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1Department of Civil Engineering, Boise State University, Boise, ID, USA, 2Water Engineering Department, College of
Agriculture, Ferdowsi University of Mashhad, Mashhad, Iran

Abstract Accurate estimation of unsaturated hydraulic conductivity (HC) is one of the most challenging
problems in soil science. Here, we propose a novel approach to model HC using percolation theory.
Transient behavior of water transport phenomena at low moisture contents requires additional physical
process representation, beside capillary conductivity, to ensure accurate prediction of unsaturated HC. We
augment the capillary model from percolation theory with two additional components, namely, (1) film
flow, which is the product of volumetric flow rate per perimeter by specific perimeter of solid particles, and
(2) isothermal vapor HC, derived from the Fick's law of vapor diffusion and relative humidity. The fractal
characteristics of last fractal regime are used to model tortuosity and ultimately HC of vapor flow. Since the
typical pressure head range of universal scaling from percolation theory is analogous to the range of vapor
flow, we demonstrate that the universal scaling presented in previous studies is not sufficient to model HC
for water contents below a crossover point. We also, by analyzing the scaled water retention properties,
demonstrate that most studied soils exhibit three fractal regimes. Therefore, a piecewise HC function of
capillary flow is developed to account for three fractal regimes, providing more flexibility for soils with
multimodal characteristics. The proposed joint HC function is more accurate compared to the model of
Peters‐Durner‐Iden and predecessor percolation theory models.

1. Introduction

Arguably, the most widely used methodology to model transient water and solute transport is Richards'
equation, which requires prior information regarding water retention characteristic and hydraulic conduc-
tivity (HC) properties (Sadeghi et al., 2012). Accurate estimation of unsaturated HC is in turn one of the most
challenging topics in vadose zone hydrology (Or & Assouline, 2013). HC plays an important role in the trans-
port of pollutants and nutrients and hence impacts water quality. Examples of such impacts include move-
ment of pesticides and nutrients through soil and thereby contamination of water resources (Birdsell,
Rajaram, & Lackey, 2015; Birdsell, Rajaram, Dempsey, & Viswanathan, 2015b; Durner, 1994; Tiktak et al.,
2012; Vink et al., 1997), as well as oil recovery by spontaneous imbibition of water as a mechanism for oil
recovery (Allred & Brown, 1994; Birdsell, Rajaram, Dempsey, & Viswanathan, 2015a), among many more.

Since measurement of unsaturated HC is heavily time demanding, especially at low water contents where
transitivity of flow occurs at slow rates, one of the most convenient and cost‐effective ways to predict unsa-
turated HC is to use water retention characteristics along with direct measurement of saturated HC (Weber
et al., 2017). This methodology was first portrayed in a work by Purcell (1949), and further developments
were continued afterward by numerous authors, including Childs and Collis‐George (1950), who introduced
bundle of intersecting cylindrical capillary tubes (cut and random rejoin model); Fatt and Dykstra (1951)
and Burdine (1953), who added a tortuosity factor in the Purcell (1949) model; and Wyllie and Gardner
(1958), Mualem (1976a), and others. Once soil pore space geometry was defined in each model, Hagen‐
Poiseuille law was used to deduce relative HC from a water retention model. In order to find an integrable
expression of fluid movement, earlier studies simplified the complex geometry of soil pore space and
described pore space as a bundle of cylindrical parallel tubes. Thus, in the capillary bundle of tubes model,
size of each tube (pore) is considered proportional to a certain particle size (Arya & Paris, 1981). Although
the geometry of pore space was simplified in the capillary bundle models (Burdine, 1953; Mualem,
1976b), the derived models managed to give a fairly accurate description of HC at high water contents where
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capillary forces are dominant. However, these early models underestimate permeability at low water con-
tents (Sakai et al., 2009). This comes as no surprise since assumptions of the parallel bundle of capillary tubes
are rarely adequate considering crookedness of paths in the soils' complex geometry and interconnections
between pores of different radii. Hunt, Ghanbarian, et al. (2013), Hunt, Ewing, et al. (2013) discussed some
major shortcomings of the capillary bundle models, including lack of consideration of flowmovement in any
given direction, neglecting cross‐connections between the tubes, and lack of accessibility constraints for
pores. The authors also criticized adjustments later made into the capillary bundle model (which introduced
a tortuosity factor to compensate for the complex geometry of soil) and argued that such fundamental errors
should not be accepted and used, to begin with.

Fractals can be described as iterative geometrical models for describing irregular and fragmented systems,
and given that the degree of irregularity in a porous medium is independent of scale, transport of fluid
can be modeled by theories arising from fractal concepts. Fractal models assume soil as a hierarchical sys-
tem, making them a suitable tool to represent tortuosity of heterogeneous soil structure. Studies by
Jacquin and Adler (1985), Ross (1986), Tyler and Wheatcraft (1990), and Rieu and Sposito (1991) were the
earliest fractal models of water retention function (WRF) and soil permeability. Fuentes et al. (1996) derived
a fractal‐based HCF from their retention model; however, their model was not verified by actual measure-
ments of HC. As Gimenez et al. (1997) discussed, the theoretical range of fractal dimension from Fuentes
et al. (1996) model is quite narrow compared with those obtained from measurements, and hence, a vague
morphological interpretation of fractal dimension is inferred from their model. Shepard (1993) utilized frac-
tal geometry of the Koch curve (to represent tortuosity) combined with Poiseuille's equation to propose a
hydraulic conductivity function (HCF). Following previous work by Li and Horne (2005), Li (2010) derived
the Purcell and Brooks and Corey permeability models for both drainage and imbibition processes on the
basis of their newly developed WRF. Although the new relative HCF by Li (2010) significantly improved
fit over the three studied rock samples compared to the conventional model of Brooks and Corey, predictions
were still biased toward the wet end for both water and steam experiments. Alfaro Soto et al. (2017) utilized
the fractal model of water retention previously introduced by Soto and Vilar (2006) combined with the
approaches of Mualem (1976a) and Burdine (1953) to derive formulations for unsaturated HC; however,
their model is not very flexible and does not take into account multifractal characteristics observed in
some soils.

Percolation theory has also been proven successful to model two‐phase flow and estimation of HC in porous
media (Blunt et al., 1992; Helba et al., 1992; Larson et al., 1981). Critical path analysis was developed on the
basis of percolation theory with an assumption that pore throats control flow in a heterogeneous porous
medium. Hunt (2001) was first to successfully utilize critical path analysis to develop an HCF, and model
flow movement in complex networks. Ever since, numerous studies including Hunt and Gee (2002a,
2002b), Hunt (2004a, 2004b), Ghanbarian‐Alavijeh and Hunt (2012), Hunt, Ghanbarian, et al. (2013),
Hunt, Ewing, et al. (2013), Ghanbarian, Hunt, and Daigle (2015), and ModaresiRad et al. (2019) further
improved his work. However, the proposed models only account for capillary forces, and as a result, it is
expected that they diverge significantly from observed measurements at high pressure heads. From mid-
ranges to fully saturated, soil capillary flow dominates HC, and pore necks essentially control the degree
of transitivity of fluid in porous media, making the role of pore body surface area and relative surface forces
inconsiderable, whereas in much lower degrees of saturation, circumstances are reversed (Figure 1). Other
studies by Tuller, Or, and Dudley (1999), Zand‐Parsa and Sepaskhah (2004), and Zand‐Parsa (2006) have
shown that specific liquid‐vapor interfacial area around soil particles can be used to improve prediction of
unsaturated HC as well. Figure 1 illustrates a schematic representation of the liquid‐vapor interfacial area
as a function of applied pressure head for different soil textures. As depicted in Figure 1, different mechan-
isms of water transport can be observed at different stages of applied pressure head.

