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1. Introduction

Dualities in string theory have become a very important property in string the-
ory. They allow to show equivalence between different types of strings implying, in this
way, a unifying criteria in string theory. One of these dualities is the target (T-)duality
which makes type ITA equivalent to type IIB [[]]. From the world-sheet point of view, T-
dualities imply equivalence between different types of string theory backgrounds following
the Buscher procedure [J]. The idea is to consider a background independent of some direc-
tion and then introduce a gauge field for it. By integrating out these gauge fields, we can
obtain the T-dual background. All this work nicely because it is done in the bosonic string
theory. In the superstring theory case, the situation is more involved because is difficult to
work with Ramond backgrounds. This difficulty is avoided if we have a superstring theory
formalism similar to the bosonic string. Such formalism is claimed to be the pure spinor
formalism [B]. This covariant formalism for the superstring was invented some time ago
by Berkovits. It uses the superspace coordinates as basic free world-sheet variables. Since
this system is not conformal invariant, it is needed to introduce new bosonic variables A*
constrained to satisfy (Ay™\) = 0, where v™ are the symmetric 16 x 16 gamma matrices
in ten dimensions. These variable are named as pure spinors. Conformal invariance is
not enough to quantize this sting theory. The new ingredient is to postulate the nilpotent
charge Q = § A*d,, (with d,, being the world-sheet generator of translations in superspace)
as BRST charge of the system. Although it is necessary to break ten-dimensional Poincare
invariance to solving the pure spinor constraint, it can be shown that the physical spectrum
H] and scattering amplitudes are manifestly super Poincare invariant [f].

Strings in curved backgrounds can be constructed in this formalism [f], where it was
shown that BRST invariance implies that the background fields satisfy the corresponding
ten-dimensional supergravity constraints. It was shown that this system preserves one-
loop conformal invariance in the heterotic [[] and type II [§] strings as consequence of the
classical BRST constraints found in [§]. It was also shown in [J] that the quantum BRST
invariance is modified consistently after using cohomological methodsd.

In this note we will study the quantum preservation of the bosonic [[I]] and fermionic
[[2] T-dualities in the pure spinor formalism. Note that a combination of bosonic and

fermionic T-dualities was used in [[J] to show that the AdS5xS® background of type 11B

2 In [[I{], the gauge field contribution to the one-loop BRST invariance of the effective action

was obtained.



string theory remains invariant explaining in this way the so called “dual superconformal
symmetry” of certain planar scattering amplitudes in N = 4,d = 4 SYM theory [L3] [L4]
(see also the review [[3]).

In the next section we will review the bosonic T-duality of [[I] and the fermionic
duality of [[J] for the heterotic superstring. Then we will explicitly check that the classical
BRST constraints are preserved after a T-duality transformation. Finally we will prove

that quantum conformal and quantum local symmetries are preserved under T-duality.

2. T-duality for the Heterotic Pure Spinor Superstring

We review the T-dualities discovered in [[[1]] and [[J] for the heterotic string case. The

sigma model action in this case is given by
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1. 7= 7 =1 S VN
/ d*z 5aZMaZN(GW(Z) + Bs57(2)) + 0ZMT A 57(2) + do0ZM Ex7*(2)
(2.1)
tdad WE(Z) + XN ws0ZM O (Z) + Nwsd U (2) + LT, \w) + Ler,

where ZM are the coordinates of the ten-dimensional heterotic superspace, 71 is the current
for the heterotic fermions, d, is the world-sheet generator for superspace translations, A*
is the pure spinor and w, is its conjugate momentum. The term £(.J, \,w) is the action
for the pure spinor variables and heterotic fermions in flat space. The term Lpp is the

Fradkin-Tseytlin term and it is given by

£FT = O/R(I)(Z), (2.2)

where R is the two-dimensional scalar curvature and @ is the dilaton superfield. The
background fields G, B, ... satisfy the supergravity equations of motion as consequence
of the BRST invariance of (). This symmetry is generated by the nilpotent charge
Q = § \d,.

Now we will perform a combination of bosonic T-duality, as in [[L1], and then a
fermionic T-duality, as in [[J]. In both cases, we will see that the action (-]]) preserves its

form.



2.1. Bosonic T-duality in the pure spinor string

We assume that the background fields are independent of some bosonic direction, say
X!, and we split ZM = (X!, YM). As it was noted in [J], the T-dual action is obtained
after gauging the X '-direction by introducing a purely gauge fields A and A as

1
21!

