
by adding to it the set (V(R)UV(R1)U{z})\{y, 2z}, and so 1275(H) < 12(1:(H") +
[V(R)|+|V(R1)|—1). Since H” is not a counterexample to our theorem, we have that
1275(H") < ¢(H"). Consequently, 1275(H) < ¢(H") + 12(|V(R)| + |[V(R1)| - 1) =
¢(H), a contradiction.

(j) Suppose that H contains a vertex v that is incident with a 2-edge e = {v, x}.
By part (i), H is 2-regular. Let f be the other edge incident with v.

Suppose f is a 2-edge. Let f = {v,y}. Suppose there is an edge g containing x
and y. If g is a 2-edge, then g = {z,y}, and V = {v,2,y} and F = {e, f}. But then
7s(H) = 2 and ¢(H) = 24, and so 127,(H) = ¢(H), a contradiction. Hence, g is a
3-edge. We now consider the hypergraph H' = H — {x, y}, and note that the resulting
isolated vertex v is deleted when constructing H'. By parts (f) and (g) above, we note
that b(H') = eb(H') = 0, and so be(H') = be(H) = 0. Also, ve(H') = ve(H') — 26,
and so ve(H) = ve(H') + 26. Thus, ¢(H) = ¢(H') + 26. Therefore since H' is
not a counterexample to our theorem, we have that 127,(H') < ¢(H') = ¢(H) — 26.
However, every 75(H')-set can be extended to a strong transversal in H by adding to it
the set {z,y}, and so 127,(H) < 12(7:(H')+2) < ¢(H')+24 < ¢(H), a contradiction.

Thus, {{v,z},{v,y}} C E, and there is no edge containing both x and y. We will
show that 1275(H) < ¢(H)—2. By part (i), H is 2-regular. Let H* be the hypergraph
obtained from H by deleting the edges e and f and identifying the vertices x and y
to produce a new vertex w. We say that H* is obtained from H by contracting x
and y. Since H is 2-regular, so too is H*. We note that b(H*) + eb(H*) < 1, and so
be(H*) <2 =Dbe(H) + 2. Also, ve(H*) = ve(H) — 16, and so ve(H) = ve(H*) + 16.
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Thus, ¢(H) > ¢(H*)+14. Since H* is not a counterexample to our theorem, we have
that 127,(H*) < ¢(H*) < ¢(H) — 14. Let T™* be a 74(H*)-set, and so |T*| = 75(H*).
Hwe¢T* let T=T*U{v}. fweT* let T =(T*\{w})U{z,y}. Inboth cases, T
is a strong transversal in H of size 7,(H*) + 1. Hence, 127,(H) < 12(7s(H*) + 1) <
(p(H) — 14) + 12 = ¢(H) — 2, as claimed. Thus, 127:(H) < ¢(H), a contradiction.
Hence, f must be a 3-edge.

Let f = {v,y,2z}. If {x,y,2} is an edge of H, then H = Hy, a contradiction.
Hence, renaming y and z if necessary, we may assume that there is no edge containing
both  and y. We now consider the hypergraph H, = H — z. By parts (f) and (g)
above, we note that b(H,) = 0 and eb(H,) < 1, and so be(H,) < be(H) + 1. Also,
ve(H,) = ve(H) — 10, and so ve(H) = ve(H,) + 10. Thus, ¢(H) > ¢(H,) + 9. By
construction, {v,z} and {v,y} are the two edges in H, containing v, and there is no
edge containing both z and y. A similar proof as shown in the previous paragraph
shows that 127,(H,) < ¢(H,) — 2. Thus, 127,(H,) < ¢(H) — 11. If 1274(H,) <
¢(H) — 12, then 1275(H) < 12(75(H,) + 1) < ¢(H), a contradiction. Consequently,
1274(H,) = ¢(H) — 11. Thus, eb(H,) = 1, and both edges incident with z intersect
H.. In particular, the edge-bad component of H, contains v or y. Let H* be the
hypergraph obtained by contracting x and y in H,. Then b(H*) + eb(H*) < 1, and
so be(H*) < 2 = be(H,) + 1. Thus the bound be(H*) < be(H) + 2 which we use to
establish the upper bound 127,(H) < ¢(H) — 2 is improved to be(H*) < be(H,) + 1,
which in turn implies that 127,(H,) < ¢(H,) — 3. But then 127,(H) < 12(75(H,) +
1) < (¢p(H) — 3) + 12 < ¢(H), a contradiction. This completes the proof of part (j).

