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1 Introduction

Vasiliev’s equations [1] (for a recent review, see [2]) provide a fully nonlinear description of
higher spin gauge fields in four dimensions coupled to gravity and matter fields. The basic
feature of Vasiliev’s theory is that the full field configurations are captured by master fields
that live on an extension of spacetime by a noncommutative twistor space. The equations
admit an exact solution given by the direct product of anti-de Sitter spacetime and an
undeformed twistor space. In a specific gauge, certain linearized perturbations of the non-
commutative twistor space structure give rise to Fronsdal fields. This suggests a holographic
relationship to three-dimensional conformal field theories [3-5]; see also [6-8]. In [9, 10] this
relation was examined under the assumption that the Gubser-Klebanov-Polyakov-Witten
(GKPW) prescription [11, 12] for on-shell computations of Witten diagrams can be applied
to classical field configurations obtained from Vasiliev’s equations.

However, the Fronsdal fields embedded into Vasiliev’s master fields have non-local in-
teractions [13-15]! that belong to a functional class widely separated [17] from that of the
quasi-local Fronsdal theory [18], which is built by applying the canonical Noether approach
to Fronsdal fields in anti-de Sitter spacetime. The GKPW prescription applies to the quasi-
local theory by construction, as its action has self-adjoint kinetic terms, and the resulting
holographic correlation functions indeed correspond to free three-dimensional conformal
field theories.? Recent work [22] shows that there exists an explicit field redefinition that
maps Vasiliev’s theory to a quasi-local theory on-shell, obtained by carefully fine-tuning
the perturbative expansion on the Vasiliev side, though it remains to be seen whether it
coincides with that of [18]. Moreover, as later shown in [23] the required field redefinition
is large, and hence it is unclear to what extent the method can be used to actually com-
pute any holographic correlation functions. Thus, to our best understanding, the issue of
whether holographic amplitudes can be extracted by applying the GKPW prescription to
the Fronsdal fields embedded into Vasiliev’s master fields remains an open problem.

An alternative approach, pursued in [24], is to seek a weaker relation between the two
theories, namely at the level of two distinct effective actions, derived in their own rights
following different principles, and then evaluated subject to suitable dual boundary condi-
tions. To this end, one starts from Hamilton’s principle applied to a covariant Hamiltonian
action formulated using Weyl order on a noncommutative manifold whose boundary is given
by the direct product of spacetime and twistor space [24, 25]; the Weyl order is required
for the noncommutative version of the Stokes’ theorem to hold and for the imposition of
boundary conditions. The resulting variational principle yields Vasiliev’s equations in Weyl
order, that can be mapped back to Vasiliev’s normal order for special classes of initial data
in twistor space following the perturbative scheme set up in [26, 27]. The resulting form
of the higher spin amplitudes [28-30] is closely related to first-quantized topological open

'For a review, see [16].

“The functional class encountered in the quasi-local Fronsdal theory in [18] (within the AdS/CFT con-
text) has not yet been identified completely; for a discussion, see [17, 19] and section 7 of [20]. At the cubic
order, the separation between the functional classes of this theory and the Vasiliev theory has been spelled
out in [21].



string amplitudes [31], but nonetheless reproduce exactly the same correlation functions as
the Witten diagrams computed in the quasi-local theory. We would like to stress the fact
that the Hamiltonian form of the action implies that the dependence of the classical Vasiliev
master fields on classical sources are of a different type than for fields obeying equations of
motion following from an action with self-adjoint kinetic terms. Indeed, instead of applying
the GKPW prescription, the higher spin amplitudes are obtained from functionals given
by topological boundary terms added to the Hamiltonian action [24, 29, 32], whose on-shell
values are given by higher spin invariants, as we shall comment on further below.

In this paper, we shall construct new perturbatively defined solution spaces to Vasiliev’s
equations in Weyl order, by taking into account classes of functions that resemble closely
those used in [26]. We shall then demonstrate explicitly that they can be mapped to
Vasiliev’s normal order, at least at the linearized level, thus providing further evidence in
favour of the covariant Hamiltonian approach outlined above.

To this end, we recall that at the linearized level, the fluctuations in the master fields
that are asymptotic to anti-de Sitter spacetime form various representation spaces of the
anti-de Sitter isometry algebra, including lowest-weight spaces as well as spaces associated
to linearized solitons [33] and generalized Petrov type-D solutions [26, 33, 34]. Nonlinear
completions of various Type-D solution spaces were constructed in [26, 33, 34]; for a review,
see [35]. Of direct relevance for the work in this paper is the subspace that contains the
the black-hole-like solutions,® including spherically symmetric solutions. In these solutions,
each individual Fronsdal field has a point-like source at the origin, showing up as a diver-
gence in its Weyl tensor. However, upon packing all curvatures into a master zero-form,
one obtains the symbol of a quantum-mechanical operator that approaches a delta function
distribution at the origin [26], which defines a smooth state as seen via classical observables
given by zero-form charges [29, 30, 37]. In this sense, the black-hole-like Type-D solutions
to Vasiliev’s theory are source free at the origin.* Furthermore, it is possible to dress these
solutions with lowest-weight space modes [27] at the fully nonlinear level; in doing so, the
latter modes induce Type-D modes already at the second order of classical perturbation
theory.?

Clearly, the full extent of the moduli space of the theory yet remains to be determined.
In this paper, we shall present a new infinite-dimensional class of bi-axially symmetric exact
solutions that are asymptotic to anti-de Sitter spacetime and singularity free at the level
of zero-form charges. We shall furthermore propose a super-selection mechanism based
on requiring that the solutions can be brought to Vasiliev gauge (where the asymptotic
linearized fluctuations are in terms of Fronsdal fields).

Our construction method follows closely the one devised in [26] using gauge functions
and separation of twistor space variables, which is in effect equivalent to starting from an
Ansatz in Weyl order. The key difference is that we shall expand the master fields over a

3This subspace is related to the massless spectrum by means of a Zj-operation [26], reminiscent of a
U-duality transformation [36].

4Tt remains to be examined whether additional topological two-forms describing Dirac strings need to
be activated in the dynamical two-form [24, 38].

®This phenomena resembles some of the scattering processes in U-duality covariant field theory [36].



new set of elements in the associative fiber algebra, thus adding a branch to the existing
moduli space. In a generic gauge, the expansion coefficients are functions on the base man-
ifold. However, in the holomorphic gauge of [26] the Weyl zero-form is a constant while the
twistor space one-form is given by a universal set of functions, related to Wigner’s deformed
oscillators, originally derived within the context of three-dimensional matter coupled higher
spin gravity [39]. The resulting solution space is then mapped to Vasiliev gauge in which
the spacetime one-form consists of nonlinear Fronsdal tensors (after a suitable field redefi-
nition in order to reinstate manifest Lorentz covariance). This map is achieved by means of
two consecutive (large) gauge transformations: first, one uses a vacuum gauge function in
SO(2,3)/S0(1,3).% Provided that the resulting twistor space connection is smooth at the
origin of the base of the twistor space, Vasiliev gauge can be reached by means of a second
perturbatively defined gauge transformation. As we shall see, the real-analyticity require-
ment constrains the initial data in the Weyl zero-form already at the linearized level.”

More specifically, the new sector of the fiber algebra is isomorphic to the group algebra
C[Z x Z] where Z x Z is generated by two elements in Sp(4; C) given by exponentials of
a pair of Cartan generators of sp(4;R). These correspond to linear symmetries of the
two-dimensional harmonic oscillator, and generate the Killing symmetries of the solutions
(including higher spin symmetries). As we shall see, the aforementioned super-selection
rule amounts to restricting the master fields to a subalgebra of the group algebra not
containing the unity.

The paper is organized as follows: in section 2 we review parts of Vasiliev’s bosonic
higher spin gravity model that we shall use in constructing and interpreting the exact
solutions. Solution spaces based on (semi)group algebras are constructed in section 3 using
the aforementioned method; the singular nature of the contribution from the identity is
pointed out in section 3.4. In section 4, we show that the Weyl tensor is given by a sum of
Petrov type-D tensors that are Kerr-like or 2-brane-like in the asymptotic AdS, region, and
we compute higher spin curvature invariants. In section 5, we show in special cases that
the twistor space one-form is real-analytic in twistor space over finite regions of spacetime,
and that its linearized part can be brought to Vasiliev gauge. We conclude in section 6.

2 Bosonic Vasiliev model

In this section, we describe the non-minimal bosonic higher spin gravity model of Vasiliev
type [1],% for which we shall present exact solutions in the next section. The model is
characterized by the fact that it admits a linearization consisting of real Fronsdal fields in
four-dimensional anti-de Sitter spacetime of spins s = 0,1,2,... with each spin occurring
once; for further details, we refer to [13, 26] and the review [2].

SWhether a more general vacuum gauge function can introduce additional classical moduli remains an
open problem.

"An optional criterion is that the fiber algebra is a unitarizable representation of the higher spin algebra
and hence the anti-de Sitter isometry algebra; we expect this property to arise at higher orders of classical
perturbation theory by requiring positivity of a suitable free energy functional.

8For recent reformulations containing the original Vasiliev system as consistent truncations, see [24, 38].



We first provide the formal definition in terms of master fields on the direct product
of a commuting space and a noncommutative twistor space. We then spell out the compo-
nent form of the equations, including their reformulation in terms of deformed oscillators.
Finally, we remark on choices of bases for the internal algebra, and the Lorentz covariant
weak field expansion scheme leading to Fronsdal fields, stressing the role of Vasiliev gauge
and smoothness in twistor space.

2.1 Master field equations

Vasiliev’s original formulation of higher spin gravity is given in terms of two master fields ®
and A of degrees 0 and 1, respectively, and two closed and twisted-central elements I and
T of degree 2, all of which are elements of a differential graded associative algebra Q(M)
of forms on a non-commutative manifold M, valued in an internal associative algebra A.
Letting x denote the associative product of (M) ® A, which is assumed to be compatible
with d, the fully nonlinear master field equations read

F+Bx®xI -B+x®xI1 =0,
D® =0, (2.2)

where

F:=dA+ AxA, DP:=dd+AxDd—Dx7(A), (2.3)

and 7 denotes an automorphism of the differential graded associative algebra. The two-
forms are characterised by the subsidiary constraints

Al =0, Ixf = n(f)*I, (2.4)

for any f € Q(M) ® A, idem I. Finally, the star functions
B:=) bp(@xm(@)™,  B:=) ba(®x7(®)*, (2.5)
n=0 n=0

where b,,, b, € C. It follows that ®  m(®) and hence B is covariantly constant, viz.
dB+AxB—-B*xA=0, (2.6)

idem B. As ® « I and ® x I are covariantly constant as well, it follows that the constraint
on F'is compatible with its Bianchi identity. The integrability of the constraint on D®, on
the other hand, requires F' x ® — ® x 7(F') to vanish, which is indeed a consequence of the
constraint on F. The resulting Cartan integrability, i.e. consistency with d? = 0, holds for
any dimension of M and any star functions B and B, which are hence not fixed uniquely
by the requirement of higher spin symmetry alone.

