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NON-SYMPLECTIC AUTOMORPHISMS OF ODD PRIME
ORDER ON MANIFOLDS OF K3M-TYPE

CHIARA CAMERE AND ALBERTO CATTANEO

ABSTRACT. We contribute to the classification of non-symplectic automor-
phisms of odd prime order on irreducible holomorphic symplectic manifolds
which are deformations of Hilbert schemes of any number n of points on K3
surfaces, extending results already known for n = 2. In particular, we study
the properties of the invariant lattice of the automorphism (and its orthogonal
complement) inside the second cohomology lattice of the manifold. We also
explain how to construct automorphisms with fixed action on cohomology: in
the cases n = 3,4 the examples provided realize all admissible actions in our
classification. For n = 4, we present a construction of non-symplectic auto-
morphisms on the Lehn—Lehn—Sorger—van Straten eightfold, which come from
automorphisms of the underlying cubic fourfold.

1. INTRODUCTION

The study of automorphisms of K3 surfaces has been a very active research
field for decades. The global Torelli theorem allows to reconstruct automorphisms
of a K3 surface ¥ from Hodge isometries of H?(X,Z) preserving the intersection
product; this link, together with the seminal works of Nikulin [56], [55], provided the
instruments to investigate finite groups of automorphisms on K3’s. In recent years,
the interest in automorphisms has extended from K3 surfaces to manifolds which
generalize them in higher dimension, namely irreducible holomorphic symplectic
(THS) varieties. Results by Huybrechts [36], Markman [47] and Verbitsky [65],
which provide an analogous of the Torelli theorem for these manifolds, allow us
to use similar methods, studying the action of an automorphism on the second
cohomology group with integer coefficients (which carries again a lattice structure,
provided by the Beauville-Bogomolov—Fujiki quadratic form; see [34, Part III] for
further references).

A great number of results are known for automorphisms of prime order on THS
fourfolds that are deformations of the Hilbert scheme of two points on a K3 surface
(so-called manifolds of K3[-type). The symplectic case (i.e. automorphisms which
preserve the symplectic form) is covered in [20] and [51]; in turn, the study of non-
symplectic automorphisms was started by Beauville [8] and has seen many relevant
contributions, culminating in a complete classification of the associated sublattices
in cohomology ([12], [11], [62]). Explicit constructions of automorphisms realizing
all cases in this classification have been exhibited throughout the years (see [57],
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[12], [53], [22]), with the exception of the automorphism of order 23 whose existence
is proved in [11, Theorem 1.1].

Far less is known, in general, about non-symplectic automorphisms of mani-
folds of K3!"-type when n > 3. In [41, Chapter 4], Joumaah studies moduli spaces
of manifolds X of K3["-type with non-symplectic involutions ¢ : X — X, providing
also a classification for the invariant lattice H*(X,Z)" = {v € H*(X,Z) : .*(v) = v}
in [41, Theorem 5.0.1]. This classification, however, is not entirely correct: the re-
cent paper [21], by the two authors and Andrea Cattaneo, rectifies these inaccuracies
(see [21, §2]) and provide some additional insight on non-symplectic involutions.

In this paper we construct a general theory of non-symplectic automorphisms of
odd prime order p of manifolds of K3["-type, for any n > 2.

In the case of fourfolds of K3[2-type, the authors of [12] discovered that the
classification of non-symplectic automorphisms is more complex with respect to
the case of automorphisms of K3 surfaces, and also fundamentally richer for p = 2
rather than for odd p. In the more general setting of manifolds of K3[™-type,
we show that many additional cases appear whenever p divides 2(n — 1). This
is also one of the reasons why non-symplectic involutions deserve to be discussed
separately, since for all n > 2 this divisibility condition becomes vacuous if p = 2.

If X is of K3["-type, an automorphism ¢ € Aut(X) is uniquely determined by
the pull-back o* € O(H?(X,Z)), since the homomorphism Aut(X) — O(H?*(X,Z)),
o — o* is injective (see [6, Proposition 10] and [52, Lemma 1.2]). In turn, it is
possible to describe o* by means of the invariant lattice T = H?(X, Z)"* and its
orthogonal complement S = T+ C H?(X,Z). Since o* is the unique extension
to H?(X,Z) of the isometry idr ®@o*|s € O(T @ S) (see [56, Corollary 1.5.2]),
we conclude that the automorphism o € Aut(X) is determined by the sublattices
T,S C H*(X,Z) and by the isometry 0*|s € O(S) (which cannot be chosen arbi-
trarily). One can therefore classify non-symplectic automorphisms of manifolds of
K3["_type by studying their action on cohomology, and this requires a classification
of the pairs of lattices (T,.5).

As a lattice, H?(X,Z) is isometric to the abstract lattice L := U®? @ EP? @
(—2(n—1)), therefore we can fix an isometry n : H?(X,Z) — L and consider T and
S as orthogonal primitive sublattices of L. After recalling, in §2, some well-known
results which we use throughout the paper and fixing the notation, in §3 we study
the pairs of lattices (T, S) in the non-symplectic case. For any automorphism of odd
prime order p we consider two numerical invariants m, a defined by the properties

2 Da
rk(S) = (p — 1)m and & (X\2) o ( Z ) .

T®S pZ
As it will be explained in §3, a triple (p, m, a) is admissible for a certain n > 2 if it
satisfies a set of necessary (but not sufficient, a priori) conditions for the existence
of a non-symplectic automorphism of order p on a manifold of K3"-type with
numerical invariants m, a as above. The exact definition is the following, where for
any lattice V we denote by [(Ay) the length of the discriminant group Ay := V"V /V,
i.e. the minimal number of generators of Ay .

Definition (Definition 3.10). Let (p,m,a) be a triple of integers with 3 < p < 23
prime, m > 1, (p —1)m <22 and 0 < a < min{m, 23 — (p — 1)m}. Let n > 2 and
write 2(n—1) = p®*g with (p, 8) = 1. The triple (p, m, a) is admissible for n if there
exist two orthogonal sublattices T, S C L = U®® @ E$? @ (—2(n — 1)) such that

o sign(7T) = (1,22 — (p — 1)m) and sign(S) = (2, (p — 1)m — 2);
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and the discriminant groups Ar and Ag satisfy one of the following:
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A pair of lattices (T, 5) as in the definition is also said to be admissible: by
the previous discussion, such pairs are to be considered as good candidates for
the invariant/co-invariant lattices of non-symplectic automorphisms, but it is not
guaranteed that all of them can actually be realized in this way. By using classical
results in lattice theory, mainly by Nikulin [56], it is possible to find a list of all
admissible triples (p, m, a) for each value of n. Our first main result, which is purely
lattice-theoretic, concerns the classification of pairs (7', S) corresponding to a given
admissible triple, as in Definition 3.10.

Theorem (Theorem 3.12). If p? { 2(n— 1), an admissible triple (p, m,a) forn > 2
uniquely determines the isometry class of the lattice S. Its orthogonal complement
T C L is also uniquely determined (up to isometries of L) by (p,m,a), assuming
that I(Ar) <21 — (p— 1)m.

(#it) a>1,a>1, Ag =

IR
/N
Bl

Notice that, if p is odd, the first instance where p? | 2(n — 1) is for n = 10,p = 3.
Combining the theorem with the previous study of the action of a non-symplectic
automorphism on cohomology, we provide in §3.4 a complete classification of the
admissible triples (p,m,a) and of the corresponding pairs of lattices (7',.S) when
n = 3 and n = 4, which are the cases of most immediate interest. While for p > 5
the admissible triples are essentially the same which appear for n = 2 (see [12,
Appendix]), for p = 3 several new cases arise, especially when n = 4 (because p = 3
divides 2(n — 1) = 6).

Proposition 1.1. The admissible triples (3,m,a) for n = 3,4 and the unique pairs
of lattices (T, S) associated to them are the ones listed in Table 1 and Table 2 of
Appendiz A.

The remaining part of the paper is dedicated to constructing examples of non-
symplectic automorphisms of odd prime order, in order to understand which admis-
sible triples are actually realized by automorphisms. For manifolds of K32-type, in
[12] it is proved that natural automorphisms of Hilbert schemes of points (i.e. those
which come from automorphisms of K3 surfaces) realize all but a few admissible
triples. The residual cases (except for the aforementioned automorphism of order
23) are constructed as automorphisms of Fano varieties of lines on cubic fourfolds.
For n > 3, it is necessary to expand our pool of tools. Induced automorphisms
on moduli spaces of (possibly twisted) sheaves on K3 surfaces, studied in [53] and
[22] (where they are used to construct examples of non-symplectic involutions of
manifolds of K3[-type), directly generalize natural automorphisms and allow us
to realize many new pairs (7, S). We show, in §5, how to apply these constructions
when n = 3,4.

Theorem 1.2. For n = 3,4, all admissible pairs of lattices (T, S) with tk(T) > 2
are realized by natural or (possibly twisted) induced automorphisms.
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Admissible pairs (T, S) where T has rank one require special attention. Indeed,
these are the pairs where the co-invariant lattice S has largest rank and this implies
that automorphisms realizing such pairs deform in families of maximum dimension,
as we will explain in §3.3. There are only four distinct triples (p,m,a) which
determine pairs of lattices (T, S) with rk(7T") = 1: two for p = 3 and two for p = 23.
However, for a fixed n at most two of them are admissible (no more than one for
each value of p € {3,23}). We study these four cases in Proposition 3.15, providing
the corresponding isometry classes of the pairs (T,.5): even though they can never
be realized by natural or induced non-symplectic automorphisms (Lemma 4.3), we
prove the following result.

Theorem (Theorem 4.5). Let (T,S) be a pair of lattices corresponding to a triple
(p,m,a) which is admissible for a certain n > 2. If tk(T) = 1, there exists a
manifold X of K3" -type and a non-symplectic automorphism f € Aut(X) of order

p with invariant lattice H*(X,Z)" = T and (H*(X, Z)f*)L ~S.

The proof of this statement is not constructive, since it employs the global Torelli
theorem for THS manifolds. However, in specific cases it is possible to provide a
geometric construction of the automorphism. In §6 we focus on one of these pairs
of lattices (T,S) with rk(T) = 1, corresponding to the admissible triple (3,11,0)
for n = 4.

Theorem (Theorem 6.6). The pair of lattices (T, S) = ((2), UP? @ E$* © Ay) is
admissible for n = 4 and it is realized by a non-symplectic automorphism of or-
der three on a ten-dimensional family of Lehn—Lehn—Sorger—van Straten eightfolds,
obtained from an automorphism of the underlying family of cyclic cubic fourfolds.

We remark that this is the first known geometric construction of a non-induced,
non-symplectic automorphism of odd order on a manifold of K3[-type. Moreover,
thanks to it we are able to complete the list of examples of automorphisms of odd
prime order p < 23 which realize all admissible pairs (T, S) for n = 3, 4.

Acknowledgements. Alberto Cattaneo is grateful to Max Planck Institute
for Mathematics in Bonn for its hospitality and financial support. The authors
thank Samuel Boissiere, Simon Brandhorst, Andrea Cattaneo, Alice Garbagnati,
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explanations. The authors are also extremely grateful to Alessandra Sarti and Bert
van Geemen for their precious suggestions, and to the anonymous referee for many
valuable comments on how to improve the paper.

2. PRELIMINARY NOTIONS

2.1. Lattices. We recall in this section the fundamental definitions and results
of lattice theory which we will need. Our main reference for these topics is the
seminal paper [56] by Nikulin; an overview of the subject can also be found in [28],
[49, Chapter VIII] and [37, Chapter 14].

A lattice L is a free abelian group endowed with a symmetric, non-degenerate
bilinear form (-,-) : L x L — Z. The lattice is even if the associated quadratic
form is even on all elements of L. If ¢ is a non-zero integer, L(t) denotes the lattice
having as bilinear form the one of L multiplied by t. Examples of lattices, which we
will often use, are the negative definite lattices Ay, E, corresponding to the Dynkin



NON-SYMPLECTIC AUTOMORPHISMS OF K3[".TYPE MANIFOLDS 5

diagrams of the same names, for h > 1 and r € {6,7,8}. We also define the two

following lattices:
2 1 -12 1
mee (L) w2 1),

For any integer k # 0 we denote by (k) the rank one lattice generated by an
element of square k.

The dual lattice of L is LY := Homg(L,Z), which admits the following descrip-
tion:

LY={ueL®Q: (u,v)€Z Yv e L}.

Clearly, L can be seen as a subgroup of LY of maximal rank, thus the quotient
Ayp = LV/L is a finite group, called the discriminant group of L. We denote by
discr(L) the order of the discriminant group, while the length [(Ap) is defined as
the minimal number of generators of Ar. If A = {0}, the lattice L is said to be
unimodular: examples of unimodular lattices are the lattice Fs and the (unique)

®k
even hyperbolic lattice U of rank two. If Ay = (p%) for a prime number p and
a non-negative integer k, then the lattice L is said to be p-elementary; in this case,

I(AL) = k.

If A is a finite abelian group, a finite quadratic form is a map q : A — Q/2Z
such that:

(i) q(ka) = k?q(a) for all k € Z and a € A;
(i4) gla+a’) —q(a) — q(a’) = 2b(a,a’) in Q/2Z, where b: A x A — Q/Z is a
symmetric bilinear form (called the finite bilinear form associated to q).

A finite quadratic form ¢ : A — Q/2Z is said to be non-degenerate if the associated
finite bilinear form b is non-degenerate (i.e. for all a € A, a # 0, there exists a’ € A
such that b(a,a’) # 0 € Q/Z). By using b we define the orthogonal complement
Ht C A for any subgroup H C A. The isometry group O(q) is the group of
isomorphisms of A which preserve the finite quadratic form q.

For an even lattice L, we define a finite quadratic form ¢y, : A, — Q/2Z, called
the discriminant quadratic form, as

qr : AL, — Q/2Z, qr(z + L) := (v,2) (mod 2Z) forany z € L".

If Ay is a finite direct sum of cyclic groups A;, we write A, = @, A;(«;) if the
discriminant form ¢, takes value o; € Q/2Z on the generator of the summand A;.
We will sometimes use the following result.

Proposition 2.1. [56, Proposition 1.2.1]. Let A be an abelian group, q a finite qua-
dratic form on A and H C A a subgroup. If the restriction q|g is non-degenerate,
then ¢ =qlu ® qlg..

A lattice isometry of L induces in a natural way an isometry of (Ar,qr), as
explained in [28, §1.2]: in this way it is possible to define a canonical homomorphism
between the orthogonal groups O(L) — O(qr). We will denote by ¥ € O(qr) the
image of ¢» € O(L) under this homomorphism. Similarly, an isomorphism of lattices
¢ : L1 — Lo induces an isomorphism of discriminant forms % : qr, — qr, ([56,
§1.4]).

The signature of a lattice L is the signature of the R-linear extension of the
bilinear form (+,-) to L ®z R; together with the discriminant quadratic form ¢y, it
defines the genus of L (see [56, §1]).
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Theorem 2.2. [28, Proposition 1.4.7], [54, Theorem 2.2]. An even, indefinite
lattice L with 1(Ap) < rk(L) — 2 is uniquely determined, up to isometries, by
its signature and its discriminant form qr. Moreover, the natural homomorphism
O(L) — O(qyp) is surjective.

