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Abstract. In the context of the anti-de Sitter/Conformal Field Theory (AdS/CFT)
correspondence, 4D AdS gravity is suitably renormalized by adding the Gauss Bonnet term
to the Einstein-Hilbert action. The subsequent addition of the Pontryagin term, with a specific
coupling, allows to write the on-shell action in terms of the Weyl tensor and its dual, such
that the action becomes stationary for asymptotic (anti) self-dual solutions in the Weyl tensor.
The addition to the action of both topological invariants mentioned above does not modify the
bulk dynamics, but it does modify the expression of the Noether current and, therefore, the
conserved quantities of the theory. Here, we show that the method of Iyer and Wald leads to a
fully-covariant Noether charge, which contains both the electric and magnetic parts of the Weyl
tensor. For configurations which are globally (anti) self-dual in the Weyl tensor, both the action
and the Noether charge identically vanish. This means that, for such spacetimes, the magnetic
mass is equal to the electric mass.

1. Introduction
It has been shown that in asymptotically anti-de Sitter (AAdS) gravity in four dimensions the
infrared divergences are cancelled by the Gauss-Bonnet (GB) term with a given coupling [1].
The addition of this topological invariant cancels divergent terms in the asymptotic region, such
as those present in the Euclidean gravity action, only for the specific value of coupling constant
mentioned above [2],

I4 =
1

16πG

∫
M

d4x
√
g

[
R+

6

`2
+
`2

4

(
RµναβR

µναβ − 4RµνR
µν +R2

)]
. (1)

With the addition of this term, the action has an extremum for AAdS spacetimes. On the other
hand, the renormalized action (1) can be rewritten in terms of the Weyl tensor [3],

I4 =
`2

64πG

∫
M
d4x
√
gWµν

αβW
αβ
µν , (2)
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for any Einstein space. The GB invariant is not the only topological invariant of the Lorentz
group in four dimensions. There exists yet another topological term, of opposite parity, known
as Pontryagin term,

P4 = −1

4
εµναβRσλµνRσλαβ , (3)

which is locally equivalent to the derivative of the gravitational Chern-Simons term in three
dimensions. The addition of P4 to the gravity action does not induce additional divergences
in the asymptotic region. To our best knowledge, the only way to fix the Pontryagin coupling
is to consider (in the Euclidean sector) an asymptotic (anti) self-duality condition in the Weyl
tensor,1

Wαβµν = ± ∗Wαβµν , (4)

such that the total action is stationary under arbitrary variations of the fields.
Then, the renormalized action (1) acquires an additional term which can be written in terms

of the Weyl tensor and its dual,

I = I4 ±
`2

32πG

∫
M
d4x
√
gWµν

αβ
∗Wαβ

µν . (5)

This is analogous to the form in which the Pontryagin density for U(1) group may be added
to the Euclidean action in the Maxwell electromagnetism,

IE =
1

4

∫
M

(FµνFµν ∓ ∗FµνFµν) d4x , (6)

where the Fµν is the Abelian field strength. Due to the Bianchi identity (∂µ
∗Fµν = 0), the second

term in the Lagrangian does not modify the equations of motion. The Pontryagin coupling in
eq.(6) is a consequence of an asymptotic (anti) self-dual condition for F ,

Fµν = ±∗Fµν at ∂M . (7)

The analogy between AdS gravity and self-dual electromagnetism can be pushed forward, as
both theories portray striking similarities at the level of the conserved charges.

The Noether theorem allows to obtain an expression of conserved quantities in a gauge theory
and gravity, as well, though the symmetries present in each case are of different nature. As long
as the Noether current is written (globally) as a total derivative, the conserved charges are given
by surface integrals in the asymptotic region, without the need of introducing a source at the
origin.

Gauge symmetry U(1) in electromagnetism is realized by the transformation in the gauge field
δλAν = ∂νλ. As this is an internal symmetry (δxµ = 0), the Lagrangian density (6) produces a
Noether current

Jµ = ∂ν [(Fµν + γ ∗Fµν)λ] . (8)

Due to the conservation law, ∂µJ
µ = 0, and the fact that Jµ can be written as a total derivative,

the conserved charge is an integral on a two-dimensional sphere

Q[λ] = −
∫
S2

(Fµν ∓ ∗Fµν)λ dΣµν , (9)

1 The Hodge star dual is defined by ∗Wαβµν = 1
2

√
g εαβγδW

γδ
µν .
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in terms of the electromagnetic tensor and its dual. The expression (9), when λ is covariantly
constant, leads to total charge which is the sum of the electric and the magnetic charges.
Therefore, the magnetic charge is understood as a topological charge which is the Noether charge
associated to a topological invariant. The total charge, for a global (anti) self-dual condition in
F , will be identically zero, and so the Euclidean action. This defines a subclass of Euclidean
instantons which can be taken as ground states of the theory.

In what follows, we apply the method developed by Wald and Iyer [4] to the 4D AdS gravity
action supplemented by the topological invariants discussed above. The resulting charge features
striking similarities to the case of self-dual electromagnetism.

2. Noether-Wald charges and Topological Invariants
In Riemannian gravity, the action

∫
d4xL depends on the metric and its derivatives combined

in the form of the Christoffel symbol. Invariance under coordinate transformations of the type
(δxµ = ξµ(x)) leads to a conserved current

√
g Jµ[ξ] = Θ(δξg)µ + Θ(δξΓ)µ + Lξµ ,

where we have assumed that the surface term Θ which appears in the arbitrary variation of the
action is separable in contributions along the Lie derivative of both the metric and Christoffel
connection.

When ξµ is a Killing vector, the diffeomorphic variation of the metric, δξgµν =
− (∇µξν +∇νξµ), vanishes.