In the context of higher spin gravity, it is usually assumed that

M= X4 X Z4, (27)

where X is a four-dimensional real commuting manifold, with coordinates xz*, and Z4 is
a four-dimensional real non-commutative symplectic manifold, with canonical coordinates



Z<. The compatibility between the star product and the differential amounts to the Leibniz’
rule
d(f*g) = df xg+ (~1)*5) f xdg. (2:8)

The differential star product algebra is assumed to be trivial in strictly positive degrees,
in the sense that d=M := (dz*,dz®,dz%) are taken to be graded anti-commuting elements
obeying

dZM % f=d=M A f, frd=M = fAd=M | (2.9)

which are consistent with associativity. The algebra Q(M) ® A is also assumed to be
equipped with an anti-linear anti-automorphism 7, for which we use the convention

(f1 * f2)T _ (_1)deg(f1)deg(f2)f;f * f{f’ (df)T — d(fT) ' (2.10)

In case of the basic bosonic models, without internal Yang-Mills symmetries, the inter-
nal algebra A consists of classes of functions on yet one more four-dimensional real non-
commutative symplectic manifold, that we shall denote by ), with canonical coordinates
Y2, We shall refer to Y4 x Z4 as the full twistor space, and ), and Z4, respectively, as the
internal and external twistor spaces.” The Sp(4;R) quartets are split into SL(2;C) doublets,
viz.10

Ye=(y* %),  2%=(2"29), (2.11)

obeying
g =y, 7= — (M) (2.12)

The automorphism 7 and its hermitian conjugate 7 are defined by

m(ahy®, gt 2%, 2Y) = (at -y, gt =2, 2%) (2.13)
m(ahy® g2, 2%) = (ay®, -yt e, -2 (2.14)

and mod = dom idem 7. Imposing

ol =g (@), Al = —-A, 1T =T, (2.15)
and
B' =B, (2.16)
that is, (b,)" = by, and
(@) =@, wr(A) = A, wx() =1, mm(l) =1 (2.17)

yields a model with a perturbative expansion around four-dimensional anti-de Sitter space-
time in terms of Fronsdal fields of all integer spins.
The equations given so far provide a formal definition of the basic bosonic model.

9Taking the master fields to be smooth functions of ) yields an anti-de Sitter analog of the Penrose-
Newman transformation; to our best understanding, the precise relation between ); x Z4 and the original
(commuting) twistor space of Penrose remains to be spelled out in detail.

°The doublet indices are raised and lowered using f* = ¢’ f5 and f3 = f®eap idem f&.



2.2 Star product, twisted central element and traces

In what follows, we shall use Vasiliev’s original realization of the x-product given by

fl (yvgaz)z)*fZ (y’g7272) (218)
Pud?ud?vd®v . o N
:/ - (2u )41)"6“’ vat WG f) (ytu, Gus 2+ u, 2— 1) f2 (y+v, 405 2—0, Z+0) .
v

We shall encounter x-product compositions leading to Gaussian integrals involving indef-
inite bilinear forms. To define these we use the fact that the auxiliary integration is a
formal representation of the original Moyal-like contraction formula, which means that the
integration must be performed by means of analytical continuations of the eigenvalues of
the bilinear forms.

Symbol calculus. The star product rule implies that

[fl (y7g)vf2 (272)]*:07 (219)

that is, the variables Y¢ and Z¢ are mutually commuting. Moreover, from

Ya*xY3 = Ya¥Yst1€a8, Ya*Z8 = YaZB —1€a8, Za*xYs = 2aYg+1i€as, Za*x28 = ZaZB —1€a8 ,

(2.20)
it follows that )
ag =5 (Yo £ 2) (2.21)
obey
[a;,aﬂ* = [a;r, aEL = i€a8, [al’,aﬂ* = [a;, CLE:|* =0. (2.22)

Letting Owey1 and Onormal denote the Wigner maps that send a classical function f to the
operator with symbol f in the Weyl and normal order, respectively, where an operator is
said to be in normal order if all Onormal(al) stand to the left of all Onormal(a;). As a
result, one has

ONormal(fl (y7 Z) * f2 (y7 Z)) = ONormal(fl (y7 Z))ONormal(f2 (y7 Z)) . (223)

One also has

OWeyl(f(y)) = ONormal(f(y)) ) OWeyl(f(Z)) = ONormal(f(Z)) ’ (224)

resulting in that

Owey1(f1 () * f2 (y)) = Oweyi(f1 (4))Owey1(f2 (¥)) , (2.25)
Oweyi(f1 (2) x f2(2)) = Owen(f1 (2))Oweyi(f2 (2)) (2.26)

and also

ONormal(fl (y) * f2 (Z)) = OWeyl(fl (y) f2 (Z)) = OWeyl(fl (y))OWeyl(fZ (Z)) . (227)



Twisted central element. The condition (2.4) can be solved by
I=j.%Ky, J. = %dzo‘ A dzﬁé‘aglﬁz , Ky = 216 (y) k., = 2162 (2), (2.28)
where k, is an inner Klein operator obeying

Ky * f(y) * ky = f(—y), Ky*xhky = 1, (2.29)

idem k. Thus, one may write

I = %dza ANdZPeapk K= Ky * K, = exp(iy®zq) , (2.30)

where thus
’V‘:*f(ya Z) :/{f(zvy)7 f(y,Z)*/‘i:Hf(—Z, _y)7 (231)
kx f(y,2) xk=7m(f(y,2)), kxk=1. (2.32)

By hermitian conjugation one obtains
_ 7 A B
T=—1t= 142N dz’e 4k (2.33)

The two-forms j, and j; can be extended to globally defined forms on a non-commutative
space Z4 having the topology of a direct product of two complexified two-spheres [24, 26],

.= 1
/ ]z*]zz_z' (2.34)
Zy

In this topology, it is furthermore assumed that ® belongs to a section that is bounded at

with nontrivial flux

infinity, while the twistor-space one-form is a connection whose curvature two-form falls
off at infinity.

We note that the form of I given in eq. (2.30) is useful in deriving the perturbative ex-
pansion in terms of Fronsdal fields in Vasiliev gauge, while the factorized form in eq. (2.28)
is useful in finding exact solutions.

Trace operations. The detailed form of the symbol of an operator depends on the basis
with respect to which it is defined. Its trace, on the other hand, is basis independent, and
in addition gauge invariant. The star product algebra admits two natural trace operations.
The basic operation is given by the integral over phase space using the symplectic measure,
viz.

Trf :—/ Jy * Jg* ki * Ry x f feQzy)®A, (2.35)
Z4X Y4

where j, is given by replacing 2 by y“ in j, defined in eq. (2.28). An alternative trace oper-
ation, of relevance to higher spin gauge theory, can be defined if A admits the decomposition

A= P Ana*(ry)"*(Ry)" (2.36)

n,n=0,1



where A,, » consist of operators whose symbols in Weyl order are regular at the origin of
V4. One may then define the trace operation

.= 1
T f = /y Jy*Jy *f1,1 = _Zfl,i|y=0=17, (2.37)
4

using the decomposition (2.36), with the convention that
1
Iiy * I%g * f = :l:f = TI'/f = :Fgf’y:():g . (238)

One may view Tt’ as a regularized version of Tr in the sense that if f admits a decomposition
of the form (2.36) then

Trf = Y Trfon* (k)" * (Ry)" (2.39)
n,n=0,1
= Td'f + Tr(foo + fro* ky + fo1*Ry), (2.40)
that is,
T'f=Trf — Tr(fo,() + f1,0 * Ky + fo1* Ry) - (2.41)

Indeed, in several applications it turns out that Trf is ill-defined while Tt' f is well-defined,
as for example in the case that f is a polynomial on ).

2.3 Equations in components and deformed oscillators

We decompose the master one-form into locally defined components as follows:
A =U,dat + Vyd2" + Vadz® (2.42)

The reality condition (2.15) and the bosonic projection (2.17) imply

Ul =-Uy, VIi=Va, (2.43)
mn(U,) =Uy, 7 (Vo) = —Va. (2.44)

Decomposing master equations into components using inner derivatives 1g,, 25, and 1g,,
where 0, = 0/0z% idem 04, one has

3[u ]-l-U[H*U] =0, (2.45)
W®+U,x®—-0x7(U,) =0, 2.46)

the mixed components
0uVa — 0Uu + Uy, Vo], =0, GMVQ - 05U, + [UM, Vd]* =0, (2.47)

which are related by hermitian conjugation, and

3[an+‘/{a*Vm+3€aaB*<I> k=0, 8[d17m+17[d*vﬁ]+ e, 5BrOxRE =0, (2.48)
0@+ Vox®—Px7(Vy) =0, Da®+ Vax®—Pxm(Vy) =0, (2.49)
8an—6dVa+[V ‘7] =0, (2.50)



where the two equations in eq. (2.48) are related by hermitian conjugation idem eq. (2.49).
The twistor space equations (2.48)—(2.50) can be rewritten by introducing Vasiliev’s

deformed oscillators [1]
So =20 —2iVy, S4 =724 —2iVy, (2.51)

for which the reality condition and the bosonic projection take the form:

(Se)" = —Sa, (2.52)
17 (Sa) = —Sa. (2.53)

In terms of the new fields, the aforementioned equations read

[Sa, 8], = —2icqp (1 =B+ ®+x) and h.c., (2.54)
Sa* P+ Px7(S,) =0 and h.c., (2.55)
[Sas S5, =0, (2.56)
as can be seen using
[Zaa Lﬂ* = —218af, [Zo'u f]* = _2Zaafa (257)
20 28], = —2iz0g [zd, EBL = “2ic, (2.58)
[20;Za), = 0. (2.59)

As we shall see below, the deformed oscillators are useful in defining the field redefinition
to Lorentz covariant basis. They also provide a useful basis for finding exact solutions as
they convert the differential equations on Z4 into algebraic equations that can be solved
using Laplace transformation methods [39]; for related details, see [26].

