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EVOLUTION OF POLYGONAL LINES BY THE BINORMAL FLOW

VALERIA BANICA AND LUIS VEGA

ABSTRACT. The aim of this paper is threefold. First we display solutions of the cubic
nonlinear Schrodinger equation on R in link with initial data a sum of Dirac masses.
Secondly we show a Talbot effect for the same equation. Finally we prove the existence
of a unique solution of the binormal flow with datum a polygonal line. This equation
is used as a model for the vortex filaments dynamics in 3-D fluids and superfluids. We
also construct solutions of the binormal flow that present an intermittency phenomena.
Finally, the solution we construct for the binormal flow is continued for negative times,
yielding a geometric way to approach the continuation after blow-up for the 1-D cubic
nonlinear Schrédinger equation.

1. INTRODUCTION

We first present the binormal flow framework and the obtained results. Then in 1.2l we
describe the 1-D cubic nonlinear Schrédinger equation results.

1.1. Evolution of polygonal lines through the binormal flow and intermittency.
Vortex filaments in 3-D fluids appear when vorticity is large and concentrated in a thin
tube around a curve in R®. The binormal (curvature) flow, that we refer hereafter as BF, is
the classical model for one vortex filament dynamics. It was derived by Da Rios 1906 in his
PhD advised by Levi-Civita by using a truncated Biot-Savart law and a renormalization in
time ([I8]). The evolution of a R3-curve x(t) parametrized by arclength x by the binormal
flow is

(1) Xt = Xz A Xaz-
Keeping in mind the Frenet’s system for the frames of 3-D curves composed by tangent,
normal, and binormal vectors (T',n,b)

T 0 c 0 T
n = —c 0 7 n |,
b 0 —7 0 b

xT

where ¢, 7 are the curvature and torsion, the binormal flow can be rewritten as
Xt = cb.

BF was also derived as formal asymptotics in [I], and in [I2] by using the technique of
matched asymptotics in the Navier-Stokes equations (i.e. to balance the cross-section
of the tube with the Reynolds number). In the recent paper [27], and still under some
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hypothesis on the persistence of concentration of vorticity in the tube, BF is rigorously
derived; moreover the considered curves are not necessarily smooth. This is based on the
existence of a correspondence between the two Hamilton-Poisson structures that give rise
to Euler and to BF.

Existence results were given for curves with curvature and torsion in Sobolev spaces
of high order ([26],[42],[21],[34]), and more generally existence results for currents in the
framework of a weak formulation of the binormal flow (|28]). Recently, the Cauchy problem
was shown to be well-posed for curves with a corner and curvature in weighted space ([3]).

An important feature of BF is that the tangent vector of a solution x(t) solves the
Schrédinger map onto S2:

T, =T NTy,.
Furthermore, Hasimoto remarked in [26] that the function, that he calls the filament func-
tion, u(t,z) = c(t, x)e’ Jo 7(t:s)ds gatisfies a focusing 1-D cubic nonlinear Schrédinger equa-
tion (NLS) [I. Hasimoto’s transform can be viewed as an inverse Madelung transform send-
ing Gross-Pitaesvskii equation to compressible Euler equation with quantum pressure. It is
known that in order to avoid issues related to vanishing curvature, Bishop parallel frames
([7,[34]) can be used as explained in §4.3

Several examples of evolutions of curves through the binormal flow were given finding
first particular solutions of the 1-D cubic NLS and then solving the corresponding Frenet
equations. Some of these examples are consistent at the qualitative level with classical
vortex filament dynamics as the line, the ring, the helix and travelling wave type vortices.
A special case are the self-similar solutions of the binormal flow. They are constructed
from the solutions

€4 it
(2) ua(t,r) = « 0 ae 26y (x)
of the 1-D cubic NLS equation, renormalized in a sense specified in §I.2] with a Dirac mass
adp at initial time. These BF solutions are of the type x(t,z) = \/EG(%), and form a a

o

1-parameter family {x.,a > 0}, with x,(¢) characterized by its curvature c,(t,z) = NG
and its torsion 7, (t,2) = 5. These solutions were known and used for quite a while in the
80’s ([36],[37],[11],[50]). The existence of a trace at time ¢t = 0 was proved rigorously in
[25], and in particular it was shown that x,(0) is a broken line with one corner having an
angle 6 satisfying

(3) sin (g) — ey

In particular the Dirac mass at the NLS level corresponds to the formation of a corner on
the curve, but the trace ady of the filament function is not the filament function 66y of
X« (0). This turns out to have relevant consequences regarding the lack of continuity of

some norms at the time when the corner is created. In [4] it is proved the ||ﬁ( 1) ||oo 18

IThe defocusing 1-D cubic Schrodinger equation is achieved if the target of the Schrodinger map equation
is the hyperbolic plane H? instead of the sphere S2.
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discontinuous at that time. The same proof works if instead of this norm it is used the
following one

Am(j+1) __
sup/ T (2, t)|? da,
7 4mj

that fits better within the framework of Theorem [[.4], because due to the Frenet equations
T, it is at the same level of regularity as the corresponding filament functions that solve
NLS.

We shall now turn our attention precisely to the evolution of curves that can generate
corners in finite time. The case of the formation and instantaneous disappearance of one
corner is now well understood thanks to the characterization of the family the self-similar
solutions, and the study in [3] of the evolution of non-closed curves with one corner and
with curvature in weighted L? based spaces. On the other hand, a planar regular polygon
with M sides is expected to evolve through the binormal flow to skew polygons with Mg
sides at times t, ; = 2%1 for odd g, see the numerical simulations in [23],[28], and [19] where
the integration of the Frenet equations at the rational times ¢, 4 is also done.

In the present paper we place ourselves in the framework of initial data being polygonal
lines. The results presented are an important step forward to fill the gap between the case
of one corner and the much more delicate issue of closed polygons.

Theorem 1.1. (Evolution of polygonal lines through the binormal flow) Let xo
be an arclength parametrized polygonal line with corners located at x € Z, with the sequence
of angles 6, € (0,7) such that the sequence defined by (cf. ([3)))

(4) \/—% log <sin (%"))

belongs to 1?3, Then there exists x(t), smooth solution of the binormal flow (D) on t # 0
and solution of ([I) in the weak sense on R, with

Ix(t,z) — xo(z)] < CVt, VreR, |t <1.

Remark 1.2. Under suitable conditions on the initial data xo, the evolution can have an
intermittent behaviour: Proposition [3.2 insures that at times t,, = %% the curvature of
X(t) displays concentrations near the locations x such that x € %Z, and x(t) is almost a

straight segment in between.

Remark 1.3. There is a striking difference with respect to the case of a polygonal line
with just one corner in the following sense. The trajectory in time of the corner located
at (t,x) = (0,0) of a self-similar solution, x.(t,0), is given by a straight line for t >
0, as the Frenet frame of xa(t) is constant at x = 0. In .11 we show that for the
evolution of a polygonal line with several corners the trajectory of each corner, ast goes to
0, is a logarithmic spiral. Therefore, the presence of another corner on a nonclosed curve
immediately creates a modification of the trajectory.
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The proof goes as follows. In view of (B]) and Hasimoto’s transform we consider an
appropriate 1-D cubic NLS equation with initial data

> b,

kEZ

with «j complex numbers defined in a precise way from the curvature and torsion angles
of xo. Theorem [[4] gives us a solution u(t) on ¢ > 0. From this smooth solution on ]0, co]
we construct a smooth solution x(¢) of the binormal flow on |0, 0o, that we prove it has
a limit x(0) at t = 0. Then the goal is to show that modulo a translation and a rotation
x(0) is xo. This is done in several steps. First we show that the tangent vector has a
limit at ¢ = 0. Secondly we show that this limit is piecewise constant, so x(0) is a segment
for x €|n,n + 1[,Vn € Z. Then we prove, by analyzing the frame of the curve through
paths of self-similar variables, that x(0) presents corners at the same locations as xg, of
same angles as xo. We recover the torsion angles of xo by using also a similar analysis

for modulated normal vectors N(t,z) = e’ EipaleilPlog “78 (t,z). Therefore we recover xg
modulo a translation and a rotation. This translation and rotation applied to x(t) give us
the desired solution of the binormal flow for t > 0 with limit xo at ¢ = 0. Uniqueness holds
in the class of curves having filament functions of type (I0]). Using the above recipe to
construct the evolution of a polygonal line for £ > 0 we can extend x(¢) to negative times
by using the time reversibility of the equation.

1.2. The cubic NLS on R with initial data given by several Dirac masses. We
consider the cubic nonlinear Schrédinger equation on R

1
(5) 10pu + Au £ §\u]2u =0.

We first recall the known local well-posedness results, starting with what is known in the
framework of Sobolev spaces. The equation is well-posed in H?, for any s > 0 ([22],[14]). On
the other hand, for s < 0 the Cauchy problem is ill-posed: in [29] uniqueness was proved
to be lost by using the Galilean transformation, and in [I6] norm-inflation phenomena
were displayed. We note that the threshold obtained with respect of the scaling invariance
Mu(A2t, \x) is H ~3. For s < —2 the presence of norm inflating phenomena with loss of
regularity was pointed out in [I3],[31], and also norm inflation around any data was proved
in [43]. Finally a growth control of Sobolev norms of Schwartz solutions for —% <s<0
on the line or the circle was shown in [30] and [33].

On the other hand well-posedness holds for data with Fourier transform in LP spaces,
p < +oo ([53],[24],[15]). A natural choice would be to consider initial data with Fourier
transform in L, as this space F(L) it is also invariant under rescaling.

We shall now focus on the case of initial data of Dirac mass type. Note that the Dirac
mass is borderline for /=% and that it belongs to F(L>). For an initial datum given by
one Dirac mass, u(0) = adyp, the equation is ill-posed. More precisely, it is showed in [29]
by using the Galilean invariance, that if there exists a unique solution it should be for



positive times
el .22
:Fz—‘ijr log\/f—i-z—:flt

Vamit

and then the initial datum is not recovered. We note here that this issue can be avoided
by a simple change of phase that leads to the equation

iOu+ Aut 1 (Ju> — A(t)) u=0,
u(0) = ado,

(07

with A(t) = O‘th With this choice the equation has as a solution precisely the fundamental
solution of the linear equation u, (¢, ) introduced in ([2). Adding a real potential A(¢) is a
very natural geometric normalization, as the BF solution constructed from a NLS solution
u(t,z) is the same as the one constructed from e’*®u(t,z), see §63. This type of Wick
renormalization has been used in the periodic setting in previous works as in [9],[15],[44]
and [45], although the motivation in these cases came just from the need of avoiding some
resonant terms that become infinite.

However, even with this geometric renormalization the problem is still ill-posed, in the
sense that small regular perturbations of u,(t) at time ¢t = 1 were proved in [2] to behave
near t = 0 as uq(t) + €198t f(z) for some f € H'. Therefore there is a loss of phase as t
goes to zero.

This loss of phase is a usual phenomena in the setting of the nonlinear Schrédinger
equations when singularities are formed, and it is of course a consequence of the gauge
invariance of the equation. How to continue the solution after the singularity has been
formed is therefore an important issue that appears recurrently in the literature, see for
example [38],[39],[10],[40].

