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CHARACTERIZATION OF GENERALIZED ORLICZ SPACES
RITA FERREIRA, PETER HASTO, AND ANA MARGARIDA RIBEIRO

ABSTRACT. The norm in classical Sobolev spaces can be expressed as a difference quo-
tient. This expression can be used to generalize the space to the fractional smoothness
case. Because the difference quotient is based on shifting the function, it cannot be used
in generalized Orlicz spaces. In its place, we introduce a smoothed difference quotient
and show that it can be used to characterize the generalized Orlicz—Sobolev space. Our
results are new even in Orlicz spaces and variable exponent spaces.

1. INTRODUCTION

Bourgain, Brézis, and Mironescu [0, 7] studied the limit behavior of the Gagliardo

semi-norms ,
1l = [ [ EE Gy, 0 <<
alo |z —ylvter

as s — 1, and established the appropriate scaling factor for comparing the limit with the
LP-norm of the gradient of f. They characterized the Sobolev space W1? and proved the
convergence of certain imaging models of Aubert and Kornprobst [2] to the well-known
total variation model of Rudin, Osher, and Fatemi [35]. Our aim in this paper is to extend
the characterization to generalized Orlicz spaces defined on open subsets of R™.

Generalized Orlicz spaces L¥() have been studied since the 1940’s. A major synthesis
of functional analysis in these spaces is given in the monograph of Musielak [31] from
1983, for which reason they have also been called Musielak—Orlicz spaces. These spaces
are similar to Orlicz spaces, but defined by a more general function (z,t) that may vary
with the location in space: the norm is defined by means of the integral

| el ls@l)ds,

whereas in an Orlicz space, ¢ would be independent of z, ¢(|f(z)]). When ¢(t) = 7, we
obtain the Lebesgue spaces, LP. Generalized Orlicz spaces are motivated by applications to
image processing [10, 23], fluid dynamics [37], and differential equations [, 20]. Recently,
harmonic analysis in this setting has been studied e.g. in [15, 25, 29].

We have in mind two principal classes of examples of generalized Orlicz spaces: vari-
able exponent spaces LPU), where o(z,t) := tP@ [14, 17], and dual phase spaces, where
o(x,t) = tr + a(z)t? [3, 4, 5, 8, 9, 11, 12, 13, 34]. It is interesting to note that our
general methods give optimal results in these two disparate cases, cf. [25]. Also covered
are variants of the variable exponent case such as t?(*) log(e +t) [20, 30, 32, 33].

It is not difficult to see that a direct generalization of the difference quotient to the non-
translation invariant generalized Orlicz case is not possible [27, Section 1]. For instance
Besov and Triebel-Lizorkin spaces in this context have been defined using Fourier theoretic
approach [1, 18]. Hasto and Ribeiro [27], following [16], adopted a more direct approach
with a smoothed difference quotient expressed by means of the sharp averaging operator
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ME This is the general approach adopted also in this paper. This paper improves

[ ](in)three major ways:
1. Instead of variable exponent spaces, we consider more general generalized Orlicz
spaces;
. Instead of R™, we allow arbitrary open sets 2 C R"™; and
3. In our main result, we relax the technical assumption f € L'(2) to its natural form;
Le., f € Li.(f).

loc

(\V]

The latter two generalizations have been previously established in the case LP by Leoni
and Spector [28], see also [19, Section 1]. In order to achieve these goals, the methods of
the main results (Section 4) are completely different from those in [27] and involve a new
bootstrapping scheme.

We introduce some notation to state our main result. We refer to the next section for
the precise definition of L¥") and the assumptions in the theorem. Let Q C R” be an
open set, ¢ € (), and £ > 0. Let 1. be a set of functions such that

(11) er000. voz0. [ uldr-t
0
and, for every v > 0,
(1.2) lim / e (r)dr = 0.
e—0t 5

We define a weak quasi-semimodular, ¢% o(f), on Ly,.(€) by setting

loc

drolf) = [ [ o (e 20l r) devar

for f € LL (), where Q, ;= {z € Q: dist(z,09Q) > r} and

loc

M?(:L’,’r)f = ][

B(z,r)

FW) = Fon|dy with hmw—f £() dy.

B(z,r)

The associated quasi-norm, ||f||%.q, is defined by

[0 = inf {A> 0] g (f/A) < 1}.

The following is our main result stated for a ®-function—it is also possible to state it
for weak ®-functions, see Theorem 4.6. The proof follows from Propositions 4.1 and 4.5.

Theorem 1.1. Let Q) C R" be an open set, let ¢ € ®(Q) satisfy Assumptions (A), (alnc),
and (aDec), and let (¢.). be a family of functions satisfying (1.1) and (1.2). Assume that
feLL.(Q). Then,

loc

VfeLfOQRY) < limsup 0% a(f) < oo.

e—0t

In this case,

lim 0% o(f) = 0,0).0(cal V) and lim | f]
e—0t

e—0t

;E,Q = CnHVchp(-),Q’
where ¢, == fB(O 0 |z - eq|dx.
Remark 1.2. Note that the previous result is new even in the case of classical Orlicz

spaces. In this case, Assumption (A) automatically holds.
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Remark 1.3. In the case p(z,t) = ) Assumptions (A0) and (loc) always hold,
while Assumptions (Al) and (A2) are equivalent to the local log-Hélder continuity and
Nekvinda’s decay condition, respectively. Moreover, if p_ := inf,cq p(z) > 1, then (alnc)
holds; and if py := sup,cqp(z) < oo, then (aDec) holds.

2. PRELIMINARIES

This section is organized as follows. In Subsection 2.1, we collect some notation used
throughout this paper. Then, in Subsection 2.2, we recall the definition of ®-functions
and of some of its generalizations; we recall also the associated Orlicz spaces, norms, and
semimodulars. Finally, in Subsection 2.3, we introduce and discuss our main assumptions
on the (generalized weak) ®-functions and relate them with other assumptions in the
literature. We conclude by proving two auxiliary results, Lemmas 2.11 and 2.12. The
first one can be interpreted as a counterpart in our setting of the weighted power-mean
inequality for the function ¢(x,t) = t? for some p > 1; the second one is a Jensen-type
inequality in the spirit of [25, Lemma 4.4] and [27, Lemma 2.2].