2.4 Lorentz covariance, Fronsdal fields and Weyl tensors

To arrive at a perturbative formulation in terms of Fronsdal fields on X}, one first solves
eqgs. (2.47)-(2.50) subject to an initial datum for ® and U, at Z% = 0 in a perturbative
expansion in the zero-form initial data in Vasiliev gauge'!

2V, =0. (2.60)

In this gauge, initial data for the zero-form given by generic smooth symbols on Y, yields
twistor space configurations that are smooth functions on Y4 x Z4. Letting wfj'g denote the
canonical Lorentz connection, one can show that [42] ®, V,, and!?

1 4
Wyi=Us— 4 (i Map + 57 M) (2.61)

'L At the linearized level, this gauge yields the canonical basis for unfolded linearized Fronsdal fields [1]; for
further details, see [13] and the review [2]. Beyond the linearized approximation, it has been used in ampli-
tude computations [9, 10, 28, 29] and related recent works [38, 40]. Most exact solutions found so far, how-
ever, have been given in other gauges argued to be equivalent to Vasiliev gauge; for example, see [26, 37, 41].

2The resulting manifestly Lorentz covariant form of the master field equations can be found in [26, 28].

,10,



where
Maﬁ = Yalp — Zazs + Sy * S/j , (2.62)
have Taylor expansions in (Y%, Z2¢) around Y% = Z% = 0 in terms of Lorentz tensors. The

redefinition induces a shift symmetry that can be used to set the coefficient of y,yz in W,
to zero, such that

1 .
I/I/[L’Z:O =€u + Wlll , €n = Zegayagd 5 (2'63)

where W/i consists of a spin-one field and a tower of higher spin gauge fields with s =
3,4,.... Proceeding by assuming that efjd defines a vierbein, and taking ®|;—¢ and W/L to
be weak fields in which the couplings in eqgs. (2.45)—(2.46) can be expanded perturbatively,
one can show that the resulting algebraically independent fields are given by the Lorentz
scalar

@ = Ply—z=0, (2.64)

the metric

Guv = € eua, (2.65)

and the tower of doubly traceless tensor gauge fields

Pay..as = (6_1)(111MW;/L,(12...(15) , s = ]_, 3, 4, ey (266)
where W/, is the coefficient in W}, of (6% )aay®y* - - (0" )aay®y®. These fields obey
equations of motion on the Lorentzian manifold (X}, g,.,) with second-order kinetic terms,

critical masses and dynamical metric.3

The virtue of Vasiliev gauge is that the metric and the gauge fields (2.66) are identical
to the Fronsdal tensors that can be obtained at the linearized level by integrating the
generalized Weyl tensor

823
Cal...CKZs = <8y0418yaz5¢>

using the generalized Poincare lemma (for example, see [43-45]). In other words, an asymp-

. s=1,2.3,..., (2.67)
Y=2=0

totic observer who sources the bulk using a linearized spin-s Fronsdal field will activate the
corresponding component field given above, whose boundary value can thus be identified
with a dual conformal field theory source coupled to a conserved spin-s current.

The higher order couplings depend on the choice of gauge as well as the initial data
for ® and W),; as proposed by Vasiliev [22], these initial data can be fine-tuned at higher
orders in order to obtain quasi-local equations of motion in the gauge (2.60).

An alternative approach, which we shall follow here, is to restrict the initial data for the
zero-form to specific classes of functions on )y, corresponding to associative subalgebras of
A leading to well-defined field configurations obeying physical boundary conditions on M.

13Whether the resulting system admit any consistent truncation to a pure higher-derivative gravity theory
remains an open problem.
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2.5 Internal star product algebras and solution spaces

A parameterised set (®(v,G),U(v,G),V(v,G),V(v,L)), where v belongs to a parameter
space and G is a gauge function, obeying the master field equations form an admissible
solution space if they generate a free differential algebra together with I and I (for each
fixed value of ). To construct such spaces we use associative star product algebras'4

As=PnecC, (2.68)
AES

that are closed under the actions of 7, 7, § and star multiplication by x, and Ky, and whose
basis elements T, labeled by A in a discrete set S, have finite traces. We say that Ag is
contained in Ag if there exists a monomorphism p : As: — Ag such that Tr' o p = T’ i.e.
if the elements in Ag can be expanded in terms of the elements in Ag/ in a way compatible
with the trace operation.

Expanding the master fields over Ags yields a set of modes on X; and Z4 that forms
a free differential algebra together with j, and its hermitian conjugate. Using Cartan
integration methods, the modes can be expressed locally in terms of zero-form integration
constants, which define the v parameters, and gauge functions. These data can then be
adapted to boundary conditions, which may require a change of basis from Ag to a basis
Ags containing Ag; for example, in asymptotically anti-de Sitter spacetimes, it makes sense
to impose boundary conditions in a Lorentz covariant basis adapted to a dual conformal
field theory. We shall say that a subalgebra As yields a higher spin gravity solution space
if the resulting Lorentz covariant master fields in Vasiliev gauge have symbols defined in
normal order that can be expanded over finite regions of X in terms of the set of monomials
on Yy X Z4 that vanish at the origin of ), x Z4, i.e. they are real-analytic at this point.

The resulting moduli spaces can be coordinatized by higher spin invariant functionals,
playing the role of classical higher spin observables [28, 32, 38, 40]. By choosing a structure
group [32] and fixing a topology for the base manifold, one may extend the locally defined
solutions to globally defined higher spin geometries supporting various types of topologi-
cally nontrivial observables. Working locally on X, the accessible observables are on-shell
closed zero-forms on X, given by combined integrals over Z, and traces over ), of adjoint
constructs built from (®,V,, Vi; I, I; K, k), referred to as zero-form charges. Evaluated on
solutions that are asymptotical to anti-de Sitter spacetime, these observables have been
shown to have a physical interpretation as generating functionals for correlation functions
of holographically dual conformal field theories.

We remark that various subalgebras of A can be obtained from different quantum me-
chanical systems in four-dimensional phase space. It is an interesting problem to examine
which of these are admissible in the above sense, and to furthermore distinguish between
these systems using higher spin invariant observables.

The multiplication table of As may involve fusion rules [26, 46], which stipulate which pairs of basis
elements that have nontrivial star products and which basis elements that are to be used to expand the result.
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3 New class of biaxially symmetric solutions

In this section, we construct a new class of exact solutions to Vasiliev’s equations on a
direct product manifold of the form (2.7) using a gauge function and expansions in terms
of exponentials of two Cartan generators of sp(4; C), which leads to biaxial symmetry.

3.1 Gauge function

From eq. (2.45) and the fact that X, is commuting, it follows that U, can be expressed in
terms of a gauge function G defined locally on Xy x Z, . Thus, setting!®

U =G '%0,G, (3.1)
3@ = G %D x7(G) (3.2)
VIO = G 0,6+ G Vix G, VD =G 0.6+ G R VX G, (3.3)

egs. (2.46) and (2.47) reduce to
9,9 =0, 2V, =0, 9,V, =0, (3.4)

i.e. the primed fields are constant on Xy, and eqs. (2.48)—(2.50) take the form

OV + Vi * Vi + apB * ® 5k = 0 and he., (3.5)
0a® + V%@ —® %7 (V) =0 and h.c., (3.6)
0aVi, = 0aVo + [Va, Vi], = 0,

where B’ := > bp (P % w(D))*™.

In order to obtain solutions that are asymptotic to AdSs, we choose'6

G=L~*H, (3.8)

where L, which we shall refer to as the vacuum gauge function, is a locally defined map
from X4 to SO(2,3)/SO(1,3) that is constant on 24, i.e.

Oal = 04L =0, (3.9)

and H is determined by imposing the Vasiliev gauge condition (2.60), viz.

2V =0, V9 =0, (3.10)
in a perturbative expansion
oo
H=1+)» H", (3.11)
n=1
15We denote the star product inverse of G by G~1, that is, G x G~ = 1.
5The reality condition and bosonic projection of a gauge function G takes the form G = G~' and
77 (G) = G.
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where the superscript (n) denotes an n-linear function of ®'. Thus, the master fields in

Vasiliev gauge are given by perturbative corrections of

UF) = L' «0,L, (3.12)
) = L7 % @ w7 (L) (3.13)
VD = L % 0oL+ L'« VI x L, VI =L gL+ L % V%L, (3.14)

(L)

where the Maurer-Cartan form U, consists of the frame field and Lorentz connection on

the anti-de Sitter background spacetime, for which we shall use the explicit form in stereo-
graphic coordinates given in appendix C. As for H, its existence requires that VQ(L) admits
a power series expansion on Z4 around Z< = (, to be examined in more detail in section 5.

Thus, the dependence on X, arises via the gauge function, leaving Xj-independent

equations (3.5)—(3.7), to which we turn next.