S

/ d*z %AZGH(Y) + %AEYMLMl(Y) + %8YMZL1M(Y) + %8YM5YNLNM(Y)
(2.3)
FAT AR (Y) + 0V MT Ay (V) + do AE (V) + dedY M Ey®(Y) + dod” WE(Y)

AW A0 (VAN WY M Qo (V)4 A5 T U (Y)%Xl (A—FA) LT, A\, )+ L,

where Ly = Gy + Bz and Xlisa lagrange multiplier which enforces the pure gauge

condition. In fact, if we integrate out this field, we recover the original action (B.0]) if

A=0X' A=0X"

In order to obtain the T-dual sigma model action, we integrate out the gauge fields instead.
By varying respect to A and A, we obtain
1

A= (0X'—oYMLyy —2d By — 2A%591a5)g—, (2.4)
11

e = _ 1
A= (—9X' Y MLy — 2T Ap)—.
G11

We plug this in the action (B.J) to get

1
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+%ayM5yva’NM(Y)+afclfA}1(Y>+ayM71A}M(Y>+da55€1E10‘(Y>+da5YME§w“(Y)
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where the transformed fields are given by
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It remains to determine the bosonic component of the supervielbein E5;%. It can be

obtained through the definition

GW = EﬁaEﬁbT]ab. (27)
Following [[1]], we determine this supervielbein as

B = Qi Ex, (2.8)
where the matrix () is determined by
« N (0%
EIM = Q77 Eg™. (2.9)

According to (2.G), the matrix ) has the entries

1 L
Q' =———, QM=0, Qu'=-21 QM =0u". (2.10)
G11 Gll
In this way we obtain
Ela LMlEla
B%=—-—" E\,=FEy*— —/———. 2.11
1 Gll M M Gll ( )

As verification, we need to obtain the transformations given in (B.g) for the supermetric
by using the definition of (£-7) and (E-IT]). In fact, doing this

, 1 , B / Bn1Byr — GniGan

11 Gll, 1M Gll ’ NM Gll




which are compatible with (B.f]). Note that we need to perform a shift in de dilaton
superfield too because of the term involving AA in (2.3) is not one. As it was shown in

[H], the dilaton is transformed according to

2o/

Gu

' =P+ log (2.12)

We will also need the inverse of the super vielbein. It was found that E’MA =
QﬁﬁEﬁA where the matrix @) is given in (-I0). The inverse E;‘M =F AN(Q_I)NM,

where the entries for the matrix Q! are

Q@ Mt =-Gn, @M =0, Q@ Yu'=-Li, @ Hu"N=6u". (2.13)

2.2. Fermionic T-duality

Let us consider now a fermionic T-duality [[J]. We assume that the background in
the sigma model action (B-1]) is independent of a fermionic direction, say #'. As in the
bosonic case, we gauge this isometry by introducing a pair of fermionic gauge field (A4, A)
and by adding a fermionic Lagrange multiplier which enforces a pure gauge condition on

the gauge fields. The action now is

1
21/
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1 1 1. 1

/ d*z §AAB11(Y)+§A8YMLM1(Y)+§6YMAL1M(Y)+§8YM6YNLNM(Y)
(2.14)

FAT Ap (V) + 0YMT A (Y) + da AE (V) + dadY M Ey (V) + dod WE(Y)

_ _ _ 1~ _
FACWs A (V) + X ws0Y M QP (Y)+)\°‘w5JIUIa5(Y)+§91 (OA—DA)+L(T, N, w)+Lpr.
Integrating out the fermionic Lagrange multiplier 51, we obtain the action (2-1]) because

A=00", A=06"

We now integrate the gauge fields. The equations of motion for them determine

A= (00" — (—=)MOYM Ly — 2do B + 2Aaw591aﬂ)Bi, (2.15)
11
A= (00" =9y MLy, — 27IA,1)L,
Bll



where (—1)M is —1 if M is a bosonic index and is +1 if M is a fermionic index. We plug

these values in the action (2.14)) to obtain the fermionic T-dual background

1
21!

S

/ a2z %851551B11(Y) + %8515YML§M1(Y) + %8YM5§1L’1M(Y) (2.16)

. - B _~ _
5OV MY N Ly (V) 408" T Ay (V) +0Y T Ay (V) +do8' Ef* (V) +da0Y M Ef,*(Y)
o W' (V) + Xwgd0 0O (V) + Aws00' 2,7 (V) + A%wgdY M0l A (Y)
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where the fermionic T-dual background is given by

11:—%“7 ’Ml:%‘il, ﬁleg—lj\f, &MILNM—%, (2.17)
912%7 }M:AIM—L;?M, E{QZ%, E?wO‘ZEM“—LJgfla,
W' =Wy — 2’4%?&, Utop = Ura® — 2‘41}37%“&.