(k) Suppose that e and f are two overlapping edges in H. Let e = {a,b,z} and
f={a,by}. I {x,y} is a edge of H, then H = Hy, a contradiction. If there is a 3-
edge containing = and y, then the hypergraph with vertex set {a, b, z,y} and edge set
{e, f,{x,y}} is an edge-bad component of H, and so eb(H) > 1, contradicting part (f).
Hence, there is no edge containing  and y. We now consider the hypergraph H, =
H — a and note that ¢(H) = ¢(H,) + 10. By construction, {b, z} and {b,y} are the
two edges in H, containing v, and there is no edge in H, containing x and y. A similar
proof as shown in the third paragraph of part (j) shows that 127,(H,) < ¢(H,) — 2.
Hence, 127,(H) < 12(75(Ha) + 1) < (¢p(H,) — 2) + 12 = ¢(H), a contradiction. This
completes the proof of Claim A. a

We now return to the proof of Theorem 6(a). By Claim A, we have that H is a
2-regular 3-uniform hypergraph with no overlapping edges. Let G be the incidence
bipartite graph of the hypergraph H = (V| E); that is, G has partite sets V and F,
where every vertex e in F is joined to the three vertices in V' that belong to the edge
e in H. We note that dg(v) =2 if v € V, while dg(v) = 3 if v € E. Further, since H
has no overlapping edges, we note that in the graph G every two vertices in E have
at most one common neighbor.

Let F' be the graph with vertex set V(F') = E and where two vertices are adjacent
in F if they have a common neighbor in G. We note that F is a cubic graph of order | F|
and that G is obtained from F' by subdividing every edge of F' exactly once. Let M
be a maximum matching in F. By Corollary 1, we have that |[M| = o/(F) > 7|E|/16.
For each edge e in M, let v, be the (unique) vertex in V whose neighbors in G are
the two ends of e. Let Viy = U{v.}, where the union is taken over all edges e € M.
Then |V | = |M| > 7|E|/16. Let T = V' \ V. Then T is a strong transversal in H,
and so 75(H) < |T| = |V| — |[Vm| < |V| = 7|E|/16. Since 2|V| = 3|E|, we therefore
have that 7,(H) < 17|E|/16. We also note that ve(H) = 6|V| + 4es(H) + 2e2(H) =
6|V| + 4|E| = 13|E| and be(H) = 0, and so ¢(H) = ve(H) + be(H) = 13|E|. Thus,
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127,(H) < 204|E|/16 = 12.75|E| < ¢(H), a contradiction. This completes the proof
of Theorem 6(a). O

3.5. Proof of Theorem 6(b). Recall the statement of Theorem 6(b).

THEOREM 6(b). If H is a hypergraph with only 2-edges and 3-edges, then 137s(H)
<TIV(H)|+4e3(H) + 2ex(H) + b(H).