3.2 Exact solutions in holomorphic gauge from abelian group algebras

One class of solution spaces arise from star product algebras

= P P (T5+k,+R") @ C, (3.15)

n,n=0,1 e A
where X = (A1,...,A\y) belongs to an N-dimensional lattice A and
Ty Ty =Ty, 5, [Tpryxige=0, (TP =T,5. w(T3) =T, (3.16)

for ¢,m : A — A. The second relation, which is equivalent to the bosonic projection
T (T ) T’s;, makes it possible to decompose under

1 1
I, := 5 (14 oky xRy) = 3 (14 oryRy) , (3.17)
by expanding
= TxxTlox (v, 56y +7,5),  Vys» 7,5 €C, (3.18)
= > Tyx T (a0 g * ) (3.19)
X
where a,.s. and a,.s.,. are holomorphic functions on Z4 and are constant over ), which
may be viewed as a gauge choice (for given zero-form initial data). Expanding'?
B ® sy = Tixlox (5 + g5 5y) s Moo iy €C, (3.20)
O';X
and introducing
= X R - A X
=3 1,50 (O = 3 i 5O (3.21)
X X
=3 dee i0(Q) =Y d="a 5 (Y, (3.22)
X X

'"We use a convention such that if B’ = by then Ko.5 = bov,. 5 and fi, 5 = bov, 5.
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where ¢ == ((1,...,¢(n) € CN and (_’)X = (&)™ -+ (Cw)M, the remaining equations on 2
take the form

déy + Qg * Gy + Qg %Y * o * Y + jafic = 0, (3.23)
diy * Y + Qo * Qg * Y + Qg * Y * G + jofig %y = 0, (3.24)

where the element v obeys
yx (O xy =V, [,z =0, (3.25)

Defining
ﬁ;ﬁzﬁaiﬁa*’Ya &;E:&Uiéa*'}’; (326)

we obtain two decoupled systems of the form
dat + &t «ax + j.at =0, (3.27)
that can be solved using the method of [26] (see also [35]), drawn from the original method

devised in [39]. Omitting discrete moduli which arise via projector algebras on Zj, two
particular solutions that we label by ¢ = 41, are given by

1
(&f.g) = 2iza/ sza (g,uf ; T)exp [gc (1)U 252, , (3.28)
n 1 (7 +1)
where
o+ o+
ity e Mo g |1y SHe o =t
Jo (g,uU,T) = 1 1 Yy [2,2, ) log 7 } , c(r):= 17_+ 1 (3.29)
and
Us = (ut)” (u)?, (3.30)
where v+ and u~ are a set of spinor basis vectors obeying
(u*)a (u*)a =1, (u*)a (u+)a = (u*)a (u*)a =0. (3.31)

() = H () = H . (3.32)

The original twistor space connection can thus be obtained by expanding the confluent
hypergeometric function in a power series, followed by identifying powers of 5 and -y,
though in what follows we shall mainly work directly with the generating functions.
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3.3 Twistor space connection in Weyl order in holomorphic gauge

The twistor space connection V! is given in the holomorphic gauge by (3.19). From
eq. (2.27), it follows that

ONormal Z TX * I, % (aa;x;a + Uy * Hy>

oA

= Owen [ ((TX *T,)a, 5, + (Ty* 1, * ﬁy)aa;x;a) : (3.33)

22D

that is, the symbol in Weyl order of V is given by the argument of the Wigner map on
the right-hand side. This quantity contains singular distributions on ));, which we shall
examine in more detail later, and on Z4, which we shall examine in what follows. To this
end, we observe that the integrand in (3.28) has potential divergences at 7 = 0, where
log(72) goes to infinity, and at 7 = —1, where denominators vanish.

As for the potential divergence at 7 = 0, it does not lead to any non-real-analyticity
in Z, to any finite order in perturbation theory as follows from the fact that!'®

S
1F1 |:2, 2, T ].Og (7'2):| ‘ <

rshiy

. Re(sp) <o, (3.34)

for 7 € [~1, 1], while the same quantity is bounded for 7 € [~1,1] if Re(s/i) > 0. Thus, at
7 = 0 there is no singularity as long as /i lies inside the unit disc; indeed, for i sufficiently
close to zero, the power series expansion of the confluent hypergeometric function yields
a basis of functions of 7 that can be used to convert the integral equation, obtained by
inserting eq. (3.28) into the deformed oscillator equation, into an algebraic equation for
symbols (for details, see [26, 39]). Thus, in order for (3.28) to provide a solution, there has
to exist an annulus of convergence in the 5—space for the Laurent series defining /1= where
its modulus is less than one, which can be achieved by tuning the overall strength of the
v- and by-parameters. In other words, the contribution to (3.28) from the region around
7 = 0 is real-analytic on Z4 to any finite order in perturbation theory.

Turning to the divergence at 7 = —1, it induces a simple pole &i:’pole in &;J)f at 2% =0,
which can be extracted using the formula

Vodr 1
/1 m€"+1p = % s Rep > 0, (335)

0 (@)nz™

'8The confluent hypergeometric function 1 F(a;b;x) = ne0 By

obeys 0 < 1Fi(a;b;x) < e” for

b>a>0and z > 0. Its asymptotic form for large |z| is given by 1 Fi (a; b; z) ~ IEEZ))x“_be’” + F{,](f)a) (—z)~ .
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and analytical continuation of U B’YZQZ,Y. It follows that

1 .
, dr | ci(t —1)
o+ o+,
(ag;g)a‘pole = 2izq /1 (T+ 1)2.70 (§MU7T) exp |: - _’_71 []ﬁ’yZﬁZ7

o4 1 d (r—1
= —izaguo / T 5 exp [U(T )U'B'ergzﬂ,]
2 1 (7’ + 1) T+ 1
i %a

= o7 1787
= —WFLy fr Re (26iU71252,) > 0. (3.36)

pole

pole

Indeed, taking the exterior derivative of the right-hand side one obtains a delta function
on the holomorphic slice of Z4 that cancels the linear source term in eq. (3.27). As for
the higher order corrections to @, in the r-expansion, they are finite but not analytic at
z% =0, given by combinations of positive powers and logarithms of z¢.

As we shall see in section 5, the nature of the twistor space connection as a distribution
on Yy X 24, changes drastically once the vacuum gauge function is switched on and the
connection is given in normal order.

3.4 Singularities in L-gauge from Ty

We note that if the unity Ty of the star product algebra A in (3.15) is represented by
the constant symbol on ), then its contributions to both VCSL) and ®@) that are not
real-analytic at the origin of )4 x Z4 for generic points in X;. More precisely, the singular
contributions to chL) are given by I, G0 where Uy.5.0 is given by 5—independent
contribution to (3.28); and those to ®(X) are given by v .o * riy. They are hence singular
at 72 =0 and Y¢ = 0, respectively. Thus, in order for a star product algebra to give rise
to proper higher spin gravity configurations, it cannot contain the constant symbol on Vy;
in the case of a group algebra this can be achieved by a truncation to a proper semigroup
algebra (without the unity), as we shall analyse in more detail in sections 4 and 5.

In the remainder of this section, however, we shall proceed with the construction of
solution spaces in the holomorphic gauge without truncating the underlying group algebras.

3.5 Abelian group algebra from Cartan subalgebra of sp(4;R)

In what follows, we shall give an explicit example of a solution space of the type introduced
above in the case when the lattice is two-dimensional, i.e. A\ = (m,m) with m,m € Z. The
underlying group algebra C[Z x Z] is realized as

Aps =P Apre,  Abse= @B Tmm*,)®C, (3.37)
o=%+

= m,me”

in terms of group elements

Ty = €:4m9E . e;4m6]

: (3.38)
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generated by the anti-de Sitter energy and spin operators'®

1 1
E = 3 Y % YP = gEﬂygyé , (3.39)
1 1
J = gJ%Yﬁ*Yﬁ = gJ%YQYﬁ , (3.40)
respectively, using sp(4; R) valued matrices obeying?’
(E)o? = (J%)o = =047, 3.41)
(ED)o2 = (JE)L, (ED)ag + (JE)sa =0,  (BJ)y*=0, 42)
from which it follows that
det (0,7 + aBp 02 ) = (1-a?)’. (3.43)
As for the parameters, we take
 c RUIR, iZHﬁ(%—i—Zw):@, (3.44)
idem 6. The basis elements obey (3.16), viz.
Tm,ﬁz * Tn,ﬁ = Lm+4nm+n [Tm,ﬁu Ha]* =0, F(Tm,fn) = T—m,ﬁz . (345)
To compute the symbol of T}, 5 in Weyl order, we first use (A.25) with N = 4 to
compute ) N
CAmOE _ G2 o—ATE  o—4m0) _ §2 —4TJ (3.46)
where
S :=sech(mf), T :=tanh(mb), S :=sech (Thé) , T :=tanh (ﬁzé) . (3.47)

In what follows, we make the convention that all boldfaced quantities depend on m# and
mf. The symbol of Ty is thus given by
T = [S%e4TE] & {gze—ﬁj}

(58)" [ TUCY e i v - ve) (0, - va))

(2m)
1 ~
X exp {—2 [TE%UQUE + TJ%VQVE} } . (3.48)

By performing the Gaussian integrals, we obtain

1
T = Aexp {—QKQBWYB} ., Kag=BEus + Clag, (3.49)

Tnequivalent exact solution spaces can be obtained by replacing E and J by Cartan subalgebra gener-
ators in sp(4; C), which we leave for future work.
20We have suppressed the dummy indices, which are contracted using the north-west to south-east con-

vention.
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where )
<S§> T <1 — T2> T (1 o T2)
::ﬁ’ B::ﬁ, C:ﬁ (350)
1— <TT> 1— <TT> 1— (TT)
We also need the symbol of T}, 7 * kyKy, which is given by

1
Tm,ﬁ’b * K/yf?@ = (271')2 Aexp {—QKQBYQY/J)} * 54 (Y)

4 4
_ A/ d*Ud Veingge—%K%(Yg-i-Ug)(Yé-‘rUé)54 (Y+ V)

(27)?
T
A 1 —1\a8
- det(K)eXp{_2 (K )Yayﬁ} : (3.51)
where
Ko (K1) = 6,7 (3.52)

3.6 New exact biaxially symmetric solutions in holomorphic gauge

The above construction of Ag ; thus allows us to solve equations (3.5)—(3.7) using the
Ansatz (3.18)—(3.19). In order to keep matters simple, we shall assume that 7 = & = 0,
and work with the following reduced version:

O = Y vommTnm * o * ky (3.53)
o;m,m
V! = Z T * o % (aoymm(2)),, (3.54)
o;m,m
Vi= (V)T = > Tl s % 1o x (Ggumm(2)) » (3.55)
o;ym,m

where thus V4., » € C and we recall that the twistor space connection is (anti-)holomorphic,
as indicated above. From

0 €R 0 € iR
GeR | T o =Tnm T =Tomm (3.56)
0eR | T 5=Tn-n_ Ths=Tom-

it follows that the reality condition (®')7 = 7(®’) implies that

0eR 0 iR

GeR | vi = OVoim,in VS i = OVg:—mn . (3.57)

n . * _ 5 * _ 5
b € iR Va;m,ﬁ% = OVo;m,—m Vcr;m,ﬁz = OVo;—m,—m

We note that the Ansatz (3.53)—(3.55) identically obeys (3.6) and (3.7) since

[(ao;mﬁ%)a ) (aa;m,fn)d]* =0, (3.58)
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while (3.5) reduces to

)
Do (Agmm) gy + Z (a0n.2) 0 * (Gom—nin-7)g) + Easammtiz =0 and he.,  (3.59)
n,n
where fig.m m are defined as in (3.20). Finally, multiplying (3.59) with ¢ where ¢, ¢ €
C, and summing over m and m, yields the equivalent equation

i

a[a (COLO-)B] + (Colo-)[a * (COLO-)B] -+ 45aﬁﬂa’€z =0 and h.C., (360)
where the generating functions
(&o)a (Cvg) = Z (ao,m,M)a Cmgm o (C? 5) = Z Na;m,ﬁwcmgrha (3'61)

for which we shall use the particular solutions in (3.28) with 7 = a = 0.
By definition, the symmetries of the solution are generated by generalized Killing gauge

parameters €@ leaving (<I>(G), F(LG), OSG)) invariant. Locally, the space of such parameters
is given by
@ =G1xdxa, € =¢(E,J), (3.62)

where the parameters are arbitrary star polynomials in £ and J; and globally, a Killing
parameter belongs to an adjoint section obeying suitable boundary conditions, and we
shall assume that (@) is real-analytic on Y4 x Z4 and falls off at infinity of X}, such that
they leave the background spacetime invariant. This implies that the solutions have time-
translational and rotational symmetries generated by E and J, respectively. Furthermore,
if the Ansatz is expanded over only T}, o or Tp 5, respectively, then the symmetry is further
enhanced to the enveloping algebras of so(2)g @ so(3) or so(1,2) @ so(2) s, where so(3) is
the subalgebras of sp(4; R) commuting to E idem so(1,2) and J. Acting on the solutions
with the full higher spin algebra leads to an orbit that forms a higher spin representation
space. The trace operation Tr" equips this space with an indefinite sesqui-linear form, as
we shall comment on below in the context of higher spin invariant functionals.