In [3] we found a natural geometric way to continue the BF solution after the singularity,
in the shape of a corner, is created. As BF is time reversible, to uniquely continue a solution
for negative times requires to get a curve trace x(0) at ¢ = 0 and to construct a unique
solution for positive times, having as limit at ¢ = 0 the inverse oriented curve x(0,—s).
Note that using just continuity arguments and the characterization result of the self-similar
solutions that was proved in [25] one can construct in an artificial way the continuation of
a self-similar solution. A more delicate issue is how to determine the curve trace and its
Frenet frame at time ¢ = 0 for small regular perturbations of BF self-similar solutions at
some positive time, and we based our analysis in [3] on the characterization result of the
self-similar solutions that was proved in [25]; in particular the small regular perturbations
of BF self-similar solutions at some positive time do not break the self-similar symmetry
of the singularity created at ¢ = 0.

In Theorem [I.T] we prove that this procedure can be extended, not without difficulties,
to the case of a polygonal line, that can be viewed as a rough perturbation of the broken
line with one corner. There is no need for the line to be planar, and infinitely many corners
are permitted. In this case new problems concerning the phase loss appear at the NLS and
frame level, and again the characterization of the self-similar solutions plays a crucial role.
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For these reasons in this article we consider as initial data a combination of Dirac masses,
(6) u(0) = ady,
keZ

with coefficients in weighted summation spaces :
[{ok Hliws < o0,

where
ekl == (1 + k)P o P
keZ

This choice of initial data has its own interest from the point of view of the Schrodinger
equation, because as far as we know and for the cubic nonlinearity in one dimension the
only results at the critical level of regularity are the ones in [3] mentioned above and that
deals with just one Dirac mass. The case of a periodic array of Dirac deltas of the same
precise amplitude, was studied in [I9] where a candidate for a solution is proposed.

The case of a combination of Dirac masses as initial data for the Schrodinger equation
|u|P~u with subcritical nonlinearity p < 3 was considered in [32]. It was showed that it
admits a unique solution, of the form

(7) ZAk ztAék )
keZ

where {A;} € C([0,T];1>')nC1(]0, T);1>'). As the nonlinear power approaches the critical
cubic power, things look more singular. In this paper we prove that the same type of ansatz
is valid for a naturally renormalized cubic equation.

Let us notice that the initial data (6]) has the property

(8) u(0)(€) = Y age ™,

keZ

and in particular u(0) is 2r—periodic. Moreover, the condition {ay} € (% translates into

u(0) € H*(0,2m). Conversely, every 2mr—periodic function can be decomposed as in (g
and so it represents the Fourier transform on R of a combination of Dirac masses as ().
We denote

Hyp = {u € §'(R), i(6+2m) = (6),a € H(0,2m)} € {ue S'®), {lillu-omyontrn}s € 1),
and
lullzzs, = 1@l 0,2m)-
Our first result concerns the existence of solutions for initial data in Hp.
Theorem 1.4. (Solutions of 1-D cubic NLS linked to several Diracs masses as

initial data) Let s > 1,0 < v < 1 and {ay} € 1>°. We consider the 1-D cubic NLS
equation:

(9) iOu+ Aut i (Juf? — £)u=0,



with M ="y low|*. There exists T > 0 and a unique solution on (0,T) of the form

[eFN 2 .
(10) ult,z) = 37 T8 Vi o Re(0) 20 (a),
keZ
with
(11) s T {RAO) e+ OO} s < O

Moreover, considering as initial data a finite sum of N Dirac masses

U(O) = Z akdk,

keZ

with coefficients of equal modulus
(12) |Oék| = a,
and equation (@) renormalized with M = (N — $)a?, we have a unique solution
. . t M d
u(t) = e*Pu(0) + z'e“A/ e iTA <<\u(7)]2 - —) u(7)> 77—,
0
such that e—@t) € CY((~T,T), H*(0,27)) with
le™ "2 u(t) = w(0)||ms, <O, Vte (=T,T).
Moreover, if s > 1 then the solution is global in time.

Remark 1.5. Note that any o such that [I2) does not hold will imply that the corre-
sponding initial value problem is ill posed, similarly at what was proved in [29] and [3] in
the case of just one Dirac mass and that we mentioned above.

Remark 1.6. It is worth noting that performing the (reversible) pseudo-conformal trans-
form to the solution u of (@)

(ta)= 5. %), >0
u(t,x) = (=, —),
Vamit "t ot
we obtain a solution v of
1
13 0w+ Av+ — (Jv]* = 2M) v = 0.
(13) i0pv + Av 87rt(’v’ Jv

This was the procedure we used in [3)].
To impose the ansatz () on u is equivalent to

__ k2 iz
(14) ot z) = ZAk(%)e_ZkTJ”Tk.

kEZ

Therefore after pseudo-conformal transform our problem reduces to solve ([I3]) in the peri-

—

odic setting with period [0,4x]. Note that from ([{) we have that |u(t)(§)| is 2w periodic.
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The proof of the theorem goes as follows. Plugging the general ansatz () into equation
@) leads to a discrete system on {Ax(t)}, by using the fact that for fixed ¢ the family
;(2=k)?

B () = € \/é% is an orthonormal family of L?(0,4nt). We solve the discrete system

a2
on {Ax(t)} by a fixed point argument with Ry(t) = e~ 1= 8V A, (1) — oy, satisfying ().
In the case of initial data a finite sum of N Dirac masses with coefficients of equal modulus

and equation (@) renormalized with M = (N — 3)a?, we are led to solve the same fixed

2
point for Ry(t) = Ax(t) — oy.
Remark 1.7. The resonant part of the discrete system of {Ag(t)} is

Orarlt) = <23 la ()P — a0 — 200)

It is a non-autonomous singular time-dependent coefficient version of the resonant system
of standard 1-D cubic NLS. Indeed, usually for questions concerning the long-time behavior
of cubic NLS, one introduces

v(t) = e Bu(t).

In the 1-D periodic case the Fourier coefficients of v(t) satisfy the system
On(t) = D0 eI (e (s (),
k—j1+j2—73=0

so that the resonant system is:

idhan(t) = ap(t)(2 3 las (O — lan(t)?).

Of course, for 1-D periodic NLS with data in H% s > % (that corresponds to {v,(0)} €
125 C 1Y) there is no issue for obtaining directly the local existence.

Remark 1.8. The reqularity of {a;} might be weakened to IP spaces only (p < 00), see
Remark 22 It is evident from (I3)) that formally

(15) ) 14 ®F =0,

and therefore the 1> norm is preserved B As a matter of fact this says that the selfsimilar
solutions have finite mass for the 1-D cubic NLS when the mass is appropriately defined.
This has nothing to do with the complete integrability of the system because still works in
the subcritical cases studied in [32].

Note that to solve ([I3]) fort > Ty > 0 is quite straightforward making use of the available
Strichartz estimates in the periodic setting -see [8] and also [41] for a slight modification.
However, these methods do not give the behavior of the solution v when time approaches
infinity which is absolutely crucial for proving Theorem [I1. As a consequence we are led

2equivalently f047r |v(t, z)|? de = constant
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to make a more refined analysis. In view of Theorem [l we consider weighted 1>* spaces;
this in particular will allow us to rigorusly prove that () holds.

The paper is structured as follows. In the next section we prove Theorem [[.4] and also
the extension Theorem [Z3] concerning some cases of Dirac masses not necessary located at
integer numbers. Section [3] contains the proof of a Talbot effect for some solutions given
by Theorem [L4]l In the last section we prove Theorem [l

Acknowledgements: Both authors were partially supported by the by an ERCEA
Advanced Grant 2014 669689 - HADE. The first author was partially supported by the
Institut Universitaire de France and by the ANR project SingFlows. The second author
was partially supported by the MEIC project MTM2014-53850-P and MEIC Severo Ochoa
excellence accreditation SEV-2013-0323.

2. THE 1-D cuBIiCc NLS WITH INITIAL DATA GIVEN BY SEVERAL DIRAC MASSES

In this section we give the proof of Theorem [[.41

2.1. The fixed point framework. We denote N (u) = |"‘22“. By plugging the ansatz ()
into equation (@) we get

1 i AL (t itA s o A ztA o A itA ]
(16) > 0 Ap(t)e ™5, = N (u) m“ N 0) = 37 (O Ar(t)e* 25
keZ JEL keZ
We have chosen here for Simpli2city the sign — in ([@)); the sign + can be treated the same.
, (a—k)
The family e®20;(z) = © Nz Itlt is an orthonormal family of L?(0,4t) so by taking the
scalar product of L?(0,4rt) with €24, we obtain
Art e a)2 ;(2=k)?
- M
i0, Ap(t / N 44 g - M.
0 JEZL 47TZ \Y4 47TZt dmt
Note that as s > % we have {4;} € [%* C I! and we can develop the cubic power to get
1 k234343 - M
a7 oA =gg DL e T A4 AL - A,

k—j1+j2—j3=0
We note already that for a sequence of real numbers a(k) we have:
1 _ it -3 —
(18) O Z WA == > ak)e T Ay () A, (1) Ay (1) A (2)

4t i
k—j1+j2—73=0

1 23433
= - Z a(k)e ! E Ajl (t)AjQ (t)Ajs (t)Ak(t)

k—j1+j2—373=0
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53 —i5+if—k*
— 3 ak)e T AL (0 A, (DA AL ()
j3—Jj2+j1—k=0
1 ) —ik27j2+j27j2
=—— > (a(k)—a(s))e™ T w Ay, (8 Az, (0 Ay () Ar(D)

k—j1+j2—73=0

=5 2. (alk) —a(in) +a(i2) —aljs))e 1 A () Ay (D) Ay, () AR (D).
k—j14+72—3j3=0

Therefore the system conserves the “mass” :

(19) DA =Y 1AO0),
k k
and the momentum
(20) D kAP =D klAR0).
k k

We split the summation indices of (I7) into the following two sets:
NRy. = {(j1.j2,j3) € 2%,k — ji + jo — js = 0,k* — ji + j3 — j3 # O},
Resy = {(j1.J2,J3) € L%,k — ju + j2 — js = 0.k — ji + j3 — j§ = O}.
As we are in one dimension, the second set is simply
Resk = {(k7j7,])7 (j7j7 k)uj € Z}7
as for k — ji1 + j2 — j3 = 0 we have
K — i+ 75 — 53 = 2(k — 1) (j1 — Ja)-

In particular we get

_ik27j2+j27j2 _;2(k=51) (1 —jo) —_—
Yoo T WAL BAL W) = Y e Ay (DAL () Ak (1)

k—j1+j2—53=0 J1,§2€Z
=33 T A ()AL (D Ak (DY A (DA, DA+ Y A A (DA (1),
NF#k j2Fd1 J1#k Jo€Z
Therefore the system (I6]) writes
. 1 L T ) _—
(21) W0 AR(t) = o— Yoo A (D) A () A, ()

(J1,72,J3)ENRy,
1
+%Ak(t)(22 |A;(8)]* = |Ak(t)]* — 2M).
J

As we have already noticed, this system conserves the “mass” 3, |A;(t)]?, so since
M=3; |2, finding a solution for ¢ > 0 satisfying

(22) lim | 45(8)| = |ayl,
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is equivalent to finding a solution for ¢t > 0 satisfying also (22]), for the following also
“mass”-conserving system:
k25T +i5 53

, 1 I - 1
(23) A =g YL e AW ARM AL () — gl AP A).
(j17j27j3)€NRk

e \2 ~
By doing a change of phase Ay (t) = €' i log ﬁAk(t) we get as a system
a7 1 ~ -
(24) 0 A(t) = fi(t) — @(\Ak(tﬂz — Ja ) Ak (8),
where
(25)
1 K233 lewl—lay P Hlag 12 —lay,)? - - -
fk(t) iy e’ Jl4t]2 B e’ ) A = logﬁAjl (t)Ajz (t)AjS(t)‘

(J1,J2,43)EN Ry,

Now we note that a solution of ([24)) satisfies

(26) Ol A(6)* = 23(fr(t) Ak (1)),
so obtaining a solution of (24) for ¢ > 0 with
(21) lim| A ()] = o,

is equivalent to obtaining a solution for ¢ > 0 also satisfying (27]), for the following system,
that also enjoys (20)):

(28) DA = £ult) = g7 [ 2 A Al

o |2

We recall that we expect solutions behaving as Ay (t) = e 1= °8Vi(qy + Ry (1)), with
{R}} in the space:
(29)

X7 = {{fi} € CHO,T), %), {7 fi) Iz .myzes + £t e fie()}H| oo 0,7yi2s < 00},

with T" to be specified later. We also denote
{fetHlxr = I{E7 Fr@®) Lo 0,2 + [{E 06 fie () I poo (0, 7y12:5 -

To prove the theorem we shall show that we have a contraction on a suitable chosen ball
of size § of X7 for the operator ® sending {Rj} into

P({Rr}) = {2x({R;})},

with
t dr

SL({R})() = i /O gr(r)dr — i /0 /0 " S (gn(5)(an T Bn(3))ds (g + Rel(r) -

Anr’
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L e i S —_—
gt)=— Y et m el Via; +R; ()0, + Ry (6) (g, + Ry, (1)),
(41,72,93)EN Ry,

o ‘ak|2_|aj1‘2+|O‘j2‘2_|aj3‘2
and Wk,j1,52,93 = Tr .