2.1. NOTATION. We denote by R"™ the n-dimensional real Euclidean space. We write
B(z,r) for the open ball in R" centered at x € R"™ and with radius » > 0. We use ¢ as
a generic positive constant; i.e., a constant whose value may change from appearance to
appearance. If F C R" is a measurable set, then |E| stands for its (Lebesgue) measure
and y g denotes its characteristic function; we denote by LY(E) the space of all Lebesgue
measurable functions on F.

Let g, h : D C R™ — [0,00] be two functions. We write g < h to mean that there
exists a positive constant, C, such that g(z) < Ch(z) for all z € D. If g S h < g, we
write g &~ h. Also, given a sequence (g.). of non-negative functions in D, the notation
lim. .9 g- = h means that there is a positive constant, C', such that %h < liminf. 0 9. <
limsup,_,, g- < Chin D; i.e., for the equivalence we do not require the limit to exist, only
the upper and lower limits to be within a constant of each other.

Moreover, if D = [0,00), we say that g and h are equivalent, written g ~ h, if there
exists L > 1 such that for all ¢ > 0, we have h(+) < g(t) < h(Lt). In this case, L is said
to be the equivalence constant.

Let ¢ : [0,00) — [0, 00] be an increasing function. We denote by ¢! : [0, 00] — [0, 0]
the left-continuous generalized inverse of ¢; that is, for all s € [0, 0o,

(2.1) @ 1(s) :=1inf{t > 0] p(t) > s}.

Let  C R™ be open, let ¢ : Q x [0,00) — [0, 00|, and let B C R". Then, ¢} : [0,00) —
[0, 00] and ¢ : [0,00) — [0, 00] are the functions defined for all ¢ € [0, 00) by
5(t) = ¢ d ¢z(t):= inf t).
#plt) = sup () and @p(t):= inf o(z?)

Note that if p(x,-) is increasing for every x € Q, then so are p5(-) and @5(-); thus, these
functions admit a left-continuous generalized inverse in the sense of (2.1).

2.2. ®-FUNCTIONS AND GENERALIZED ORLICZ SPACES. We start this subsection by in-
troducing the notion of almost increasing and almost decreasing functions, after which we
recall the definition of ®-functions and of some of its generalizations.

Definition 2.1. We say that a function ¢ : D C R — [0,00] is almost increasing if
g(t1) < cg(ty) for every t; < ty in D and some c. We say that ¢ is the monotonicity

constant of g. Almost decreasing is defined analogously.
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Definition 2.2. Let ¢ : [0,00) — [0,00] be an increasing function satisfying ¢(0) =
limy; o+ ¢(t) = 0 and limy_,o p(t) = co. We say that ¢ is a

(i) weak ®-function if t — @ is almost increasing.
(ii) ®-function if it is left-continuous and convex.

We denote by ®,, the set of all weak ®-functions and by ¢ the set of all -functions.

Remark 2.3. If ¢ € @, then, by convexity and because ¢(0) = 0, for 0 < t; < i,
p(t1) = p(ta + (1 = £)0) < Fp(ty); thus, t — 20 s increasing. Hence, ® C ®,.
Conversely, if ¢ € ®,,, then there exists ¢ € ® such that ¢ ~ ) [22, Proposition 2.3].

Definition 2.4. Let @ C R” be an open set, and let ¢ : Q x [0,00) — [0,00] be a
function such that ¢(-,t) € L°(Q) for every ¢ € [0, 00). We say that ¢ is a

(i) generalized weak ®-function on Q if p(z,-) € P, uniformly in z € ; i.e., the
monotonicity constant is independent of x.
(i) generalized ®-function on Q if ¢(x,-) € ® for every x € Q.

We denote by ®,,(€2) and ®(Q2) the sets of generalized weak ®-functions and generalized
®-functions, respectively.

By this definition, it is clear that properties of (weak) ®-functions carry over to gener-
alized (weak) ®-functions point-wise uniformly. In particular, this holds for Remark 2.3.
Similarly, ¢ ~ 1 means that ¢(z,-) ~ ¢ (x,-) with constant uniform in z, etc.

Next, we recall the definition of the generalized Orlicz space, quasi-norm, and quasi-
semimodular associated with a generalized weak ®-function.

Definition 2.5. Let 2 C R™ be an open set, let ¢ € ®,(Q), and consider the weak
quasi-semimodular, 0u(.)q, On L°(Q) defined by

0oralf) = / ol | (a)]) de

for all f € LO(Q). The generalized Orlicz space, L¥1)(€), is given by
L Q) :={f € L°Q)] 0p()0(Af) < oo for some A > 0} .
We endow L‘P(‘)(Q) with the quasi-norm

[ flloey.0 = mf {A > 0] 0p) 0 (f/A) <1},

If, in the Definition 2.5, ¢ € ®(Q) , then g, o(-) defines a semimodular on L°(€2) and
|+ [lo().0 & norm on L¥O(Q2) (see [17]).

Remark 2.6. If 0,9 € ®,(Q) and ¢ ~ 1, then L") = L¥0) with equivalent quasi-
norms.

2.3. MAIN ASSUMPTIONS. We begin by introducing our main assumptions on the gener-
alized (weak) ®-functions on 2. The first three assumptions, (A,), (alnc), and (aDec),
extend three known properties for ®-functions to generalized ®-functions point-wise uni-
formly. The fourth assumption, (A), relates the behavior of generalized ®-functions at
different values of the variable in Q. The last assumption, (loc), implies that simple func-
tions belong to the generalized Orlicz space. These last two assumptions hold trivially for
Orlicz spaces.

