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(Received 2 July 2018; published 27 August 2018)

We give a novel definition of gravitational energy for an arbitrary theory of gravity including quadratic-
curvature corrections to Einstein’s equations. We focus on the theory in four dimensions, in the presence of
a negative cosmological constant, and with asymptotically anti–de Sitter (AdS) boundary conditions. As a
first example, we compute the gravitational energy and angular momentum of Schwarzschild-AdS black
holes, for which we obtain results consistent with previous computations performed using different
methods. However, our method is qualitatively different due to the fact that it is intrinsically nonlinear. It
relies on the idea of adding to the gravity action topological invariant terms which suffice to regularize the
Noether charges and render the variational problem well-posed. This is an idea that has been previously
considered in the case of second-order theories, such as general relativity and which, as shown here,
extends to higher-derivative theories. Besides black holes, we consider other solutions such as gravitational
waves in AdS, for which we also find results that are in agreement. This enables us to investigate the
consistency of this approach in the non-Einstein sector of the theory.
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I. INTRODUCTION

Topology plays a fundamental role in theoretical physics,
from the theory of fundamental particles to the study of
topological phases of matter. It is a central notion in the
study of dynamical systems and, from there, it extends to
practically every area of physics. Derived notions—such as
topological classes and topological invariants—are essen-
tial tools in gauge field theories and quantum gravity, being
indispensable for the study of anomalies, quantum tran-
sitions, and topological defects. In the case of the theory of
gravity, being a theory of the geometry of the spacetime
itself, the role played by topological invariants is particu-
larly important. They appear in relation to the Euclidean
path-integral formulation of the theory, in the study of

gravitational instantons, and in higher-dimensional, higher-
curvature extensions of the theory. Here, following an idea
previously explored by one of the authors and collaborators
in the case of second-order theories such as general
relativity [1], we propose a novel use of topological
invariants in the context of gravity, namely, as regulators
of the Noether-charge computation in theories that include
higher-derivative terms. This is a very important problem,
as higher-derivative corrections to Einstein’s theory natu-
rally arise when quantum effects are taken into account, and
therefore having a method to compute the observables in
those cases is crucial. For theories of this sort, we show that
the Euler characteristic—which in virtue of the Chern-
Weil-Gauss-Bonnet theorem is expressed in terms of the
Riemann tensor—can be used to regularize the infrared
divergences that typically appear when trying to compute
the conserved Noether charges in asymptotically, locally
maximally symmetric spaces. Such divergences arise due to
the noncompactness of the spacetime but, as we will show,
the inclusion of the topological invariant in the action
suffices to render the result finite and the variational
problem well-posed. We refer to this phenomenon as
topological regularization. As said, this has been observed
to occur in theories with second-order field equations, such
as general relativity (GR). Here, we show that this is,
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indeed, a much more general phenomenon, which also
occurs in higher-derivative theories with arbitrary quadratic
corrections to the Einstein-Hilbert action. Having such a
nonlinear method to compute charges in theories with
actions that are quadratic in the curvature tensor and in the
presence of a cosmological constant is very important, as
such theories are known to suffer from linear instabilities
that cause the linear analysis to break down.

II. QUADRATIC-CURVATURE GRAVITY

Quantum effects induce higher-derivative corrections to
the effective gravitational action. This is particularly
realized in string theory, where such corrections can be
computed explicitly to different orders. In the case of
heterotic string theory, for example, R2 corrections are seen
to appear at the next-to-leading order in the α0 expansion of
the low-energy effective action. R2 terms also arise in
different string theory compactifications. Here, aiming at
not restricting ourselves to any specific model, we will
consider the most general quadratic-curvature gravity
(QCG) theory in four dimensions and in the presence of
a cosmological constant. This is described by the action
I ¼ ð16πGÞ−1 R d4x

ffiffiffiffiffiffi−gp
L with the Lagrangian density

given by an arbitrary combination of Ricci-squared and
scalar curvature-squared terms, namely,