We note that these transformations are very similar to those in the bosonic case. In the
fermionic case, the B1; plays the role of G1; in the bosonic case. It remains to determine
the bosonic component of the supervielbein. As in the bosonic case, we note that is given
by (B-§) where the matrix @ is determined by (B.9) and the transformations of (2.I7). The

entries of () are

1 L
Q' = B M =0, Qu'= ——BMl, QnM =™, (2.18)
11 11
Therefore,
E° Ly Eq®
poe—Sl  pe_pe_ ML 2.19
=B M M B (2.19)

From the definition (77), we determine that the transformations of the supersymmetric

components are



Gni1Biv + ByiGim
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which are compatible with (B:I7). As before, the dilaton superfield is shifted as

/
mMi=—+—> Gnu=Gnm—
Bi

2 /
o = —log go‘ . (2.20)
11

Here the relative sign is reverted respect to (2.12) because the measure for the gauge field

is grassmannian, then the jacobian of the transformation is inverted [[J].

3. Classical BRST Invariance

In the previous section it was shown how the T-dualities are realized in the pure
spinor heterotic string. The classical BRST invariance of the sigma model action puts
them background field on-shell [f]. Since the BRST charge @ = § A*d,, is unaffected by
the T-duality transformations, then the T-dual background is also a solution of the N =1
ten-dimensional supergravity/SYM equations of motion. Therefore, we expect that the
T-dual sigma model action, both bosonic and fermionic, is also BRST invariant. Now it
will be shown that this is the case.

The classical BRST invariance of the action implies that the background fields satisfy
the constraints [ff] (see also [@]E

ANNT L5 = NN Hopa = AN Frap = AN XN Rop.,° = 0. (3.1)

Now it will be shown that these constraints remain after a T-dual transformation of the
background. Consider the bosonic T-duality of (B.§), the fermionic case is analogous.
Let’s start with )\O‘)\BFmg = 0. We use that
Flop= (1) EME Np
Now we split the index M into (1, M) and we use the definition of F' in terms of the gauge
potential A together with the transformations of (£-§) to obtain

1
Flog = Frap — G—H(Haﬁl + Tos " Er*nap) A

3 The constraints coming from the holomorphicity of the BRST current are implied by these

and Bianchi identities.



If we hit this expression with A*\? we obtain

NNl 5 = XN Fpop = 0.
Consider now the constraint involving H. Starting from
éxﬂA = (_1)M+1E.{4FE/BWE&H ;\/[NP’
by splitting the index M as (1, M), the definition of H in terms of B and the T-dual

transformations (B.€]) we obtain
/ 1 M a b
Hogp=Hapa+ G—HEO‘ G E1"TaA ey = Hapa-
Then, the constraint A*\? H.,za = 0 is preserved.

Consider the torsion constraint in (B.I]). Starting from
A M+1 g1 M ot N A
T,s" = (- ERM ELN T,

using the definition of the torsion as the covariant derivative of the vielbein and splitting
index M into (1, M) we obtain

1
T 5" = Tap™ — 5—(Hapr + Tap®Er"nap) E1 2,

from which we obtain

@ A o A
ANT! 34 = NN T, 57

Finally, consider the torsion constraint in (B-]]). Starting from

Y

A M41 1/ M 1 N p/ 5
apy = (D) ERT BN R

using the definition of R in terms of the connection 2 and splitting the index M into (1, M)

we obtain

Q0 )
Rixﬁvé = Ragy’ — Gl—:l(Ham + Tos®E1Pnap),

then, we get

AN NRL 5% = A*N° Ry’

afy



4. Quantum super T-duality

In this section we discuss the preservation of some symmetries of the sigma model
action (271]) under background T-duality transformations. We consider the conformal,

gauge and local Lorentz symmetries

4.1.  One-loop conformal invariance

As we have already stated, the classical BRST invariance of the sigma model action
puts the background fields on-shell [E]Since the BRST charge Q = § A\*d,, is unaffected by
the T-duality transformations, then the T-dual background is also a solution of the N =1
ten-dimensional supergravity/SYM equations of motion. As it was shown in [[{], the one-
loop conformal invariance of the sigma model action is a consequence of the classical BRST
invariance. Therefore, we expect that the T-dual sigma model action, both bosonic and
fermionic, is also BRST invariant. Now it will be shown that this is the case.

The classical BRST invariance of the action implies that the background fields sat-
isfy the constraints (B.]). Recall that the €2 connection here involves the usual Lorentz

connection and a connection for the scaling invariance of (R.I) through

1
e’ = Qnrda” + Z(’)’ab)aﬁQMab- (4.1)

After performing a covariant background field expansion, it was shown in [ that the
one-loop UV divergence of the effective action vanishes after using the constraints of (B.1)),

Bianchi identities and the relation

Vaq) =4 Qom (42)

where ® is a superfield which appears in the Fradkin-Tseytlin term in (P-3) and ©, =
E.MQy;. The relation (J) can be obtained by requiring the vanishing of the ghost
number anomaly as it was discussed in [f] and [§].