4 Weyl zero-form and Weyl tensors

In this section we compute the Weyl zero-form, Weyl tensors and higher spin invariants
formed out of them.

4.1 The Weyl zero-form in L-gauge
The Weyl tensors in the L-gauge are contained in the zero-form master field. From (3.13)

and (3.53) it follows that

1
CI)(L) - 5 Z Vo,m,ﬁzLil * Tmﬁl * (Hy + O-Eg) *T (L) ’

o,m,m

1
=3 Z Vomain (L71 % T * L) % (k5 + 0Fy)

o,m,m

= Z (U17m7mT£7m * Ky + Vz,m,anL,Lﬁ.L * /_‘ig) R (41)

m,m
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where

and the parameters

Tk =L 1T,

m,m *x L s (42)
1
Vimn 1= 5 (Veman + Vemm) 5 Veman 1= 5 (Vi = Vo) (4.3)
obey the reality conditions
0eR 0 € iR
6cR Vi = V2o Vi = V2,-mm (4.4)
9 6 ZR Iflk,m,m = U2 m’_m lflk,mm = Ij27_m7_m
To compute sz,m we use the lemma

L7 f (Ya) + L= f (La2Y3)
where Lgé is a matrix that depends on the spacetime coordinates (see appendix C for an
explicit expression). It follows from (3.49) that

(4.5)
1
Tk . = Aexp { (—2> ngﬁyayﬂ} :

where

Kljs:=BEy; + CJys

(4.6)

Ejs = EyL%l’s,
Under Y& = {yo‘, gj‘j‘}, the above matrices decompose into

Tap = Jys L2l .

(4.7)

)d/j’
'UL. 'l_)L

pa’

where (UL)2 =

EL . (K/E)aﬁ (U )aﬁ
aﬁ - L Y
=~ 0 )
idem J éﬁ, whose components obey?!

af

(4.8)
(v9), 5 ()"

L(oP), ; (v8)*, and

()" = 5

2

(K7) s (k)% = det (k1) |

(") g ()7 = (55) 607
thermore, from (3.41) it follows that

idem &%, which are derived from general properties of any 2x2 symmetric matrix. Fur-

(4.10)

(KL) ; (UL)M i (UL)aB (RL)B*Y —0,

2 2 _IN2 2
(I{L) + (UL) = (KL) + (UL) =1, (4.11)
1Egs. (4.9)-(4.12) hold, if we label all components with either “E” or “J” (not a mixture of both).
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which in its turn implies

(ALY (k7). — (R (1) o (08) 0 = (1) s (1.12)

which will be useful later when we determine the Petrov type.
Returning to (4.6), we thus have

KLﬂ _ ( Fa,B Gaﬁ) — B (H%)aﬁ +C (Hg)aﬁ B (vé)aﬂ +C (Utlf/)a[? (413)
o Gap Haﬁ B (%’)aﬁ +C (175)@5 B (R%C)d,é’ +C (Rg)o}[j

where Ggg = Ggg, and correspondingly
T = Acxp { (—2> [yaFaﬁy'B + H 00+ 2yaGa6~gj5] } . (4.14)

Finally, for (m,m) # (0,0), by performing Gaussian integrals we obtain??

TL ek, (4.15)
A 1 2 _&f a, B o B azf
= =P 5 [(F GusGyy — F Hd5->y 7’ — Fagy®y’ + 2iF. G 457 } :
and
TE o x iy (4.16)
A 1 L
- ﬁexp{QHz KH“BGWG ~ H°F, )y E W +22H£Gﬁ5yayﬁ}} :

while T §* Ky = Ky and T o * Fy = Ky
Substltutmg the above formulae into (4.1), we obtain

o) (4.17)
=1v10,0ky + 2,00ky +

Lmm 1 a6 . i
§ A( {2F2 [(FaﬁGadGlgﬁ' FQH@B) yayﬁ Fa,ﬁyay 21Fa6G5/Byay,8]}
(m

1
+ j’?exp{ﬂp [(H GaaGy —HzFa5>y vy’ —H, ﬁyo‘y +2iH,, G/%y Y ]})

The expression H2Fa/5 _ H8 GoaG pj can be factorized as

H’F,5 - H¥GooG,; = (B2—C?)Fup, (4.18)
where Faﬁ satisfies
F?2 = H2. (4.19)
Then, assuming that
v1,00 =0=1200, (4.20)

**We note the useful relations F* := 1F.5(F)*” = det (F) and FosF”" = F?4,7, idem H.

— 922 —



the resulting generalized spin-s Weyl tensor in the L-gauge reads

Coy-an

|9 .9 sw
ayal 8ya2s Y=o

(28)' Vi,m,m -1 s
Tl 2 A iz \aF2 ) Flee Fasiaz

(m,m)#(0,0)

1/27 7~ _1 ° T "
+ (B2 — CQ)S - n%‘;n <2]~:_:‘2> F(alag e Fagslags)} ) (421)

where there are two separate generalized Petrov type-D tensors summed for each (m,m)

for positive s.23

4.2 Petrov types of the Weyl tensors

In what follows, we analyze in a few special cases whether the Weyl tensor as the sum (4.21)
is of Petrov type D.

The case 66 = 0. IfH;éOandé:O,thengzl,'T:Oand

A=S8? B=T, C=0. (4.22)
It follows that
L L
Gag HdB (@E aB (RE)QB

Furthermore, using (4.12) we obtain

Fog =T (k). - (4.24)

The resulting spin-s Weyl tensor reads?*
Caywazeljig (4.25)
_ (2s)! S2 1 T + V27st) (K'é)@qaz . (,.;E)%ilazs) 7

s! 20 /2 (H%)z [_2 (ﬁg)Q]S (

where 14, = > 5 Vi and vo = Y- Vo m m, which we assume to be finite and vanishing
for m = 0.
If instead 8 = 0 and é;& 0,then S=1, T =0, and

A=S? B=0, C=T. (4.26)

23 A generalized spin-s Petrov type-D tensor is defined as a symmetric rank-2s tensor with spinor indices
that can be decomposed into the products of two spinors, each of which has the power s [26].

24One can show that (ﬂ%)z = —)\%r2. The analytical continuation involves the choice of sign in front
of the square roots. These must be correlated to analogous choices in the expression for the twistor space

connection.
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Then we have

L L
( Faﬂ Ga,B ) _ T (’%J)aﬁ (UJ)oaB (4 27)
T =L =L ’ '
Gps H;; (UJ)ag ("J Y

and hence using (4.12) it follows that

Fop=—T (k]),; (4.28)
and the spin-s Weyl tensor becomes
C()q"-azs ‘9:0 (429)
(2s)! S? 1

~ _ B .
s! ) \/W [_2 (55)2}3 (Vl,mT s +V2,st> (,QJ)(O[IO[2 . (KIJ)OQs—laQS) :

where v1 5 = >, Vimm and vo 5 = Y Vo m m, which we assume to be finite and vanishing
for m = 0.

Thus, to summarize, if the Weyl zero-form depends on either E or J, but not both,
in the holomorphic gauge, then Weyl tensors in L-gauge become proportional to direct
products of xk’s, which means they are of generalized Petrov type D.

The case 60 # 0. If both 6 and 6 are non-zero, i.e. if both E and J are present in the
Weyl zero-form in the holomorphic gauge, then we can simplify the analysis by substituting
the explicit expressions provided in appendices B and C into the spin-s Weyl tensor (4.21)
in L-gauge.

If B2 — C2 = 0 i.c. mf = +mb, then the second set of terms in (4.21) vanishes, and
in the first set of terms F,3 = B [(n%)aﬁ + (nﬁ)aﬂ}. This means that if 9/5 is a rational

number, and if furthermore we turn on only the terms with mf = +mé, then the Weyl
tensors become proportional to direct products of (Ké + %5) ’s, i.e. they are of generalized
Petrov type D.25 However, for generic values of 6/0, (4.21) is not of type D,26 though it is
a sum of type-D tensors.

4.3 Asymptotic behaviour of the Weyl tensors

By using the gamma matrix realization in appendix B and the global coordinates in ap-
pendix C, we can investigate the asymptotic behaviour of the Weyl tensors. When r — oo,
we have

F2|, o0 = F2|ih0e = A% =B+ Csin?(0)] (4.30)
Then the terms in (4.21) of spin-s Weyl tensor at large radius, by a simple power counting,
scale as .

(X222 [-B? + C%in2(9)]} 20 (4.31)
and hence each term is either Kerr-like (when B? # C?) or 2-brane-like (when B2 = C?) in
the asymptotic region. The Weyl tensor as the sum of these terms falls off as rs%, which
is the regular boundary condition of asymptotically AdS, solutions.