Proof. We show first that b(H) + eb(H) < |V(H)| — 7s(H). Let T be a 75(H)-
set. If R is a bad component of H, then by Observation 2(b), there is a vertex in
R that does not belong to T, and therefore the component R contributes 1 to the
difference |V (H)| — 7s(H). Suppose that R is an edge-bad component of H resulting
from shrinking the edge e. Let v be a vertex in R not contained in e. If V(R) C T,
then T\ {v} is a strong transversal in H, contradicting the minimality of 7. Hence,
by Observation 2(b), there is exactly one vertex u in R that does not belong to 7', and
therefore the component R contributes 1 to the difference |V(H)| — 75(H). Hence,
b(H)+eb(H) < |V(H)| — 7:(H), as claimed. Hence, by Theorem 6(a), we note that
1375(H) < 7|V(H)| + 4des(H) + 2e2(H) + b(H). a

3.6. Proof of Theorem 1. Recall the statement of Theorem 1.
THEOREM 1. If H is a hypergraph with only 2-edges and 3-edges, then

147,(H) < 8|V (H)| + des(H) + 2eo(H)

with equality if and only if every component of H belongs to H.

Proof. If the desired result holds for each component of H, then the result holds
for the hypergraph H itself. Hence we may assume that H is connected. In particular,
b(H) < 1. As shown in the proof of Theorem 6(b), we note that b(H) < |V (H)| —
Ts(H). By Theorem 6(b), we therefore note that 147,(H) < 8|V(H)| + 4es(H) +
2e9(H). Further, if 147,(H) = 8|V (H)| + 4es(H) + 2e2(H), then b(H) = |V(H)| —
7s(H). Consequently, since 1 > b(H) and |V(H)| — 7s(H) > 1, we deduce that
b(H) = 1 and H € H. Conversely, if H € H, then by Observation 2, we have
that 7,(H) = |[V(H)| — 1 and 8|V (H)| + 4e3(H) + 2e2(H) = ve(H) + 2|V (H)| =
12(|V(H)| —1)—2+42|V(H)| = 14(]V(H)| — 1). Thus, 147,(H) = 8|V (H)| + 4e3(H)
+ 2e9(H). O

3.7. Proof of Theorem 7. Recall the statement of Theorem 7.

THEOREM 7. If H is a hypergraph with all edges of size at least 2, then 1374(H) <
TV (H)| + 4e>3(H) + 2ex(H) + b<3(H).

Proof. Define {(H) = 7|V (H)| + 4e>3(H) + 2e2(H) + b<3(H). We show that
137,(H) < {(H). We proceed by induction on |E(H) \ E(H<s)| + > cvm) du(@).
Assume that there exists a k-edge, e, with k& > 4. Let H' be obtained from H by
replacing e by a 4-edge e’ where ¢/ C e. We note that £(H) = {(H') and that
Ts(H) < 75(H"). Applying the induction to H’, we have that 1375(H) < 137,(H’) <
E(H') = &(H), as desired. Therefore we may assume that all edges in H have size 2,
3, or 4.

Assume that e = {x1,x2, 3, 24} is a 4-edge intersecting a 2- or 3-edge ¢’. If ¢’ C e
and €’ is a 3-edge, then we may remove e and use the induction hypothesis. Hence we
may assume that |¢/ Ne| < 2. Renaming vertices, if necessary, we may assume that
e’ Ne C {x1,x2}. Let H be the hypergraph obtained from H by replacing e by the
3-edge e\ {z4}. We note that any strong transversal in H' is also a strong transversal
in H, and so 7,(H) < 75(H'). If b(H.;) < b(H<s), then {(H') < £(H), and we are
done by induction. Therefore we may assume that R is a bad component in H.,
which was not a bad component in H<3. We note that {x1, 22,23} is an edge of R.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/03/12 to 134.219.64.158. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

STRONG TRANSVERSALS IN HYPERGRAPHS 1349

Suppose 24 € V(R). Let H” be obtained from H by removing the edge e and
adding the two 2-edges {x1,22} and {x3,x4}. We note that any strong transversal
in H” is also a strong transversal in H. Furthermore since R € H, Observation 2(a)
implies that some edge in R contains the vertices {x3, 24}, and so this 2-edge may be
removed from H”, and we can use induction on the remaining hypergraph. Hence we
may assume that x4 ¢ V(R). We note that since the edge ¢’ intersects {x1,z2}, the
bad component R # F3.