As pointed out by several authors including Tuller and Or (2001), Goss and Madliger (2007), Lebeau and
Konrad (2010), and Jansik et al. (2011), the earlier models of HC lack the required flexibility to portray
the correct functional shape of HC at high pressure heads (e.g., Brooks & Corey, 1966; Ippisch et al., 2006;
Kosugi, 1996; Van Genuchten, 1980). Water flow movement through soil in forms of water menisci, water
films, and water vapor can be fully described once coexistence of capillary, adsorptive, and diffusive compo-
nents of flow are factored into themodeling effort. Philip (1977) considered the liquid‐vapor interface of two‐
phase flow at relatively low water contents as a surface of constant partial specific Gibbs free energy
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(chemical potential) and introduced an adsorptive (A) and a capillary (C) term to describe the chemical
potential. Thus, chemical potential (Π) was described as

Π ¼ A dð Þ þ C kð Þ ¼ −λ
RT
d

−
2σk
ρ

; (1)

where −λRT/d signifies an empirical adsorption term introduced by Philip (1977) and −2σk/ρ represents
classical Young‐Laplace equation. These two elements are collectively known as augmented Young‐
Laplace equation. λ is a constant equal to 10−10(m), R is gas constant (JK−1kg−1), T is temperature (K), d
is normal distance of interface from solid, σ is surface tension at the interface (Nm−1), ρ is density of
liquid (kgm−3), and k is liquid‐vapor interfacemean curvature (°). However, in this model, the film thickness
was determined from the joint contributions of adsorptive and capillary terms (equation (1)). The adsorptive
component can be defined as a thermodynamic process of adsorption of liquid vapor molecules onto either
solid or liquid layer. Tuller and Or (2001) used the interface concepts developed by Derjaguin (1987a, 1987b)
and Iwamatsu and Horii (1996) to develop a model that incorporates adsorptive and capillary terms. Unlike
the approach used in Philip (1977), they calculate film thickness solely based on the adsorptive term and
introduced shifted Young‐Laplace equation. Ever since, several adjustments have been made to further
develop the physical model of Or and Tuller (2000), including solving the flexibility issue and simplifying
the original WRF and HCF by Lebeau and Konrad (2010), taking pore‐scale hysteresis and contact angle
effect into account by Diamantopoulos and Durner (2013), and adjusting the film HC model to incorporate
effects of surface roughness by Zheng et al. (2015). Fredlund and Xing (1994) proposed a model, without
dividing contribution of capillary and film flow, that improved the estimation of unsaturated HC at the
dry end. However, their model does not lead to a closed‐form equation, and a numerical solution is required
to determine the relative HCF (Kebre et al., 2017). By applying even more pressure and at very low satura-
tion, water pathways become longer and sparse, which in turn limit the connectivity of liquid, and as a
result, water movement is only viable through vapor flow (Kelleners et al., 2016; Lehmann et al., 2008;
Shokri & Or, 2010). Assuming that gradient in gravitational potential is insignificant in vapor flow, Philip

Figure 1. Schematic representation of the liquid‐vapor interfacial area as a function of applied pressure head and underlying processes involved in water transmis-
sivity, adopted from by Tuller et al. (1999).
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and De Vries (1957), Mehta et al. (1994), and Saito et al. (2006) described isothermal vapor HC. Subsequent
studies have shown that isothermal vapor conductivity can be added to liquid conductivity to represent the
total range of unsaturated HC (Peters, 2013; Rudiyanto et al., 2015; Sakai et al., 2009).

A comprehensive literature review indicates that fractal formulation of soil‐water conductivity of all the pre-
vious approaches was either applicable to a certain group of soil textures or the proposed models lacked the
flexibility to portray an entire range of water content. Pioneering studies by Hunt (2001) and Hunt (2004a,
2004b) on the application of percolation theory for water retention and HC of soils led to new pathways
for modeling fluid transport in soils. Later studies by Ghanbarian‐Alavijeh and Hunt (2012), Hunt,
Ghanbarian, et al. (2013), Hunt, Ewing, et al. (2013), and Ghanbarian et al. (2016) further improved model
predictions by introducing irregular rough pore cross sections and bimodal pore size distribution. Despite
the adjustments made, these models slightly underestimate at high saturations and underestimate or over-
estimate at low saturation (ModaresiRad et al., 2019). Other studies including Tuller and Or (2001),
Lebeau and Konrad (2010), and Rudiyanto et al. (2015) have shown that in order to adequately describe pro-
cesses of water transport in an entire range of water content, the adsorptive and diffusive components of
liquid conductivity should be considered as well. This paper builds upon the progress made in the literature
and advances the existing models. Contributions of this paper include the following:

1. We propose an extended HCF by enhancing model flexibility for soils with multimodal characteristics.
We assume that there are multiple (up to two) changepoints in the pore‐size distribution of soil and
the pore space can be divided into several distinct regions where the parameters of pore solid fractal
(PSF) model (Bird, Perrier, & Rieu, 2000) that define physical characteristics of soil and determine the
rate of solute movement in soil are significantly different from one another. Previously, Hunt,
Ghanbarian, et al. (2013), Hunt, Ewing, et al. (2013) developed a multifractal HC for soils with two fractal
regimes; we further extend their method by including a third fractal regime. This is achieved by formu-
lating the porosities of each regime, based on which the WRF is derived. Then, the proposed water reten-
tion model is used in the framework of critical path analysis from the percolation theory to derive the
unsaturated HCF. Unlike the HCF of Hunt, Ghanbarian, et al. (2013), Hunt, Ewing, et al. (2013), we
define the locations of changepoints prior to solving the inverse problem. The scaled form of the PSF
model (Bird et al., 2000) was used for analyzing changes in the slope of water retention data, and the
adjusted maximal two‐sample t test introduced inModaresiRad et al. (2019) was used to identify the most
probable location of changepoint.

2. We further adjust the HC model by proposing a joint HCF that minimizes the limitations imposed by
capillary movement at low water contents. The role of an adsorptive component of liquid flow in porous
medium comes into play as a snap‐off mechanism takes place and liquid is spontaneously redistributed.
At this stage, liquidmovement through soil happens in the form of thin absorbed films, and therefore, the
contribution of film flow is added to the total HC. Finally, the soil becomes dry enough so that the liquid
continuity breaks and liquid islands begin to form. Hence, vapor diffusion controls the rate of liquid
movement and is used as the last component of the unsaturated HCF, which is combined with adsorptive
and capillary components to generate the total HCF. Predictive accuracy of the proposed joint model is
then compared to the HC models of predecessor percolation theory by Ghanbarian et al. (2016) and
the Peters‐Durner‐Iden (PDI) model (Iden & Durner, 2014).

3. We propose a new tortuosity factor for gas transport based on the model developed by Moldrup et al.
(1999), reformulated in terms of fractal dimension of the last fractal regime. This tortuosity factor is used
to describe diffusivity and isothermal vapor HC based on the methodology described in Saito et al. (2006).
Universal scaling from percolation theory state that conductivity can be written as a universal power law
scaling near the percolation threshold in moisture ranges where typically vapor flow dominates the con-
ductivity. Application of universal scaling for modeling unsaturated HC is present in works of
Ghanbarian‐Alavijeh and Hunt (2012), Ghanbarian, Hunt, and Daigle (2015), Ghanbarian, Hunt,
Skinner, et al. (2015), and Ghanbarian et al. (2016); however, the actual pressure head range of the data
sets used in these studies was not appropriate to validate the universal scaling model (contributions of
universal scaling and vapor flow are generally dominant at high pressures, roughly 2,000 kPa and
beyond). Hence, the effectiveness of universal scaling approach for saturations below the crossover point
in which universal percolation scaling takes over the critical path analysis is compared to the perfor-
mance of the vapor HC model, and further discussions are made.
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2. Methods
2.1. Water Retention and HC Data

In this study, 11 published data sets from the literature with a wide variety of textures are used to assess the
performance and goodness‐of‐fit of the proposed model. Selected data include measurements of water reten-
tion and HC, encompassing measurements at high pressures. The data set is composed of Shonai Sand refer-
enced by Soil Code 1 (Mehta et al., 1994); Sandy Loam, and Clay Loam referenced by Soil Codes 2 and 3,
respectively (Tuller & Or, 2001); Silt Loam referenced by Soil Code 4 (Zhang, 2010); Gilat Loam, Masa
Loamy Sand, Adelanto Loam, Hollern Clay 1, Pachapa Loam, and Pachapa fine Sandy Clay referenced by
Soil Codes 5, 7, 8, 9, 10, and 11, respectively (Wang et al., 2016); and Plumhof I sand referenced by Soil
Code 6 (Leij, 1996). This data set is particularly suited for investigating the effectiveness of a joint capillary,
adsorptive, and diffusive HC model.