Finally we note that in the case of N Dirac masses with coefficients |a;| = a and equation
@) with M = (N — £)a?, we get instead of (23] the equation
(30)
: 1 B s R 1
OA) = Y, et A WAL AL () — g (AP — owP) Ax(@).
(J1.72:33)EN Ry,

Hence we can write Ay(t) = ay + Ry(t) and the same fixed point argument works for { Ry }.
2.2. The fixed point argument estimates.

Lemma 2.1. For {Ry} € X7 with ||{Ry}||x+ < 0 we have the following estimates:

C
(31) {or@Hizs < = ({ar s +£76°),
(32)
! 2 3 2 27 ¢3
H{/O ge(r)drHize < Ct([{o s+ [{ HE s +877 (Lt {onH7.0)8% + [{as I, 0 +2776%),

(33) H{/O gr(7)(ar + Ri(7))dr}|i2e < Ct(|[{e}lizs +¢70)

X (I{og s 4 o s + 271+ {ar}R)0% + [{oy I 0 + £776°).
Proof. We note first that
{M;} > {N;} > {P;}(k) = > M;, Nj, Pj,,
(41,92,J3)EN R URes),

so in particular

(34) D MNPy | < {IMy[}* {IN;]} = {|P[} (k).

(91,32,53)EN Ry,
We shall frequently use the following inequality:
(35) M3 { N 1A Pj Hlooo + I{ M }H{ Nj }#{ Py }Hlizie < Cl{M; 2o KNG iz [{Ps }Hli2os
The first part follows from [?* C [! and the second part follows using also the weighted
Young argument on two series:

I{M;} x {Nj}lizs < CI{M; 3+ {1+ 1) NiHlz + ClI{ 4 15])° M} {N; 2
< OI{M; o I+ 17D Njdlez + CI{L + 151D My Hlg [{N; Ml < CI{M iz [{NG} lz.s -



13

Therefore by ([B4) we have

|gk(t)| < % Z (|aj1| + |Rj1 (t)|)(|aj2| + |Rj2(t)|)(|aj3| + |Rj3(t)|)
(41,92,73) EN Ry,

< %{laﬂ + [Ri ()]} * {leg| + [R; ()]} * {leg| + [R; ()]} (k)
and by (B5]) we get (BTI).

To estimate fot gr(T)dT we perform an integration by parts to get advantage of the non-
resonant phase and to obtain integrability in time:
(36)

2 2,.2 .2
k= —j7+355 33 .
—ie LR i gy g s log VE

t

, e -

z/ gr(T)dr =t Z 224 22 (aj, +Rj, () (v, + Ry, () (ajy + Ry, (1))
0 (J1,J2,93)ENRy, 7( Ji 73 ]3)

22,2 .2
kT —j7+55—
t — J17J27J3

e 4T
B Z 2 _ 52 2 2
0 (J1,72,J3)EN Ry, ﬂ-(k Ji I3 ,73)

xOp (e haninas 8V (g + Ry, (7)) (g, + Ry (7)) (s + Ry (7)) dr
Indeed, for fixed t, this computation is justified by considering, for 0 < n < t, the quantity
I](t) defined as ®j({R;})(t) but with the integral in time from 7 instead of 0. More

precisely, I)'(t) is well defined as the integrand can be upper-bounded using (34)) and (B5)
[{a } 1% o +HI{R; (D}

by the function C — which is integrable on (n,t). In particular the
discrete summation commutes with the integration in time. Performing then integrations
by parts on I}'(t) as above, we obtain for I}'(t) an expression that yields as  — 0 the above

expression for fg gi(T)dr.
We obtain, in view of (35), and on the fact that on the resonant set |k% — j2 + j2 — j2| > 1,

I/O gr(r)dr| < Ct{laj| + |R; ()]} * {lay[ + [R; (0)[} * {leg| + [B; (t)[} (k)
+C(1+H{Oék}||l2cx>)/0 Lol + B (7)) * Loy | + B (T)[} * {lay| + [R; ()]} (k) dT

+C/0 {7 9r B ()1} + {las| + [R; (T)[} * {la| + [R; ()]} (k) dr.

We perform Cauchy-Schwarz in the integral terms to get the squares for the discrete variable
and we sum using (B5):

t t
H{/O gr(m)dr} || < CF [{a + B ()}, + C(L+ H{Oék}llfz,s)t/o e + Rj(m)}Hpz.dr

t
wer /O e + Ry ()} {70 Ry (1)} 3.0 dr.
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Therefore we get ([B2):

II{/0 gr(T)dr iz < Ct(|[{a}s + 1{R; O} + 1{e5}.0)

+CA + [{auw 72 )T TR (7)o 01,02
+Ct{az I {70 Bj (T) Ml Lo 01) 125 +CH 2 {7V Ry(7) H T 0,7y g2 {70 By ()| oo 0,1 125

< Ct(I{a} s + oy HiZe) + O (A + [{aw} 2. )8” + Ctll{a;} |70 + CHH276%,

The last estimate ([33)) is obtained the same way as ([82]), by adding in the computations
the extra-term ay + Ri(7) and by upper-bounding it in modulus by |[[{ag}|;2s + 776, O

We now use [BI]) and B3] to get
{0: ({8} () Mz < [[{gx ()T} lp2s + ||{/0 S(gk(s) (o + Ri(s))ds (o + Rk(t))}Hl?»S%

C
< —(I{ow}lizs +76%) + C(I{au iz +76)*

<(I{eg ks + o Hips + 271+ {ar}B)0% + [{ay} .0 4+ 76°).
On the other hand,
t
/ gr(T)dT| +

(0B D) <
/ ")
0

so by Cauchy-Schwarz

{er({R D} < C

Now we use (32 and ([33]) to get

Hee({ R DO iz < Ctl{aas +[{a s +877 (14 [{aw H )0 + [ {a} 7.0 5+12767)

+Ct(|[{an} s +176)”
a3 5 3y 2 \s3 2 27 53
X(Ifaj iz + oy Hls + 7 (1 + [[{ar}lizs)0” + [y }l,6 +£776%).
Summarizing, we have obtained

(37) He{RiDH x> < Cll{awt s +T%8%) + OT([{an}i2.s +T76)?

(e i + e Hize + T2 (1 + o e )8 + [[{ag .0 + T276°)
+OT 7 (I{ag s + ey lzs + T2 + (e [0)0% + [{ag 2.0 + T76%)
+CT" 7 (|{a Hlpzs +176)?

(e Ml + e iz + T2 (1 + [{an 7 )8” + [{ay k.0 + T276%).

In view of ([B7), we can choose ¢ in terms of |[{a;}|;2s, and T small with respect to
[{cj }||;2.s and =, to obtain the stability estimate

I{E{ R ) Hixr < 0.

dr

S(gr(s)(ar + Ri(s))ds (o + Ry (T ))4M

2
(k[ +| R (7))

(s)(ax + Ri(s))ds

Jel &
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The contraction estimate is obtained in the same way as the stability one. As a conclusion
the fixed point argument is closed and this settles the local in time existence of the solutions
of Theorem [L4l

Remark 2.2. We notice that in [36]) we just upper-bounded the inverse of the non-resonant
phase by 1. One can actually exploit this decay in the discrete summations to relax the
assumptions on the initial data. More precisely, for 1 < p < oo one can use:
P P
Z Mj, N, Pj, Z Z M, Nj, Pre—ji o

k2_’2+‘2_‘2 .—'k’—'
(j1,j2.J8) €N Ry T2 705 T \Grdesi gk} 1 = gelik = 3l

1
<O Y IM P IM Py | (D ),
< — —
ko \jui = (L[ = g2+ [k = jul)
where q is the conjugate exponent of p. As 1 < p < oo we have g > 1 so

M, N;, P;

> R 4:2.2]3_ 51| < M e [N Hlew [P i -
(J1.42,53) EN Ry, JUTI2 s »

2.3. Global in time extension. We consider the local in time solution constructed pre-

viously. In the case s = 1 we shall prove that the growth of |[{a; + R;(t)}| 1)zt is

controlled, so we can extend the solution globally in time. Global existence for s > 1 is

obtained by considering the {>! global solution and proving the persistency of the regular-

ity 125,
We shall use ([I8) with a(k) = k% to get a control of the “energy”:

k23453 43

1 2, 2 .9y —i ik
0 ) KM =F—— Y (*K—jiri-se T Ay (8) A (1) Ajs (8) Ak (1)
k

167wt 4~
k—j1+j2—73=0

= iﬂ Z O (e It > Aj, (t)Aj2 (t)AjS (1) Ay (t).
k—j1+j2—j3=0

By integrating from 0 to ¢ and then using integrations by parts we get

STRAGP <D RAOP +Ct D> Ay (£) A, (£) A, (1) Ar(t)
k k

k—j1+j2—73=0

e / S (0:(r Ay (7) A () Ajy (1) AR(7))

0 k—j1+jo—gja=0

< H{%}H?zfr(?tZ(!Aj(t)\*\Aj(t)\*\Aj(t)!)(k)!Ak(t)H/o D (45 () A (1) %45 (7)) (k)| Ag (1) ldr
k k

T / (0 Ay () [+ A5 (7) bl A (7)) ()] A (7) [+ / SO (A, (1) e A5 (1)l A (7)) (5)0 | A (7).
0 0
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We shall use now the following estimate, based on Cauchy-Schwartz inequality, Young and
1
Holder estimates for weak [P spaces, and the fact that {72} € [2:

| D AMGIAN; B Py (k) Riel < I{M AN (P iz | R iz < CIH{M o [HNG Mg, 14 iz I R; e
k

.1 L1
< Cl{M; 32 3z, I1KNG 52 3z, 155 ez 1 725122

1 1 1 1
< CI{M IR IEM HI S KNG HIE KNG H 22 AP HE (TR 2
to obtain

A O < I{ag}l7r + CHI{LA; O 1A (0)}

+ [ A Dl dr
+ / 100 A5 () i 1A (P A () 2 el
0

Now we notice that for system (7)) we get
[{0-A4; () }Hiz < %(H{Aj(t)} *{A; () +{A; (O} iz + {A; ()} i2)

< g(H{Aj(t)}HzmH{Aj(t)}H?z +IH{A; (O} i2)-

By using also the conservation of “mass” ([I9) we finally obtain

A (O} < I{egHiEr + Ctl{ag} B I{A; (0} iz

+/0 H{Oéj}Hf’zH{AJ(T)}Hde+/0 e}l 1{A; (1)} dr

We thus obtain by Grénwall’s inequality a control of the growth of ||A;(¢)||;2.1, so the local
solution can be extended globally and the proof of Theorem (4] is finished.