L ¼ R − 2Λþ αRμνRμν þ βR2: ð1Þ

The cosmological constant Λ (which here we consider to
be negative) is related to the radius l of the anti–de Sitter
(AdS) solution by Λ ¼ −3=l2. In Eq. (1), α and β are two
arbitrary coupling constants of mass dimension −2, which
set the length scale l ¼ maxf ffiffiffiffiffiffijαjp

;
ffiffiffiffiffiffijβjp g at which the

higher-curvature effects start to dominate over the Einstein-
Hilbert term. The action (1) does not include the
Kretschmann scalar (Riemann-squared term), as in four
dimensions its presence can always be compensated by a
redefinition of the couplings α and β, up to a boundary
term.
As already mentioned, nonlinear terms in the Riemann

tensor are expected to appear in the quantum gravity
effective action. The presence of such terms improves
the ultraviolet behavior of the theory relative to GR. In fact,
the theory defined by the Lagrangian (1) turns out to be
renormalizable [2]. The price to be paid for this is the
emergence of ghost-like additional degrees of freedom. The
class of theories given by the Lagrangian (1) leads to
fourth-order field equations which generically describe a
massive scalar mode and a massive spin-2 field, in addition
to the massless graviton already present in GR.
Taking arbitrary variations of the action yields the

equation of motion (EOM) of the theory plus a surface
term,

δI ¼ 1

16πG

Z
M
d4x

ffiffiffiffiffiffi
−g

p ðEμνδgμν þ∇αΘαÞ; ð2Þ

where the field equations are given by Eμν ¼ 0, with the
symmetric rank-2 tensor Eμν ¼ Gμν þ αEμν

ðαÞ þ βEμν
ðβÞ being

composed of the Einstein tensor

Gμν ¼ Rμν −
1

2
Rgμν þ Λgμν ð3Þ

supplemented with the two contributions coming from the
quadratic-curvature terms,

Eμν
ðαÞ ¼ ðgμν□ −∇μ∇νÞRþ□

�
Rμν −

1

2
gμνR

�

þ 2

�
Rμσνρ −

1

4
gμνRσρ

�
Rσρ ð4Þ

and

Eμν
ðβÞ ¼ 2R

�
Rμν −

1

4
gμνR

�
þ 2ðgμν□ −∇μ∇νÞR: ð5Þ

For a generic gravity theory, surface terms can be found
as partial derivatives of the Lagrangian with respect to the
Riemann tensor in the form of

Θαðδg; δΓÞ ¼ 2Eαβ
μνgνλδΓμ

βλ þ 2∇μEαβ
μνðg−1δgÞνβ; ð6Þ

where the rank-4 tensor Eαβ
μν is defined by

Eαβ
μν ¼ ∂L

∂Rμν
αβ

: ð7Þ

For Lagrangians of the form (1), this functional derivative
takes the form

Eαβ
μν ¼ 1

2
ðδ½αβ�½μν� þ αR½α

½μδ
β�
ν� þ 2βRδ½αβ�½μν� Þ; ð8Þ

where δ½αβ�½μν� stands for the totally antisymmetric product of

Kronecker tensors with a normalization factor equal to
unity.
The vacuum states of the theory correspond to max-

imally symmetric spaces,

Rαβ
μν ¼ −

1

l2
δ½αβ�½μν� ; ð9Þ

where l is the curvature radius of the space. In four
dimensions, the addition of quadratic terms does not alter
the relation between Λ and l, which remains Λ ¼ −3=l2,
independent of α and β. Besides, four dimensions is
also special in the sense that all Einstein spacetimes
(i.e., Rμν ¼ −3=l2gμν) persist as solutions of the theory.
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Notice that for QCG, the second contribution on the right-
hand side of Eq. (6) vanishes identically for Einstein
spaces.
The particle content of the theory can be obtained from

the linearization of the field equations (3)–(5) around the
AdS background metric ḡμν. By writing gμν ¼ ḡμν þ hμν,
where hμν is a small perturbation [3], the linearized
equations of motion read

δðGμν þ EμνÞ ¼ ½1þ 2Λðαþ 4βÞ�GL
μν

þ α

��
□̄ −

2Λ
3

�
GL

μν −
2Λ
3

RLḡμν

�

þ ðαþ 2βÞð−∇̄μ∇̄ν þ ḡμν□̄þ ΛḡμνÞRL;