By [56, Theorem 1.3.1], two even lattices L1, Lo have isomorphic discriminant
forms qr, = qr, if and only if there exist unimodular lattices Vi, V2 such that
L1 ® Vi = Ly @ Va. Moreover, by [56, Theorem 1.1.1(a)] the signature (v(4y,v(-))
of an unimodular lattice V' satisfies v(;) —v(—y = 0 (mod 8) . It is therefore possible
to define the signature modulo 8 of a finite quadratic form ¢: sign(q) = l(4) — [
(mod 8), where (I(4),l(—)) is the signature of an even lattice L such that ¢z = ¢.

We adopt the notation of [19]. Let p be an odd prime; by [56, Proposition
1.8.1], there are only two non-isometric, non-degenerate discriminant forms on po%
(o > 1): they are denoted by w§, ,, with e € {—1,+1}. The quadratic form w; !, has
generator value (1) = -% (mod 2Z), where a is the smallest positive even number

which is a quadratic residue modulo p. In turn, for w, L we have ¢(1) = p% with a

the smallest positive even number that is not a quadratic residue modulo p. Thus,

a non-degenerate quadratic form g on p(,% such that ¢(1) = p% is isometric to wy, ,,
x

with e = (%) (using Legendre symbol).

ok
Any non-degenerate quadratic form on (%) , k > 1, is isomorphic to a direct
P
sum of forms of type wzﬂ and w7, with w;% @ w;’i & w;% @ wp_& (see [56,

Proposition 1.8.2]). This means that, if S is a p-elementary lattice with discriminant
group of length k, the form ¢g on Ag can only be of two types, up to isometries:

()"
4s = i’l ®k—1 -1
(wp,l) Dwy,
Remark 2.3. The signatures (mod 8) of the discriminant forms wy, , are listed

in [56, Proposition 1.11.2]). For odd p we have sign(w;i) = 1—p (mod 8) and
sign(w;%) =5—p (mod 8). Hence, if S is p-elementary and sign(S) = (s(4), s(-)),

Bk
the quadratic form on the discriminant group Ag = ( L ) is

pZ
Dk .
(1) gs = (w;r%) o if 4y —s—) = k(1 —p) (mod 8)
(w;%)@ - @w;& if s(p) — sy =k(l—p)+4 (mod8)

This means that the quadratic form of a p-elementary lattice (p # 2) is uniquely
determined by its signature (see [59, §1] for additional details).

We recall that a sublattice M C L is primitive if the quotient L/M is free.
Analogously, an embedding of lattices i : S < L is primitive if i(S) C L is a
primitive sublattice.

Definition 2.4. Two primitive embeddings ¢ : S < M, j : S — M’ define
isomorphic primitive sublattices if there exists an isomorphism ¢ : M — M’ such

that ¢ (i(5)) = j ().

The following fundamental result, proved by Nikulin in [56, Proposition 1.15.1],
provides a characterization of primitive embeddings.
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Theorem 2.5. Let S be an even lattice of signature (s(y),s)) and discrimi-
nant form qs. For an even lattice L of invariants (m(y), my,qr) unique in
its genus, primitive embeddings i : S — L are determined by quintuples ©; :=
(Hg,Hp,7v,T,vyr) such that:

e Hg is a subgroup of As, Hy is a subgroup of Ar, and v : Hs — Hp is an
isometry qslms = qrlm,;

o T is a lattice of signature (m 4y — 54y, M-y — 5(—)) and discriminant form
qr = ((—=qs)®qr)|r+jr, where I' C As ® Ay, is the graph of v and It s its
orthogonal complement in Ag ® Ap, with respect to the finite bilinear form
associated to (—qs) ® qr;

e yr € O(qr).

The lattice T is isomorphic to the orthogonal complement of i(S) in L. More-
over, two quintuples © and ©' define isomorphic primitive sublattices if and only if
(Hg) = Hg for p € O(S) and there exist isometries ¢ € O(qr), v: T — T such
that v/ oi=¢ oy and Vo yp =y, oD.

2.2. Monodromies and global Torelli theorem for manifolds of K3["-type.
An irreducible holomorphic symplectic (IHS) manifold is a complex, smooth, com-
pact, Kihler manifold X such that H??(X) = Cwyx, for an everywhere non-
degenerate two-form wy. Examples of IHS manifolds are provided by K3 surfaces
and, for any n > 2, by Hilbert schemes of n points on them, as well as by their THS
deformations, which are known as manifolds of K3!"-type. If X is an THS mani-
fold, the second cohomology group H?(X,Z) admits a lattice structure, by means
of the non-degenerate bilinear form of signature (3,b2(X) — 3) due to Beauville-
Bogomolov—Fujiki (see [31, Theorem 4.7]). An automorphism o € Aut(X) of prime
order p is non-symplectic if c*wx = fwx, where £ is a primitive p-th root of unity.
By [6, Proposition 6], the existence of a non-symplectic automorphism on X guar-
antees that X is projective.

The global Torelli theorem for IHS manifolds gives the following Hodge theoretic
result, due to Markman (see [47, Theorem 1.3]). This version involves the definition
of parallel transport operator, which we do not recall and can be found in [47,
Definition 1.1].

Theorem 2.6. Let X, Y be two deformation equivalent irreducible holomorphic
symplectic manifolds and let f : H*(X,Z) — H*(Y,Z) be an isomorphism of in-
tegral Hodge structures and a parallel transport operator. There exists an isomor-
phism o : Y — X such that f = o* if and only if f maps a Kdhler class of X to a
Kahler class of Y.

In the case X =Y, parallel transport operators f : H?(X,Z) — H?(X,Z) are
called monodromy operators, which form a subgroup Mon?(X) C O(H?(X,7Z)). If
X is a manifold of K3!"-type, n > 2, the second cohomology lattice H?(X,Z) has
rank 23 and it is isometric to L := U @ E$? @ (—2(n — 1)) by [7, Proposition
6]. Let (X,n) be a marked holomorphic symplectic manifold of K 3 type, ie. X
is THS of K3!"-type and n : H?>(X,Z) — L is a lattice isomorphism. We denote
by Mon?(L) := 7 o Mon?(X) o~ C O(L) the monodromy group of L: it is an
arithmetic subgroup of O(L) and it is independent on the choice of the marking,
inside a connected component of the moduli space of marked THS manifolds (X, )
(see [47, 89]).
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We recall that, for an even lattice G, the real spinor norm sn§ : O(Ggr) —
R*/ (R*)? = {1} is defined as

sng () = (—f) <_”22)

if v = py, 0...0p,, as a product of reflections with respect to vectors v; € Gr (in
particular, 7 < rk(G) by the Cartan-Dieudonné theorem [60, Theorem 5.4]).

Remark 2.7. Since sn§ : O(Gg) — R*/ (R*)2 >~ {+1} is a group homomorphism

(see for instance [49, Theorem 10.2]), if v € O(GR) is an isometry of odd order then

snf/(7) = 1.

We have a very explicit description of monodromy operators on L. Let A be
the subgroup of O(L) generated by reflections with respect to classes of square
—2 and by the negative of reflections with respect to classes of square 2. Then,
by combining results of Markman ([46, Lemma 9.2]) and Kneser ([42, Satz 4]) we
obtain the following description.

Theorem 2.8. Mon’(L) =N = {g € O(L) | g = £ida,,snk(9) = 1} .

In the statement of the theorem, as usual, g is the isometry induced by g on the
discriminant group Ar.

3. ISOMETRIES INDUCED BY AUTOMORPHISMS OF ODD PRIME ORDER

The aim of this section is to study the action of non-symplectic automorphisms
of odd prime order on the second cohomology lattice of manifolds of K3!"-type. We
will focus our attention on determining the properties of the invariant sublattice and
of its orthogonal; we will show how to classify, for any n, their isometry classes by use
of numerical parameters related to their signatures and lengths. This classification
is explicitly discussed for n = 3,4 in §3.4. Moreover, in §3.3 we study in greater
depth the cases where the invariant lattice has rank one.

3.1. Discriminant groups of invariant and co-invariant sublattices. Let X
be a manifold of K3[-type with an action of a finite group G = (o), where o
is a non-symplectic automorphism of prime order p > 3. In particular, p can
be at most 23 as a consequence of [6, Proposition 5], because H*(X,Z) = L =
U3 @ EP? @ (—2(n — 1)) has rank 23. The group G acts by pullback on H?(X,Z).
Following the notation of [15], we will denote by T := H?(X,Z)° the invariant
sublattice of H?(X,Z) and by S := T its orthogonal complement (the co-invariant
lattice, as we will refer to it): they are both primitive sublattices of H?(X,Z) by
[15, Remark 5.2].

Remark 3.1. If we choose a marking 1 : H%(X,Z) — L, then the invariant and
co-invariant lattices of an automorphism of X can also be regarded as primitive
sublattices T, S C L. We point out that a different marking n’ will produce a pair
of sublattices (T”,S") of L which is isomorphic to (T, S) in the sense of Definition
2.4. For this reason, we are interested in classifying the pairs (7',.S) only up to
isomorphisms of primitive sublattices in L.

We collect in the next proposition several results proved by Boissiere-Nieper-
WiBlkirchen—Sarti [15, §5-6] and Tari [62, §2.1.3] (see also [17, §2]).
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Proposition 3.2. Let X be a manifold of K3 -type and G = (c) a group of prime
order p > 3 acting non-symplectically on X. Then:

e there exists a positive integer m such that 1k(S) = (p — 1)m;
o S has signature (2,(p — 1)m — 2) and T has signature (1,22 — (p — 1)m);

H2(X,Z) . . . OHA(X2) ~ (2 \®° .
Tas S a p-torsion group, i.e. Tos  — (ﬁ) for some non-negative
mnteger a;
e a<m.

If we consider T and S as sublattices of L, then T'® S is a sublattice of maximal
rank. The sequence of inclusions

TeScLcLYc(TeS)=1T"asY

Da
provides an identification of %es = (p%) with an isotropic subgroup M C
Ar @ Ag such that M+/M = Ay (see [56, §5]). Denoting by pr and pg the two
projections from Ar @ Ag to Ay and Ag respectively, their restrictions to M are
injective (because T' < L and S < L are primitive; see again [56, §5]). Their
isomorphic images are My := pp(M) C Ay and Mg := ps(M) C Ag. Since the
discriminant groups Ap, Ag are finite, this implies p® | discr(T") and p® | discr(S).
Moreover, the isomorphism « := pg o (pr) !, : My — Mg is an anti-isometry,
as a consequence of the isotropy of M: this means that ¢r(x) = —gs(v(x)) for all
x € Mr.

Lemma 3.3. Let o be a non-symplectic automorphism of prime order p > 3 of a
manifold of K3M-type and let ¢» = o* € Mon?(L). Then:
(i) the action of v on M+ C Ar @ Ag is trivial;

(i7) the co-invariant lattice S = (Lw)L is p-elementary.

Proof.

(i) As in the previous section, for an isometry g of a lattice V' we denote by
g the induced isometry of the discriminant group Ay . The monodromy
operator 1 induces 1 = id on Ay = M+ /M by Theorem 2.8 and because
y? = id with odd p (therefore ¢ cannot be —id). This implies that for
any element (z,y) € M+ C Ar @ As we have (V|res)(z,y) — (z,y) € M.
Moreover, v acts trivially on the discriminant group Ar (because |7 = id),

thus (Y|rgs)(z,y) — (z,y) = (0, (¥|s)(y) —y) (the natural inclusions of Ap
and Ag in Apgs =2 Ap @ Ag are @—equivariant). Since M is the graph in
A7 @ Ag of the anti-isometry v : My — Mg, we deduce that (¢|s)(y) =y
for any y € Mg = ps(M~). This means that the action of v is trivial on
M+, not only on the quotient M= /M.

(i4) For any n > 2, the lattice L = U®® @ E$? @ (~2(n — 1)) can be primitively
embedded inside the Mukai lattice Aoy = U®P* @ Egm as the orthogonal
complement of a primitive element of square 2(n — 1) belonging to one
of the summands U of Agy (see [47, Corollary 9.5]). As we remarked in
the previous point of the proof, the action of ¥ on the discriminant Aj,
is trivial: this allows us to extend 1 to an isometry p € O(Ag4) such
that p|r. = id, by [56, Corollary 1.5.2]. The lattice Aoy is unimodular,
therefore both the invariant lattice T, := A5, C As4 and the co-invariant
lattice S, := (T,)* C Aay are p-elementary (see for instance [62, Lemme
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2.10]). Since L+ C T, passing to the orthogonal complements we have
S, C L, and therefore S = S, is p-elementary. (]

For fixed values of n > 2 and p > 3 prime, we write 2(n — 1) = p*f with «, 8
integers, @ > 0 and (p,8) = 1. Then Ay = ﬁ = palz &) 5% is an orthogonal
splitting (see [56, Proposition 1.2.2]): in particular, we can show that there exists

a subgroup of A isomorphic to the summand %.

Lemma 3.4. Let (Ar), and (As), be the Sylow p-subgroups of Ar and Ag respec-
tively. Then

/
Ar = (Ar)p ® 57’ As = (As)p.
Moreover, |Ar| = p*Bt and |As| = p*s for some positive integers t,s such that

(0%

ts = p“.

Proof. As A, = M*/M and |[M| = p®, we deduce |M*| = p*™*B3. As a con-
sequence, there exists a subgroup N C M* of order 3, and it is unique since
|N| is coprime with [M LN ] Moreover, the restriction to N of the projection
M+ — M*/M is injective (N N M = {0} because the orders of N and M are
relatively prime). By the fact that there is also a unique subgroup of order § inside
Ajp, we conclude that N is isomorphic to the component % of A;. By Lemma 3.3,
the action of the automorphism o on N C M~ is trivial and any element of pg(N)
is of p-torsion: we are lead to conclude pg(NN) = 0, because (p,3) = 1. Thus, N is
contained in Ar.

Since My C (Ar), and Mg C (Ag), we can write |Ap| = p®St and |Ag| = p°s,
with ¢, s positive integers. From

_ discr(T') - discr(S)  |Ar||As]

L:(TaS8)) = =

L (T S)] diser(L) AL
(see [56, §4]) we get ts = p*. The two integers t, s are therefore powers of p with
non-negative exponents. U

We are now ready to describe the structures of the two discriminant groups Ap
and Ag.

Proposition 3.5. Let X be a manifold of K3 -type and G = (o) a group of odd
prime order p acting non-symplectically on X. Then one of the following cases
holds:

©Da ®a
(Z)AS:MS%.}(I%Z) ,AT%MT@ALg(p%) @WLZEB%7

(“) azl,a:(), Asgplz; AT%J%;

o (2% L 2 z
Ar=(E) ek eh
Proof. If a = 0, the group M is trivial and Ay = Ar @ Ag. By Lemma 3.4 we
deduce that there are only two possibilities: Ag = 0, Ap & Ay or Ag = paiz,
Ap & BZ—Z. The second case, though, is admissible only for o = 1, because we know
that S is p-elementary by Lemma 3.3.