In an arbitrary gravity theory with a Lagrangian L given in terms of the metric, the Riemann
tensor and its contractions,

L = L(gµν , Rµναβ , Rµν , R) , (10)

the conserved current turns out to be

√
g Jµ[ξ] = EµναβgαλδξΓ

λ
νβ + Lξµ, (11)

where the tensor Eµναβ corresponds to the variation of L with respect to the Riemann tensor
Rµναβ , and the Lie derivative of the Christoffel symbol takes the form

δξΓ
λ
νβ = −1

2

(
∇ν∇βξλ +∇β∇νξλ

)
+

1

2

(
Rλβνσ +Rλνβσ

)
ξσ .

In addition, we can use the following identities for the Riemann tensor

[∇β,∇ν ]ξα = Rβνασξ
σ and Eµναβ (Rαβνσ − 2Rανβσ) = 0 , (12)

where the last one is obtained by contracting the first type Bianchi identity with Eµναβ tensor.
In doing so, one can isolate the contribution from the field equations, such that the Noether
current can be finally rewritten as

√
gJµ = 2Eµναβ∇ν∇αξβ . (13)

This is the key formula for the conserved current in any gravitational theory defined by the
Lagrangian (10).

For the particular case of the AdS gravity action in eq.(5), the Noether current is

Jµ[ξ] =
`2

64πG
∇ν
[
δ

[µνσλ]
[αβγδ]∇

αξβ
(
W γδ
σλ ∓

∗W γδ
λσ

)]
, (14)
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as it was shown in ref.[5]. It is an analog of the current (8) found in electromagnetism. As it is
a total derivative, the corresponding Noether charge is a surface integral on a two-dimensional
surface, given in terms of the Weyl tensor and its dual. The spacetime topology is M ' R×Σ,
where Σ is the space section with unitary normal uµ = (−Ñ , 0, 0, 0), thus we can write the
conserved charge as

Q[ξ] =
`2

64πG

∫
∂Σ

d2x
√
σ nµuνδ

[µνλσ]
[αβγδ] ∇

αξβ
(
W γδ
λσ ∓

∗W γδ
λσ

)
. (15)

Here, nµ = (0, N, 0, 0) is the unitary normal at the boundary ∂M ' R × ∂Σ and σ is the
determinant of the induced metric at the surface ∂Σ, which satisfies the relation

√
g = N

√
h =

NÑ
√
σ.

As the first term in the Noether charge is a function of the Weyl tensor, it allows to connect
the addition of the topological invariant of GB to the notion of conformal mass in AAdS gravity
defined by Ashtekar, Magnon and Das [6], given in terms of the electric part of the Weyl tensor.
In analogous way to the electromagnetic case, the form of eq. (15) makes manifest the fact
that configurations globally (anti) self-dual in the Weyl tensor have a vanishing Noether charge.
For these solutions, the magnetic mass is equal to the conformal mass, as it is the case for
Taub-NUT-AdS solution [7, 8, 9].

3. Magnetic Mass
The discussion above is unnecessary for Schwarzschild-AdS or Kerr-AdS solutions as they have
a vanishing Pontryagin density. Some of simplest examples to consider are Taub-NUT-AdS and
Taub-Bolt-AdS solutions. Taub-NUT-AdS has an (anti) self-dual Weyl tensor and Taub-Bolt-
AdS meets that condition in the asymptotic region. Indeed, both solutions present topological
defects and have a non-vanishing magnetic mass [5].

Both Taub-NUT-AdS and Taub-Bolt-AdS solutions can be written, in the coordinates
(τ, r, θ, φ), as

ds2 = f(r)(dτ + 2n cos θdφ)2 +
dr2

f(r)
+ (r2 − n2)(dθ2 + sin2 θdφ2),

where

f(r) =
r2 − 2Mr + n2 − 3

`2

(
n4 + 2n2r2 − r4

3

)
r2 − n2

. (16)

Here, n is a parameter related to a topological defect present in the geometry [11], and M is a
mass parameter [12].

For either NUT or Bolt solution the largest root of the equation of f(r) = 0, namely r = r∗,
defines a horizon. The difference between these two geometries is that, for NUT solution, the
relation r∗ = |n| holds exactly while, for Bolt solution, it is the inequality r∗ = rb > |n|.
Moreover, it must be satisfied f ′(r∗) = 1

2n to avoid a singularity at r∗. The mass for the NUT
solution, computed in ref.[1], is

MNUT = ±n
(
1− 4`−2n2

)
, (17)

while for the Bolt solution

MBolt =
r2
b + n2

2rb
− 3

2`2

(
n4

rb
+ 2n2rb −

r3
b

3

)
.
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As mentioned above, we are interested in analyzing the conserved charges as defined by eq.(15).
For NUT solution, since its Weyl tensor is self-dual, we have

QNUT[ξ] = 0, (18)

for any Killing vector ξ = ξµ∂µ. For Bolt solution, the only non-vanishing conserved charge in
eq.(15) is the one associated to a timelike Killing vector

QBolt[∂τ ] = MBolt ±MNUT. (19)

4. Conclusions
In this article, we have shown that the addition of topological invariants (GB and Pontryagin
terms), with specific couplings, modifies the value of the Noether charges of the theory. While
the electric part of the Weyl tensor gives rise to the energy of AAdS black holes, the magnetic
part produces a non-vanishing magnetic mass for gravitational instantons in AdS. Furthermore,
we have proved that solutions with (anti) self-dual Weyl tensors are suitable candidates for
ground states. Since the mass Q[∂τ ] obtained from eq.(15) is a thermodynamic variable, we
may expect a change in the thermodynamics of the system when solutions with a non vanish
Pontryagin term, as Taub-NUT-AdS and Taub-Bolt-AdS, are considered.
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