We now let H* be obtained from H by removing the edge e and adding the 3-edge
e = e\ {z3}. We note that b(HZ;) < b(H<s), as the edge e* separates x1 from x4
in HZ; and therefore does not belong to a bad component. We are therefore done by
induction.

Therefore we may assume that no 4-edge intersects any 2- or 3-edge in H. We
now delete all 4-edges in H and replace each deleted 4-edge with two vertex disjoint
2-edges whose union is the original 4-edge. This does not create any bad components,
as all bad components contain at least one 3-edge. We are therefore done by induction
if there exists any 4-edge at all. If no 4-edge exists in H, then we are done by Theo-
rem 6(b). O

3.8. Proof of Theorem 2. Recall the statement of Theorem 2.

THEOREM 2. If H is a connected 3-uniform hypergraph on n > 6 vertices and m
edges, then Trs(H) < 4n + 2m with equality if and only if H is the Fano plane.

Proof. We note that e3(H) = m and ea(H) = 0. We note further that if H € H,
then H = F%, as the Fano plane F7 is the only 3-uniform hypergraph on at least six
vertices in H. Thus, by Theorem 1, 775(H) < 4n + 2m with equality if and only if H
belongs to H. O

4. Proof of graph theory results. Next we provide proofs of our three main
graph theory results, namely, Theorems 3, 4, and 5. We begin with a proof of Theo-
rem 4.

4.1. Proof of Theorem 4. We shall need the following result in [14].

LEMMA 2 (see [14]). If G is a connected bipartite graph, then the open neigh-
borhood hypergraph Heg of G contains exactly two components (which are induced by
the two partite sets of G). If G is a connected nonbipartite graph, then Heg contains
exactly one component.

Recall the statement of Theorem 4.

THEOREM 4. If G # G4 is a connected cubic graph of order n, then vx24+(G) <
5n/6, and this bound is sharp.

Proof. Let G # G14 be a connected cubic graph of order n, and let H = Hg.
We note that H is a 3-regular, 3-uniform hypergraph of order n and size m. Suppose
that b(H) > 0. The only 3-regular, 3-uniform hypergraph in H is the Fano plane.
Thus each bad component of H is a copy of the Fano plane. If G is a nonbipartite
graph, then, by Lemma 2, H contains exactly one component, implying that H = Fx.
But then G is a cubic graph of order 7, which is impossible. Hence, G is a bipartite
graph. Thus, by Lemma 2, H contains exactly two components which are induced by
the two partite sets of G. Since at least one of these components is the Fano plane,
we must have that G is the Heawood graph G4, a contradiction. Hence, b(H) = 0.

Suppose that eb(H) > 1. Recall that H is a 3-regular, 3-uniform hypergraph. Let
R be an edge-bad component of H that results from shrinking the edge e of H. Then
leNV(R)| > 1 and every vertex of R, except for possibly one vertex, has degree 3 in
R. If eNV(R)| > 2, then R is 3-regular and contains exactly one 2-edge. But there
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F1c. 3. The graph Gi2.

is no such hypergraph in the family #, a contradiction. Hence, |[e N V(R)| = 1. Let
v be the vertex of R that belongs to the edge e. Then R is a 3-uniform hypergraph
with one vertex of degree 2 and all other vertices of degree 3. Once again, there
is no such hypergraph in the family H, a contradiction. Hence, eb(H) = 0, and so
2b(H)+eb(H) = 0. Therefore, by Theorem 6(a), 127,(H) < 6|V (H)|+4es(H) = 10n.
Hence, by Observation 1, vx2+(G) = 75(Hg) = 5n/6. O

To see that the bound of Theorem 4 is sharp, consider the cubic graph Gis
of order n = 12 shown in Figure 3 that satisfies vx2+(G) = 10 = 5n/6, due to
the following. Since every pair of vertices in X = {x1,x2,...,26} have a common
neighbor and G is cubic, we note that every DTDS in G must contain at least five
vertices from this set. Analogously it must also contain at least five vertices from
Y = {y1,92,...,Ys}, which implies that yx2.(G) > 10 = 5n/6. It is easy to see that
equality holds, as we can take any five vertices from X and any five vertices from Y
to obtain a DTDS of size 10.