From now on we will assume a > 1. Let us first consider the case o = 0: this
implies § = 2(n — 1) and t = s = 1. Then, by using Lemma 3.4 we conclude
As = Mg and Ap = My @ 25 = My @ Ap.

If « =1 we have 2(n — 1) = pf8 and ts = p. There are two possibilities:

(7 ®a+1
(iit) a>1,a>1, Ag = (ﬁ)
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Da
et =p,s = 1. In this case, Ag = Mg = (1%) , therefore qs|py = g¢s
is non-degenerate and the same holds for gr |y, since gr|p; = —qs|ms-
Then, by Proposition 2.1 we can write Ar = My & Mz, which implies

zZ 2\t 1
(Ar)p = My & o7 = (;TZ) since |(Ar),| = p**t. Hence, Ay =
zZ z
(A7)p® 57 = (p*z
et=15s=p Now Ar = Mr & %, since (Ar), = Mr. Hence gr|n, is
non-degenerate, which again implies that also gs|as, is non-degenerate, i.e.

®a+1
As = Ms P Mgr We are lead to conclude Ag = Mg & p% &~ <p%)

2

Da+1
) @B/LZ and therefore Ay & Mr® Ay, aspf = 2(n—1).

Therefore, if =1 (and a > 1) both cases (i), (iii) appearing in the statement can
occur.

Now assume o > 2. Set H := (Ar), ® As C Ar & Ag and let H[p| C H be
the p-torsion subgroup. Since ML /M = A = palz &) ,6%’ there exists an element
x € H of order at least p®: the quotient (z)/({x) N H[p]) has then order at least
p®~ !, which shows that [H : H[p]] > p*~'. On the other hand, [H : H[p]] < p™:
indeed, |H|[p]| > p**, because Mt & Mg C H[p], and |H| = p* - p®s = p?2T2 (by
Lemma 3.4). We conclude that the index [H : H|[p]] is either p® or p*~1.

If [H : Hlp]] = p®, then H[p] = My & Mg. By construction H = Hp, therefore:

o eBE)T BT

i=1 =1

for suitable integers m; > 0 such that ) im; = 2a + o and ), m; = 2a. Thus,
the integers m; must satisfy a = ), (i — 1)m;. Furthermore, since we know that H
contains an element of order at least p®, there exists j > a such that m; > 1. This
leaves us with two possibilities for the choice of the coefficients m;.

@2a—1
o H = (p%) &) pa%. Then, after recalling that Ag D Mg and Ay D

: z \ % . z \ %! z
My with Mg = My = (;TZ) , we have either Ag = (p—z) ® ¥z
Da—1

(AT)p = Mr or Ag = Mg, (AT)p = (p%) @ pT%lZ' Both cases are not
admissible: by Proposition 2.1 (as we remarked discussing oo = 1) we would
need to be able to write, respectively, Ag = Mg@® Mg and Ay = Mr& M,

but now this is not possible.

d2a—2
~ Z
- = ()

(AT)p = My (which can be excluded as in the previous point) we are left
with two alternatives:

@a—1 ®a—1
o (4r), 2 (&) iz As=(E) ek
7 ®a—1 7 7 ®a—1 z

In both cases, though, the lattice S is not p-elementary, contradicting
Lemma 3.3.

® p% ® 1%. Disregarding the cases where Ag = Mg or

1

We conclude that [H : H[p]] = p®>~!. We can again write H and H|[p] as in (2),
where now ZZ im; = 2a+ a, Zi m; = 2a+ 1 and as before there exists j > « such
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®2a
that m; > 1. We then deduce H = <£> ® #%7 which gives rise to four possible

pZ
conclusions:
D Da
° (AT)p = (p% D 557 Ag (p%) , meaning Ar & My @ Ap and
AS - MS; @a+1
* (A7), = ( P P ) ’

The last two cases are excluded because S is p-elementary by Lemma 3.3. O

Remark 3.6. We can make some additional remarks on the structures of the
discriminant groups Ar, Ag after recalling the following result.

Theorem 3.7. [17, Theorem 2.2] Let M be an even lattice and ¢ € O(M) be an
isometry of prime order p # 2 with co-invariant lattice S. Then p™ discr(S) is a
square in Z, where m = r::(fsl).

Let X be a manifold of K3M-type and ¢ € Mon? (L) the isometry induced on L
by an automorphism o € Aut(X) of prime order p > 3. From Proposition 3.5 we

know that discr(S) = |Ag] is either p® or p®*1. In particular:

e ifpt2(n—1) (i.e. & = 0), the groups Ap, Ag are as in Proposition 3.5 case
(1), therefore a and m must be of same parity by Theorem 3.7.

e Ifp|2(n—1) (i.e. @ > 1), a and m are not required to have same parity:
the structures of Ay and Ag are the ones given in Proposition 3.5 case ()
if @ and m have same parity, the ones of cases (i7) or (iii) if a and m have
different parity.

3.2. Admissible triples. We are now interested in studying primitive embeddings
of lattices T', S — L satisfying Proposition 3.2 and Proposition 3.5, assuming p > 3.
For the purposes of this work, we restrict to a < 1: notice that, since 2(n—1) = p*f3,
the first instance with o > 2 occurs for n = 10, i.e. on manifolds of dimension 20.

Our main result is Theorem 3.12, in which we show that the values (p,m,a) de-
fined in Proposition 3.2, under suitable hypotheses, uniquely determine the isometry
classes of T" and S. To do so we first need to provide a characterization of primitive
embeddings S — L for lattices S as above (Lemma 3.8 and Proposition 3.9). Fi-
nally, in Proposition 3.14 we describe all possible structures, up to isometries, for
the discriminant quadratic forms gg and gp.

We recall that, by Proposition 3.2, the lattice S has signature (2, (p — 1)m — 2)

Ok
and it is p-elementary by Lemma 3.3, with discriminant group Ag = (%Z) , where

k is the length of Ag. Then there are only two non-isometric possible forms ¢g, the
ones in (1) (see Remark 2.3).

Since L=U®3 @ Egm @ (—2(n — 1)), the quadratic form q;, on A = ﬁ is
such that ¢z (1) = —ﬁ € Q/2Z. If we write 2(n — 1) = p®3, with (p,3) = 1,
then a trivial computation shows:

"o 2<n%1>z <2<n1— 1>> - %Z <f) v ﬁ% (l)ﬁ) '
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In §2.1 we defined the two non-isomorphic finite quadratic forms wzjf}l on z%'

Denoting by g, the quadratic form ﬁ% (7%) and by (%) the Legendre symbol

modulo p, we conclude:

+1 : 8
) Wpa ®qa,p if -
(3) q = 5

w;é@qaﬂ if _7 = -1

Lemma 3.8. Let S be an even lattice with discriminant group Ag = (p%)eak’
k>0, of genus (2,(p — 1)m — 2,qs). Let L = U®3 @ E$? @ (—2(n — 1)) and let
e € Ay, be the generator of the component pa% of Ap = paiz (—pﬁ—a) & ﬁiZZ (—%).
Then:

(1) If « = 0, primitive embeddings of S in L compatible with Proposition 3.5 are
determined by pairs (T, yr), with T a lattice of signature (1,22 — (p — 1)m),
qgr = (—qs) @ qr and v € O(qr). Two pairs (T,vr) and (T',~k.) deter-
mine isomorphic sublattices in L if and only if there exists an isometry
v:T — T such that Uo~yp =~ oD.

(i3) If @ = 1, primitive embeddings of S in L compatible with Proposition 3.5
are determined by triples (x,T,vyr), with T of signature (1,22 — (p — 1)m),
~yr € O(qr) and either:

(a) =0, gr = (—gs) D qr, or L
(b) x € Aglp] with qs(x) = —% (mod 27Z) and T+ /T =2 (2%)@ ® %,

where T' C As @ Ap is the subgroup generated by (xz,e) and T'* is its
orthogonal complement with respect to the form (—qs) @ qr.; moreover,
qr = ((—qs) ® qr)[r+r-
Two triples (z,T,~vr) and (', T',v%,) determine isomorphic sublattices in
L if and only if there exists p € O(S) and an isometry v : T — T, such
that fi(x) = 2’ and Uo~yp =, oD.

Proof. Each primitive embedding ¢ : S < L is determined by a quintuple 6, =

(Hg,Hp,v,T,vr) as in Theorem 2.5, since the lattice L is unique in its genus by

Theorem 2.2. Recalling that T is the orthogonal complement of i(.S) in L, we ask

sign(T") = (1,22 — (p—1)m). We will discuss separately the cases & = 0 and o = 1.

(1) @« = 0. Since p and B are coprime, the only possibility is: Hg = {0},

H;, = {0} and v = id. The embedding S < L is therefore determined by

the pair (T,77). In particular, we have I' = {(0,0)}, 't = Ag @ Ar, thus

Ar = Ag @ Ap and the discriminant form is ¢r = (—g¢s) @ ¢qr. This is
coherent with case (i) of Proposition 3.5.

(i1) @ = 1. We have again the case Hg = {0},H; = {0}, v = id (which

means that S and T are as in case (i) of Proposition 3.5, hence [(Ar) =

[(As) +1 = k + 1). This case corresponds to the triples where z = 0

and it is described as for a = 0. Alternatively, provided that there exists

an element x € Ag of order p such that ¢s(x) = gr(e), with e as in the

statement, we can also choose Hg = (x), Hr, = (e), v : * — e. Such an

element = does not exist only if £ = 0 or if g5 = w,, ;1,91 = wgf @S q1,5,

+1 ~
p,1 =
w,, }@w; 1 we can write the form ¢g as in (1), where at least one of the direct

with £ € {£1}: in all other cases, by using the isomorphism wlﬂ S w
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summands is of the same type as the wy, ; appearing in ¢, (the component
corresponding to the subgroup Hp). In this setting, the graph T' of v is
the subgroup of Ag ® A, generated by (z,e). In particular, since T’ & p%,
the quotient I't/T" cannot be isomorphic to Ag @ Ar, which implies that
we are not in case (i) of Proposition 3.5. Nevertheless, if « =1 and k > 1
the structures of the discriminant groups can also be as in cases (i7) or
(7it) of Proposition 3.5, where I(Ar) = max{l,k — 1}: the embedding is

Sk—1
admissible if ['+ /" = (p%) &) %, and if so the quadratic form on Ap

is g = ((—gs) ® qr)|r+ /r-
Finally, for both values of a the stated results about isomorphic sublattices follow
directly from Theorem 2.5. (]

Lemma 3.8 allows us to list all possible primitive embeddings 7 : S — L sat-
isfying Proposition 3.5 for a given lattice S. We now prove that, adding some
extra hypotheses, the number of distinct isometry classes for i(S)* is actually very
limited.

Proposition 3.9. Let S and L be as in Lemma 3.8, witha <1 and k <21 —«a —
(p—1D)m.

(i) Ifa=00rk=0, orifa=1 and qgs = wfhl,qL = w;ﬁ@lh,ﬁ for & € {£1},
all primitive embeddings of S in L compatible with Proposition 3.5 define
isomorphic sublattices. In particular, the isometry class of the orthogonal
complement T is uniquely determined by the genus of S.

(i1) Otherwise, provided that the natural homomorphism O(S) — O(qs) is sur-
jective, there are at most two distinct isometry classes for the orthogonal

complement T of the image of a compatible embedding S — L, one with
I(Ar) =k +1 and one with [(Ar) = max{1l,k — 1}.

Proof. fa=0o0rk=0,orifa=1and g5 = wf)’l, qr = wiﬁ@ql’g for £ € {1}, by
Lemma 3.8 a (compatible) primitive embedding of S in L is characterized by a pair
(T,~vr), with T a lattice of signature (1,22 — (p — 1)m), gr = (—qs) ® qr, and yr €
O(qr). In this case, then, I[(Ar) = max{l,k + a}, because (p,3) = 1. If such an
indefinite lattice T exists and if [(Ar) < rk(T)—2 (i.e. if k < 21—a—(p—1)m), then
the isometry class of T' is uniquely determined, by Theorem 2.2. This assumption
also guarantees that the natural morphism O(T) — O(gr) is surjective (Theorem
2.2), therefore different choices of yr give isomorphic primitive sublattices S in L.

Assume now that we are not in one of the cases of point (i) (in particular,
let &« = 1 and k > 1); moreover, suppose that O(S) — O(gs) is surjective and
k < 20— (p—1)m. A compatible embedding i : S < L is determined by a triple
(z,T,~r) as in Lemma 3.8. We make the following distinction.

e Triples (0,7,~r) correspond to embeddings where gr = (—gs) @ qr, so
I(Ar) = k + 1. Then, as before, from the assumption k¥ < 20 — (p — 1)m
it follows that all these embeddings define isomorphic sublattices in L and
that the isometry class of T' is uniquely determined.

o If x # 0, the triple (x, T, yr) was obtained, in the proof of Lemma 3.8, from
a quintuple ©; = (Hg, Hr,v, T, vr), with Hg = (z) C Ag, H, = (e) C Ap.
If we now consider a different quintuple O/, with Hg = (') and =’ # 0, the
embeddings ,7" will define isomorphic sublattices of L. This follows from
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Lemma 3.8 and Theorem 2.5, because, under our assumptions, two different
subgroups Hg, Hy C Ag as above are conjugated by an automorphism of S.
In fact, the restrictions gs| g, and gg| H, are non-degenerate and isomorphic,

since they are both isomorphic to 1% (—g); hence, by Proposition 2.1 and

the classification of p-elementary forms (see §2.1), also the restrictions of
the forms on Hz and (Hj%)* will coincide. This implies that there exists
an automorphism of Ag which exchanges Hg and Hg: by the surjectivity
of O(S) — O(qgs), this automorphism is induced by an automorphism of S.
We conclude that the isometry class of S as a primitive sublattice of L does
not depend on the choice of x # 0; it does not depend either on the choice
of T or of vr, since k < 20 — (p — 1)m and here [(Ar) = max{1,k — 1}, so
(A1) <1k(T) — 2 by Theorem 2.2. O

Adopting the terminology used in [12, §3.3], we provide the following definition.

Definition 3.10. Let (p,m,a) be a triple of integers, with 3 < p < 23 prime,
m>1,(p—1)m <22 and 0 < a < min{m,23 — (p — 1)m}. The triple is said to be
admissible for a given integer n > 2 if there exist two orthogonal sublattices T, S C
L=U% @ E$?* @ (—2(n — 1)) such that: sign(T) = (1,22 — (p — 1)m), sign(S) =

®Da
(2, (p—1)m—2), %es = (p%) , I(As) =m (mod 2), and the discriminant groups

A1 and Ag are as in Proposition 3.5.

We also say that a pair (7', .5) of sublattices of L as in Definition 3.10 is admissible.

Da
Remark 3.11. The condition %GS ~ (p%) implies that all admissible triples of

the form (p,m,0) define orthogonal sublattices T',S C L such that L=T& S.

We can now rephrase Proposition 3.9 in the following way, taking into account
the uniqueness of S too.