2.2. Capillary Conductivity Model

Liquid retention and HC vary as a function of the proportion of gas and liquid that are accumulated in the
soil pores (Buckingham, 1907). On the basis of previous pioneering studies on percolation theory (Hunt,
2001; Hunt & Gee, 2002a), Hunt (2004a, 2004b) provided a theoretical framework for prediction of HC that
can be computed based on the PSF model of water retention curve developed by Perrier et al. (1999) and
modified by Bird et al. (2000). Percolation theory can be defined as a framework that quantifies connections
of randomly arranged volume, area, or line segments (Hunt, 2001). Hunt and Gee (2002b) used particle size
distribution data to estimate HC and accounted for the bimodality of some soil samples. To include the
effects of pore solid interface roughness of cross‐sectional area and roughness of pore along a tube,
Ghanbarian et al. (2016) modified the power term of relation between hydraulic conductance and pore
radius. Although the considered surface roughness term enhanced model performance, as demonstrated
in ModaresiRad et al. (2019), the model slightly underestimates HC near saturation and greatly underesti-
mates HC from middle to dry ranges of saturation. Hence, the proposed methodology in ModaresiRad
et al. (2019) is used herein to predict HC. We further extend HCF to account for up to three fractal regimes.
The scaled form of the PSF model (Bird et al., 2000) is used for analyzing changes in the slope of water reten-
tion data and is formulated as

logθ* ¼ log
θþ β−ϕ

β
; (2)

where θ* is scaled volumetric water content, θ is volumetric water content, β = p/(p+s) is PSF parameter (p
and s represent proportions of soil total region occupied by pores and solids, respectively), and ϕ is total por-
osity. Then, a log‐log curve of θ* versus (hmin/h) is used for changepoint analysis, where h is pressure head and
hmin is pressure head corresponding to desaturation of largest pore. Slope of the log‐log curve of θ* versus (h-

min/h) is equivalent to fractal dimension subtracted by three. This is equivalent to the negative Hurst expo-
nent, indicating the state of pore size distribution (roughness). Following the changepoint detection
procedure described in ModaresiRad et al. (2019), two series of θ*t

� �
t ¼ 1;…;Nð Þ and {(hmin/h)t}(t = 1,…,

N) are defined, and the Tmax test statistic is used to locate changepoints. The null hypothesis for this test is
defined as

H0 : θ*t ;
hmin
�
h

� �
t

n oeF μ; σ2
� �

; (3)

in which, F represents normal distribution with mean μ and variance σ2. In words, null hypothesis states
that there are no changepoints in the slope generated by the two series. Alternative hypothesis states that
there is a changepoint and considers that the slopes of the two intervals are significantly different from
one another:

Ha :
θ*t ; hmin=hð Þt
� �eF μ1; σ

2
� �

; t ¼ 1;…; k;

θ*t ; hmin=hð Þt
� �eF μ2; σ

2ð Þ; t ¼ k þ 1;…;N :

(
(4)
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Accordingly, the test statistic for detection of changepoint can be written as

Tmax ¼ max
1≤k≤N−1

1bσk k N−kð Þ
N

� �1
2 1

k
∑

1≤t≤k
θ*t−

1
N−k

∑
kþ1≤t≤N

θ*t Þ
2

þ 1
k

∑
1≤t≤k

hmin=hð Þt−
1

N−k
∑

kþ1≤t≤N
hmin=hð ÞtÞ

2
 !1

2

0@ 						;
0@						 (5)

where, k is the most probable value of numerator for which the difference between the slope of water reten-
tion for values smaller than k and for values greater than k is significantly different from the rest, N is the
length of data, and bσk is defined as

eσ2 ¼ 1
N

det
Var θ*t

� �
Cov θ*t ; hmin=hð Þt
� �

Cov hmin=hð Þt; θ*t
� �

Var hmin=hð Þt
� � !" #

: (6)

According to Hunt, Ghanbarian, et al. (2013), Hunt, Ewing, et al. (2013), one would expect the percolation
threshold (θt) to be finite once textural pores are present in medium; value of which originally was set to
zero. However, in our study, we set this value equal to the lowest available measurement of saturation.
Alternatively, according to the results obtained for a wide variety of soil textures from Tuller and Or
(2005) and Or and Tuller (1999), a matric potential (build up potential as a result of both capillary and
adsorptive forces, ignoring solid‐liquid interface drag forces as well as gravitational forces) value of −10
MPa typically defines the limit of contribution of capillary flow. Accordingly, θtwould be less than joint por-
osities of first and second regimes. Here, we expand the HCF to account for two changepoints (Points k1 and
k2). Figure 2 illustrates the water retention curve of Shonai Sand that has three regions with distinct fractal
characteristics. The parameters of first, second, and third regimes are tuned by considering the entire range
of water retention data, water retention data from Point k1 to last available measurement, and water reten-
tion data from Point k2 to last available measurement, respectively. Tuning parameters of each regime
against data from beginning of the regime to the last available measurement is justified due to use of para-
meters ϕ (porosity) and β (ratio of all pores and solids that contribute to flow of liquid). Trimming pores and
solids below a certain pressure head results in spurious computation of these two parameters.

The proposed piecewise multifractal PSF soil WRF is derived as (see Appendix A for derivation)

θ ¼

ϕ; h<hmin

ϕ−β1 1−
h

hmin

� �D1−3
" #

; hmin<h<hk1

ϕ2 þ ϕ3−β2 1−
h
hk1

� �D2−3
" #

; hk1<h<hk2

ϕ3−β3 1−
h
hk2

� �D3−3
" #

; hk2<h<hmax

8>>>>>>>>>>>>><>>>>>>>>>>>>>:
(7)

The piecewise multifractal relative unsaturated HCF based on equation (7) is described as (see Appendix A
for derivation)

Kcap
r ¼ Kθ

Ksθ
¼

β1−ϕþ θ−θt
β1−θt

� � λ1
3−D1 ; θ−θt>ϕ2 þ ϕ3

β1

λ1
3−D1

β2

λ2
3−D2

8>>><>>>:
β1−ϕ1

β1


 λ1
3−D1 β2−ϕ2 þ θ−θt½ �

λ2
3−D2

β1−θt½ �
λ1

3−D1

; ϕ3<θ−θt<ϕ2 þ ϕ3

β1

λ1
3−D1

β3

λ3
3−D3

8>>><>>>:
β1−ϕ1

β1


 λ1
3−D1 β2−ϕ2

β2


 λ2
3−D2 β3−ϕ3 þ θ−θt½ �

λ3
3−D3

β1−θt½ �
λ1

3−D1

: θ−θt<ϕ3

8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:

(8)
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Similarly, for cases that measurement of saturated HC is not available, we have

Kcap
r ¼ Kθ

Kθ
0 ¼

β1−ϕþ θ−θt
β1−ϕþ θ

0
−θt

" # λ1
3−D1

; θ−θt>ϕ2 þ ϕ3

β1

λ1
3−D1

β2

λ2
3−D2

8>>><>>>:
β1−ϕ1

β1


 λ1
3−D1 β2−ϕ2 þ θ−θt½ �

λ2
3−D2

β1−ϕþ θ
0
−θt

� � λ1
3−D1

; ϕ3<θ−θt<ϕ2 þ ϕ3

β1

λ1
3−D1

β3

λ3
3−D3

8>>><>>>:
β1−ϕ1

β1


 λ1
3−D1 β2−ϕ2

β2


 λ2
3−D2 β3−ϕ3 þ θ−θt½ �

λ3
3−D3

β1−ϕþ θ
0
−θt

� � λ1
3−D1

: θ−θt<ϕ3

8>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>:

(9)

The unimodal relative unsaturated HCF of Ghanbarian et al. (2016) is expressed as

Kr ¼ Kθ
Ksθ

¼
β−ϕþ θ−θt

β−θt

� � λ
3−D; θx<θ<θs

β−ϕþ θx−θt
β−θt

� � λ
3−D θ−θt

θx−θt

� �2
; θt<θ<θx

8>>>>>><>>>>>>:
(10)

with the corresponding water retention model of

θ ¼ ϕ−
p

pþ s
1−

h
hmin

 �D−d
( )

; (11)

where the roughness dimension was assumed to be λ = 2(4 − D) − (3 − D)/(2D − 3) and θx is a crossover
point where universal percolation scaling becomes dominant. According to Hunt (2004a, 2004b) and
Hunt and Skinner (2005), θx can be approximated as

θx ¼ θt þ 2 β−ϕð Þ
λ

3−D−2

" #
: (12)

The predecessor model (equation (10); Ghanbarian et al., 2016) will be compared with the proposed bimodal
and multimodal unsaturated HC model (equations (A21) and (8), respectively) to determine effectiveness of

Figure 2. Water retention curve of Shonai Sand (Soil Code 1) with three fractal regimes.
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the proposed capillary conductivity model as well as the universal percolation scaling in modeling water
movement at low water contents. Note that the PSF soil water retention model used in this study only
describes the capillary component and is used to model the capillary HC. This does not represent film or
vapor conductivities.

2.3. Adsorptive Conductivity Model

As water is drained from pores, snap‐off mechanism (spontaneous redistribution of liquid) takes place (illu-
strated in Figure 3).

Tokunaga (2009) found that in close packing of monodispersed spherical grains with zero contact angle, cri-
tical potentials at which water meniscus forms and disappears are equal toΨc ≈ − 9.1σ/d and Ψd ≈ − 26σ/d,
respectively, where σ is surface tension and d is pore diameter. Thereby, for both cases of imbibition and drai-
nage, conduction through absorbed films is dominant below Ψc and Ψd potentials, respectively. There have
been numerous studies devoted to approximation of exact value of film conductivity and its contribution to
total HC including, but not limited to, Mason and Morrow (1986), Derjaguin (1987a, 1987b), Derjaguin
(1992), Derjaguin and Churaev (1992), Tuller et al. (1999), Tokunaga (2009), Lebeau and Konrad (2010),
Zhang (2011), Peters (2013), and Wang et al. (2013). These studies infer that film conductivity depends on
numerous factors, such as soil surface roughness (Zheng et al., 2015), surface charge (Lebeau & Konrad,
2010), ionic strength of fluid (Langmuir, 1938), and pore size distribution (Tokunaga, 2009). By considering
an isothermal process, the difference between pressure in gas phase Pg and pressure in bulk liquid phase Po
can be described by disjoining pressure that is a function of film thickness (Derjaguin, 1987a, 1987b),

Π δð Þ ¼ Pg−Po; (13)

where Π is derivative of Gibbs energy per unit area known as disjoining pressure, which to some extent is
independent of curvature of the interface between film and air, and its relation to pressure head (hm) can
be described byΠ(δ) = − hmρg, where ρ is density of fluid, g is gravitational acceleration, and δ is film thick-
ness. Intermolecular and surface forces in an isothermal condition define overall disjoining pressure, and it
is assumed that surface forces consist of four major components including ionic‐electrostatic, molecular (van
der Waals), structural, and adsorptive elements (Derjaguin, 1987a, 1987b; Lebeau & Konrad, 2010).
However, the effects of ionic‐electrostatic and molecular forces are often used to describe disjoining pres-
sure, which can be defined as

Π δð Þ ¼ Πe δð Þ−Πm δð Þ; (14)

in which Πe and Πm are ionic‐electrostatic and molecular components of disjoining pressure, respectively.
On the other hand, the relation between ionic‐electrostatic disjoining pressure and film thickness was
described by Langmuir (1938) through solving the Poisson‐Boltzmann equation for a low‐concentration
symmetric ionic solution with a high potential substrate,

Figure 3. Displacement of water during pore drainage. (a) Pistonlike displacement during capillary flow. (b) The onset of pore snap‐off. (c) Water movement
through a flat liquid film with a certain thickness corresponding to its relevant pressure head.
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Πe δð Þ ¼ εrεo
2

πkBT
eZ

 �2 1

δ2
; (15)

where εr is relative permittivity of water (78.54), εo is permittivity of free space (8.85 × 10−12 C2J−1m−1), kB is
Boltzmann constant (1.381 × 10−23 JK−1), T is absolute temperature (298.15 K), e is electron charge
(1.602 × 10−19 C), and Z is valence change (set to one). In addition, Iwamatsu and Horii (1996) described
the relation between the molecular component (van der Waals forces) of disjoining pressure and film thick-
ness as

Πm δð Þ ¼ Asvl

6πδ3
; (16)

whereAsvl (J) is Hamaker constant for solid‐vapor interactions through the intervening liquid. Tuller and Or
(2005) noted that although the value of Hamaker constant ranges from −10−19 to −10−20J, in real soil med-
ium, this value is biased due to the formation of a diffuse double layer and the existence of heterogeneity in
surface geometry. They proposed an adjusted value of −6 × 10−20J to account for van der Waals and ionic
electrostatic forces as well as the formation of diffuse double layer and surface roughness. On the other hand,
recent studies by Resurreccion et al. (2011) and Wang et al. (2017) on a variety of soil textures have shown
that the value of −10−20J is more appropriate for calculation of thickness of monolayer water film. In phy-
sically based models of HC, the obtained film thickness is then used to derive unsaturated HC. Nonetheless,
there have been numerous attempts to model film flow without preserving the physical characteristics of the
film conductivity. This simplification was justified by minimizing the computational effort through introdu-
cing arbitrary parameters with no/semiphysical interpretations. These models often incorporate a logarith-
mic and/or power function to account for adsorptive water content in their WRF (Campbell & Shiozawa,
1994; Fayer & Simmons, 1995; Groenevelt & Grant, 2004; Iden & Durner, 2014; Khlosi et al., 2008; Peters,
2013; Rossi & Nimmo, 1994; Schneider & Goss, 2012) and derive HCF on the basis of water retention model.

In this study, the film HCmodel of Lebeau and Konrad (2010) is used to describe the adsorptive component.
They described the HC of film by defining the Darcy‐Buckingham flux per bulk cross section of porous
media obtained from multiplying volumetric flow rate per perimeter by the specific perimeter of monodis-
perse sample of spherical particles,

Kads
r ¼ Kads

Ks
¼

1
Ks

4ρg
πηD

1� ϕ½ �δ3
� �

; δ≥10nm

1
Ks

ρgB
πηD

1� ϕ½ �
� �

; δ<10nm

8>>><>>>: (17)

where B accounts for film thickness as a function of temperature,

B ¼ 4δ3−5aδ2−a2δ
� �

exp −
a
δ

� �
− 6a2δ þ a3
� �

Ei −
a
δ

� �
; (18)

in which a= (1.621 · 10−7)/T (m) andEi −xð Þ ¼ −∫
∞
x

exp −tð Þ
t

h i
dt can either be evaluated using Taylor series or

can be solved through numerical methods. To generalize their model, Lebeau and Konrad (2010) replaced D
with equivalent diameter De, which is the diameter of a spherical particle whose surface area per unit
volume of monodisperse sample is equal to that of a polydisperse sample,

De ¼ 6

θm
1−ϕð Þ

Asvl
6πρghm;m

� �−1=3 ; (19)

where θm is volumetric water content at pressure head hm,m in which capillary condensation due to surface
roughness can be ignored, hence Lebeau and Konrad (2010) set hm,m to −103 m.