ð10Þ

whereGL
μν and RL are the linearized versions of the Einstein

tensor and Ricci scalar, respectively. The bar denotes a
covariant derivative with respect to the background
metric, ḡμν.
In order to simplify the analysis of the linearized

equations, it is convenient to choose the transverse-
traceless gauge ∇̄μhμν ¼ 0. Then, from the trace of
Eq. (10) one gets the equation for the propagation of the
scalar mode, namely,

h − 2ðαþ 3βÞ□̄h ¼ 0; ð11Þ

where h ¼ ḡμνhμν is the trace of the perturbation, which
describes the scalar particle of the theory. For the special
choice α ¼ −3β, this degree of freedom becomes strongly
coupled and disappears from the spectrum.

III. ENERGY DEFINITION IN QCG

A. Linearized perturbations and charges

A definition of gravitational energy for generic QCG
theories was given by Deser and Tekin in Refs. [3,4] by
extending the work of Abbott and Deser, who had achieved
in Ref. [5] such an energy definition for Einstein’s theory in
the presence of a cosmological constant. This method is
thus often referred to as the Abbott-Deser-Tekin formalism,
or simply the ADT method. The procedure is based on
the linearization of the EOMs around a globally (A)dS
(background) metric. The method is also valid in the case of
a vanishing cosmological constant. The linearized charges
obtained in this way are expressed as the integral over an
orientable codimension-2 surface Σ,

Qα
ADT½ξ̄� ¼

1

8πG

Z
Σ
dSβq

αβ
ADT; ð12Þ

where dSν is the differential area element defined by the
exterior unit vector normal to the surface and where Σ
defines the integration at a fixed time and fixed radial

coordinate. The integrand is given by the components of the
prepotential

qαβADT ¼ ½1þ 2Λðαþ 4βÞ�
�
ξ̄λ∇̄½αhβ�λ þ ξ̄½α∇̄β�h

þ hλ½α∇̄β�ξ̄λ − ξ̄½α∇̄λhβ�λ þ
1

2
h∇̄αξ̄β

�

þ ðαþ 2βÞð2ξ̄½α∇̄β�RL þ RL∇̄αξ̄βÞ
− αð2ξ̄λ∇̄½αGβ�λ

L þ 2Gλ½α
L ∇̄β�ξ̄λÞ; ð13Þ

where ξ̄λ are the components of the Killing vector that
generates the isometry associated with the Noether charge
that is being computed. As before, the subscript L stands
for the linearized version of every curvature tensor
involved.
The ADT method has been shown to be useful to

compute the Noether charges associated with several
solutions of physical importance. In the case of a
Schwarzschild-AdS black hole, for example, whose metric
in standard Schwarzschild coordinates is given by

ds2 ¼ −
�
1 −

2mG
r

þ r2

l2

�
dt2 þ

�
1 −

2mG
r

þ r2

l2

�
−1
dr

þ r2ðsin2θdϕ2 þ dθ2Þ; ð14Þ

with t ∈ R, r ∈ R≥0, ϕ ∈ ½0; 2π�, θ ∈ ½0; π�, the ADT
gravitational energy computation yields

M ¼ Q0
ADT½∂t� ¼ m½1þ 2Λðαþ 4βÞ�; ð15Þ

which, in particular, tends to the usual mass parameterm in
the absence of higher-curvature terms (α ¼ β ¼ 0) or in the
absence of a cosmological constant (Λ ¼ 0). In general,
there is no need to go beyond linear order in the curvature,
as the energy is linear in m. Thus, even if the Lagrangian
contains higher powers in the curvature, the conserved
charge can be consistently truncated to an expression linear
in R if the corresponding background is not degenerate. An
exception to this happens at the so-called critical points,
which are special points of the space of coupling constants
where the massive spin-2 field actually becomes massless
and the spin-0 mode becomes strongly coupled. At such a
critical point, the black hole solutions of the QCG theory
have vanishing energy and vanishing angular momentum,
and the fourth-order linearized equations become confluent
and develop low-decaying extra modes. This is, for
instance, the case of critical gravity [6], which is defined
by choosing the values α ¼ −3β ¼ 3=ð2ΛÞ in Eq. (1). We
have already mentioned that when α ¼ −3β the scalar
mode in Eq. (11) is eliminated and h ¼ 0 becomes the only
possible solution. Then, Eq. (10) reduces to
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�
□̄ −