Let Q C R™ be open and ¢ € ®,(2). We denote by ¢! the generalized inverse of

with respect to the second variable (see (2.1)).
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(Ag) ¢ is doubling; i.e., there exists A > 0 such that p(z,2t) < Ap(z,t) for a.e. z € Q
and for all ¢t > 0.

(alnc) There exists a constant ¢4 > 1 such that for a.e. z € Q, the map s — s~ #tp(z, s)
is almost increasing with monotonicity constant ¢, independent of x.

(aDec) There exists a constant ¢ > 1 such that for a.e. z € 2, the map s — s~ % p(z, s)
is almost decreasing with monotonicity constant ¢, independent of z.

(A) There exist 5,0 > 0 for which:
(A0) p(z,P0) <1< ¢(x,0) for all x €
(A1) o(z, Bt) < @(y,t) for every ball BC Q, 2,y € B, and t € [0, 97! (y, |—é|)];
(A2) there exists h € L'(Q) N L>®(Q) such that for a.e. z, y € Q and for all ¢ € [0, 7],
we have ¢(z, ft) < o(y,t) + h(x) + h(y).
(loc) There exists ty > 0 such that ¢(-, ty) € L ().

loc
The notation (alnc); is used for a version of (alnc) with ¢4 > 1; i.e., equality included.
Note that, for any weak ®-function, (alnc); holds for ¢y = 1.

Remark 2.7. Let us collect several observations regarding the assumptions above.

1. Each of the previous conditions is invariant under equivalence of (weak) ®-functions;
i.e., if o >~ 1, then ¢ satisfies a condition if and only if ¢ satisfies it.

For doubling (weak) ®-functions, ~ and = are equivalent.

(aDec) and (A,) are equivalent [241, Lemma 2.6].

(A0) implies (loc) (choose ty := o).

If (alnc) and (aDec) hold, then ¢! < t.

Finally, note that if ¢ satisfies (aDec) and (loc), then p(-,t) € LL_(Q) for every
t>0.

A e

It follows directly from the definition of the left-inverse that ¢ ~ v implies ¢! ~ =L
Furthermore, if ¢ ~ ¢, then @5 ~ 15 and so (pz)~' ~ (Y5)~ "
The next proposition shows that Assumption (A1) is equivalent to its counterpart in

[25].

Lemma 2.8. Let v € ©,(Q), 0 >0, and 5 € (0,1). Then, ¢ satisfies (A1) for (o, ) if
and only if for every ball B C Q, and for all finite t € [0, (o)~ (1/|B|)], we have

(2.2) wi(8t) < pp(t).

Proof. Because (gog)_l(ﬁ) > o7 (y, ﬁ), it follows that if ¢ satisfies (2.2), then it also
satisfies (A1).

Conversely, assume that ¢ satisfies (A1). We first consider the case whent € [0, (¢5)~" (ﬁ) ).
In this case, we can find (y;)ien C B such that ¢ € [J, @*1(yi, ﬁ)} for all 7+ € N and

0p(t) = lim; o ©(y;,t). Then, by (A1), we have
p(z, Bt) < ¢(yi, t)

for a.e. x € B and for all « € N. Taking the supremum over x € B and then letting
i — o0 in the previous estimate, we obtain ¢L(St) < pgz(t). Finally, assume that ¢t =
(gog)’l(ﬁ) < 00, and let t' € [0,t). By the previous case,

(2.3) p(z,Bt') < ¢p(Bt) < ep(t) < ()
for a.e. x € B, where in the last inequality we used the fact that ¢ is increasing. Taking
the limit ¢ — ¢ in (2.3), the left-continuity of ¢(x,-) yields ¢(z, ft) < ¢z(t) for a.e.

x € B. Hence, taking the supremum over z € B, we conclude that ¢ satisfies (2.2). O
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The next lemma shows that left-inverse commutes with infimum, even when the function
is not continuous.

Lemma 2.9. Let Q C R"™ be an open set, let B C Q, and let ¢ € D,(Q). Then,
(op) ' = (¢ )5

Proof. Fix s € [0,00]. For every x € B, we have
(ep) (s)=inf {t = 0|pp(t) = s} =inf {t > 0| p(z,t) > s} =¢ '(z,s).

Thus, taking the supremum over x € B,

(05)7'(5) = (¢ )E(s):

To prove the converse inequality, we may assume that ¢ := (p')5(s) < oo without
loss of generality. Fix ¢ > 0. By definition of ¢ and because 90( -) is increasing for every
x € B, we have ¢(z,t+¢) > s for all z € B. Hence, (p5) (s ) < t+e. Letting ¢ — 0,
we conclude the desired inequality. D

The following lemma allows us to relate Assumption (A1) with its counterpart in [21].

Lemma 2.10. Let Q C R™ be open and assume that p € ®(Q) is doubling and satisfies
(AO). Then, (A1) is equivalent to the following condition:

(A1°) oYz, s) S oy, s) for every ball BC Q, x,y € B, and s € [1, |B‘]

Proof. Because ¢ belongs to ®(2) and is doubling, it is a bijection with respect to the
second variable from [0, 00) to [0,00). Applying ¢! to (A0) and (A1), we find that

(2.4) (A0) & Bo<y '(z,1) <o forae e

(A1) & Bo Yz,s) <o '(y,s) fora.e. 2,y € B and for all s € [go(x o), |B|}

If s € [1,p(z,0)], then Bp~t(z,1) < By (x,s) < Bo because p~!(z,-) is increasing.
Thus, using (2.4), By~ (z,s) < ¢ '(y, s) holds for all such s. O

As mentioned at the beginning of Section 2, the following lemma can be interpreted
as a counterpart in our setting of the weighted power-mean inequality for the function
o(z,t) = tP for some p > 1.