2.4. Diffusive Conductivity Model

Once snap‐off mechanism occurs in pores and slits, liquid flows in form of thin adsorbed films, and this
allows nonwetting liquid to pass freely through pore network. As the adsorbed layer of liquid becomes
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thinner, vapor transport starts governing the liquid movement. Vapor flow through soil was first explored by
Penman (1940) who used Fick's law to develop his model. Later, mathematical relations of liquid water,
water vapor, and heat movement in soil were reported by Philip and De Vries (1957), who explained and
modeled the vapor movement and its interactions with liquid island. Disposition of liquid at dry soil was
described by introducing a mechanism for vapor movement at relatively low moisture contents through
the notion of liquid islands, where wetting liquid accumulates between grains (like an island) in an
isolated state and thereby forms wedges in spaces between the solid particles. Consequently, as shown in
Figure 4a assuming vapor flux direction is from left to right side, condensation and evaporation occur at
the left and the right sides of the liquid islands, respectively. At higher pressures, as discussed in
Israelachvili (2011), there remain two layers of adsorbed water molecules, which are separated from the
bulk liquid and are bounded to soil with distinct dielectric constant and viscosity (Figure 4b).

As pressure rises, only a monolayer of wetting liquid remains, which is adsorbed onto the soil (Philip and De
Vries, 1957, reported a pressure head of−2.2 × 10−6 cm corresponding to a complete monolayer of adsorbed
water). At this point, liquid water is only available in the form of discrete pockets (islands). Assuming that
gradient in gravitational potential is insignificant in vapor flow, studies by Mehta et al. (1994) and Saito
et al. (2006) described isothermal vapor HC (Kvap) as derivative of Fick's law of vapor diffusion and relative
humidity,

Kvap ¼ ρsv
ρw

D
Mg
RT

Hr ; (20)

where ρsv and ρw are saturated vapor and water density, respectively; D is vapor diffusivity in porous media;
M is molecular weight of water; g is gravitational acceleration; R is universal gas constant; T is absolute tem-
perature; and Hr is dimensionless relative humidity. Vapor diffusivity is described as

D ¼ θairDairτ; (21)

where θair is volumetric air content and τ is a dimensionless tortuosity factor for gas transport. Here, we use
the proposed model by Moldrup et al. (1999) given as

τ ¼ θ1þ3=b
air

ϕ3=b
; (22)

where b is Campbell (1974) pore‐size distribution index obtained from soil water retention. One can replace

Figure 4. Representation of water movement mechanism at low moisture contents: (a) schematic representation of vapor movement mechanism among liquid
islands; (b) formation of a double layer of water molecules in the vicinity of negatively charged soil solid particles, where small spheres (blue colored) represent
positively charged hydrogen molecules and large spheres (red colored) are negatively charged oxygen molecules.
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the parameter b with an equivalent expression of fractal dimension (Tyler & Wheatcraft, 1990); as a result,
we redefine tortuosity factor as

τ ¼ θ
1−3 Dj−3ð Þ
air

ϕ−3 Dj−3ð Þ ; (23)

where Dj is fractal dimension corresponding to the last fractal regime (j). Diffusivity of water vapor in air
(Dair) as function of temperature is given as

Dair ¼ 2:14×10−5
T

273:15

 �2

: (24)

Saturated vapor density as a function of temperature is given as

ρsv ¼ 10−3exp 31:3716−6014:79T−1−7:92495×10−3T
� �

T−1; (25)

and relative humidity can be determined from the Kelvin equation,

Hr ¼ exp −
hMg
RT

 �
: (26)

2.5. Complete HC Model

Total HCF is described as the summation of contributions of capillary, film, and vapor flow (Lebeau &
Konrad, 2010; Or & Tuller, 2000; Peters, 2013; Peters & Durner, 2008; Rudiyanto et al., 2015; Wang et al.,
2016; Zheng et al., 2015),

Ktotal ¼ Kcap þ 1−
θcap
θs

 �
Kads þ Kvap: (27)

The adsorptive component is multiplied by a coefficient that represents the interactions between capillary
and adsorptive components. As a result, unlike the approach used by Or and Tuller (2000), this joint model
eliminates additional fitting parameters used for assigning weight to each component of flow (Lebeau &
Konrad, 2010). Total HC model is validated in this study using preexisting measurements obtained from
the literature that extend applied pressure head to near oven dryness. Consideration of vapor diffusion
has also changed classical assumptions regarding equilibrium state; thus, a larger time span is required to
reach local equilibrium in laboratory and field experiments (Ouedraogo et al., 2013).

We compare the performance of our proposed model with both the unimodal capillary relative unsaturated
HCF defined by Ghanbarian et al. (2016; equation 28) and the PDI model (Iden & Durner, 2014; Appandix
B). The PDI water retention model includes four parameters (θs, θr, α, and n; Appendix B) to be tuned by
fitting WRF to the entire range of data, and the extra empirical shape parameter m from Van Genuchten
(1980) model was set to m = 1 − 1/n following Iden and Durner (2014). Moreover, h0 was set to
−6.3 × 106 cm, and in cases where θs is known, this parameter was removed from the fitting procedure.

The PDI HC model includes four parameters (Kcap
S , ℓ, Kads

S , and a; Appendix B) that need to be tuned.

Often, Kcap
S is measured, and ℓ takes values of 0.5, 1, and 2 representing Mualem (1976a, 1976b),

Alexander and Skaggs (1986), and Burdine's (1953) models, respectively. Herein, ℓ is considered as a free
parameter and is tuned according to the studied soil. The film flow conductivity equations also require esti-

mation of ha, Kads
S , and a, where ha (air entry value) is set as 1/α. Therefore, the PDI model requires several

measurements of HC both at high (where capillary conductivity dominates flowmovement) and low (where
film conductivity dominates flow movement) saturation to tune these four parameters.

3. Results
3.1. Changepoint Analysis and Fitting Soil Water Retention

To detect existence of any possible changepoints within soil water retention, a scaling analysis is performed
using equation (2). The bimodal and multimodal WRFs (equations (A8) and (7), respectively) and unimodal
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WRF equation (11) are fitted to the entire range of measured water retention data for all soil samples to
evaluate the performance of the herein proposed joint HCF and the predecessor HCF (Ghanbarian et al.,
2016). The obtained parameters are then used to plot log‐log curves of θ* versus (hmin/h). Existence of an

Figure 5. Log‐log plots of scaled volumetric water content versus pressure head. Shifts in curve slope represents negative value of Hurst exponent or D− 3 in terms
of fractal dimension. Changes in slopes (blue dash lines) represent changes in fractal dimension of soil.
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abrupt change in the slope of the curve was used as a criterion for identifying changepoints. Using the
methodology and test statistic proposed in section 2.2, and by maximizing T(k), the exact location of
changepoints can be determined (for a more comprehensive description, interested reader is referred to
section 3.1 of ModaresiRad et al., 2019). Figure 5 illustrates the results of the proposed test statistic for all
11 soil samples used in this study. All soil samples exhibit three distinct water retention characteristics
except for Soil Code 3.

3.2. Unsaturated HC

Most developed models based on fractal geometry have shown poor results when describing permeability of
soils at low water contents. Hunt, Ghanbarian, et al. (2013), Hunt, Ewing, et al. (2013) discussed that HC is
strongly dependent on the pore size distribution and found that their developed bimodal piecewise model
was consistent with Kutílek (2004) model with an advantage of being applicable to both structural‐textural
and textural‐textural pore combinations. Nevertheless, the adjustments they made to the capillary conduc-
tivity model based on pore size distribution cannot fully describe entire range of relation between unsatu-
rated HC and pressure head. Processes such as film flow on surface of grains and vapor diffusivity must
also be considered at low saturations. Recently, a conceptual model has been developed by Almquist et al.