Theorem 3.12. Let 2(n — 1) = p*f, with (p,B) =1 and o < 1. If (p,m,a) is
an admissible triple, there exists a unique even p-elementary lattice S as in Defi-
nition 3.10, up to isometries of S. Its primitive embedding in L and its orthogonal
complement T C L are uniquely determined (up to isometries of L) by (p,m,a),
assuming that l(Ar) <21 — (p— 1)m.

Proof. Let S be a lattice as in Definition 3.10, corresponding to an admissible triple

(p,m,a). By Proposition 3.5 and Remark 3.6 the discriminant group Ag is (p%)@a

a+1
if m and a have same parity, otherwise Ag = plz vt . Moreover, since the
triple (p, m,a) determines the signature sign(S) = (2, (p — 1)m — 2), it also fixes
the quadratic form on Ag, as we explained in Remark 2.3. Thus, if rk(S) > 3 the
isometry class of the lattice S is unique in its genus, by [12, Theorem 2.2]. This
is also true for the remaining cases, i.e. the triples (3,1,0) and (3,1, 1), where S is
positive definite of rank two: by [25, Table 15.1] the only possible isometry class is
S = As(—1).

We now show that the homomorphism O(S) — O(gs) is surjective. Since
sign(S) = (2, (p — 1)m — 2), the two triples (3,1,0) and (3,1,1) are the only ones
where S is not indefinite: for them, the surjectivity of O(S) — O(gs) follows from
[56, Remark 1.14.6], because S = Ay(—1). For all other admissible triples, S is
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indefinite, and by Theorem 2.2 a sufficient condition is rk(S) > I(As) + 2. From
the hypotheses p > 3 and a < m it follows

tk(S) = (p— 1)m > 2m > 2a.

Then, if a > 3 we have rk(S) > 2a > a + 3 > [(Ag) + 2 for any m. On the other
hand, if a <2 and m > 3 then rk(S) > 2m > a+ 3 > l(As) + 2.
The cases left are m € {1,2} and 0 < a < min{m, 2}.
em =2 Fora=0and a =1we have tk(S) =2(p—1) >4 >a+3 >
I(As) + 2. The inequality also holds for a = 2 whenever p > 5; the only
remaining triple is (3,2,2), where I(Ag) = a = 2 since a and m have the
same parity, therefore rk(S) =4 > I(Ag) + 2.
e m = 1. Here either a = 0 or a = 1. As in the previous point, provided that
p > 5 we have rk(S) =p—12>a+3 > [(As) + 2. We already discussed all
the remaining triples with p = 3, where S = As(—1).
Thus, the map O(S) — O(qs) is surjective for any lattice S corresponding to
an admissible triple. The statement follows then from Proposition 3.9 under the
assumption [(Ar) <21 — (p — 1)m. O

Remark 3.13. If both triples (p, m, a), (p, m,a+1) are admissible, with m and a of
different parity, then they determine the same lattice .S, up to isometries. Indeed, in
both cases the signature of S is (2, (p—1)m—2) and, by Remark 3.6, its discriminant

. 7 Pa+1
group 18 (pj)

triples are non-isometric, because their discriminant groups have different lengths
by Proposition 3.5.

. Notice, however, that the lattices T' corresponding to the two

To conclude this subsection, we use our results to list all possible quadratic forms
qs, qr, up to isometries, on the discriminant groups Ag, Ap: by Lemma 3.8, we will
need to discuss separately the cases « = 0 and = 1 and to distinguish on whether
—f is a quadratic residue modulo p. This classification of quadratic forms is needed
for listing admissible pairs of lattices (7, .5) for specific values of n and p.

Proposition 3.14. Let 2(n — 1) = p*g, with (p,B) =1 and a < 1. Let (p,m,a)
be an admissible triple as in Definition 3.10 and (T, S) a corresponding admissible
pair of sublattices of L. Then one of the following holds:

. . 52 Da—1 —
(i) ar = (=gs) ® qr, with gs = (w; 1) orgs = (wj1)™" ©w,3;

(i) a =1, =B is a quadratic residue modulo p and

(a) g5 = (w;}})@(ﬂrl ,qT = (—wlﬁ)@a ®q,p, or
(®) a>1,g5 = (wf)* @ wylar = (—uf)™ @ (—up) @ a1 p.

(#it) a =1, —p is not a quadratic residue modulo p and

@a+1 ®a—1 _
(a) a>1,qs = (w;}) T ar = (fw;}) ‘o (prj) @ qp, or
1

(b) as = (0 )™ @wtar = (~wi) ™ @ qup.

Proof. As explained in the proof of Lemma 3.8, case (i) corresponds to embeddings
S < L determined by quintuples (Hg, Hy,,v,T,vr) with Hg = 0, H;, = 0. More-
over, the quadratic form g¢g is as in (1), with & = [(Ag) = a, by Proposition 3.5.
This is the only possibility when o = 0. On the other hand, if & = 1 there may also
be compatible embeddings S < L corresponding to quintuples with Hg # 0 (see
again Lemma 3.8): in this case, O(S) — O(qgg) is surjective (see Theorem 3.12),
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so, as we showed in the proof of Proposition 3.9, the subgroup Hg can be regarded
as one of the direct summands in the representation (1) of the quadratic form gg,
up to changing the generators of Ag. Given T' C L the orthogonal complement of
S, the discriminant quadratic form on Ar is then ¢r = ((—¢s) ® qz)|r+ r, With gz,
as in (3) and ¢gg as in (1), where now k = [(Ag) = a + 1 by Proposition 3.5.

Let us assume that —f is a quadratic residue modulo p, so that q;, = w;rj S q1,3,

1 . . . .
and suppose gg = (w; })@GJF . Adopting the same notations used in the previous

proofs, let x € Ag be the generator of the subgroup corresponding to one of the
summands wzﬂ in ¢gs and e be the generator of Z/pZ C Ap. Then Hg = (z),
Hy = (e), v : x — e and the graph of v is I' = ((z,e)) C Asg & Ar. A direct
computation shows that, with respect to the quadratic form (—gg)®qr on As®Ap,
the orthogonal of T" is

I' = (Hy ® Hp) +T.

This implies that the quadratic form g7 = ((—gs) @ qr)|r+ r is isometric to the

restriction of (—qg) ® q, to Hg @ Hi, therefore qr = (*w;i)@“ & q1s.
In turn, if gg = (w;i)% ® wﬁ we need to ask a > 1, otherwise it is not
possible to find subgroups Hs C Ag and Hy, C Ap such that gs|ps = qr|g,. As
in the previous case, we can assume Hg = (z), H;, = (e), v : © — e, where again
x € Ag is the generator of one of the components w}ﬂ in gs and e € Ay is the
generator of the summand w;} of gr. Since T', T'" are the same as above, the

form gr still arises as the restriction of (—gs) @ qr to H § o H f, and therefore

+1\Pa-1 -1
qr = (—w, 1) & (—w, 1) & qup
The two cases where g1, = w,, % ®q1,5 (i.e. —f is not a quadratic residue modulo

p) can be discussed in an analogous way. O

3.3. A special case: rk(7T") = 1. In this subsection we focus on the cases where the
invariant lattice T has rank one. As explained in [12, §4], if X is an IHS manifold
of K3M-type and f € Aut(X) is a non-symplectic automorphism of prime order
p > 3, then the deformation space of the pair (X, f) (in the sense of [50, Definition
1.1]) has dimension dim(H"'(X)7") = m — 1, where m is the integer such that the
co-invariant lattice of f has rank (p — 1)m. As a consequence, for a fixed order
p, the deformation families of maximal dimension correspond to the actions on
cohomology whose invariant lattice has smallest rank. This explains why we are
interested in the cases where rk(T) = 1 and rk(S) = (p — 1)m = 22. For odd p,
this can only happen if p = 3,m = 11 or p = 23,m = 1. As before, we write
2(n —1) = p*B, with (p,8) = 1.

If @« = 0, then a must be odd, because it needs to be of the same parity as

m (Remark 3.6); in particular, a > 1. Moreover Ap (p%)e9 @ pwlz & BLZ by
Proposition 3.5. Since the length of Ay cannot exceed rk(T') = 1, then necessarily
a=0and a = 1. We conclude T' = (2p(n — 1)), since @ = 0 means that p and
2(n — 1) are coprime.
If o > 1, there are two possibilities:
e a =1 (mod 2). Then Ap = (%Z)@ G}p%@%withaZlandaZl. As

a consequence [(Ar) > 2, so T cannot have rank one.
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e a =0 (mod 2). By the classification provided in Proposition 3.5, T' cannot

be of rank one if a > 0. Hence a =0, a =1, T = (8) = <@>

Moreover, we need to impose conditions on the orthogonal lattice S, using again
Proposition 3.5. Since rk(7T") = 1, we can also use [33, Proposition 3.6] to determine
the existence and the structure of such primitive sublattices T, S C L. We do it
separately for the two possible cases that we found.

e o = 0,a = 1,T spanned by a primitive element h € L of square h? =
2p(n —1).

2

By [33, Proposition 3.6], the orthogonal lattice S has discriminant 4”(7;7;1),
where ¢ > 0 is the generator of the ideal (h, L) C Z. By Proposition 3.5 we
know that Ag = 1%’ therefore discr(S) = p and we need ¢ = 2(n — 1). By
applying again [33, Proposition 3.6] we can conclude that such a T exists
if and only if —p is a quadratic residue modulo 4(n — 1).

e a=1,a =0, T spanned by a primitive element h € L of square h? = @,
We have Ag = 1%7 by Proposition 3.5, and p = diser(S) = 4(2;21)2, SO
q= 72(7?1). Here p?  4(n — 1), so p is invertible modulo @, hence by
[33, Proposition 3.6] such a T exists if and only if —p is a quadratic residue
modulo 2=1.

We rephrase these results as follows.

Proposition 3.15. Let p > 3 be a prime and 2(n — 1) = p*B with (p,58) =1. A
triple (p, m, a), with (p—1)m = 22, is admissible if and only if « € {0,1}, a =1—«
and —p is a quadratic residue modulo %.

If this happens, then one of the following holds:

(1) a=0,p=3,m=11,a=1,T = (6(n—1)),S 22U @ E$? & Ay;
2) a=1Lp=3m=1l,a=0T=(8) = (2%1) §= U9 g EF* @ A,;
(3) a=0,p=23,m=1,a=1,T = (46(n—1)),S XU © ES*> © Ko3;
(4) a=1p=23m=1a=0"T=(8) = (221 §=U% ¢ E?© K.

Proof. The explicit description of the lattice S in the four cases is obtained by
combining [33, Proposition 3.6] (where S is represented as S = U®? @ E§92 @ B for
a negative definite, even lattice B of rank 2 depending on p, n,q) with the results
on lattice isomorphisms given in [56, Corollary 1.13.5] and [59, §1], which guarantee
the uniqueness, up to isometries, of p-elementary lattices of signature (2,20) and
length one, when p = 3 or p = 23. The lattice K23 was defined in §2.1. (]

From Proposition 3.15 it follows, for instance, that the triple (3,11,1) is admis-
sible for n = 2, as already observed in [12, §3.3], because —3 is a quadratic residue
modulo 4: in this case, we have T = (6). Similarly, (3,11,0) is admissible when
n =4 (here @« =1 and —3 is a quadratic residue modulo 4), with 7" = (2). On the
other hand, (3,11, 1) is not admissible when n = 3, because —3 is not a quadratic
residue modulo 8.

The triple (23,1,1) was already found to be admissible for n = 2 in [11, §3]
(where the isomorphism classes of T, .S are also given). By our proposition, this
triple is admissible for n = 3,4 too, since —23 = 1 both modulo 8 and modulo 12.
Finally, the smallest value of n for which (23,1,0) is admissible is n = 24, since
2(n —1) =46 = 23 -2 and —23 is a quadratic residue modulo 4.
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3.4. Admissible triples for n = 3,4. In this section we provide a complete classi-
fication of admissible triples (p, m,a) for n = 3,4. In both cases, for any odd prime
number p we have a < 1, therefore Theorem 3.12 allows us to exhibit the lat-
tices T, S (up to isometries) for each triple. This classification of admissible pairs
of sublattices is achieved by direct computation for all possible triples (p,m,a),
checking for each of them if lattices T, S as in Definition 3.10 exist or not; once
we get existence, uniqueness follows from the previous results. We apply Theorem
[56, Theorem 1.10.1], which provides necessary and sufficient conditions for the
existence of an even lattice with given signature and discriminant form.
Manifolds of K3Bl-type.

e For p = 23 there is only one admissible triple, namely (23,1,1), as we
already observed in §3.3: the isometry classes of S and T are given in
Proposition 3.15, case (3).

e For all primes 5 < p < 19, the admissible triples and the lattices S are the
ones listed for n = 2 in the tables of [12, Appendix A], while the lattices
T can be obtained from the corresponding ones in the tables by switching
(—2) with (—4) in their description, since now L = U®3 @ E$? @ (—4).
Indeed, this is true because in all these cases S is embedded in the K3
lattice U3 @ EP? C L, which is orthogonal to (—2(n — 1)) for all n > 2.
Notice that, with respect to [12, Table 5], by Remark 3.6 we can now say
that the triple (13,1, 0) is not admissible, neither for n = 2 nor for n = 3:
in fact, for these values of n we have a = 0 for all possible primes p, hence
m and a need to have the same parity.

Example: (p,m,a) = (5,5,3). This triple is not admissible for n = 2
and it is checked to be still not admissible for n = 3. In fact, for these
values of p,m,a the lattice S would be isomorphic to U(5) @ E$? @ Hs
(by Proposition 3.5 and Theorem 2.2), whose discriminant group is easily

computed to be Ag = Ay ® A, = Z (%)@3 (recall the definition of
the lattice Hs from §2.1). As we pointed out at the beginning of §3.2, for
n = 3 we have Ap = % (—i), therefore if S admitted an embedding in
L the quadratic form on T would be gy = % (%)% ® é (—%) by Lemma
3.8 and sign(T) = (1,2). By [56, Theorem 1.10.1], a lattice T" with these
invariants exists only if its 5-adic completion T5 := T ®y Zs is such that
|Ap| = diser(K) mod (Zz)?, where K is the unique 5-adic lattice of rank

[(Ar,) and discriminant form gr, (see [56, Theorem 1.9.1]). In our case,

since Aq, = (Ar), = Z (%)653, by using [56, Proposition 1.8.1] we compute

K = (5- )% where 1 € Z5. Thus, |Ar| = 4-5° and discr(K) = (2)*:

these two values do not satisfy the relation |Ap| = discr(K) mod (Zg)Q,
because 211 ¢ (Zz)®. We conclude that a lattice T’ with such signature and
quadratic form does not exist.

e For p = 3, Table 1 in Appendix A lists all admissible triples, with the
corresponding isomorphism classes for T',.S: as for larger primes, we can
find many similarities with the analogous table for n = 2 in [12, Table 1].
However, there are also some significant differences.

o As we observed in §3.3, there are no admissible triples with m = 11.
o The triple (3,9,5) is now admissible: here S = U(3)®2? @ Eg @ Eg,

oo 5
while sign(T") = (1,4) and ¢r = —qs D qr. = 3% (%)@ @ % (*i)' The
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existence of a lattice 7" with these invariants is proved by applying
[56, Theorem 1.10.1] and there is a unique isometry class in the genus
of T by [25, Chapter 15, Theorem 21|. In particular, we can take
T =U(3) ®Q, where Q is the even lattice of rank three whose bilinear
form is defined by the matrix

-6 0 =3
Q=0 -6 9
-3 9 -18

We have siga() = (0.3) and a0 = & (1) & £ (3 & ().

therefore qu(sye0 = —qs ® qr (by [56, Proposition 1.8.2]).

o An additional new admissible triple is (p,m,a) = (3,8,6): here we
compute S = U(3)®2 @ E§?, therefore sign(T) = (t(4),t—)) = (1,6)
and qr = = (%)@6 ® Z (—3). In this case, the strict inequality
t(4+) +t(—y > l(Ar) holds: since moreover t()—t_) = sign(gr) (mod 8),
such a lattice T exists by [56, Corollary 1.10.2] and again it is unique
(up to isometries) by [25, Chapter 15, Theorem 21]. A representative
of this genus is T' = U(3) ® A2 & Q.