4.2. Proof of Theorem 5. Recall the statement of Theorem 5.

THEOREM 5. If G # G14 is a connected graph of order n with §(G) > 3, then
Yx2.4(G) < 11n/13.

Proof. Let G # G14 be any connected graph of order n with §(G) > 3, and let
H = Hg. Let By,..., By denote the bad components in H<s. For each i =1,... k,
let W; be defined such that w € W; if and only if Ng(w) € E(B;). We will ﬁrst prove
the following claim that we may assume the graph G satisfies.

CLAM 1. We may assume that the graph G has the following properties:

(a) If e = wv is an edge in G such that d(u),d(v) > 4, then G — e contains a

component isomorphic to Gi4.
b) V(B;) NV (B;) =0 foralll <i<j<k.
c) V(B;) NW; —V)foralll<z<k
d) Removing any bridge of G creates at most one copy of G1a.
e) V(B;) is an independent set in G.

Proof. (a) If there exists an edge e = wv in G, such that d(u),d(v) > 4, and G —e
contains no component isomorphic to G4, then we may consider the components in
G — e instead of G, as yx2+(G — €) > Yx2,t(G). Therefore we may assume that no
such edge exists.

(b) This is immediate since no two components can intersect.

(¢) To prove part (c), we note that every edge in H has size at least 3. Thus
the bad components in H<3 contain no 2-edges, and therefore each bad component

AA,_\/_\
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belongs to the family {Hs, T5, F7}. Let ¢ € {1,...,k}, let B= B; and W = W;, and
let X = WNV/(B). Since B is 3-uniform, all vertices in W have degree three in G. For
the sake of contradiction, assume that there exists a vertex u € X. Thus, e, = Ng(u)
is a 3-edge in B. We note that dg(u) of the vertices in e, belong to W and that they
all belong to V(B) (as e, € E(B)), and so dg(u) vertices in e, belong to X.

If B = F3, then as u € W, we have that u € V(B) = Ng(u), which is impossible
since no vertex belongs to its own open neighborhood. Thus, B # Fs5. If B = Fy,
then Ng(u) C X, and analogously all vertices connected to u by a path also belong to
X. This implies that V(B) = W induces a 3-regular graph on seven vertices, which
is impossible as no such graph exists. Thus, B # F7.

Hence, B = T5. Name the vertices of T5 so that x1, z2, and x3 are the three
vertices of degree 2 and x4 and x5 are the two vertices of degree 3. Let e = {x1, x2, 23}
and fori = 1,2,3, let e; = {x;,x4,25}. Then, E(B) = {e, e1,e2,€3}. Suppose 21 € X.
Since 1 ¢ Ng(x1), we note that Ng (1) is either the edge e or the edge es. Similarly,
if xzo € X, Ng(x2) is either ey or es, while if 3 € X, Ng(x3) is either e; or es. In
particular, we note that if z; € X, then as two vertices in Ng(x;) belong to X, at
least one of x4 and x5 belong to X. If u € {4, x5}, then, renaming the vertices x4
and x5, if necessary, we may assume that x4 € X. If u € {x1, 22,23}, then at least
one of x4 and z5 belong to X, and once again we may assume that z4 € X. This
implies that Ng(z4) = e. As dp(z4) = 3, we note that {1, 22,25} C X. As observed
earlier, Ng(z1) is either the edge es or the edge e3. Renaming z2 and x3, if necessary,
we may assume that Ng(z1) = ea. Thus, z120 € E(G). Since Ng(x2) is either eg
or e3, we therefore have that Ng(z2) = e;. But then Ng(x3) is neither ey or eg, a
contradiction. This completes the proof of part (c).