Table 1
Water Retention Parameters Obtained by Tuning WRF Model Against Observed Data (SI)

Soil
code Texture Regime

Parameters Ksat or
K(θ)
(cm/
day)ϕ β hk (cm) D

1 Sand 1st 0.419 0.419 11.068 2.122 673.000
2nd 0.148 0.148 9.065 2.719
3rd 0.063 0.524 24.067 2.985

2 Sandy loam 1st 0.404 0.837 2.732 2.945 9.000
2nd 0.313 0.313 102.125 2.570
3rd 0.077 0.934 299.159 2.992

3 Clay loam 1st 0.528 1.000 11.417 2.949 0.647
2nd 0.307 1.000 299.972 2.965
3rd N/A N/A N/A N/A

4 Silt loam 1st 0.530 1.000 4.660 2.948 0.278
2nd 0.441 0.516 128.586 2.804
3rd 0.197 0.999 299.932 2.978

5 Loam 1st 0.440 0.762 4.239 2.918 12.533
2nd 0.422 0.422 28.142 2.595
3rd 0.180 0.182 129.564 2.804

6 Sand 1st 0.380 0.397 6.678 2.616 108.900
2nd 0.337 0.337 14.976 2.395
3rd 0.112 0.518 24.012 2.964

7 Loamy sand 1st 0.340 0.934 4.456 2.951 55.550
2nd 0.290 0.290 44.168 2.639
3rd 0.175 0.175 166.712 2.652

8 Loam 1st 0.430 0.828 30.583 2.938 3.981
2nd 0.418 0.447 119.592 2.797
3rd 0.250 0.999 299.964 2.972

9 Clay 1st 0.555 0.999 0.005 2.992 2.754
2nd 0.534 1.000 84.389 2.957
3rd 0.476 0.999 299.975 2.960

10 Loam 1st 0.460 0.537 20.821 2.817 17.280
2nd 0.450 0.457 51.352 2.665
3rd 0.125 0.958 299.745 2.985

11 Sandy clay 1st 0.330 1.000 4.281 2.958 12.100
2nd 0.257 0.257 68.857 2.611
3rd 0.151 0.403 141.289 2.931

Note. Model parameters associated with lowest value of root mean square error among both hybrid‐evolution Markov chain Monte Carlo (Sadegh et al., 2017,
2018) and local optimization approaches (Sadegh et al., 2019) are presented here.
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(2018) to address the contribution of thick water films to total water retention of soil in a fractal manner;
however, the model was developed and assessed on the basis of a single soil, and further research is
required to assess the effectiveness of the model.

The herein proposed model requires prior and accurate knowledge about water retention and porosity, as
well as a single available measurement of either saturated or near saturated HC. It is argued that having
an accurate estimation of Ksat or K(θ) is extremely important as it works as a benchmark for prediction of
other missing unsaturated hydraulic conductivities (ModaresiRad et al., 2019). Accordingly, as given in
Table 1, some of the inappropriate measured values of Ksat from the studied soil databases were not used
herein. Instead, a measurement of HC near saturation was used to fit the model (using equation (9)). The
extended multimodal piecewise model of capillary flow is clearly more apt for a wider range of matric poten-
tials and soils with multifractal properties. Log‐log plot of water retention (Figure 6a) clearly describes three
distinct regimes (with three different slopes, further demonstrated in Figures 6b and 6c). Accordingly, the
proposed multimodal HCF was used to model HC of Soil Code 1, the results of which are presented in
Figure 6d. For illustrative purposes, the range of calculated HC from each regime is extended to the highest
applied pressure. Figure 6d shows that a single fractal dimension (Kcap from the first regime) is, in fact,
incapable of describing a vast range of pressure head, whereas a multifractal approach adequately captures
the complexity of the soil geometry.

On the other hand, it is evident that even though the proposed piecewise model improves fit near the dry end
(Figure 6d), it still underestimates HC due to overlooking adsorptive and diffusive processes. In a study by
Goss and Madliger (2007), upward diffusive vapor flux in the top layer of soil, also known as “evaporative
flux into atmosphere,” was calculated utilizing the Fick's law. It was found that only the top layer of soil
(0–1.5 cm) contributed to upward diffusive vapor transport and that transitivity of water in lower depth of
soil occurs in the form of film flow. In this study, the fractal dimension of the second regime was used to
describe the tortuosity factor of gas transport for Soil Code 3 (which has two fractal regimes). For the remain-
ing soil samples, given they have three fractal regimes, the fractal dimension of their third regime was used
to describe the tortuosity factor. Figure 7 presents the outcomes of fitting the new piecewise unsaturated HC
model to the studied soils, where it can be seen that in all cases, after crossing a certain pressure head, film
and vapor conductivities dominate the rate of flowmovement in soil. Figure 8 illustrates comparison plots of
performance of models based on PDI, percolation theory (Ghanbarian et al., 2016), and the herein proposed
integrated percolation theory. Comparing these threemodels indicates that both the proposed joint HCF and
PDI models are able to describe the full range of saturation whereas the previous model proposed by

Figure 6. Multifractal analysis of HC based on changes in the slope of scaled water retention for Soil Code 1. (a) Log‐log plot of the scaled water retention curve
(equation (2)) with two change points (red diamonds). (b and c) Magnified sections of the curve demonstrating fractal dimension changes. (d) Modeling unsaturated
HC for these three fractal regimes by deriving the required water retention parameters from equation (13) and applying them to the proposed multi fractal HCF
(equation (25)).
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Ghanbarian et al. (2016) is most reliable only around HC values of near saturation and greatly
underestimates middle to dry ranges of HC. Although both PDI and the herein proposed model are
accurately describing the HC curve, the PDI model uses empirical parameters that are not physically

Figure 7. Hydraulic conductivity versus saturation (logarithmic scale) of observed and simulated proposed model for Soil Codes 1–11. The herein proposed joint
model, Ktotal (red solid lines), is composed of a multifractal capillary flow model, Kcap(dark blue dashed line); film flow model, Kads(light blue dashed line); and
vapor flow model, Kvap(cyan dashed line).
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Figure 8. Observed and simulated hydraulic conductivity versus saturation (logarithmic scale) for Soil Codes 1–11. Three models of PDI (cyan dashed line), per-
colation theory (Ghanbarian et al., 2016; dark blue dashed line and pink dotted line), and integrated percolation theory (herein proposed model; red solid line) are
drawn for each soil. Both PDI and integrated percolation theory models are comprised of capillary, film, and vapor flow components, whereas the Ghanbarian et al.
(2016) model is a capillary model that utilizes universal scaling to describe conductivity below the crossover point.
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sound. Schaap and Leij (2000) reported negative values of the tortuosity/connectivity parameter, ℓ. Studies
by Peters et al. (2011) and Peters (2014) derived lower‐bound value of ℓ = − 2, indicating an increase inKcap

r

as Scap decreases. Moreover, to determine the parameters of PDI film conductivity model (Kfilm
s and a), in

addition to saturated HC measurement, a number of unsaturated HC measurements associated with
dominance of film flow is required, whereas our proposed model requires only one saturated or near
saturated measurement of HC.