Manifolds of K3[-type.

e For p = 23 we have that (23,1,1) is the only admissible triple (see §3.3):
the isomorphism classes of T, S are described in Proposition 3.15.

e For primes 5 < p < 19, again the lattices T,.S and all admissible triples
are the ones listed in the tables of [12, Appendix A] (apart from (13,1, 0),
which is not admissible), up to replacing the (—2) summand with a (—6)
summand in 7.

e The last prime we need to consider is p = 3. This is the first case we
encounter where an odd p divides 2(n—1): in particular, 2(n—1) = 6 = 3%
with @« = 1 and 8 = 2. Since we have o = 1, by Lemma 3.8 and Proposition
3.9 we know that we can expect to have many more admissible triples than
the ones which we found for p = 3 and n = 2,3: in fact, the same lattice
S might be embedded in L in two non-isomorphic ways by Proposition 3.9
(iii). Table 2 (Appendix A) contains the list of all admissible triples and of
the corresponding isomorphism classes for the lattices T, S. In particular,
the triple (3,11,0) is admissible thanks to Proposition 3.15; some other
triples, such as (3,8,6) and (3,8,7), are excluded by using [56, Theorem
1.10.1], in a way completely analogous to what has been done previously
for n = 3.

4. EXISTENCE OF AUTOMORPHISMS

The classification of admissible lattices T,.S presented in §3 does not tell us
which cases can be realized by actual automorphisms. In this section we pass in
review several tools to construct non-symplectic automorphisms of odd prime order
on manifolds of K3["-type, which are valid for any n > 2. In particular, we are
interested in two types of manifolds: Hilbert schemes of points on K3 surfaces and
moduli spaces of (possibly twisted) sheaves on K3’s. Moreover, in §4.3 we show
that the existence of automorphisms which realize admissible pairs (T,S) where
T has rank one can always be proved by using the global Torelli theorem for THS
manifolds.
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4.1. Natural automorphisms. Let X be a smooth K3 surface. An automorphism
© € Aut(X) induces an automorphism o™ on the Hilbert scheme X"}, by mapping
a zero-dimensional subscheme & C ¥ of length 7 (i.e. a point in X[™) to its schematic
image ¢(¢). Such an automorphism ¢[™ is said to be natural (see [10]).

By [7, Proposition 6], we have an injection i : H*(X,C) — H?(X[,C) compat-
ible with the Hodge structures and such that

H*(x",C) =i (H*(%,C)) @ C[E]
where [E] is the class of the exceptional divisor of the Hilbert-Chow morphism
¥ - Sym™(¥). In particular, if ¢ € Aut(¥) is a non-symplectic automorphism,
then ol" still acts non-symplectically on X[": indeed, if w € H*°(X) then i(w) €
H?0(3M) and (") (i(w)) = i (¢*(w)) by [16, Theorem 1].

Moreover, (2", Z) = i (H*(%, Z))®Z4, where H*(X,Z) & Lz := UPaE?
and § € H?(X["Z) is a class of square —2(n — 1) such that 26 = [E]. As observed
in [16, §3], the action of the natural automorphism @™ on H?(X[" Z) can be
decomposed as (Lp[”])* = (¢*,idzs). Hence, if T,, := (Lk3)? is the invariant lattice
of ¢ and S, := (T,,)* C Lgs is the co-invariant lattice, and Ty, Sy C L are
the invariant and co-invariant lattices of ¢[™ then

Tyim = i(Ty) ®Z6 =T, ® (—2(n — 1)), Spm = i(Sy) = S,

We conclude that all admissible pairs of lattices (T, S) with T = Tk 3®(—2(n—1))
and S = Sk3, where T3 and Sk3 are respectively the invariant lattice and its
orthogonal complement for the action of a non-symplectic automorphism on a K3
surface, are realized by natural automorphisms. All possible isomorphism classes
for the pairs (Tk3,Sk3) can be found in [3, Table 2] (order p = 3) and [4, Tables
2-7] (prime order 5 < p < 19), therefore it is immediate to check for any n which
admissible cases have a natural realization. We point out the different notation
used in the two references: the invariant lattice T3 is denoted as N in [3] and as
S in [4], while the co-invariant lattice Sk3 is denoted as T

In the tables of Appendix A we mark with the symbol & the triples realized by
natural automorphisms. For n = 4 (Table 2), it may not always be immediate to
recognize the invariant lattices of [3, Table 2] as direct summands in the lattices
T that we provide, since we often choose different representatives in the same iso-
morphism classes. These isomorphisms become clear after observing the following
isometries: UG Es@ Ay 2 U(3)OEs; UDAT? 2 U(3)@ Eq; U AY?*©Fy X UDES?
(they can all be proved by using Theorem 2.2). The reason why we adopt different
genus representatives for these lattices will become clear in §5.1 (Lemma 5.1).

(p[n,

4.2. Induced automorphisms. A direct generalization of the notion of natural
automorphisms is given by induced automorphisms, which were first introduced and
studied in [58, §3], [53] and later extended to the case of twisted K3 surfaces in [22,
§3].

We recall here the fundamental definitions and results (see [38] and [22, §2.3, §3]
for additional details and references). A twisted K3 surface is a pair (X, o), where
¥ is a smooth K3 surface and o € Br(X) := H? (X, 0%,),,, is a Brauer class. By [64,
§2], if @ has order k then it can be identified with a surjective homomorphism « :
Tr(X) — Z/kZ, where Tr(X) := Pic(X)t € H?(X,Z) is the transcendental lattice
of the surface. A B-field lift of « is a class B € H*(3, Q) (which can be determined
via the exponential sequence) such that kB € H%(X,Z) and a(v) = (kB,v) for
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all v € Tr(X) (see [38, §3]). Notice that B is defined only up to an element in
H*(3,Z) + + Pic(%).

The full cohomology H*(X,Z) = H°(X,Z) ® H*(X,Z) ® H*(X,Z) admits a
lattice structure, with pairing (r, H,s)-(r', H',s') = H-H' —rs’ —r's. As a lattice,
H*(%,7Z) is isometric to the Mukai lattice Aoy = U®* @ EP?. A Mukai vector
v = (r,H,s) is positive if H € Pic(X) and either » > 0, or » = 0 and H # 0
effective, or r = H = 0 and s > 0. Starting from a primitive, positive vector
v=(r,H,s) € H*(X,Z) and a B-field lift B of a we can define the twisted Mukai
vector vg := (r,H+rB,s+ B- H—I—r%z). Then, if vp is primitive and positive, for
a suitable choice of a polarization D of ¥ the coarse moduli space M, (2, a) of a-
twisted Gieseker D-stable sheaves with Mukai vector vpg is a projective irreducible
holomorphic symplectic manifold of K3"-type, with n = % + 1. Moreover, we
have a canonical isomorphism H?(M,, (2, «),Z) = v in the Mukai lattice (see
[67, Theorems 3.16, 3.19]). For the sake of readability, we do not specify the ample
divisor D in the notation for M, (%, «), even though the construction depends on
it: we will always assume that a choice of a polarization (generic with respect to
the Mukai vector vg, in the sense of [67, Definition 3.5]) has been made.

Now, let ¢ be an automorphism of ¥: the invariant Brauer classes a are exactly
those such that a o ¢*|py(x) = . The following result holds (see [63, Proposition
2.32] and [22, §3]).

Proposition 4.1. Let (X, «) be a twisted K3 surface, ¢ an automorphism of ¥,
v a positive Mukai vector and B a B-field lift of o such that vg is primitive and
positive. If vg and a are p-invariant, then ¢ induces (via pullback of sheaves) an
automorphism & of My, (2, a).

The automorphisms @ arising in this way are called twisted induced (or just
induced in the non-twisted case, i.e. if @« = 0). As an application of the twisted
version of the global Torelli theorem for K3 surfaces (see [35, Corollary 5.4]), it is
possible to characterize twisted induced automorphisms by studying their action
on the Mukai lattice.

Proposition 4.2. [22, Theorem 3.4] Let o be an automorphism of finite order on a
manifold X of K3!"-type acting trivially on Ar,. Then the following are equivalent:

(1) There exist a twisted K3 surface (3, a), an automorphism ¢ of ¥ such that
a is p-invariant, a positive Mukai vector v and a B-field lift B of o such
that vg is primitive, positive and @-invariant; in this case, X = M, (X, «)
and o is twisted induced by ¢.
(2) The invariant lattice of the extension of o to the Mukai lattice contains
primitively a copy of U(d).
When this occurs, the integer d is some multiple of the order of the Brauer class a.

Let v = (r, H,s) be a positive Mukai vector. If B € H?(X,Q) is a B-field lift
of a such that vp is primitive and positive, then the transcendental lattice of the
moduli space M,, (X, a) is isomorphic to ker(a) C Tr(X), which is a sublattice
(proper if a # 0) of the same rank and of index equal to the order of « (see for
instance [38, §2]). By [67, §3], Pic(M,, (2, a)) = v N Pic(S, o) inside H* (X, Z),
where Pic(X, o) 2 Pic(X) ® U if a = 0, otherwise Pic(X, ) is generated by Pic(X)
and the vectors (0,0, 1), (k,kB,0) by [45, Lemma 3.1], assuming the order of « is
k. As a consequence, rk Pic(M, (2, @) = rk Pic(XZ) + 1.
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Lemma 4.3. Let (X, ) be a twisted K3 surface, ¢ an automorphism of X, v a
positive Mukai vector and B € H*(X,Q) a B-field lift of a p-invariant Brauer class
« such that vp is primitive, positive and p-invariant; let @ be the twisted induced
automorphism of M, (X, a). Then the invariant lattice T of $ has rank > 2.

Proof. By construction Pic(X, o) ®Q contains at least a rank three sublattice W in-
variant for the action of ¢: it is the sublattice spanned by (0,0, 1), (1, B,0), (0, i, 0),
where h € Pic(X) is a ¢-invariant ample class.

Indeed, ¢ acts as the identity on H*(X,Q), therefore (0,0, 1) is fixed. Moreover,
it maps (1, B,0) to (1,0*(B),0), but these two classes coincide in H?(M, (%, a), Q):
if fI(Z, B,Q) and ﬁ(E, ©*(B), Q) are the two Hodge structures on ¥ defined by the
B-field lifts B, ¢*(B) of «, the classes (1, B,0) = exp(B)(1,0,0) and (1, p*(B),0) =
exp(p*(B))(1,0,0) correspond to each other via the Hodge isometry

exp(¢*(B) — B) : H(Z, B,Q) — H(Z,¢*(B),Q)

(see [38, §2] and [22, Remark 2.4]).
As a consequence, tk(T) = rk(T ® Q) > rk(W) Novg = 2. O

In the case a = 0, which was already studied in [53], it is possible to provide some
additional details on the action of induced automorphisms. Let v € H*(X2,Z) be a
primitive positive Mukai vector. Then M, (3, 0) is isomorphic to the moduli space
M., (v) of T-stable objects of Mukai vector v, for 7 € Stab(X) a suitable v-generic
Bridgeland stability condition on the derived category D®(X) (see [18], [63, Theorem
1.3 and §3] and [5, Theorems 1.3 and 6.7] for details). By our previous discussion,
the transcendental lattice of M, (v) coincides with Tr(X), while its Picard lattice is
isomorphic to v+ N (Pic(X) @ U). In particular, the summand U in Pic(X) @ U is
just H(X,Z) @ H*(X,Z), which is the orthogonal complement of H?(X,Z) = Lxs
inside H*(X,Z) = Agy. Since L3 is unimodular, the action of an automorphism
¢ € Aut(X) on Lg3 extends to an action on Aay which is trivial on (Lg3)* (by [53,
Lemma 1.4]). Let Tk3, Sx3 C Lis and f, S c Aoy be the invariant and co-invariant
lattices of these two actions: by what we stated, T = Tks @ U and S = Sk3. The
induced automorphism @ acts on H>(M,(v),Z) 2 L = U®? @ E$* @ (—2(n — 1)):
its invariant lattice is 772 (v1)* = T N vt (see [53, Lemma 1.34]). We rephrase
the results of [53, §2-3] as follows.

Proposition 4.4. Let (p,m,a) be an admissible triple for a certain n > 2, with
(T, S) a corresponding admissible pair of lattices. Consider the canonical primitive
embeddings S — L < Aoy and define T:.= 8t C Aoy. Then the triple (p,m,a) is
realized by an induced automorphism sz > UdTks, S = Sks, with (Tks, Sk3) the
invariant lattice and its orthogonal complement for the action of a non-symplectic
automorphism on a K3 surface, and there exists a primitive vector v € T of square
2(n — 1) such that T = v+ NT.

In particular, all natural automorphisms can be considered as induced, since
(—=2(n — 1)) is the orthogonal in U of an element of square 2(n — 1) (see [53, §6]).

In §5 we will apply the theory of induced (and twisted induced) automorphisms
to construct geometric realizations of several admissible triples for manifolds of type
K38l and K31
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4.3. Existence for rk(7T") = 1. Theorem 2.6 can be applied to prove the exis-
tence of automorphisms of manifolds of K3["-type realizing the admissible pairs of
lattices (T, S) classified in Proposition 3.15, i.e. for rk(7T") = 1.

Theorem 4.5. Let (p,m,a) be an admissible triple as in Proposition 3.15, for
a certain n > 2, and let T, S be the lattices associated to it. Then, there exists a
manifold X of K3™-type and a non-symplectic automorphism f € Aut(X) of order

p such that H*(X,Z)"" =T and (H*(X,2)!")" = 8.

Proof. We discuss separately the four possible cases classified in Proposition 3.15,
keeping the same numbering.

Case (2): (3,11,0). Here we have o = 1 and 2(n—1) = 353, with (3, 8) = 1. The
invariant and co-invariant lattices are T = (8) and S = U®2 @ E$? @ Ay, which by
Proposition 3.15 can be seen as orthogonal sublattices of L = U®3 EBEgB2 @ (—2(n—
1)). We first construct a monodromy of the lattice L having invariant lattice 7' and
co-invariant lattice S. The triple has a = 0, therefore L = T® S (see Remark 3.11):
an isometry ¢ € O(L) can then be represented as ¢ = v ® v, with v € O(T') and
¥ € O(S). Moreover, since we want ¢ to be of order three with invariant lattice T,
we will need v = idy and % of order three with no non-zero fixed points.