Lemma 2.11. Let Q C R™ be open and assume that p € ®,(QQ) satisfies (aDec). Then,
for all o > 0 and a,b > 0 and for a.e. x € ), we have

1 1\ *
(2.5) o(r,a+b) < oz, (14 0)a) + a (1 + 5) o(z,b)
and
1 %' ol a N
(2.6) gp(:z:,a+b)<a (14 0)% o(z, )+(1+(5> o( ,b)}.

Proof. 1f b < da, then the monotonicity of ¢(x,-) yields
o(z,a+b) < p(x,(1+0)a).
If @ < 6'b, then the monotonicity of ¢(z,-) and (aDec) yield
1
pl,a+0) <oz, (1+71)b) < (1407 Pp(z,b).
1

Thus, (2.5) holds. Further, (2.6) follows from (2.5) by (aDec). O
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The following lemma is a variant of [25, Lemma 4.4] without the assumption p,cy(fx{f>0}) <
1 and correspondingly weaker concluswn (see also [27, Lemma 2.2]).

Lemma 2.12. Let Q@ C R" be open and assume that ¢ € ®,(Q) satisfies Assump-
tion (A). Then, there exists B' > 0 such that, for every ball B C Q, f € L¥Y(Q), and
a.e. x € B, we have

o rmin{ (o5 () lrlan} ) < f etnlsoay+ )+ f 1w an

where h is the function provided by (A2).

Proof. Without loss of generality, we may assume that f > 0. By Remarks 2.3 and 2.7,
we may also assume that ¢ € ®(Q). Then, t — “D(m Y is increasing for every x € () .
Fix a ball B C 2, and denote « := (gog)_l(“g') Let (o, B) be given by Assumption (A),

and set fi := fx{>o}, fo = f— f1, and F; : fB fidy for i € {1,2}. Because p(z,-) is
convex and increasing,

(2.7) ¢<x,§min {a,fjgfdy}) < p(z, Emin{a, i}) + (2, BE).

We start by estimating the first term on the right-hand side of (2.7). Suppose first
that  min{a, Fi} > 0. Then, by definition of a, 1 min{e, Fl} € o, (go;)_l(w')] Thus,

Lemma 2.8 and the monotonicity of ¢(z,-) and ¢ yield ¢(z, 5 min{a, £} <op(3F).
Using now [25, Lemma 4.3], we obtain

oz, S minfo, F1}) < ¢5(3F) < f o5 (hil) dy < ][ oy, () dy

Next, suppose that i smin{a, F1} < 0. Then, min{%,g—;} < 1, which, together with
the convexity of ¢(z, ) and the condition ¢(z,0) = 0, yields

80(337 gmln{aaFl}) = QO(J?,ﬂO'l’IllD{%, 5_; ) < QO(I‘,ﬁO’) mln{%a %} < (,0(1’,50’)2—;

For the same reason, if fi(y) > o, then @gp(y,a) < oy, fily). If fi(y) = 0, this
inequality also holds, so it holds for all y € B. Then, using these estimates, the inequalities
(-, Bo) <1< ¢(-,0) given by (A0), and the definition of F}, we conclude that

gp(;z:,gmin{a,Fl}) < (1: 60 ][ fily) dy < %7{3@9@(%0) dy

< %]{Bs@(y, fi(y)) dy

To estimate the second term on the right-hand side of (2.7), we invoke the convexity
and monotonicity of ¢(z,-) and Assumption (A2) to obtain

¢(z, BF) < ]iw(x,ﬁfz(y))dy < ]isf)(y, f2(y)) dy + h(z) +]ih(y) dy.

Recalling that a = (gog)_l(ﬁ) and ¢(z,0) = 0, the claim follows. O

3. AUXILIARY RESULTS

Lemma 3.1. Let Q and U be two open subsets of R™ such that U CC Q. Let ¢ € ®,(Q)

satisfy Assumptions (aDec) and (loc), and let (1.). be a family of functions satisfying
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(1.1) and (1.2). Then,
(3.1) lim 0% 1 (f) = 0p)u(cal V)

e—0+t
for all f € C>®(Q), where ¢, == fB(O 1y |z - e1| dx. If, in addition, p(z,-) is continuous for
all x € U, then (3.1) holds with equality.

Remark 3.2. Note that ¢(x,-) is continuous for all z € Q if ¢ € ®(Q) satisfies (aDec).

Proof. Let f € C>(£2). We start by treating the case in which ¢(x,-) is continuous for
all z € U. We claim that

(3.2) lim 04 y(f) = 0py 0 (el VF).

By the Taylor expansion formula, for any z € Q and y € Q such that |y — z| <
dist(x, 092), we have

fly) = f(x) + Vi(z)-(y —$)+R($ y),
where R(x,y) = o(|z —y|) as y — x. Denote h(x,r) := 2 fB (@) |R(:c y)| dy, for r > 0 and
xr € Q. and ¢, = fB(O,l) |z - e1| dz. As proved in [27, Lemma 3.1], we have the point-wise
estimate
e |Vf(x)] —rh(x,r) < Mgﬁ(w)f < epr |Vf(x)| +rh(x,r).
Consequently, we can define a function o : Q x R™ — [—1,1] such that %Mg(a:,r)f =
e [Vf(2)| + alz, r)h(z,r) when z € Q,. Then,

(3.3) Goul(f) = / . / (ol V £(2)] + e, 1), 7)) di () dr

Next, we prove that limsup. o+ 0% (f) < 0p)v(calVf]). Fix 6 > 0. Because
V(@) + alz,r)h(z,r) < cy| VI(2)| + h(z,7), the monotomclty of p and (2.5) yield

0.l ()] + ol )bz ) < ol (14 0)en V@) + (1+§)m¢<x,h<x,r>>.

Hence, invoking (3.3) and (1.1), we obtain
limsup 6% 1;(f) < o) (14 8)cal VS])

e—0

3.4
o —l—%(l—i—) lliigp/ /T (x,h(x,r))dxp(r)dr

We claim that

(3.5) lim / h / plas b)) do () dr =0,

e—0t 0

from which the estimate on the upper limit follows by dominated convergence as 6 — 0%
in (3.4) taking also into account the continuity of ¢(z, -).