Both bimodal andmultimodal HCFs describe themeasured HCwell to a certain critical point, beyond which
the capillary flow no longer dominates the conductivity of liquid and its value decreases sharply toward zero.
As a result, the model tends to significantly underestimate HC (evident in all soil samples in Figure 7). The
film conductivity model works as a complementary part of the total conductivity model and describes rela-
tively dry regions of unsaturated HC. The contribution of the vapor conductivity model shown in Figure 7
illustrates that using the fractal dimension of the last regime to describe tortuosity factor for vapor transport
through soil is clearly apt. The onset of dominance of vapor flow varies according to obtained results, and it
starts to manifest itself at significantly different values of saturation depending on the soil pore space geome-
try. Also, we demonstrate that universal scaling (pink dotted line in Figure 8) described in numerous studies,
including Ghanbarian‐Alavijeh and Hunt (2012), Ghanbarian, Hunt, and Daigle (2015), Ghanbarian, Hunt,
Skinner, et al. (2015), and Ghanbarian et al. (2016), in fact, is not able to describe flow processes below the
crossover point (θx). Note that the soils without the pink dotted line did not contain measurements below
16,000 cmH2O. The contribution of universal scaling to overall unsaturated HCwas not thoroughly assessed
in any of the previous studies. As discussed by Hunt, Ghanbarian, et al. (2013), Hunt, Ewing, et al. (2013),
their studied experimental soils did not contain measurements sufficiently low that the universal scaling
would hold and stated that typical range for universal scaling should be 0 < θ < 0.1, which is where the con-
tribution of vapor diffusion is often observed. Therefore, the second term (θt < θ < θx) of the equation (10)
cannot be used to accurately describe unsaturated HC at low water contents. A more convenient approach
would be to utilize the joint HCF described in this paper, which fills the gap by accounting for film and vapor
flow processes.

Figure 9 illustrates goodness‐of‐fit results for the herein proposed HCF and the PDImodel on the basis of the
geometrical mean error ratio (GMER) and the geometrical standard deviation error ratio (GSDER) criteria.
Predictions of the model overestimate and underestimate measured data if GMER > 1 and GMER < 1,
respectively. A perfect fit is obtained once GSDER reaches its minimum value of 1. Both GMER and
GSDER are superior error metrics compared to the traditionally used normalized root mean squared error
and coefficient of determination (R2) for studying HC, since they are suited for lognormally distributed data.
Herein, each point is normalized by dividing prediction value by its corresponding measured value, hence

Figure 9. Goodness‐of‐fit criteria for the proposed integrated percolation theory model (red area) and the PDI model (gray area). The yellow decagon indicates the
optimum value of each criterion. GMER < 1 and GMER > 1 indicate underestimation and overestimation of the model, and GSDER value of 1 denotes a perfect fit.
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assigning a balanced impact on total error to high and low values of unsaturated HC. The GMER criterion
indicates that both the proposed model and the PDI model have a low level of deviance in the prediction of
unsaturated HC for all 11 studied soil samples. The GMER of the PDI model suggests existence of a balance
of positive and negative errors (except for Soil Code 1 that GMER clearly shows overestimation of the PDI
model) compared to the proposed joint HCF. However, GSDER values indicate that the prediction of unsa-
turated HC of the proposed joint HCF based on the studied soil samples (except for Soil Code 8) has a rela-
tively lower error compared to the PDI model and is able to predict HC more accurately. Average GSDER
associated with the proposed model is around 1.5, and GSDER associated with the Ghanbarian et al.
(2016) model spikes to a value of 107 for Soil Codes 3, 4, 8, and 9 due to very low performance of the model
(Figure 8), and therefore, results of error criteria of the Ghanbarian et al. (2016) model were excluded from
illustration. Of all the studied data sets, Soil Codes 9 and 8 were associated with the highest bias in predic-
tions of the joint model of unsaturated HC. These two soil samples represent the highest values of model
overestimation and underestimation, respectively. Figure 7 shows that the main source of overestimation
and underestimation for Soil Codes 9 and 8 is the multifractal capillary conductivity model. In both cases,
it is clear that fractal properties from the second and third fractal regimes obtained fromwater retention data
are biased, and as thoroughly discussed in ModaresiRad et al. (2019), this may stem from faulty measure-
ments of water retention experiments.

4. Conclusions

Traditionally, unsaturated HC is modeled using the concept of bundle of tubes pore‐scale models (i.e.,
tubes of uniform size, tubes of various sizes, intersecting tubes, and nonintersecting tubes), which only
considers the capillary flow. Often, these models use empirical equations to describe the relation between
HC and pressure head or volumetric water content, with parameters that generally lack physical descrip-
tions. We propose a joint HCF that uses geometry of pore space and physics of water transport in soil to
derive the mathematical relationship between HC and pressure head or volumetric water content, in
which all parameters have physical description. Our proposed model extends the earlier bifractal HCFs
(Hunt, Ewing, et al., 2013; Hunt, Ghanbarian, et al., 2013; ModaresiRad et al., 2019) to a multifractal
HCF (three fractal regimes) that is more flexible to represent changes in soil pore size distribution. This
substantially improves the flexibility of unsaturated HC curve for multifractal soils by incorporating one
extra fractal regime.

The herein proposed joint HCF compensates for limitations of the capillary conductivity model from critical
path analysis of percolation theory at low water contents by including contributions of film and vapor con-
ductivity. This enhances prediction of unsaturated HC at low water contents. Performance of the proposed
model was compared to its predecessor model (Ghanbarian, Hunt, & Daigle, 2015; Ghanbarian, Hunt,
Skinner, et al., 2015) and the PDI model, showing that joint HCF model outperforms the other two models.
Liquid transport in soil is a combination of all three types of flow (capillary, film, and vapor flow). Therefore,
considering only the capillary model (Ghanbarian, Hunt, & Daigle, 2015; Ghanbarian, Hunt, Skinner, et al.,
2015;Van Genuchten, 1980) can result in faulty estimations. Capillary model alone results in underestima-
tion of unsaturated HC especially from middle to high ranges of pressure head (where film flow and vapor
diffusion dominate the liquid transport rate). The two extra components of film and vapor flow significantly
improve the estimation of unsaturated HC at the dry end, resulting in an accurate prediction of HC over the
entire spectrum of pressure head. Moreover, our proposed joint HCFmodel is computationally less demand-
ing compared to the PDI model, since our model only tunes WRF parameters, whereas the PDI model tunes
both WRF and HCF parameters.

Finally, we demonstrate in this paper that the fractal dimension of the last fractal regime is an appropriate
choice for modeling tortuosity of gas transport between liquid islands in vadose zone, since it captures the
complexity of the pore space geometry. We further demonstrate that application of universal scaling from
percolation theory (Ghanbarian‐Alavijeh & Hunt, 2012; Ghanbarian et al., 2016) for prediction of HC is
not recommended as moisture contents go below the crossover point (θx), based on a wide variety of soil
textures explored. The comparison of the joint film and vapor conductivities to universal scaling from per-
colation theory showed the adequacy of our proposed model in predicting the dry ranges of
unsaturated HC.
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Appendix A: Derivation of The Multifractal Water Retention And HC
For applied pressure head (h), hk2 < h < hmax (third regime) expressions for WRF is defined as

θ ¼ β3
3−D3

r3−D3
k2

∫
r

rmin
r3r−1−D3dr ¼ β3

r
rk2

 �3−D3

−
rmin

rk2

 �3−D3
" #

; (A1)

where θ is volumetric water content and D3 and β3 are fractal dimension and PSF water retention parameter
of the third regime, respectively. Since PSFmodel is an iterative process of partitioning a bounded region in a
Euclidian space, the fractal volume is divided into three portions of p for pore, s for solid, and f for fractal at
each iteration. Therefore, the total volume of the bounded region is the summation of pores, solids, and frac-
tals, and the proportions of these three add up to one (p+s+f = 1). Given the definition of PSF model, the
parameter β can be described as β = p/(p+s). Similarly, for the second regime (hk1 < h < hk2), θ would be

θ ¼ β2
3−D2

r3−D2
k1

∫
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rk2
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−
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" #

þ ϕ3; (A2)

whereD2 and β2 are fractal dimension and PSFwater retention parameter of the second regime, respectively,
and ϕ3 is porosity of the third regime (hmin < h < hk1). For the first regime, we have

θ ¼ β1
3−D1

r3−D1
max

∫
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rk1
r3r−1−D1dr þ β2
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−
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−
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þ ϕ2 þ ϕ3; (A3)

where D1 and β1 are fractal dimension and PSF water retention parameter of the first regime and ϕ2 is the
porosity of the second regime. Now, considering that the porosities of the first, second, and third regions
are defined as
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ϕ1 ¼ β1 1−
rk1
rmax