2.4. Cases of Dirac masses not necessary located at integer numbers. Some cases
of Dirac masses, not necessary located at integer numbers, were treated in [32] and can be
extended here to the cubic case. We denote for doubly indexed sequences

o g Hlies s= D2 (1 [kl BD e 2
k,keZ

We note that a distribution f =3, a; 76,7 satisfies

FO =D il i(§) = D ay e SoF ),

keZ keZ
that can be seen as the restriction to & = & = £ of

_ —if1ak—i&abk
Z Vg, k€ ’
kEZ
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which is the Fourier transform of

E(f) = Z%,k‘s(ak,b%)-

k€EZ
We denote
2 2 2 2
sriap = {u € S (), a6+, &) = (61, &+ 50) = (€1, &), € H(0, =) x (0, =)},
and

—

HfHH;'I;if:% = HE(f)HHS((O,%)X(OFTﬂ'))

Theorem 2.3. Let s > %, T >0 and % < v < 1. Leta,bc R* such that § ¢ Q. We
consider the 1-D cubic NLS equation:

M

with M =Y, ity |y i|* and #{(k,l;:),ozk,; # 0} < oo. There exists g > 0 such that if
{ay, i Hlzs < €0 then we have T > 0 and a unique solution on (0,T) of the form

1
(38) i0u + Au =+ 5(\142 —

oy g2 .
= ] A
(39) u(t) = D7 T B g o By (1) R0, 07
k,keZ
with the decay
(40) sup ¢ |{ Ry 1 (0)}Hlzs + {0 R, ()} ]2 < C.
0<t<T

Moreover, considering an initial data a finite sum of N Dirac masses

u(0) = Z O‘kJ%éak-kbfc’

keZ

with coefficients of same modulus |o, ;| = a and equation BI) normalized with M =

(N — 1)a®, we have a unique solution on (=T, T)

u(t) = B y(0) + ieitd /0 i <<\u(7)]2 - £> W)) dQ—T

such that B(e—#3u(t)) € CH((=T, T), H*((0, 2£) x (0, 2%))) with
le™ B u(t) — u(0)[| yoaias < Ct?, Yt e (=T,T).
pF;a,b

The new phenomenon here is that if for instance the initial data is the sum of three
Dirac masses located at 0,a and b then we see small effects on the dense subset on R given
by the group aZ + bZ. Another difference with respect to the previous case is that the
non-resonant phases can approach zero so we shall perform integration by parts from the
phase only on the free term. Due to this small divisor problem we impose on one hand
only a finite number of Dirac masses at time ¢ = 0, and on the other hand a smallness
condition on the data.



18 V. BANICA AND L. VEGA

The proof of Theorem goes similarly to the one of Theorem [L4], by plugging the
i (zfakfbl_c)2
ansatz ([B9) into equation (B8] to get by using the orthogonality of the family {647\/T Itlt}
the associated system

z’@tAkJ;(t)

1 (katkb)%—(j1ati15) %+ (patiob)? —(jza+tizb)?
TR ;
8t

Ajl J1 (t)Aj27j~2 (t)AJ'SJE (t)
((71:71)(J2:72),(33,73))EN Ry, 1

1
i@flk,;(ﬂ@z 4,5 — 4, ()] — 2M),
%

where N Rk’;C is the set of indices such that the phase does not vanish i.e. such that
k—ji+ja—js =0k —ji+j2—js =0, K> = ji +j5 —j§ # 0, and k — ji + j2 — js # 0.
We have to solve the equivalent “mass”-conserving system:

Z'atAkJ;(t)
(41) )
_ q:i Z i (ka+kb)2f<j1a+j'1b)2+4<tj2a+f2b>2f<j3a+j'3b>2

8t . B B
((41.1),(92.52),(43.53) ) EN Ry

Aj1 J1 (t)Ajzvfz (t)Aj37f3 (t)
1 2
R ’Ak,k (t)] Akj%(t)’

loy i1
4

We look for solutions of the form A, ;(t) = e¥' logﬁ(ak iR, (1), with {R, ;} € Y7:
(42) Y7 = {{f, 1} €C0, 7))}

As for Theorem [[4] we make a fixed point argument in a ball of Y7 of size depending on
[{c, i}z for the operator ® sending {R, ;} into

O({R, ;) = {®, ;({R; 1)},

with
t t T dT
@ i ({R;5H(0) = Fi /0 fi i) drei /0 /0 S a() o + Ry g(s)ds(o i+ Rz (7)) o
where
4 (ka+l~cb)2f(j1a+j_1b)2+4(j2fl+j_2b)2*(j3‘1+j_3b)2
e t
~(t) =
Fri(®) i Z ) 8t
((41,51),(52,42),(43,33) ) EN R, 3,
_i‘ak,l_c‘Qi‘ajl’h ‘2+‘aj2732‘27‘a13v33‘2 logt

xe in (o, 7, + By, 7, (D), f, + Ry, 5, () (ay, o+ Ry, 7 (2))-

To avoid issues related to having the non-resonant phase approaching zero, we perform inte-
grations by parts only in the free term involving a finite number of terms, as #{(k, k), a, ; #
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0} < co. All the remaining terms contain powers of R, (1) so we get integrability in time
by using the Young inequalities ([B5]) for double indexed sequences. However, due to the
presence of terms linear in R, (1) we need to impose a smallness condition on the initial
data |[{c; 5}[|;2s. Moreover, from the cubic terms treated without integrations by parts
as previously, we need to impose v > 1. The control of {0 Ry, 1,(£) H| oo (0,125 18 easily
obtained a-posteriori, once a solution is constructed in Y.

3. THE TALBOT EFFECT

The Talbot effect for the linear and nonlinear Schrédinger equations on the torus with ini-
tial data given by functions with bounded variation has been largely studied ([5],[46], [48],[52],
[20],[17]). Here we place ourselves in a more singular setting on R, and get closer to the
Talbot effect observed in optics (see for example [6]) which is typically modeled with Dirac
combs as we consider in this paper.

As a consequence of Theorem [[L4] the solution u(t) of equation (@) with initial data

u(0) = ady,
kEZ

behaves for small times like e*®ug. We compute first the linear evolution e’

displays a Talbot effect.

tA40 which

Proposition 3.1. (Talbot effect for linear evolutions) Let p € N and ug with
2w —periodic. For all t, , = %% with q odd and for all x € R we have

, 1 2 Lo (g m
43)  eltraByg(z) = —/ Ui (€)e ™ ttrat Hizt eW0mmag(z — 2t -l ——)dg,
(43) o(z) i Jo 0(§) > > ( pa . ) d¢

leZ m=0

for some 0,,,, € R. We suppose now that moreover gy is located modulo 2w only in a
neighborhood of zero of radius less than 77% with 0 < n < 1. For a given x € R we define

).

1
¢, = 22 gist (;p —Z) e,
p q p

Then there exists 0,4 € R such that

3 1 . 2, - .
(44) eltp’uno (1’) - = /L[O (é. ) e_ltpyq Ez+lm §z+191‘,p,q.
va ot
In particular |e"r%u(l + %)| = |eMtraPug(0)| and if x is at distance larger than 3 from

%Z then e'ra®ug(x) vanishes.
Moreover, the solution can concentrate near %Z in the sense that there is a family of
initial data u} =Y, cp 00 and C > 0 such that
ettra2ug(0)
ettra® a5y (0)

A—00

(45) — 00.
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We note here that thanks to Poisson summation formula the above proposition applies to
up = Y ey Ok Therefore e*Pug(x) = 0 for = ¢ %Z, and is a Dirac mass otherwise, which
is the classical Talbot effect. However this kind of data does not satisfy the conditions
of Theorem [[4l Nevertheless, the concentration phenomena ([45) is obtained by taking a
sequence of initial data {uj)} whose Fourier transform is periodic and concentrates near
the integers.

Proposition Bl insures the persistence of the Talbot effect at the nonlinear level.

Proposition 3.2. (Talbot effect for nonlinear evolutions) Let p € N, € € (0,1) and

qe such that e%/@log qe < %; i particular ge =9 ~+00.
Let ug be such that ug is a 2m—periodic, located modulo 2w only in a neighborhood of
zero of radius less than 77% with 0 < n < 1 and having Fourier coefficients such that

[{cu}Hli2s < € for some s > L. Let u(t,x) be the solution of (@) obtained in Theorem [17]
from {ay}. Then for all t,, = %% with 1 < q < g odd and for all x at distance larger
than g from %Z the function u(t,x) almost vanishes in the sense:

(46) |ulty,q, )] < €.

Moreover, the solution can concentrate near %Z in the sense that there is a family of

sequences {ap} with ||[{a}||2.s A2 0 such that the corresponding solutions uy obtained in
Theorem satisfy

UA(tp,qv 0)
ettra®ady(0)

A—00

(47)

3.1. Proof of Propositions [3.1H3.2l We start by recalling the Poisson summation for-
mula ), fr = > ez f(2mk) for the Dirac comb:

O d)@)=> sz —k) =) €™,

kEZ keZ keZ
as

—

o0
O(x —-)(2mk) = / e 2§ (2 — y) dy = e~ 2R
— 0o
The computation of the free evolution with periodic Dirac data is

(48) eitA(Z 5k)(33) _ Z e—it(27rk)2+i27rk:c‘

kEZ kEZ

For t = %% we have (choosing M = 27 in formulas (37) combined with (42) from [19])

q—1
(19) 1A (S 5 (@) = 32 > Gl-pmg)i(o—1- )

k€EZ leZ m=0
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which describes the linear Talbot effect in the periodic setting. Here G(—p, m,q) stands
for the Gauss sum

Now we want to compute the free evolution of data ug = Y .y dp. As ug(§) =
> pez e is 2m—periodic we have:

A 1 oo oo 1 27 (k+1) ) o
ugla) = 5 [ et iy ag = -3 [ ey dg
2T — 00 2 keZ o2k
1 o A ix(2nk+&)—it(2mk+£)? 1 o N —it&2+ix —it (27k)2 +i2mk (x—2t€)
S G dé = %/0 do(€)e e de.
keZ keZ
Therefore, for t, , = %% we get using (AS)-({E9):

- 1 [ G2 ! m
eltralyy(z) = —/ 1ip(€) e Hral Hize G(—p,m,q)é(x — 2t, & — 1 — —) dE.
o(@) = | ol®) > Gl=p,m,q)d(x — 2y ¢ ) dS

€7 m=0
For g even G(—p,m, q) can be null. Therefore we consider ¢ odd. In this case G(—p, m, q) =

V/qe’m for some 0y, ,,, € R so we get for t, , = 27 g

-1
. 1 [2r . . d .
e'trayg(z) = — / o (€)e " trat HITE NN Onag(y — 2t € — 1~ 0 de.
Va .Jo 1eZ m=0 q

We note that for 0 < £ < 27 we have 0 < 2t£ < %p. For a given z € R there exists a unique
lx € Z and a unique 0 < m, < ¢ such that