2Λ
3

��
□̄ −

2Λ
3

−
2Λβ þ 1

3β

�
hμν ¼ 0; ð16Þ

which describes the propagation of a massless graviton and a
massive spin-2 mode. If, in addition, one imposes the
particular value β ¼ −1=ð2ΛÞ, then the graviton degenerates
with the additional spin-2 mode. Under these conditions, the
formula (15) for the mass of the AdS-Schwarzschild black
holes yields a vanishing result [6]. This result, however, has
to be confirmed by going to next-to-leading order in
perturbation theory as, because of the degeneracy in the
spin-2 fields, QCG theory at the critical point may present
linear instabilities [7] and thus the linear analysis cannot be
fully trusted. This is, indeed, one of the main motivations we
have to look for an intrinsically nonlinearmethod to compute
conserved charges inQCG,whichwewill do in the following
section.

B. Diffeomorphic charges

A preliminary ingredient for our discussion is the
analysis of the Noether currents carried out by Wald and
collaborators for the theory of gravity. Assuming the
Lagrangian to be a function of the metric and the curvature
tensor, Lðgμν; RμναβÞ, the corresponding Noether current
adopts the form

Jα ¼ 2Eαβ
μνgνλδξΓ

μ
βλ þ 2∇μEαβ

μνðgνλδξgλβÞ þ Lξα; ð17Þ

where δξ stands for the Lie derivative acting on the fields,

δξΓ
μ
βλ ¼ −

1

2
ð∇β∇λξ

μ þ∇λ∇βξ
μÞ − Rμ

λσβξ
σ;

δξgλβ ¼ −ð∇λξβ þ∇βξλÞ: ð18Þ

In contrast to the original derivation in Refs. [8,9], here we
will not take the Killing vector condition for the diffeo-
morphism ξμ at this step. This allows us to account for
contributions coming from derivatives of the tensor Eμν.
After some algebraic manipulation, the Noether current is
written down as a total derivative plus the field equations
contracted with the vector ξ [10],

Jα ¼ 2∇βðEαβ
μν∇μξν þ 2∇μEαβ

μνξνÞ þ ðEOMÞαβξβ: ð19Þ

The above equation implies that the conserved charge
associated with an isometry generated by a Killing vector
ξμ is an integral over a codimension-2 surface Σ,

Qα
IW½ξ� ¼

1

8πG

Z
Σ
dSβq

αβ
IW; ð20Þ

for the Iyer-Wald prepotential

qαβIW ¼ Eαβ
μν∇μξν þ 2∇μEαβ

μνξν: ð21Þ

The above formula gives rise to the standard black hole
entropy when evaluated at the horizon. However, when it
comes to the discussion of charges in the asymptotic
region, it is necessary to correct the prepotential as
qαβIW → qαβIW þ ξ½αBβ�, where B is a boundary term whose
form can be found by assuming suitable boundary con-
ditions. It is only after the contribution of such a term is
added that this construction reproduces the results of the
canonical formalism [8].
There exist other methods to compute Noether charges

that are suitable to be adapted to the case of Lagrangians
with higher-derivative couplings. One particularly strong
method is the so-called Barnich-Brandt method [11], which
has the advantage of being fully constructive. This method
is often used to compute charges associated with asymp-
totic isometries, including possible central terms in the
charge algebra. In the particular case of exact (in opposition
to asymptotic) Killing vectors, the method of Ref. [11]
agrees with the Iyer-Wald computation, and in the case of
black holes it reproduces the ADT charges.
In the following section, we propose a qualitatively

different way of regularizing the Iyer-Wald charges for the
Lagrangian (1). This amounts to replacing the effect of B by
a correction in qαβIW that gives rise to a topological term in
the action.