To prove (3.5), we start by observing that because U is bounded, the set U, is empty
for all » > 0 sufficiently large. Thus, there exists ro > 0 for which we have

/OOO /r o(x, h(z,r)) dx . (r)dr = /OTO /7‘90<3;-,h(£€,7“)) dx . (r) dr

Moreover, since f € C2, |R(z,y)] < | flwasle — yl? for all r € (0,70), @ € Uy, and
y € B(z,r). Set C := | fllwze@). Then, for all r € (0,79) and = € U,, h(z,r) <
2Cr. Fix 0 < v < min{l,79}. We have that ¢(x, h(z,7)) < ¢(z,2Cr) whenever r €

(7,70); moreover, denoting by ¢ the monotonicity constant of t — @, we have also
8



o(x, h(x r)) < cyp(z,2C) whenever r € (0,7]. Using, in addition, the condition ¢ > 0
and (1.1), it follows that

/ / (z, h(x, 7)) dx . (r)dr / o(x,20) d:c—i—/(](p(a:,QCro)dx/:ozps(r) dr

In view of (1.2) and Assumption (loc), together with Remark 2.7, letting e — 07 in this
estimate first, and then v — 0%, we obtain (3.5).

Finally, we prove that liminf. ,o+ 0% 1/ (f) = 0p()v(calVf]). Fix 6 > 0, and denote
a = c,|Vf(x)| and V' := a(xz,r)h(z,r). If r > 0 and x € U, are such that a(x,r) < 0,
Eher; applying (2.5) with a := “1:[2 and b := —lb—J;6 gives
3.6

p(x, e V(@) + alz,r)h(z, 1)) = @(z, (1 +0)a) > ¢(z,a +b) — =(1+ 5)@(z,b)

> (o, =) — L(1 4 1)#r(a, bz, 7)),

< —lb—J;s < h(z,r). If r > 0 and
x € U, are such that a(x,r) > 0, then the monotonicity of ¢ yields

cen|Vf(x
(37) o, enl V()] + e, )b, 1) > oo, ).

Thus, by (3.6) and (3.7), for every > 0 and x € U,, we have

o, calV £(@)] + e, (1) 3 o, 251V @) - (1 + DPp(a, ha, )
Consequently, by (3.3), it follows that
389 o> [ [ [el V@) - 0 e b)) o)

Fix 0 < v < 1 and ry > 0 such that U,, # 0. By (1.1) and (1.2), there exists g = €o(, 70)
such that, for all € € (0,¢p), we have

/TO Ye(r)dr > 1—
0

Thus, we have also, for 0 < ¢ < g,

/ / v, |V £ (2)]) do 5. (r) / / (2 25V £(@)]) dar o (r) dr

2(1_7)/[; ( 71+5’vf( )|)

0

where we used the monotonicity of ¢ and the estimate 0 <

This estimate, (3.8), and (3.5) yield
liminf o% ;(f) > (1= 7)p0)0., (25 V1)-

The conclusion then follows by using the continuity of ¢(x,-) and by letting 6 — 07,
v — 07, and rg — 0T in this order. This completes the proof of (3.2) under the continuity
assumption.

Suppose now that ¢ is a general weak ®-function. By Remarks 2.3 and 2.7, there exists
v e P(Q) Satisfying the same assumptions as ¢ and such that 1) =~ . Then, there is
C' > 0 such that —gp < ¢ < Cp. Hence, by the first part of the proof,

1 .. R
EQ (cn|Vf|) == hm 1nf Q# U¢(f) < hgégf Q#,U,<p(f>
)

< limsup 0% 17, (f) < C'limsup o3 U¢(f) = CQw(-),U(0n|Vf|) < %00 u(enlVSI).O

e—0t e—0t

1
@Qw(-),U(Canl) <
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Next, we derive an auxiliary upper bound which holds for all functions f € L{ ()
with |Vf| € L*O(Q).

Lemma 3.3. Let Q be an open set of R", let ¢ € ©,,(2) satisfy Assumptions (A) and
(aDec), and let (1.)- be a family of functions satisfying (1.1) and (1.2). If f € LL _(Q)
and |V f| € L¥O(Q), then

0%.0(f) < cmax {|VIIZ) o IVAIZ) ot

Proof. By Remarks 2.3, 2.6, and 2.7 we may assume without loss of generality that ¢ €
®(2). Then, in view of Assumptions (A0) and (alnc);, we have L¥")(B) c L'(B) for
every bounded set B C 2 by [22, Lemma 4.4].

Let f € LL.(Q) with |Vf]| € L‘P )(Q) be such that ||V f]l,)e < 1. Fix r > 0 and
r € §,. By the Poincaré inequality in L!, we have
1 1
(3.9) Mt =1 W~ Frenld<ef VW
T JB(zr) B(z,r)
On the other hand, in view of Lemma 2.8, we may invoke [20, Lemma 4.4] (with v = 1)

that gives the existence of a constant, 5" € (0, 1), depending only on the constants in (A),
such that

(3.10) ¢waé@JVﬂwm@sgé@JM%WﬂwD@+hm%yé@ﬂmw@»

Using the monotonicity of ¢, (aDec), (3.9), and (3.10), we obtain
(3.11)

Golh s [ /r(xﬂfv)Wﬂwmﬂiwqmw
<[ | ( f LRIV dy )+ f L) dy> de o) dr

Next, by changing the order of integration, we observe that

Jo 0PI = [ [ ot 950 TZ?’“%fdydf

</Qso(y,|Vf(y)Ddy—0go( o([Vf]) <

/r][B(CC,r) Ily) dy dr < /Qh(y) dy.

Consequently, because h € L'(Q) and [~ ¢.(r) dr = 1, from (3.11) we conclude that
(3.12) 0%0(f) <c forall fe L (Q) with |[Vf| € L#Y(Q) and |V o0 < L.