- 1
w1l — 2 e, ).
q q
We denote )
g My mq s
(o= — (-1, ——)=—d(z,-2Z) € ]0,—).
p( q) p ( q) [ p)

In particular if 4g is located modulo 27 only in a neighborhood of zero of radius less than
I then
P

eztp,unO(x) — % UAO(&C) e—ztp,q §g+zx§z+z6m,p,q7
for some 0, ,, € R. If moreover g is located modulo 27 only in a neighborhood of zero of
radius less than 77% with 0 < n < 1, then the above expression vanishes for = at distance
larger than g from %Z.
We are left with proving the concentration effect (EH) of Proposition 3.1 We shall
construct a family of sequences {ozk} such that », akék concentrates in the Fourier
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variable near the integers. To this purpose we consider ¢ a real bounded function with
support in [—3, 2] and 1(0) = 1. We define

FAE) = NY(XE), V€ € [—m, 7],

with § € R. Thus we can decompose

kEZ

uy = Z .

keZ

and consider

In particular, on [—m, 7], we have ué = f*. Given tpg = for A > p, the restriction of

27r q’
u(’} to [—m, 7] has support included in a neighborhood of zero of radius less than n% for a
1 €]0,1[. We then get by (@)
. 1 — . - .
eltp’qA’LLA(O) - = UA(O) e itp.a Eo+tix §z+2€mz’
0 a 0
SO

eitpquu)\ _ L bY _ L B _ L 8
| 0(0)] \[!f (0)] \/6)\ $(0) \/6)\ :

On the other hand, at ¢, , = i— we have

’7T

eteSain = 2 fod = /24 o | [7 Pregae] = con, [

Therefore
I VANND 0
€ A"io() _ VP )\Aifoo,
e'traRado(0) C(¥)q
and the proof of Proposition B.1]is complete.

Finally, for the first part of Proposition [3.2] as the sequence {ay} satisfies the conditions
of Theorem [I4]

| \2 .
ultpg,w) = e EVIna (ay + Ry(ty))eiraRor(a),
keZ
SO

it
(tpg: @ Ze P92 a0y ()

keZ

lox oy |2 .
< Z(l — T 1ogm)ake”” qA(Sk ) + Z et o 1OgmRk(tpﬂ)eltp'qA(sk(x).

keZ keZ
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From Proposition B} if z is at distance larger than { from %Z then er.a® 3" oy ()
vanishes. Also, from (B7) we can choose the radius d of the fixed point argument for { Ry}
to be of type C|[{ay}||%.. so we get

Flagl? C _1
Uty g, )] <D 1 —ear 18 Vinaj|ay — + Cl{crHEstng®.
keZ p,q

If ¢ is such that ||{oy}[|A log ¢ < 3 then we obtain

ultp,g, @)| < C\/(_Il()ng |04k|3 +
keZ

and therefore (@) follows for C'\/glogqe€* < 1.

For the last part of Proposition we proceed as for the last part of Proposition B
and we suppose also that ) € H*(R) with s > %, and impose [ < %—s. Then the condition
Y € H*(R) insures us that {a}} € (%%, and moreover ||{a}}[|;2s = C’(zﬁ))\ﬁﬂ_% ATt
Therefore, for A large enough, by using the same estimates as above we obtain for % <y<l1

C

=3

e} lies,

. C _3
[ (tp,q: 0) — €71 2ug (0)] < Cy/qlog gll{aq} Il + ?H{QQ}H%,S < Cy/glog gA*+5 2,
q 2
SO N '
u*tp,g: 0) e'traBug (0)
eitra®adp(0)  etraPa)dp(0)

By choosing 8 = 2(3 — s)~ we have A28+35=5 < X so in view of ([@5]) the divergence ([T
follows.

< Clog q)\26+3s_% )

4. EVOLUTION OF POLYGONAL LINES THROUGH THE BINORMAL FLOW
In this section we prove Theorem [I.11

4.1. Plan of the proof. We consider equation (@) with initial data

u(0) = > by,
keZ
where the coefficients aj will be defined in §4.2] in a specific way involving geometric
quantities characterizing the polygonal line yg. Then Theorem [[4] gives us a solution
u(t,z) on t > 0. From this smooth solution on ]0,c0[ we construct in §4.3] a smooth
solution x(t) of the binormal flow on |0,, 00, that has a limit x(0) at ¢ = 0. Now the
goal is to prove that the curve x(0) is the curve yp modulo a translation and a rotation.
This is done in several steps. First we show in §4.4] that the tangent vector has a limit at
t = 0. Secondly we show in §4.5] that x(0) is a segment for z €|n,n + 1[,Vn € Z. Then
we prove in §4.71 by analyzing the frame of the curve through self-similar variables paths,
that at points x = k € Z the curve x(0) presents a corner of same angle as xo. In §4.9] we
recover the torsion of yg by using also a similar analysis for modulated normal vectors in
§4.8] Therefore we conclude in §4.10] that x(0) and xo coincide modulo a translation and
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a rotation. By considering the corresponding translated and rotated x(¢) we obtain the
desired binormal flow solution with limit xo at ¢ = 0. The extension to negative times is
done by using time reversibility. Uniqueness holds in the class of curves having filament
functions of type (). In §4.TIT] we describe some properties of the binormal flow solution
given by the Theorem LI

4.2. Designing the coefficients of the Dirac masses in geometric terms. Let yo(z)
be a polygonal line paramatrized by archlength, having at least two consecutive corners,
located at * = 29 and x = x;. We denote by {x,,n € L} C R, the locations of all
its corners ordered incresingly: x, < x,+1. Here L stand for a finite or infinite set of
consecutive integers starting at n = 0. We can characterize such a curve by the location
of its corners {x,,n € L} C R and by a triple sequence {6,,, 7,,, 0y, }ner, where 0,, €]0, 7],
Tn € [0, 7] and 6, € {—,+}, 70 = 0, &y = +, in the following way.

Let us first denote by T}, € S? the tangent vector of xo(x) for x €]a,, 2,1 1[. For n € L we
define 0, €]0, 7 to be the (curvature) angle between T,,_; and 7T,,. We note that given only
T,—1 and 6,, we have a [0, 2r[-parameter of possibilities to choose T),,. We define 79 = 0,
do = + and for n > 0 we define a (torsion) angle 7,, € [0, 7] at the corner located at x,, to
be such that
(50) cos(t,) = Tn-1 ATy . In AT .

‘Tn—l A Tn‘ ‘Tn A Tn-‘rl’

We note now that given only T;,_1, T}, 6, and 7,, we have two possibilities to choose T}, ;1.
Indeed, T),+1 is determined by the position of T,, A T),+1 in the plane II,, orthogonal to
T,, given by the oriented frame T,,_1 AT, and T,, A (T),—1 A T},). Therefore we have two
possibilities by orienting it with respect to T,,_1 A1T},: by 7, or by —7,. We define ¢,, = +
if (Ty,—1 ANTy,) A (T, ATp41) points in the same direction as T, and §,, = — if it points out
in the opposite direction. For n < 0 we define similarly (torsion) angles 7,, € [0, 7 at the
corner located at x,,.

Conversely, given L a set of consecutive integers containing 0 and 1, given an increasing
sequence {x,,n € L} C R, and given a triple sequence {6, 7y, 0 }ner, where 6, €]0, 7],
Tn € [0,7] and §,, € {—,+}, such that 79 = 0, dyp = +, we can determine a polygonal line
X0, unique up to rotations and translation, in the following way. We construct first the
tangent vectors, then xo is obtained by setting x{(z) = T}, on & €]y, ny1[. We pick a
unit vector and denote it 7_;. Then we pick a unit vector having an angle 6y with 11,
and we call it Th. Then we consider all unit vectors v having an angle #; with 7. Among
them, we choose the two of them such that Ty A v, that lives in the plane Ily orthogonal
to Ty, have an angle 7 with T_1 A Ty. Eventually, we choose T to be the one of the two
such that if 69 = + the vector (T_1 ATy) A (To Av) points in the same direction as Tp, and
such that if 69 = + the vector (T_1 A Ty) A (To A v) points in the opposite direction of 7.
We iterate this process to construct xo(x) on x > x, and similarly to construct xo(x) on
r < Xyp.

Given x( the polygonal line of the statement, we define {x,,,n € L} the ordered set of its
integer corner locations and the corresponding sequence {0, 7,,, on }ner, where 6,, €]0, 7|,
Tn € [0,7] and 6, € {—,+}, 70 =0, dg = +. Then we define oy =0 if k ¢ {x,,n € L} and
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if k = x,, for some n € L we define oy, € C in the following way. First we set

(51) ] = \/—% log (sin <%">>

Then we set Arg(a,,) = 0 and we define Arg(ay) € [0,27) to be determined by
(52) { cos(m,) = — cos(gb‘%M — ¢‘axn+1| + Bn + Arg(ag,) — Argag,,,)),

Op = _Sgn(Sin((blaxn\ - ¢|o¢xn+1| + Bn + Arg(axn) - Arg(axn+1)))7
where {¢,, |} are defined in Lemma [£.8 and depend only on |ay,, |, and

Bn = (|amn|2 - |O‘mn+1|2) log [z, — Tp1].
We consider the solution u(¢,z) given by Theorem (L4) for the sequence v4micy, and
% < 7y < 1, that solves
(53) iOu+ Au+ 3 (Ju> = 2L)u =0,
with M =", ., |ax|?, and can be written as
e
(54) u(t,z) = Y el loe Vi, 4 Ry (t) —=—,
k ﬂ
€z
with
sup ¢~ |[{Re(t)} iz + ¢ [{O: R () H2e < C.
0<t<T

4.3. Construction of a solution of the binormal flow for ¢ > 0. Given an orthonormal
basis (v, vs,v3) of R3, a point P € R3 and a time tq > 0 we construct a frame at all points
z € R and times ¢ > 0 by imposinéa (T, e1,e2)(to,0) = (v1,v2,v3),

T 0 —Qug Ru, T
el (t,x) = Suy 0 —g + 4 er | (t,x),
e/, ~Ru, M 0 e
and
T 0 Ru Su T
el (tzr)=| —Ru 0 O er | (t,x).
€9 —Su 0 0 €9

xT

3Actually we should work in the definition of the evolution in time and in space laws for the frame with
v(t,x) = eMlog ‘/zu(t, x) instead of u(t, z). Indeed, this construction leads, by identifying Tiz = Tut, €1t =
€lst, €2te = €25¢ to the NLS equation (B3]) with nonlinearity % (|v|2 — %) v. However, for simplicity of
the presentation we shall use u(¢,x) as the space-independent change of phase does not change the BF
constructed curve. Indeed, it is easy to see that if (7, N) is constructed by (E5)-(G8), then (T, e **MN) is
constructed by the same evolution laws with v(t,z) = e**®u(t, z) instead of u(t,z) and so the constructed
tangent vector is the same.
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We can already notice that T'(t, z) satisfies the Schrodinger map:
Ty =T ATy
We define now for all points € R and times ¢ > O:

x(t,z) =P+ /tto (T ANT,)(7,0)dT + /090 T(t,s)ds.

As T'(t,x) satisfies the Schrodinger map we have Ty = (T'ATy),, so we can easily compute
that (¢, x) satisfies the binormal flow:

=T NTy = Xz N Xaz-

We note that there are two degrees of freedom in this construction - the choice of the
orthonormal basis (v, v, v3) of R? and the choice of the point P € R3. Changing these
parameters is equivalent to rotate and translate respectively the solution x(¢). The resulting
evolution of curves is still a solution of the binormal flow, with the same laws of evolution
in time and space for the frame.