(d) Suppose G consists of two vertex disjoint copies of G14 connected by an edge
wv. Let Hy, denote the ONH of G —wuwv, and let N,, and N,, denote the neighborhoods
of u and v, respectively, in G — uv. We note that H,, consists of four disjoint
copies of the Fano plane F7, where one copy F, contains the vertex u, one copy
Fyn(u) contains the 3-edge N, one copy F, contains the vertex v, and the last copy
Fy(y) contains the 3-edge N,. Let T} be a strong transversal in F;,, containing u, of
size 6, and let T, be a strong transversal in F),, containing v, of size 6. Let T,
be any five vertices in Fi(,) such that [Ty, N V(N,)| = 1, and let Ty, be any
five vertices in Fi(,) such that [Ty NV (N,)| = 1. It is not difficult to see that
Ty UT, UTxN(@) U TN is a strong transversal in H, implying that 7,(H) < 22. We
note that b<s(H) = 2 and |V(H)| = |E(H)| = |le>3(H)| = n, and so 11n + 2 =
7|V(H)| + 4623(H) + 262(H) + b(HS3) =7x284+4x28+2=310> 13TS(H) + 11.
Thus, by Observation 1, yx2:(G) = 75(H) < (11n — 9)/13 < 11n/13, as desired.
Therefore we may assume that removing any bridge of G creates at most one copy of
G14, which completes the proof of part (d).

(e) Assume that e = wv is an edge in G and w,v € V(B;). As u,v ¢ W; by
part (c) and B; is a component in H<s, we note that dg(u),dg(v) > 4. By part (a),
G — e contains a component isomorphic to G14. However, as u and v are connected
by a path in G — e (by just using edges in G between V(B;) and W;), we note that
G is isomorphic to G14 + e. However, it is not difficult to see that this implies that
vx2,4(G) = 11 < 11 x 14/13 (by letting T be a DTDS of G — e of size 12 such that
w € T and |T N Ng_e(v)| = 2 and noting that T\ {w} is a DTDS of G for any
w € Ng_e(v)NT). O

We now return to the proof of Theorem 5. For i =1,2,...,k, let G; = G[V(B;)U
W;]. We now proceed with a number of definitions. If for some i, 1 < i < k, the
induced subgraph G; = G14 and there is a bridge separating G; from the rest of G,
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then we say that B; is a special Fr. Let £ be the number of bad components in H,
none of which is a special F7. Renaming indices, if necessary, we may assume that no
B; is a special F7 for any ¢ < £ and all B; with i > ¢ are special F7’s.

Let N; = Ng(V(B;))\ V(G;). Let Q = {q1,42,---,¢-} such that Q = U{_, N;.
We now consider four copies of Q. Let Q" = {¢},¢5,--.,q.}, Q" = {d{,q5,...,q},
Q" ={q¢",d),...,q"}, and let Q* = QUQ' UQ"UQ". For j =1,,...,7, let
Q= {004 0. ")

We now define a bipartite graph F' as follows. Let the partite sets of F' be the
set @* and the set P = {p1, pa,...,p¢}, where the vertex p; corresponds to the graph
G;. Let the edge set of F' be defined as follows. Add an edge from p; to each vertex
in Q7 if and only if ¢; € N;. Let M be a maximum matching in F.

For each ¢; € @, let e; be the hyperedge in H such that e; = Ng(q;). As ¢; ¢ Wi,
we note that e; ¢ E(B;), and therefore e; is a hyperedge of size at least four. We now
construct a sequence of new hypergraphs H®, H',..., H" as follows. Initially, we let
H=H.