By considering the cases A < 1 and A > 1 and use Assumptions (alnc); and (aDec),
respectively, we find that g‘;m( f) < coy, Q( Ymax{A#t, A#+} for all A > 0 and f € L] ()

with [V f| € L#0(Q). Using this estimate with A := ||V f|,)a + & for § > 0 and then
invoking (3.12), it follows that

e . f
Q#,Q(f) < CQ#,Q <||Vf||¢()7§2 + 5) max {(||Vf||90()79 + 5)SOT7 (vaHSD(),Q + 5)‘P¢}

< cmax {(IV /.0 + 67, (IV fllora +6)}.

Letting 6 — 0T, we conclude the proof of Lemma 3.3. O
10
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4. MAIN RESULTS

In this section we prove our main result, which provides a characterization of generalized
Orlicz spaces. Theorem 1.1 is an immediate consequence of Propositions 4.1, 4.3 and 4.5
below.

Proposition 4.1. Let Q C R™ be open, let ¢ € ©,,(R2) satisfy Assumptions (A), (alnc),
and (aDec), and let (1.). be a family of functions satisfying (1.1) and (1.2). Assume that
f € LL.() with [Vf| € L*O(Q). Then,

where ¢, = fB(o D |z - eq| dz. If, in addition, ¢(x,-) is continuous for all z € Q, then (4.1)
holds with equality.

Proof. We start with the upper bound. Let U CC 2. Using the same arguments as in
[22, Theorems 6.5 and 6.6], we find g, € C*(Q2), v € N, such that (Vg,),en converges to
Vf in L*O(U; R"). For r > 0 and z € Uy, we have M f < ME L (F =)+ ME, 90

by the triangle inequality. Combining this estimate with (2.5) applied to a = Mgﬁ(z v
and b = %Mg(m ([ = gv), we obtain

0% (f) < & u((L+0)g) +cs0l v (f — gv)

for all 6 > 0, where we also used the monotonicity of ¢(z,-). Invoking now Lemmas 3.1
and 3.3, we conclude that

(4.2)

limsup 0% (f) < 0p)v (a1 +0)|Va|) + csmax {[V(f = g) 50 0 IV = 900 0}

e—0t

Because ||V (f—=gu)|lo),0 — 0, it follows from (aDec) that lim, .o 0,0 (cn(140) |V (f =
gv)|) = 0. Thus, letting v — oo in (4.2) and using (2.5) again, we obtain
(4.3) limsup &% (f) < 0p0.0(cn(1+ IV f1) < 0p0) 0(cn(1+ 8V f])-

e—0

By (aDec), o(x, ¢, (140)*|V f(x)]) < cp(x, ¢,|V f(2)]). This proves that limsup, o+ 0% ¢ (f) <
cop(),u(cn|V f]) for a general ¢. If, in addition, ¢(z, -) is continuous, we use cp(x, ¢, |V f(x)|)
as a maJorant and let 6 — 0 in (4 3). Then, Lebesgue’s dominated convergence theorem
yields

lim sup Q# U(f) < Q¢(~),Q(Cn|vf|)‘

e—0t

We claim that
(4.4) lim sup lim sup/ / 1M#x T)f) dx(r)dr =0,
v/ esot Joo Jao \Ur

which, together with the bound on limsup, o+ 0% ;7(f) established above, concludes the
proof of the upper bound. .
To prove (4.4), we observe that replacing f by f := ||Vf||;(1) of if necessary, we may

assume that ||V f]l,).0 < 1. Indeed, by (aDec), if (4.4) holds for f, then it also holds for
f. Arguing as in Lemma 3.3, we find that

/ /Q \UT (w, EMJ o ) daoe(r) dr
/ /Q \U» (][ #y: [V I )l) dy + hlz) + ]i(m) h(y) d?/> dx e (r) dr

11



Let v > 0. If r < 7, then y € Q\U, whenever z € ,\U,. Therefore, we may estimate
the right-hand side of (4.5) as follows:

/ /Q . <][ . ey, IVf()) dy + h(x) + ]i(x,r) h(y) dy) dz.(r) dr
0 s /0 /QT\UT (/n\Uw(gp(y’ VI @) + () ST dy + b )> dz t.(r) dr

+ /: /Q (fB(w) oy, IVf(y)|) dy + h(x) + ]i(m h(y) dy) dx pe(r) dr

Changing the order of integration as in Lemma 3.3, from (4.5) and (4.6), we obtain

[ L et pars

S oo, IV + 20l v, + (Qw(-),9(|vf|)+2||h||L1(Q))/{ We(r) dr
2

Then, (4.4) follows by (1.2) as e — 0, v — 0, and U — €2, in this order.

It remains to prove the lower bound. The proof of this estimate is similar to the proof
of the upper bound once we show that for all U CC €2, we have
(47) Q;&,U(f) > Q;,U(ﬁgu) - C&Q;&,U(f - gl/)7
where ¢s = %(1 + %)m. Fix r > 0 and x € U,, and set d' := %Mg(m)gy and O =
%Mg(“)(f — g»). Note that lM#(x ol = la’ — b’| We consider two cases:

o If ’ — ' >0, then using (2.5) with a = =% and b =

1 ~ 5 we obtain

1+5’
QO(IL',GI - b/) > SO(% ﬁ) - C(SSD(xv m) 2 90(1'71_4_5) - C5¢(w b,)

where in the last inequality we used the fact that o(z,-) is increasing and 5 + -5 <L
e Ifa/ — ¥ <0, then

o(r,1%55) < o(r,25) < (V)
because p(z,-) is increasing, 1—_1H5 < 1, and ¢5 > 1. Thus,
0> p(z,1%55) — csp(a,b).

Splitting the inner integral defining g #’U( f) according to these two cases, we conclude
that (4.7) holds. O

Remark 4.2. In the proof of the previous proposition the assumption (alnc) was used
only for the density of smooth functions in the Sobolev space. Presumably, (alnc) is not
really needed for this, but it was used in the cited reference.