We introduce now the complex valued normal vector

N(t,z) = ey(t,x) + iea(t, x).

With this vector we can write in a simpler way the laws of evolution in time and space for
the frame, that will be useful in the rest of the proof:

(55) T, =Rues +Suey = R(uN),
(56) N, = ey +iegy = —RuT —iSuT = —uT,
(57) Ty = —Sug €1 + Rug e2 = S(uzy N),
(58)

2 M 2 M 2 M
Nt:%uxT+< |u2| +2—t>62—i§RuxT+i<%—2—t>el zuxT+z<|u2| 2t>N’
(59) xt=TANT,=TARTuN)=STN).

In particular from (B4)) and (B9) we have for 0 < t; < to < 1:

to 1)
/Xt(t,:n)dt‘g/ lu(t, o) dt
t1 t1

/QZ|aJ+R )1 < OVaHa o + IR =)

IX(t2, ) = x(t1, 2)| =

This implies the existence of a limit curve at ¢t = 0 for all z € R:

Jlim x (¢, z) =: x(0, ).
t—0
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Moreover, x(0) is a continuous curve.

4.4. Existence of a trace at t = 0 for the tangent vector. For further purposes we
shall need to show that the tangent vector T'(¢, z) has a limit 7'(0, z) at ¢ = 0, and moreover

we shall need to get a convergence decay of selfsimilar type d(x—‘/% for x close to Z. This is
insured by the following lemma.

Lemma 4.1. Let 0 <t1 <ty <1. Ifz € R\%Z then

(60) |T(t2, 2) — T(t1,2)| < C(1 +|z[)VE2 <d(xllz) * d(a:1 Z)) ’
D) ’

while if x € %Z then

(61) T(t2,2) = T(t1,2)] < C(1+ |2])V1a.
In particular for any x € R there exists a trace for the tangent vector at t = 0:
(62) AUm T(t,z) =: T(0, ).

t—0

Proof. In view of (57) and (54]) we have

T(ty,z) — T(t1, 2) = / * S Nt a)) di

t1

i (x*j)2
4t

:s/tlzzj:emﬂlogﬂ(aj+Rj(t))e = (_i)(zj)N(t,m)dt.

In case j = x the integrant vanishes so we get the left-hand-side of (6I]) null.
For j # x we perform an integration by parts that exploits the oscillatory phase to get
integrability in time:

e=)? b2
Z'Q'QO 76_2 4t - 4t2 (:I:_j)
T(tg,x)—T(tl,x) = %Ze loj[1 g\ﬁ(aj + R](t)) \/% (—Z) (l’ —j)2 (—Z) o N(t,a:)
Jj#w t
to ’l(x J)2
+2J/ Z (Ve eV RN (t,2))y dt =: Io + Iy + Io + Is + Iy,

t1
JFx
where we have denoted by Iy the boundary term and by Iy, I, I3, I, the terms obtained
after the differentiation in time of the quadruple product in the integral part. We consider
first the boundary term

Io] <CVE2 Y laj + Ryl tz)l
J#T
If z € Z then we have

1

+O\FZ|%+R 751)|| —

J#z

[T < CVE(I{a; i + I{R) Hlzee (0,2))
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while if x ¢ Z /i

t2
T (ol + R o)
Therefore the contribution of Iy fits with the estimates in the statement of the Lemma.
The terms I; and I5 can be treated the same, as ff(ﬂe‘“o‘k‘zlog ﬁ)t dt < C'/ty. Also the

term I3 can be treated similarly, as |0;R;(t))| < % on (0,1). We are left with the I term,

2
which contains in view of (58]) the expression N; = —iu, T+ (% — %) N:

|| <C

_ie=a)?

to .
Iy = 23/ Z i\/iel‘“j‘“‘)gﬁ(aj + R;(t))
1 r—=7
J#z
S k)
. 4t €T —
x | =i Y emilnl*los Vi, 4 Ry (t)) i T(t,x)
- N
—ilJar P—|as[?) log Vi - @=n?—(@=D)?
i [ e ’ (or + Be(®))(cr + Ri(t))e” 5 M Nt.a) | dt
2t 2t ’ '

We notice that the second term can be upper-bounded as Iy. We are thus left with the

first term:

to ) (it ke _ ) -
[471 _ %/ Z e‘Z(J k)(Zrk 2z) T kez(laj|2—\ak|2)log\/i(aj i Rj(t))(ak 4 Rk(t))T(ux)%,
t1

jikta e
for which we still have an obstruction for the integrability in time. The terms in the sum
for which j = k have null contribution as they are real numbers. Also, in case 2z € Z, the
terms in the sum for which j + k — 2x = 0 give

ta ) dt
-9 / S efllewsanlolonlon Vi T R o @) + Re()T(12)
b ot
2 pillagP =l 20 108 VE (T R0 di
== [ el QTR @) s + Rogaanl) T 0) T
"j#a
™ il PHa s 20[) log v di
:%/ Y et Hlassmalos (aj + Bj (1) (a—jr20 + Bjiaa(t))T(t 2)
e
™ gillacirzel?—larl?) log v di
:%/ Ze i lTIARTO8 (a—k+2m+R—k+2m(t))(ak+Rk(t))T(tax)77
t1 k#x

so their contribution is null.
Therefore we have, for all z € R,

t2 (k) G+k—20) T — k

fax= C3/ > i T T
b x _

b j kot jE kA2 J
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(o _— dt
!0 e 1o8 Vi (o 5R (1)) (oo + Re(0)T (¢ 2) -
We perform an integration by parts:
L =5 Z RIEEL D) (—i)4t? r—k

ikt ik g+ kA2 U=k +k=20)c =]

, I T(t,z)]"™
xetlsl®~lex)log Vi (o TR (1)) (cy + Ri(1)) (t’x)
t1
to (—k)(+h—22) i r—k
_,_43/ e — - -
t 2 (J—k)(+k—22)z—j

JikFE; j#k; kA2
x (te' 1ol len D 1os VE (0 Ry (1)) (g + Ri(4)T (8, ) dt
= Iy Lig + Iy + I3 + Iy + I,
where [ 21 stands for the boundary term and I il’ 1 il’ I j:’,l, I il and [ Ail are the terms after

differentiating in time the quintuple product in the integral. For the boundary term we
have

x — k|
D < 4t , ,| —|a; + Rj(t2)||ay + Ry(t
Rl 3 ToEG R st e+ Felt)

|z — k|
J = Ellj + k= 2z[|z — ]

+4tq
Jik#x; j#k; j+k#2x
As for j # k

loj + Rj(t1)||ax + Ri(t1)].

|z — K - |z — 4|+ [ + Kk — 2| - 1 1

63 - - — < — : — < — + —,
©3) TR R —2alle =gl [ —Flj+k—2alz—j] =~ jFk—2a] " Jz—J

we have for = € %Z
11211 < Cta({aj I + R HI e 0,0000)*-
while for z ¢ 17 we obtain

1 1
(e 32) d(a:,Z)) (I{oy I + I{R; Hlzo 0,2y )

\L(L),l’ < Cty <

The terms 1. il,f il’ I jil and I 2,1 can be upper-bounded as L(l{l by using moreover for I jil
and I} the bound 8, R;(t)) < € on (0,1). The last term I}, involves, in view of (57,

_ja=n)?
ey _ far?logvi— 76 L (@—T1)
Ty(t, x) = S(ug N)(t,z) = J;e eVi(a, + R.(t)) 7 (=)= N(t2)
SO "
1 2 (G—k) (+k—2x) 1 r—k
= -1 / G .
S R 2 (G—k)(G+k—22)z—j

JkFT; jEk; j+kA2x
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x eillos*~lon P o Vi (R (8)) (- Rie(2) %Zel‘w* o0 Vi (o, T R ()" ST (a—r) N (1, 2)
and in particular
f2 |z — k|
L A D ey s
<l + By(®)llas + Bult)] 3 lor + Re(®lo —r|
We can write '
Z o + Be(t)llz — 7 < O+ |z (e} 5 g+ + LRI ’t2)12’%+)7
so by using (G3)) we get for x € lZ:
124 < CO+ D) VEa({os I + I{RH =) (Hag ] o g+ + 1{R; }HLOO(Ot g+);
while for x ¢ 17 we obtain:
13,] < CVE(1L+ o) ( TR )
d(z,52)  d(z,Z)
(st + 1{R = 00)* (s o g+ + LR 24
Therefore the proof of the Lemma is completed. O

4.5. Segments of the limit curve at ¢t = 0.
Lemma 4.2. Letn € Z and x1,x2 € (n,n+1). Then
T(O,le) = T(O,xg).

In particular, we recover that x(0) is a polygonal line, and might have corners only at
integer locations.

Proof. From Lemma [£.1] we have

(64) T(0,21) = T(0,2) = lim (T'(t, 1) = T(t, z2)).
—

In view of (55]) we compute

T(t,x1) —T(t,x2) = /1‘2 R(@N (t,x))dx

G 3)2

—é)?/ Ze"aﬂ‘ o R 0)

N(t,z)dzx.

e
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In this case the integral is well defined, but we need decay in time. For this purpose we
perform an integration by parts, that is allowed on (x1,z2) C (n,n + 1):

Z2
Nt z)

1

j&=i)” 2

- t 2t

T(t,a1) — T(tas) = | RS el leevi TR, el o, 2
(t,z1) = T(t, z2) % ( (t)) A

+2\f<\/ Ze"aﬂ‘ o8 Vi (0 1 I, (1))~ (”2< ! ‘N(t,x)> da

r—7 .

oW +2\f°/ O

As by (B6) we have N, = — T,
T(taxl) - T(taxQ) - O(\/%)

2 2
2y —ila=ioemh)

_ %Z ei(lajP—lakP)log\/z(aj + R;(t))(ou + Rk(t))/ e—,T(t,x) d.

gk 1 r—=7

The summation holds only for j # k, as for j = k the contribution is null. Moreover, from

() we have |[{R;(t)}]|;x = O("), v > 1/2, so

. (j—k)z
252 Ty i
T(t, 1) — T(t, z9) = O(Vt) — 2\326 (lo [~ )1og\fa e’ T / em _2t‘ T(t,z)dx.
J#k 1 J
To get decay in time we need to perform again an integration by parts:
' ) ) 22 ei (j;f)z of T2
T(t,a:l)—T(t,xg) = O(\/Z)— QQZGZ(IO@" o )bg\/za_jakel it — T(tjx)
= x—j i(j—k)
)
2
Uk 1
+4t§RZeZ(‘°‘J‘2 lok[*) log Vi ak / = < -T'(t, a:)) dx
—k T —j
J#k £
i—j27k2 T2 . 1
— O + 4t RS el e loa vigrg, £ T / S T4, 7) da
por J—=Fk Ja T =]
From (B3] we have T,, = R(u N) so finally
-2 2
27 —k
T(t,z1) — T(t,z9) = O(Vt) + 4t§RZe (Jexj |l * )log‘/a ak 4tk
ik J
jU—k)z _ijlz=n)?

T2 ot L - T
|| log v/t _
X e a, + R,(t 7Nt,x dz = O(V1).
/x1 pa— ET ( (t)) v (t,x) (Vt)
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Therefore in view of (64]) we have indeed
T(O, :El) - T(O, l‘Q) =0.
O

4.6. Recovering self-similar structures through self-similar paths. In this subsec-
tion we shall use the results in [25] that characterize all the selfsimilar solutions of BF and
give their corresponding asymptotics (see Theorem 1 in [25]).