In the T-dual background, the BRST constraints are equivalent to (B.]) but with
the curvatures constructed the T-dual connections of (B.f) in the bosonic case or the
connections of (R.17) in the fermionic case. Now one can perform a covariant background
field expansion and demonstrate the vanishing of the one-loop effective action. In order to

do this, it is necessary to use the relation (1)) in the T-dual background, that is

Ve =40, (4.3)

9



where the covariant derivative is defined with the T-dual transformed connections of (B.q)
or (B17), and @' is given by (B.13) or (B.2(). There is an apparent contradiction because

if one uses the rules for transforming the background field under a T-dual transformation,

the rhs of (3J) remains invariant. Let us prove this assertion in the bosonic case. In the
fermionic case, the proof can be done in parallel.

Using this,
O, = ELMO = G B Q) — BV Ly Q) + EM Q) = Qo
Analogously, the lhs of ([.3) transforms as
1

G

By combining both transformations, we find a contradiction with (). This is solved

V.d =V,d— V.G

by recalling that the action of (B.J) is invariant under a scaling transformations where
O = eANY 0wy = —€Wq, ... and 02y = —Adpe. Using this symmetry, we just change
Qum — Qur — iVM log G11 to preserve the equation (f.2)).

4.2. Gauge and local Lorentz symmetries

The action of the pure spinor heterotic string (R.1]) is invariant under local gauge and
local Lorentz transformations. Under the former, the background field A ;; transforms as
a connection and all other fields carrying an index I transform in the adjoint representation
of the gauge group. Of course, fields without an index I are inert under the gauge group.
Under a local Lorentz transformation, €2 is the connection and all other fields transform
homogenously.

It is well known that the effective action is potentially anomalous because these sym-
metries act on chiral fermions. Consider first the heterotic fermions in the action of (B.1)).
The effective action is determined by performing a covariant background expansion and
then integrating out the quantum fluctuations (see [[7] and references therein). It turns

out the part of the effective action involving the heterotic fermions is given by

o—Serslal _ / Dp e [ @2 Trev o), (4.4)

where the trace is over the vector representation of the gauge group, the heterotic fermions
belong to this representation, the covariant derivative is given by Vp = 0p + ap, where

a = a;K' with K' denoting the generators of the gauge group and

10



ar = 0ZM Az + da Wi + A wsU,", (4.5)

which is determined in the covariant background field expansion performed in [[]]. The
gauge anomaly is given by making a gauge transformation with the gauge field in the
combination of (). Now it will be shown that this world-sheet field is invariant under
the bosonic T-duality (£.6). In fact,

X 1A AL
) = OXTAL + OYMAL L 4 da W + X wpU) P = 9XT 21 4 gy M (A, — ZIZIMY
Gi1 G111
AnEp® A1 01.°
o (W — 2270y 4 N (U — 25271,
G G111

by using the equations (2:4) and that A = X', A = X!, we obtain that a}; = a.
Therefore, the anomalies determined by this world-sheet field are invariant under the
bosonic T-duality of (2.6).

Consider now the fermionic T-duality case. We obtain

~ — A AnL
ay = 00 Ay + OYM AL, + do Wi + Nwsls, P = aelB—” + oYM (Apyy — %)
11 11
AnFEia Ao’

+do (W —2 ) + XN (Ura” — 2

11 By, )
by using the equations (B.15) and that A = 90!, A = 90!, we obtain that a} = a.

Therefore, we have verified that the T-dualities do not affect the gauge anomaly in the

heterotic string case

Now we consider the local Lorentz symmetry of the action (). We have two poten-
tially anomalous chiral systems, one coming from the expansion of (d,, ZﬁEﬁﬁ ) and the
other from the expansion of the pure spinor ghosts (wq, P ). In both cases, the effective

action is of the form

o~ Sers (B _ / DyDyp e~ | @7 vaTe™ (4.6)

where (¢q,Yg) is (ZWEMO‘, dg) or (A*,ws) and the covariant derivative is given by V® =
0p* + P Ag® with the connection given by

11



A =070 P+ T ULS. (4.7)

Now it will be shown that () is invariant under T-dualities. Using the rules of (2-0)

for the bosonic T-duality we obtain

PR —_— - _ av ﬂ )
AP =3X'0L +av Moy, P+ T UL = —axlgGi + VM Qe - =
11 11

Allglaﬁ) _ Zaﬂ,
G
where we have used the equations of (2:4) and A = 0X*.

Analogously, the fermionic T-duality also leaves invariant the world-sheet field A.

—l—jl(U Iaﬁ —2
Then, we can conclude that the anomalies which depend on A, as the local Lorentz anom-
aly, will not be affected by T-dualities.
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