Proposition 4.3. Under the assumptions of Proposition /.1, we have
(4.8) dim [fl0 = eallVE e 0
If, in addition, p € ®(Q2), then (4.8) holds with equality.

Proof. Suppose first that ¢ € ®(€2). Since ¢ is also doubling, ¢(z,-) is continuous; thus,
the modular inequality (4.1) holds with equality. Fixing § > 0 and applying this equality
to the function s

gs := s
> (L 0)([V o0 +9)
12




we obtain

VS

. £ . L
Tim 50(05) = 0,0 0(eal Vos)) < /Q oz )dr <1,

where we used convexity in the last estimate. Thus, 0% o(gs) < 1 for all sufficiently
small ¢ > 0. Consequently, also [|gs[|%q < 1 for all sufficiently small ¢ > 0; that is,
||f||§;£Q < (1 +0)(IVfllpeyo +6). Letting ¢ — 0 first and then 6 — 0, we obtain
lim s, o1 £ < allV F o0

Next, we prove the opposite inequality. Fix 6 > 0, let ¢; — 0 as j — oo be such that
liminfo o+ | fll%.0 = limj o | f]15 o, and set

f

- dimye [ flFa + 6

gs -

Because lim;_,q ||g(;\|‘;i’Q < 1, we conclude that ||g(;\|‘;i7Q < 1 for all sufficiently large
j € N. For all such j € N, g;jﬂ(g(;) < 1 by the definition of the norm. Letting j — oo,
the previous proposition yields o0, a(cn|Vgs]) < 15 50, ||cn|Vs|||loe),0 < 1. Therefore,
lenlV flllpy0 < limjo || flI5 o + 0 = liminf_o+ || f]|%q + 0. Letting & — 0, we obtain
the desired inequality.

This completes the proof in the case ¢ € (). If p € ¢,,(12), we find ¥ € &(Q) with
¢ ~ 1) (Remarks 2.3 and 2.7). Then, ||V f|l,¢) = ||V |l and similarly for the #-norm;
so, the claim follows from the first part. O

The next lemma shows that the condition limsup,_,o+ 0% o(f) < oo implies that f is
locally in a Sobolev space. The estimate for the norm obtained in this way is not uniform,
however. Nevertheless, this information is used later to prove a uniform estimate.

Lemma 4.4. Let Q C R™ be open, let ¢ € $,(Q) satisfy Assumptions (A), (alnc), and
(aDec), and let (¢:). be a family of functions satisfying (1.1) and (1.2). Assume that
feLl.(Q) and

lim sup 0% o(f) < oo.

e—0t

Then, there is a constant ¢ > 0 such that, for every U CC Q, [, o5(IVf(z)])dx < c.
Moreover, Vf € LT (€; R™).

loc

Proof. Let U CC Q and note that ¢, € ®,, (the only nontrivial condition is the limit at
infinity, which follows from (A0)). By [22, Lemma 2.2], there exists { € ® with £ >~ ¢, for
which the equivalent constant depends only on the monotonicity constant of ¢ — @.
Then, by (aDec), we can find ¢ > 0, independent of U, such that ¢ty <€ < cyp .

Fix § > 0, and let G5 be a standard mollifier; that is, Gs(x) = 6 "G(x/d), where
G € C3°(B(0,1)) is a non-negative function, radially symmetric, and fB(O,l) G(z)dx = 1.
Let 7 > 0 be such that U CC €,. Then, for 0 < § < 7, G5 * f € C*({),) and, by
Lemma 3.1 with ¢ =&, U := Uy, and € :=

i [ [ (M G ) o) = el » )

(49) e—0t
2 0c, (e V(Gs = [)]).
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On the other hand, by the triangle inequality and a change on the order of integration,
we obtain, for all » > 0 and x € U,

(4.10)
= ]{3( | [(Gs * f)(y) — (Gs * fpm)(@)| dy < (G5 * Mﬁ(-,r)f)(ﬁ)-

Hence, the monotonicity of ¢ yields
€<%M§(x,r)(G5 + f)) < E((Gs %Mg(,’r)f)(x)).
1

For x € Q,, define g,(x) := FMg(z " f. Since Ggsdx is a probability measure and £ is
convex,

§ (1ME,(Gs+ ) <E((Gs* 9)(@)) < (G5 +E(g:))(@)

Integrating G5 x£(g,) over U, s and changing variables and the order of integration, we
obtain

/Um /B(x’é) Gs(r — 2)8(9,(2)) dzdx = /B(O,é) Gs(w) /U,m £(go( — w)) dedw

< [ &g (y)dy.
U,

Combining the previous two estimates, we conclude that

/U(w- §<%M§(x,r)(05 * f)) dr < /UT &(gr(z)) dx < C/UT go(x, %MB(a:,r)f) de,

where in the last inequality we used the definition of g, and the estimate £(t) < co(x,t)
for x € U. Consequently,

lim sup/ §<%M§(I7r)(G5 * f)) dx . (r) dr < climsup ¢ ;(f)
(411) =207 Jo S 0t

< climsup 0% o(f) < o0,
e—0t
which, together with (4.9), shows that (V(Gs * f))s is bounded in L*(U,;R").

By (A0), (alnc), and (aDec), L8(U,;R") is reflexive (see [22, Lemma 2.4 and Proposi-
tion 4.6]). Since (V(Gsx* f))s is a bounded sequence, it has a subsequence which converges
weakly in L¢(U,;R") to a function [ € L(U,;R"). Using the fact that Gs * f converges
to f in LY(U), it follows from the definition of weak derivative that [ = Vf. By weak
semi-continuity [17, Theorem 2.2.8], (4.9), and (4.11), we obtain that

[ otV @D ds < epean el V1D < climint per ]V (Gs < 1))

< climsup 03 o(f) < oo.
e—07F '
Letting 7 — 0, we obtain [, ¢y (|V f(z)|) dz < ¢ by monotone convergence and (aDec).
Finally, we observe that Assumptions (alnc) and (A0) imply that t*t < c(pp(t) + 1)
with ¢ > 0 independent of U. Hence,

[ Ivs@ldr<e [ G9r@h + 1ds < ek elul,
U U

which yields Vf € L'

loc

(Q;R™). 0

We now remove the local-condition from the previous lemma:
14



Proposition 4.5. Let Q C R™ be open, let p € D,,(Q) satisfy Assumptions (A), (alnc),
and (aDec), and let (1.). be a family of functions satisfying (1.1) and (1.2). Assume that
feLL.(Q) and

lim sup 0% o(f) < co.

e—0t
Then, Vf € L0 (Q;R™).