IV. TOPOLOGICAL TERM
AND CONSERVED CHARGES

Commonly omitted from the gravity action in four
dimensions, the Pfaffian

E4 ¼
ffiffiffiffiffiffi
−g

p ðRμν
αβR

αβ
μν − 4RμνRμν þ R2Þ ð22Þ

(hereafter referred to as the Gauss-Bonnet term) can be
suitably added to the Lagrangian (1) with a dimensionful
coupling γ. This is indeed a topological term and, as such, it
does not affect the dynamics. However, its presence does
modify the infrared divergences and the Noether currents.
In other words, with the addition of γE4 to

ffiffiffiffiffiffi−gp
L, the bulk

field equations Eμν ¼ 0 do not change, but the surface term
does. The latter is augmented by the term

Θα
GB ¼ γgνλδΓμ

βλδ
½αβγδ�
½μνσλ�R

σλ
γδ ; ð23Þ

where, again, we are using the totally antisymmetric
Kronecker delta symbol as a shorthand. The minimum
requirement for Eq. (23) is that the total action attains a
well-posed variational principle when evaluated on a
vacuum state of the theory. That is, one demands
δItotal ¼ 0 on the maximally symmetric solution, namely,
global AdS4. The total surface term Θα

total ¼ Θα
QCG þ Θα

GB

on AdS4 takes the form
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Θα
total ¼ δ½αβ�½μν�g

νλδΓμ
βλ

�
1þ 2Λð4β þ αÞ − 4γ

l2

�
; ð24Þ

and demanding that this vanishes amounts to unambigu-
ously setting the coupling of the topological term to

γ ¼ l2

4
½1þ 2Λð4β þ αÞ�: ð25Þ

This generalizes the result of Ref. [1], to which it reduces
when α ¼ β ¼ 0. In other words, Eq. (25) expresses the
fact that the coupling constant γ includes the effect of the
quadratic terms in renormalizing the Newton constant. In
the case α ¼ β ¼ 0, Eq. (25) yields γ ¼ −3=ð4ΛÞ, which is
the precise value that (when the theory is formulated in five
dimensions) the coupling constant γ has to take for the
Einstein-Gauss-Bonnet action to admit to be written as a
Chern-Simons gauge theory.
Besides the condition on the vacuum state Θα

total ¼ 0 for
the variation of the action to vanish on AdS4, what is not
a priori clear is whether or not such a value of γ is also the
one that produces a finite variation of the action when one
departs from the global AdS space and instead considers,
for instance, massive solutions. Below, we will show
for physically relevant solutions that the addition of the
Gauss-Bonnet term (22) to Eq. (25) actually suffices to
render finite the energy definition coming from Noether’s
theorem.
Indeed, once the topological term is taken into account,

the prepotential (21) turns into

qαβtop ¼
1

2
∇μξν

�
δ½αβ�½μν� þ αR½α

½μδ
β�
ν� þ 2βRδ½αβ�½μν�

þ l2

4
ð1þ 2Λð4β þ αÞÞδ½αβγδ�½μνσλ�R

σλ
γδ

�

þ∇μðαR½α
½μδ

β�
ν� þ 2βRδ½αβ�½μν� Þξν; ð26Þ

and the associated charge (20) for the quadratic-curvature
gravity action is expressed as a surface integral,

Qα
top½ξ� ¼

1

8πG

Z
Σ
dSβq

αβ
top: ð27Þ

The subscript “top” refers to the topological origin of the
supplementary term (22).

A. Black hole gravitational energy

Restricting ourselves first to the Einstein sector of the
theory, it is clear that the terms containing derivatives of the
curvatures in Eqs. (26) and (27) vanish identically. In a
similar way, it is easy to notice that the mass is coming only
from the Gauss-Bonnet contribution to the charge, which is
proportional to the Riemann tensor. This is remarkable, as it
manifestly shows that, in this framework, the topological

term gathers the relevant physical information. The Ricci
tensor and Ricci scalar terms on-shell contribute just with
constants to the squared bracket in the relation above.
For the timelike Killing vector ξ ¼ ∂t, the charge