Let us denote by AT € S? the directions of the corner generated at time ¢ = 0 by the

o]

canonical self-similar solution x|o,((f, %) of the binormal flow of curvature o],

Vi
+ . +
A‘ak| = 02X|ay,|(0,07).

We recall also that the frame of the profile (i.e. x|q,|(1)) satisfies the system

22
{ 0uTjo, (1.2) = R(Jale™T Nio, (L.2)).

(65) ’ .
axN‘aH(l, a:) = —\ak\eZTﬂak‘(l, LZ'),

and that for x — oo there exist Bﬁ;k| 1 A‘iakl, with %(Bik‘), %(Bikl) € S?, such that
1 : 2 1
+ i|ov | < log |x +

Lemma 4.3. Lett, be a sequence of positive times converging to zero. Up to a subsequence,
there exists for all x € R a limit

(T(2), Nu(@)) = lim (T(tn, b+ 2v/E), ellowl*loa Vin N (¢ | + 2v/2,)),
and there exists a unique rotation Oy such that
Ti(z) = Ok(Tioy (),

(e'raon N, (z)) = (Mo (2))),

(67) R(e' = O(R
J(M79% Ny () = Op(S(N gy (2)))-

Moreover, for x — +oo
1
)+ O(—).

]

1
|z

(68)  Ti(z) = On(AL )+ O(

v |

)7 ei\ak|2log\x\eiArg(ak)N*(x) — @k(B:I:

g |

Proof. Let t, be a sequence of positive times converging to zero. We introduce for x € R
the functions

(To(2), Ny (2)) = (T(tn, k + 2vE), el P18V N (4 | + 2/E,)).
This sequence is uniformly bounded. In view of (B3] and (G6]) we have

T (2) = VI RGN ) (tn, k + 2v/1)

. . (ktavEa—j)?
_ %(Z eilaj|? log \/ﬁ(aj + Rj(tn))e_l v N(tn, k +2vt)),

J
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and

N/ (z) = —eilowl*loaVin /e T) (t,, k + 2v/T)

. (et /En—5)?
= = 3 el s I g 4 Ry(t)) e Ttk o).
J
Therefore the sequence (7. (), N}, (z)) is also uniformly bounded. These two facts give via

Arzela-Ascoli’s theorem the existence of a limit in n (of a subsequence, that we denote
again (T, (z), Ny(x))):

3 lim (T, (x), Np(2)) =: (Ti(x), Nu(x)).

n—oo

Moreover, as |[{R;(ty)}|l = o(n) we can write

: ; (tay/Tr—)?
_ %(Z ez|aj‘2 log tna—j - 4ttn : (tr“ k+ xm)) + O(n)Nn(x)
J

= R@re T No(2)) + R(fa(2)Na(2)) + 0(n) Na(z),

where

—k _(k—)?
E et iy |2 —|ag]?) log tn— 'Hx IV T T )

J#k

For a test function ¢ € C2°(R) we have by integrating by parts, avoiding in case a region
os size o(n) around x = 0,

2 _ J=k . (k=5)>
(fulz / § el Pl og Vg 15 A T 0 gy
JF#k

i =k (k—5)*
2\/_ Aty

i(j — k)

/ZBZ(O‘JQ |lag|?) IOg\/E—Q\/E ( _2é¢($))m dx:C'(zﬁ)o(n)

J#k

Similarly we obtain

N/ (x) = —ozkei% To(x) + gn(2)Ty(x) + o(n) Ty (),

with g, = o(n) in the weak sense. Therefore (T} (x), A9+ N, (z)) satisfies system (G3)
in the weak sense. As the coefficients involved in the ODE are analytic we conclude
that (T, (z), eA79( ) N, (z)) satisfies system (G5 in the strong sense, as (Tia,| (%), Ny (2))
does. Therefore there exists a unique rotation © such that (G7]) holds. We obtain (G8]) as
a consequence of ([G0)). O
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4.7. Recovering the curvature angles of the initial data.
Lemma 4.4. Let k € 7Z. Then, with the notations of the previous subsection,
+ +
T(0,k™) = Gk(Alak\)'

In particular, in view of @) and [BI) we recover that x(0) is a polygonal line with corners
at the same locations as xo, and of same angles

Proof. Let € > 0. In view of (68]) we first choose x > 0 large enough such that
n €
T (z) — Qk(A\ak\D < 3’

and that @ < 5, where C is the coefficient in ([G0). Then we choose n large enough
such that |z/7,| < § and that |T'(t,, k + zv/%,) — Ti(z)| < 5. The last fact is possible in
view of Lemma 3] Finally, we have, in view of Lemma and (60):

|T(0,kT) — @k(A‘ZH” =[T(0,k + 2v/t,) — Qk(AIJ;k\”

<|T(0, k +av/n) =Tt k+2vE)| + |T(tn, b+ 2v/E) = Tu(w)| + |Tu(z) — Ok(A] ) < e,
SO
T(0,kT) = Qk(AIJ;k\)'
Similarly we show by taking = < 0 that
T(0,k7) = @k(AElk‘).
O

The lemma insures us that x(0) has corners at the same locations as xp, and of same
angles. To recover xg up to rotation and translations we need to recover also the torsion
properties of xg.

4.8. Trace and properties of modulated normal vectors. In order to recover the
torsion angles we shall need to get informations about N (¢, z) as t goes to zero. For x ¢ 7Z
we denote the modulated normal vector

(69) N(t,z) = PN (¢, @),
where
(70) D(t,x) :Z]ajIQIOg |$_‘7|.

Vit

We start with a lemma insuring the existence of a limit for N(t,z) at t = 0, with a

J
convergence decay of selfsimilar type d(m—*ﬂ’z) for x close to Z.

4 This also implies that the rotation ©j does not depend on the choice of the sequence t,,.
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Lemma 4.5. Let 0 <ty <ty <1. Forz ¢ %Z we have

(1) [N(t2,2) = N(t2,2)| < CQ +[al)VEz <d(xllZ) ‘T Z>) |
) ’

while if x € LZ\Z then
(72) |N(t2,$) — N(tl,x)| < C(1 + |z])Vta.
In particular for any x ¢ Z there exists a trace for the modulated normal vector at t = 0:
H%i_{% N(t,z) =: N(0,z).
Moreover for any x € Z there exists a trace
|z—j]

(73) 3 lim ¢ 27 10517108 57 N(t, x),

t—0

with a rate of convergence upper-bounded by C(1 + |z|)v/.
Proof. In view of (B8] and (54]) we have

B B to ’u‘2 M -
N(tg,x)—N(tl,:E):/ <—iumT—|—i<———>N—|—i<I>tN> erdt
t1

2 2t
2
to ] i(x;tj) (33— )
= —1 e—l|aj|2log\/f a; + R (t € i J T t,l‘
> (o + By (1) =i T 0.2)

J

@=0)? —(@=k)?
e 4t

+1 Z il —lak|?) log \/E(Ozj + Rj(t))(m) N(t,z) + i®,N(t,z) | e'®dt.

° 2t
J#k
We can integrate by parts in the first term to get
N(tz, :E) — N(tl, l‘) =
) t2
ZM 2 .
_ —i|aj|? log VE( . R:(t e 4 o 4t (x_j)Tt
Ze (Oé]—l— J( )) \/E ( Z(:E—j)z) o (7:17)
JF#T t
t2 ei(zth)Q Qo2 i
—2i [ S (e i Ry ()T (1 )
t1 r—)

j#x

to j@2=)?—(a—k)?

i[5 el s Va1 (1) (o Rn(D) 5 —
b gtk

Having in mind the expression (57 for 73 we obtain

5 N(t,z)+®¢N(t, z))eCdt.

N(ty,z) — N(t1,z) = O( Vi )
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to Z.(ac—j)z .
—Zi/ 3 E Vel oeVi(a; 1 Ry (1))
nogre T
- e_i(sz)Q r—k
xS efllonl*loe Vi (o, R (7)) (—i )N (t,2)e'®dt

- NG 2t

to o . el-(z—jﬂ—(z—m?

+i / (Y~ emilleylP=lexl s Vi Ry (1)) (o + Ri(t))
b gtk

The integrals are in +. By writing S(—iz) = —ZTJFE in the first integral, we have terms

t
j@2=0)?—(2—k)? j@=)?+(2=k)?
4t 4t

5 N(t, z)+®:N(t, z))eCdt.

or e , both oscillant except for the first one, in case j = k or
2 =j+k. Forx ¢ %Z we perform integrations by parts in all terms, except in case j = k
for the first integral, that allow for a gain of ¢> minus at worse terms involving NN; that are
. 1 .

1mn m

1 1

d(z, 37) * d(x,Z)))

[Py + R .
+i /t 1 Z %Na‘l’ + ;N (t,z)e'®dt.
J

N(tg,x) = N(t1,z) = O((1 + |a])v/Ea(

In view of the decay of {R;(t)} and the expression (Z0) of the phase ® we obtain ().
We are left with the case x € %Z. The computations goes as above, with some extra
non-oscillant terms that actually calcel:

N(tz,x) = N(t1,2) = O((1 + |z|)Vt2

r—7j 2t

to )
”/ S el oevVig, 4 Ry(1)) (o + Ri(D))
1 j#xk;j+k=2x

2 . N2 ,
+i/ S el vig, 4 Ry(t) (ok + RM))%”‘“’
Uty kyjtk=2z

t2 4 R(H)]? ) .
—1—2'/ Z WNJD + &N (t,z)e®dt = O((1 + |z|) vz
t1
J#x

Next we shall prove that N (0, z) is piecewise constant.
Lemma 4.6. Let n € Z and x1,22 € (n,n+1). Then

N(O,:El) = N(O,:Eg).

Moreover, the same statement remains valid for x1,x9 € (n — 1,n+ 1) if a,, = 0.
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Proof. From Lemma [£.5 we have
(74) N(0,21) — N(0,23) = hm (N(t,x1) — N(t,29)).

In view of (B6) we compute
~ ~ z2 )
N(t,z1) — N(t,z3) = / (—uT(t,x) +i®,N(t,z))e'* dx
Z1
;@=9)?

" —ia|? log Vi e " - i®
= [ (=) el (ozj+Rj(t))TT(t,x)+z<I>xN(t,:1:))e dz.
1 g

The integral is well defined, and In view of the decay of {R;(t)} we have

N2
. (z—j)
o T

Nt a1) = N(t,22) = O(Vi)+ / (-3 el lonvig, ©

T j

T(t,x)+i®,N(t, x))e® dz.