Proof. Let U CC V CcC Q and § € (0, %) be such that U’ C V C 5. Let G5 and g, be
as in the previous lemma. By Remarks 2.3 and 2.7, there exists £ € ®(2) equivalent to ¢
which satisfies the same assumptions. In Lemma 4.4, we proved that [, & (|Vf|)dz < ¢
for every U CC Q. In view of (aDec), by scaling the function f, if necessary, we may
assume that

(4.12) / E5(IVf(z " for every ball B CC Q with |B]| <

Let r € (0,4] and = € U,. By the Poincaré and triangle inequalities,

1
M, (Gxf)<ef V(G )l dy < ][ / v~ DIV ()] dedy.
r ’ B(z,r) (z,r) ¥ B(y,9)

Note that Gs < ¢ ﬁBBBO;ﬁ hence, by [25, Lemma 4.3] and (4.12), together with the previous

estimate, we obtain

1M§(“)(G5*f)<c][ f |V f(2)|dzdy
B(z,r) J B(y,d)

<o 7{9 » (65@,5))1( ]é & I9IED dz) a

)

gc]i( >(§§(y’5))_1<3"3 )dy

Observe that B(y,d) C B(z,39) for every y € B(x,r), and |B(y,d)| = |B(x,d)| and
|B(x,30)| = 3"|B(z,d)|. By Lemmas 2.9 and 2.10,

_ 1 1 —~ — -1 1 ~ - —1 1
<§B(y,5)) (3n\B(y,5)|) ~ (fB(z,&s)) (:w\B(x,a)\) ~ (53(95,5)) (3"|B(m,6)|)

when y € B(xz,7). Then, because ({5, 5))_1 is increasing, we obtain

(G f) < cl€) B7IB,0) 7)) < c(&;(x,a)rluB(x,5>|-1>.
On the other hand, by (4.10), we have also 1M# »(Gox[) < (Goxgy)(z ch (2.6) \g,| dy.
Thus,
1

—M# (Gs* [) < leﬂ{]é( ) |9+ dy, (5§(x,5))_1(_|3(i,5)|)}’

Then, by the monotonicity of £(z,-) and Lemma 2.12, invoking (aDec) if necessary, it
follows that

(ot @) <e( f, (€t +H) dy-+ ) )
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Integrating this estimate over x € U,., changing the order of integration as in Lemma 3.3,
and using the inclusion (U,)° C V;, we obtain

[ et Gormir<e( [ cw o +nmar+ [ )

< C(/ 5(% 1M#yr)f) dy + 2||h||L1(Q))

for r <.
Next, we consider r € (§,00). Fix x € U,, and recall that Vf € L¥1(V;R") by
Lemma 4.4. By the Poincaré and Holder inequalities, we have

Mg (G a*f)éc]é( )IV(Ga*f)(y)ldy<C]i( 1l .500 19 s
< sV llnos < sl VS o

Hence,

/T€< Mg, (G(s*f)> /Tﬁ(x,c(;HVfH%V) dx

for r > 4.
Combining the two cases, r < ¢ and r > §, we obtain

/0 / f(x, %Mg(xvr)(G(; * f)) dz . (r) dr
é
gc/o (/rf( 1M#xr )d$+2||h||L1 Q))¢€ dr+/ /T a1 )d:mbg( -

The second term on the right-hand side of the previous inequality tends to zero as ¢ — 0
by (loc) and (1.2). Consequently,

limsup/ / 1M# (Gg*f)) dz ) (r) dr < climsup p% y (f) + ¢ < 00
e—0

e—0

by hypothesis, where we also used (1.1) and the fact that £ ~ ¢.
Thus, arguing as in Lemma 4.4, we conclude that Vf € LEO(U;R"™). Hence, also
Vf e L*O(U;R") (see Remark 2.6).
Finally, we appeal to Proposition 4.1 to conclude that
00(),U (el Vf]) < climsup % ;(f) < climsup ¢ o(f) < oo.

e—0t e—0t

Because the upper bound in the last estimate is independent of U, we conclude the proof
of Proposition 4.5 by monotone convergence as U " (). U

Combining the propositions of this section, we arrive at the following theorem.

Theorem 4.6. Let Q@ C R™ be an open set, let ¢ € ®,(Q) satisfy Assumptions (A),
(alnc), and (aDec), and let (1.). be a family of functions satisfying (1.1) and (1.2).
Assume that f € L (Q). Then,

Vfe L@(')(Q;R”) < limsup Q;Q(f) < 0.
e—0t

In this case,

lim o5 0(f) ~ 000(cal V1) ond T 150~ Vo0

e—0t

where ¢, = fB(O D |z - eq] dx.
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ADDENDUM

During the reviewing process of this manuscript, the authors became aware that Sibei
Yang, Dachun Yang, and Wen Yuan had completed a related manuscript [36]. Their
manuscript is dated of 28 January 2018, over one year after our work was posted on arXiv
(see arXiv:1612.04566).

Their work is based on the abstract assumption that the maximal operator is bounded,
whereas we assume (A) (which implies the maximal inequality [25]). On the other hand,
our results are more general in the sense that we cover arbitrary open sets €2, instead
of the entire Euclidean space R"™, and we assume only local integrability, whereas they
assume global integrability.
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