% Note, however, the matrix Kap = [BE% + CJﬂ] in this special case has determinant (B2 - 02)2 =0,

which has consequences for the twistor space connection; see eq. (5.7).
268ee appendix D for details on spin-2.
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4.4 Zero-form charges

Although the separate spin-s Weyl tensors blow up at the origin of spacetime, the limit
of the full Weyl zero-form remains well-defined as the symbol of an operator. From this
operator, it is possible to obtain higher spin gauge invariant quantities given by

Toyp ::/Z T {I+I*[®x7 ()"}, (4.32)

which are referred to as zero-form charges [37] and that are related to higher spin ampli-
tudes [28-30]. On our exact solutions, i.e. by substituting (3.13) and (3.53), these charges
are given by

2p

22p|0n—solution = 372 Z Az?il(_1)1+1mj7ziz;l oy Hj:l Vomgm; s (433)
m17m2?:7" yM2p,
m1,ma, - ,M2p
where ,
[sech(m@) sech(rhé)}
Am:m = 42 (434)
1-— [tanh(m&) tanh(vﬁ@)]
The simplest case is p = 1:
1
IQ|on—solution = @ Z Amfn,ﬁwrﬁl/a,m,rhl/a,n,ﬁ . (4.35)

o,m,m,n,n

In [24], this zero-form charge has been proposed to be one of the contributions to the
effective action for higher spin gravity in asymptotically anti-de Sitter spacetimes. As
noted at the end of section 3.6, the resulting contribution to the free energy functional is
not positive definite.

5 Twistor space connection

In this section, we first compute the twistor space connection VQ(L), and show in special

cases that it admits a regular power series expansion on Z, around Z¢ = 0 over finite
regions of spacetime provided that the group algebra C[Z x Z] is truncated down to a
non-unital subalgebra. We then demonstrate the existence of the linearized gauge function
H® taking the linearized twistor space connection to Vasiliev gauge in a special case.

5.1 Generating function for twistor space connection in L-gauge
In order to facilitate the analysis, we write

VIR = L7 % V! % L
— Z L™ % Ty iy % Lk (a6 mm),,

) Fitl 2 g 7 1
a;mjg 2mi¢m fé il 2 (Vo;ovm,m +Viomm ), (5.1)
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in terms of the generating functions (n = 0,1)

1 .
(L) . 0 d7jo(T) 1, - \n B 8
(Vn;a,m,m)a =2 dp™ /1 (r + 1)2Tm’m * (yfig)" * {eXp [gc (1)U zp2y + Zﬁ} }p:O ’

(5.2)
where p® is an auxiliary commuting spinor, and we denote j,(7) = j, (Sfio; 7). Thus,
if these two integrals are finite for bounded fi, and finite p®, then V,, is real-analytic in
y4 X Z4.

5.2 Singular twistor space connection in L-gauge from Tj ¢

From the discussion in section 3.3 and the fact that T()L,o =1, it follows that (5.1) contains
a term given by (as,0,0)a, which is not real-analytic in Z4. Thus, real-analyticity of yb

in Z4 requires

(ao,0,0)a =0. (53)

This can be achieved by a consistent truncation of the Ansatz (3.53)—(3.55) by taking Ag ;
to be a semigroup without identity.?”
If 00 +# 0 this can be achieved by taking

Vomain = (Gommm)a =0 for  m <0 and/or m <0 . (5.4)

In other words, in the original Ansatz we sum over m,m € Z, but due to the requirement
of real-analyticity, we instead sum over only positive m and/or positive m. Furthermore,
as can be seen from the table (3.57), for compatibility with the reality condition, along
with the truncation we must set # and/or 0 to be real.

If = 0 (or § = 0) then we need to restrict m € Z*, § € R (or m € ZT, 6 € R).

6 and 6 cannot be both zero.

To summarize, in the following table, we give notations to the consistent truncations,
and “x” means that the situation either includes the unity or is inconsistent with the
reality condition.

6 € R\{0} 6 eR\{0} 6eciR\{0} 6¢ciR\{0} 0=0
meZ meZ" m e Z meZ"
0 cR\{0} meZ X Ao X X X
0 R\{0} meZ" A+ Ap At + X Ao +
6 ciR\{0} meZ X Ap i X X X
6 € iR\{0} meZt X X X X X
0=0 X At X X X
(5.5)

2"Removing the unity from the presentation of A also removes a singularity from &),
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5.3 Regularity of twistor space connection in L-gauge for non-unital Ag_ s

Under the assumption that Ag ; does not contain the unity, we proceed by investigat-
ing (5.2). From (3.51) it follows that

_ A 1 —1\apB
Tonm * kiyfg = T(K>exp {—2 (K I)YaYﬁ} , (5.6)
where
(K1) = ﬁ [BE% - CJ%} . det(K) = (B> —C?)*. (5.7)

Thus the case of n = 1 is equivalent to the case of n = 0 by replacing B and C with
1

possible provided that B2 # C2 i.e. if mf # +md for all allowed values of m and m (in the
non-unital case). This can be achieved by a suitable choice of 6 and 0.

which is

B2]_302 and B;_CCQ, respectively, and multiplying an overall factor

For n = 0 we performing the x-products between T 'r%,'rh and the Z-dependent exponen-
tial in (5.2), which yields

(L
(Vi) (5.8)
Ydrj, () A { 1_. ; F10 : ;
=2i Z expl —i2Pys— =5H 477 + —=5 iz, + Gral® (zz +G ﬁ)}
/1 02 VEREG P Y o Hasl g (3 Gl ) i + gl

O [ (My()[ o o FF [ e
X@pa {exp{2M2(T) iy” —p”+ 2 (t25+Gsay®)| iy’ —p" + o (125+G55y )

[t dris(r)  —AMag(r) [ 4 iFP
N 22/_1 (r+ 1)2 /F2M2(r)M2(7) [“’ T

. Lger 5, F°
X exp {—zzﬁyg - iyo‘HdBy’B + oF?

Mg, (1) [ 5  iFP [, iE 3
() iy” + 72 (izs + Gsay®) | |1y + 72 (zzg—i-GgBy) ,

p=0

(izy + G'ydgd)}
(izy + Gyad®) (m +G 63g5>

_l’_

where

F,
M,5(7) = FQB —26¢ (1) Uqgp, (5.9)

The integrand has potential divergencies at 7 = 0, 7 = —1 and any value for 7 where F?
or M2(7) vanishes. As analysed in section 3.3, the potential divergencies in j, (1) at 7 =0
do not spoil the convergence of the integral provided that the v- and b,-parameters are
sufficiently small. Furthermore, since Myg(7) ~ (7 +1)"" as (7 + 1) — 0, it follows that
both the prefactor and the exponent are bounded at 7 = —1.

To facilitate the investigation of F2 and M?(7), which are thus functions of m#, mé,
X, and 7, we use the gamma matrix realization in appendix B and the coordinates for L
in appendix C. We have not succeeded in a complete analysis, but we have been able to
cover a few important special cases as follows:
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The case A, . In this case, we have # € R\{0}, § = 0, m € Z*, and hence A =
sech?mf, B = tanhm6, C = 0. Using the explicit matrices and spherical coordinates
defined in the appendices, we obtain

F? = —B?\%2, (5.10)

M2 (r) = [ce (1) BAr + 6;:l£zi§T) BAr + e~ ] ‘ (5.11)

From m#@ # 0 it follows that B # 0, and hence F? does not vanish except at r = 0.
Moreover, since ¢(7) is purely imaginary, the quantity ¢c(7) BAr is purely imaginary as
well. Thus M?(7) vanishes iff

ﬁ—ﬁ _1—|—B)\T _l—B)\r
9 7 1-BM 1+BM [

(5.12)

Thus, in this case the twistor space connection is real-analytic everywhere away from the
equatorial plane in the spherical coordinates.?

The case 6 # 0. When 6 # 0, we resort to case-by-case investigation. We will only
show two examples below.

For example, if we consider the region of small 7, i.e. a small spatial sphere around the
origin point, we have

F? = C? - 2iBC)r cos (9) + O (1?) , (5.13)
M2(7') = _C?2 [cc(T)C — i]2 —2BC? [cc(7) C — @] A\r cos (9) + O (7‘2) . (5.14)

A valid choice of the parameters is 8 € R\{0}, 6 € iR\{0} and m € Z7, i.e. the truncation
A4 1i. With this choice, we have B € R\{0}, C € iR. Then for C # 0 i.e. m # 0, both
first leading terms of F? and M?(7) are non-zero. For /m = 0, the discussion is the same
as the above § = 0 case. To summarize, the one-form field in this case is real-analytic in
the small sphere except on the equatorial plane.

For another example, we consider the region of small ¥, i.e. a narrow cone around the
axis of symmetry ¥ = 0, we have

F? = (C—iBX\)’ + 0 (v?) , (5.15)
2
M2(r) = ﬁ Cice(r)| +O () . (5.16)

A valid choice of the parameters is # € R\{0}, § € R\{0} and m € Z% i.e. the trun-
cation Ay . With this choice, we have B € R\{0}, C € R. Then for r # 0 we have
C — iB)Mr ¢ R, and thus, with icc (1) € R, both first leading terms of F2 and M?(7) are
non-zero. The one-form field in this case is real-analytic in the narrow cone around the
axis 1 = 0 excluding the origin point.

280n the equatorial plane, for a certain value of 7 between the integration limits, zero-denominators
appear in the integrand of (5.8) both on the exponent and in the factor in the front. We leave the
consequence of this for future work.
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5.4 Linearized twistor space connection in Vasiliev gauge

Finally, let us check in a special case that it is indeed possible to bring the linearized
twistor space connection to Vasiliev gauge by means of a linearized gauge transformation,
as described in section 3.1, viz.

VOO Z 00 4 o g0 (5.17)
where H®) is formally given by

HO = g, — % (v . (5.18)

Note that, as explained around eq. (5.12), in the case 6 = 0 with the truncation Ao,
the regularity of the twistor space connection at ¥/ = § has not yet been verified in the
L-gauge. However, we expect that this problem would not exist in Vasiliev gauge.

To perform the check, we set ¥ = 5, t=¢ =0, y* = 7% = 0 and A = 1. The resulting
expression of the generating function for the L-gauge twistor space connection reads

(Vihom)

where

d7jo (
22A/ d7jo (T) P,z exp{Q 5zaz’3} , (5.19)

A=1; 9=3F, t=¢=0; y=y=0 (1 + 1

27

N

Paﬁ = — [1 + B202 (7‘) 7«2] (BgCl(T) r Bgc_(lT) T> ’ (520)
—Bge(r)r 1 )

1 Bge(r)r (5:21)

Qop = *%% (1) [1+B?*¢ (1) 7"2]71 (

Going to Vasiliev gauge, we obtain

(7O..)