By [3, Theorem 3.3], there exist a K3 surface ¥ and a non-symplectic automor-
phism ¢ € Aut(X) of order three with invariant lattice Tx3 = U and co-invariant
lattice Skgs = U2 @ E§B2. Thus, the natural automorphism go["] on the Hilbert
scheme Y[ will have invariant lattice 7" = U @ (—2(n— 1)) and co-invariant lattice
S' = Skz = UP?2QEP? (see §4.1). Notice that 7' @ S’ = L, meaning that the triple
(3,10,0) is realized by a natural automorphism for all n > 2. Moreover, since @l
has odd order, it induces a monodromy of L which acts as 4+ id on the discriminant
group Ay, = Ap @ Ags (Theorem 2.8). The restriction of this monodromy to S’ is
therefore an isometry p € O(S’) of order three, with no non-zero fixed vectors, such
that 7z = id4,. On our original lattice S = S’ © Ay we now consider the isometry
1 = pu @ po, where pg acts on As = (Zel @ Zeo, (*12 _12)) as

P0(€1) = ey, Po(ez) = —€1 — €2.

It is easy to check that pg is an isometry of order three without non-zero fixed
points, inducing the identity on the discriminant group A 4, (this isometry was also
used in [29, §6.6]). Notice that, since Ay is negative definite, snf?(py) = 1. We
then conclude that ¥ = u @ pg is an isometry of S of order three with no non-
zero fixed points, which induces the identity on the discriminant group. Moreover,
since the order of ¢ is odd, sng (1)) = 1 (see Remark 2.7). By the same reasoning,
snk(¢) =1 and ¢ = id4, . Thus, ¢ is a monodromy operator by Theorem 2.8, with
invariant lattice T and co-invariant lattice S. By generalizing [12, Proposition 5.3],
there exists a manifold X of K3"-type and a marking n : H*(X,Z) — L such
that n(NS(X)) = T. The monodromy ¢ is an Hodge isometry, since it preserves
H?9(X) = Cwx (because NS(X) = wyx N H?(X,Z)). Moreover, since k(T) = 1,
¢ fixes a Kéhler class (the generator of n(NS(X)) = T). The Hodge-theoretic
consequence of the global Torelli theorem (Theorem 2.6) allows us to conclude that
there exists an automorphism f € Aut(X) such that no f*on=! = ¢.

Case (1): (3,11,1). In this case, T = (6(n — 1)) and S = U®? @ E$* @ Ay. Now
T & S is a proper sublattice of L, because a = 1; however, we can still consider
the isometry ¢ = idr @y € O(T @ S) defined above. Since ¢ = ida,, the isometry
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¢ can be extended to ® € O(L) by [56, Corollary 1.5.2]. As recalled in §3.1,
Ap = M+ /M, with M, M+ subgroups of A7 @ Ag, meaning that ® = id4, , since
¢ = id € O(qres). Moreover, we also have snk(®) = 1 (again by Remark 2.7).
Thus, ® € Mon?(L) and it still has invariant lattice T and co-invariant lattice S.
We can now apply Theorem 2.6 in the same way as before to conclude that, also in
this case, there exists an automorphism of a suitable manifold of K3!"-type which
induces ® on the second cohomology lattice.

Cases (3),(4): (23,1,0) and (23,1,1). These two cases can be realized by gener-
alizing [11, Theorem 6.1], which proves the existence of an automorphism of order
23 on a manifold of K3[-type with invariant lattice T = (46) and co-invariant
lattice § = U®? @ E§e2 @ Ks3. In Proposition 3.15 we showed that, if a triple
(p,m,a) with p = 23 is admissible, then m = 1 and a € {0,1}; moreover, in this
case the two orthogonal sublattices of L are S = U®? @ E$? @ Ky and either
T = (46(n — 1)) if a = 1 (as we have for n = 2), or T = (221} if ¢ = 0. We
notice in particular that S does not depend on n and in [11, Proposition 5.3] it
was proved that this lattice admits an isometry 1 of order 23 inducing the identity
on Ag. Thus, idr @1 € O(T & S) can be extended to an isometry ¢ € O(L) such
that ¢ = ids, (if @ = 0 we have L = T @ S, so idy @1 is already an isometry
of L with this property; otherwise, if a = 1, we apply again [56, Corollary 1.5.2]).
As the order of ¢ is odd, snf(¢) = 1 by Remark 2.7. Following the same proof
of [11, Theorem 6.1], there exists an automorphism realizing the triple. We point
out that, while for n = 2 the monodromies of L are just the isometries preserving
the positive cone, for n > 3 the isometry also needs to induce +id on Ay, (see [47,
Lemma 9.2]). This, however, is not a problem since we know that ¢ =id4, . ([

We remarked in §3.3 that the triple (3,11, 0) is admissible for n = 4, therefore we
can now conclude that it is realized by an automorphism: we mark this case with
the symbol % in the corresponding table of Appendix A. We will see an explicit
geometric realization of it in §6.1.

5. INDUCED AUTOMORPHISMS FOR n = 3,4, p =3

The new admissible triples (3, m, a) that appear passing from n = 2 ton = 3 and,
more significantly, to n = 4 cannot be realized by natural automorphisms, since the
corresponding pairs of lattices (7',.S) are not of the form T = Tks @ (—2(n — 1)),
S = Sks for the invariant lattice T3 and its orthogonal complement Sgk3 of a
non-symplectic automorphism of order three on a K3 surface (see §3.4, §4.1 and
Appendix A). However, in this section we will show that all of these triples but one
admit a realization using (possibly twisted) induced automorphisms, which were
discussed in §4.2. The only exception is the triple (3,11,0): by Lemma 4.3 this
cannot be realized by a twisted induced automorphism since rk(T") = 1.

5.1. Induced automorphisms for n = 4. We observe the following general re-
sult.

Lemma 5.1. Let ¢ be a non-symplectic automorphism of order three on a K3
surface, with invariant lattice Tk3 and co-invariant lattice Sk3, and assume that
Tks 2 U(3) @ W for some even lattice W. If (T,S) is an admissible pair for a
certain n = 1 (mod 3) such that T =U @ W @& (—2(n — 1)) and S = Sks, then it
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is realized by the automorphism induced by @ on a suitable moduli space M, (v) of
dimension 2n.

Proof. If Tgs = U(3) ® W, then T = U & U(3) @ W is the invariant lattice of
the extended action of ¢ to Agy. Since n = 1 (mod 3), there exists a primitive
Mukai vector v of square 2(n — 1) in the summand U(3) of T. Then v NT =
UdW @ (—=2(n — 1)) and Proposition 4.4 allows us to conclude. O

Theorem 5.2. For n = 4, all admissible triples (3, m,a) # (3,11,0),(3,10,3),
(3,9,4),(3,8,5) admit a geometric realization via non-twisted induced automor-
phisms.

Proof. Except for the four cases excluded in the statement, the only admissible
triples in Table 2 of Appendix A which cannot be realized by a natural automor-
phism and do not satisfy the hypotheses of Lemma 5.1 are (3,8,1),(3,7,0),(3,4,1)
and (3,3,0).

Consider the triple (3,8,1). Here it is easy to check that the corresponding
admissible pair is (T, S) = ((2) @ Es, U9? @ ES?). By [3, Theorem 3.3] there exists
a K3 surface ¥ and a non-symplectic automorphism of order three ¢ € Aut(X) with
Sgs =2 S and T3 =2 U @ A§92: in order to show that the triple (3,8,1) is realized
by an automorphism induced by ¢ we need to prove the existence of a primitive
Mukai vector v € T = U®2 & Agﬂ of square six and orthogonal complement v+ N T
isometric to T (see Proposition 4.4). We describe primitive embeddings (6) < T by
using Theorem 2.5, since Tis unique in its genus by Theorem 2.2. The discriminant
groups of the two lattices (6) and T are:

Z (1 Z (4\ 7 (4
Ay = () 6Z<6); Af=<t1,tz>%3z(3>ea3z(3>.

We consider the isometric subgroups H := (2s) C Ay and H' := (t; +t2) C Az.
Let v : H — H’ be the isomorphism which maps the chosen generator of H to the
chosen generator of H' (both these elements have order three and quadratic form %
mod 27Z). The graph of 7 is the subgroup I' = (25 +t; +t2) C Ay (—1) ® A5 and
its orthogonal complement is I't = (s + t1, s + t5). Passing to the quotient I'* /T,
the class of the element s + t; becomes the opposite of the class of s + t;, meaning

that N
T=rah =g (7).

This quotient coincides with the discriminant group of T' = (2)&® Eg: by Theorem
2.5, this implies that there exists a primitive embedding (6) — T with orthogonal
complement T, thus the triple (3,8,1) has an induced realization by Proposition
4.4. Moreover, this computation guarantees that the triple (3,4, 1) is also realized
by an induced automorphism, since in this case both T = (2) & Es & Es and
T3 =U® A§B2 @ Eg differ from the ones of (3,8,1) only for an additional copy of
the unimodular lattice Fg.

With a similar approach it is possible to show that the admissible triples (3,7,0)
and (3,3,0) are realized by induced automorphisms too: here T = (2) & Es,
T3 =U® Eg and T = (2) © E$* Tis = U ® Eg © Eg respectively. a

1%

All the cases which can be realized by non-natural, non-twisted induced auto-
morphisms are marked with the symbol § in Table 2 of Appendix A.
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5.2. Twisted induced automorphisms for n = 3,4. Both for n = 3 and n = 4,
in §3.4 we found admissible triples for p = 3 where the lattice S is different from
all possible co-invariant lattices Sk of non-symplectic automorphisms of order
three on K3 surfaces, classified in [3, Table 2]. Thus, we cannot realize these
cases in a natural way, nor using induced automorphisms on moduli spaces of
ordinary sheaves on K3’s (Proposition 4.4). However we prove that they all admit
a geometric realization using twisted induced automorphisms (see §4.2) except for
(3,11,0) when n = 4 (which will be discussed in §6.1).

We are interested in the following triples (p, m,a): (3,9,5) and (3,8, 6) for n = 3;
(3,10,3),(3,9,4),(3,8,5) for n = 4. For each of these cases, let (T,5) be the
corresponding pair of admissible lattices in Table 1 (n = 3) or Table 2 (n = 4) of
Appendix A. Notice that S is always of the form S = U(3)®2 & W, where W is one
of the lattices E$?, Eg @ Es, Eg°.

Let X be a K3 surface with transcendental lattice Tr(X) = Sgs 2 U@ U(3)d W,
where Sk3 is the co-invariant lattice of a non-symplectic automorphism ¢ € Aut(X)
of order three: the existence of (3, ¢) is guaranteed, in all cases, by [3, Theorem
3.3] and [3, Table 2]. This K3 surface has Pic(X) = T3 =2 U(3) @ M, for an even
lattice M which is either 0, Ay, A?.

Proposition 5.3. Let X be a K3 surface with a non-symplectic automorphism
¢ € Aut(X) of order three whose co-invariant lattice is Tr(X) X U e U(3) @ W,
where W € {E?27E6 & Eg,Eém}. Then there exists a p-invariant Brauer class
a € Br(X) of order three whose kernel in Tr(X) is isomorphic to S = U(3)®2 o W.

Proof. As we recalled in §4.2, a Brauer class a € Br(X) of order three corresponds
to a surjective homomorphism « : Tr(X) — Z/3Z, which is p-invariant if and only
if a0 p*|m(y) = a.

Let {e1,e2} be a basis for the summand U in Tr(X) = U & U(3) @ W and
consider « := (e, —) : Tr(X) — Z/3Z. The kernel of this homomorphism is
ker(a) = K e U)o W, with K = {ve U : (e1,v) = 0(mod 3Z)}. In particular
K = (e1,3e2) 2 U(3), thus ker(a) = S.

We now want to check that a o ¢*|1.(zy = a. By [3, Examples 1.1], since
W is a direct sum of copies of Eg and Fg the action of the automorphism ¢ on
Tr(X) 2= U @ U(3) ® W can be expressed as

ey =T D p
where p is a suitable isometry of order three of W with no fixed points and 7 is the
isometry of U @ U(3) which, with respect to a basis {e1, ez, f1, f2}, is given by:
e1 — e1— fi, ez — —2e3 — fo,

Ji—= —2f1+ 3eq, Ja = fa+ 3ea.
We have (e1,7(e;)) = (e1,€;) (mod 3Z) and (e1,7(f;)) = (e1, fi) = 0 (mod 3Z),
for i = 1,2, therefore the Brauer class « is invariant with respect to . O

Theorem 5.4. The admissible triples (p,m,a) = (3,9,5),(3,8,6) for n = 3 and
(p,m,a) = (3,10,3),(3,9,4),(3,8,5) for n = 4 admit a geometric realization by
twisted induced automorphisms.

Proof. Given a triple (p, m,a) as in the statement, let T, S be the invariant and
co-invariant lattices associated to it and X, ¢, @ as in Proposition 5.3. We want to
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construct a moduli space M, (X, «) having T' as Picard lattice and S as transcen-
dental lattice, and on which ¢ induces an automorphism.

We are considering « of the form (ey, —) : Tr(X) — Z/3Z, where e, is a generator
of U inside Tr(X) 2 U & U(3) & W. As a consequence, recalling §4.2, the element
B =% € Trx(X)®z3Z C H*(X,Q) is a B-field lift of «, with the properties B? = 0
and B - L =0 for any L € Pic(X).

Assume first that (p, m,a) is one of the three admissible triples for n = 4. We
already remarked that Pic(X) = Tks = U(3) @ M: this means that we can find
a primitive divisor H in the summand U(3) of Pic(X) with H? = 6. Moreover,
up to taking its opposite we can assume that H is effective (by Riemann—Roch).
Let v = (0,H,0) € H*(X,Z) be the primitive positive Mukai vector defined by
H, and B = % the selected B-field lift of a: by the properties of B the twisted
Mukai vector vp (defined in §4.2) coincides with v, and therefore it has square
six and it is invariant with respect to ¢. By Proposition 4.1, ¢ induces a non-
symplectic automorphism of order three on the moduli space of twisted sheaves
M, (%, @), which is a manifold of K3[4-type. The transcendental lattice of M, (X, a)
is ker(a) 2 S (Proposition 5.3), while its Picard group is isomorphic to the intersec-
tion v N (Pic(X), (0,0,1), (3,3B,0)), as we recalled in §4.2. Since 3B = ¢; € Tr(X),
the lattice generated by (0,0,1) and (3,3B,0) is orthogonal to Pic(X); moreover,
it is isomorphic to U(3), by the fact that B2 = 0. Thus

Pic (M,(E, ) =2 (H" NPic(E)) @ U(3) 2 (—6) & M & U(3)

which is exactly the lattice T' corresponding to (p,m,a) (see Table 2 of Appendix
A).