(26)–(27) gives the mass of Schwarzschild-AdS black
holes,

Q0
top½∂t� ¼ m½1þ 2Λðαþ 4βÞ�; ð28Þ

which is in exact agreement with the result (15) obtained
using the ADT method. A similar result holds for the
angular momentum of Kerr-AdS black holes.
The fact that we are able to recover the same expression

(15) from a procedure that is intrinsically nonperturbative
may shed light on the general problem of linear instability
of QCG at critical points. In particular, in the case of critical
gravity, the above formula implies the exact vanishing of all
conserved quantities for any Einstein space [12].
The contributions of the higher-curvature terms, includ-

ing the topological term (22), also produce a change in the
Bekenstein-Hawking entropy of the black holes. Computed
as a charge at the horizon, the entropy gets modified in two
ways: apart from the modification of the prefactor 1=ð4GÞ
in the area law, which in the presence of R2 terms gets
multiplied by a factor ½1þ 2Λðαþ 4βÞ� in such a way that
the first principle of black hole mechanics still holds, the
presence of the topological term induces an extra shift of
the entropy formula, which receives an extra constant piece
4πγ=G. The latter, being a constant, does not affect the first
principle.

B. Gravitational waves

Now, let us focus on other solutions of the theory.
Consider non-Einstein spaces that solve the EOM and
represent gravitational waves. These are given by a metric
of the form [13]

ds2¼l2

z2
½−ð1þFðt;z;xÞÞdt2þ2dtduþdz2þdx2�; ð29Þ

where F is a function that does not depend on the lightlike
coordinate u. The coordinates can be taken as u ∈ R,
t ∈ R, z ∈ R>0, and x ∈ R. The function F can be thought
of as describing the profile of the gravitational wave.
F ¼ const corresponds to AdS4 spacetime in Poincaré
coordinates, with the boundary being located at z ¼ 0.
Actually, z is related to the standard radial coordinate of
AdS4 by z ¼ l2=r.
For a metric of the form (29), the field equations reduce to

ð□ − m̃2Þ□F ¼ 0; ð30Þ

with the effective mass parameter
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m̃2 ¼ 6ðαþ 4βÞ − l2

α
: ð31Þ

A detailed analysis of the geometries (30) was given in
Ref. [14], where two sectors of solutions were seen to
appear. The functions that solve the second-order equation
□F ¼ 0 in Eq. (30) correspond to the cases FðzÞ ¼ z3 and
F ¼ const. These are solutions of Einstein type and
describe the propagation of a massless mode on AdS4.
In addition, the theory contains non-Einstein solutions of
the form FðzÞ ¼ zk, with

k� ¼ 3

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

4
þ 6ðαþ 4βÞ − l2

α

r
; ð32Þ

which are actually solutions to ð□ − m̃2ÞF ¼ 0. The latter
correspond to exact gravitational-wave solutions that
propagate on AdS4 as if they have an inertial mass given
by Eq. (31). The above values apply to the propagation of
massive AdS waves. Because kþ > k−, only solutions of
the form FðzÞ ¼ zkþ can be asymptotically, locally AdS4.
The condition for this to happen is 8ðαþ 3βÞ ≥ l2. If this
is obeyed, then a natural question is whether the gravita-
tional energy associated with these stationary waves on
AdS4 is actually finite. Remarkably enough, using the ADT
method one obtains that the energy associated with such
solutions, considering the configuration F ¼ 0 as the
background, yields a vanishing result, Q0

ADT½∂t� ¼ 0.
This may seem puzzling as the value m̃2 ≠ 0 endows the
wave solution with inertial effective mass. Still, the net
gravitational ADT energy is zero. This phenomenon is
analogous to what has been observed with evanescent
gravitons in warped-AdS spaces. In order to check the
consistency of our method with the ADT formalism, we
should be able to show that Eqs. (26) and (27) also yields a
vanishing result.
The computation of the total energy of the massive AdS

wave solution FðzÞ ¼ zkþ using Eqs. (26) and (27) yields
the following result for the prepotential:

qαβtop ¼ zkþ1l−4kðαk2 − 3αkþ l2 − 6α − 24βÞδ½αβ�½uz� ; ð33Þ

which precisely vanishes when k ¼ k�. Therefore,
the gravitational energy associated with the solutions
FðzÞ ¼ zkþ computed with Eqs. (26) and (27) turns out
to be zero as well, namely, Q0

top½∂t� ¼ 0. This shows the
agreement with the ADT method in the case of a non-
Einstein solution of the QCG theory.