For i > 1, we define H? as follows. Let a; denote the number of vertices in Q;
that are M-matched to a vertex p; in the graph F', where B; is still a bad component
in H'. If a; = 0, let H' = H'™'. If a; = 4, let H' be obtained from H'~! by
deleting the edge e; and adding two vertex disjoint 2-edges e} and €} such that each
of the four bad components in H ?31 corresponding to the vertices of P that are M-

matched with a vertex in Q] now intersect either €} or e/. If 1 < a; < 3, let H be
obtained from H'~! by deleting the edge e; and adding a 3-edges ¢/ such that each
of the a; bad components in H 2}1 corresponding to the vertices of P that are M-
matched with a vertex in Q intersect ;. We note that whenever we change the edge
e; when constructing HY 5, the new edge(s) are always cut-edges in H., or completely
lie within V/(B;) for some j, 1 < j < £. Thus, no new bad components are created.
That is, b(HL;) < b(HL,') — a;. Furthermore if p; is M-matched with a vertex in
Q7, then B; is not a bad component in H 23, as it is incident with a new 2- or 3-edge.
Finally we note that a strong transversal in H* is also a strong transversal in H*~!
and 7|V(H1)| + 4623(Hi) + 262(Hi) = 7|V(H171)| + 4623(Hi71) + 262(Hi71).

Let H = H". Then 7,(H) < 74(H') and 7|V(H')| + 4e>3(H') + 2e2(H') =
T\V(H)| +4e>3(H) 4+ 2eo(H) = 11|V(H)|. Further, b(H.,) < b(H<3) — |M]|.

Let U C P denote those vertices which are M-unmatched in the bipartite graph
F. Let S be the set of all vertices in P which are reachable by an M-alternating path
starting from a vertex in U. Then U C S C P and |S| = |Np(S)| + |U|. We note
that each vertex in S\ U is M-matched in F' to a vertex in Np(S) and that the edges
of M incident with vertices in S form a perfect matching in the induced subgraph
F[Np(S)U(S\U)]. By construction of F, we also note that either |V (Q7) N Np(S)]
is equal to four or zero for all j = 1,...,7. We now define 7" such that ¢; € T" if and
only if [V(Q}) N Nr(S5)| = 4, and we note that 4|T'| = [Np(5)].

Let p; € S be arbitrary, where 1 <1 < ¢. As observed earlier, each bad component
belongs to the family { H3, T5, F7}. Assume that B; = H3 and note that each vertex in
B, has exactly one edge to W; in G and no edge to V' (B;), due to Claim 1(e). Therefore
each of the three vertices has two edges to N;, which implies that there are at least
six edges in G with exactly one end in V(G;). If B; = T5, then analogously there are
at least three edges in G with exactly one end in V(G;). If B; = Fr, then since i < ¢
there are at least two edges in G with exactly one end in V(G;). In all three cases, we
let e and e} be two distinct edges in G with exactly one end in V(G;). If e} and e/
are adjacent to a common vertex in B;, then add this vertex to a set Si; otherwise,
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add the two distinct endpoints of €] and e/ in B; to a set Sa. Let Egr = Up,es{e
and note that 2|S1| + |S2| = |Esr| = 2|S| = 2(|Np(S)| + |U|) = 8|T| + 2|U|.

Let H” = H' — T and note that all hyperedges of the form Ng(u) where u € S}
will be deleted from H’ and all hyperedges of the form N¢(v) where v € Sy will either
be deleted from H’ or will be shrunk to a 2-edge. Therefore 4e>3(H") + 2e2(H") is
at least 4]S1] + 2|S2| = 2|Egr| smaller than 4e>3(H’) + 2e2(H’). Assume that it is
in fact 2|Egr| + 2¢ smaller, where we note that ¢ > 0 is the number of edge-changes
which we have not counted above. In this case, 7|V (H")| + 4e>3(H") 4 2e2(H") =
11|V(GQ)| = 7|T| — 2|Est| — 2¢. However, each time we remove or shrink an edge the
number of bad components may increase by one. As b(HL,) < (k — )+ |U|, we note
that b(HZ;) < b(HL3) + |Esr| + ¢ < (k— )+ |U| + |Est]| + c.