Consider now the case where (p,m,a) is one of the admissible triples (3,9, 5),
(3,8,6) for n = 3. In this case Pic(X) Z U(3) ® Ay ® M', where M’ is 0 for (3,9,5)
and A, for (3,8,6). Therefore, if {e1, e2} is a basis for the summand U (3) of Pic(X)
and {41,062} is a basis for a summand As, we can take the primitive element of
square four H = e1 + e2 + 01 € Pic(X). Let H be the effective divisor between
H and —H. As before, v = vg = (0, H,0) is a primitive positive Mukai vector,
invariant with respect to ¢. By Proposition 4.1, ¢ induces an automorphism on
M, (%, a), which is a manifold of K3P-type with transcendental lattice ker(a) = S
and

Pic(M, (%, ) & vg N (Pic(), (0,0,1), (3,3B,0)) = (H- N Pic(X)) @ U(3).

A computation shows that the orthogonal complement of e; + es + 1 in U(3) @ As
is isomorphic to the lattice © defined in §3.4, thus Pic(M, (X, a)) X Qe M' @ U(3),
which is the lattice T' corresponding to the triple (p, m,a) in Table 1 of Appendix
A.

To conclude the proof, we need to show that the automorphism induced by ¢ on
M, (3, ) leaves the whole Picard lattice invariant. Both for n = 3 and n = 4, the
direct summand U(3) in Pic (M, (%, «)) is the lattice ((0,0,1),(3,3B,0)). Notice
that ¢ acts as the identity on H*(X, Z), therefore (0,0, 1) is fixed. Moreover, it maps
(3,3B,0) to (3,3¢*(B),0), but these two classes coincide in H2(M, (3, a),Z), as
observed in the proof of Lemma 4.3. Since ¢* also fixes Pic(X), we get the result. O

In Table 1 and Table 2 of Appendix A we use the symbol < to mark the five
admissible triples of Theorem 5.4, which are realized by twisted induced automor-
phisms, but not by ordinary induced ones.
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6. AUTOMORPHISMS ON THE LLSVS EIGHTFOLD

Let Y C P5 be a smooth cubic fourfold. Moduli spaces of rational curves on Y
and their compactifications were first studied by de Jong and Starr in [26]. If YV
does not contain a plane, let M3(Y) = Hilb?*(Y) be the irreducible component of
Hilb* ™ (Y) containing twisted cubic curves on Y. The manifold M3(Y’) is smooth,
projective of dimension ten and it is called the Hilbert scheme of generalized twisted
cubics on'Y (see [43, Theorem A]). In [43, Theorem B], Lehn, Lehn, Sorger, van
Straten proved that there exist an irreducible holomorphic symplectic manifold Zy
of dimension eight, a closed Lagrangian embedding j : Y < Zy and a morphism
u: M3(Y) — Zy which factors as ® o a, where a : M3(Y) — Z} is a P2-bundle to
an eight-dimensional manifold Z;, and ® : Z}, — Zy is an extremal contraction (in
the sense of [27, §6.5]), which contracts a divisor D C Z}, to the image j(Y) C Zy.
Moreover, by work of Addington and Lehn [1] Zy is a manifold of K3-type.

We recall some details about the construction. For any generalized twisted cubic
curve C on Y we denote by [C] the corresponding point in M3(Y"). The linear span
(C) C P5 is a P?; in particular, C' lies on the cubic surface S¢ = Y N (C), which is
integral since Y does not contain any plane. A point p € D C Z3, is defined by the
datum (y,P(W)), with y € Y and P(W) C P5 a three-dimensional linear subspace
through y contained in the tangent space T, (here and in the following W €
Grass(C%,4)). The generalized twisted cubics on Y parametrized by this datum
are non-Cohen—Macaulay: an element [C] in the fiber a=(p) is given by a singular
cubic curve C° cut out on Y by a plane through y contained in P(W) C T,Y,
together with an embedded point at y. The contraction ®|p : D — j(Y) sends
p= (. W) to j(y).

In turn, a point p € Z{, \ D corresponds to the choice of the following data:

e a three-dimensional linear subspace P(W) C P?;

e a linear determinantal representation for the surface S = P(W)NY, i.e. the
orbit [A] of a 3 x 3-matrix A with coefficients in W* such that det(A4) =0
is an equation for S in P(W). Here the orbit is taken with respect to the
action of (GL3 x GL3) /A, where A := {(tI5,tI3) : t € C\ {0}} (see [43,
53)).

Then, any curve C such that [C] € a=!(p) lies on S and is arithmetically-Cohen—
Macaulay (aCM for short). The generators of the homogeneous ideal I, g are the
three minors of a 3 x 2-matrix Ay, whose columns are independent linear combi-
nations of the columns of A. The morphism ® maps Z{ \ D isomorphically to
Zy \j(Y).

As showed in [30, §3] (see also [12, §6.2]), one can construct non-symplectic
automorphisms of the Fano variety of lines F(Y) (which is a manifold of K32
type, by [9, Proposition 2]) starting from automorphisms of the cubic fourfold Y.
It is therefore natural to ask whether a similar approach can be used to produce
automorphisms on Zy: the answer is positive, we will show how to do so and how
to choose Y in order to construct a non-symplectic automorphism of Zy realizing
the admissible triple (3,11,0) for n = 4.

By [48, Theorem 2], automorphisms of a cubic hypersurface Y C P5 are restric-
tions of linear automorphisms of P?. The list of all automorphisms of prime order
on smooth cubic fourfolds is provided in [32, Theorem 3.8].
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Lemma 6.1. Let Y C IP° be a smooth cubic fourfold not containing a plane and
o € PGL(6) an automorphism such that o(Y) =Y. Then, o induces an automor-

phism & of M3(Y) such that a(5([C])) = a(5([C"])) if a([C]) = a([C"]).

Proof. The universal property of the Hilbert scheme (see [2, §IX.4]) guarantees that
o induces an automorphism & of M5(Y) whenever o(Y) =Y. In order to describe
this action, we begin by looking at points in the fibers of a over D C Zi,. Let
p € D be a point corresponding to (y, P(W)), and [C1], [Ca] € a~1(p): as explained
above, each [C;] consists of a plane cubic curve C?, singular in y, together with an
embedded point at y. In particular, there exist two subspaces 71, w2 of dimension
two inside P(W) which are tangent to Y in y and such that C? = m; N Y. Then,
a(C?) are again plane cubic curves, cut out on Y by two planes through o(y) inside
o (P(W)) C Ty(,)Y. Let 5([Ci]) consist of the curve o(C?), with the unique non-
reduced structure at o(y): then &([C1]), &([C2]) are elements of M3(Y") in the fiber
a=t(p'), with p’ defined by (co(y), o (P(W))).

Consider now a point p € Z3, \ D, corresponding to P(W) C P® and the orbit
of a 3 x 3-matrix A = (w; ;), with w; ; € W*. Denote P(W') := o (P(W)) and let
S be the integral cubic surface P(W) NY, which is the vanishing locus in P(W) of
g := det(A) € S3W*. Then, the surface o(S) C P(W’) is the vanishing locus of
goo~!, which is the determinant of the matrix 0*A := (w; j o 0~ ') with coefficients
in (W')".

Two elements [C1], [Ca] € a=!(p) are aCM cubic curves on S: the generators of
I¢, /s are given by the three minors of a 3 x 2-matrix A; whose two columns are
in the span of the columns of A, as shown in [43, §3.1]. Then, o(C4),0(Cs) are
aCM curves on o(S): by pullback, the generators of I,(c,)/0(s) are the minors of
o*A;, whose columns are again linear combinations of the columns of c*A. Thus,
g([Ci]) = [0(Cy)] € M3(Y), for i = 1,2, belongs to the fiber of a over the point
defined by P(W’) and [o*A]. O

Proposition 6.2. Let Y C P° be a smooth cubic fourfold not containing a plane
and 0 € PGL(6) an automorphism such that o(Y) =Y. Then, o induces an auto-
morphism o € Aut(Zy). Moreover, if o has finite order d, then & is also of order
d and it is non-symplectic if o acts non-symplectically on F(Y).

Proof. As a consequence of Lemma 6.1, there exists an automorphism o’ of the
manifold Z{, such that ¢’ ca = a o g, and o’ leaves the divisor D invariant.
Consider now the divisorial contraction ® : Z;, — Zy; by [43, §4.5], we have
®.(0z,) = Oz,. From the proof of the previous lemma, if p,p’ € D are points
which parametrize (y, P(W)), (v',P(W’)) respectively and ®(p) = ®(p'), i.e. y = ¢/,
then (o’(p)) = ®(0'()) = j(o(y)). The equality ®(0"(p)) = B(o’(p')) when
®(p) = ®(p') clearly holds also if p,p’ € Z{, \ D, since ® : Z{, \ D — Zy \ j(Y) is
an isomorphism. Then, by applying the rigidity lemma [27, Lemma 1.15(b)] to ®
and ® o ¢’ we conclude that o’ descends to an automorphism & € Aut(Zy) such
that 0o ® = ® 0 ¢’ (see also [44, Lemma 3.2]).

Assume that o has finite order d. By [43, §4.1], the surjective morphism s :
M;3(Y) — Grass(CS,4), [C] = (C) factors as

M3(Y) % Zi, 2 Grass(CS,4)

where b is generically finite of degree 72. The morphism s is clearly equivariant
with respect to & € Aut(M3(Y)) and the natural action of ¢ on the Grassmannian,
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both of which have the same order of o (recall that Aut(Grass(CS,4)) = Aut(P®)
by [23, Theorem I]). Hence, d is also the order of ¢’ and &.

Let wp(yy and wz, be suitably chosen symplectic forms on F(Y') and Zy re-
spectively, and let pr;, : F(Y) x F(Y) — F(Y) for ¢ = 1,2 be the projections on
the two factors. By [66, Proposition 4.8], there exists a dominant rational map of
degree six

i F(Y)x F(Y) = Zy

such that

(4) Y (wzy ) = pri(Wry)) — Pra(Wry))-

The rational map 1) is defined as follows. Let (], [l']) € F(Y) x F(Y) be a generic
element, so that the span (I,1') is a P3, and let x be a point on I: the plane (z,1’)
intersects the cubic fourfold Y along the union of the line I’ and a conic Q) passing
through . Then C := [ U, @ is a rational cubic curve contained in Y: we set
P[], [V']) := u([C]) € Zy, which is well-defined since all reducible cubic curves C
arising from different choices of the point x € [ belong to the same fiber of u (see
the proof of [66, Proposition 4.8]). In order to conclude the proof of Proposition
6.2, we need the following;:

Lemma 6.3. Let Y C P° be a smooth cubic fourfold not containing a plane,
o € PGL(6) such that o(Y) =Y and ¢ € Aut(Zy) the automorphism induced by o

on Zy. Then ¢ ([o(D)); [o(1)]) = o (¥ (I, [1'])) for generic ([I], [I']) € F(Y) x F(Y).

Proof. As we recalled, ¥([l], [I'])
Q. Moreover,  (¢Y([1], [I'])) = u (
u([C"]), where C" = o(l

= u([C]) with C =1U,Q, x € land YN (z,l") =I'U
&([C])) by Lemma 6.1. In turn, ¢ ([c(1)], [c(!")]) =
>Q and Y N (o(z),0(l")) = o(l') U Q'. However,

) Ua(a:)
the intersection Y N (o (z),o (")) coincides with o (Y N (z,l')); as a consequence,
Q"= 0(Q) and so [C'] = &([C]). O

End of proof of Proposition 6.2. Thanks to the equivariance of the map v and
the relation (4) we deduce that, if o acts non-symplectically on F(Y), then o is
also non-symplectic. O

Proposition 6.4. Let Y C P be a smooth cubic fourfold not containing a plane.
The transcendental lattices of F(Y) and Zy have the same rank.

Proof. Let Ty, C F(Y) x F(Y) x Zy be the closure of the graph of the map
P F(Y) x F(Y) --» Zy and let V be a desingularization of I'y. We con-
sider the projections 7 : V. — F(Y) x F(Y), mz : V — Zy which arise from
the inclusion T'y, C F(Y) x F(Y) x Zy. Let Trc(F(Y)) € H*(F(Y),C) and
Trc(Zy) € H?*(Zy,C) be the complexifications of the transcendental lattices of
F(Y) and Zy respectively. If we define 7 := (7p). (75 (Trc(Zy))), using (4) we
deduce:

T C Tre(F(Y)) @ Tre(F(Y)) € HX(F(Y) x F(Y),C).
In particular, since ¥*(wz, ) € T and Trc(F(Y)) € H*(F(Y),C) is the minimal

Hodge substructure containing holomorphic two-forms, (pr;)«(7) = Trc(F(Y)) for
i =1 or i = 2. This implies that the ranks of Tr(Zy) and Tr(F(Y)) coincide. O
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6.1. The case of cyclic cubic fourfolds. Let 0 € PGL(6) be the following au-
tomorphism of order three:

(5) o(xg:...ix5)=(xg:...:2q4:&x5)

2mi

with £ = e™3 . We consider the ten-dimensional family C of smooth cubic hyper-
surfaces Y C P? of equations

Y :ad + F3(20,...,24) =0

with a homogeneous polynomial F5 of degree three. Cubic fourfolds Y € C are
called cyclic: they arise as triple coverings of P* ramified along the smooth cubic
threefold of equation F3 = 0. Any Y € C is invariant with respect to o, thus
oly € Aut(Y).

Remark 6.5. In [12, Example 6.4] it is proved that o induces a non-symplectic au-
tomorphism of order three on the Fano variety of lines F/(Y'), whose invariant lattice
is (6). In particular, as observed in [14, Remark 3.6], we know that Pic(F(Y")) = (6)
for a very general choice of Y € C.

This allows us to deduce that a very general Y in the family C, such that
Pic(F(Y)) = (6), does not contain any plane. In fact, if there existed a plane
7 C Y, it would define an algebraic class in H>2(Y). In particular, the second
Néron-Severi group NSo(Y) = H*(Y,Z) N H*%(Y) would contain (H?,7), where
H is an ample line bundle on Y, thus rk(NS2(Y)) > 2 (references in [45, §3.2]).
By applying the Abel-Jacobi map H*?(Y) — HV(F(Y)) (see [9, §3]), the Picard
group of F(Y) would also have at least rank 2, while we just observed that this is
false for the chosen very general Y.

Summing up all the results in this section, we have obtained the following:

Theorem 6.6. Let Y be a cyclic cubic fourfold in the family C not containing a
plane. Then there exists a non-symplectic automorphism o € Aut(Zy) of order
three, induced by the automorphism oly € Aut(Y') of the form (5).

Moreover, the invariant lattice of & is T =2 (2).

Proof. The first part of the statement follows from Proposition 6.2.

As explained in Remark 6.5, the very general cubic fourfold Y € C is such
that F(Y) has transcendental lattice of rank 22. This together with Proposition
6.4 allows us to conclude that the invariant lattice of ¢ has the same rank of the
invariant lattice of the automorphism induced by o on F'(Y), namely one. Therefore
T = (2) by Proposition 3.15. O

At the end of this section we will present a more geometric proof of the second
part of Theorem 6.6 by using Theorem 6.10. In order to do so, we first need to
study the fixed locus of the automorphism o.