C. Logarithmic modes

One of the special features that the higher-curvature
theories exhibit at the critical points is the emergence of
low-decaying modes. These are described by asymptoti-
cally AdS solutions with a logarithmic falloff in the radial

direction. Such modes appear, for example, in the chiral
point of topologically massive gravity [15] and they were
also observed in critical gravity in four dimensions and
higher [16]. Logarithmic modes in asymptotically AdS
space are a symptom of nonunitarity in the dual conformal
field theory.
There exist exact solutions to higher-curvature gravity

exhibiting logarithmic decay [17,18]. These are given by
gravitational waves of the type (29) with a profile function
FðrÞ ∝ log r. Such modes are present, for example, when
the coupling constants in the action obey the special
relation

6ðαþ 4βÞ ¼ l2; ð34Þ

with Λ ¼ −3=l2. In particular, this includes critical gravity
[6], whose coupling constants satisfy α ¼ −3β ¼ 3=ð2ΛÞ;
see Ref. [19] for a general description. When Eq. (34)
holds, the profile function FðrÞ of the metrics (29) takes the
form FðrÞ ¼ c0 þ c1 log r, where c0 and c1 are two
arbitrary constants. These modes, when c1 ≠ 0, correspond
to non-Einstein spaces that solve the higher-curvature
equations of motion with a negative cosmological constant.
Since these logarithmic modes decay slowly in asymptoti-
cally AdS spaces, it is natural to ask whether this makes the
energy formula diverge. Remarkably enough, a direct
evaluation of the expression qαβtop for the logarithmic
solution shows that the prepotential identically vanishes
by virtue of Eq. (34). Therefore, as it happens with the
gravitational waves discussed in the previous subsection,
the computation of gravitational energy associated with the
logarithmic solutions is actually zero, despite the weakened
asymptotics.

D. Other asymptotics

There exist other non-Einstein solutions to QCG which
describe black holes with different asymptotics. At large
distances, such solutions tend to spaces that are not locally
AdS4 but have fewer isometries. An example whose
metric is known analytically is the Lifshitz black hole
solution [20],

ds2 ¼ −
r2z

l2z

�
1 −

rnH
rn

�
dt2 þ l2

r2

�
1 −

rnH
rn

�
−1
dr2

þ r2

l2
ðdx2 þ dy2Þ; ð35Þ

where rH is an integration constant that gives the location
of the horizon and l2 is the curvature radius fixed in terms
of the cosmological constant Λ (see below). z is the so-
called dynamical exponent (typically z ≥ 1), and n is a real
number (we assume n ≥ 2). Coordinates are taken to be
t ∈ R, r ∈ R≥0, x ∈ R, y ∈ R.
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The metric (35) plays an important role in the holo-
graphic description of nonrelativistic condensed matter
systems. Asymptotically, Eq. (35) enjoys anisotropic scale
invariance under the transformation t → λzt, r → λ−1r,
x → λx, y → λy, which comes to realize geometrically
the symmetry that the so-called fixed Lifshitz points exhibit
[21]. The presence of a horizon at r ¼ rH introduces finite
temperature into the problem.
Remarkably, the metric (35) is a solution to the QCG

theory [20] provided α ¼ 0 and β ¼ −1=ð8ΛÞ ¼ l2=33,
and for the specific value z ¼ 3=2 of the dynamical
exponent and n ¼ 3.
In order to use our method to compute the gravitational

energy associated with Eq. (35), we need to set the value of
the couplings constant of the topological term, γ. As for the
case of asymptotically AdS4 spaces, we can fix the value of
γ by requiring the variation of the action on the background
geometry to vanish. In the case of a Lifshitz black hole, the
background geometry corresponds to the global Lifshitz
space with rH ¼ 0. The latter geometry is singular as it
contains incomplete timelike geodesics. However, all of the
curvature invariants associated with it turn out to be
constant, and in particular R ¼ −33=ð2l2Þ. This causes
the first term ð1