If we are in the case z1,29 € (n —1,n + 1) and «a,, = 0, the phase x — j can vanish on
(x1,x2) only for j = n but in this case the whole term vanishes as a,, = 0. In the case
(z1,22) € (n,n+ 1) the phase x — j # 0 cannot vanish on (z1,z2). Therefore to get decay
in time we integrate by parts:

(w 2 t2
- - 4t .
N(t,z1) — N(t,x e_l|°‘3| log\[ - , _T(t,x)e'®
t1

2 o 2Vt =-»?, 1 , -
+/ Ze_’|°‘1|21°g\/zaj—,\/_e’ it ( T(t,x)e'®), +i®,N(t,x)e'® dx.
- i

r—]
In view of formula (B5]) for the derivative T, and the expression (Z0) of ®(¢,z) we get
N(t,x1) — N(t,z0) = O(\V/1)
2

*2 j@=n? 1 - (z—k) -
—H'/ 226_2‘0‘?' log‘[a el %(Z el log Vi —i T N(t,x))+®,N(t,z))e'® dx
Tl T — ] 3
j J

= O(Vt)+i /xz(_ze_i(ajz_akl )log\[a age’ i= J)241&(1 sl
T

1 ]k

_N(t,)+®,N(t,z))e'® dx

=17

j@=)*+(@=k)? y>2+<z w2 1l
—iq el | +lon|?) 1°g‘fa e’ N(t,z)e'® da.
[x k )
In the first 1ntegral the terms with j = k cancel with the ones from ®,. In the second
integral the phase (x — 5)? + (z — k)2 does not vanish as (x1, 72) does not contain integers,
so we can integrate by parts, use the expression (G6) for NV, and gain a v/t decay in time.
We are left with

N(t,$1) — N(t,l‘Q) = O(\/E)
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» / B L LI P L
gk Y

Ifn+l ¢ (z1,22) the phase (z — j)> — (x — k)? does not vanish, so again we can perform an

integration by parts to get the decay in time. If n + % € (z1,22) C (n,n+ 1) we split the

integral into three pieces : (z1,n+ 3 —V1),(n+3 —Vt,n+3+Vt) and (n+ 3 + V1, 2).

On the middle segment, of size 2v/t we upper-bound the integrant by a constant. On the

extremal segments we perform an integration by parts, that gives a power V't as

1 - c
(@ —5)* = (z - k)?| ~ d(22,Z)

The cases when n+ § € (z1,22) C (n — 1,n + 1) are treated similarly. Therefore

N(t,z1) — N(t,z9) = O(V1),

and in view of (74]) we get the conclusion of the Lemma. O

We end this section with a lemma that gives a link between N(0,k*) and the rotation
O}, from Lemma

Lemma 4.7. Let t,, be a sequence of positive times converging to zero, such that

(75) ¢ 5 g og(vVED) _ 1.

Using the notations in Lemma [{.3 we have the following relation:

-0y . ajl?log|k—j| iArg(a \7
®k(B|:<th‘) = ¢ " 2yzk loslPlog k=3l gidrg(ar) N (), fF).

Proof. Let e > 0. We choose x > 0 large enough such that in view of (G8])
(76) eiloxl?log lel gidrg(an) 7 () — Ok(B, )l < i
and such that

C(1+|k]) e

i Sl L Vi
(1) R <

where C' is the coefficient in (7I). Then we choose n large enough such that |zv/%,| < 3
and such that

(78) et iz i log [/t +h—j] _ =i 3051 loj[*log [k—j| < i
and
(79) |ei|ak\2log\/ﬁN(tmk+xm) ~N(z)] < 2

The last fact is possible in view of Lemma 3l Therefore we have, in view of Lemma :
4 o X 21 k—q . ~
I = et T losl*log k=il gidrg(en) §(q, g+ — OBl )|
o ) 2 o . ~
= |e~t Xgzn losPlog k=il gidrg(ar) N (0, k + 2v/E,) — @k(B‘—(Zk|)|
<IN(0,k + 2vty) = N(tn, k + 2v/1))|
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e  Xirk |oj |* log [k—j]| ,iArg(an) N(tn, k+ zvtn) — @k(B‘J& |)|‘
k
By using the convergence ([[Il) of Lemma [£.5] together with (7)), and the definition (G9) of
N we get
| vEn+k—j|
Vin

I< i + et Ean o log k=il gidrg(an) P25 1ol log N(tn, k +2VEn) = Ok(B] -

In view of (78) and (75) we have

I< % + |eiAralan) eilok|*log || ;=i 3054, o [* log(vEn) N(tn, k + 2v/ty) — Gk(BlJ«;k\)‘

€

5 + |etArglax) cilak|* log|z| gilay[? log(v/En) N(tn, k + 2/tn) — Gk(B‘J;M)!.
Finally, by (79)
3e i A i 2] * +
I< T + |etArglar) gilowl"loglz| pre () — Qk(Blak|)|’

and we conclude by (@) that
I <¢€,Ve >0,
thus

On(B ) = o1 X gz P log k=3l jiArg(ay) ]\7(07 k).

louk|
For x < 0 we argue similarly to get
@k(B_

ok |

) = e~ Ly losPlog k=il gidrg(ew) N7(Q, ).
O

4.9. Recovering the torsion of the initial data. Recall that in §4.2] we have denoted
by {x,,n € L} the ordered set of the integer corner locations of xo and by {6,,, Tn, on }ner
the sequence determining the curvature and torsion angles of yo. Lemma [£.4] insured us
that x(0) has corners at the same locations as xg, and of same angles. Let us denote
{0,,, 7, 0n Yner the correspondent sequence of x(0). To recover xo up to rotation and
translations we need to recover also the torsion properties of xq, i.e. 7,, = 7, and Op = 0.

In §4.2] we have defined the torsion parameters in terms of the vectorial product of two
consecutive tangent vectors, and in view of the way the tangent vectors of x(0) are described
in Lemma 4], we are lead to investigate vectorial products of type @k(Af A AT ). We

ag lou|
start with the following lemma.

Lemma 4.8. For a > 0 there exists a unique ¢, € [0,27) such that
AT NAT : ide T
o’ ta _ R BF) = —R(e ¥ B).

Proof. For simplicity we drop the subindex a. We recall from (G6)) that the tangent vectors

of the profile x(1) have asymptotic directions the unitary vectors A* that can be described
in view of formula (11) in [25] as

AT = (A17A27A3)7 AT = (Al, —Ag, —Ag).
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This parity property for the tangent vector implies similar parity properties for normal and
binormal vectors and from (G6l) we also get
Bt = (By,By,B3), B~ = (Bi,—By, —B3).

In particular we have
A NAT 1

[A= NAF] m(o’ 43, 42),
SO
AT NAT L 1 AT NAT

Since Bt 1 AT and RB*,3B1, AT is an orthonormal basis of R3, we have a unique
¢ € 10,2m) such that

AT NAT .
m = COoS @?RB—’_ + sin¢%B+ = %(e_wB—i_),
thus the first inequality in the statement. The second inequality follows from (80). O

We continue with some useful information on the connection between quantities involving
normal components at two consecutive corners of x(0). Recall that we have defined oy = 0
if k ¢ {zp,n € L} and if k = x,, for some n € L we have defined oy, € C by (B1]) and (52).
In particular two consecutive corners are located at z, and x,.1, and the corresponding
information is encoded by «,, and oy, .

Lemma 4.9. Lett, be a sequence of positive times converging to zero, such that the hypoth-
esis ([(8) of Lemma [{.7] holds. We have the following relation concerning two consecutive
corners located at x, and T,41:

6., (B ) = 0 o) Ao, (B )
where

Brn = (|amn|2 - |O‘mn+1|2) log |zn — Tpq1l.
Proof. The result is a simple consequence of Lemma L7 and Lemma ]

Now we shall recover in the next lemma the modulus and the sign of the torsion angles
of xo.

Lemma 4.10. The torsion angles of x(0) and xo coincide:
7’:1’1, — TTL) Sn = 51’),, VTL 6 L
Proof. From the definition (B0)) we have

_ T(0,2;) ANT(0,zt) T(0,2,.) AT,z )
IT(0,27 ) AT(0,2:0)| [T(0, 2, 1) AT(0,2 )]

cos(7n)
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Now we use Lemma .4}

— + — +
Aol N Yol ST EATL
AT AAT VA A

| A
‘azn‘ |al‘n‘ |al‘n+1|

cos(T,) = Oy, (

|awn+1|

By using Lemma we write

cos(Ty) = O, <§R(ei¢‘“1‘n‘B+zn‘)) Oy <—§R(ei¢‘“%+1‘B_ ))

| oz, ]

S (@z”(ewﬂaxw@n‘)) R (@%H(ei%nt— )) .

‘awn+1‘

Finally, by Lemma we get

CO5(7) = —R (men FBiArsOn)“Arslec g, (B )

R (O (¥ B )

|O‘£n+1|

Since RB o

ey |

cos(7n) = — €08(P|q,, | + Bn + Arglas,) — Arg(ag, ) — ¢\°‘1‘n+1 )-

and B,

o | are unitary orthogonal vectors, we obtain
Tn41

Therefore, by definition (G2) of {Arg(a;)} we get
cos(7p) = cos(7y,),

and in particular 7, = 7,.
Similarly, we compute
T(0,z,,) ANT(0,2}) R T(0,2,, 1) AT(0,2, )
T(0,20) AT(0,28)]  |T(0,2,11) AT(0,2,7,)]

= _®mn+1 (%B_ )/\@ZBnJrl (%B‘;xwrl |) Sin(qb\azn | +5n—|—A7‘g(0‘mn)—A7"9(Oéwn+1 ) _¢\azn+1 |)

‘awn+1|

As R(B,

|awn+1|

) A S( |;wn+1\) = A‘;%H‘, in view of Lemma 4] we get

T(0,z,) NT(0,z;) N T(0,2,,1) AT,z )
IT(0,27) AT(0,25)]  |T(0,2,,1) ANT(0,;},4)]|

= -T(0,2,,)sin(|a, |+ Bn + Arglas,) — Arg(as, ) — ¢|o¢xn+1‘)7

so by definition (B2 of {Arg(a;)} we conclude &, = d,,. O
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4.10. End of the existence result proof. From Lemmald4] and Lemmal£.I0we conclude
that x(0) and xo have the same characterizing sequences {0y, 7y, 9, tner. In view of the
definition of this sequence in §4.2] we conclude that x(0) and xg coincide modulo a rotation
and a translation. This rotation and translation can be removed by changing the initial
point P and frame (vy,v2,v3) used in the construction of x(¢) in §431 Therefore we have
constructed the curve evolution in Theorem [[.T] for positive times. The extension in time
is done by using the time reversibility of the Schrodinger equation and the one of the
binormal flow, that means solving for positive times the binormal flow with initial data
X(—s), which is still a polygonal line satisfying the hypothesis.

4.11. Further properties of the constructed solution. In this last subsection we
describe the trajectories in time of the R3—locations of the corners, x(t, k).

Lemma 4.11. Let k such that oy, # 0, that is a location of corner for xo. Then there
exists two orthogonal vectors vy, vy € S? such that

x(t, k) = x(0, k) + V't (vy sin(M log V') + vy cos(M log(v/t)) + O(t).
Proof. From (59) and the decay of {R;(7)} we have

x(t, k) —x(0,k) = /0 S(uN(r, k))dr

i k=5)? J)2

7 N(r,k)dr

_\s/ ZeZI%I logfa + Ri(r ))

(k J)2

—J/ Zezl%\ logvrg=2 T 7 N(r,k)dr + O(tz*7).

In the terms with j # k we perform an integration by parts to get decay in time

t
X(t, k) = x(0,k) = %/ el o8 vrar N (r k) 9T 4 o)
: NG

L i)? t

2
il |2 log /T~ © il At
+ (S el loevrg; i VR

JF#k 0
(k 2
/ZMJ @I N ) dr
JF#k

The boundary term is of order O(tv/t). In view of (58) we get a # estimate for N, so
the last term is of order O(t), and we have

t
B0 = %/ el o8 Vg N (7, k) d—\/T— +0(1).
0
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Now, from (73) in Lemma L5 we get the existence of wy,ws € S? such that

wi + iwp = lim e Xgpk P los VN ¢ k),

with a rate of convergence upper-bounded by C(1 + |k|)v/t. This implies

t
; , d
Xt 1) = X(O.F) = S (wr +iwa) [ B 06vT T o),

and thus the conclusion of the Lemma.
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