 �3−D1
" #

; (A4)

ϕ2 ¼ β2 1−
rk2
rk1

 �3−D2
" #

; and (A5)

ϕ3 ¼ β3 1−
rmin

rk2

 �3−D3
" #

; (A6)

respectively, and utilizing Young‐Laplace equation the piecewise multifractal soil WRF is derived as

θ ¼

ϕ; h<hmin

ϕ−β1 1−
h

hmin

� �D1−3
" #

; hmin<h<hk1

ϕ2 þ ϕ3−β2 1−
h
hk1

� �D2−3
" #

; hk1<h<hk2

ϕ3−β3 1−
h
hk2

� �D3−3
" #

; hk2<h<hmax

8>>>>>>>>>>>>><>>>>>>>>>>>>>:
(A7)

and according to Hunt, Ghanbarian, et al. (2013), Hunt, Ewing, et al. (2013), the piecewise soil water reten-
tion model for two fractal regimes is given as

θ ¼

ϕ; h<hmin

ϕ−β1 1−
h

hmin

� �D1−3
" #

; hmin<h<hk

ϕ2 þ β2 1−
h
hk

� �D2−3
" #

: hk<h<hmax

8>>>>>>><>>>>>>>:
(A8)

The critical volume content of percolation θt from critical path analysis in fully saturated case can be written
as (Hunt, Ewing, et al., 2013; Hunt, Ghanbarian, et al., 2013)

θt ¼ β1
3−D1

r3−D1
max

∫
rmax

rc θ¼ϕð Þr
3r−1−D1dr ¼ β1 1−

rc θ¼ϕð Þ
rmax

 �3−D1
" #

: (A9)

Combining equations (A7) and (A9) for a condition that θt < ϕ1+ϕ2 yields the critical pore radius rc
given θ = ϕ,

rc θ¼ϕð Þ ¼ rmax
β1−θt
β1

� � 1
3−D1

: (A10)

In an unsaturated condition and a case where θ − θt > ϕ2, according to Hunt, Ghanbarian, et al. (2013),
Hunt, Ewing, et al. (2013),

rc θð Þ ¼ rmax
β1−ϕþ θ−θt

β1

� � 1
3−D1

; (A11)

and for a case in which ϕ2 > θ − θt > ϕ3,

rc θð Þ ¼ rk1
β2−ϕ2 þ θ−θt

β2

� � 1
3−D2

: (A12)

Also for a case of θ − θt < ϕ3 we define θt as
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θt ¼ β3
3−D3

r3−D3
k2

∫
r

rc θð Þr
3r−1−D3dr ¼ β3

r
rk2

 �3−D3

−
rc θð Þ
rk2

 �3−D3
" #

; (A13)

and

rc θð Þ ¼ rk2
β3−ϕ3 þ θ−θt

β3

� � 1
3−D3

: (A14)

Furthermore, the ratio of radii corresponding to the second and first changepoints can be defined by setting
equation (A3) equal to equation (A7) for hmin < h < hk1, which results in

rk1
rmax

¼ β1−ϕ1

β1

� � 1
3−D1

; (A15)

and by setting equation (A2) equal to equation (A7) for hk1 < h < hk2, which results in

rk2
rk1

¼ β2−ϕ2

β2

� � 1
3−D2

: (A16)

Multiplying ratios in equations (A15) and (A16) determines

rk2
rmax

¼ β1−ϕ1

β1

� � 1
3−D1

×
β2−ϕ2

β2

� � 1
3−D2

: (A17)

Relative unsaturated HC normalized by saturated HC is described by Hunt, Ghanbarian, et al. (2013), Hunt,
Ewing, et al. (2013) and modified in ModaresiRad et al. (2019) as

K θð Þ
Ks

¼ gc θð Þ
gc θ ¼ ϕð Þ ¼

rλc θð Þ
rλc θ ¼ ϕð Þ : (A18)

where λ = 2(4 − Ds) − ((3 − Ds/2Ds − 2)+((1/Ω) × (2Ds − 4/Ds − 1))) and Ω = ln(0.15/h)/ln(0.15/hmin).
Utilizing equations (A11), (A12), (A14), and (A18) combined with the expression of ratios in
equations (A15), (A16), and (A17), the piecewise multifractal relative unsaturated HCF is described as

Kcap
r ¼ Kθ

Ksθ
¼

β1−ϕþ θ−θt
β1−θt

� � λ1
3−D1 ; θ−θt>ϕ2 þ ϕ3

β1

λ1
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λ2
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8>>><>>>:
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8>>><>>>:
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 λ1
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: θ−θt<ϕ3

8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:

(A19)
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Similarly, for cases that measurement of saturated HC is not available, we have

Kcap
r ¼ Kθ

Kθ
0 ¼

β1−ϕþ θ−θt
β1−ϕþ θ

0
−θt

" # λ1
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8>>><>>>:
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8>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>:

(A20)

The bimodal piecewise relative unsaturated HC model according to Hunt, Ghanbarian, et al. (2013), Hunt,
Ewing, et al. (2013) is written as follows:

Kr ¼ Kθ
Ksθ

¼

β1−ϕþ θ−θt
β1−θt

� � λ1
3−D1 ; θ−θt>ϕ2

β1

λ1
3−D1

β2
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8>>><>>>:
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8>>>>>>>>>><>>>>>>>>>>:
(A21)

Appendix B: Water Retention and HC Model of PDI
According to Iden and Durner (2014), the water retention model of all pressure heads can be written as the
summation of capillary and adsorptive water contents.

θ hð Þ ¼ θcap hð Þ þ θads hð Þ ¼ θs−θrð ÞScap hð Þ þ θrSads hð Þ; (B1)

where θcap is the volumetric water contents of capillary water with saturation defined as Scap and θads is the
volumetric water contents of adsorptive water with saturation defined as Sads. The saturated capillary com-
ponent was defined by rescaling any of the standard capillary functions, such that for Van Genuchten (1980)
model Scap was written as

Scap hð Þ ¼ Γ hð Þ−Γ h0ð Þ
1−Γ h0ð Þ ; (B2)

where h0 is the largest value of the applied pressure head that is often assumed to be −107cm and Γ(h) is the
Van Genuchten (1980) WRF described as

Γ hð Þ ¼ 1
1þ α hj jð Þn
� �m

: (B3)

Here α,n, andm are the empirical shape parameters. The adorative saturation was proposed as a smooth pie-
cewise linear function.
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Sads hð Þ ¼ 1þ 1
xa−x0

x−xa þ b:ln 1þ exp
xa−x
b

� �h in o
; (B4)

x ¼ log10 hj jð Þ; (B5)

x0 ¼ log10 h0j jð Þ; (B6)

xa ¼ log10 haj jð Þ; (B7)

b ¼ 0:1þ 0:2
n2

1−exp −
θr

θs−θr

 �2
" #( )

: (B8)

According to Peters (2014), the scaled relative HC function using Van Genuchten (1980) model can be
written as

Kcap
r ¼ Scapð Þℓ 1−

1−Γ hð Þ 1
m

1−Γ h0ð Þ 1
m

 !m !2

; (B9)

in which ℓ is a dimensionless shape parameter that is associated with tortuosity of water movement path
(Mualem, 1976a). Peters (2013) proposed the relative film HC as

Kfilm
r ¼ h0

ha

 �a 1−Sadsð Þ
; (B10)

where a is an empirical parameter. The isothermal vapor HCmodel used in PDI model is described in equa-
tions (20)–(26) except that the authors used Millington and Quirk (1961) description of tortuosity factor in
the gaseous phase

τ ¼ θ7=3air

ϕ2 : (B11)

Considering the reflected contributions of capillary, adsorptive, and vapor conductivity (equations (B9),
(B10), and (20)), the total HC was described as

Ktotal ¼ Kcap
S ×Kcap

r þ Kads
S ×Kads

r þ Kvap: (B12)
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