=0;0,m

al\=1; 9=%, t=¢=0; y=5=0

o 1 Q) _ 1 _ Q(z)
_WfAza/ LQ PR 4 £ Uz)e 2*5a7Qpy2" ¢, (5.22)
1 (t+1)

2 Q*(2)
where
Q(2) = Qapz"2", (5.23)
and we have decomposed
P,g =: Peog + Sag S[aﬁ] =0, (5.24)
i.e.
_3 3 10
P=[1+B%? (1)} 2, Sas=-[1+B*?(r)r?] *Bse(r)r 01 (5.25)
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The integrand of (5.22) can be converted into a total derivative of 7:

()
=Ujo,m T -
n=ue ald=1; ¥9=7, t=¢=0; y=y=0

_ sbovy 1 0 (eQ(Z) - 1)(Q(2)P — ZQSQBQ/Q,},ZW)
= Az, /_1 dTaT{ 30°03) ,  (5.26)

dc

where, more explicitly,

(€9 —1)(Q(2)P — 2*5.°Qp,27)
9Q(2)

dc
c(T 2’!‘ Zl 22 21722 —4QC(T 2122
1+ B2 (1) 72 [1 — exp (B ()*r( 2+[1+)'§262(T)22]2< (7) )]
(5.27)

Boe (1) r (2! + 22) (21 — 22) — 22122

Thus, assigning the singularity in the interior of the integration domain its principal value,

and using separate analytical continuations above and below the singularity, one finds that
it does not contribute, and hence

(V)

bty e [ (14 ) (2= 2]
A=1; =T, t=¢=0; y=y=0 2 (21 + 22) (21 — 22)

(5.28)
We note that the limit 2z — 0 must be taken after the integration over 7 has been
performed. This yields a well-defined limit, such that the twistor space connection is
indeed real-analytic at z* = 0. If one instead takes the limit z* — 0 under the integral,
one ends up with a divergent integral; this divergence cannot, however, be interpreted as
any pole or other singularity at z* = 0. Thus, the prescription that we use is the unique
one leading to a sensible result.?? We note, however, that in the holomorphic gauge the
corresponding operations commute, and, correspondingly, the twistor space connection is
non-real-analytic at z* = 0 in this gauge; see section 3.3.

Similarly, we can also calculate for n = 1:

o . B (.1 2 1.2
(‘O/(G)(l) > ’)\_1. o _ bOVU Al eXp |:27’ (Z + z ) (Z z ):| . (529)

n=1;0,m T t=$=0; y=g=0 - 2 « B2 (21 + 22) (2:1 _ 2’2)

Finally, using the analog of eq. (5.1) in Vasiliev gauge, i.e. replacing the label (L) with
(G)(1) and substituting (5.28) and (5.29), we obtain

(21 + 22) (21 — 22)

1—exp [B (21 + 22) (2! — 22
to——, E‘iq&zz) (22 (_ o L

S0 S as ll—exp[m;r (1 +22) (- 2]

29This suggests that in more general perturbatively defined solutions to Vasiliev’s equations obtained by
repeated homotopy integration [1, 13] (see also [2]), the resulting auxiliary integrals should be performed
prior to taking the limit z* — 0; whether this prescription is actually unique and correct, remains to be
investigated.
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Indeed, starting in Vasiliev gauge, one can integrate the equations of motion for the
linearized twistor space connection directly without factorizing the inner Klein operator &,
with the result [1]

. 1
VO = 20z, [ dr renar <¢<G><l>] ) | (5.31)
2 0 Y——2T

We note that, unlike the solution for the twistor space connection obtained starting in

the holomorphic gauge, which refers to a splitting of 2% into z*

as in section 3.2, the
above expression does not refer to any auxiliary spinor frame in Z space. From ®(@1) =

o) = d@) it follows that (5.31) implies that

f/OgG)(l)’
A=1; 9=7, t=¢=0; y=y=0

b s [mml —exp [y (2 +72) (21— )

(21 + 22) (21 — 22)

1—exp [ (2! +22) (2! — 22)]
B2 (21 + 22) (2 — 22) ’

(5.32)

+12.m,m
which one can readily identify with (5.30) upon using (4.3).

6 Conclusion

In this paper, we have given a new class of bi-axially symmetric solutions to Vasiliev’s
bosonic higher spin gravity model using an Ansatz based on gauge functions and separation
of the dependence on the coordinates in twistor space.

This facilitates the construction of perturbatively exact solutions in a holomorphic
gauge. In this gauge, the spacetime connection vanishes, the Weyl zero-form is constant,
i.e. it depends only on the fiber coordinates, while the twistor space connection depends
on the twistor space via a universal holomorphic function on Z-space with singularties at
z% = 0 that we have exhibited in the Weyl order in section 3.3, and on the fiber coordinates
via the zero-form integration constants. We have then expanded the dependence on the
fiber coordinates in terms of the basis of a group algebra generated by the exponents of 6 F
and 0.J, where F and .J are the generators the time-translational and rotational symmetries
of the solutions.

We have then switched on the spacetime dependence using a vacuum gauge function L.
In the resulting gauge, which we refer to as L-gauge, the spacetime connetion describes an
anti-de Sitter spacetime. The terms containing the unity of the internal algebra need to be
removed, in order for the Weyl zero-form in L-gauge to be real-analytic on twistor space.
The resulting generalized spin-s Weyl tensor, which thus obeys the Bargmann-Wigner
equation, is given by a sum of generalized Petrov type-D tensors that are asymptotically
Kerr-like or 2-brane-like. For special values of the parameters, including the symmetry
enhanced cases, the spin-s Weyl tensor is of generalized Petrov type D.
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We have also shown that the twistor space connection in L-gauge, provided that the
group algebra is truncated to a non-unital semigroup algebra as summarized in the ta-
ble (5.5), is real-analytic in finite spacetime regions for a number of choices of parameters.
In particular, in the spherically symmetric case, it is real-analytic everywhere away from
the equatorial plane. The Ansatz introduces a fixed frame in Z-space that breaks the
manifest spherical symmetry upon going to the normal order in master fields with a Z-
dependence. At this plane, singularities may appear in auxiliary integrals, whose treatment
requires analytical continuations in twistor space. We have not spelled out the nature of
the resulting contributions to the twistor space connection in L-gauge in this work.

Finally, we have examined the problem of transforming the master fields from the L-
gauge to Vasiliev gauge at the linearized level. It is trivial in the case of the Weyl zero-form.
As for the linearized twistor space connection, we have argued that the transformation
exists at spacetime points where the connection is real-analytic in twistor space in L-gauge.
Among the remaining cases, we have focused on the potential divergence at the equatorial
plane in the spherically symmetric case, which should be removed by the transformation,
as the twistor space connection in Vasiliev’s gauge does not refer to any fixed frame in
Z-space. Indeed we have verified that this is the case at the origin of the fiber space (i.e.
at Y& = 0), for general z%, and consequently we have found agreement with the expression
for the twistor space connection in Vasiliev gauge obtained by direct integration.

Thus, more briefly, we have found families of exact bi-axially symmetric solutions in
the holomorphic and L-gauges, and we have verified that they can be brought to Vasiliev
gauge at the linearized level in a special case, leaving the more general case as well as
higher order perturbation for future study.

We end our conclusions by commenting on future directions. We have left a number
of technical details unattended, that we would like to examine more carefully. Besides the
issues related to real-analyticity of the linearized master fields in Vasiliev gauge, there is
the intriguing degenerate case B = C. Moreover, by taking limits for 8 and r-parameters
it is possible to make contact with the solutions found in [26], and more general Kerr-like
extensions thereof by expanding the fiber subalgebra using a combination of group algebra
elements and endomorphisms in Fock spaces.

More generally, we recall that the importance of Vasiliev’s gauge at linearized level is

W,SG)(D has a

that, when combined with normal order, the linearized spacetine connection
Y -expansion at Z = 0 in terms of unfolded Fronsdal tensors and the initial data H (1)\ 7—0
modulo gauge transformations.?® Exact solutions, however, are easier to find in Weyl order
using the gauge function method. As far as we can see from the results here and elsewhere,
we expect there to be an agreement at the linearized level between the holomorphic and
Vasiliev gauges for a fairly large class of linearized zero-form initial data @’ (1)(Y), and
it would be desirable to establish this correspondence more precisely, e.g. by expanding

®'(Y) in terms of twistor space plane waves.

301f H(l)\zzo and the gauge parameters belong to the same class of functions then H(l)\zzo describes
pure gauge degrees of freedom.
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Turing to higher order perturbations, the next step is to compute the first subleading
corrections to all master fields in Vasiliev gauge, and examine whether real-analyticity
in twistor space for generic spacetime points constrains the initial data ®'(")(Y") for the
zero-form and H (”)] z—o for the gauge function, for n = 1,2. This may lead to modified
asymptotic boundary conditions in AdS, and corresponding corrections to the zero-form
charges. In particular, as proposed in [24], the zero-form charge Zy is a contribution to
the free energy functional. The corresponding sesqui-linear form is not definite on the
representation space of the underlying higher spin symmetry algebra containing the initial
data of our solutions. There are additional contributions to the free energy, however, that
may lead to an interesting phase diagram.

The above analysis can also be performed for the closely related Kerr-like solutions
outlined above. More generally, one may consider relaxing the Vasiliev gauge as well as
the smoothness conditions in twistor space, which may lead to more general noncommutive
geometries with interesting properties.
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A The x-exponent
Let Y* a=1,..., N, be oscillator variables obeying

Yo, vP), =2iC?, (A.1)
where N is even and C®? is invertible. Denote

1 o 3 A

w:ZKang * Y7 (A.2)

where K3 is a constant matrix obeying
Kog = Kgo,  KogK?' =6, (A.3)

where indices are raised and lowered using the conventions Y = CaﬁYﬁ, Y = YfBCga,
and C*P Coy = (575 . The x-exponent is defined by the Taylor series of exponential function
with x-products replacing ordinary products. In what follows we will compute the symbol
in Weyl order of the x-exponent

g=e v, (A.4)
From (A.4) we can derive
10g
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and to proceed we will compute the symbol of w x g. To do so we use the identity

Vor f(¥) = Yaf (V) 4 i

fy).
Thus
Y% YP =yeyP 4 icof .

Hence (A.2) can also be written as
1 av B
w= KoYV

Using this, we can show that

_ Nog 1 0%
WG =W S ey T 1Y e
Proof.