2
þ βRÞδμναβ in Eμν

αβ to vanish, giving rise to

Eμν
αβ ¼ γ

2
δμντσαβγδR

γδ
τσ proportional to γ, whose divergence van-

ishes, ∇μEαβ
μν ¼ 0. Then, the surface term Θα

total simply
reduces to

Θα
total ¼ γgνλδΓμ

βλδ
αβγδ
μνσλR

σλ
γδ ; ð36Þ

which implies γ ¼ 0. Therefore, the prepotential reduces to
that of Iyer-Wald, qαβtop ¼ qαβIW ¼ 0, and thus the mass of the
Lifshitz black hole (35) is found to be zero,Q0

top½∂t� ¼ 0, in
agreement with the result of Ref. [20].
The fact that the prepotential vanishes shows that the

solution of Ref. [22] exists at a singular point in the
parameter space where the action identically vanishes. It
is then natural to ask what is the result for the case of non-
Einstein black hole solutions like Eq. (35) but where the
action does contribute. It was shown in Ref. [22] that
QCG also admits solutions of the type (35) at a different
point of the parameter space. More precisely, a black hole
solution with z ¼ 6 and n ¼ 4 exists provided α ¼
−ð5=3Þ2β ¼ ð5l=8Þ2 and Λ ¼ −51=ð2l2Þ, and this sol-
ution, unlike the one of Ref. [20], has a nonzero action. It
can be shown that for such a solution the topological term
(22) does not suffice to regularize the action and provide a
gravitational energy computation. This manifestly shows
that the fact that such a method works well for asymp-
totically AdS spaces is nontrivial. An underlying reason
lies in the conformal properties of asymptotically
Einstein spaces, for which the contribution of the topo-
logical term turns out to agree with those entering in the
so-called Ashtekar-Magnon-Das conformal mass [23,24].

We will not discuss precise relation with the conformal
mass here; see Refs. [25,26].

V. CONCLUSIONS

Motivated by the problem of linear instabilities of higher-
curvature gravity and by the importance such corrections to
Einstein’s theory have in the context of quantum gravity, in
this paper we gave a definition of gravitational energy for
such a theory including arbitrary quadratic-curvature cor-
rections to Einstein’s equations. We focused on the case of
four-dimensional theories in the presence of a negative
cosmological constant, and with asymptotic AdS boundary
conditions. For these theories, we computed the gravitational
energy and angular momentum of black holes, obtaining
results in perfect agreement with previous computations
performed using different methods. Our method, however, is
intrinsically nonlinear as it relies on the idea of adding to the
gravity action topological invariant terms which suffice to
regularize the Noether charges and render the variational
problem well-posed. This makes our method well-suited to
study the higher-curvature theories at the so-called critical
points, where linear instabilities arise. The idea of adding to
the gravitational action topological invariants to regularize
the Noether charges was previously developed by one of the
authors and collaborators in the case of second-order
theories, such as general relativity, and here we have shown
how this can be extended to higher-derivative theories. In
addition to black holes, we discussed other solutions, such as
gravitational waves in AdS. This enabled us to probe the
consistency of our approach in the non-Einstein sector of the
quadratic-curvature theories.
Several open questions remain for future investigations.

For instance, it would be interesting to explore the
extension of this method to higher-derivative theories in
higher (even) dimensions, where the quadratic-curvature
corrections introduce new qualitative features. It would also
be interesting to investigate this method in the context of
AdS=CFT holography, in particular the connection
between topological terms and the renormalization of
holographic correlation functions calculated for this gravity
theory, along the lines of Refs. [27–30]. On general
grounds, the study of higher-curvature gravity in the
context of AdS=CFT is important as fourth-order field
equations introduce new sources at the boundary. It is then
required to fully understand whether the addition of a
topological invariant always produces a variational princi-
ple which is finite and expressible in terms of sources kept
fixed at the conformal boundary.
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