For all B; with £ < i < k, there exists a bridge y;u; in G such that N; = {y;} and
u; € V(B;). Let v; and w; be any two vertices in Ng(u;) N W;. Let T; = Wi\ {v;, w; }
and note that T; U {y;} is a double dominating set for all vertices in V(B;). Let
T'=UF, T andlet T" = U, {u:}.

Let H” = H” —T' — T”. We note that all vertices in W; and all hyperedges
touching W; are removed from H' when i > ¢. Apart from the removal of the
hyperedges intersecting the W;s (i > [), assume that we have ¢’ additional edge-
changes in order to get from H” to H"'. This implies the following, as |T'| = 5(k — ¢)
and [T"\T| < (k—4£):

7|V(HIII)| +4623(H”/) +2e2(HI/I)
<11V(G)| = 7|T| — 2|Esr| — 2¢ — 7(7(k — £)) — 4(7(k — £)) — 7|T" \ T| — 2¢/
= 11|V(GQ)| - 7|T| — 2|Esr| — 2¢ — 13|T"] — 12(k — £) — 7|T" \ T| - 2¢'.

Analogously to the above we note that b(H”;) < b(HZ;) + ¢ < (k—0)+|U| +
|Est| + ¢+ ¢/. Combining the two formulas we get the following:

TIV(H™)| +4e>3(H") + 2e5(H") + b(HZ3)

<1V(G)| - 7|T| — |Est| — ¢ — 13|T"| — 11(k — £) — 7|T" \ T| — ¢ + |U]
< 1|V(G)| - 7|T| — (8IT| + 2|U|) — 13|T"| — 11(k — €) — 7|T" \ T| + |U]
< 1|V(G)| — 15|T| — 13|17 — 117"\ T| — 7|7\ T| — |U|

< 11|V(G)| — 15|T| — 13| — 18|\ T| — |U].

Let S* be a 7,(H"")-set. By Theorem 7 and our upper bound on 7|V (H"")| +
de>3(H"') + 2e2(H") + b(H,), we note that |S*| < (11|V(G)| — 15|T| — 13|T"| —
BIT"\ T| - |U[)/13 < &|V(G)| — |T| — |T'| — |T" \ T|. However, we note that
S*UTUT'U(T"\T) is a strong transversal of H. Thus, by Observation 1, yx2+(G) =
Ts(H) < |S*|+ |T|+ |T'| +|T" \ T| < 11n/13, as desired. O

4.3. Proof of Theorem 3. Recall the statement of Theorem 3.

THEOREM 3. If G is a connected graph of order n with 6(G) > 3, then vx2+(G) <
6n/7 with equality if and only if G is the Heawood graph Gig.

Proof. Suppose G = G14. The ONH of the Heawood graph, Hg,,, consists of two
disjoint copies of the Fano plane F7, which implies by Observation 1 and Theorem 1
that vx2:(G) = 275(F7) = 2(6) = 6|V (G14)|/7. If G # Gi4, then by Theorem 5,
vx2,+(G) < 6n/7. O
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Yx2,

FiG. 4. A graph G € F of order n with 6(G) > 3 and vyx2,:(G) = 4n/5.

5. Closing conjectures. We close with the following two conjectures.
CONJECTURE 1. If G # G14 is a connected graph of order n with §(G) > 3, then
+(G) < 5n/6.

CONJECTURE 2. If G # G4 is a connected graph of sufficiently large order n

with §(G) > 3, then yx2.(G) < 4n/5.

We remark that Conjecture 1 is true for cubic graphs (see Theorem 4). We also

remark that if Conjecture 2 is true, then the bound is sharp, as may be seen by
considering the following family F of all graphs that can be obtained as follows: Take
a connected graph F' with §(F) > 2 and for each vertex v of F, add a copy of the
Heawood graph G714 and join v to one vertex in that copy of G14. A graph G in the
family F is illustrated in Figure 4 (here, F' is a cycle). Each graph G of order n in
the family F is a connected graph with §(G) > 3 satisfying yx2,(G) = 4n/5.
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