Let H C Fix(o) be the hyperplane {5 = 0} C P°. The intersection Yy := YNH
is the smooth cubic threefold defined by F3(xg,...,z4) = 0 inside H. We denote
by Zg the image via the map u : M3(Y) — Zy of the set of points parametrizing
twisted cubics contained in Yg: in [61, Proposition 2.9] it is proved that Zpy is a
Lagrangian subvariety of Zy.

Lemma 6.7. Let Y be a cubic fourfold in the family C not containing a plane.
Then Zy is contained in the fixed locus of & and j(Y)° = Zg N j(Y).
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Proof. Let j(y) be a point in the image of the embedding j : Y < Zy such that
a(j(y)) = j(y). In the proof of Lemma 6.1 we showed that & € Aut(M3(Y))
maps the fiber of u : M3(Y) — Zy over the point j(y) to the fiber over j(o(y)).
Therefore, since o u = u o &, we need o(y) = y, i.e. y € Yg. We conclude
Fix()Nj(Y) = j(Yr). Clearly, since H C Fix(o), we have Zy C Fix(d). Moreover,
ZaNjY) =Yy (see [61, §3]), thus Zg Nj(Y) = j(Yy). O

Proposition 6.8. ForY in the family C not containing a plane, the fized locus of
the automorphism o is Zg.

Proof. By Lemma 6.7, we need to prove that there are no fixed points outside
Zp, ie. points p € Zy \ j(Y) which are fixed by & and such that the curves
parametrized by the fiber u~!(p) are not contained in H. Notice that a point p
of this type corresponds to (P(W),[A]), with o(P(W)) = P(W) but olpuy) # id.
A vector space W € Grass(C, 4) is o-invariant if and only if it can be written as
W = W1 @ We, where we set Wy := {w € W | o(w) = tw}. The condition o|p(yw) #
id implies W # 0, therefore W is the whole one-dimensional eigenspace of C®
with respect to the eigenvalue ¢ of o, while W; is a three-dimensional subspace of
the eigenspace of C® where o acts as the identity. Let yo,y1,y2 € W* be the dual
elements of a basis of Wj. Then, we can take yg, y1, y2, x5 as coordinates on P(W),
so that the action of o on it is o(yo : y1 : Y2 : @5) = (Yo : Y1 : Y2 : &x5).

We showed in the proof of Lemma 6.1 that, for a point p as above, we have
a(p) = (P(W),[0*A]). Therefore, p is fixed if and only if the matrices A and o*A
define the same P2 of generalized aCM twisted cubics on the surface S = P(W)NY,
whose equation in P(W) is of the form g := 23 + f(yo,y1,y2) = 0, where f is the
restriction of F3 to P(W;). Fix a curve C such that [C] € u=1(p): its equations
in P(W) are given by the three minors of a 3 x 2-matrix Ay with linear entries in
W*. The matrix Ay, up to a change of basis, can only be of eight different types,
listed in [43, §1]. Since the curve C lies on S, the polynomial g which defines the
surface belongs to I¢/g, i.e. it is a combination of the minors of Ag (see [43, §3.1]).
We recall that A is a linear determinantal representation of the surface .S therefore,
without loss of generality, it is of the form

)
*

A= ( A
where the last column is uniquely determined by ¢g (up to a combination of the
columns of Ag; see [43, §3.1]). Again by [43, §3.1], the matrices A, 0* A define the
same P2 of cubics on S if and only if the columns of 0*Ag belong to the span of
the columns of A.

t
Assume Ay is of the most general form, i.e. the form A1) = (“0 1 w2)

wp w2 W3
of [43, §1], where wy, ..., ws are suitable coordinates for P(WW): in this case C is a
smooth twisted cubic curve.

Let M := (a;; | bi)i=0,1,2,3 € GL4(C) be the matrix defining the change of

7=0,1,2
coordinates from {wi}?:O to {yo, Y1, Y2, z5}. Then

2 2 2

2 j—000,Yj +boxs 3 i_garzy; +bizs | 205 oy + dos
2 2 2

A= Y gagy;tbhiws Yjogaz s+ bos | 31y + dizs
2 2 2

D=0 025Y; +bats  Doi_gas;y; +bsws | X C2,5y; + daws
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where the parameters c; ; and d; are determined by g. Once we apply the auto-
morphism we get:

Z?:o ao,;y; + E2boxs Z?:o a,;y; + E2b1xs Z?:o co,;y; + E2doxs
orA = Z?:o a1,5y; + &b1xs E?:o az,jyj + E%baws Z?:o c1,5Yj + & dizs

S0 2,3y + E2baws Do asy; + E2bsws | L5 a5y + E2daws
where the first two columns form the matrix o* Ay, whose minors define the curve
o(C) CS.

The first column of o* Ay is a C-linear combination of the columns of A if and only
if the following linear system of twelve equations admits a solution (h, k,t) € C3:

ap,; = hag; + kai ; +teo; for 7 =0,1,2
ar; = haij +kag j +tey; for j=0,1,2
as; = hayj + kaz j +tea; for j =0,1,2
£2by = hbg + kb + tdy
§2b1 = hby + kby + td;
£2by = hby + kbs + tds

Notice that the system made of the last three equations always admits a unique
solution, namely (h,k,t) = (£2,0,0). In fact, the determinant of its matrix of
coefficients is different from zero, because it coincides with the coefficient of z3 in
the expression of the determinant of A (and o*A), which needs to be a (non-zero)
scalar multiple of g. Now, the triple (h,k,t) = (£2,0,0) is a solution for the whole
system (6) only if ap; = a1, = az; = 0 Vj = 0,1,2, which is not possible since
the matrix M needs to be invertible. We conclude that the columns of ¢*Ag can
never be combinations of the columns of A if A is of the form A®). The remaining
cases, i.e. Ag of the forms A®) ... A®) of [43, §1], can be discussed in an entirely
similar way. (Il

Remark 6.9. Let Zy be the fixed locus of the automorphism & € Aut(Zy), for
Y € C not containing a plane. By [61, Theorem 3.3] and [39, §6.3], Zx also arises
as resolution of the unique singular point of the theta divisor in the intermediate
Jacobian J(Yz) of the cubic threefold Yz. This implies that Zy is a variety of
maximal Albanese dimension and Alb(Zy) = J(Yy) (see for instance [40, §1] and
references therein).

Let us fix a cubic fourfold Y € C not containing a plane and choose a marking
Ny : H*(Zy,Z) — L = U®3 @ EP? @ (—6). We define p := 1y 0 (5)" ony ' € O(L).
Following [13] and [14], a (p, (2))-polarization of an THS manifold X of K34-type
is given by a marking n : H?(X,Z) — L and an automorphism g € Aut(X) of order
three such that g¢|g2.0(x) = £id and nog* = pon (in particular, the invariant lattice
of g is isometric to (2), by Theorem 6.6). We consider the following equivalence
relation: two (p, (2))-polarized eightfolds (X, n,g), (X',7’, ¢’) are equivalent if there
exists an isomorphism f : X — X’ such that ’ =no f* and ¢’ = fogo f~!. Let
M/<J2§ be the set of equivalence classes of (p, (2))-polarized manifolds of K3[-type

and U C M@? be the subset which parametrizes manifolds (Zy,n, ), where Y is
a cyclic cubic fourfold not containing a plane and o is as in (5).
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For any smooth cubic threefold J C P*, we denote by Y (J) the cubic fourfold
which arises as triple covering of P* ramified along 7. By using Proposition 6.8 we
can prove the following result.

Theorem 6.10. Let J, T’ be smooth cubic threefolds such that Y (J),Y (J') do not
contain a plane. If (Zy(7y,1,0), (Zy(g,n',0") are equivalent as (p, (2))-polarized
manifolds, then J = J'. In particular, U C M?g has dimension ten.

Proof. Consider (Zy,n,0) € U and let Zy C Zy be the fixed locus of &. Since
Alb(Zy) = J(Yy) (Remark 6.9), the Torelli theorem for cubic threefolds [24, The-
orem 13.11] implies that the eightfold Zy and the action of the automorphism &
uniquely determine the threefold J = Yp, up to isomorphisms. The moduli space
C3™ of smooth cubic threefolds is ten-dimensional and, for a very general J € C3™,
the cubic fourfold Y (J) does not contain a plane (see Remark 6.5). Since M?zg
is ten-dimensional, too, by [13, Corollary 6.5], we conclude that ten is also the
dimension of the subset U C Mgﬁ. O

Theorem 6.10 allows us to provide the following alternative proof of the second
part of Theorem 6.6. The automorphism & corresponds to an admissible triple
(3,m,a), where m — 1 coincides with the dimension of the moduli space U by
[12, §4]. Since the dimension of U is ten, we can use Proposition 3.15 to deduce
m = 11,a = 0. Hence the invariant lattice of o is T' = (2).
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APPENDIX A. INVARIANT AND CO-INVARIANT LATTICES FOR n = 3,4, p=3

The two tables in this appendix list all admissible triples (p,m,a) (see Def-
inition 3.10) and the corresponding isometry classes for the co-invariant lattice
S C H?(X,Z) and the invariant lattice T C H?(X,Z) of non-symplectic automor-
phisms of order p = 3 on manifolds X of K3[™-type, for n = 3,4. This classification
is discussed in §3.4.

The symbol & denotes the cases which can be realized by natural automorphisms
(see §4.1). The cases marked with f (respectively, {) correspond to admissible
triples that admit a realization by induced automorphisms on moduli spaces of
ordinary (respectively, twisted) sheaves on K3 surfaces, but not by natural au-
tomorphisms (see §5). Finally, the admissible triple (3,11,0) for n = 4 (marked
with the symbol %) is realized by the automorphism constructed in §6.1 on a ten-
dimensional family of Lehn-Lehn—Sorger—van Straten eightfolds (see also §4.3).

Finally, we recall that in the following tables, as in the rest of the paper, the
root lattices Ao, Eg, Eg are defined as negative definite.

p |m|a S T
&3[10]0 U®? ¢ EP? U (—4)
&3/10(2| UaUB)eES? U3) @ (—4)
&390 1 U2 ¢ Eg @ Eg U Ay @ (—4)
&3|9|3|UaU®B)®E;® Es U(3) & Az & (—4)
O30 9 |5] UB)?® Esd Es UB)®Q
&3] 8|2 U2 g ES? U AY? @ (—4)
&3 8|4 UaUB) o ES? U3) @ AS? @ (—4)
&3 816 U(3)%2 @ ES? U3)® Ay @ Q
&3 71 U2 g Ay, @ Eg U® Eg® (—4)
&3| 7 |3|UU®B) DA D ES U AP @ (—4)
&3 715 U®? @ AYS U3) ® A® @ (—4)
Q3| 7|7 UsUB) e AF® U3) @ EY(3) ® (—4)
&3[6 1|0 U%? g Fg U® Eg @ (—4)
3| 6|2 UaU(3)® Es UdEg® Ay ® (—4)
&3 6 |4 U2 g AP U AY* @ (—4)
&3[6|6| UaU@B) e AS! U3) @ AS* @ (—4)
&35 1 U®? ¢ By U®Es® Ay & (—4)
&3 513 UaU®B3)® Es U AP? © Es @ (—4)
&35 |5 UaUQB) @A U AYS @ (—4)
&3 4]2 U2 g A? U@ EP? @ (—4)
&3 | 44| UaUQB) oA UG Es® AP @ (—4)
&3 31 U2 A, U® Es® Es ®(—4)
&3/3 13 UaU®3)® Ay UDEP?* D Ay @ (—4)
&3/ 210 U®2 U EY? @ (—4)
3|22 UaU(3) U®DEs® Eg® Ay @ (—4)
&3 11 Ay(—1) USEY @ Ay @ (—4)

TABLE 1. n =3, p = 3. See §3.4 for the definition of the lattice (2.
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D m | a S T
*3[11]0] U E?a A, (2)
&3[10]0 U®? g EY? U (—6)

13 (10|11 UeUB) e EP? U@ (—6)
®3|10|2| UpUB)®ES? U(3) @ (—6)
$3110(3 U(3)%2 @ E$? U(3) & (—6)
®3 [ 9|1 U@ Esa Es U Ay @ (—6)
53 |9 |2|U0U®B)®Es® Es U Ay ®(-6)
&3 |9 (3| UsUQ3)®E;SD Es U(3)® Ay @ (—6)
$3109 4 U(3)6:2@ Eﬁﬂg Eg U(3)® Ay @ (—6)
1381 US2QE 2)OE
&3 8|2 U2 g E§92 U @<A>;92 ea6<—6>
13|18 |3| UaU@B) e EY UoAY? © (-6)
3|8 |4 UaUB) o ES? U(3) @ AS? @ (—6)
3815 Uegg))@ @ E$? U(3) ® AP? @ (—6)
13| 7]0] UP@oA,oFs (2) @© Es
&3 7|1 U2 @ Ay @ Es U® Eg @ (—6)
13 | 7|2 UU(3)® A @ Eg U®Es® (—6)
3|7 (3|UUB)DA® Es U(3) ® Eg ® (—6)
h3 |7 |4 U9 @ A$S Uo AP @ (—6)
&3 715 U2 @ A U(3) ® AS? @ (—6)
13| 76| UaU®B) oA U®EY(3)® (—6)
: 3|77 Us %23) @ AP® U(3) @ EY (3) ® (—6)

31610 U®Z g Eg U®Es @ (—6)

B3 |6 |1 UaU(3)® Fy Ud Es® (-6
&3 |6 |2 UaU(3)® Fs U(3) ® Es ® (—6)
1363 U®? g A$* U®Es® Ay © (—6)
&3[6 |4 U2 g Ay UB)® Es ® As & (—6)
1316 |5 UpUB)®AP* U AS* @ (—6)
®3|6|6| UaU@B) AP U(3) ® A* @ (—6)
&3 51 U @ Eg U®Es® Ay ® (—6)
B3 | 5|2 UaU(3)® FEg Ud Eg® Ay @ (—6)
&3 |53 UaU3) @ Es U(3)® Eg ® Ay ® (—6)
135 (4] UaUQB) @A U FEe® AY? @ (—6)
X355 Us gz(?,) @e;;x;e?’ U(3)® Fs ® AY? © (—6)

341 U2 A 2)® Es @ F,
i 30412 U®? g Aﬁw U @<A>§‘92 @6E8 @8<—6>
13| 43| UaU®B) e AY? U EP? o (—6)
3|44 UaU®B) @AY U(3)® E$?* @ (—6)

13 ]3]0 U2 @ Ay (2) © EP?

&3 3|1 U@Q@Ag U@EG@E8@<—6>

B3 | 3|2 UaU@3)® Az U&® Es® Es & (—6)
&3]3 (3 UaU(3)® Ay U(3)® Es & Es & (—6)
&3 270 U®? U EY? o (—6)
13121 UaU(3) Ua ES? @ (—6)
&322 UaU(3) U(3) ® E$* @ (—6)
&3 11 Ay(—1) U EY? @ Ay @ (—6)

TABLE 2. n=4,p=3.
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