1
wxg = ZK“ﬂYa*Yﬁ*g

1
= 1KY, x <Yﬁg 09 >

oYy s
1o . 0g  0(Yag) d%g
=t <Y‘“Yﬁg TegyE T oye  avaoy?
i dg 1 0%g
= —KoPY, L K2
wgt gl T agys TN Gyeays
The last two terms can be further converted:
i dg 1 dg Ow
KBy 2 ZpgaeBy 29 T
2 oYs 2 “ow Y P
1 1 dg
= K%Y, [ 2K, Y7 ) =<
2 @ (2 By > Ow
1 dg
= -Y,Y*—=
47 dw
= ()7
lygos 9 lpas 0 (09 0w
4 oY oYy s oy e \ ow oYP

8 ow 8 2 2
_ N 1 &g
80w 4 Ow?

Thus (A.9) is proven.
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By substituting (A.9), (A.5) can be converted to

Nog 1 0% ~ 10g
Y S aw 1w T 2ot (A.10)

This differential equation can be solved by substituting the Ansatz
g=al(t)e®v, (A.11)
which gives
btyw _ NV b(tyw L 2 byw _ L o bw L / b(tyw
a(t) we 8a(t)b(t)e 4a(t)b (t) we =3¢ (t)e a(t)b (t)we ,
(A.12)

and this equation requires the following set of ordinary differential equations for a (t) and
b (t) to be satisfied:

—%a' () = —%a(t)b(t) , (A.13)
—%a OV () = a(t) (1 - izﬂ (t)> . (A.14)
The general solution is given by
a(t) = Cyfsech (t+C1)]? | (A.15)
b(t) = —2tanh (t + C1) , (A.16)

where C and Cy are constants. These are determined by requiring that (A.11) and (A.4)
stand for the same solution of (A.10). It is obvious that

Glig =2 =1, (A.17)
and hence Nog 1 %
(w Y 4w8w2> L =w*gl,_o=w. (A.18)
Consequently we have
a(0)eOv =1, (A.19)
0 (0) web O _ %a (0) b (0) 2O _ ia (0) 52 (0) we©w — 4. (A.20)
Therefore,
a(0)=1and b(0)=0 . (A.21)
By substituting them into (A.15) and (A.16) we can determine that
Ci=0and Cp=1. (A.22)
Then we derive that
a(t) = [sech (£)] (A.23)
b(t) = —2tanh (¢) . (A.24)
In this way we conclude
ey = g = [sech (t)]% e~ tanh(t)w (A.25)
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B Van der Waerden symbols and gamma matrices

To simplify some of the calculations in this paper, one can use a set of explicit matrix expres-
sions of Pauli matrices and gamma matrices, which for example is given in this appendix.
B.1 Pauli matrices

We define the o-matrices with two lower spinor indices

10 01 0 — 10
(Uo)ad:<01>7 (Ul)ad:<10>7 (02)ad:<i O)’ (03)ad:<0_1>7

(B.1)
where o9 is the identity matrix and o1 23 are the usual Pauli matrices. We also define their
complex conjugate:

(o) oy [0 ([t
(Uo)da_<01>’ (Ul)da_<10)7 (Q)da_<_i0>’ (3)(104 (0_1>

(B.2)
Then obviously we have
(0a)ae = (Ta) 4o - (B.3)
Furthermore, we use
iy 01
af _ _aB .
W =¢gup =" =¢. 5= B.4
B ap < 1 0) ( )
to raise or lower indices (by NW-SE rules).
We also define
(Fab)ag =~ (@a)ag = (71a) " (74))5 - B.5
(Tab)ag =~ (Fra)ag = (1) (79)).5 (B.6)

To write them explicitly:

(001)0p = (01 (1)> ; (002)0p =

(012)aﬁ = (? é) ) ((713)a,3 = <(1) ?) ) (023)a,3 - <_i Z) >
(501)(&3 — <_01 (1)> ’ (502)d5 _ < ] Foa) . - <

(5’12)d6 — (_OZ _O,L> ’ (613)d5 = (; (1)> ’ (623)d5 =

As shown above, the pair of spinor indices are symmetric.
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B.2 Gamma matrices

We construct the explicit expressions of gamma matrices in the following way:

B
ﬂ 0 (Ja)a
(Fa)giz _ /3 9 (BS)
(0a & 0
whose explicit expressions are
00 0-1 0010
8 0010 8 00 0-1
(To)a— = ) (T1)a— =
0-10 0 1000
1000 0-10 0
00—z 0 0 0 0 —1
00 0 —1 0 0 —-10
(M) = | , (P3)a” = , (B.9)
100 0 0 -1 0 0
0i 0 O -1 0 0 O

One can check the property that
(F(a) : (Fb)),\{g = nabégéu (BlO)

where 7y, = diag{—1,1,1,1}.

We further use
aB ag 0
cab=° . | and Cop = cap , (B.11)
0 s - 0 e..

ap
to raise or lower the spinor indices of gamma matrices (by NW-SE rules). For example, by
lowering the second spinor index, we get

(C)us = (Ca)a’ Oy = < ( 0 (o ) (B.12)

5'a),w 0

One can check that in this way of construction, the pair spinor indices are symmetric, i.e.

(Fa)% = (Fa)ﬁj'
We also define

B
(Cab)a™ = (Pa) . * (Pb])lé : (B.13)
One can easily check that
Tab) 0
(Tab)p = <( bJas i ) . (B.14)
- 0 (O’ab)dﬁ'

In this way of construction, (I'ap),5 = (I'ap) g4
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Now we define

0 0 -1 0
0 0 0 -1
Eaﬁ = = (FO)L: 10 0 0 5 (B15)

0 -1 0 0

0 =00
- 000

Jag = —(T12),5 = . B.16
o (F12)as 0 00i (B.16)

0 0120
One can for instance check the properties (3.41)—(3.43) using the above explicit matrix

expressions.

C Spacetime gauge function
The four-dimensional anti-de Sitter spacetime, AdS,, of inverse radius A, is the hyperbola
XAXByp =22, (C.1)

in the five-dimensional space with coordinates X4, A = {0,1,2,3,0'} and flat metric
nap =diag{—1,1,1,1,—1}. A set of global coordinates

(t,r, 9, 0), O<AMt<2nr, r=20, 0<v¥<nm, 0<¢<2m, (C.2)

can be introduced by taking

on—msin)\t, XO':—\/m COSAE,

X! =7 sind cos¢, X2 = r sind sing, X3 =71 cos? . (C.3)
The resulting induced metric is
ds® = — (14 A22) di? + (1 4+ 3%2) " dr? 402 (a9 + sin9 do?) . (C.4)

The stereographic coordinates

Xa
.I“ = (Sg.ﬂUa = m y (C5)

where a = {0,1,2,3}, g = diag{—,+,+,+} and 2? := z%’n,, maps the two halves
XY > 0 and XY < 0 of AdSy to the region —1 < A222 < 1 of R*!. From the inverse
relation given by

o 22 X0 — gyttt Mg

1= A\2p27 1—A2227 (C.6)
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it follows that X9 — — X9 corresponds to 2% — —(A\222)~'2. Thus, the extension of the
stereographic coordinates % to the entire R*! provides a global coordinate of AdSy; the
boundary of AdS, is mapped to the hyperbola A\2z? =1 in R

The gauge function

2h A : —
L (I’, %37) X < ' xaayaﬂa) ) Tag ‘= x¢ (Ua)ad ) h = 1 — A\2g2 )

T 1+ P11
(C.7)
which is defined in the region A2z < 1, leads to
— i ad,, = i « —6B— —
U,=1L ! * 0, L = —5Cu Yl — (wuﬁyayg + wuﬂydy5> ) (C.8)
where
e A3% (04)
et = —“T, (C.9)
s A2t (0w)™ ap N8t (Ga)™
wuﬁ = — a h2 s wuﬁ = — £ h2 ’ (ClO)

are the vierbein and Lorentz connection of AdS, in stereographic coordinates, with flat
indices converted to spinor ones using van der Waerden symbols. One also has

L' %Yo * L = L2V, (C.11)
with the matrix .
60" Aw’

Ll =ht o (C.12)
- Az 047

As an Sp(4;R) group element, L(x;y,y) corresponds to the transvection in AdSs that
sends all the information of the classical solution encoded at the origin of the stereographic
coordinate system to the point x*.

D Determination of Petrov type of spin-2 Weyl tensor

In this appendix, we briefly explain how to check (only for spin-2) the Petrov type of a Weyl
tensor by using the eigenvalue method. For more details on this topic one can check [47].

The restricted Lorentz group SO™(3,1,R) is isomorphic to SO(3,C), and a Weyl tensor
can be converted into its equivalent form with SO(3,C) indices. We can convert the Weyl
tensor Cypys With four symmetric SL(2;C) indices into an equivalent tensor Qr; with two
symmetric and traceless SO(3,C) indices, simply by using the Pauli matrices:

Qry = (1) (6.))"° Cuprs s (D.1)

where (07)* = &2 (o) . and we can explicitly choose

<al>a6=<f;>7 <az>aﬁ=<?_0i>, <ag>a6=<;_01>. (D2)
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The indices I,J = 1,2, 3 should be raised or lowered by the Kronecker delta, so whether
they are upper or lower indices does not make a difference.

If we treat () as a 3x3 matrix, then observing its eigenvalues and eigenvectors is suffi-
cient for determining its Petrov type. Below we list all Petrov types and their corresponding
@Q-matrix criteria:

Petrov types (Q-matrix criteria
I Q= MIT[Q — M\2I][Q — X3I] =0
D [Q— (=3 1] [Q—M]=0
1 [Q— (=N I12[Q -] =0 (D.3)
N Q*>=0
111 Q?=0
0 Q=0

In the list, A1 23, A and (—%)\) are eigenvalues of @, A\ + Ao + A3 = 0 and [ is the identity
matrix. In particular, being Petrov type D means the matrix ) has three independent
eigenvectors while two of them correspond to equal eigenvalues.

Using the explicit matrices and coordinates provided in appendices B and C, for spin
s = 2 we can evaluate the Weyl tensor (4.21) at a given spacetime point with a chosen set
of parameters, and then we can evaluate the corresponding () matrix to check its Petrov
type. We have found that in general the () matrix has three distinct eigenvalues (type I)
and thus is not of type D, unless we choose some special parameters or consider only some
special spacetime locations.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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